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Abstract We present a scalable branching method for the dual decomposi-
tion of stochastic mixed-integer programming. Our new branching method is
based on the branching method proposed by Carøe and Schultz that creates
branching disjunctions on first-stage variables only. We propose improvements
to the process for creating branching disjunctions, including (1) branching on
the optimal solutions of the Dantzig-Wolfe reformulation of the restricted mas-
ter problem and (2) using a more comprehensive (yet simple) measure for the
dispersions associated with subproblem solution infeasibility. We prove that
the proposed branching process leads to an algorithm that terminates finitely,
and we provide conditions under which globally optimal solutions can be iden-
tified after termination. We have implemented our new branching method,
as well as the Carøe-Schultz method and a branch-and-price method, in the
open-source software package DSP. Using SIPLIB test instances, we present ex-
tensive numerical results to demonstrate that the proposed branching method
significantly reduces the number of node subproblems and solution times.
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1 Introduction

The Lagrangian dual decomposition (DD) has been successfully applied to
large-scale stochastic mixed-integer programs (SMIPs) for finding solutions
with tight bounds (e.g., [32,33,40,1,25,7,8,17]). In addition, the DD methods
scale with the number of scenarios, capable of running on high-performance
computing clusters. Various algorithmic approaches and extensive numerical
results have been reported in recent literature [17,16,13]. In this paper, we
consider the DD of the split variable deterministic reformulation of SMIPs
(see, e.g., [6]) of the form

z “ min
xj ,yj

N
ÿ

j“1

pj
`

cTxj ` d
T
j yj

˘

(1a)

s.t.
N
ÿ

j“1

Hjxj “ 0, (1b)

pxj , yjq P Gj , @j P J , (1c)

where xj P Rn1 and yj P Rn2 are first- and second-stage decision variables,
respectively, associated with scenario j P J :“ t1, . . . , Nu with the correspond-
ing probabilities pj . Constraint (1b) is called the nonanticipativity constraint
that represents x1 “ x2 “ ¨ ¨ ¨ “ xN with the matrices Hj P RN ¨n1ˆn1 for
j P J . The constraint sets G :“ pGjqjPJ are understood to be generic sets
defined by linear constraints and mixed-integer restrictions. Their realizations
will be node dependent within a branch-and-cut context. Of particular interest
is the solution to the root node instance of problem (1), where the sets Gj ,

j P J , take realizations Gj “ GN 0

j , where

GN 0

j :“ tpx, yq : Ax ě b, Tjx`Wjy ě hj , x P X, y P Y u

where the first-stage constraint matrix and the right-hand side are given by
A P Rm1ˆn1 and b P Rm1 , respectively, and the second-stage matrices and
right-hand side are given by Tj P Rm2ˆn1 ,Wj P Rm2ˆn2 , and hj P Rm2 ,
respectively. The sets X Ď Rn1´p1 ˆ Zp1 and Y Ď Rn2´p2 ˆ Zp2 represent
integer restrictions on some of the decision variables x and y.

The DD of (1) can be obtained by taking the Lagrangian relaxation of
the nonanticipativity constraint (1b). Let λ P RN ¨n1 be the dual variables
corresponding to the nonanticipativity constraint. Relaxing the constraint,
the Lagrangian dual function is given by

Dpλq :“ min
xj ,yj

#

N
ÿ

j“1

pj
`

cTxj ` d
T
j yj

˘

´ λT
N
ÿ

j“1

Hjxj , pxj , yjq P Gj @j P J

+

.

(2)
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The Lagrangian dual function provides a lower bound of the optimal objective
value (i.e., z ě Dpλq) for any λ P RN ¨n1 . Moreover, the Lagrangian dual func-
tion can be decomposed for each scenario j P J . Consequently, the Lagrangian
dual bound can be obtained by solving

zLD “ max
λPRN¨n1

N
ÿ

j“1

Djpλq, (3)

where for j P J ,

Djpλq :“ min
pxj ,yjqPGj

 

pj
`

cTxj ` d
T
j yj

˘

´ λTHjxj
(

. (4)

Note that Dpλq is a piecewise concave function in λ, as are Djpλq for j P J .
Hence, we can solve the Lagrangian dual problem (3) by using (nonsmooth)
convex optimization algorithms.

Branch-and-bound methods have been applied in various algorithmic frame-
works for finding optimal solutions to SMIP [26,2,9,41,30]. The method pro-
posed in [26] is based on the view of Dantzig-Wolfe decomposition of SMIP,
where a branch-and-price method has been applied. Branch-and-price meth-
ods are available in existing open-source software packages (e.g., GCG [12]
and DIP [38]). PIPS-SBB, developed in [30], solves the deterministic equiv-
alent problem in distributed-memory architectures. In a recent work [4], the
progressive hedging algorithm was used in the branch-and-bound framework
for global optimality. The idea of this work [4] is similar to an earlier work
by Carøe and Schultz [9], where the dual decomposition is used instead of
progressive hedging. However, these methods [38,12,26,30,4] require the gen-
eration of branching constraints on integer variables in both first and second
stages. Consequently, the size of the search tree is likely to increase with the
number of scenarios. Of note is the pioneer work [9] in DD that presents the
branching method that creates disjunctions on (both continuous and integer)
first-stage variables only. This method is scalable because the search tree size
is independent of the number of scenarios. The approach of [41] also applies
branching only on first-stage variables within a generalized Benders’ Decom-
position framework. Other types of algorithms have also been proposed for
certain classes of SMIP [2,1,40].

In this work, we present a new branching method for the DD framework.
Our method is based most directly on the existing method in [9], and it is
modified most significantly from [9] to improve the choice of the branching
variable (i.e., the branching point and branching index). We prove that with
our method of choosing the branching variable and its corresponding criteria
for fathoming nodes, the modified algorithm preserves the finite termination
property of the DD framework of [9]. Our approach provides two conditions
under which a node may be fathomed by optimality. One is analogous to that
given in [9]; the other, which follows from the innovation in the branching, is
new and distinct, allowing for more opportunities to fathom nodes by optimal-
ity. For our numerical experiments, we implemented our proposed branching
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method as well as the branch-and-price method [26] and the Carøe-and-Schultz
method [9]) in the open-source parallel software package DSP [17]. We tested
SIPLIB instances on a 664-node computing cluster at Argonne National Lab-
oratory. We demonstrate that our branching method outperforms the existing
methods for all of the instances tested.

We remark that the dual decomposition method and DSP are applicable
to all problems that have dual block angular structures, of which SMIPs are a
special case. In fact, an early version of the branch-and-bound implementation
in DSP was developed and used for a long-term planning problem [14], where
the branching method was based on the branch-and-price method.

The contributions of this work are summarized as follows.

– We develop an improved branching method combining the following qual-
ities:
1. The size of the search tree is independent of the number of scenarios

(as with the method in [9]).
2. The usage of information present in the solution process of the Dantzig-

Wolfe decomposition of the SMIP is improved (as with the method
in [26]) for informing the choice of branching variable.

– We prove that the finite termination property of the modified algorithm is
preserved with the use of the new branching method and its corresponding
criteria for fathoming. Furthermore, the improved usage of information
from the Dantzig-Wolfe decomposition allows for an extra condition under
which a node may be fathomed by optimality.

– We implement the new branching method, as well as two existing methods,
in the software package DSP.

– We report global optimal solutions for SIPLIB instances that are possible
with the new branching method.

The paper is organized as follows. In Section 2 we present a proximal
bundle method for the Lagrangian dual problem. Note that other variants
of the bundle method could be used in this work. In Section 3 we start by
discussing two existing branching methods: the Carøe-and-Schultz method [9]
(Section 3.1.1) and a branch-and-price method base on [26] (Section 3.1.2).
We then present our new branching method (Section 3.2) that combines the
main advantages of the previous two methods [9,26], and we show that the
finite termination property of the resulting modified algorithm is preserved. In
Section 5 we compare the numerical results of benchmarking the new branching
method and the existing methods. In Section 6 we summarize our work and
discuss directions for future extensions.

2 Proximal Bundle Method for the Lagrangian Dual Problem

We present a proximal bundle method adapted for solving the Lagrangian dual
problem (3). The method is based on the cutting-plane method that iteratively
approximates the piecewise linear functions Djpλq by adding linear inequali-
ties. Note that any convex nonsmooth optimization algorithm can potentially
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be used for solving the Lagrangian dual function Dpλq. We use the proximal
bundle method because of the following reasons. First, the bundle information
can be used for the branching method (as presented in Section 3.2). Second, the
proximal term ensures that the Lagrangian dual problem is bounded, which
is equivalent to the feasibility of the restricted master problem in the form of
Dantzig-Wolfe decomposition (see Section 3.1.2). Third, the proximal bundle
method regularizes the dual search space and may result in a fewer number of
inequalities being generated. The proximal bundle method has been well stud-
ied in the literature (e.g., [19,20,11,36,35] and dually its proximal stabilized
column generation analogs [3,21,8]). For completeness of the development of
the algorithms, we present the application of the proximal bundle method to
the dual decomposition in this section.

Given previously computed trial points λl and stability centers λ̄l, l “
0, . . . , k´1, we describe the computation of the next trial point λk and stability
center λ̄k. The model function representing the piecewise linear approximation
of Dpλq at iteration k is given by

mkpλq :“ max
θj

N
ÿ

j“1

θj (5a)

s.t. θj ď Djpλ
lq ´ pHjx

l
jq
T pλ´ λlq @j P J l, l “ 0, 1, . . . , k ´ 1,

(5b)

where ´Hjx
l
j P BDjpλ

lq. We define J k Ď J , since the cutting planes (5b)
may not be added at every iteration. Therefore, at iteration k, the proximal
bundle master problem is given by

max
λ

mkpλq ´
uk

2

›

›λ´ λ̄k´1
›

›

2

2
, (6)

where uk is a penalty parameter and λ̄k´1 is a stability center. The necessary
and sufficient optimality condition in order for λk to be an optimal solution
to (6) is given by

0 P Bmkpλ
kq ´ ukpλk ´ λ̄k´1q. (7)

Therefore, ukpλk ´ λ̄k´1q P Bmkpλ
kq, and for any gk P Bmkpλ

kq, we have

mkpλ
kq ` pgkqT pλ´ λkq ě mkpλq ě Dpλq (8)

for all λ P RN ¨n1 .
Convergence of proximal methods relies on how to update the proximal

parameter uk and stability center λ̄k in (6)). We adapt the proximal bundle
method developed in [19] for updating the parameters. A serious step is taken
to update the stability center λ̄k Ð λk if

Dpλkq ě Dpλ̄k´1q `mLv
k, (9)
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where mL P p0, 0.5q is a parameter and

vk :“ mkpλ
kq ´Dpλ̄k´1q ě 0

is a predicted increase of Dp¨q. Otherwise, the method takes a null step, at
which the master problem is updated by adding a set of linear inequalities (5b).
The method terminates if vk ď ε for some ε ě 0.

The penalty parameter needs to be carefully updated for accelerating per-
formance. For instance, the method will take serious steps at iterations with
marginal improvements if the penalty parameter value is too large. On the
other hand, the method will take null steps at many iterations before finding
a better lower bound if the penalty parameter value is too small. The former
case can be identified by the test

Dpλkq ě Dpλ̄k´1q `mRv
k, (10)

where mR P pmL, 1q is a parameter. If (10) holds, we update the penalty
parameter as

uk`1 “ mintmaxthk, 0.1uk, uminu, umaxu, (11)

where hk ď uk. In particular, we define hk as in [19], which is motivated
and stated as follows. Assuming temporarily that D is quadratic and strictly
concave, n1 “ 1, and k “ 1 so that vk “ ´

ř

jPJ pHjx
k´1
j qT pλk ´ λ̄k´1q where

xk´1
j , j P J , are optimal solutions for problems (4) with λ “ λ̄k´1, we have

Dpλkq “ Dpλ̄k´1q ` BDpλ̄k´1qpλk ´ λ̄k´1q ´
hk

2
}λk ´ λ̄k´1}2

“ Dpλ̄k´1q ´
ÿ

jPJ
pHjx

k´1
j qT pλk ´ λ̄k´1q ´

hk

2
}λk ´ λ̄k´1}2

“ Dpλ̄k´1q ` uk}λk ´ λ̄k´1}2 ´
hk

2
}λk ´ λ̄k´1}2,

where the last equality holds because when k “ 1 holds, both´
ř

jPJ Hjx
k´1
j P

Bmkpλ
kq and ´

ř

jPJ Hjx
k´1
j P BDpλ̄k´1q hold, and since the former subgradi-

ent is uniquely ukpλk´λ̄k´1q by (7), we have ´
ř

jPJ Hjx
k´1
j “ ukpλk´λ̄k´1q.

As a result, the Hessian hk ą 0 of D is given by

hk “ 2uk
ˆ

1´
Dpλkq ´Dpλ̄k´1q

vk

˙

. (12)

Note that hk ď uk for mR P r0.5, 1q, because

2

ˆ

1´
Dpλkq ´Dpλ̄k´1q

vk

˙

ď 2p1´mRq ď 1.
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The penalty parameter uk is identified as too small if the linearization error

δ̄k :“ Dpλkq ´ p
ÿ

jPJ
Hjx

k
j q
T pλk ´ λ̄k´1q ´Dpλ̄k´1q,

where xkj , j P J , are optimal solutions for problems (4) with λ “ λk, is larger
than the variation

V k “ max
 

Dpλq : |λ´ λ̄k´1| ď 1
(

´Dpλ̄k´1q.

The variation can be bounded above by

V k ď mkpλ
kq ` max

|λ´λ̄k´1|ď1

 

pgkqT pλ´ λkq
(

´Dpλ̄k´1q

“ mkpλ
kq ` pgkqT pλ̄k´1 ´ λkq ` max

|λ´λ̄k´1|ď1

 

pgkqT pλ´ λ̄k´1q
(

´Dpλ̄k´1q

“ δkpλ̄k´1q ` |gk|,

for gk P Bmkpλ
kq with δkpλq :“ mkpλ

kq` pgkqT pλ´λkq´Dpλq and where the
inequality holds due to (8). As a result, we use the test

δ̄k ą maxtδkpλ̄k´1q ` |gk|, 10vku (13)

for determining the decrease of uk.
We present the detailed algorithmic steps in Algorithm 1. The algorithm

starts at k “ 0 by initializing parameters, solving the Lagrangian dual with
λ “ λ0, and constructing and adding cuts (5b) to the master problem (5)
(lines 1–3). (Note that each solve of the Lagrangian dual subproblem (line 2
and lines 8–10) can be solved for each scenario j P J in parallel as in [17,
13,16].) At iterations k ą 0, the algorithm first solves the master problem in
line 6 to obtain an updated trial λk, followed by solving the Lagrange dual
subproblem with λ “ λk (lines 8–10). Next, serious step tests (9) determining
the stability center λ̄k update are taken. If the test holds, the algorithm takes
the serious step (lines 14–25), where the stability center and penalty parameter
are updated. Otherwise, the null step is taken (lines 26–38). In either case, the
master problem is updated by adding cuts (5b). Counter iku is updated for the
number of consecutive serious steps (lines 21–25) or null steps (lines 33–37),
thereby allowing for additional tuning of the penalty parameter updates. At
the end of each iteration, the model is updated to mk`1 by constructing and
adding cuts (5b). The method repeats the steps with new trial points until the
predicted increase vk is within a given tolerance ε.

The convergence of Algorithm 1 has been proved, for example, in [19].

3 Branch-and-Bound Methods with Dual Decomposition

The optimal value of the root node Lagrangian dual problem (3) withG “ GN 0

and the optional value of the root node problem (1) with G “ GN 0

may
have a positive duality gap. In this case a branch-and-bound (BB) method
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Algorithm 1 Proximal Bundle Method for the Lagrangian Dual Problem

1: Initialize λ0, λ̄0 Ð λ0, u1 ą umin, i1u Ð 0, and k Ð 0
2: For each j P J , solve problem (4) with λ “ λ0

3: Add cuts for j P J of form (5b) with l “ 0 to the model (5) to obtain m1

4: repeat
5: k Ð k ` 1
6: Solve the master (6) to find λk and the value mkpλkq
7: Compute gk Ð ukpλk ´ λ̄k´1q P Bmkpλ

kq

8: For each j P J , solve problem (4) with λ “ λk

9: for Djpλ
kq and optimal solution xkj

10: compute ḡk Ð ´
ř

jPJ Hjx
k
j P BDpλ

kq

11: Compute v̄k Ð Dpλkq ´Dpλ̄k´1q, vk Ð mkpλ
kq ´Dpλ̄k´1q

12: δ̄k Ð v̄k ` pḡkqJpλk ´ λ̄k´1q, δk Ð vk ` pgkqJpλk ´ λ̄k´1q

13: hk Ð 2uk
´

1´ v̄k

vk

¯

,

14: if v̄k ě mLv
k then

15: λ̄k Ð λk

16: if v̄k ě mRv
k and iku ą 0 then

17: uk`1 Ð maxthk, 0.1uk, uminu
18: else if iku ą 3 then
19: uk`1 Ð maxt0.5uk, uminu
20: end if
21: if uk`1 “ uk then
22: ik`1

u Ð maxtiku ` 1, 1u
23: else
24: ik`1

u Ð 1
25: end if
26: else
27: λ̄k Ð λ̄k´1

28: if δ̄k ą maxtδk ` |gk|, 10vku and iku ă ´3 then
29: uk`1 Ð minthk, 10uku
30: else
31: uk`1 Ð 10uk

32: end if
33: if uk`1 “ uk then
34: ik`1

u Ð mintiku ´ 1,´1u
35: else
36: ik`1

u Ð ´1
37: end if
38: end if
39: Add cuts for j P J of form (5b) with l “ k to the model (5) to obtain

mk`1

40: until vk ď ε
41: λ̄˚ Ð λ̄k, z˚LD Ð Dpλ̄˚q, px̌, y̌q Ð pxk, ykq
42: Recover the optimal dual multipliers α̂l corresponding to the cuts (5b) for

l “ 0, . . . , k
43: px̂, ŷq Ð

řk
l“0 α̂lpx

l, ylq
44: return λ̄˚, z˚LD, pxlj , y

l
jql“1,...,k, pα̂lql“0,...,k, px̌, y̌q, px̂, ŷq
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can be used to close the duality gap and under certain conditions identify
a globally optimal solution. In this section, we present a BB method in the
DD framework, where each BB node N lower bound is computed by applying
Algorithm 1 to problem (1) with G “ GN . The resulting optimal value is
actually the optimal value for the Lagrangian dual problem (3) with G “ GN ;
hence it is a lower bound on the optimal value of problem (1) with G “ GN .

We present the existing branching methods and a new branching method.
Let T be the BB search tree in which each node is denoted by N . The node
N specific realizations GN :“ pGN

j qjPJ of the constraint sets G are given by

GN
j :“ GN 0

j X CN
j , (14)

where CN
j Ă Rn1 ˆRn2 is the node N specific constraint set (due to cuts and

bounds) on px, yq.

3.1 Existing Branching Methods

We present two existing methods that can be used in the DD framework.

3.1.1 Carøe-and-Schultz Branching Method

We first discuss the branching method used in [9]. A key idea of this branching
method is to compromise the nonanticipativity constraints (1b) by branching
on first-stage variables only. To create branches, the branching method uses
the average point of the first-stage variable values x̌ returned by Algorithm 1,
denoted by

x̄ :“
ÿ

jPJ
pj x̌j , (15)

where x̌j is taken from an optimal solution px̌j , y̌jq for each scenario j sub-
problem (4) with G “ GN and λ “ λ̄˚, where λ̄˚ is an optimal dual solution
generated (within tolerance) by Algorithm 1. Note that the BB node subprob-
lem is fathomed due to optimality with feasible first-stage solution x̌j , if the
first-stage variable values are the same for all j P J (i.e., x̌1 “ x̌2 “ ¨ ¨ ¨ “ x̌N ).
We note that these constraints must be met exactly for fathoming by optimal-
ity, in the sense that they are met exactly when, for example, x̄i P tx

LB
i , xUBi u

for all i “ 1, . . . , n1. (See Proposition 2 given later.) That is, this requirement
is a practical condition that is realistically met for some of the node subprob-
lems N . Otherwise, the first-stage variable values x̌j , j P J could be averaged
and rounded as part of a primal heuristic to provide feasible solutions to (1).
Such heuristics are described in Section 4 and applied in the experiments in
Section 5.
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If x̄ violates integrality for some variable x̄i (i.e., tx̄iu ă x̄i ă rx̄is), two
nodes NL and NR with corresponding subproblems are created from the par-
ent node N by setting, respectively,

CNL

j :“ CN
j X tpx, yq P Rn1 ˆ Rn2 : xi ď tx̄iuu (16a)

CNR

j :“ CN
j X tpx, yq P Rn1 ˆ Rn2 : xi ě rx̄isu, (16b)

for j P J . (See (14).) If x̄ satisfies integrality but the x̌j , j P J , violate
the nonanticipativity constraints, two nodes NL and NR with corresponding
subproblems are created from the parent node N by setting, respectively,

CNL

j :“ CN
j X tpx, yq P Rn1 ˆ Rn2 : xi ď x̄i ´ εBBu (17a)

CNR

j :“ CN
j X tpx, yq P Rn1 ˆ Rn2 : xi ě x̄i ` εBBu, (17b)

for j P J , where εBB ě 0 has the purpose of forcing disjunction of the result-
ing node subproblem feasible sets. Note that the disjunction created by (16)
may be stronger than that created by (17) when εBB ă 1{2. Also note that
disjunctions created with a large value of εBB can potentially cut away optimal
solutions.

For the continuous branching disjunctions of form (17), the branching index
i is chosen based on some measure of violation, in this case dispersion, of
the nonanticipativity constraints. To measure the dispersion of the first-stage
solution x̌ returned from Algorithm 1, we use the dispersion measure σi, for
i “ 1, . . . , n1, specified in Section 4 of [9] given by

σi :“ max
j
x̌ji ´min

j
x̌ji , (18)

where x̌j :“ px̌ijqi“1,...,n1
, and x̄ are defined the same as for equation (15). The

use of positive convergence tolerance ε ą 0 is necessary for finite termination.
Note that zUB can be updated without the application of a primal heuristic
only if maxi“1,...,n1 σi “ 0.

We highlight that this branching method is scalable because the number of
possible branching steps is not affected by the number of scenarios. But it has
the main drawback that the dispersion (18) used to inform the continuous
disjunctive branching (17) takes into account only the last vertex px̌j , y̌jqjPJ
generated from solving the node N subproblems (1) withG “ GN . In actuality,
some of the other vertices generated from the previous solves account for
dispersion also.

Algorithm 2 summarizes the BB method presented in [9]. The BB method
is initialized with an empty node tree T , best bounds zUB, and zLB and a
positive nonanticipativity tolerance εBB ą 0 (line 1) and creates a root node
(line 2–4). Note that for each zN computed at each node N , and zLD optimal
for problem (3) with G “ GN , we have zUB ě zN “ zLD ě zLB and also that
zLB “ zLD at the root node N 0. In lines 6–7 we choose a BB node from
the tree, for which a number of search strategies can be used (e.g., depth-
first search, best-bound search). For each BB node N , we create the node
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Algorithm 2 Carøe-and-Schultz BB Method

1: Initialize T ÐH, zUB Ð8, zLB Ð ´8, εBB ą 0, ε ě 0
2: Create a root node N 0

3: and the corresponding node subproblem (1) with G “ GN 0

4: T Ð T Y tN 0u

5: repeat
6: Choose a node N P T
7: T Ð T ztN u
8: Apply Algorithm 1 to problem (1) with Gj “ GN

j for each j P J ,

9: which returns optimal value zN Ð z˚LD, optimal solution λ̄˚,
10: and problem (4) (with λ “ λ˚) optimal solutions px̌, y̌q
11: Compute x̄Ð

ř

jPJ x̌j as in equation (15)

12: σi Ð maxj x̌
j
i ´minj x̌

j
i for i “ 1, . . . , n1

13: if maxi“1,...,n1 σi “ 0 then
14: zUB Ð mintzUB, z

N u

15: else if maxi“1,...,n1
σi ą ε and zN ă zUB then

16: if x̄ is fractional then
17: Choose integer variable index i such that tx̄iu ă x̄i ă rx̄is
18: Create two nodes NL and NR via (16)
19: else
20: Choose continuous variable index i P argmaxi σi
21: Create two nodes NL and NR via (17)
22: end if
23: T Ð T Y tNL,NRu

24: end if
25: Update zLB
26: until T “ H

subproblem (1) with G “ GN and apply Algorithm 1 to it (lines 8–10). Note
that we can terminate Algorithm 1 if Dpλ̄kq ě zUB. If the nonanticipativity
constraints (1b) are satisfied via the condition in line 13, the best upper bound
zUB may be updated (line 14). If zN ě zUB, the node is fathomed. Otherwise,
we perform branching (lines 15–22). We choose the most fractional variable in
line 17. Similarly, we choose the continuous variable with the largest dispersion
σi in line 20. Note, however, that one can devise and use other metrics to choose
branching variables for the steps in lines 17 and 20. The best lower bound is
updated such that zLB is the smallest value of zN for all leaf nodes N that
are not fathomed yet (line 25). We repeat the steps (i.e., lines 5–26) until the
search tree T is empty.

3.1.2 Branching Method Based on Dantzig-Wolfe Decomposition

DD can be viewed as the dual of the Dantzig-Wolfe decomposition (DWD),
which allows DD to use the branching methods developed for DWD. The
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branch-and-bound method in DWD (i.e., branch-and-price method) has been
applied for SMIP in [26]. For simplification, we consider the dual of the master
problem (6) without the quadratic proximal term. The corresponding dual at
node N is given by

min
αl

j

k
ÿ

l“0

ÿ

jPJ l

pj
`

cTxlj ` d
T
j y

l
j

˘

αlj (19a)

s.t.
k
ÿ

l“0

ÿ

jPJ l

Hjx
l
jα

l
j “ 0 (19b)

ÿ

lPLj

αlj “ 1 @j P J , (19c)

αlj ě 0 @j P J l, l “ 0, 1, . . . , k, (19d)

where wlj :“ pxlj , y
l
jq is a minimizer of (4) for given λl so that wlj P convpGN

j q

for all j P J l, l “ 0, 1, . . . , k, and Lj :“ tl : j P J l, l “ 0, 1, . . . , ku. Note that
αlj are the dual multipliers corresponding to the constraints (5b). Constraints

(19c) and (19d) construct the convex combination of the minimizers pxlj , y
l
jq

for l “ 1, . . . , k. Therefore, the dual (19) is equivalent to

min
xj ,yj

ÿ

jPJ
pj

`

cTxj ` d
T
j yj

˘

(20a)

s.t.
ÿ

jPJ
Hjxj “ 0, (20b)

pxj , yjq P conv

˜

k
ď

l“1

pxlj , y
l
jq

¸

Ď convpGN
j q, @j P J , (20c)

where convpGjq is the convex hull of set Gj so that Gj Ď convpGjq. In fact,
for each node N , the application of Algorithm 1 to problem (1) with G “ GN

does not solve problem (1) with G “ GN in general. It actually solves the
convexified problem (20) with the optimal solution px̂j , ŷjq returned by Al-
gorithm 1 being optimal for (20) (e.g., Theorem 6.2 of [31]). Hence, for any
j P J , px̂j , ŷjq “

ř

lPLj α̂ljpx
l
j , y

l
jq with an optimal dual multiplier α̂lj associ-

ated with the constraint (5b). With that justification, we apply Algorithm 1
in place of a specialized DWD implementation for the subproblem solutions
required in the next two algorithms. In particular, while ŵ :“ px̂j , ŷjqjPJ sat-
isfies the nonanticipativity constraints present in both problems (1) and (20),
it does not generally satisfy the mixed-integer restrictions in the constraints
of problem (1).

Suppose that ŵij is fractional for some element i P t1, . . . , n1 ` n2u and
some j P J . To ensure an integer-feasible solution, we can apply the branching
method that creates two nodes NL and NR with corresponding subproblems
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created from the parent node N by setting, respectively,

CNL

j :“ CN
j X tw P Rn1 ˆ Rn2 : wi ď tŵijuu (21a)

CNR

j :“ CN
j X tw P Rn1 ˆ Rn2 : wi ě rŵijsu (21b)

for all scenarios j P J if i ď n1 (first-stage branching) but for only one
scenario j P J if n1 ă i ď n1`n2 (second-stage branching), while for all other

scenarios j1 ‰ j, we set CN
j1 “ CNL

j1 “ CNR

j1 . That is, first-stage branching
via (21) applies the same way to all scenario j P J subproblems, but only to
one scenario j P J subproblem for second-stage branching. Therefore, the first-
stage variable branching, having a stronger cutting effect, may have priority
for branching over the second-stage variable branching. Also from the above
observations, we note that the size of the search tree in this branching method
is significantly increased with the number of scenarios and second-stage integer
variables.

Algorithm 3 Branch-and-Price Method

1: Initialize T ÐH, zUB Ð8, zLB Ð ´8

2: Create a root node N 0

3: and the corresponding node subproblem (1) with G “ GN 0

4: T Ð T Y tN 0u

5: repeat
6: Choose a node N P T
7: T Ð T ztN u
8: Apply Algorithm 1 to the node subproblem (1) with G “ GN ,
9: which returns zN Ð z˚LD and ŵj Ð px̂j , ŷjq for each j P J

10: if ŵj are integer feasible for all j then
11: zUB Ð mintzUB, z

N u

12: else if zN ă zUB then
13: Choose integer variable index i P t1, . . . , n1 ` n2u

14: (preferring indices i ď n1) such that tŵiu ă ŵi ă rŵis
15: Create two nodes NL and NR via (21)
16: T Ð T Y tNL,NRu

17: end if
18: Update zLB
19: until T “ H

We summarize the algorithmic steps in Algorithm 3 that uses the branching
hyperplanes (21). The solutions ŵj computed in lines 8–9 are optimal for the
DWD problem (20). If ŵj are integer feasible for all j, ŵ is also optimal for
problem (1) with G “ GN ; and the algorithm may update the best upper
bound zUB and fathom the node N (line 11). If zN ă zUB for fractional ŵj ,
the branching constraint sets (21) are used to create two node subproblems
(lines 13–16). We choose the most fractional variable for branching in line 13
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after preferring first-stage variables. We repeat the steps of lines 5–19 until no
node subproblem is available in tree T .

3.2 New Branching Method

We present a new scalable branching method that uses the optimal restricted
master solution ŵj to generate the Carøe-and-Schultz (CS) branching con-
straints as via (16) and (17). The key idea is to address the following drawbacks
in the existing branching methods. One can easily see that the branch-and-
price method (Algorithm 3) does not scale with the number of scenarios for
SMIP. Specifically, the number of branching candidates (i.e., integer variables)
by the branch-and-price method increases as the number of scenarios increases.
On the other hand, the CS branching method (Algorithm 2) does not make
comprehensive use of the information generated during the application of Al-
gorithm 1. For example, the dispersions computed in (18) take into account
only the last vertex px̌, y̌q returned from Algorithm 1 against the average x̄.
Furthermore, for j P J , the px̌j , y̌jq are typically not even the unique optimal
solutions to problem (4) for λ “ λ̄˚. In fact, any pxlj , y

l
jq, for l “ 0, . . . , k,

returned from Algorithm 1 for which α̂lj ą 0 is also optimal for (4), λ “ λ̄˚.
To address these drawbacks, we propose a new branching criterion that

implicitly makes use of all column solution information pxlj , y
l
jq, for j P J

and l “ 0, . . . , k, returned from Algorithm 1 so as to inform the choice of
branching point. To this end, we first define the dispersion measure for all
first-stage variables i “ 1, . . . , n1,

ρi :“
ÿ

jPJ

k
ÿ

l“0

pjα̂
l
j |x

l
ij ´ x̂i|, (22)

where α̂lj and x̂i are defined as in Section 3.1.2. We derive the upper bound
of the dispersion measure ρi in Proposition 1, which is necessary in order to
show the finite termination of our branching process. In preparation, we state
and prove Lemma 1.

Lemma 1 Let ξl P rξLB , ξUBs Ă R, l “ 0, . . . , k, and ξ̂ :“
řk
l“0 α

lξl, where

αl ą 0, l “ 0, . . . , k, are multipliers such that
řk
l“0 α

l “ 1. Then

k
ÿ

l“0

αl|ξl ´ ξ̂| ď 2 mint|ξLB ´ ξ̂|, |ξUB ´ ξ̂|u. (23)

Proof Denote L´ :“ tl “ 0, . . . , k : ξl ď ξ̂u and L` :“ tl “ 0, . . . , k : ξl ą ξ̂u.
Furthermore, denote

α´ :“
ÿ

lPL´

αl and α` :“
ÿ

lPL`

αl (24a)

ξ´ :“
1

α´

ÿ

lPL´

αlξl and ξ` :“
1

α`

ÿ

lPL`

αlξl. (24b)



Scalable Branching on Dual Decomposition of SMIP 15

Note that ξ̂ “ α´ξ´ ` α`ξ`. Now compute

k
ÿ

l“0

αl|ξl ´ ξ̂| “
ÿ

lPL´

αlpξ̂ ´ ξlq `
ÿ

lPL`

αlpξl ´ ξ̂q (25a)

“ 2α´pξ̂ ´ ξ´q, (25b)

where the last equality follows from rearranging terms, substituting α` “

1´α´, and substituting out ξ` via the equality ξ̂ “ α´ξ´`α`ξ`. Analogously,
we compute

k
ÿ

l“0

αl|ξl ´ ξ̂| “ 2α`pξ` ´ ξ̂q. (26)

Thus,

k
ÿ

l“0

αl|ξl ´ ξ̂| ď 2 mintpξ̂ ´ ξ´q, pξ` ´ ξ̂qu (27a)

ď 2 mint|ξLB ´ ξ̂|, |ξUB ´ ξ̂|u. (27b)

[\

Proposition 1 For all i “ 1, . . . , n1, we have

ρi ď 2 mint|xLBi ´ x̂i|, |x
UB
i ´ x̂i|u, (28a)

where xLBi and xUBi are, respectively, the node subproblem specific lower and
upper bounds on the first stage variables xi for all i “ 1, . . . , n1.

Proof Compute

ρi “
ÿ

jPJ

k
ÿ

l“0

pjα
l
j |x

l
ji ´ x̂i| ď 2 mint|xLBi ´ x̂i|, |x

UB
i ´ x̂i|u, (28b)

where the inequality (28b) follows from Lemma 1 since
ř

jPJ
řk
l“0 pjα̂

l
j “ 1.

[\

Note that the bounds xLBi and xUBi , i “ 1, . . . , n1, are typically specified in
CN , as referred to in (14). They are the same for all scenarios j P J because
the branching indices represent the first-stage variables i “ 1, . . . , n1.

Now we develop the new termination criterion for our branching method.
Similar to σi used for Algorithm 2, let us define a new dispersion measure as
follows: for i “ 1, . . . , n1,

σ̂i :“ max
j
x
lpjq
ij ´min

j
x
lpjq
ij ,

where
lpjq :“ arg max

l“0,...,k
α̂lj . (29)
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Note that the scenario subproblem solution px
lpjq
j , y

lpjq
j qjPJ generated at each

node subproblem is integer feasible, since it is an optimal solution to the
Lagrangian linear mixed-integer subproblem (2) for a given Lagrangian mul-

tiplier λ. Furthermore, when maxi“1,...,n1
σ̂i ă ε, then px

lpjq
j , y

lpjq
j qjPJ satisfies

the nonanticipativity constraints within tolerance ε.

In the case that maxi“1,...,n1 σ̂i ě ε, we choose i1 P argmaxi“1,...,n1
ρi as

the branching index. We justify this branching index selection in the following
propositions.

Lemma 2 The number of vertices of convpGN
j q is bounded from above by

some positive integer V for all scenarios j P J and all nodes N .

Proof Denote the ordered tuplet ι P Zn1`n2 , and define the sets

I int :“ ti “ 1, . . . , n1 ` n2 : wi has integral restriction in (1)u

and

GN ,ι
j :“

 

w P GN
j : wi “ ιi for i P I int

(

.

Since GN
j Ď GN 0

j for all nodes N and GN 0

j is assumed to be bounded, then

GN ,ι
j is nonempty for a finite number of ι. Denote this bound by κ P Z`. Also

note that GN
j “

Ť

ιG
N ,ι
j , and each GN ,ι

j is a convex polydedral set, so that by

the Upper Bound Theorem [28,29], the maximum number of vertices of GN ,ι
j

depends only on the integer parameters m1,m2, n1, n2, p1, p2 associated with
the formulation of the SMIP (1), and not on the particular instantiation of the
bounds specific to node N . Call this number ∆. Then, independent of j P J
and the node N , we have the number of vertices of convpGN

j q being bounded

from above by V :“ κ∆ due to the vertices of convpGN
j q being the union over

the ι of the vertices of GN ,ι
j .

Proposition 2 For each i “ 1, . . . , n1, there exists a fixed M ą 0 for which

2 mint|xLBi ´ x̂i|, |x
UB
i ´ x̂i|u ě ρi ěMσ̂i (30)

for every node N .

Proof Computing lpjq as in (29) for each j P J guarantees that α̂
lpjq
j ě 1{V N

j ,

where V N
j is the number of extreme points of convpGN

j q, which, in light of the

polyhedral nature of convpGN
j q, must be finite. Thus, α̂

lpjq
j ě 1{V N

j follows by

noting that
ř

l“0,...,k α
l
j “ 1 for each j P J and that α̂

jplq
j “ maxl“0,...,k α

l
j .

By Lemma 2, there exists a finite positive integer V for which V N
j ď V for all

j P J and all nodes N . Thus, α̂
lpjq
j ě 1{V for all j P J and all N . Then, for
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each i, we have

ρi “ max
i

ÿ

j

ÿ

l“0,...,k

pjα
l
j |x

l
ij ´ x̂i|

ě
ÿ

j

pjα̂
lpjq
j |x

lpjq
ij ´ x̂i|

ě min
j

!pj
V

)

ÿ

j

|x
lpjq
ij ´ x̂i|

ě min
j

!pj
V

)

max
j
|x
lpjq
ij ´ x̂i|

ě min
j

! pj
2V

)

max
j1,j2

!

x
lpj1q
ij1 ´ x

lpj2q
ij2

)

ě min
j

! pj
2V

)

ˆ

max
j
x
lpjq
ij ´min

j
x
lpjq
ij

˙

“ min
j

! pj
2V

)

σ̂i.

Thus, ρi ě minjt
pj
2V uσ̂i. By Proposition 1, we have 2 mint|xUBi ´ x̂i|, |x̂i ´

xLBi |u ě ρi. Thus, defining M :“ minjt
pj
2V u, which is fixed and positive, we

have mint|xUBi ´ x̂i|, |x̂i ´ x
LB
i |u ěMσ̂i as intended. [\

Based on the dispersion measure σ̂i, we define a fathoming criterion as

max
i“1,...,n1

σ̂i ď ε, (31)

whose purpose is to guarantee finite termination. Otherwise, fathoming by op-
timality is justified when either the integer feasibility of px̂j , ŷjq is met, as used
in Algorithm 3, or under certain conditions that guarantee maxi“1,...,n1

σi “ 0
exactly, such as when x̂ij P tx

LB
i , xUBi u for all i “ 1, . . . , n1 and j P J . The

latter condition has its analog in Algorithm 2, while the former condition is
an innovation to Algorithm 2.

We summarize the algorithmic steps of our new branching method in Al-
gorithm 4. The algorithm is based on Algorithm 2 with modifications to use
the optimal restricted master solutions x̂ and their dispersions with respect to
column solutions pxlj , y

l
jqjPJ for l “ 0, . . . , k, to determine branching. Hence,

after applying Algorithm 1 to the node subproblem (1) with G “ GN , we ob-
tain px̂j , ŷjqjPJ at line 9. Note that the first-stage variable values x̂j satisfy the
nonanticipativity constraints; that is, x̂j “ x̂j1 for any j ‰ j1 P J . If px̂j , ŷjq
are integer feasible for all j P J , then we have an optimal solution to the node
subproblem (1) with G “ GN , so that node N is fathomed by optimality with
an update of the best known upper bound zUB (line 13) if appropriate. On the

other hand, if maxi σ̂i ď ε, we compute a candidate solution px
lpjq
j , y

lpjq
j qjPJ

that satisfies integrality constraints (by construction) and the nonanticipativ-
ity constraints within ε tolerance, as in Algorithm 2. In the case that exact
satisfaction of maxi σ̂i “ 0 may be inferred, node N is fathomed by optimality,
and zUB is updated as warranted. Otherwise, a candidate primal solution may
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Algorithm 4 Improved CS BB Method

1: Initialize T ÐH, zUB Ð8, zLB Ð ´8, εBB ě 0, ε ě 0
2: Create a root node N 0 and the root node subproblem (1) with G “ GN 0

3: T Ð T Y tN 0u

4: repeat
5: Choose a node N P T
6: T Ð T ztN u
7: Apply Algorithm 1 to the node subproblem (1) with G “ GN ,
8: which returns zN Ð z˚

9: and px̂j , ŷjq and pα̂lj , x
l
j , y

l
jql“0,...,k for each j P J

10: Compute lpjq Ð arg maxl“0,...,k α̂
l
j for each j P J

11: σ̂i Ð maxj x
lpjq
ij ´minj x

lpjq
ij for i “ 1, . . . , n1

12: if px̂j , ŷjqjPJ are integer feasible or maxi“1,...,n1
σ̂i “ 0 then

13: zUB Ð mintzUB, z
N u

14: else if maxi“1,...,n1
σ̂i ą ε and zN ă zUB then

15: Set F :“ ti P 1, . . . , n1 : xi integer but x̂i fraction valuedu
16: if F is nonempty (x̂ is fractional) then
17: Choose branching index i1 Ð argmaxiPFtρiu
18: Create two nodes NL and NR via (16)
19: else
20: Choose branching index i1 Ð argmaxiP1,...,n1

tρiu

21: Create two nodes NL and NR via (17)
22: end if
23: T Ð T Y tNL,NRu

24: end if
25: Update zLB
26: until T “ H

be taken as the average point as in (15), that is,
ř

jPJ pjx
lpjq
j and py

lpjq
j qjPJ .

If the fathoming criterion maxi“1,...,n1 σ̂i ď ε is not met and zN ă zUB, two
child node subproblems are created by branching in lines 16–22. The branch-
ing index is chosen by i1 P arg maxi“1,...,n1

ρi. If i1 corresponds to an integer
variable, we create branching constraints xi ď tx̂iu and xi ě rx̂is. Otherwise,
we create branching constraints xi ď x̂i ´ εBB and xi ě x̂i ` εBB on x̂i. We
may choose a branching index with higher preference to integer variables over
continuous variables. When the set

F :“ ti “ 1, . . . , n1 : xi integer but x̂i fraction valuedu. (32)

is nonempty, we may choose i1 P argmaxiPF ρi as the branching index. Note,
however, that we need not consider integer variables first for branching. We
found in our numerical experiments that i1 P arg maxi“1,...,n1 ρi always satis-
fied i1 P F whenever F was not empty. After processing a node, the best lower
bound zLB may be updated in line 25. We repeat the steps (i.e., lines 4–26)
until the tree T is empty.
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We show that Algorithm 4 terminates after solving a finite number of node
subproblems for a sufficiently small feasibility tolerance ε ą 0.

Proposition 3 The Algorithm 4 applied to problem (1) with εBB “ 0 and
ε ą 0 must terminate after processing a finite number of node subproblems.

Proof Without loss of generality, we assume that the first-stage variables are
all continuous. since the finiteness argument is trivial for integrality branching.
We show that for ε ą 0, the length of the bounding interval at each of the new
branching nodes created in lines 18 and 21 is diminished by at least εM from
the corresponding interval length of the parent node, where M is the positive
fixed constant defined in the proof of Proposition 2.

Suppose that there exists a choice of variable index i1 for branching (found
in line 16) such that σi1 ą ε. Note that we fathom the current node (by line 12)
if such i1 does not exist, which is not the case of interest in this proof. From
Proposition 1, observe that both εM ď |xLBi1 ´ x̂i1 | and εM ď |xUBi1 ´ x̂i1 |,
because mint|xLBi1 ´ x̂i1 |, |x

UB
i1 ´ x̂i1 |u ě Mσi1 ą εM by Proposition 2. Then,

using εM ď |xLBi1 ´ x̂i1 |, we have

|xUBi1 ´ xLBi1 | “ |x
LB
i1 ´ x̂i1 | ` |x

UB
i1 ´ x̂i1 | (33a)

ě εM ` |xUBi1 ´ x̂i1 |, (33b)

and analogously, using εM ě |xUBi1 ´ x̂i1 |, we have

|xUBi1 ´ xLBi1 | “ |x
LB
i1 ´ x̂i1 | ` |x

UB
i1 ´ x̂i1 | (33c)

ě εM ` |xLBi1 ´ x̂i1 |. (33d)

In both cases of branching on variables xi1 , each of the lengths |xLBi1 ´ x̂i1 |
and |xUBi1 ´ x̂i1 | in the children nodes must be smaller by at least the fixed
amount εM ą 0 than the corresponding bound interval length |xUBi1 ´xLBi1 | of
the parent node. Because we assume finite bounds on xi for all i “ 1, . . . , n1,
we conclude that branching can occur only along each xi for each i “ 1, . . . , n1

a finite number of times. [\

We remark that the fathoming by the optimality condition that either
px̂j , ŷjq satisfies integrality or maxi“1,...,n1

σi “ 0 is not necessary for the
finite termination of Algorithm 4 but is practical for numerical experiments
for obtaining optimality gaps zUB ´ zLB and thus assessing the optimality of
the incumbent solution. In particular, we found that the condition that px̂j , ŷjq
satisfies integrality was always met (even before the other conditions were met)
for all node subproblems in our numerical experiments.

4 Primal Heuristics

Finding a good primal feasible solution is critical for reducing the size of the
search tree in branch-and-bound methods. The primal heuristic methods [5]
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developed for the traditional branch-and-bound method may be applicable
to our decomposition setting. In this section, we describe two heuristic algo-
rithms that are specific to the branch-and-bound method of our decomposition
method.

4.1 Fixing-First Heuristic

The first heuristic is motivated by the fact that the second-stage recourse func-
tion can be evaluated in parallel once the first-stage nonanticipative variables
are fixed. We call this algorithm a fixing-first heuristic; the algorithmic steps
are described as follows.

We refer to xref as the first-stage primal solution obtained from Algo-
rithms 2, 3, or 4. Specifically, xref “ x̄ for Algorithm 2, and xref “ x̂ for

Algorithms 3 and 4. Note that xref “
ř

jPJ pjx
lpjq
j when maxi“1,...,n1 σ̂i ă ε

for Algorithm 4. We suppose that xref is a mixed-integer variable vector and
violates the integrality constraint for some i. We then round all of the frac-
tional values of the integer variables and fix the rounded values as well as the
continuous variable values. For the fixed first-stage variable value, the dual de-
composition simply evaluates the individual scenario recourse function values.
That is, the heuristic solves

@j P J : min
yj

 

dTj yj : Wjyj ě hj ´ Tjtx
refs, yj P Y

(

, (34)

where t¨s is defined as a rounding operator for integer variables.

In our numerical experiments, we round fractional values to the nearest
integer values. One can also use other ways such as randomly rounding. Note
that this heuristic always finds an upper bound for complete recourse problems.

4.2 Simple Rounding Heuristic

The other heuristic we develop here is based on a simple rounding method on
integer variables in both the first and second stages. We use xref as defined
in the preceding section. We also define yref

j as y̌j for Algorithm 2 and ŷj for

Algorithms 3 and 4. Similarly, we use yref
j “ y

lpjq
j when maxi“1,...,n1 σ̂i ă ε

for Algorithm 4. We define Ix and Iy as the sets of indices for first- and
second-stage integer variables, respectively.
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By rounding and fixing all the integer variable values, the heuristic solves
the dual decomposition of the resulting problem.

min
pxj ,yjqPGj

ÿ

jPJ
pj

`

cTxj ` d
T
j yj

˘

(35a)

s.t.
ÿ

jPJ
Hjxj “ 0, (35b)

xij “ txref
i s @i P Ix, (35c)

yij “ tyref
ij s @i P Iy, j P J (35d)

The dual decomposition finds the global optimum to (35) without a branch-
and-bound method, because the problem (35) is a continuous linear program.
Note that this simple rounding heuristic is equivalent to the fixing-first heuris-
tic for problems with pure integer first-stage variables and continuous second-
stage variables.

5 Numerical Experiments

In this section, we present numerical experiments to compare the new branch-
ing strategy with the existing ones, as described in Section 3.

5.1 Implementation

We have implemented the two existing branching methods (Algorithms 2 and
3) and the new proposed method (Algorithm 4) in the open-source parallel
software package DSP [17]. We use an open-source software package Coin-
ALPS [45] that implements a parallel tree search framework. Note, however,
that we implemented the serial branch-and-bound methods. For Algorithm 1,
we used the branch-and-price method implemented for solving power system
production cost modeling in a long planning horizon [14]. The bundle master
problem (6) and the Lagrangian subproblems (4) were solved by CPLEX 12.7
with default settings.

We observed that CPLEX experienced numerical stability issues for the
master problem at a few iterations (particularly after adding many cuts). For
such cases, we re-solved the master problem by temporarily setting the param-
eter value CPX PARAM NUMERICALEMPHASIS to 1. We have also implemented the
warm-starting capability that reuses the bundle information generated from
parent nodes. Because of the numerical instability, however, we report the
numerical results without the warm-starting capability.

We have also implemented the primal heuristic algorithms described in
Section 4. Here we report the numerical results without any heuristic, with
the fixing-first heuristic, and with the simple rounding heuristic. The heuris-
tic algorithm is called at the end of each subproblem solution. Rounding is
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performed to the nearest integer values. We emphasize that variations of the
heuristic methods are possible but not reported here.

The experiments were run on the Bebop cluster at Argonne National Lab-
oratory. The cluster has 664 Intel Broadwell nodes, each of which consists of
36 cores and 128 GB of RAM. Each run used 36 cores on single compute node
to parallelize each node subproblem solution by scenario decomposition. The
scenario subproblems were distributed to the 36 processes in a round-robin
fashion. We set the parameters umin “ 10´4,mL “ 0.1,mR “ 0.5, ε “ 10´6,
and εBB “ 10´6. Moreover, we use maxi“1,...,n1 σi ď ε and maxi“1,...,n1 σ̂i ď ε
in place of maxi“1,...,n1

σi “ 0 and maxi“1,...,n1
σ̂i “ 0 in Algorithms 2 and 4,

respectively, for practical purposes. At each node subproblem, the initial dual
variable values were set to zero.

5.2 Problem instances

We use four test problem instances (dcap, semi, sizes, and sslp) from
the SIPLIB available at http://www2.isye.gatech.edu/~sahmed/siplib/.
Characteristics of the problem instances are given in Table 1.

All the problem instances have integer variables in the first and second
stages except that semi instances have integer variables in the first stage only.
The test problem instances allow us to test our method for various classes
of SMIP. In particular, dcap has mixed-binary variables in the first stage
and pure-binary variables in the second stage, whereas sslp has pure-binary
variables in the first stage and mixed-binary variables in the second stage;
and sizes has mixed-binary variables in both the first and second stages.
For each problem instance, experiments are conducted for various numbers of
scenarios. We note that the dual decomposition may not be the best algorithm
for semi instances. For example, Benders decomposition is able to find a global
optimal solution for semi instances, since no integer variable appears in the
second stage.

In the Appendix, we also report the numerical results for smkp instances
that have pure binary variables in both the first and second stages. As dis-
cussed in [40], these instances have a larger number of constraints and variables
in the first stage than those in the second stage, which makes the instances
particularly challenging for the dual decomposition. Therefore, the numerical
results were obtained with a slightly different setting of parameters for our
solver.

5.3 Benchmarking Branching Methods

We present the numerical results from different branching methods without
any heuristic: CS of Algorithm 2, BNP of Algorithm 3, and CS+DW of Al-
gorithm 4. The results were obtained without using any heuristic. Table 2
reports the best upper and lower bounds, numbers of nodes solved and left,

http://www2.isye.gatech.edu/~sahmed/siplib/
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Table 1 Characteristics of the problem instances

First Stage Second Stage
Name Scen (N) Cons Vars Ints Cons Vars Ints
dcap233 200, 300, 500 6 12 6 15 27 27
dcap243 200, 300, 500 6 12 6 18 36 36
dcap332 200, 300, 500 6 12 6 12 24 24
dcap342 200, 300, 500 6 12 6 14 32 32
semi 2, 3, 4 2 612 612 5842 9802 0
sizes 3, 5, 10 31 75 10 31 75 10
sslp 5 25 50, 100 1 5 5 30 130 125
sslp 10 50 50, 100, 500, 1000, 2000 1 10 10 60 510 500
sslp 15 45 50, 100 1 15 15 60 690 675

and solution time in seconds for all dcap, semi, sizes, and sslp instances.
The instances were run with a 2-hour wall-clock time limit. The instance that
reached the time limit sre denoted by “TO” in the table. We set εBB “ 10´6

for CS and εBB “ 0 and ε “ 10´6 for CS+DW. The feasibility tolerance
ε “ 10´6 was also used for checking the sum of integrality violations in Algo-
rithms 3 and 4. The optimality gap ă 0.01% is considered optimum, denoted
by “OPT.” The best known upper bound, denoted by “UB,” can be 8 (so is
“Gap”), if no upper bound is found.

Table 2 Computational results for dcap, semi, sizes, and sslp instances by using different
branching methods in the dual decomposition

Nodes Nodes
Instance Method UB LB Gap (%) Solved Left Time

dcap233 200 BNP 8 1833.48 8 1740 1741 TO
CS 8 1833.48 8 633 631 TO
CS+DW 1834.57 1834.55 OPT 55 0 230

dcap233 300 BNP 8 1642.75 8 402 401 TO
CS 8 1642.75 8 35 34 TO
CS+DW 1644.20 1644.19 OPT 56 0 1119

dcap233 500 BNP 8 1736.69 8 109 108 TO
CS 1739.07 1736.69 0.13 236 133 TO
CS+DW 1737.54 1737.52 OPT 46 0 535

dcap243 200 BNP 8 2321.28 8 742 739 TO
CS 8 2321.28 8 365 347 TO
CS+DW 2322.49 2322.49 OPT 159 0 1811

dcap243 300 BNP 8 2556.60 8 538 537 TO
CS 8 2556.74 8 1401 184 TO
CS+DW 2559.19 2559.19 OPT 28 0 319

dcap243 500 BNP 8 2165.45 8 248 247 TO
CS 8 2165.50 8 100 99 TO
CS+DW 2167.36 2167.35 OPT 219 0 6936

dcap332 200 BNP 8 1059.08 8 643 642 TO
CS 8 1059.10 8 278 276 TO
CS+DW 1060.70 1060.65 OPT 119 0 498

continued on next page
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continued from previous page
Nodes Nodes

Instance Method UB LB Gap (%) Solved Left Time

dcap332 300 BNP 8 1250.84 8 282 279 TO
CS 8 1250.94 8 272 271 TO
CS+DW 1252.75 1252.75 OPT 191 0 4161

dcap332 500 BNP 8 1586.95 8 136 137 TO
CS 8 1587.09 8 227 226 TO
CS+DW 8 1587.09 8 176 175 TO

dcap342 200 BNP 8 1618.11 8 529 528 TO
CS 8 1618.09 8 430 429 TO
CS+DW 8 1618.03 8 613 612 TO

dcap342 300 BNP 8 2065.51 8 308 307 TO
CS 8 2065.44 8 114 112 TO
CS+DW 2067.54 2067.49 OPT 225 0 2869

dcap342 500 BNP 8 1902.90 8 149 148 TO
CS 8 1903.02 8 138 137 TO
CS+DW 8 1904.65 8 77 76 TO

semi2 BNP 8 147 8 3 3 TO
CS 8 147 8 1 1 TO
CS+DW 8 147 8 3 3 TO

semi3 BNP 8 147 8 1 1 TO
CS 8 147 8 1 1 TO
CS+DW 8 147 8 1 1 TO

semi4 BNP 8 147 8 1 1 TO
CS 8 147 8 1 1 TO
CS+DW 8 147 8 1 1 TO

sizes3 BNP 226191 226190 OPT 176 0 59
CS 226191 226191 OPT 637 0 252
CS+DW 226191 226179 OPT 70 0 32

sizes5 BNP 225553 225530 OPT 1661 0 1053
CS 8 225356 8 286 282 TO
CS+DW 225535 225514 OPT 163 0 142

sizes10 BNP 8 224319 8 981 980 TO
CS 8 224319 8 735 732 TO
CS+DW 224565 224564 OPT 774 0 2676

sslp 5 25 50 BNP -121.6 -121.6 OPT 1 0 1
CS -121.6 -121.6 OPT 4 0 1
CS+DW -121.6 -121.6 OPT 1 0 1

sslp 5 25 100 BNP -127.37 -127.37 OPT 1 0 1
CS -127.37 -127.37 OPT 3 0 1
CS+DW -127.37 -127.37 OPT 1 0 1

sslp 10 50 50 BNP -364.64 -364.64 OPT 1 0 31
CS -364.64 -364.64 OPT 21 0 112
CS+DW -364.64 -364.64 OPT 1 0 31

sslp 10 50 100 BNP -354.19 -354.19 OPT 1 0 31
CS -354.19 -354.19 OPT 20 0 122
CS+DW -354.19 -354.19 OPT 1 0 31

sslp 10 50 500 BNP -349.136 -349.136 OPT 1 0 651
CS -349.136 -349.137 OPT 20 0 953
CS+DW -349.136 -349.136 OPT 1 0 652

sslp 10 50 1000 BNP -351.711 -351.711 OPT 1 0 1256
CS -351.711 -351.711 OPT 20 0 2683

continued on next page
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continued from previous page
Nodes Nodes

Instance Method UB LB Gap (%) Solved Left Time
CS+DW -351.711 -351.711 OPT 1 0 1258

sslp 10 50 2000 BNP -347.263 -347.263 OPT 1 0 2603
CS -347.265 -347.262 OPT 19 0 6984
CS+DW -347.263 -347.263 OPT 1 0 2729

sslp 15 45 5 BNP -262.4 -262.4 OPT 1 0 4
CS -262.4 -262.4 OPT 1 0 4
CS+DW -262.4 -262.4 OPT 1 0 4

sslp 15 45 10 BNP -260.5 -260.5 OPT 1 0 101
CS -260.5 -260.5 OPT 1 0 101
CS+DW -260.5 -260.5 OPT 1 0 101

sslp 15 45 15 BNP -253.601 -253.601 OPT 1 0 267
CS -253.601 -253.626 OPT 1 0 264
CS+DW -253.601 -253.601 OPT 1 0 267

The dual decomposition with CS+DW (i.e., Algorithm 4) found global
optimal solutions for 9 out of 12 dcap instances (i.e., all but dcap332 500
and dcap342 500) and all the sslp and sizes instances. In contrast, within
the 2-hour time limit, BNP and CS did not find an optimum for any dcap

instances. The use of CS+DW also saw improvement in branching that led to
a reduced number of node subproblem solutions required, compared with the
existing branching methods CS and BNP. For the dcap 243 300 instance, CS
could not find an upper bound after solving 1,401 node subproblems, whereas
CS+DW found an optimum after solving 28 node subproblems. BNP solved
more node subproblems, while resulting in slightly worse lower bounds, than
did CS for most dcap instances. The reason is that it branches on both first-
and second-stage integer variables, the number of which increases with the
number of scenarios.

We observe that the method that solved more node subproblems differed
depending on the time. For example, CS and CS+DW methods solved 114
and 225 node subproblems for dcap 342 300, respectively. Another example
is that CS and CS+DW methods solved 137 and 77 node subproblems for
dcap 342 500, respectively. We found that the different solution times in the
dual decomposition of node subproblems are due to different paths taken from
the root node to leaf nodes, the different numbers of dual decomposition iter-
ations, and the numerical conditions of the master problems.

For semi instances, none of the methods was able to find an upper bound
of the problem instances within the 2-hour time limit. The reason is that each
scenario subproblem is difficult to solve and not enough time was allowed for
exploring multiple node subproblems. We note that the global optimal values
were found by using the heuristic methods described in Section 4 and reported
in the following sections.

The CS+DW method found the global optimal solutions for all sizes

instances. Consistent with the computational results for dcap instances, the
CS+DW method solved fewer node subproblems than the other methods did,
however. For the given time limit, CS could only solve fewer node subproblems
for the sizes5 instances than the CS+DW method did, because one particular
node subproblem was difficult to solve and took a significant amount of time.



26 Kibaek Kim, Brian Dandurand

The BNP and CS+DW methods found the global optimum at the root node
for all the sslp instances, because the optimal restricted master solutions (i.e.,
px̂j , ŷjq) at the root node were global optima. On the other hand, CS explored
more nodes to prove the optimality (e.g., sslp 5 25 N and sslp 10 50 N),
because it does not check the restricted master solution for branching. Con-
sequently, CS took a much longer solution time than did the other methods
(e.g., sslp 10 50 100 by a factor 4).

We note that all node subproblems by CS+DW method were fathomed by
the integer feasibility criterion, even before the criterion maxi“1,...,n1

σ̂i ă ε
was checked.

5.4 Benchmarking Branching Methods with Fixing-First Heuristic

In this section, we consider the fixing-first heuristic, as described in Section 4.1,
to find upper bounds after each node subproblem is solved. The heuristic was
run at the first-stage primal solutions xref (as defined in Section 4.1) obtained
after solving the node subproblem at each algorithm.

Table 3 Computational results for dcap, semi, sizes, and sslp instances by using different
branching methods in the dual decomposition with fixing-first heuristic

Nodes Nodes Heur. Total
Instance Method UB LB Gap (%) Solved Left Time Time
dcap233 200 BNP 1846.64 1833.45 0.71 1554 1553 198 TO

CS 1834.63 1834.50 OPT 35 0 2 94
CS+DW 1834.58 1834.54 OPT 36 0 2 130

dcap233 300 BNP 1671.87 1642.75 1.74 392 391 120 TO
CS 1644.25 1644.18 OPT 64 0 11 4137
CS+DW 1644.25 1644.18 OPT 32 0 5 281

dcap233 500 BNP 1779.95 1736.70 2.42 111 110 64 TO
CS 1737.61 1737.50 OPT 41 0 9 505
CS+DW 1737.52 1737.52 OPT 24 0 6 370

dcap243 200 BNP 2336.56 2321.21 0.65 790 787 133 TO
CS 2322.65 2322.46 OPT 40 0 3 2322
CS+DW 2322.58 2322.48 OPT 34 0 2 128

dcap243 300 BNP 2590.27 2556.72 1.29 545 544 174 TO
CS 2559.34 2559.12 OPT 57 0 9 381
CS+DW 2559.19 2559.18 OPT 21 0 3 123

dcap243 500 BNP 2197.13 2165.50 1.43 251 250 140 TO
CS 2167.48 2167.30 OPT 55 0 15 1157
CS+DW 2167.39 2167.32 OPT 44 0 13 614

dcap332 200 BNP 1082.83 1059.10 2.19 637 636 85 TO
CS 1060.78 1059.10 0.15 392 192 43 TO
CS+DW 1060.75 1060.64 OPT 89 0 5 369

dcap332 300 BNP 1309.43 1250.94 4.46 180 179 59 TO
CS 1252.85 1252.72 OPT 407 0 61 4793

continued on next page
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continued from previous page
Nodes Nodes Heur. Total

Instance Method UB LB Gap (%) Solved Left Time Time
CS+DW 1252.76 1252.67 OPT 61 0 9 677

dcap332 500 BNP 1694.22 1587.09 6.32 140 141 70 TO
CS 1589.28 1587.09 0.13 252 217 119 TO
CS+DW 1588.85 1588.69 OPT 379 0 93 6974

dcap342 200 BNP 1642.72 1618.09 1.49 515 514 79 TO
CS 1619.63 1619.47 OPT 543 0 38 2792
CS+DW 1619.56 1619.47 OPT 196 0 14 842

dcap342 300 BNP 2129.66 2065.44 3.01 297 296 97 TO
CS 2067.63 2065.44 0.10 182 62 40 TO
CS+DW 2067.50 2067.41 OPT 119 0 18 742

dcap342 500 BNP 2006.01 1903.00 5.13 148 149 79 TO
CS 1904.81 1903.02 0.09 169 124 89 TO
CS+DW 1904.72 1904.57 OPT 79 0 19 1537

semi2 BNP 147 147 OPT 1 0 1 1674
CS 8 147 8 1 1 1 TO
CS+DW 147 147 OPT 1 0 1 1664

semi3 BNP 147 147 OPT 1 0 1 2917
CS 8 147 8 1 1 1 TO
CS+DW 147 147 OPT 1 0 1 2889

semi4 BNP 147 147 OPT 1 0 1 4165
CS 1889.47 147 92.22 1 1 1 TO
CS+DW 147 147 OPT 1 0 1 4223

sizes3 BNP 226191 226168 OPT 97 0 1 33
CS 226192 226191 OPT 637 0 1 254
CS+DW 226196 226179 OPT 70 0 1 33

sizes5 BNP 225532 225524 OPT 1313 0 11 865
CS 225555 225532 OPT 241 0 1 215
CS+DW 225532 225512 OPT 147 0 1 130

sizes10 BNP 224600 224319 0.12 986 971 30 TO
CS 224584 224564 OPT 1272 0 13 2443
CS+DW 224579 224562 OPT 725 0 9 2545

sslp 5 25 50 BNP -121.6 -121.6 OPT 1 0 0 1
CS -121.6 -121.6 OPT 1 0 1 1
CS+DW -121.6 -121.6 OPT 1 0 0 1

sslp 5 25 100 BNP -127.37 -127.37 OPT 1 0 0 1
CS -127.37 -127.37 OPT 1 0 1 1
CS+DW -127.37 -127.37 OPT 1 0 0 1

sslp 10 50 50 BNP -364.64 -364.64 OPT 1 0 0 31
CS -364.64 -364.64 OPT 1 0 1 32
CS+DW -364.64 -364.64 OPT 1 0 0 32

sslp 10 50 100 BNP -354.19 -354.19 OPT 1 0 0 35
CS -354.19 -354.19 OPT 1 0 1 32
CS+DW -354.19 -354.19 OPT 1 0 0 35

sslp 10 50 500 BNP -349.136 -349.136 OPT 1 0 0 649
CS -349.136 -349.136 OPT 1 0 1 653
CS+DW -349.136 -349.136 OPT 1 0 0 650

sslp 10 50 1000 BNP -351.711 -351.711 OPT 1 0 0 1256
CS -351.711 -351.711 OPT 1 0 1 1257
CS+DW -351.711 -351.711 OPT 1 0 0 1257

sslp 10 50 2000 BNP -347.263 -347.263 OPT 1 0 0 3072
continued on next page
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continued from previous page
Nodes Nodes Heur. Total

Instance Method UB LB Gap (%) Solved Left Time Time
CS -347.263 -347.263 OPT 1 0 3 3425
CS+DW -347.263 -347.263 OPT 1 0 0 3961

sslp 15 45 5 BNP -262.4 -262.4 OPT 1 0 0 5
CS -262.4 -262.4 OPT 1 0 1 4
CS+DW -262.4 -262.4 OPT 1 0 0 4

sslp 15 45 10 BNP -260.5 -260.5 OPT 1 0 0 101
CS -260.5 -260.5 OPT 1 0 1 100
CS+DW -260.5 -260.5 OPT 1 0 0 101

sslp 15 45 15 BNP -253.601 -253.601 OPT 1 0 0 268
CS -253.601 -253.601 OPT 1 0 1 265
CS+DW -253.601 -253.601 OPT 1 0 0 268

Table 3 shows the numerical results for solving the dcap, semi, sizes, and
sslp instances within the 2-hour time limit. We report the heuristic running
time in the “Heur. Time” column of the table. The solution times of CS and
CS+DW were significantly reduced for all the instances. CS+DW found global
optimal solutions for all the test instances. We also emphasize that for almost
all instances, CS+DW outperformed CS by exploring consistently fewer node
subproblems and thus reducing the solution times. CS found optimal solutions
for 8 out of 12 dcap instances and all sizes instances; in contrast, none of
the dcap instances and only one sizes instance found the global optimum
without the heuristic. For a few instances (i.e., dcap233 200 and dcap233 500),
the computational performances (i.e., number of nodes and solution times)
resulting from CS are comparable to those from CS+DW. This is due to both
methods finding a good upper bound allowing for a reduction of the search
tree size early in the search. However, CS found no upper bound or only a
poor one for semi instances. On the other hand, BNP could not find a global
optimal solution for any dcap instances within the time limit. Such differences
come from the different choice of deriving the first-stage variable values (i.e.,
x̌ vs. x̂). Note that the heuristic still allows CS to prove the global optimum
at the root node for all the sslp instances.

5.5 Benchmarking Branching Methods with Simple Rounding Heuristic

In this section, we report the numerical results from the branching methods
with the simple rounding heuristic described in Section 4.2.

Table 4 Computational results for dcap, semi, sizes, and sslp instances by using different
branching methods in the dual decomposition with the simple rounding heuristic

Nodes Nodes Heur. Total
Instance Method UB LB Gap (%) Solved Left Time Time
dcap233 200 BNP 1838.10 1833.48 0.25 976 975 3163 TO

CS 1834.70 1834.53 OPT 33 0 123 205
continued on next page
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continued from previous page
Nodes Nodes Heur. Total

Instance Method UB LB Gap (%) Solved Left Time Time
CS+DW 1834.60 1834.48 OPT 12 0 44 82

dcap233 300 BNP 1647.46 1642.75 0.28 320 317 1309 TO
CS 1644.24 1644.18 OPT 33 0 233 1606
CS+DW 1644.25 1644.13 OPT 22 0 155 268

dcap233 500 BNP 1741.20 1736.69 0.25 80 79 1993 TO
CS 1737.53 1737.50 OPT 40 0 531 938
CS+DW 1737.59 1737.46 OPT 8 0 270 430

dcap243 200 BNP 2323.93 2321.28 0.11 515 512 2274 TO
CS 2322.68 2322.46 OPT 31 0 125 285
CS+DW 2322.50 2322.40 OPT 14 0 58 103

dcap243 300 BNP 2560.02 2556.74 0.12 267 268 3823 TO
CS 2559.44 2559.18 OPT 56 0 237 585
CS+DW 2559.23 2559.01 OPT 11 0 86 154

dcap243 500 BNP 2167.92 2165.50 0.11 124 125 3672 TO
CS 2167.37 2167.15 OPT 43 0 890 1691
CS+DW 2167.36 2167.24 OPT 23 0 518 733

dcap332 200 BNP 1064.34 1059.10 0.49 638 637 80 TO
CS 1060.75 1060.64 OPT 389 0 981 3059
CS+DW 1060.77 1060.67 OPT 109 0 193 602

dcap332 300 BNP 8 1250.94 8 197 196 32 TO
CS 1252.80 1252.69 OPT 275 0 1042 3391
CS+DW 1252.79 1252.67 OPT 66 0 178 883

dcap332 500 BNP 8 1587.09 8 131 132 33 TO
CS 1589.25 1587.09 0.13 187 152 2068 TO
CS+DW 1588.85 1587.09 0.11 233 106 1229 TO

dcap342 200 BNP 1624.57 1618.09 0.39 502 501 233 TO
CS 1619.60 1619.49 OPT 625 0 1064 4984
CS+DW 1619.59 1619.43 OPT 97 0 190 565

dcap342 300 BNP 8 2065.44 8 316 315 50 TO
CS 2067.61 2067.40 OPT 193 0 737 5404
CS+DW 2067.55 2067.35 OPT 77 0 129 524

dcap342 500 BNP 8 1903.02 8 152 153 41 TO
CS 1904.88 1903.02 0.09 131 100 1756 TO
CS+DW 1904.76 1904.57 OPT 91 0 296 2537

semi2 BNP 147 147 OPT 1 0 1 1668
CS 2569.97 147 94.28 1 1 1 TO
CS+DW 147 147 OPT 1 0 1 1657

semi3 BNP 147 147 OPT 1 0 1 2875
CS 3145.38 147 95.32 1 1 1 TO
CS+DW 147 147 OPT 1 0 1 2907

semi4 BNP 147 147 OPT 1 0 1 4224
CS 2682.29 147 94.51 1 1 1 TO
CS+DW 147 147 OPT 1 0 1 4261

sizes3 BNP 226191 226168 OPT 97 0 9 42
CS 226191 226169 OPT 109 0 8 50
CS+DW 226191 226168 OPT 47 0 6 28

sizes5 BNP 225532 225509 OPT 777 0 152 652
CS 225532 225509 OPT 131 0 23 142
CS+DW 225532 225512 OPT 107 0 41 143

sizes10 BNP 224564 224319 0.10 782 767 1480 TO
continued on next page
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continued from previous page
Nodes Nodes Heur. Total

Instance Method UB LB Gap (%) Solved Left Time Time
CS 224565 224544 OPT 547 0 447 1701
CS+DW 224564 224541 OPT 411 0 385 1885

sslp 5 25 50 BNP -121.6 -121.6 OPT 1 0 0 1
CS -121.6 -121.6 OPT 4 0 1 1
CS+DW -121.6 -121.6 OPT 1 0 0 1

sslp 5 25 100 BNP -127.37 -127.37 OPT 1 0 0 1
CS -127.37 -127.37 OPT 3 0 1 1
CS+DW -127.37 -127.37 OPT 1 0 0 1

sslp 10 50 50 BNP -364.64 -364.64 OPT 1 0 0 31
CS -364.64 -364.64 OPT 21 0 1 113
CS+DW -364.64 -364.64 OPT 1 0 0 31

sslp 10 50 100 BNP -354.19 -354.19 OPT 1 0 0 31
CS -354.19 -354.19 OPT 20 0 1 123
CS+DW -354.19 -354.19 OPT 1 0 0 32

sslp 10 50 500 BNP -349.136 -349.136 OPT 1 0 0 653
CS -349.136 -349.136 OPT 20 0 7 2478
CS+DW -349.136 -349.136 OPT 1 0 0 651

sslp 10 50 1000 BNP -351.711 -351.711 OPT 1 0 0 1258
CS -351.711 -351.711 OPT 20 0 16 2715
CS+DW -351.711 -351.711 OPT 1 0 0 1260

sslp 10 50 2000 BNP -347.263 -347.263 OPT 1 0 0 3241
CS -347.263 -347.263 OPT 19 0 41 6712
CS+DW -347.263 -347.263 OPT 1 0 0 3966

sslp 15 45 5 BNP -262.4 -262.4 OPT 1 0 0 4
CS -262.4 -262.4 OPT 1 0 1 5
CS+DW -262.4 -262.4 OPT 1 0 0 5

sslp 15 45 10 BNP -260.5 -260.5 OPT 1 0 0 100
CS -260.5 -260.5 OPT 1 0 1 101
CS+DW -260.5 -260.5 OPT 1 0 0 102

sslp 15 45 15 BNP -253.601 -253.601 OPT 1 0 0 268
CS -253.601 -253.601 OPT 1 0 1 269
CS+DW -253.601 -253.601 OPT 1 0 0 264

For dcap and sizes instances, the times spent on the rounding heuristics
are significantly larger than those for the fixing-first heuristics. These instances
have mixed-binary first-stage variables, for which each run of the simple round-
ing heuristic requires solving a dual decomposition of the fixed problem with
a number of iterations. With the extra computational effort on running the
heuristic for the dcap and sizes instances, the branch-and-bound methods
solve fewer node subproblems than those with the fixing-first heuristic, which
reduces the total solution times. Because of the increased time, however, the
CS+DW method was not able to find the global optimum for dcap332 500.
On the other hand, this heuristic was not effective at all with the CS method
for solving sslp instances.

6 Summary and Directions of Future Work

We have developed a new branching method for the dual decomposition of
stochastic mixed-integer programs. The method is based on the branching
method proposed in [9], which we modify to improve the process of choosing
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the branching variables. Specifically, instead of using the average solution for
branching variables, we use the optimal solutions from the restricted master
problem in the dual of the dual decomposition (i.e., Dantzig-Wolfe reformu-
lation). We show how our branching method can improve the branching deci-
sions compared with the branching method in [9]. Another branching method
is based on a branch-and-price method that takes advantage of the Dantzig-
Wolfe reformulation and corresponding primal solutions. However, this method
suffers from the increasing number of integer variables with the number of sce-
narios. In constrast, our branching method is scalable because the size of the
search tree is independent of the number of scenarios. We have implemented
our new method, as well as the two existing branching methods of Carøe and
Schultz and of Dantzig-Wolfe, in the open source software package DSP [17].
Numerical results from our experiments show that our new method outper-
forms the existing methods with respect to the number of nodes solved and
solution times.

Our new branching method is a first step to advance branch-and-bound
methods in the dual decomposition framework, through its use of the disper-
sion measure of the nonanticipativity variable values against column genera-
tion solutions. The resulting branching rule provides an interesting analog to
the most fractional rule in the traditional branch-and-bound method. Other
branching rules such as strong branching and pseudo-cost branching may be
developed for the dual decomposition setting. For example, pseudocosts for
branching on x̂i may be computed as

PLi “
zN

L
i ´ zN

ř

jPJ
řk
l“0 pjα̂

l
jpx

l
ij ´ x̂iq`

and PRi “
zN

R
i ´ zN

ř

jPJ
řk
l“0 pjα̂

l
jpx̂i ´ x

l
ijq`

,

where the numerator computes the objective value change and the denomina-
tor represents the directional dispersion that the changes of the nonanticivativ-
ity variable values affected by the branching. We will develop and implement
such pseudo-cost branching rules as future work. We close this section by pre-
senting more directions of future work.

– An interesting extension of this work is to find general branching disjunc-
tions by exploiting the structures embedded in SMIP and its solutions. For
example, the thin direction branching ideas that have shown promising
results in mixed-integer programs (e.g., [27,10,15]) can be investigated in
the SMIP setting.

– Recent developments in cut generation approaches [37], improvements in
primal heuristics [44,18], or the combination of both [34] can further ac-
celerate the search for a global optimal solution and appear to be worth
studying.

– Warm-starting the dual decomposition for each node subproblem can be
achieved by reusing the cuts generated from the parent node. This will
require efficient bundle management in order to avoid numerical instability,
as discussed in Section 5.1.
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– Extensions to nonlinear problems may be informed from the recent devel-
opments [22,23,24].

– Also warranted is the ongoing research to better understand the relation-
ships between our work and other varied yet related theoretical and algo-
rithmic frameworks [41,42,43,39].
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Appendix

We report the numerical results from the different branching methods for solv-
ing smkp instances. This set of instances is challenging for the dual decompo-
sition because the instances have a larger number of constraints and variables
in the first stage than those in the second stage. This makes each iteration of
the dual decomposition take a significant amount of time.

To circumvent the issue, we set a 300-second time limit for each scenario
subproblem solution and use a (possibly suboptimal) feasible solution to gen-
erate the inequalities (5b) for the Lagrangian dual problem. We emphasize
that the cuts generated at a suboptimal feasible solution are valid. Moreover,
we use 4-hour time limit for each instance.

We report the numerical results without any heuristic in Table 6. The BNP
and CS+DW methods found the global optimal solutions at the root node
for all the instances, because the primal solutions px̂j , ŷjq obtained from the
root node subproblem were integer feasible. Note that the differences in total
solution time were due mainly to the wall-clock time limit of 300 seconds for
subproblem solutions. For the given time limit, CPLEX may return slightly
different solutions even for the same problem. On the other hand, the CS
method was not able to find any feasible solution (and thus an upper bound)
for all the instances. However, we found that the lower bounds obtained by
CS method are the same as the optimal objective values for all the instances.
The reason is that the average point x̄ computed by the CS method did not
represent valid primal solutions for the instances, which required solving more
node subproblems for finding a primal feasible solution. This observation is
consistent with results with the CS method for sslp instances, as shown in
Table 2.

Table 6 reports the numerical results from using the CS method with the
fixing-first heuristic. Note that we do not report the results for the other
methods because the global optimal solutions were already obtained at the
root node without any heuristic. With the heuristic, the CS method found
feasible solutions for 12 instances, of which 8 instances were optimal. However,
the CS method still failed to find a feasible solution for the other 8 instances
within the 4-hour time limit.

Since smkp instances have binary variables only, the simple rounding heuris-
tic does nothing but fixing the average point for checking the feasibility. As a
result, the numerical results are same as those without any heuristic and thus
not reported.
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Table 5 Computational results for smkp instances by using different branching methods

Nodes Nodes Total
Instance Method UB LB Gap (%) Solved Left Time
smkp1 BNP 9339.15 9339.15 OPT 1 0 2484

CS 8 9339.15 8 2 2 TO
CS+DW 9339.15 9339.15 OPT 1 0 2485

smkp2 BNP 9001.3 9001.3 OPT 1 0 2340
CS 8 9001.3 8 2 2 TO
CS+DW 9001.3 9001.3 OPT 1 0 2339

smkp3 BNP 8560.7 8560.7 OPT 1 0 3356
CS 8 8560.7 8 2 2 TO
CS+DW 8560.7 8560.7 OPT 1 0 3557

smkp4 BNP 8916.9 8916.9 OPT 1 0 5266
CS 8 8916.9 8 2 2 TO
CS+DW 8916.9 8916.9 OPT 1 0 4664

smkp5 BNP 9423 9423 OPT 1 0 2514
CS 8 9423 8 2 2 TO
CS+DW 9423 9423 OPT 1 0 2514

smkp6 BNP 9143.2 9143.2 OPT 1 0 2669
CS 8 9143.15 8 3 3 TO
CS+DW 9143.2 9143.2 OPT 1 0 2673

smkp7 BNP 9635.5 9635.5 OPT 1 0 2371
CS 8 9635.5 8 2 2 TO
CS+DW 9635.5 9635.5 OPT 1 0 2894

smkp8 BNP 9116.8 9116.7 OPT 1 0 5703
CS 8 9116.8 8 1 1 TO
CS+DW 9116.8 9116.7 OPT 1 0 6304

smkp9 BNP 9763.75 9763.75 OPT 1 0 4502
CS 8 9763.75 8 3 3 TO
CS+DW 9763.75 9763.75 OPT 1 0 4490

smkp10 BNP 8793.1 8793.1 OPT 1 0 5317
CS 8 8793.1 8 2 2 TO
CS+DW 8793.1 8793.1 OPT 1 0 5315

smkp11 BNP 9431.3 9431.25 OPT 1 0 6063
CS 8 9431.25 OPT 1 1 TO
CS+DW 9431.25 9431.25 OPT 1 0 6651

smkp12 BNP 9499.95 9499.95 OPT 1 0 7114
CS 8 9499.95 8 1 1 TO
CS+DW 9499.95 9499.95 OPT 1 0 8612

smkp13 BNP 9189.55 9189.55 OPT 1 0 6004
CS 8 9189.55 8 1 1 TO
CS+DW 9189.55 9189.55 OPT 1 0 7413

smkp14 BNP 9447.1 9447.1 OPT 1 0 9759
CS 8 9447.1 8 1 1 TO
CS+DW 9447.1 9447.1 OPT 1 0 8759

smkp15 BNP 9614.8 9614.75 OPT 1 0 9008
CS 8 9614.8 8 1 1 TO
CS+DW 9614.8 9614.8 OPT 1 0 8107

smkp16 BNP 9072.85 9072.85 OPT 1 0 10687
CS 8 9072.85 8 1 1 TO
CS+DW 9072.85 9072.85 OPT 1 0 9783

smkp17 BNP 9443.7 9443.7 OPT 1 0 8445
CS 8 9443.6 8 1 1 TO
CS+DW 9443.6 9443.6 OPT 1 0 7975

smkp18 BNP 8830.7 8830.7 OPT 1 0 10088
CS 8 8830.7 8 1 1 TO
CS+DW 8830.7 8830.7 OPT 1 0 13119

smkp19 BNP 9358.3 9358.3 OPT 1 0 9181
CS 8 9358.3 8 1 1 TO
CS+DW 9358.3 9358.3 OPT 1 0 8611

smkp20 BNP 9617.85 9617.85 OPT 1 0 10000
CS 8 9617.8 8 1 1 TO
CS+DW 9617.85 9617.85 OPT 1 0 9789
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Table 6 Computational results for smkp instances by using CS branching methods with the
fixing-first heuristic

Nodes Nodes Heur. Total
Instance UB LB Gap (%) Solved Left Time Time
smkp1 9339.15 9339.15 OPT 1 0 1 2487
smkp2 9001.3 9001.3 OPT 1 0 1 2347
smkp3 8560.7 8560.7 OPT 1 0 1 3057
smkp4 8916.9 8916.9 OPT 1 0 1 4971
smkp5 9423 9423 OPT 1 0 1 2811
smkp6 9143.2 9143.2 OPT 5 0 1 13675
smkp7 9635.5 9635.5 OPT 2 0 1 4912
smkp8 9162.7 9116.75 0.50 1 1 1 TO
smkp9 9763.75 9763.75 OPT 2 0 1 7202
smkp10 8 8793.1 8 2 2 1 TO
smkp11 9484.15 9431.3 0.50 1 0 1 TO
smkp12 9502.40 9499.95 0.02 2 1 1 TO
smkp13 8 9189.55 8 1 1 1 TO
smkp14 8 9446.95 8 1 1 1 TO
smkp15 8 9614.65 8 1 1 1 TO
smkp16 9271.85 9072.85 2.14 1 1 1 TO
smkp17 8 9443.6 8 1 1 1 TO
smkp18 8 8830.7 8 1 1 1 TO
smkp19 8 9358.3 8 1 1 1 TO
smkp20 8 9617.35 8 1 1 1 TO
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