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Abstract

In many contemporary optimization problems such as those arising in machine learning,
it can be computationally challenging or even infeasible to evaluate an entire function or
its derivatives. This motivates the use of stochastic algorithms that sample problem data,
which can jeopardize the guarantees obtained through classical globalization techniques in
optimization such as a trust region or a line search. Using subsampled function values is par-
ticularly challenging for the latter strategy, which relies upon multiple evaluations. On top
of that all, there has been an increasing interest for nonconvex formulations of data-related
problems, such as training deep learning models. For such instances, one aims at devel-
oping methods that converge to second-order stationary points quickly, i.e., escape saddle
points efficiently. This is particularly delicate to ensure when one only accesses subsampled
approximations of the objective and its derivatives.

In this paper, we describe a stochastic algorithm based on negative curvature and Newton-
type directions that are computed for a subsampling model of the objective. A line-search
technique is used to enforce suitable decrease for this model, and for a sufficiently large
sample, a similar amount of reduction holds for the true objective. By using probabilistic
reasoning, we can then obtain worst-case complexity guarantees for our framework, leading
us to discuss appropriate notions of stationarity in a subsampling context. Our analysis
encompasses the deterministic regime, and allows us to identify sampling requirements for
second-order line-search paradigms. As we illustrate through real data experiments, these
worst-case estimates need not be satisfied for our method to be competitive with first-order
strategies in practice.

Keywords: Nonconvex optimization, finite-sum problems, subsampling methods, negative curvature,
worst-case complexity.
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1 Introduction

In this paper, we aim to solve
N
) 1
min f(z) = N;fi(x), (1)

where the objective function f is not necessarily convex and the components f; are assumed to
be twice-continuously differentiable on R™. We are interested in problems in which the number of
components N > 1 is extremely large: for this reason, we will assume that it is computationally
infeasible to evaluate the entire function, its gradient or its Hessian.

To overcome this issue, we consider the use of subsampling techniques to compute stochastic
estimates of the objective function, its gradient and its Hessian. Given a random set S sampled
from {1,..., N} and a point z € R", we will use

|S‘Zfz g(z;S) ,3|vaz z), and H(z;S) ‘S|Zv2j}

€S €S €S

to estimate the quantities f(x), Vf(z), V2f(x), respectively, where |S| denotes the cardinal
number of the sampling set S. We are interested in iterative minimization processes that use a
different, randomly selected sampling set S at every iteration.

The standard subsampling optimization procedure for such a problem is the (batch) stochas-
tic gradient descent (SGD) method, wherein the gradient is estimated by a sample of the gra-
dients {Vf;} and a step is taken in the negative of this direction: although the original SGD
method relies on a single sample per iteration, using a batch of samples can be beneficial as it
reduces the variance of the gradient estimate. The SGD framework is still quite popular in a va-
riety of applications, including large-scale machine learning problems, particularly those arising
from the training of deep neural net architectures [10]. However, it is known to be sensitive to
nonconvexity, particularly in the context of training deep neural nets. For such problems, it has
indeed been observed that the optimization landscape for the associated (nonconvex) objective
exhibits a significant number of saddle points, around which the flatness of the function tends
to slow down the convergence of SGD [19]. This behavior is typical of first-order methods,
despite the fact that those schemes almost never converge to saddle points [33]. By incorporat-
ing second-order information, one can guarantee that saddle points can be escaped from at a
favorable rate: various algorithms that provide such guarantees while only requiring gradient or
Hessian-vector products have been proposed in the literature [1, 2, 34, 52]. Under certain accu-
racy conditions, which can be satisfied with arbitrarily high probability by controlling the size of
the sample, these methods produce a sequence of iterates that converge to a local minimizer at
a certain rate. Alternatively, one can extract second-order information and escape saddle points
using accelerated gradient techniques in the stochastic setting [46]. The results are also in high
probability, with a priori tuned step-sizes. Noise can be used to approximate second-order infor-
mation as well [52]. Recent proposals [50, 53] derive high probability convergence results with
second-order steps (e.g., Newton steps) based on sampled derivatives and exact objective values,
by means of trust-region and cubic regularization frameworks.

Subsampling can be viewed as a particular case of stochastic optimization where the under-
lying distribution takes values within a discrete set. Stochastic subsampling Newton methods,
including [4, 8, 12, 22, 39, 42, 51], present principled use of second-order information to ac-
celerate the convergence while typically using a line search on exact function values to ensure



global convergence. In the general stochastic optimization setting, a variety of algorithms have
been extended to handle access to (sub)sampled derivatives, and possibly function values: of
particular interest to us are the algorithms endowed with complexity guarantees. When exact
function values can be computed, one can employ strategies based on line search [15], cubic
regularization [15, 27] or trust region [18, 24] to compute a step of suitable length. Many al-
gorithms building on SGD require the tuning of the step size parameter (also called learning
rate), which can be cumbersome without knowledge of the Lipschitz constant. On the contrary,
methods that are based on a globalization technique (line search, trust region, quadratic or cubic
regularization) can control the size of the step in an adaptive way, and are thus less sensitive to
parameter tuning.

In spite of their attractive properties with respect to the step size, globalized techniques
are challenging to extend to the context of inexact function values. Indeed, these methods
traditionally accept new iterates only if they produce a sufficient reduction of the objective
value. Nevertheless, inexact variants of these schemes have been a recent topic of interest
in the literature. In the context of stochastic optimization, several trust-region algorithms that
explicitly deal with computing stochastic estimates of the function values have been described |7,
17, 31]. In the specific case of least-squares problems, both approaches (exact and inexact
function values) have been incorporated within a Levenberg-Marquardt framework [5, 6]. The
use of stochastic function estimates in a line-search framework (a process that heavily relies on
evaluating the function at tentative points) has also been the subject of very recent investigation.
A study based on proprietary data [29] considered an inexact Newton and negative curvature
procedure using each iteration’s chosen mini-batch as the source of function evaluation sample
in the line search. A more mature approach for line search was presented in [35], where extensive
experiments matching performance to pre-tuned SGD were presented. An innovating technique
based on a backtracking procedure for steps generated by a limited memory BFGS method
for nonconvex problems using first-order information was recently proposed in [9], and first-
order convergence results were derived. Finally, contemporary to the first version of this paper,
a stochastic line-search framework was described by Paquette and Scheinberg [38]. Similarly
to our scheme, this algorithm computes stochastic estimates for function and gradient values,
which are then used within a line-search algorithm. However, the two methods differ in their
inspiration and results: we provide more details about these differences in the next paragraph,
and throughout the paper when relevant.

In this paper, we propose a line-search scheme with second-order guarantees based on sub-
sampling function and derivative evaluations. Our method uses these subsampled values to
compute Newton-type and negative curvature steps. Although our framework bears similarities
with the approach of [38], the two algorithms are equipped with different analysis, each based
on their own arguments from probability theory. The method of [38] is designed with first-order
guarantees in mind (in particular, the use of negative curvature is not explored), and its com-
plexity results are particularized to the nonconvex, convex and strongly convex cases; our work
presents a line-search method that is dedicated to the nonconvex setting, and to the derivation
of second-order results. As such, we are able to show a rate of convergence to points satisfying
approximate second-order optimality conditions, in expectation. By contrast, earlier work on
second-order guarantees for subsampling methods often focused on complexity bounds holding
with a high probability (of accurate samples being taken at each iteration), disallowing poor
outlier estimates of the problem function. We believe that our results form a complementary
and interesting addition to the state-of-the-art literature on stochastic optimization methods.



We organize this paper as follows. In Section 2, we describe our proposed approach based
on line-search techniques. In Section 3, we derive bounds on the amount of expected decrease
that can be achieved at each iteration by our proposed approach. Section 4 gives the global
convergence rate of our method under appropriate assumptions, followed by a discussion about
the required properties and their satisfaction in practice. A numerical study of our approach is
provided in Section 5. A discussion of conclusions and future research is given in Section 6.

Throughout the paper, ||.|| denotes the Euclidean norm. A vector v € R™ will be called a
unit vector if ||v|]| = 1. Finally, I,, denotes the identity matrix of size n.

2 Subsampling line-search method

In this section, we introduce a line-search algorithm dedicated to solving the unconstrained
optimization problem (1): the detailed framework is provided in Algorithm 1.

At each iteration k, our method computes a random sampling set Si, and the associated
estimates gy := g(x1; Sk) and Hy, := H(xy;S) of Vf(xy) and V2f(z}), respectively. Since we
have computed S, the model my(-) := m(+;S) of the function f is also defined: the estimates
gk = g(zk; Sk) and Hy := H(xp;Sk) define the quadratic Taylor expansion of my around z,
which we use to compute a search direction di. The form of this direction is set based on
the values on the norm of g; as well as the minimum eigenvalue of Hj, denoted by Ar. The
process is described through Steps 2-5 of Algorithm 1, and involves an optimality tolerance e.
When )\; < —e¢, the Hessian estimate is indefinite, and we choose to use a negative curvature
direction, as we know that it will offer sufficient reduction in the value of my, (see the analysis of
Section 3.2). When A\, > ||g;]'/?, the quadratic function defined by gi and Hjy, is (sufficiently)
positive definite, and this allows us to compute and use a Newton direction. Finally, when
Ak € [—61/ 2 |l gellY ?], we regularize this quadratic by an amount of order €'/2, 5o that we fall
back into the previous case: we thus compute a regularized Newton direction, for which we
will obtain desirable decrease properties. Once the search direction has been determined, and
regardless of its type, a backtracking line-search strategy is applied to select a step size aj that
decreases the model my, by a sufficient amount (see condition (7)). This condition is instrumental
in obtaining good complexity guarantees.

Aside from the use of subsampling, Algorithm 1 differs from the original method of Royer
and Wright [44] in two major ways. First, we only consider three types of search direction, as
opposed to five in the original method of Royer and Wright [44]. Indeed, in order to simplify
the upcoming theoretical analysis, we do not allow for selecting gradient-based steps, i.e. steps
that are colinear with the negative (subsampled) gradient. Note that such steps do not affect
the complexity guarantees, but have a practical value since they are cheaper to compute. For
this reason, we present the algorithm without their use, but we will re-introduce them in our
numerical experiments. Secondly, our strategy for choosing among the three different forms for
the direction differs slightly from Royer and Wright [44] in the first “if” condition on Steps 2
and 3 of the algorithm. As the results of Section 4 will show, in the fully sampled case, we will
obtain results that are equivalent to that of the deterministic method [44] using this new “if”
condition. Nevertheless, and for the reasons already mentioned in the first point, we will also
revert to the original rule in our practical implementation (see Section 5.1).

Two comments about the description of Algorithm 1 are in order. First, we observe that the
method as stated is not equipped with a stopping criterion. Apart from budget considerations,



Algorithm 1: A Line-search Algorithm based on Subsampling (ALAS).

Initialization: Choose g € R", 0 € (0,1),7 >0, ¢ > 0.
for k=0,1,... do

1. Draw a random sample set S C {1,..., N}, and compute the associated quantities
9k = g(xk; Sk), Hy, := H(xp; Sg). Form the model my, as a function of the variable s:

my(zr + 5) = m(xg + s;Sk). (3)

2. Compute A\, as the minimum eigenvalue of the Hessian estimate Hy.
If \y > —€'/2 and ||g|| = 0 set oy, = 0, dj, = 0 and go to Step 7.

3. If A\, < —€/2, compute a negative eigenvector vy, such that
Hyop = Mgvg, o]l = =Xk, v g <0, (4)
set di = v and go to the line-search step.
4. If My > |lgr||*/?, compute a Newton direction dy, solution of
Hyd, = —gx, (5)
go to the line-search step.

5. If di has not yet been chosen, compute it as a regularized Newton direction, solution of
(o + (gl + /)L, ) dic = —gue, (6)

and go to the line-search step.

6. Line-search step Compute the minimum index ji such that the step length
«y, := 0% gsatisfies the decrease condition:

mi(a, + ardy) — mi(er) < —gaildil® (7)

7. Set xpy1 = ) + apdy.

8 Set k=k+1.

end

one might be tempted to stop the method when the derivatives are suggesting that it is a
second-order stationary point. However, since we only have access to subsampled versions of
those derivatives, it is possible that we have not reached a stationary point for the true function.
As we will establish later in the paper, one needs to take into account the accuracy of the model,
and it might take several iterations to guarantee that we are indeed at a stationary point. We
discuss the link between stopping criteria and stationarity conditions in Section 4.



Our second remark relates to the computation of a step. When the subsampled gradient gy is
zero and the subsampled matrix Hj, is positive definite, we cannot compute a descent step using
first- or second-order information, because the current iterate is second-order stationary for the
subsampled model. In that situation, and for the reasons mentioned in the previous paragraph,
we do not stop our method, but rather take a zero step and move on to a new iteration and a
new sample set. As we will show in Section 4, after a certain number of such iterations, one can
guarantee that a stationary point has been reached, with high probability.

3 Expected decrease guarantees with subsampling

In this section, we derive bounds on the amount of expected decrease at each iteration. When
the current sample leads to good approximations of the objective and derivatives, we are able to
guarantee decrease in the function for any possible step taken by Algorithm 1. By controlling
the sample size, one can adjust the probability of having a sufficiently good model, so that
the guaranteed decrease for good approximations will compensate a possible increase for bad
approximations on average.

3.1 Preliminary assumptions and definitions

Throughout the paper, we will study Algorithm 1 under the following assumptions.
Assumption 3.1 The function f is bounded below by fiow € R.

Assumption 3.2 The functions f; are twice continuously differentiable, with Lipschitz contin-
uous gradients and Hessians, of respective Lipschitz constants L; and Ly ;.

A consequence of Assumption 3.2 is that f is twice continuously differentiable, Lipschitz,
with Lipschitz continuous first and second-order derivatives. This property also holds for m(-;S),
regardless of the value of S (we say that the property holds for all realizations of ). In what
follows, we will always consider that m(-;S) and f have L-Lipschitz continuous gradients and
L zr-Lipschitz continuous Hessians, where

L := maxL;, Ly = maxLpy;.
K3 (2

As a result of Assumption 3.2, there exists a finite positive constant Uy such that:

> 2f )
U > iilfl{laXNIIv filze)ll Yk

e

The value L = Uy is a valid one, however we make the distinction between the two by analogy
with previous works [44, 50].
We will also require the following assumption.

Assumption 3.3 There exists a finite positive constant U, such that,

> .
Uy > max |Vfio)] .

for all realizations of the algorithm.



Assumption 3.3 is needed in order for the steps to be bounded in norm, which in turn
guarantees that the possible increase of the function at a given iteration will also be bounded.
Note that this assumption is less restrictive than assuming that all f;’s are Lipschitz continuous,
or that there exists a compact set that contains the sequence of iterates. Because our sampling
set is finite, the set of possibilities for each iterate is bounded (though it grows at a combinatorial
pace). We thus believe that Assumption 3.3 is reasonable in our context, and it allows us to
convey the main ideas behind our work. In practice, one could run the algorithm while detecting
unboundedness of the iterates to potentially restart the method. In our numerical experiments
we never had to resort to this case.

In the rest of the analysis, for every iteration k, we let

Y
denote the sample fraction used at every iteration. Our objective is to identify conditions on
this fraction that allow for decrease in expectation.

Whenever the sample sets in Algorithm 1 are drawn at random, the subsampling process
introduces randomness in an iterative fashion at every iteration. As a result, Algorithm 1 results
in a stochastic process {xg, di, o, g, Hi, mi(xg ), mi(xr + ardy)} (we point out that the sample
fractions need not be random). To lighten the notation throughout the paper, we will use
these notations for the random variables and their realizations. Most of our analysis will be
concerned with random variables, but we will explicitly mention that realizations are considered
when needed. Our goal is to show that under certain conditions on the sequences {gi}, {Hk},
{my(xr)}, {my(zr+ardy)} the resulting stochastic process has desirable convergence properties
in expectation.

Inspired by a number of definitions in the model-based literature for stochastic or subsampled
methods [3, 17, 31, 34|, we introduce a notion of sufficient accuracy for our model function and
its derivatives.

Definition 3.1 Given a realization of Algorithm 1 and an iteration index k, the model my :
R"™ = R is said to be (0,04, 0 )-accurate with respect to (f,xy, o, dy) when

|f(xr) —mp(xr)| <0 and | f(zr + ardy) — mi(xr + ogdy)| < 0y, (8)
IVf(zr) —grll <64 and ||V f(zr + ardr) — g2 + ardy, Si)|| < dg, (9)

as well as
IV f (k) — Hi|l < 6m, (10)

where gj, := Vmyg(xy), Hy == V>my(z) and 0r,04,0 are nonnegative constants.

Condition (8) is instrumental in establishing decrease guarantees for our method, while
conditions (9) and (10) play a key role in defining proper notions of stationarity (see Section 4).
Since we are operating with a sequence of random samples and models, we need a probabilistic
equivalent of Definition 3.1, which is given below.

Definition 3.2 Let p € (0,1], 6y > 0, 04 > 0 and 6g > 0. A sequence of functions {my}y is
called p-probabilistically (6f,d4, 0 )-accurate for Algorithm 1 if the events

I, := {my, is (0,04, 0 )-accurate with respect to (f,xk, ou, di)}



satisfy
p =P (Iy|Fx-1) = p,

where Fi_1 s the o-algebra generated by the sample sets S, S1, ..., Sk—1, and we define
P(Iy|F-1) :=P(1p).

Observe that if we sample the full data at every iteration (that is, S = {1,..., N} for all
k), the resulting model sequence satisfies the above definition for any p € [0, 1] and any positive
values 07,94, 0. Given our choice of model (2), the accuracy properties are directly related to
the random sampling set, but we will follow the existing literature on stochastic optimization
and talk about accuracy of the models. We will however express conditions for good convergence
behavior based on the sample size rather than the probability of accuracy.

In the rest of the paper, we assume that the estimate functions of the problem form a
probabilistically accurate sequence as follows.

Assumption 3.4 The sequence {my}x produced by Algorithm 1 is p-probabilistically 0-accurate,
with 6 := (0f,04,0n) and p € (0,1].

We now introduce the two notions of stationarity that will be considered in our analysis.

Definition 3.3 Consider a realization of Algorithm 1, and let e4,€ep be two positive tolerances.
We say that the k-th iterate xy, is (eg, €gr)-model stationary if

min {{|gx |, [g(zrs1,S)l[} <€ and A, > —eq. (11)

Similarly, we will say that xy, is (€4, g )-function stationary if
min {||V f (x|, [V f(zre) 1} S €5 or Amin(VAf(2x)) 2 e (12)

Note that the two definitions above are equivalent whenever the model consists of the full
function, i.e. when S, = {1,...,n} for all k. We also observe that the definition of model
stationarity involves the norm of the vector

g = g(zk + ardy; Sp). (13)

The norm of this “next gradient” is a major tool for the derivation of complexity results in
Newton-type methods [14, 44]. In a subsampled setting, a distinction between glj and gpy1 is
necessary because these two vectors are computed using different sample sets.

Our objective is to guarantee convergence towards a point satisfying a function stationarity
property (12), yet we will only have control on achieving model stationarity. The accuracy of
the models will be instrumental in relating the two properties, as shown by the lemma below.

Lemma 3.1 Let Assumptions 3.1 and 3.2 hold. Consider a realization of the method that
reaches an iterate xy such that xy, is (€4, €m)-model stationary. Suppose further that the model
my, is (0,04, 0H)-accurate with

dg < kgeg and g < Kpeg (14)

where kg and kg are positive, deterministic constants independent of k. Then, xy, is a
(14 kg)eg, (1 + kH)em)-function stationary point.



Proof. Let x; be an iterate such that
min{(lg, lgf [} < e and Ay > —ep.
Looking at the first property, suppose that ||gx|| < €;. In that case, we have:
IV (@)l < IVF(@r) = grll + llgrll < 0 + €9 < (kg + 1)y

A similar reasoning shows that if ||g;"|| < €4, we obtain ||V f(2zx+1)|| < (kg + 1)€g; thus, we must
have

min {[|[Vf (@) ||, [V f (zer) [} < (14 5g)eg.
Consider now a unit eigenvector v for V2 f(z) associated with Apin(V?f(21)), one has
Ao = Amin (V2 f (21)) < 0" Hyo — v V2 f(zp)0
< ||Hy, — V2 f (i) lll0]?
<dpy.
Hence, by using (14), one gets
)\min(VQf(xk)) = ()\min(VQf(:xk)) — >\k) + A > —0g —€eqg > —(KH + 1)€H.

Overall, we have shown that

min {[|V £ (@), [V (@re)ll} < (L+wgeg and  Anin(VAf(21)) = — (1 + ke,

and thus xy, is also a ((1 + Kg)€g, (1 + £ )en)-function stationary point. m

The reciprocal result of Lemma 3.1 will also be of interest to us in the next section.

Lemma 3.2 Consider a realization of Algorithm 1 and the associated k-th iteration. Sup-
pose that xy, is not ((1+ ky)eg, (1 + kp)em)-function stationary, and that the model my, is
6 = (5f,5g,(5H)—accumte with 64 < kgeg and g < Kpyeg where kg and Ky are positive con-
stants. Then, xy, is not (g, €g)-model stationary.

3.2 A general expected decrease result

In this section, we study the guarantees that can be obtained (in expectation) for the various
types of direction considered by our method. By doing so, we identify the necessary requirements
on our sampling procedure, as well as on our accuracy threshold for the model values.

In what follows, we will make use of the following constants:

c '—739 ¢, = min [2]1/2[ 30 ] Crp = Iin ! [ 60 }
nc - LH+777 n - LH ’LH—FT] )y =Trn . 1+ /71+LH/25 LH+77 I

¥ = (0}ey’] y In = (0}4] —_ , ] = (0}%’] e .
" Lg+n)|, " Ly +n./U, N " Lg+nUs) ],

Those constants are related to the line-search steps that can be performed at every iteration
of Algorithm 1. When the current iterate is not an approximate stationary point of the model,
we can bound this number independently of k. This is the purpose of the following lemma.




Consider the event
By = { min{llgell, lgf 11} > € or Ay < —¢'2}, (15)
where € is the tolerance used in Algorithm 1.

Lemma 3.3 Let Assumptions 3.1 and 3.2 hold for a realization of Algorithm 1. Consider an
iteration k such that the event Ey holds. Then, the backtracking line search terminates with the
step length oy, = 7%, with j, < j + 1 and

aglldil| > ce?, (16)
where
¢ :=min{cue, Cn, Crn } (17)
and B -
j = maX{jncajnajrn}- (18)

Proof. We consider in turn the three possible steps that can be taken at iteration k, and
obtain a lower bound on the amount ayl/dg|| for each of those.

Case 1: )\, < —¢l/? (negative curvature step). In that case, we apply the same reasoning
than in [44, Proof of Lemma 1] with the model m; playing the role of the objective, the back-

tracking line search terminates with the step length oy, = 6%%, with ji < jne+1 and ay, > Lfﬁkn'
When dj, is computed as a negative curvature direction, one has ||di|| = —Ax > 0. Hence,
30
oklld ] = Cne|—=Ag] > e/
il 2 0] = el 2

Case 2: )\, > |lgx|'/? (Newton step). Because (15) holds and A, > 0 in this case, we
necessarily have g/ = min{||gxll, g} ||} > €. From Algorithm 1, we know that dj is chosen
as the Newton step. Hence, using the argument of [44, Proof of Lemma 3] with ey = €'/2, the
backtracking line search terminates with the step length aj, = 67%, where

. [l ( 3 €2 )
Jrk < |logy o
L+n, /Uy
thus the first part of the result holds. If the unit step size is chosen, we have by [44, Relation
(23)] that

1:3n+17

9 71/2
ag|ldi|l = ||dk]| > |:LH:| llg(xk +akdk;8k)H1/2 > cel/2, (19)

Consider now the case aj < 1. Using [44, Relations (25) and (26), p. 1457], we have:

3 3
di|| > €y = €l/2
H k“ =7 n H 3 n

\/ 1/2ud 1712 = e\/ 1/4|rd |=1/2.

10

and




As a result,

1/2
d > 0 3 / 1/4 d —1/2 d
anlldell = 0 =1 ]y
auldill > | el (20)

Case 3: (Regularized Newton step) This case occurs when the conditions for the other
two cases fail, that is, when —e'/2 < A, < ||g||"/2. We again exploit the fact that (15) holds
to deduce that we necessarily have ||g|| = min{||gi|. |lg{ |} > €. This in turn implies that
min{||gx[le /2, €/2} > €1/2. As in the proof of the previous lemma, we apply the theory of [44,
Proof of Lemma 4] using e = ¢'/2. We then know that the backtracking line search terminates
with the step length oy, = 67%, with

. 6 € -
9 +

since e = el/2,

We now distinguish between the cases ap = 1 and aj < 1. If the unit step size is chosen,
we can use [44, relations 30 and 31], where V f(zy + d) and ey are replaced by g/ and €'/2,
respectively. This gives

apldil = l1dy /€2, e/}

1
> min { g7
1+ /14 Ly /2 F

Therefore, if the unit step is accepted, one has by [44, equation 31]

He’1/2,61/2}

ag||d|

1
> min{”g'|r
1+ /14 Ly /2 F
1 . {~ —1/2 _1/2
min < ||grlle” /% € } (21)
1+ /14 Lyg/2

Considering now the case o < 1 and using [44, equation 32, p. 1459], we have:

6 60
ap >0 enllde|| =t = e?|\d -1
b2 0 el 7 = e |
which leads to
66 1
arlldll > 2, 292
> o (22)

Putting (21) and (22) together, we obtain

. 1 72 L
il = mm{(1+ 1+L /2)3’[LH+77] }mm{”nge B
H

—  cpming|[gglle 2, €2} > /2,

By putting the three cases together, we arrive at the desired conclusion. =

In order to tackle the worst-case behavior of our method, we provide the following upper
bound on the norm of the search directions computed by our method.
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Lemma 3.4 Let Assumption 3.2 hold for a realization of Algorithm 1. Then, for any index k,
it holds that
dy.|| < max{Up, UL?}. (23)

Proof. The bound (23) trivially holds if ||dk|| = 0, thus we only need to prove that it holds for
||dk|| > 0. We consider three disjoint cases:
Case 1: )\, < —€!/2. Then the negative curvature step is taken and ||dx|| = |A\x] < Ug.
Case 2: \; > |lgx|'/?. We can suppose that ||g|| > 0 because otherwise ||dy|| = 0. Then,
d is a Newton step with

ldill < IH Mgl < llgrll™?llgrll < llgll'/? < Uy/2.

Case 3: —c'/2 < A < ||lgxl"/?. As in Case 2, we suppose that ||gx|| > 0 as ||dg|| = 0 if this
does not hold. Then, dj is a regularized Newton step with

e

I(Hi + (lgell™? + €/%)L,) " g
I(Hi + (lgell** + €/2)L) 7 gx
(s + llgwll™? + €3l gell/
lgell =2 llgll < UZ/2,

VAN VANVAN

where the last line uses the fact that A\, 4+ ¢'/2 >0 and ||gx|| > 0. =

For future use in this section, we define the following function on [0, c0) x [0, 1]:

1—-q)U
a ( )UQ)+L el where Uy, := Ugmax{Ugy, Ugl/2} + %max{Ug, Ug}. (24)
—q)UL T 457

o(t,q) =

We observe that the function p is well-defined, with values in [0, 1], and decreasing in its first
and second arguments.

Based on the result of Lemmas 3.3 and 3.4, we can provide a generic guarantee on the
expected decrease at every iteration: this is the purpose of Theorem 3.1.

Theorem 3.1 Let Assumptions 3.1 and 3.2 hold. Suppose also that Assumption 3./ holds with
0 = (6f,04,0m) satisfying
5p< L3325 <k o < 1/2 (25)
> 24 € ) g > Rg€, H > RKHE

where € > 0, kg € (0,1), kg € (0,1) and c is chosen as in Lemma 3.3. Finally, consider the
following random event

B = {xy is not ((1+ Kg)e, (14 kg )€'/?)-function stationary} . (26)
If the sample fraction my, is chosen such that
T > o(ce'/?,p), (27)
where ¢ is given by (24), then

E [f(zk + owdy) — f(zx) | Fror, B < — 9(061/2,p)£03e3/2. (28)

12



Proof. By definition, one has that:

E [f(zrs1) = f(zr) | Fror, B3

= P(Ii| Fee1, B{™E [ f(zrt1) — f(@r) | Frer, BZ™ ) +

(1 = P(Ig| Fre1, ES) E [f(zrg1) — f(@r) | Frer, B I |

= kB [f(zrgr) = f(@r) | Frer, B3 k) + (1= BR)E [f(zrgr) — f(@r) | Fror, BRIk ] (29)
in which Ij, is the event corresponding to the model being d-accurate and py, := P(I;|Fj_1, E3?)
(note that py, > p). Since Fi_1 NE;™ C Fj_1, we can apply the result from [21, Theorem 5.1.6],
which states that for any random Varlable X (not necessarily belonging to Fy_1 N E*™ or Fj,_1),

we have:
E [X|Fi1, B = E [E[X|Fp1] [Fro1, EZ (30)

Thus, denoting by 1(I;) the indicator variable of the random event I, we have

bk =P (Ie| Fre1, ) = E[1(Ip)|Fr1, B3]
E [E [1(Ii)|Fr-1] | Fr-1, EZ?]
E [P(Iy| Fio—1)| Fr—1, EZ?]

= E[pe|Fie-1, E*] =pp > p

We now first bound the term corresponding to the occurrence of Iy in (29). Under occurrence
of I}, and E}*, one has:

f(og + apdy) — for)

= f(og + ardy) — my(or + ardy) + mp(or + ardy) — my(xr) + mi(ax) — f(or)
< 2(5f + mk(a:k + Oékdk) — mk(xk)

< 267 — goidi

3
C
||3 1 63/2

1/2 )LCSES/Q
12

3
C
<Le3/2—ga2||dk|y3 < 1 < —olee? p) s,

<™ < —bald

15 (31)

where we used the bound (25) and the fact that ay||dg| > ¢ €'/2, which follows from Lemma 3.3
and E5*.
We now turn to the second case in (29), for which we exploit the following decomposition:

flar + ondy) — f(x) = 7 (mp(zn + ardi) — mp(zr)) + (1= mp) (fse(en + andy) — fsg (1)),

with fse = ﬁ Zi¢ s, Ji- Using the decrease condition (7) to bound the first term, and a
first-order Taylor expansion to bound the second term, we obtain:

[z + apdy) — flar)

n 1 L;

< —Wkgaindk”:s + (1 =m) g 1S > {akvfz(wk) dy, + ak||dk||2}
¢Sk
L;

< —m 2o [dil + (1= m) max 3 oV fi(wr) T + Lo |di |

6 ¢Sk 2

n L;,
<~ falael + (1 = m) { Vi (o)l + talan?

13



where i, € argmax;ggs, {akai(a:k)Tdk + %a%”dkHQ} and we used the Lipschitz continuity
assumption on the functions f;’s. Introducing the constants U, and L to remove the dependencies
on i, we further obtain:

L
Flant nd) = f(o) < —madlal® + (1= m) { Tyl + GoFlanl?}.
Using now Lemma 3.4, we arrive at:
L
flag +ardy) — f(zp) < (1 —m) {Ug max{Uy, Uy/*} + 5 max{U}, Ug}}

= (]. — 7Tk) UL < (1 - Q(C€1/2,p)) UL7

where Uy, is defined as in (24), and we use (27) to obtain the last inequality.
Putting the two cases together then yields:

3
~ c ~
E[f(@r + ardy) = f ()| Fet, BR] < =pro(ee/,p) 2262 + (1= ) (1= elee,p) ) Ur.

Hence,
03
E [f(zk + apdr) — f(z1) | Fror1, B3] < — o(ce/2,p) I e3/2. (32)
provided that

p) = (1-pU > (1—-pp)UL — ofce!
) - C3 et ~ ~ C3 =
(1 —=p)UL + phred/? (1= pe)UrL + pr5pe’/?

1/2 /

Q(CE 27]5143)7

and this is true because the expression on the right-hand side is a decreasing function in its
second argument. The desired result follows. m

In the next section, we will see how the result of Theorem 3.1 can be used to derive a global
convergence rate for Algorithm 1.

4 Global convergence rate and complexity analysis

In this section, we provide a global rate of convergence towards an approximate stationary point
in expectation for our method. More precisely, we seek an ((1 4 ky)e, (1 + g )e*/?)-function
stationary point in the sense of Definition 3.3, that is, an iterate satisfying:

min {[|Vf (@)||, |V f(@r1)ll} < (1 +rg)e and  Amin(V2f(2r) = —(1+w)e'/2 (33)

Since our method only operates with a (subsampling) model of the objective, we are only able
to check whether the current iterate is an (e, e'/2)-model stationary point according to Defini-
tion 3.3, i.e. an iterate zj; such that

min{|gill, g I} < € and Xy = —€'%.

Compared to the general setting of Definition 3.3, we are using €, = €%, = e. This specific choice
of first- and second-order tolerances has been observed to yield optimal complexity bounds for

14



a number of algorithms, in the sense that the dependence on e is minimal (see e.g. [13, 44]).
The rules defining what kind of direction (negative curvature, Newton, etc) is chosen at every
iteration of Algorithm 1 implicitly rely on this choice.

Our goal is to relate the model stationarity property (4) to its function stationarity counter-
part (33). For this purpose, we first establish a general result regarding the expected number of
iterations required to reach function stationarity. We then introduce a stopping criterion involv-
ing multiple consecutive iterations of model stationarity: with this criterion, our algorithm can
be guaranteed to terminate at a function stationary point with high probability. Moreover, the
expected number of iterations until this termination occurs is of the same order of magnitude
as the expected number of iterations required to reach a function stationary point.

4.1 Expected iteration complexity

The proof of our expected complexity bound relies upon two arguments from martingales and
stopping time theory. The first one is a martingale convergence result [40, Theorem 1], which
we adapt to our setting in Theorem 4.1.

Theorem 4.1 Let (2,3, P) be a probability space. Let {Ek}k be a sequence of sub-sigma algebras
of ¥ such that ©F c Tk,
If & is a positively valued sequence of random variables on S, and there is a deterministic
sequence vk >0 such that,
E[akJrl’Ek] —I—Vk < ak

k

then o converges to a [0, 00)-valued random variable almost surely and ) VP < oo

At each iteration, Theorem 3.1 guarantees a certain expected decrease for the objective
function. Theorem 4.1 will be used to show that such a decrease cannot hold indefinitely if the
objective is bounded from below.

The second argument comes from stopping time analysis (see, e.g., [43, Theorem 6.4.1]) and
is given in Theorem 4.2. The notations have been adapted to our setting.

The(zrem 4.2 Let T be a stopping time for the process {Zy, k > 0} and let Zy = Zy, for k <T
and Zy = Zr for k > T. If either one of the three properties below hold:

o 7y, is uniformly bounded;
e T is bounded,
o E[T] < oo and there is an R < oo such that E[|Zx+1 — Zi|| Zo, ..., Zk) < R;

Then, E [Zy] — E[Z7]. Moreover, E[Zr] > E[Zo] (resp. E[Z7) < E[Zo]) if {Zk} is a submartin-
gale (resp. a supermartingale).

Theorem 4.2 enables us to exploit the martingale-like property of Definition 3.2 in order to
characterize the index of the first stationary point encountered by the method.

Using both theorems along with Theorem 3.1, we bound the expected number of iterations
needed by Algorithm 1 to produce an approximate function stationary point for the model.
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Theorem 4.3 Let Assumptions 3.1, 3.2 and 3.4 hold, with 6 = (§¢,04,0m) satisfying (25).
Suppose that for every index k, the sample size 7y satisfies (27).
Define T, as the first iteration index k of Algorithm 1 for which

min{ |V f (@), [V (@rr) 1} < (L4 rgle and Auin (V2f(24)) = —(1+ war)e'/%.

Then, T, < oo almost surely, and

Mgﬁow)e—?ﬂ? +1 if T = 1 Vk;
E[T,) < (34)
U@o)—fiow) o(eel/2 p)=Le=3/2 4 1 otherwise,

Cc

A_ﬂ 3
wherec—24c.

Proof. Since both zp; and Sk belong to Fy, we have {T, = k} € Fj, for all k, thus T, is
indeed a stopping time.

We first show that the event {T. = oo} has a zero probability of occurrence. To this end,
we suppose that for every iteration index k, we have k < T,.. In particular, this means that
the events E5*, ..., E** occur, where we recall that B3 € Fj1. We thus define the following
filtration:

To=FaNER, Th=FeaN(EF*N--NEM™) Vk>1, (35)

where we use F N E to denote the trace o-algebra of the event E on the o-algebra F, i.e.,
FNE={ENF : F € F}. For every k > 0 and any event A, we thus have by the same
argument used to establish (30) that

E[A|Tk] = E [E [A|Fk_1, B | Ti]

and we also have T C Tiy1.
For notational convenience, we define

5.3/2 : _ )
‘= { ce if mp, =1 Vk; (36)

¢o(ce'/?,p)e3/?  otherwise.

If T, = oo, then the assumptions of Theorem 3.1 are satisfied for all iterations k. In particular,
for all k, event E5* occurs and E [ f(zp41) — f(@r) | Fr1, Ej**] < —ce. Recalling the definition
of Tx (35), we get

E(f(zr1) = fzx) | Ta] = E[E[f(zrr1) = f@n) | Fro1, B | Ti] < El—ce | Ta] = —ce.
Thus,

Elf(zrs1) — flon) | Te] < —ce
E[f(xk1) | Tl +ee < E[f(xx) | Tl
<

E[f(@g+1) | Ta] + ce f(zg),
where the last relation comes from the fact that x; € 7. Subtracting fiow on both sides yields:
E [f(karl) - flow | 774] +ec < f(xk:) - flow- (37)
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As a result, we can apply Theorem 4.1 with o = f(z1) — fiow > 0, ¥ = T and vF = ¢, > 0:
we thus obtain that )7 ¢ < oo, which is obviously false. This implies that 7. must be finite
almost surely.

Consider now the sequence of random variables given by,
Ry = f(@min(k,7,)) + max (min(k, T) — 1,0) c.
Theorem 3.1 ensures that for any k < T¢, one has

E[Riy1 | Te] = E[f(zrg1) | Tal + ke
< flak) —ce+kee < Ry

and for k > T, trivially Rp,1 = Ry, and thus Ry is a supermartingale. Moreover, since in Ty,
it holds that T, > k + 1,

E[|Res1 — Rl [ Te] = E[[f(@k41) + (k+ 1)ce — far) — kee| | Tel
< Eflf(zrt1) — fzp)] + ce | Ti]
< ¢ + max (Cea fmax - flow) < 00

thus the expected increment between Ry, and Ry is bounded. Since T; < oo almost surely, we
satisfy the assumptions of Theorem 4.2: it thus holds that E[Ry. | < E[Rp] which implies that,

fiow + (E[T] = Vee <E[Rr] < E[Ro] = f(w0)

and thus,
(o) = fiow) |
Ce

E[T] <

Replacing ¢, by its definition gives the desired bound. m

The result of Theorem 4.3 gives a worst-case complexity bound on the expected number
of iterations until a function stationarity point is reached. This does not provide a practical
stopping criterion for the algorithm, because only model stationarity can be tested for during
an algorithmic run (even though in the case of m; = p = 1, both notions of stationarity are
equivalent). Still, by combining Theorem 4.3 and Lemma 3.1, we can show that after at most
(’)(g(cel/ 2, p)e_3/ 2) iterations on average, if the model is accurate, then the corresponding iterate
will be function stationary.

In our algorithm, we assume that accuracy is only guaranteed with a certain probability at
every iteration. As a result, stopping after encountering an iterate that is model stationary only
comes with a weak guarantee of returning a point that is function stationary. In developing an
appropriate stopping criterion, we wish to avoid such “false positives”. To this end, one possi-
bility consists of requiring model stationarity to be satisfied for a certain number of successive
iterations. Our approach is motivated by the following result.

Proposition 4.1 Under the assumptions of Theorem 4.3, suppose that Algorithm 1 reaches an
iteration index k + J such that for every j € {k,k+1,....k+ J},

min {[lg; g1} < ¢ and ;> €2
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Suppose further that 6, and 6y satisfy (14), and that the sample sizes are selected independently
of the current iterate. Then, with probability at least 1 —(1—p) T+ where p is the lower bound on
P given by Assumption 3.4, one of the iterates {xg, Tpy1,. .., 2rrs} 05 (L+rg)e, (1+rp)et/?)-
function stationary.

Proof. In this proof, we will use the notation Py(...) = P(-|Fx—1). Recall the event I; from
Definition 3.2. We also consider the random events

E = {One of the iterates in {zj;}j=0.s is ((1+ Kg)e, (1 + kg )€t/?)-function stationary} ,

and

Vi=0,...,J, E; = {The iterate xp4; is (e, 61/2)—model stationary} )
For every j = 0,...,J, we have E; € Fp4; and I ; € Fiq;. Moreover, the event E; and Iy ;
are conditionally independent, i.e. for every j =0,...,J,

Pr (Ej 0 Iyt j| Frtj—1) = Pr (Ej|Frti—1) Pe (Tetj| Frrj—1) - (38)

This conditional independence holds because x4 ; € Fi4j—1, and the model my ; is constructed
independently of xj; by assumption.
The statement of the theorem corresponds to

Py (E|Eo,...,E;) > 1—(1—p)/*
which is what we want to prove. By Lemma 3.1,
Py (E|Eo,....E;) > Pr| |J Iewj|Bor-- By | =1=Pp | () Insj|Eo-.-, Ey
0<j<J 0<j<J
and it thus suffices to prove that
P, ﬂ Iryj|Eo,.. ., E; | < (1—p)/™! (39)
0<5<J

to obtain the desired result.
We now make use of the probabilistically accuracy property. For every j =0,...,J, we have

Py (Ir4514) > p, (40)

for any set of events A belonging to the o-algebra Fj ;1 [21, Chapter 5. In particular, for any
j > 17 ]pk (Ik+]’1k7 ey Ik+j,1,E0, v 7E]) > D-
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Returning to our target probability, we have:

P, (] Tris|Eo, ..., Ey
0<5<J

P, ({nogg Ikﬂ-} mEJ‘EO,...7EJ,1)
N Py (Es|Eo,...,Es_1)
P (IyNEf|Eo,... By 1,1k, Dy 1) P (No<j<s—1lkyj| Eo, ..., By 1)
- Py (Es|Eo,...,E;_1)
=Py (I;|Eo,-. .. Es—1,dks s Ing—1) P (No<j<s—11lktj| Eo, ..., Es-1)

Pp(Ej|Eo, ..., Ej—1, Ik, ..., Iy y-1)

Py (Es|Eo, ..., E;_1)

<Py (I;|Eo,...,Es-1,Ip, ..., Ineg—1) P (Mo<j<u—11ktj| Eo,-.. Ej-1).

where the last equality comes from (38), and the final inequality uses the fact that the events
Eo,...,Ej_y and I, ..., I j—1 are pairwise independent, thus

Py (Ej|Eo, ..., Ey1,1g, .o Iy g-1) = Pu(Eg|Eo, ..., Ej-1).
Using (40), we then have that
Py (Is|Eo, - Byt Ipy .. Ioyg—1) =1 =Py (Ij|Eo, ..., Ej—1, Iy ... Ijy—1) < 1 —p.

Thus,

]Pk m I_k+j E[),...,EJ < (1—p>Pk ﬂ jk+j Eo,...,EJ_l . (41)
0<5<J 0<5<J—1

By a recursive argument on the right-hand side of (41), we thus arrive at (39), which yields the
desired conclusion. m

The result of Proposition 4.1 is only of interest if we can ensure that such a sequence of
model stationary iterates can occur in a bounded number of iterations. This will be the case
provided we reject iterates for which we cannot certify sufficient decrease, hence the following
additional assumption.

Assumption 4.1 In Algorithm 1, Step 7 is replaced by:
7. If min{||gx], [|g ||} < € and A\, > —€/2, set w11 = x5, otherwise set z11 = ), + o di.
Moreover, the sample size is selected independently of the current iterate.

This algorithmic change allows us to measure stationarity at a given iterate based on a series
of samples. Under a slightly stronger set of assumptions, Proposition 4.2 then guarantees that
sequences of model stationary points of arbitrary length will occur in expectation.

Proposition 4.2 Let Assumptions 3.1, 3.2, 3./ and 4.1 hold, where § satisfies (25) with kg, ky €
(0,1), and py, = p Vk. For a given J € N, define T, as the first iteration index of Algorithm 1
for which

min{||gx, lg7 11} <e and XN > —€/2, Yk e {TM, T +1,.., T + J}. (42)
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Suppose finally that for every index k, the sample size 7y satisfies
vk, m > Q(c€1/2,p), (43)

where ¢ = min{ ;Zj, 81:32 Ye. (Note that o(cé'/? p) > o(ce'/?,p).)

Then, TET] < 00 almost surely, and

(f(zo)gflow)6—3/2 +J+1 if T = 1 Vk;
B[] < (44)
pf(JJrl) (f(xo)gflow) Q(cél/Q,p)*l e324 741l otherwise.

Proof. As in Theorem 4.3, T!"; clearly is a stopping time. Moreover, if m; = 1 for all k,
then 77" = T for every J, where TE is the stopping time defined in Theorem 4.3, and therefore
the result holds. In what follows, we thus focus on the remaining case.

Consider an iterate k such that xy, is (€, é'/?)-function stationary and the model my, is accu-
rate. From the definition of ¢, such an iterate is also ((1— k)¢, (1 — kpr)e'/?)-function stationary
and the model my is accurate. Then, by a reasoning similar to that of the proof of Lemma 3.1,
we can show that zj is (e, 61/2)—m0del stationary. As a result, if ¢y > k, one of the models
M, M4 1, - - -, My Must be inaccurate, which happens with probability 1 — p/*1,

Let T. 7 be the first iteration index for which the iterate is a (¢,é'/2) function stationary
point and satisfies (42). Clearly 7' < T, ; (for all realizations of these two stopping times),
and it thus suffices to bound 7, ; in expectation. By applying Theorem 4.3 (with € in the
theorem’s statement replaced by €), one can see that there must exist an infinite number of
(¢, é/?)-function stationary points in expectation. More precisely, letting {7 é(z)}izl,m be the cor-
responding stopping times indicating the iteration indexes of these points and using Theorem 4.3
(excluding the case 7 = 1 Vk), we have

(f(.l?()) A_ flow) 0

E[1"] =BT < .

(Cé1/2,p)_1 é_3/2 + 1’

vi1, E[10Y-10] < U@0) = fiow) 12, =1 =32 4 1,

- C

Consider now the subsequence {7 ém)}gzl,m such that all stopping times are at least J iterations

from each other, i.e., for every £ > 1, we have T, g(i“l) - Té(m > J. For such a sequence, we get

Vf Z 1, ]E |:T€(il+1) _ Tg(lf)] g W Q(Cél/Q,p)_l €—3/2 + J+ 1 é K(E, J)

(£(z0) = fiow) ,

C

IN

E {Té(“)} — E[T}] (2 p) 132 4 1 < K (e, J).

For every ¢ > 1, we define the event

J J

By = I = m . i r )
[/ Tg(zz)ﬂ. ng(zl)J’_j S accurate
J=0 j=0

By assumption, the models are generated independently of the current iterate, and for every k,
P(I;|Fr—1) = p. By the same recursive reasoning as in the proof of Proposition 4.1, we have
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that P (BQ.FTA(iZ)_ 1> = p/*1. Moreover, by definition of the sequence {Tg(m}, two stopping

times in that sequence correspond to two iteration indexes distant of at least J + 1. Therefore,
they also correspond to two separate sequences of (J + 1) models that are generated in an
independent fashion. We can thus consider {B,} to be an independent sequence of Bernoulli
trials. Therefore, the variable G representing the number of runs of B, until success follows a
geometric distribution with an expectation less than 5 = p~ /1) < 50. On the other hand,

Te.j is less than the first element of {Té(ie)} for which B, happens, and thus T, j < Tg(ic). To
conclude the proof, we define

Se=T') X, =1 =1} Xx,=T1" -1 >

From the proof of Wald’s equation [21, Theorem 4.1.5] (more precisely, from the third equation
appearing in that proof), one has

E[Sa] = E[X]P(G > 0).
=1
Since E [X/] < K (¢, J), one arrives at

E[T) <EIT.)) <E[T09] < K(e. 1) Y PG = 0) = K(e, JE[G],
/=1
which is the desired result. m

With the result of Proposition 4.2, we are guaranteed that there will exist consecutive it-
erations satisfying model stationarity in expectation. Checking for stationarity over successive
iterations thus represents a valid stopping criterion in practice. If an estimate of the probability
p is known, one can even choose J to guarantee that the probability of computing a stationary
iterate is sufficiently high.

Evaluation complexity: As a final note to this section, we observe that the number of evalu-
ations of f; and their derivatives is bounded in expectation, thanks to the result of Theorem 4.3.
Note that we must account for the additional objective evaluations induced by the line-search
process (see [44, Theorem 8] for details).

Corollary 4.1 Under the assumptions of Proposition 4.2, assuming that the sample size con-
dition (27) is satisfied with 7, € {0(cé"/?,p),1} for every k, the expected number of evaluations
of Vf; and V2 f; are respectively bounded above by

(f(xo)é_fIOW)E_g/Q +1 Zf =1 \V/k‘,
(45)
p—(J—H) [(f(xo)é_flow) Q(c€1/2,p)_1 e3/2 4 ]+ 1} otherwise,
while the expected number of function evaluations is bounded above by
(f(l“o)gflow)e—3/2 +1 if mp, = 1 VEk;
(1 + max{jncvjn7jrn}) X
p— D) |:(f($0)é_flow) Q(Cél/Q’p)—1€—3/2+J_’_1} otherwise.
(46)
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The bounds (45) and (46) match their deterministic counterparts (see [44]) in the worst case.

4.2 Illustration of sample and evaluation complexity for uniform sampling

To conclude this theoretical section, we now comment on the two main requirements made in
the analysis of the previous section are related to the function value accuracy ¢y and the sample
size 7. More precisely, for a given tolerance €, we required in Theorem 4.3 that:

1. 6 < L3632, 6y < kge, oy < kpe'/?.
(1-p) (Uy max{Up Uy *}+ & max{U2,U, })

5 .
(1-p) (Ug max{UH,Ugl/ }+% max{U,QL,Ug}> +p%c3e3/2

2. m, > o(ce/?p) =

In this section, we provide estimates of the minimum number of samples necessary to achieve
those two conditions in the case of a uniform sampling strategy. To facilitate the exposure, we
discard the case p = 1, for which the properties above trivially hold, and focus on p € (0,1).
Although we focus on the properties required for Theorem 4.3, note that a similar analysis holds
for the requirements of Proposition 4.2.

For the rest of the section, we suppose that the set Sp is formed of n7 indexes chosen
uniformly at random with replacement. where 7 is independent of k. That is, for every ¢ € S
and every j = 1,..., N, we have P(i = j) = % This case has been well studied in the case
of subsampled Hessian [50] and subsampled gradient [42]. The lemmas below summarize the

results.

Lemma 4.1 Under Assumption 3.2, consider an iterate xy, of Algorithm 1. For any p € (0,1),
if the sample set Sy is chosen to be of size

116L% /4y
1 N
"= N on 1“( ) (47)

then
P (|[H (zk; Sk) — V2f(33k)“ < 0| Fe-1) > p.

Proof. See [50, Lemma 4]; note that here we are using L; (Lipschitz constant of Vf;) as
a bound on ||V2f;(z)||, and that we are providing a bound on the sampling fraction 7 = ‘S—]\];'

See also [47, Theorem 1.1], considering the norm as related to the maximum singular vector. m

By the same reasoning as for Lemma 4.1, but in one dimension, we can readily provide a
sample size bound for obtaining accurate function values. To this end, we define

fup > max max_f;(xy). (48)

k i=1,.,N
Note that such a bound necessarily exists when the iterates are contained in a compact set.
Specific structure of the problem can also guarantee such a bound, even tough it may exhibit
dependencies on the problem’s dimension. For instance, in the case of classification and logistic
regression, one has f,, = 1, while in the case of (general) regression, one has fu, < C1+Cs|z||? =
O(n). We emphasize that both of these bounds can be very pessimistic.
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Lemma 4.2 Under Assumption 3.2, consider an iterate xy, of Algorithm 1. For any p € (0,1),
if the sample set Sy is chosen to be of size

2
16fup n (%), (49)
then
P (|m(wx; Sk) — f(2r)| < 0f|Fr—1) > p.

Proof. The proof follows that of [50, Lemma 4.1] by considering m(zx; Sk) and f(zx) as
one-dimensional matrices. m

Lemma 4.3 Under Assumption 3.2, consider an iterate xy, of Algorithm 1. For any p € (0,1),
if the sample set Sy is chosen to be of size

2
1 U2
P2t 1+,/81n(1ip)] , (50)
g

then
P (llg(xr; Sk) — Vf(zp)l| < 64 Fk—1) > p-

Proof. See [41, Lemma 2]. =

We now combine the three lemmas to obtain an overall result indicating the required 7 such
that Lemmas 4.1, 4.2 and 4.3 simultaneously hold, i.e., the event [} holds.

Theorem 4.4 Let Assumptions 3.1 and 3.2 hold. For any p € (0,1), let p = %. Suppose that

the sample fractions my, of Algorithm 1 are chosen to satisfy m, > w(e€) for every k, where

2
1612
1 2N
1+ \ 81n (1ﬁ)] " kpel/? In (Hﬁ)

Then, the model sequence is p-probabilistically (§, 04,0 )-accurate with 6 = %0363/2, 0y = Kge€

1 34412 U?
W(E)izﬁ max ¢ IV 9(051/2719)7 77036317; In (ﬁ) 7&272
g

and 0 = rpe'/2. Moreover, all the results from Section 4.1 hold.
Proof. Indeed, let 67 = %6363/2, 0g = Kg€, 0 = kpet/? and note that,
L=1nrini,
where
I = {HH(a:k,Sk) — VZf(xk)H <éy}

I = {llg(aw; Sk) — V(@) < 6}
I} = {Im(e: Si) — flan)| < 67}

Using the required conditions on 7,, Lemmas 4.1, 4.2 and 4.3 imply

P ((I,f)c }'k_1> <1—p, P(I)°|Frs) <1—p, and P ((I,QL)C

]:lc—l) <1-0p.
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In the other hand, one has

P (1)1 Fk1) = P (1)) For ) + P (1] Fim) + P ()| Fin) = P () 1 (10
P (1) 0 ()| Fir) = B (D)2 0 ()| Fer ) + P ()7 0 (1) (e
<P (]| Fir) + P ()] Fir) + P (1| Fir)
+P ()|, ()¢, Pt ) P ()| (I)°, Frr) P ()41 i)
< P ()| Fimr) + 2P ()¢ Fer) + P ()| Fir) <401 — ).

fk-l)
]:1%1)

Hence,
P(Iy| Fr—1) > 1 —4(1 - p) =p,

meaning that the model sequence is p-probabilistically (df,dy, 05 )-accurate, thus results from
Section 4.1 hold. m

We observe that explicit computation of these bounds would require estimating L, Ly, Up,
and Uy,. If the orders of magnitude for the aforementioned quantities are available, they can be
used for choosing the sample size.

Comparison with the deterministic line-search method In general, we can consider
that at each iteration we must perform |Si|n computations to evaluate the sample gradient,
|Sk|n? to compute the sample Hessian, and evaluate a function j|Sy| times during the line
search. Per Lemma 3.3, the maximum number of line search iterations j can be considered of
the order log(1/€). As a result, each iteration requires |S|(n + n? + log(1/€)) computations.
For our sampling rate to yield improvement over the deterministic (fully sampled) method, we
require N log(1/¢) to be much larger than |Si|n?, implying that the appropriate regime for this
algorithm is one where the number of variables is considerably less than the number of data
points.

The cost of our method could be improved in several ways. First, by employing inexact linear
algebra routines in computing the negative curvature and Newton directions, the cost of Hessian-
related computations (only requiring Hessian-vector products) would only be now proportional to
n instead of n?. Secondly, a more practical approach for incorporating subsampling information
would consist in approximating second-order information using a smaller sampling size than what
is used for approximating first-order information [12]. Both these techniques have a practical
motivation, and we believe that they can also be supported by theory. However, our focus in
this work is the study of algorithms for which at every iteration, one sample is used to estimate
the objective and the derivatives.

Comparison with other sample complexities By comparing it with sample complexity
results available in the literature, we can position our method within the existing landscape of
results, and get insight about the cost of second-order requirements, as well as that of using
inexact function values.

When applied to nonconvex problems, a standard stochastic gradient approach with fixed
step size has a complexity in O(e~*) (both in terms of iterations and gradient evaluations) for
reaching approximate first-order optimality [23]. Modified SGD methods that take curvature
information can significantly improve over that bound, and even possess second-order guarantees.
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Typical guarantees are provided in terms of function stationarity (though this condition
cannot be checked in practice), and hold with high probability. Our results hold in expectation,
but involve a model stationary condition that we can check at every iteration. Moreover, it is
possible to convert a rate in expectation into high-probability rates (of same order), following
for instance an argument used for trust-region algorithms with probabilistic models [24].

It is also interesting to compare our complexity orders with those obtained by first-order
methods in stochastic optimization. Stochastic trust-region methods [17, 31] require O (A,:4)
samples per iteration, where Ay is the trust-region radius and serves as an approximation of the
norm of the gradient. Similarly, the line-search algorithm of Paquette and Scheinberg [38] guar-
antees sufficient accuracy in the function values if the sample size is of order O (a];2|| gkl ™) (we
use our notations for consistency), which for our method roughly corresponds to O ((ax||dk|)~?).
Our sample complexity is of order O ((a||d)~%) but for second-order convergence rates. One
could thus conjecture that endowing the algorithm of [38] with second-order guarantees in ex-
pectation would increase the sample complexity from O ((ax||dx||)~2) to O ((cw||dk]) ™).

Finally, we discuss sample bounds for Newton-based methods in a subsampling context.
In [50], it was shown that the desired complexity rate of O(e=3/2) is achieved with probability
1 — p, if for every k, the sample size (for approximating the Hessian) satisfies:

16U2 2N

€

The same result is used in [34]. In both cases, the desired samples are proportional to a constant
measuring the size of the problem data and inversely proportional to the desired tolerance
squared, as in our case.

In [53], high probability results were derived with the accuracy of the function gradient and
Hessian estimates d4 and 077 being bounded by €. In part because of the accuracy requirements on
the gradient, the resulting sampling bounds are O(¢~2). In our setting, we require the function
accuracy to be of order €¥/2, where € is the gradient tolerance, yet the dependencies on € suggested
by Lemma 3.1 and 4.4 are similar to those in the literature [50, 53]: they are even identical in
terms of gradient and Hessian sampling costs. As mentioned above, the sampling rate conditions
are closely related to the norm of the steps. This connection was used to define probabilistic
models in trust-region methods [3]. A version of our algorithm that would assume access to
exact function values but subsampling derivatives would have the same sample complexity as
the aforementioned methods [50, 53]: our analysis and discussion regarding stationarity would
remain relevant in this context, because of our use of inexact derivatives.

We observe that the sample size, as being proportional to the square of the problem bounds,
should be proportional to n?, and furthermore the upper bounds U, on the gradients can also
grow with n. Thus, unless the setting is a regime with a very large number of data samples and
a relatively small number of variables, the computed required sampling size could approach N.
It appears that this is an issue associated with the required worst-case sampling rates for higher-
order sampling algorithms in general, given the literature described above. To the best of our
knowledge, tightening these bounds in a general setting remains an open area of research, even
though improved sample complexities can be obtained by exploiting various specific problem
structures.

25



5 Numerical experiments

In this section, we present a numerical study of an implementation of our proposed framework
on several machine learning tasks involving both real and simulated data. Our goal is to advo-
cate for the use of second-order methods, such as the one described in this paper, for certain
training problems with a nonconvex optimization landscape. We are particularly interested in
highlighting notable advantages of going beyond first-order algorithms, which are still the pre-
ferred approaches in most machine learning problems. Indeed, first-order methods have lower
computational complexity than second-order methods (that is, they require less work to com-
pute a step at each iteration), but second-order methods possess better iteration complexity
than first-order ones (they converge in fewer iterations). In many machine learning settings,
the lower computational complexity has more significance than the iteration complexity, and
therefore first-order algorithms are viewed as superior. Nevertheless, our results suggest that
second-order schemes can be competitive in certain contexts.

Our results are meant to be illustrative, and as such, differ from an exhaustive numerical
investigation in a number of ways. First, as the number of optimization variables (model pa-
rameters in the machine learning model) increases, performing factorization and exact linear
algebra solves as required by the algorithm to obtain a Newton step or negative curvature step
becomes computationally infeasible. In such settings, iterative linear algebra, i.e. Hessian-free
methods using Hessian-vector products, must be used to approximate these directions in prac-
tice. On the one hand, the computational complexity of these approaches scale as O(ns), with
n being the dimension of the problem, and s the number of Hessian-vector products, as op-
posed to O(n?) for full Hessian methods, thus making the step computations more tractable.
Several practical approaches have already been proposed [37, 49|, yet those are not combined
with a stochastic line-search technique such as the one proposed in this paper. As a result,
introducing Hessian-free tools would require substantial changes to the convergence analysis of
our algorithm, complicating it significantly. We thus focus our experiments on architectures
with a relatively small number of network parameters (optimization variables). We point out
that there exist important problems where the number of optimization variables n is indeed
small compared to the number of samples N. Besides logistic regression and shallow networks,
the recent interest in formulating sparser architectures such as efficientnet [45] for problems
training huge amounts of data, in order to lighten memory loads in computation-heavy and
memory-light HPC hardware, indicates the potential for increased applications of this sort in
the future.

Besides, we believe that the use of efficient second-order methods based on inexact linear
algebra will require a substantial effort of software development within the libraries typically used
for deep learning. Our implementation is based on libraries that do have some functionality for
computation of second derivatives but with limitations regarding linear algebra operations, and
the library we used was the best we could find for this purpose. As a result, our algorithm would
likely be disadvantaged if being compared with state-of-the-art methods implemented within
standard librairies and finely tuned for standard problems. Thus, even though we are aware that
the most popular first-order methods in practice such as ADAM [26] often incorporate advanced
features, we believe that a comparison with these schemes would be unfair to the second-order
algorithm presented in this paper. Still, we believe that there is value in putting our approach
in perspective with a simple framework emblematic of the first-order methods used in machine
learning. For these reasons, we compare our implementation with a vanilla SGD method using
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a constant step size (learning rate). Moreover, we do not perform a completely extensive tuning
to obtain an optimal SGD learning rate, but just consider several standard ones as typically
chosen a priori. Our goal is to illustrate the sensitivity of the method to such a parameter. By
comparison, our second-order method relies on a stochastic line-search technique, that removes
the need for heavy hyperparameter tuning. We again emphasize that our experiments aim at
indicating the interest of second-order methods vis-a-vis first-order ones, thereby pointing to the
desirability of developing tailored libraries for large-scale training problems in the future.

Finally, in all the architectures considered, we require that they result in continuously dif-
ferentiable objective functions, so as to lie within the assumptions of our convergence analysis.
Of course, in practice, activations such as rectified linear units (ReLUs) that introduce non-
smoothness into the objective landscape of training are regularly used to good effect. How-
ever, as we are interested in studying the optimization properties of the training specifically,
we wish to match the numerical results to the theoretical results in our tests. We point out
that many state-of-the-art first-order optimization algorithms do not enjoy convergence theory
for nonsmooth nonconvex objectives either, and only standard diminishing stepsize stochastic
subgradient methods [30, 20] or ones with a simple momentum term [28] enjoy asymptotic con-
vergence properties. In future work, it will be interesting to see how the second-order methods
perform on more standard nonsmooth activations numerically. However, we feel that such a
work would only be justified after confirmation of the numerical performance of our framework
in theoretically motivated settings.

5.1 Implementation

In our implementation of the ALAS method as described in Algorithm 2, we chose the values
e=1075 7 =10"2, and # = 0.9. Note that there are several differences between Algorithm 2
and Algorithm 1. As mentioned in Section 2, Algorithm 1 departs from the method by Royer
and Wright [44] in that we did not consider steps along the negative gradient direction, in order
to simplify our theoretical analysis. We have re-introduced these steps in our implementation.
This change for practical performance has proper intuitive justification: if the negative gradient
direction is already a good direction of negative curvature, or the Hessian is flat along its
direction, then the negative gradient direction already enjoys second-order properties that ensure
it is a good descent direction for the function. Secondly, we modified the condition to select a
negative curvature step from \; < —e'/2 to A\, < —||gx||"/?. The former was necessary to handle
the case of a stationary point for which ||g;"|| < € < ||gk| and A\, > —€!/2 in an appropriate
fashion in the analysis of Section 3.2, but this case was rarely encountered in practice. Thirdly,
we replaced the cubic decrease condition (7) by a sufficient decrease quadratic in the norm of the
step, see (55) in Algorithm 2. This is again for performance reasons, and although theoretical
results could be established using this condition, it does not appear possible to obtain the same
dependencies in € as given in Theorem 4.3. We recall that the cubic decrease condition has been
instrumental in deriving optimal iteration complexity bounds for Newton-type methods [14, 44].

The (modified) ALAS framework and a standard stochastic gradient descent (SGD) algo-
rithm were both implemented in Python 3.7. Various Python libraries were used, including
JAX [11] for efficient compilation and automatic differentiation, as well as NumPy [48], SciPy
[25] and Pandas [36]. All our experiments were run using Intel Xeon CPU at 2.30 GHz and
25.51 GB of RAM, using a Linux distribution Ubuntu 18.04.3 LTS with Linux kernel 4.14.137.
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Algorithm 2: ALAS, as implemented.

Initialization: Choose zp € R", 0 € (0,1),1 > 0, € > 0.
for k=0,1,... do

end

1.

10.
11.

. Compute Ry =

Draw a random sample set S C {1,..., N}, and compute the associated quantities
9k = g(xp; Sk), Hi := H(xk; Sk). Form the model:

my (T + 8) = m(xy + s;Sk). (51)

_ gF Huge
llgxl*

. If R, < —||gx||'/? then set dj, = %yk and go to the Line-search step.

Else if Ry < ||gx]|"/? and ||gx|| > € then set dj, = —W and go to the Line-search step.

. Compute A as the minimum eigenvalue of the Hessian estimate Hj.

If \p > —€'/2 and || gi|| = 0 set ay, = 0, dj, = 0 and go to Step 10.

. If A < —||gx||*/?, Compute a negative eigenvector v, such that

Hyvp = Mvg, [[vgll = =es v gx <0, (52)
set di = v and go to the line-search step.
If A, > ||gx||'/?, compute a Newton direction dj, solution of
Hydy, = —gx, (53)

go to the line-search step.

. If di. has not yet been chosen, compute it as a regularized Newton direction, solution of

(i + gl + /)L, ) dic = —gue, (54)

and go to the line-search step.

. Line-search step Compute the minimum index j; such that the step length

ay, = 67 satisfies the decrease condition:

mi(wr, + ady) = m(ax) < —Jof i (55)

Set xp11 = zp + apdg.

Set k=k+1.
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5.2 Classification on the IJCNN1 dataset

We first tested our algorithms on a binary classification task for the IJCNN1 dataset (with
N = 49,990 samples and n = 22 features per sample). Our goal was to train a neural network
for binary classification. We used two different architectures: one had one hidden layer with 4
neurons, the other had two hidden layers with 4 neurons each. Both networks used the hyperbolic
tangent activation function ¢(z) = % and mean-squared error (MSE) loss, resulting in a
twice continuously differentiable optimization problem, with a highly nonlinear objective. The
results we present were obtained using samples corresponding to 20 %, 10 %, 5% and 1% of
the dataset, with a runtime of 10 seconds. The dataset was partitioned into disjoint samples
of given sizes for each data pass (epoch) and these samples were randomly repartitioned every
data pass. The MSE loss is defined as

1(B) = |[13|Z(yi — 57, (56)

i€eB

where B is the sampled dataset (mini-batch), |B| the size of the mini-batch, y; € {—1,1} the
actual binary label of the sample ¢ and ¢; is the predicted label of for the sample 4.

We tested SGD with several possible values for the learning rate, namely 1, 0.6, 0.3, 0.1,
0.01, 0.001. Figure 1 shows the performance of a subset of those values, and as one may expect,
SGD is quite sensitive to the choice of the step size. For this reason, we compare ALAS with
the SGD variation corresponding to the best step size value for this problem. Note that the
step size in ALAS is selected adaptively through a line search, which makes this method more
robust.

Figures 2 and 3 compare ALAS and SGD with the classical learning rate value for this
task (0.01) on the two networks with one and two hidden layers, respectively. The results are
summarized in Table 1, where we compare ALAS with the best SGD variant and the standard
variant with a learning rate of 0.01. To mitigate the iteration and overall cost of both algorithms,
we compared the methods based on the minimal error reached over the last 10 seconds of the
run and on the median loss over the last two seconds. In general, ALAS outperforms SGD on
the IJCNNI1 task in terms of these metrics.

The distribution of the chosen step types as described in Algorithm 2 for a few selected runs
for the IJCNNI task is shown in Figure 4. The step type distribution is generally very different
for different architectures but some common patterns were observed. The most frequently used
step type is the Regularized Newton.

5.3 Experiment using the A9A dataset

The second set of experiments was run on the A9A training dataset, also part of the LIBSVM
library [16]: for this classification dataset, we have N = 32,561 samples, each of them possessing
n = 123 features.

For this task, we trained two neural networks without hidden layers and with one hidden
layer having a single neuron; the optimized function was the MSE as in the first experiment.
Our batch sizes consisted of 100%, 20%, 10% and 5% of the dataset size, and the mean-squared
error loss was used. We tested four variants of SGD corresponding to the values 1, 0.6, 0.3, 0.1
for the learning rate, and selected the best variant for comparison with ALAS. The results are
shown in Figures 6 and 7, as well as Table 2.
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Figure 1: Evaluation of the ALAS algorithm on the IJCNN1 dataset with a simple neural
network with 22 input neurons, no hidden layer and an output neuron (22-1) compared to the
SGD with various learning rates. Full losses are depicted.
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Figure 2: Evaluation of the ALAS algorithm on the IJCNNI1 dataset with a simple neural
network with 22 input neurons, 4 neurons in the hidden layer and an output neuron (22-4-1)
compared to the SGD with a default learning rate 0.01. Full losses are depicted.
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Figure 3: Evaluation of the ALAS algorithm on the IJCNN1 dataset with a simple neural
network with 22 input neurons, two hidden layers each with 4 neurons and an output neuron
(22-4-4-1) compared to the SGD with a default learning rate 0.01. Full losses are depicted.
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Figure 4: The step type distribution of a single run of ALAS algorithm on the IJCNNI1 task for

different architectures and sampling sizes.
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Figure 5: Plots of the number of line-search iterations during each update for the IJCNN1 task
for selected runs of the ALAS algorithm with different architectures and sampling sizes. The

maximum number of line-search iterations was set to 50.
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layers  alg. 7 min loss median loss [8-10]s  iter.

22-4-1 ALAS 1% 0.0463 0.0478 551
22-4-1 SGD (0.3) 1%  0.0528 0.0558 12033
22-4-1 SGD (0.01) 1%  0.0872 0.0873 11779
22-4-1 ALAS 5%  0.0449 0.0462 238
22-4-1 SGD (0.6) 5%  0.0514 0.0569 8439
22-4-1 SGD (0.01) 5%  0.0875 0.0876 8471
2241 ALAS 10% 0.0492 0.0510 124
22-4-1 SGD (0.6) 10%  0.0557 0.0626 6293
22-4-1 SGD (0.01) 10%  0.0880 0.0883 5773
2241 ALAS 20%  0.0611 0.0628 76
22-4-1 SGD (0.6) 20% 0.0598 0.0654 4389
22-4-1 SGD (0.01) 20%  0.0887 0.0891 4443
22-4-4-1 ALAS 1% 0.0434 0.0451 320
22-4-4-1 SGD (0.3) 1%  0.0438 0.0454 11121
22-4-4-1 SGD (0.01) 1%  0.0841 0.0842 10997
22-4-4-1 ALAS 5%  0.0450 0.0457 114
22-4-4-1 SGD (0.3) 5%  0.0468 0.0500 7894
22-4-4-1 SGD (0.01) 5%  0.0845 0.0846 7792
22441 ALAS 10% 0.0470 0.0477 63
22-4-4-1 SGD (0.3) 10%  0.0519 0.0571 5165
22-4-4-1 SGD (0.01) 10%  0.0849 0.0850 5191
22441 ALAS 20%  0.0491 0.0498 12
22-4-4-1 SGD (0.3) 20%  0.0545 0.0587 3728
22-4-4-1 SGD (0.01) 20%  0.0852 0.0854 3694

Table 1: Minimal (full) losses reached over the given time period ¢ = 10 s on the IJCNNI1 task.
The number in the parenthesis for SGD entries is the learning rate. The column median loss
[8-10]s shows the median loss over the last two seconds of the run.

The distribution of the individual type of steps as described in Algorithm 2 for selected runs
for the A9A task is shown in Figure 8. As in the case of IJCNNT1 task, the most frequently
used step type is the Regularized Newton. We note that when a full sample is used, Negative
curvature steps are more common, suggesting that the problem is quite nonconvex. Note that
in all of our runs (including those not reported here), other step choices were used less than
10 times. The distributions of number of line-search iterations for several runs of the ALAS
algorithm are shown in Figure 9.

Our method, ALAS, was significantly better for all sampling sizes on training the first net-
work. However, for the second network with more optimization variables (learning parameters),
ALAS appears to slow down relative to SGD. This appears due to our use of exact linear algebra
techniques: as explained in the introduction of this section, the results could be better for an
inexact variant of ALAS.
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Figure 6: Evaluation of the ALAS algorithm on the A9A dataset with a simple neural network
with 123 input neurons, no hidden layer and an output neuron (123-1) compared to the SGD
with best performing learning rate. Full losses are depicted.
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Figure 7: Evaluation of the ALAS algorithm on the A9A dataset with a simple neural network
with 123 input neurons, hidden layer with a single neuron and an output neuron (123-1-1)
compared to the SGD with best performing learning rate. Full losses are depicted.
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Figure 8: The step type distribution of a single run of ALAS algorithm on the A9A task for the
123-1 architecture and two sampling sizes.
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layers  alg. Tk min loss median loss [8-10]s iter.

123-1 ALAS 5%  0.1176 0.1182 458
123-1  SGD (0.1) 5%  0.1224 0.1231 8260
123-1  ALAS 10% 0.1168 0.1176 360
123-1  SGD (0.1) 10%  0.1245 0.1255 6168
123-1 ALAS 20 % 0.1163 0.1171 255
123-1  SGD (0.1) 20%  0.1396 0.1482 4152
123-1 ALAS 100 % 0.1151 0.1151 85
123-1  SGD (0.3) 100 %  0.2157 0.2786 645
123-1-1 ALAS 5%  0.1051 0.1058 433
123-1-1 SGD (0.6) 5%  0.1059 0.1064 8449
123-1-1 ALAS 10 % 0.1047 0.1054 292
123-1-1 SGD (0.6) 10%  0.1070 0.1076 6165
123-1-1 ALAS 20 %  0.1049 0.1051 213
123-1-1 SGD (0.6) 20%  0.1090 0.1095 4111
123-1-1 ALAS 100% 0.1034 0.1035 64
123-1-1 SGD (0.6) 100 %  0.1277 0.1304 1115
12321 ALAS 5%  0.1428 0.1437 20
123-2-1 SGD (0.6) 5%  0.1066 0.1085 5992
123-2-1 ALAS 10 %  0.1464 0.1482 13
123-2-1 SGD (0.6) 10%  0.1094 0.1129 3948
12321 ALAS 20 %  0.1436 0.1452 14
123-2-1 SGD (0.6) 20%  0.1163 0.1213 2449
123-21 ALAS 100 %  0.1550 0.1579 6
123-2-1 SGD (0.6) 100 % 0.1353 0.1365 819

Table 2: The comparison of the minimal (full) losses reached over the given time period ¢t = 10 s
on the A9A task. The number in the parenthesis for SGD entries is the step size. The column
median loss [8-10]s shows the median loss over the last two seconds.

5.4 Transfer learning using MNIST

The current implementation of ALAS is very suitable for transfer learning, where only a few
layers of a neural network need to be trained (i.e. only a few parameters need to be optimized).
To demonstrate this, we first trained all the parameters in a convolutional neural network
(CNN) on a subset of the MNIST dataset [32] (classification of digits 0 - 7). The CNN had 9
convolution layers (with 16 filters for the first layer, 32 filters for the second one, 64 filters for
the other layers), followed by a global max pooling layer and a single dense classification layer
with softmax activation function and 25% dropout for the eight digits (8 output neurons). Once
this network was trained, the classification layer was removed and the extracted features were
used for transfer learning to classify the remaining two digits (8 and 9) images of the MNIST
dataset, that were unseen during the training of the original CNN. The new classification layers
were then trained using the ALAS and the SGD algorithms (we did the tests using the following
step sizes 1, 0.6, 0.3, 0.1), with sample sizes corresponding to 100%, 20 %, 10 %, and 5% of the
entire data. The total number of samples with the digits 8 and 9 is N = 11800 and the input
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Figure 9: Plots of the number of line-search iterations during each update for the A9A task
for selected runs of the ALAS algorithm with different architectures and sampling sizes. The
maximum number of line-search iterations was set to 50.
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Figure 10: The step type distribution of a single run of ALAS algorithm on the transfer learning
task.

to the trained layer are 8 neurons. The optimized function was the MSE. As shown in Table 3,
ALAS outperformed the SGD variants in most of the runs. Note that when the whole dataset
was used, i.e. S = {1,..., N} for all k, ALAS outperforms the SGD variants by a significant
margin for all four neural network architectures.

The distribution of the individual type of steps as described in Algorithm 2 for selected runs
for the transfer learning task is shown in Figure 10. Again, the most frequently used step type
was the Regularized Newton and the others occurred very rarely. The distributions of number of
line-search iterations for selected runs of the ALAS algorithm are shown in Figure 11; the line
search was usually rather short (0 iterations of were dominating for most runs) but it was still
used quite often.

5.4.1 Transfer learning without pre-computed features

The experiment above is using pre-computed features, i.e. the original images were run through
the pre-trained network once and the saved output was used for the optimization of the top
layers. While this technique brings massive speed-ups as it is not necessary to compute the
outputs for the same images repeatedly, it can only be used when there are repeated images.
This prevents the use of online data augmentation, where the individual images are randomly
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layers alg. 7 min loss median loss [8-10]s iter.

81 ALAS 5%  0.2739  0.2752 12220

81 SGD (1.0) 5% 0.2796 0.2801 20264

8-1 ALAS 10% 0.2732  0.2740 11514

81 SGD (1.0) 10% 0.2795  0.2799 20872

8-1 ALAS 20% 0.2728 0.2732 10691

81 SGD (1.0) 20% 0.2796 0.2800 20141

8-1 ALAS 100% 0.2587 0.2592 5118

81 SGD (1.0) 100% 0.2800 0.2803 17832
8-1-1 ALAS 5%  0.2721 0.2815 11887
8-1-1 SGD (0.3) 5%  0.2796 0.2801 20264
8-1-1 ALAS 10% 0.2667 0.2722 10116
8-1-1 SGD (0.6) 10% 0.2738 0.2753 20649
8-1-1 ALAS 20% 0.2657 0.2704 8593
81-1 SGD (0.6) 20% 0.2736  0.2749 20327
8-1-1 ALAS 100% 0.2362 0.2363 3630
8-1-1 SGD (0.3) 100% 0.2751 0.2754 16697
821 ALAS 5%  0.2649 0.2762 6964
8-2-1 SGD (1.0) 5% 0.2667  0.2702 20975
821 ALAS 10% 0.2632 0.2674 5778
82-1 SGD (1.0) 10% 0.2681  0.2705 19502
821 ALAS 20% 0.2602 0.2625 3609
821 SGD (1.0) 20% 0.2695  0.2712 16311
821 ALAS 100% 0.2295 0.2301 1151
82-1 SGD (1.0) 100% 0.2754  0.2762 7232
8-4-1 ALAS 5%  0.2516 0.2567 2245
84-1 SGD (1.0) 5% 0.2524  0.2550 1356
8-4-1 ALAS 10% 0.2524 0.2550 1356
8-4-1 SGD (1.0) 10% 0.2505  0.2554 19502
8-4-1 ALAS 20% 0.2529  0.2542 811
84-1 SGD (1.0) 20% 0.2504  0.2555 16211
8-4-1 ALAS 100% 0.2227 0.2247 220
8-4-1 SGD (1.0) 100% 0.2615  0.2645 6377

Table 3: The comparison of the minimal (full) losses reached over the given time period ¢t = 10 s
on the transfer learning task. The number in the parenthesis for SGD entries is the step size.

The column median loss [8-10]s shows the median loss over the last two seconds.

transformed (e.g. rotations, scaling) for each batch and the output from the pre-trained layers
has to be recomputed every time.

This is a very favorable scenario for the ALAS algorithm as it usually needs much less
updates than the SGD even though each update is more costly in terms of operations — the
need to recompute the features every time adds fixed costs to update steps of both SGD and
ALAS. We have run the same experiment as above but without the pre-computed features with
the time limit 1 hour instead of 10 seconds and with different weight initialization; the results
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Figure 11: Plots of the number of line-search iterations during each update for the transfer
learning task for selected runs of the ALAS algorithm with different architectures and sampling
sizes. The maximum number of line-search iterations was set to 50.

are shown in Table 4 and in Fig 12. The number of iterations was similar for both algorithms
(only small differences possibly caused by the different utilization of the cloud server) as the
feature evaluation step was the dominant for the same 8-4-1 layer configuration for all sample
sizes. For higher number of weights, the ALAS performs comparably less iterations than the
SGD as the update step is no longer negligible compared to the feature evaluation using the
fixed weight neural network (but that is still quite costly and thus we do not observe order of
magnitude differences here) as can be seen in the networks with configurations 8-16-4-1 (only
ALAS was run to show the small drop in number of iterations) and 8-32-16-1 (the SGD still
performs similar number of iterations as for the 8-4-1 layer configuration).

5.5 An artificial dataset

To illustrate the performance of ALAS on highly non-linear problems, we have created two
artificial datasets, the first of which (thereafter called NN1) was generated using a neural network
with random weights sampled from a normal distribution (w; € N'(0,3)) and two input neurons,
two hidden layers with four and two neurons, respectively. We use hyperbolic tangent activation
functions in all layers. To produce the actual training data, 50,000 points were sampled from
a uniform distribution (#; € R?,z;; € U(0,1)) and passed through the generated network to
produce target values {y; };.

The optimization task was then to reconstruct the target values {y;}; from the generated
points {#;}; using different neural networks using the MSE as the loss function. We tried the
values 1, 0.6, 0.3, 0.1 for the learning rate of SGD, and we compared these variants with ALAS,
using 100%, 20 %, 10 %, and 5% of the sample sizes. The results are shown in Table 5: the
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Figure 12: Evaluation of the ALAS algorithm on the transfer learning task without pre-computed
features with a simple neural network with 8 input neurons, 4 hidden neurons and an output
neuron (8-4-1) compared to the SGD with various learning rates. The Figs 12(c) and 12(d)
shows details of the run depicted in Fig 12(b). Full losses are depicted.



layers  alg. 7r  min loss median loss [3400-3600]s  iter.

8-4-1 ALAS 10% 0.1805 0.2483 1629
8-4-1 SGD (1.0) 10%  0.2003 0.2706 1709
8-4-1 SGD (0.1) 10%  0.2144 0.2853 1683
8-4-1 SGD (0.01) 10% 0.2417 0.3159 1674
8-4-1 ALAS 20% 0.2034 0.2443 871
8-4-1 SGD (1.0) 20%  0.2356 0.2802 878
8-4-1 SGD (0.1) 20%  0.2488 0.2913 848
8-4-1 SGD (0.01) 20% 0.3657 0.3946 900
8-4-1 ALAS 100% 0.2142 0.2155 175
8-4-1 SGD (1.0)  100% 0.2858 0.2862 173
8-4-1 SGD (0.1)  100% 0.3126 0.3152 170
8-4-1 SGD (0.01) 100% 1.8525 1.8656 169
8-16-4-1 ALAS 20 % 0.1884 0.2294 748
8-4-1 SGD (1.0)  100% 0.2255 0.2680 870
8-4-1 SGD (0.1)  100% 0.2326 0.2796 869
8-4-1 SGD (0.01) 100% 0.2517 0.3028 878
8-32-16-1 ALAS 20 % 0.2076 0.2664 562
8-32-16-1 SGD (0.1) 20%  0.2230 0.2709 887
8-32-16-1 SGD (0.01) 20%  0.2480 0.2932 876
8-32-16-1 SGD (1.0) 20% 0.3015 1.9834 886

Table 4: The comparison of the minimal (full) losses reached over the given time period
t = 3600 s on the transfer learning task without pre-computed features. The number in the
parenthesis for SGD entries is the step size. The column median loss [3400-3600]s shows the
median loss over the last 200 seconds.

algorithm ALAS performed best with a single exception when it got stuck in a worse local
optimum than the SGD variant. The step type distributions for different runs is shown in
Figure 13 — the most frequent steps in general for this task were the Regularized Newton
(strongly dominating) and the Negative curvature step.

5.6 A second artificial dataset

The second artificial dataset, called NN2, was created using the same process as described in
Section 5.5. For this second dataset, we used a deeper neural network in order to introduce more
nonlinearities: this network consisted of four input neurons, three hidden layers with up to four
neurons, and one output layer producing the targets {y;};. The networks used for experiments
had one or two hidden layers — first hidden layer had always four neurons and the second had
one or two neurons if present. All neurons used a hyperbolic tangent as their activation function,
the optimized function was the MSE. Few runs of the ALAS and the SGD algorithms are shown
in Figures 14 and 15. The step type distribution for different runs is shown in Figure 16 — the
Regularized Newton step type was the most frequent. Our implementation of ALAS performed
generally better than the best SGD variant, sometimes by a significant margin.
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Figure 13: The step type distribution of a single run of ALAS algorithm on the NN1 task.
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Figure 14: Evaluation of the ALAS algorithm on artifical task NN2 compared to the SGD with
best performing learning rate. Full losses are depicted.
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Figure 15: Evaluation of the ALAS algorithm on artificial task NN2 compared to the SGD with
best performing learning rate. Full losses are depicted.
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Figure 16: The step type distribution of a single run of ALAS algorithm on the NN2 task.
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layers  alg. T, min loss median loss [8-10]s  iter.
2-1-1 ALAS 5% 9.080 x 10719 1.118 x 107 7471
2-1-1  SGD (1.0) 5%  2.492 x 1076 2.756 x 10~° 15432
2-1-1 ALAS 10% 8.940 x 10710 1.014 x 107° 5595
2-1-1  SGD (1.0) 10% 2.769 x 107 3.094 x 10~¢ 14015
2-1-1  ALAS 20% 8.913 x 10719 9.389 x 10~10 3353
2-1-1  SGD (1.0) 20% 3.413 x 1076 3.795 x 106 11533
2-1-1 ALAS 100% 1.150 x 1079 1.211 x 107° 538
2-1-1  SGD (1.0) 100% 7.514 x 1076 8.418 x 106 5503
2-2-1  ALAS 5% 6.586 x 10710 4.000 5736
2-2-1  SGD (1.0) 5%  1.596 x 10~° 1.779 x 10~6 14105
2-2-1 ALAS 10% 1.568 x 10719 2,180 x 10719 2352
2-2-1  SGD (1.0) 10% 1.859 x 107  2.066 x 10~° 12134
2-2-1  ALAS 20% 1.964 x 10719 2.230 x 10710 1267
2-2-1  SGD (1.0) 20% 2.200 x 10~6 2.441 x 1076 10283
2-2-1  ALAS 100% 9.621 x 1071% 9.989 x 1010 304
2-2-1  SGD (1.0) 100% 5.989 x 1076 6.683 x 1076 3833
2-4-1-1 ALAS 5% 9.210 x 10710 9.232 x 101 1529
2-4-1-1 SGD (1.0) 5% 5474 x 1077  5.600 x 1077 13224
2-4-1-1 ALAS 10% 9.942 x107'9 1.028 x 10~° 818
2-4-1-1 SGD (1.0) 10% 5.755 x 107 5.875 x 1077 10873
2-4-1-1 ALAS 20% 1.260 x 1072 1.336 x 1079 485
2-4-1-1 SGD (1.0) 20% 6.028x 10=7  6.121 x 1077 8223
2-4-1-1 ALAS 100% 4.047 x 1079 4.427 x 107° 94
2-4-1-1  SGD (1.0) 100% 6.759 x 10=7  6.799 x 1077 2819
2-4-2-1 ALAS 5% 9.266 x 10719 9.335 x 10710 922
2-4-2-1 SGD (1.0) 5%  1.680 x 1076 1.864 x 1076 11909
2-4-2-1 ALAS 10% 1.025x107° 1.053 x 107° 493
2-4-2-1 SGD (1.0) 10% 2.171 x 1075  2.394 x 1076 9192
2-4-2-1 ALAS 20% 1.249 x1079 1.295 x 1079 262
2-4-2-1 SGD (1.0) 20% 2907 x 1075  3.198 x 10~° 6850
2-4-2-1 ALAS 100% 3.590 x 1079  3.957 x 10~° 55
2-4-2-1 SGD (1.0) 100% 9.763 x 107 1.089 x 1075 2008

Table 5: The comparison of the minimal (full) losses reached over the given time period ¢ = 10 s
on the artificial dataset NN1. The number in the parenthesis for SGD entries is the step size.

The column median loss [8-10]s shows the median loss over the last two seconds.

6 Conclusion

In this paper, we presented a line-search method for stochastic optimization, wherein the Hessian,
gradient, and function values must be estimated through subsampling and cannot be obtained
exactly. Using probabilistically accurate models, we derived a complexity result on the expected
number of iterations until an approximate measure of stationary is reached for the current
model. This result in expectation is complementary to those holding with high probability, i.e.
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layers  alg. 7 min loss median loss [8-10]s iter.

441 ALAS 5% 0.0153 0.0163 1654
441  SGD (1.0) 5% 0.0411  0.0466 13185
441  ALAS 10% 0.0145 0.0156 1218
441 SGD (1.0) 10% 0.0466  0.0513 10548
441 ALAS 20% 0.0158 0.0168 727
4-4-1  SGD (1.0) 20% 0.0527  0.0562 7617
441  ALAS 100% 0.0122 0.0133 126
441 SGD (1.0) 100% 0.0646  0.0651 3068
4411 ALAS 5% 0.0515 0.0518 1506
4-4-1-1 SGD (1.0) 5%  0.0523  0.0525 12811
4411 ALAS 10% 0.0515 0.0516 1074
4-4-1-1 SGD (1.0) 10% 0.0525  0.0527 10390
4411 ALAS 20% 0.0516 0.0517 564
4-4-1-1 SGD (1.0) 20% 0.0530  0.0532 7259
4411 ALAS 100% 0.0511 0.0511 106
4-4-1-1 SGD (1.0) 100% 0.0553  0.0557 2814
4421 ALAS 5% 0.0150 0.0154 1046
4-42-1 SGD (1.0) 5% 0.0167  0.0222 11814
4421 ALAS 10% 0.0160 0.0161 650
4-4-2-1 SGD (1.0) 10% 0.0185  0.0260 8764
4421 ALAS 20% 0.0159 0.0160 320
4-4-2-1 SGD (1.0) 20% 0.0242  0.0317 6123
4421 ALAS 100% 0.0148 0.0153 69
4-4-2-1 SGD (1.0) 100% 0.0384  0.0489 92229

Table 6: The comparison of the minimal (full) losses reached over the given time period ¢t = 10 s
on the artificial dataset NN2. The number in the parenthesis for SGD entries is the step size.
The column median loss [8-10]s shows the median loss over the last two seconds.

with probability of drawing an accurate sample at every iteration. In our setting, we are able
to obtain convergence in expectation at a rate which is commensurate with the state of the
art, regardless of the presence of outliers in sample estimates resulting in poor steps. We also
proposed a practical strategy to assess whether the current iterate is close to a sample point for
the original objective, that does not require the computation of the full function. Our numerical
experiments showed the potential of the proposed approach on several machine learning tasks,
including transfer learning.

We believe that the results of the paper will encourage further study into the design of
second-order algorithms despite the prevailing paradigm of using first-order methods for their
computationally cheap iterations. In particular, our approach could be helpful in generalizing
other line-search techniques to the context of subsampled function values. Moreover, our theo-
retical analysis, that captures the worst-case behavior of the problem, can serve as a basis for
a refined version of our algorithm for structured problems. Developing specialized versions of
our algorithm thus represents an interesting avenue of research. In fact, our line-search tools
could also serve the development of (stochastic) first-order methods, in which the iterates are
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typically subject to a lot of noise, and both learning rate scheduling and tuning are required in
order to prevent the training from slowing down. Using a line search allows for a lower training
error in expectation, while preventing extensive iterate noise.

Finally, incorporating more practical features such as matrix-free operations and iterative
linear algebra would be a natural enhancement of our algorithm, that would follow previous work
on second-order methods for neural networks [29]. This could not only have a significant impact
on the practical performance, but could also lead to more precise computational complexity
results, similarly to what has been observed in deterministic nonconvex optimization. In time,
higher-order methods might be made competitive with first-order ones in practice. This will
however require considerable software development and interfacing with current popular deep
learning libraries. We hope that this paper indicates the value of such an undertaking.
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