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Abstract

An optimization approach is proposed to construct sparse portfolios with mean-reverting price behaviors. Our objectives
are threefold: (i) design a multi-asset long-short portfolio that best fits an Ornstein-Uhlenbeck process in terms of maximum
likelihood, (ii) select portfolios with desirable characteristics of high mean reversion and low variance though penalization, and
(iii) select a parsimonious portfolio using ¢o-regularization, i.e. find a small subset of a larger universe of assets that can be used
for long and short positions. We present the full problem formulation, and develop a provably convergent algorithm for the
nonsmooth, nonconvex objective based on partial minimization and projection. The problem requires custom analysis because
the objective function does not have a Lipschitz-continuous gradient. Through our experiments using simulated and empirical
price data, the proposed algorithm significantly outperforms standard approaches that do not exploit problem structure.

1 Introduction

Mean reversion trading is a major class of trading strate-
gies used by professional traders and fund managers.
The strategy typically involves a portfolio of positions
in two or more highly correlated or cointegrated assets,
such as stocks and exchange-traded funds (ETFSs), or
derivatives, such as futures, across many asset classes.
The challenge is to systematically construct a portfolio
whose value over time exhibit mean-reverting behaviors.
Once such a portfolio is identified, then the pattern can
be exploited by traders and the estimated parameters
can inform the optimal trading strategies, such as those
developed in [1]. A number of studies on trading mean-
reverting prices [2,3] and the empirical performance of
pairs trading [4].

Given an arbitrary set of assets with their price histo-
ries, our main goal is to design a mean-reverting portfo-
lio whose evolution over time can be characterized by an
Ornstein-Uhlenbeck (OU) process [5] through penalized
maximum likelihood estimation. A major feature of our
joint optimization approach is that we simultaneously
solve for the optimal portfolio and the corresponding pa-
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rameters for maximum likelihood. This unified approach
is different from prior work for OU portfolio selection,
which break the problem up into stage-wise computa-
tions. For example, [6] first finds an OU representation
for the time series of multiple assets, and then solves a
second optimization problem to find the portfolio based
on that representation. Conversely, [1] fits an OU pro-
cess to each of a range of candidate (pair) portfolios, and
takes the candidate with the highest OU likelihood. Our
unified approach looks for the best OU-representable
portfolio from a set of candidates, making the quality of
the OU fit part of the optimization problem.

This paper is a revised and expanded version of the au-
thors’ short proceedings paper [7]. In particular, the cur-
rent paper

e Develops an efficient projection onto the intersection
of {y level sets and the nonconvex set ||z||; = 1, with
a correctness proof (Lemma 1).

e Establishes differentiability properties of the key value
function used in the approach (Section 3.1).

e Proves convergence of the proposed algorithm (The-
orem 2), even though the objective fails to have a
Lipshitz-continuous gradient (Section 3.3).

e Develops numerical examples with empirical prices
(Section 4.2) and compares results with those in [1].
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The paper proceeds as follows. In Section 2 we derive
the optimization problem associated with the maxi-
mum likelihood estimation (MLE). We then modify the
MLE formulation to include terms that promote port-
folio sparsity and high mean reversion, as well as terms
that select fewer assets from a larger candidate set. In
Section 3 we develop an algorithm for the nonsmooth,
nonconvex objective based on partial minimization
and projection, and show that it performs much better
than a standard algorithm that doesn’t exploit problem
structure. In Section 4 we provide numerical illustra-
tions using both simulated and real data. We end with
a discussion in Section 5.

2 Problem Formulation

We first present the maximum likelihood formulation
for simultaneously selecting a portfolio from a set of as-
sets, and representing that selection using an Ornstein-
Uhlenbeck (OU) process. We also make several theoreti-
cal observations about the well-posedness of the estima-
tion problem. We then extend the maximum likelihood
formulation to allow selection of lower variance, higher
mean reversion, and parsimony in the portfolio.

2.1 OU MLE via Optimization

We are given historical data for m assets, with §(7+1)xm

the matrix for assets values over time. Our first goal is
to find w, the linear combination of assets that comprise
our portfolio, such that the corresponding portfolio price
process x; := Syw best follows an OU process. We first
show that solving for the portfolio with the optimal OU
likelihood leads to the optimization problem

S In(a) + Sl A()w — 60— %, (1)

min —
a,c,0,||w]1=1 2

where A(c) = S1.7 — ¢So.1—1, w is the portfolio to be se-
lected, and a, ¢, 8, o are likelihood parameters. The ob-
jective function is nonconvex, since A(c) multiplies w,
and also includes a nonconvex constraint ||wl||; = 1. The
derivations are presented below.

An OU process is defined by the SDE

dxy = (0 — z¢)dt + od By, (2)
where B; is a standard Brownian motion under the phys-
ical probability measure. The likelihood of an OU pro-

cess observed over a sequence {x}7_; is given by

T

~ 1— —Atp)? e .
where 62 = UQW. Minimizing the negative

log-likelihood results in the optimization problem

1A w — y (6, 1)]*

1 1
min - In(27) + 3 In(62(p, 0?)) +

w,02,0,w

2152 (1, 0?)

3)
with y = 0(1 — exp(—Atp))1, and A € R"*2 defined as

A = Si.r — exp(—=Atp)So.r-1,
where the subscripts denote ranges for ¢.

Remark 1 The objective function in (3) is unbounded.
Setw = 0,60 = 0, the objective function is then given by

1 1 o 1 1 — exp(—2uAt)
5 In(27) + 5 In(c*) + 5 In ( o ,

which goes to —oco as 0® — 0.

To solve the issue exposed in Remark 1, we add a 1-
norm equality constraint on w, setting ||w||; = 1. This
constraint is also convenient from a modeling perspec-
tive, as it eliminates the need to select which assets in
the portfolio are to be long or short a priori.

To obtain formulation (1), we denote

201 — _
a=52="2 u ex;;( 2Atu)),c =exp(—Atu). (4)

Applying the linear approximation e” ~ 1+ x to (4), we
obtain simplified expressions for a and c:

a=Ato?, c=1- Atp. (5)
We can recover u and o2 once we know a and c. For a de-

tailed relationship between the OU model and discrete-
time approximation in (5), see [7].

Remark 2 The term 5 In(2n) is dropped from the objec-
tive as it is simply a constant. In the subsequent sections
when we mention negative log likelihood it refers to value
without this constant term.

2.2 Promoting Sparsity and Mean Reversion

Given a set of candidate assets, we want to select a
small parsimonious subset to build a portfolio. To add
this feature to the model, we want to impose a sparsity
penalty on w. While the 1-norm is frequently used, in
our case we have already imposed the 1-norm equality
constraint ||w|l; = 1. To obtain sparse solutions under
this constraint, we add a multiple of the nonconvez con-
straint ||w|jo < 1 to the maximum likelihood (1). This
constraint limits the maximum number of assets to be 7.



In addition to sparsifying the solution, we may also want
to promote other features of the portfolio. The penalized
likelihood framework is flexible enough to allow these
enhancements. An important feature is encapsulated by
the mean-reverting coefficient p; a higher p may be de-
sirable. We can obtain a higher 1 by promoting a lower
¢, e.g. with a linear penalty on ¢ = 1 — Aty with a con-
stant penalization coefficient . The augmented likeli-
hood function is

1 _ _ 2
m n(a) n | A(c)w —0(1 —c)||
a,c,0,l|lwli=1,|wlo<n 2 2Ta

+ ye.
(6)
A higher ~ drives ¢ to be lower, implying a higher pu
as a result. In addition to increasing the speed of mean
reversion p, we can also constrain the resulting volatility
of the portfolio to be larger than a given threshold [8].

3 Value Function Optimization

We develop an algorithm to solve the nonsmooth, non-
convez problem (6) by exploiting its rich structure. We
define the following nested value functions:

( ) |A(c)w — (1 — ¢)||?
et 2Ta

flw,a,c, 6

mmf(w a,c,6)

fa(w,a

fa(w

mmfl(w a,c) —mlnf(w a,c,0)

)=
fi(w,a,c)=
)=
)= ?g%f(w, a,c,0). (7)

maln fo(w,a) =

Our main strategy is to to use these value functions to
recast (6) as the optimization problem

f3 (U}), (8)

min
lwlli=1,]lwllo<n

and solve it using projected gradient descent as detailed
in Algorithm 1.

To prove Algorithm 1 converges for (8) requires several
steps. First, we establish the differentiability of f3 and
Lipschitz continuity of its gradient on region bounded
away from the origin in Theorem 1. Second, we develop a
projection map onto theset W = {w : ||lw|1 = 1, |Jw|lo <
7} in Lemma 1 and prove its correctness. Finally we
develop the convergence analysis in Theorem 2.

3.1 Differentiability of f3(w) and Lipschitz continuity
of V f3(w).

We first make an assumption on the input data S: for
any ||wll2 > €, we assume that

| Bz(w)or-1ll2 > 6 >0 (9)

where r = Swand B=1-—
for some w, that implies

Af | Br(w)or—1l2 =0

172 (w)o.r—1

T 1, (10)

Jw, x(w)O:Tq =

but this is a linear system with m (the number of assets)
unknowns and T equations, where T usually is much
larger than m. Intuitively, (10) says that the portfolio
value z(w) must be constant over time and exactly equal
to its mean, which is very unlikely with stock market
data. Hence assumption (9) is reasonable.

We now state the theorem.

Theorem 1 Consider w € {w : ||w|l2 > €}. Problem

(6) is equivalent to

f3(w)

min
lwlli=1,[[w|lo<n

where f3(w) is a differentiable function for small enough
v and V fs is Lipschitz continuous.

Proof: We start by deriving an explicit expression for
the fi value function. Taking 0g f = 0, we get

T
0 (e w) = L @Wrr — cx(Wlor 1)

T(1-c¢)

Plugging 6* (¢, w) into f, we get an explicit form of fi:

filw,a,c) = %ln(a) + e

+ ﬁHB(x(w)l:T —cx(w)or—1)|*  (11)

with B =1 — % a projection matrix onto the space
of vectors in R with mean 0. To simplify the following

analysis, we define

b1 (w) := Bz(w)1.7, bo(w) := Bx(w)o.r—1.

We now apply a differential variant of the implicit func-
tion theorem to f1. Let F(w,y) be f1 in (11) where
y = [a, c], so that f3(w) = min, F(w,y). From [11, The-
orem 2], f3(w) is twice differentiable if F, (w, ) = 0 and
F,y(w,7) is invertible. In our case,

vl = [ — 72bo(w)T (by (w) —Cbo(w))]

1o 1161 (w) —cbo (w) |2 bo(w)™ (b1 (w)—cbO(w))
F (’LU, y) — a? - Ta3 Ta?
vy bo(w)* (b1 (w)—cbo(w)) %abo(w)Tbo(w)

Ta?




When Fy(w,y) = 0, we have

() = [1b1 () — ebo(w) 7,

)= Tabo( @)" (b1 () — cbo (W),

g

7

and F,, simplifies to

1 ol
Fyy(w,g) = | 00" o
ggmg T(zl(vi;) o(@) " bo (@)

Given assumption 9, when v = 0, we immediately have
that Fy, (w, §) is diagonal with positive entries. If v > 0,
we write @ in terms of w by solving Fy (w,§) = 0 and

_ [boll?  A/lbol1* — 492 (Ilbo 2B —

ai G
2T~2 2T~2

where by, b1 are evaluated at w.

When ||bol|]|b1||* — (b2'b1)? # 0, in order for @ to be a
real number, v has to be small enough so that

IboI* ~ 472(Hb0\|2||bl||2 = (05 b1)*) = 0V]w]2 > €

e ol
= |\w||z>e [[bo][2[|b1 12 — (b5 b1)?

is bounded
12—

The infimum can be attained because ||bg||?
below by the assumption on input data and ||bo||?||b1

(bE'b1)? < ||bo]|?||b1]|? is bounded above.

Thus the determinant of Fy, (w, §) is

- [bol|* — 2Tay?
det =——7 >0
et(Fyy (,9) = 702
using the expression for a. Since Fy,(w,y) is a 2 x 2

matrix with a positive first minorant and positive deter-
minant, it must be positive definite. Hence the condi-
tions in Theorem 2, [11] are satisfied, implying that f3
is twice differentiable on {w : ||w||2 > €}. Moreover, the
eigenvalues of Fy, depend continuously on w, which is
restricted to a compact set VW. Hence the operator norm
of Fy, has an upper bound for all w € W, and this value
is also a Lipschitz constant for V f(w).

O
Remark 3 The expression for ¢ is

bTby — Tary
1612

CcC =

There is no guarantee that ¢ is positive. Indeed ¢ can po-
tentially be negative, in which case no corresponding pos-
itive p exists. This means that the given data andy do not
permit the construction of a mean-reverting time series.
The v term in numerator drives ¢ towards negative val-
ues, which means that the higher mean-reverting level we
request, the less likely such a process can be constructed.

Remark 4 When v > 0, f3(w) is given by

Lo e (681)? Tay? bl
S _ _ .
Jalw) = 4 @)+ e~ 2Taloo2 250l ol

When v =0, fs(w) simplifies to

Fo(w) = %ln(a) +1/2.

In both expressions, a, by, by are evaluated at w as in the
proof of Theorem 1. See [7] for a detailed derivation.

3.2 Projection map onto W.

The set of interest,
W =A{w:[lw|y =1,[wlo < n} (12)

is highly nonconvex, but admits an efficient projection.
First, we reduce the problem to projecting a non-
negative vector, and recovering the true projection by
element-wise multiplication:

W ¢ argminy, o<y lw = 2
= sign(w) © argminy, |, _ |4y <qylllw] = ul®
= Slgn(w) © argminulel,uZO,Huﬂogn|| ‘w| - qu
= sign(w) © proja, . jy<n (),
where A; is the 1-simplex, ® element-wise multiplica-

tion, and the second equality is obtained by a change of
variable u = sign(w) © z.

Next, to find projy,, (|w|), we propose the following pro-
cedure, whose correctness is proved in Lemma 1.

e Order |w| such that |wy| > |wa| > -
o Let

> |wm-

wi_:n — argminu1:n€A1 |||w117]‘ - ul”]”2

+ —
wn—i—l:m =0.

Lemma 1 Suppose v € R™. Let K be any size k subset
of I ={1,...,m} and K the union of all such Ks. [ — K
denotes the complement of K in I. The problem is to find

min f|| — ul?.
ug €A1, ur—x=0,K€ K:2



Let us reorder v such that vy > vy > ... > v,,. The claim
is that the optimal Ko = {1,2,..,k}, i.e. the indices
corresponding to the k largest components in v.

Proof: Equivalently, the problem can be stated as

_ 1 , 1 )
B 5> i mu)’ g > v

jeK jEI-K
_ : _ 2 - 2
_uKeAl Kek 2 ”UK |+ HUI*KH
& mi || v —ur||? = *IIvKIIQ IIUIIQ-

uKeAl,KeIC 2

Note that the last term 3 ||v||? does not depend on u,
so we can focus on the first two terms, i.e.

: _ 2 _ - 2
uK€A1 KEIC 2||UK UKH HUKH

Suppose there is some K’ that is different from K,,; and
denote the corresponding v as vk-. Define f(y) and g(¢)
by

fly) = ||y||2+ min 5 Hy* 1%,

g(t) = f((l — vk, +tuk).
Then we have

1
fwKo—fw&m»:mn—gm>:XJJQMu

g'(t) =Vf((1=tyk,, +tox)" (—vk,,, + V),
Vi) =—-y+y—2"=-2"€-A

V f(y) is nonpositive in all components and strictly neg-
ative in some components. Therefore, V f((1 —t)vk,,, +
tvg:) < 0. Further —vg, , + vk < 0 because vg,,, con-

opt

tains the k-largest components of v. As a result,

>0:>/

This shows that K,,; must be the optimal choice. Once
we have determined K, we can apply simplex projection
onto vk with existing techniques [9].

dt >0= f(’UK/) > f(UK

opt)'

3.3 Convergence analysis

Algorithm 1 is projected gradient descent for the value
function f3 over the nonconvex set W, which converges
for a large class of nonconvex functions [10]. However our
problem does not satisfy the assumptions of [10] because
the gradient of loss function f3(w) is not globally Lips-
chitz. As shown in previous section, when w is bounded
away from the origin, the gradient is Lipschitz; when w

Algorithm 1 Projected Gradient Descent for

fa(w;vy,m) (7).

Input weR™ S, f3,v,1m
LW = {w: [lulli =1, Jwlo < n)
while not converged do
w? « Projyy (w*=! — §;V,, f3(w”
loss; < fa(w";v,n)

Recover a, ¢, 0 from w.

—

“Ly,m)

05

1.0

Fig. 1. 3D plot of the objective function in (8) for w € R?,
with constraint set ||w|1 = 1, ||w|jo < 2. Our goal is to find
the minimum value of f3 (yellow 3D plot) restricted to W
(edges of the blue diamond).

approaches the origin, however, the function value goes
to oo and the gradient is not Lipschitz. Figure 1 shows
a schematic plot of the loss function f3. Global Lips-
chitz of gradient is used to establish sufficient decrease
in the loss, a key component of any convergence theory.
We derive Lemma 2 to establish sufficient decrease of f3,
taking advantage of the fact that W is bounded away
from the origin. We also include additional lemmas to
provide a full picture of the analysis. The main result is
presented in Theorem 2.

Theorem 2 Consider the optimization problem

min f(w),

wew

where f is the objective function f3 in (8) and W = {w :
lwli = 1, |w|]lo < n} the nonconvex constraint set in
(8). In particular, f is nonconvex and is not smooth and
has singularities near the origin.

Let {w*} be the sequence generated by the line search
wt  Ihy(w — tV f(w)) with t > t, then

Vf('wk) + 35W(wk) -0
as k — oo.

Proof: This theorem is proved with the following lem-
mas:

e Lemma 2 relates decrease in function values f(w) —
f(wT) to consecutive differences ||w? — w]||?, using
Lipschitz continuity of V f on the set

C =R"-B.(0) > W,



where B, (0) = {w : |w|]2 < ¢} and € < v/2/2.
e Lemma 3 uses Lemma 2 to show that ||w**+ —wk|| | 0.
e Lemma 4 shows that elements in the subdifferential
Vf + dw converge to 0 using Lemma 3.

We now present detailed statements and proofs for the
lemmas used to establish the theorem.

Lemma 2 Let C = R"™ — B.(0) where B.(0) = {w :
[w]l2 < €} and e < \/2/2. In other words, B.(0) is inside
the 1-norm sphere {w : ||w||y = 1}. Let L(€) be the upper
bound such that

IVf(w) = V)| < L(e)|w — w'[| Vw, v’ € C.

Suppose w € W, and let wt < Iy (w — tV f(w)). Then
we have

) < flw) - 222G

lw* = wlf*.

Proof: If the line segment from w to w™ does not go
through B, then by L(¢)-Lipschitz,

Fw) < Fw) + (= w, V) + A furt w2,

Otherwise, let w1, w, denote the intersection of the line
segment with the closed ball B, and wg = w,ws = w™.
We can find a 2D circle centered at the origin with di-
ameter 2¢ that passes through wy,w,. Then we can find
a tight box with length 2¢ that contains the circle. Let
wa, w3 be two vertices on the box, through which we can
define a path from w; to wy along the box. This path
does not go through B..

By L(e)-Lipschitz of f on C,

f(wit1) < flw;) + (Wi — wi, V f(w;))

L(e)

+ T||wi+1 —wil|®

4
= f) < 3w — w0 V) + 2 oy — 2
1=0
+ fw)
=f(w?) < f(w) + (w" —w, Vf(w))

L(e)

4
+ D (wirs — wi, VI(wi) = V(W) + == [lwips — wil®

‘ 2
=0

(%) < Jw) + {u — w, V()
4
+ 3 L wir —willes — wol + 2D gy —
=0
15L(e)

=f(wh) < fw) + (wh —w, Vf(w)) + Tllw+ —wl*.

By the definition of projection,
w’ :argminyeW%Hw —tVf(w) — y|?
= 3w —w* — V)P < 3V )P
= ol — P 4 (" — w, V() <0

Adding them together yields

L(e
P+ gl — w1 < )+ 2E Dt w2,
) < fw) - LTI e,

2

Lemma 3 Let {w*} be a sequence generated by w «+
My (w—tV f(w)) with initial guess w® € C, and let K =
15L(€). If we choose ty, at each step such thatt <ty < %,
then

o0
Z |wF T —wF|? < 0o = lim |w*t —w®| = 0.
= k—o00

Proof: Since t < ¢, < %, l/t%K is
bigger than 0, and is upper bounded by some M > 0 for
all k. By Lemma 2

the expression

k+1 k2
w w <

< M[f(w") -

[f(w") = f(w" )]
Fw™h).

Summing up k from 0 to N — 1 gives
S b b P < MY f(f) ~ (bt
k k
= M[f(w’) = f(w")] < M[f(w°) = f(w")].
Taking N — oo yields the desired result.

Lemma 4 Let {w*} be a sequence generated by w «+
Iy (w — tV f(w)). Define

Ak = E(wk—l —w”) + Vf(wh) - Vw1,

Then Ak € V f(w") + 05w (wk) and A¥ — 0 as k — oo.

Proof: By the definition of projected gradient descent
step,

0e V(w1 + i(w’f — w1 4+ Ady (w")

;»ti(wkfl —wh) € V() + 06 (wh).
k—1



Hence,

AF eV (w1 + a0y (w*) + Vf(w®) — Vf(wh1)
=06 (W) + V f(w").

In turn, we have

1
JAM < [[w* 1 — ] + L) fu* — w7

< (5 +200) Iut ~ ut,

By Lemma 3, as k — oo, A¥ — 0.

4 Numerical Results
4.1 Selection for Multiple Time Series

Algorithmic Comparison using Simulated Data.
In our first experiment, we show (1) that we can identify
mean-reverting time series using simulated data and (2)
that Algorithm 1 is faster than a standard approach that
does not use partial minimization. We simulate five time
series; four from an OU process with different p and o
as specified in Table 1, and one is non-OU time series
with o = .1 (the fifth time series). All have T' = 500 and
At = 0.01. We use the first 70% of data for training and
30% for testing.

(#]1 2 3 4|

1 4 1 4
a 1 05 05
9lo 1 1 o0

Table 1
Model parameters used for the simulated OU time series

Figure 2 shows the comparison between Algorithm 1
and regular projected gradient descent on all unknowns
(without partial minimization) starting from iteration 1.

Table 2 compares the estimated OU parameters and
weight vectors as we tune v and 7. Top three rows cor-
respond to v = 0, and bottom three rows v = 0.5.
When v = 0,7 = 5, the estimated parameter values
are u = 241,02 = 0.09,0 = 0.07 with weight vec-
tor w = [0.12,—-0.11,0.33,0.31, —0.12]. The model puts
64% of the weights into the pair of OU time series with
o = 0.5. When 7 is decreased to 4, the model drops the
non-OU time series. As we further decrease 7, it drops
an OU time series with larger ¢ value. In other words, it
favors OU time series with a lower ¢ value but remains
relatively indifferent to p values. Figure 3 plots those
time series and the portfolio selected by the model.

Notice that with larger n we can reach lower negative
log likelihood (nll) since that means more freedom in
choosing assets.

-1.0

|
=
n

|
N
=}

.

I
N
e

’
.

objective function value
)
1
1

I
w
=]

7

-35

0 20 40 60 80 100
iter

Fig. 2. Comparison of Algorithm 1 (solid) with standard
projected gradient (dashed) using objective function values.

3

’ »
at v n\ m r .j‘.‘
1k [ | g iy \'( " \ ,| ,y
A | JMH | \r{{t Ihv, W t,\

i

" . i 41

1 A N d ]

N sy :\\ ;\" w"#"” . .d"'\" o/ § l‘g.

' oA A e H AR, W
Y \ il \ Uy I~

-3

0 100 200 300 400 500

Fig. 3. Plot of simulated asset time series (dashed) and time
series for final selected portfolio (solid).

|

P T

2.4 | 0.09 | 0.07 | [12,-.11,.33,.31,-.12] | -(3.03,3.04

2.6 | 0.11 | 0.23 [0.16, 0,0.43,0.42,0] -(2.90,2.90

5.0 | 0.09 | 0.08
5.8 | 0.10 | 0.18
3|47 011 | 0.27

[11, -.11,-.33,.32,-.12]
[.14,0,.35,.34,.16]
[0,0, .40, .40, -.19)]

-(3.02,2.99
-(2.93,2.84
-(2.88,2.83

n
5
41291 0.10 | 0.32 [.13, .12, .38, .36, 0] -(2.96,2.94
3
5
4

P | LA

Table 2
Estimated parameters, weights, and nll. We set v = 0 for
top three rows, v = 0.5 for bottom three rows.

Remark 5 As noted in Remark 3, v will drive ¢ to be
negative. If vy is large, the model many not find a feasible
time series combination. The tuning of n is straightfor-
ward. One can set it to be the desired number of assets
for the portfolio.

Real data. We performed experiments with empirical



price data from three groups of selected assets: precious
metals, large equities and oil companies, see Table 3.
Data were taken from Yahoo Finance, and give closing
stock prices for each asset over the past five years. The
first 70% of data (over time) is used for training, and the
rest for testing.

Groups Assets (Tickers)

GLD GDX, GDXJ, SLV, GG, ABX
GOOG, JNJ, NKE, MCD,
SBUX, SPY, VIG, VO
BP, COP, CVX, OIL, USO, VLO, XOM

Precious Metals

Large Equities

Oil Companies

Table 3
Asset Groups for Empirical Experiments

For each group, we progressively augmented the set of
candidate assets in pairs, and applied our approach. The
model determined asset weights, along with negative
log-likelihoods of portfolios and of individual assets are
given in Table 4. The portfolios’ negative log likelihoods
are generally smaller than negative log likelihoods of in-
dividual assets in that portfolio and decrease as we in-
clude more assets, which means we can obtain more OU-
representable portfolios as the candidate sets expand.

We would like to draw a connection to the pairs trading
problem by looking at the top pair from each group ob-
served from Table 4 with n = 2. In Figure 4, we plot the
selected pairs which display similarity and synchrony in
trend, which is usually desirable in pairs trading.

We also conducted experiments varying - to promote
larger p. As summarized in Table 5, when v > 0, we see
increasing p across asset groups. As ¢ = exp(—Atu) ~
1 — Atu, the change in ¢ due to v will be magnified in py,
hence we may see fairly drastic increase in p.

Remark 6 Because of nonconvexity in objective func-
tion and constraints, in practice we may need to try dif-
ferent initializations to avoid local minima.

4.2 Comparison with Pairs Trading

We compared our approach with that in chapter 2 of [1]
on pairs trading. In [1], two assets are selected first, from
which a portfolio is constructed as

X =5 -85 (13)
where S; and Ss are asset price time series. This “f-
method” requires longing the first asset and shorting
the other. With the weight of the first asset fixed to be
1, this method first determines, for each fixed 3, the

model parameters that maximizes the OU likelihood of
the corresponding portfolio X. Then, in a separate step,

Assets | 2 4 6 indiv. nll
(train,test)
GLD -0.17 -0.08 -0.07 0.77,0.44
GDX -0.21 -0.29 0.05,-0.30
GDXJ 0.03 0.70, 0.38
SLV 0.83 0.44 0.30 -0.69, -1.0
GG 0.10 -0.04, -0.44
ABX 0.27 0.21 -0.24 -0.54
Port. | -1.48-1.72 -1.952.12  -2.18,-2.35
Assets | 2 4 6 ind. nll
(train,test)
GOOG 2.66, 3.06
JNJ -0.12 -0.10 0.40, 0.86
NKE -0.49 -0.36 -0.27 0.09, 0.43
MCD -0.11 -0.07 0.49, 1.09
SBUX | 0.51 0.41 0.36 0.02, 0.05
SPY 0.12 0.95,1.00
VIG -0.07,0.01
VO -0.08 0.53,0.45
Port. | -0.70,-0.08 -0.77,-0.14 -1.07,-0.52
Assets | 2 4 6 ind. nll
(train,test)
BP -0.01 -0.09, -0.33
(6{0) -0.01 -0.01 0.46, 0.25
CVX -0.02 -0.01 0.79, 0.73
OIL -0.59 -0.57 -0.57 -0.84, -1.25
USO 0.41 0.41 0.41 -0.45, -0.86
VLO 0.002 0.58, 0.43
XOM 0.48, 0.26
Port. | -2.89,-3.29 -2.94,-3.35 -2.96,-3.37
Table 4

Negative log-likelihood (nll) of assets groups for n € {2,4,6}
(no. of assets in portfolio) and v = 0. The bottom row shows
the (training, testing) nll of our optimal portfolios.

it searches over a range of 8 for the MLE. For this ap-
proach to identify the optimal pairs, one needs to fur-
ther find two optimal 8’s by switching positions of two
assets in (13). In contrast, our model solves for the opti-
mal portfolio in a single step. For the examples in Table
6, we can simply take the results from our model with
1 = 2 from Table 4.

5 Concluding Remarks

We have solved a joint optimization problem for simul-
taneous portfolio selection and OU-fitting. We also in-
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Fig. 4. Top pairs and corresponding portfolios from empirical price data.



Group 1
~ i I o2 0 nll (train, test)
0 2| 2.69 4.77 -6.42 -1.48, -1.72
0.5 2 | 4.51 4.78 -6.14 -1.48, -1.72
0 4 ] 2.28 1.87 -2.90 -1.95, -2.13
0.5 4 | 7.06 2.35 -2.65 -1.84, -2.07
0 6 1.20 1.17 -3.30 -2.18, -2.35
0.5 6 | 12.70 1.11 -0.98 -2.21, -2.39
Group 2
vy n u o? 0 nll (train, test)
0 2| 574 2285 -0.57 -0.70, -0.08
0.5 2| 1149 23.11 -0.56 -0.69 -0.04
0 4 1.90 19.76 -22.84 -0.77,-0.14
0.5 41 412 19.63 -23.61 -0.77, 0.01
0 6 | 3.54 10.87 1.00 -1.07, -0.52
0.5 6 | 635 10.64 -1.78 -1.08, -0.46
Group 3
5 i I o2 0 nll (train, test)
0 2| 11.80 0.28 0.89 -2.89, -3.29
0.5 2| 3443 0.29 1.00 -2.87, -3.26
0 41 16.84 0.26 0.47 -2.94, -3.35
0.5 4 | 3780 0.27 0.44 -2.92, -3.31
0 6 | 17.39 0.25 0.49 -2.95, -3.37
0.5 6 | 42.63 0.26 0.63 -2.93, -3.31

Table 5
Model estimations with different v and 7 for asset groups

(GLD, SLV) 8 portfolio weights
GLD-ASLV | 3.68 |  [0.21, -0.79]
-BGLD + SLV | 0.19 [-0.17,0.83]
our model - [-0.17,0.83]
(NKE, SBUX)
NKE-SBUX | 0.61 |  [0.63, -0.37]
_ANKE +SBUX | 0.52 |  [-0.33, 0.67]
our model | - [-0.49, 0.51]
(OIL, USO)
OIL-BUSO | 0.67 |  [0.59, -0.41]
- BOIL+USO | 1.42 |  [-0.59, 0.41]
our model - [-0.59, 0.41]

Table 6
Summary of portfolio weights from our model and method
in (13) applied to different pairs.

corporated desirable portfolio features, including higher
mean-reversion and sparser portfolios, both important
for practical trading purposes. We developed a fast algo-

10

rithm for the nonsmooth nonconvex optimization prob-
lem, and presented our solutions using both simulated
and real data, resulting in useful portfolios from several
asset classes. Our model extends the pairs trading model
in [1], develops a convergence analysis for the algorithm,
and provides a comparison analysis.
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