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1. Introduction

In the traditional formulation of linear optimization, one makes a decision which minimizes a known
objective function and satisfies a known set of constraints. Linear optimization has, by all measures,
succeeded as a framework for modeling and solving numerous real world problems. However, in many
practical applications, the objective function and constraints are unknown at the time of decision
making. To incorporate uncertainty into the linear optimization framework, Dantzig (1955) proposed
partitioning the decision variables across multiple stages, which are made sequentially as more uncertain
parameters are revealed. This formulation is known today as multi-stage stochastic linear optimization,
which has become an integral modeling paradigm in many applications (e.g., supply chain management,
energy planning, finance) and remains a focus of the stochastic optimization community (Birge and

Louveaux 2011, Shapiro et al. 2009).
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In practice, decision makers increasingly have access to historical data which can provide valuable in-
sight into future uncertainty. For example, consider a manufacturer which sells short lifecycle products.
The manufacturer does not know a joint probability distribution of the demand over a new product’s
lifecycle, but has access to historical demand trajectories over the lifecycle of similar products. An-
other example is energy planning, where operators must coordinate and commit to production levels
throughout a day, the output of wind turbines is subject to uncertain weather conditions, and data on
historical daily wind patterns is increasingly available. Other examples include portfolio management,
where historical asset returns over time are available to investors, and transportation planning, where
data comes in the form of historical ride usage of transit and ride sharing systems over the course
of a day. Such historical data provides significant potential for operators to better understand how

uncertainty unfolds through time, which can in turn be used for better planning.

When the underlying probability distribution is unknown, data-driven approaches to multi-stage
stochastic linear optimization traditionally follow a two-step procedure. The historical data is first fit
to a parametric model (e.g., an autoregressive moving average process), and decisions are then ob-
tained by solving a multi-stage stochastic linear optimization problem using the estimated distribution.
The estimation step is considered essential, as techniques for solving multi-stage stochastic linear opti-
mization (e.g., scenario tree discretization) generally require knowledge of the correlation structure of
uncertainty across time; see Shapiro et al. (2009, Section 5.8). A fundamental difficulty in this approach
is choosing a parametric model which will accurately estimate the underlying correlation structure and

lead to good decisions.

Nonparametric data-driven approaches to multi-stage stochastic linear optimization where uncer-
tainty is correlated across time are surprisingly scarce. Pflug and Pichler (2016) propose a nonparametric
estimate-then-optimize approach based on applying a kernel density estimator to the historical data,
which enjoys asymptotic optimality guarantees under a variety of strong technical conditions. Hanasu-
santo and Kuhn (2013) present another nonparametric approach wherein the conditional distributions in
stochastic dynamic programming are estimated using kernel regression. Krokhmal and Uryasev (2007)
discuss nonparametric path-grouping heuristics for constructing scenario trees from historical data.
In the case of multi-stage stochastic linear optimization, to the best of our knowledge, there are no
previous nonparametric data-driven approaches which are asymptotically optimal in the presence of
time-dependent correlations. Moreover, in the absence of additional assumptions on the estimated dis-
tribution or on the problem setting, multi-stage stochastic linear optimization problems are notorious

for being computationally demanding.

The main contribution of this paper is a new data-driven approach for multi-stage stochastic linear

optimization that can be asymptotically optimal even when uncertainty is arbitrarily correlated across
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time. In other words, we propose a data-driven approach for addressing multi-stage stochastic linear
optimization with unknown distributions that (i) does not require any parametric modeling assump-
tions on the correlation structure of the underlying probability distribution, and (#) converges to the
underlying multi-stage stochastic linear optimization problem under certain conditions as the size of the
dataset tends to infinity. Such asymptotic optimality guarantees are of practical importance, as they
ensure that the approach offers a near-optimal approximation of the underlying stochastic problem in

the presence of big data.

Our approach for multi-stage stochastic linear optimization is based on robust optimization. Specifi-
cally, given sample paths of the underlying stochastic process, the proposed approach consists of con-
structing and solving a multi-stage robust linear optimization problem with multiple uncertainty sets.
The main result of this paper (Theorem 1) establishes, under certain assumptions, that the optimal
cost of this robust optimization problem converges nearly to that of the stochastic problem as the
number of sample paths tends to infinity. While this robust optimization problem is computationally
demanding to solve exactly, we provide evidence that it can be tractably approximated to reasonable
accuracy by leveraging approximation techniques from the robust optimization literature. To the best
of our knowledge, there was no similar work in the literature which addresses multi-stage stochastic

linear optimization by solving a sequence of robust optimization problems.

The paper is organized as follows. Section 2 introduces multi-stage stochastic linear optimization
in a data-driven setting. Section 3 presents the new data-driven approach to multi-stage stochastic
linear optimization. Section 4 states the main asymptotic optimality guarantees. Section 5 presents two
examples of approximation algorithms by leveraging techniques from robust optimization. Section 6
discusses implications of our asymptotic optimality guarantees in the context of Wasserstein-based
distributionally robust optimization. Sections 7 and 8 demonstrate the practical value of the proposed
methodologies in computational experiments. Section 9 offers concluding thoughts. All technical proofs

are relegated to the attached appendices.

1.1. Related literature

Originating with Soyster (1973) and Ben-Tal and Nemirovski (1999), robust optimization has been
widely studied as a general framework for decision-making under uncertainty, in which “optimal” de-
cisions are those which perform best under the worst-case parameter realization from an “uncertainty
set”. Beginning with the seminal work of Ben-Tal et al. (2004), robust optimization has been viewed
with particular success as a computationally tractable framework for addressing multi-stage problems.
Indeed, by restricting the space of decision rules, a stream of literature showed that multi-stage robust

linear optimization problems can be solved in polynomial time by using duality-based reformulations
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or cutting-plane methods. For a modern overview of decision-rule approximations, we refer the reader
to Delage and Iancu (2015), Georghiou et al. (2018), Ben-Tal et al. (2009), Bertsimas et al. (2011a). A
variety of non-decision rule approaches to solving multi-stage robust optimization have been proposed

as well, such as Zeng and Zhao (2013), Zhen et al. (2018), Xu and Burer (2018), Georghiou et al. (2019).

Despite its computational tractability for multi-stage problems, a central critique of traditional robust
optimization is that it does not aspire to find solutions which perform well on average. Several works
have aimed to quantify the quality of solutions from multi-stage robust linear optimization from the
perspective of multi-stage stochastic linear optimization (Chen et al. 2007, Bertsimas and Goyal 2010,
Bertsimas et al. 2011b). By and large, it is fair to say that multi-stage robust linear optimization is
viewed today as a distinct framework from multi-stage stochastic linear optimization, aiming to find

solutions with good worst-case as opposed to good average performance.

Providing a potential tradeoff between the stochastic and robust frameworks, distributionally robust
optimization has recently received significant attention. First proposed by Scarf (1958), distributionally
robust optimization models the uncertain parameters with a probability distribution, but the distri-
bution is presumed to be unknown and contained in an ambiguity set of distributions. Even though
single-stage stochastic optimization is generally intractable, the introduction of ambiguity can surpris-
ingly emit tractable reformulations (Delage and Ye 2010, Wiesemann et al. 2014). Consequently, the
extension of distributionally robust optimization to multi-stage decision making is an active area of
research, including Bertsimas et al. (2019) for multi-stage distributionally robust linear optimization

with moment-based ambiguity sets.

There has been a proliferation of data-driven constructions of ambiguity sets which offer various
probabilistic performance guarantees, including those based on the p-Wasserstein distance for p € [1, 00)
(Pflug and Wozabal 2007, Mohajerin Esfahani and Kuhn 2018), phi-divergences (Ben-Tal et al. 2013,
Bayraksan and Love 2015, Van Parys et al. 2020), and statistical hypothesis tests (Bertsimas et al.
2018). Many of these data-driven approaches have since been applied to the particular case of two-
stage distributionally robust linear optimization, including Jiang and Guan (2018) for phi-divergence
and Hanasusanto and Kuhn (2018) for p-Wasserstein ambiguity sets when p € [1,00). To the best of
our knowledge, no previous work has demonstrated whether such distributionally robust approaches, if
extended to solve multi-stage stochastic linear optimization (with three or more stages) directly from

data, retain their asymptotic optimality guarantees.

In contrast to the above literature, our motivation for robust optimization in this paper is not to
find solutions which perform well on the worst-case realization in an uncertainty set, are risk-averse,

or have finite-sample probabilistic guarantees. Rather, our proposed approach to multi-stage stochastic
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linear optimization adds robustness to the historical data as a tool to avoid overfitting as the number
of data points tends to infinity. In this spirit, our work is perhaps closest related to several papers
in the context of machine learning (Xu et al. 2012, Shafieezadeh-Abadeh et al. 2019), which showed
that adding robustness to historical data can be used to develop machine learning methods which have
nonparametric performance guarantees when the solution space (of classification or regression models)
is not finite-dimensional. To the best of our knowledge, this paper is the first to apply this use of
robust optimization in the context of multi-stage stochastic linear optimization to achieve asymptotic

optimality without restricting the space of decision rules.

As far as we are aware, our data-driven approach of averaging over multiple uncertainty sets is novel
in the context of multi-stage stochastic linear optimization, and its asymptotic optimality guarantees
do not follow from existing literature. Xu et al. (2012) considered averaging over multiple uncertainty
sets to establish convergence guarantees for predictive machine learning methods, drawing connections
with distributionally robust optimization and kernel density estimation. Their convergence results re-
quire that the objective function is continuous, the underlying distribution is continuous, and there are
no constraints on the support. Absent strong assumptions on the problem setting and on the space
of decision rules (which in general can be discontinuous), these properties do not hold in multi-stage
problems. Erdogan and Iyengar (2006) provide feasibility guarantees on robust constraints over unions
of uncertainty sets with the goal of approximating ambiguous chance constraints using the Prohorov
metric. Their probabilistic guarantees require that the constraint functions have a finite VC-dimension
(Erdogan and Iyengar 2006, Theorem 5), an assumption which does not hold in general for two- or
multi-stage problems (Erdogan and Iyengar 2007). In this paper, we instead establish general asymp-
totic optimality guarantees for the proposed data-driven approach for multi-stage stochastic linear
optimization by developing new bounds for distributionally robust optimization with the 1-Wasserstein

ambiguity set and connections with nonparametric support estimation (Devroye and Wise 1980).

Under a particular construction of the uncertainty sets, we show that the proposed data-driven ap-
proach to multi-stage stochastic linear optimization can also be interpreted as distributionally robust
optimization using the oco-Wasserstein ambiguity set (see Section 6). However, the asymptotic opti-
mality guarantees in our paper do not make use of this interpretation, as there were surprisingly few
previous convergence results for this ambiguity set, even in single-stage settings. Indeed, when an un-
derlying distribution is unbounded, the co-Wasserstein distance between an empirical distribution and
true distribution is always infinite (Givens and Shortt 1984) and thus does not converge to zero as
more data is obtained. Therefore, it is not possible to develop measure concentration guarantees for
the co-Wasserstein distance (akin to those of Fournier and Guillin (2015)) which hold in general for
light-tailed but unbounded probability distributions. Consequently, the proof techniques used by Moha-

jerin Esfahani and Kuhn (2018, Theorem 3.6) to establish convergence guarantees for the 1-Wasserstein
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ambiguity set do not appear to extend to the co-Wasserstein ambiguity set. As a byproduct of the results
in this paper, we obtain asymptotic optimality guarantees for distributionally robust optimization with
the co-Wasserstein ambiguity set under the same mild probabilistic assumptions as Mohajerin Esfahani

and Kuhn (2018) for the first time.

1.2. Notation

We denote the real numbers by R, the nonnegative real numbers by R, and the integers by Z. Lowercase
and uppercase bold letters refer to vectors and matrices. We assume throughout that [|-|| refers to an
¢,-norm in RY, such as ||v]|; = S0, [o] or [|V]|e = maxe(q [v:]. We let ) denote the empty set, int(-)
be the interior of a set, and [K] be shorthand for the set of consecutive integers {1,..., K }. Throughout
the paper, we let &€ := (£;,...,£;) € R? denote a stochastic process with a joint probability distribution
P, and assume that €!,...,€N are independent and identically distributed (ii.d.) samples from that
distribution. Let PV :=P x --- x IP denote the N-fold probability distribution over the historical data.
We let S C RY denote the support of P, that is, the smallest closed set where P(¢ € S) = 1. The extended
real numbers are defined as R := R U {—00,00}, and we adopt the convention that oo — oo = co.
The expectation of a measurable function f:RY — R applied to the stochastic process is denoted by
E[f(&)] = Ep[f(€)] = Ep[max{f(£),0}] — Ep[max{—f(£),0}]. Finally, for any set Z C R% we let P(Z)
denote the set of all probability distributions on R? which satisfy Q(¢ € Z) =Eg[Il{¢ € Z}] = 1.

2. Problem Setting

We consider multi-stage stochastic linear optimization problems with 7" > 1 stages. The uncertain
parameters observed over the time horizon are represented by a stochastic process € :== (&,,...,&p) € R?
with an underlying joint probability distribution, where &, € R% is a random variable that is observed
immediately after the decision in stage t is selected. We assume throughout that the random variables
&,,..., & may be correlated. A decision rule x := (x3,...,X7) is a collection of policies which specify
what decision to make in each stage based on the information observed up to that point. More precisely,
a policy in each stage is a measurable function of the form x; : R% x -+ x R%-1 — R™ Pt x 7Pt We

use the shorthand notation X to denote the space of all decision rules.

In multi-stage stochastic linear optimization, our goal is to find a decision rule which minimizes a
linear cost function in expectation while satisfying a system of linear inequalities almost surely. These

problems are represented by

xeX

T
minimize E th<£)'xt(€la-~')€t—1)
=1

T
subject to ZAt<€)Xt(£la . &1) <b(§) as.

t=1
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Following standard convention, we assume that the problem parameters ci(£) € R™,... cr (&) € R"7,

A eR™ ™M . Ap(€) e R and b(£) € R™ are affine functions of the stochastic process.

In this paper, we assume that the underlying joint probability distribution of the stochastic process

is unknown. Instead, our information comes from historical data of the form
&=(¢,...,&), j=1,....N.

We refer to each of these trajectories as a sample path of the stochastic process. This setting corresponds
to many real-life applications. For example, consider managing the inventory of a new short lifecycle
product, in which production decisions must be made over the product’s lifecycle. In this case, each
sample path represents the historical sales data observed over the lifecycle of a comparable product.
Further examples are readily found in energy planning and finance, among many others. We assume
that él, e ,EN are independent and identically distributed (i.i.d.) realizations of the stochastic process
E=(&,...,&7). Our goal in this paper is a general-purpose, nonparametric sample-path approach for

solving Problem (1) in practical computation times.

We will also assume that the support of the stochastic process is unknown. For example, in inventory
management, an upper bound on the demand, if one exists, is generally unknown. On the other hand,
we often have partial knowledge on the underlying support. For example, when the stochastic process
captures the demand for a new product or the energy produced by a wind turbine, it is often the
case that the uncertainty will be nonnegative. To allow any partial knowledge on the support to be
incorporated, we assume knowledge of a convex superset = C R? of the support of the underlying joint

distribution, that is, P(§ € =) = 1.

3. A Robust Approach to Multi-Stage Stochastic Linear Optimization

We now present the proposed data-driven approach, based on robust optimization, for solving multi-
stage stochastic linear optimization. First, we construct an uncertainty set L{J{, C E around each sample
path, consisting of realizations ¢ = ({;,...,{) which are slight perturbations of &= (A{,,E{F)
Then, we optimize for decision rules by averaging over the worst-case costs from each uncertainty set,
and require that the decision rule is feasible for all realizations in all of the uncertainty sets. Formally,

the proposed approach is the following:

N

T
minimize iz sup th(C) 'Xt(CI)“"Ct—l)

xeX
N j=1CeUy t=1

T
subject to ZAt(C)xt(Cl, . ¢1)<b(¢) VCe Uj-vzll/{]{,.

t=1
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In contrast to traditional robust optimization, Problem (2) involves averaging over multiple uncertainty
sets. Thus, the explicit goal here is to obtain decision rules which perform well on average while simul-
taneously not overfitting the historical data. We note that Problem (2) only requires that the decision
rules are feasible for the realizations in the uncertainty sets. These feasibility requirements are justified
when the overlapping uncertainty sets encompass the variability of future realizations of the uncertainty;

see Section 4.

Out of the various possible constructions of the uncertainty sets, our investigation shall henceforth

be focused on uncertainty sets constructed as balls of the form

= {e= g es e- ) <ent,

where ey > 0 is a parameter which controls the size of the uncertainty sets. The parameter is indexed by
N to allow for the size of the uncertainty sets to change as more data is obtained. The rationale for this
particular uncertainty set is three-fold. First, it is conceptually simple, requiring only a single parameter
to both estimate the expectation in the objective and the support of the distribution in the constraints.
Second, under appropriate choice of the robustness parameter, we will show that Problem (2) with
these uncertainty sets provides a near-optimal approximation of Problem (1) in the presence of big data
(see Section 4). Finally, the uncertainty sets are of similar structure, which can be exploited to obtain

tractable reformulations (see Section 5).

Our approach, in a nutshell, uses robust optimization as a tool for solving multi-stage stochastic linear
optimization directly from data. More specifically, we obtain decision rules and estimate the optimal
cost of Problem (1) by solving Problem (2). We refer the proposed data-driven approach for solving
multi-stage stochastic linear optimization problems as sample or sample-path robust optimization. As
mentioned previously, the purpose of robustness is to ensure that resulting decision rules do not overfit
the historical sample paths. To illustrate this role performed by robustness, we consider the following

example.

ExaMPLE 1. Consider a supplier which aims to satisfy uncertain demand over two phases at minimal
cost. The supplier selects an initial production quantity at $1 per unit after observing preorders, and
produces additional units at $2 per unit after the regular orders are received. To determine the optimal
production levels, we wish to solve

minimize  E[z2(&) 4 223(&1, &2)]
subject to  2(&1) +23(61,82) > &1 + &2 as. (3)

z2(&1), w3(&1,&2) >0 a.s.

The output of the optimization problem are decision rules, x5 : R — R and x5 : R> — R, which specify

what production levels to choose as a function of the demands observed up to that point. The joint
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probability distribution of the demand process (£1,&;) € R? is unknown, and the supplier’s knowledge
comes from historical demand realizations of past products, denoted by (é %,éé), o ( Ajlv ,512\7 ). For the
sake of illustration, suppose we attempted to approximate Problem (3) by choosing the decision rules
which perform best when averaging over the historical data without any robustness. Such a sample

average approach amounts to solving

minimize (352 51 + 2z5( éyé%))

H

subject to (') w3(é1,6) 261 +&  Vie[N]
o(€1), w3(€1,65) >0 Vj e [N].
Suppose that the random variable &; for preorders has a continuous distribution. In that case, it im-
mediately follows that 5} TR éf[ almost surely, and thus an optimal decision rule for the above
optimization problem is

$3(fla§2) =

§+&, & =¢ forje[N],
502(51) = .
0, otherwise;
Unfortunately, these decision rules are nonsensical with respect to Problem (3). Indeed, the decision
rules will not result in feasible decisions for the true stochastic problem with probability one. Moreover,
the optimal cost of the above optimization problem will converge almost surely to E[¢; + &3] as the
number of sample paths N tends to infinity, which can in general be far from that of the stochastic

problem. Clearly, such a sample average approach results in overfitting, even in big data settings, and

thus provides an unsuitable approximation of Problem (3). O

In the following section, we show that the asymptotic overfitting phenomenon illustrated in the above

example is eliminated by adding robustness to the historical data via Problem (2).

4. Asymptotic Optimality

In this section, we provide asymptotic bounds on the gap between the optimal cost of our robust opti-
mization approach, Problem (2), and the optimal cost of the multi-stage stochastic linear optimization
problem, Problem (1), as the number of sample paths grows to infinity. From a practical standpoint,
the bounds suggest that our robust optimization problem can provide a reasonable approximation of
the multi-stage stochastic linear optimization problem in the presence of big data. Moreover, we show
that our bounds collapse in particular examples of multi-stage stochastic linear optimization, in which
case our robust optimization approach is guaranteed to be asymptotically optimal. These results can be
viewed as significant due to the generality of multi-stage stochastic optimization problems considered

in this paper.
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In Section 4.1, we describe the assumptions used in the subsequent convergence results. In Section 4.2,
we present the main result of this paper (Theorem 1), which establishes asymptotic lower and bound
bounds on our proposed data-driven approach. In Section 4.3, we interpret Theorem 1 through several

examples. In Section 4.4, we present asymptotic feasibility guarantees.

4.1. Assumptions

We begin by introducing our assumptions which will be used for establishing asymptotic optimality
guarantees. First, we will assume that the joint probability distribution of the stochastic process satisfies

the following light-tail assumption:

ASSUMPTION 1. There exists a constant a > 1 such that b:=E [exp(]|&||*)] < c0.

For example, this assumption is satisfied if the stochastic process has a multivariate Gaussian dis-
tribution, and is not satisfied if the stochastic process has a multivariate exponential distribution.
Importantly, Assumption 1 does not require any parametric assumptions on the correlation structure

of the random variables across stages, and we do not assume that the coefficient @ > 1 is known.

Second, we will assume that the robustness parameter € is chosen to be strictly positive and decreases

to zero as more data is obtained at the following rate:

_ 1
ASSUMPTION 2. There exists a constant k> 0 such that €y := kKN~ max{3,d¥1}

In a nutshell, Assumption 2 provides a theoretical requirement on how to choose the robustness param-
eter to ensure that Problem (2) will not overfit the historical data (see Example 1 from Section 3). The
rate also provides practical guidance on how the robustness parameter can be updated as more data
is obtained. We note that, for many of the following results, the robustness parameter can decrease to

zero at a faster rate; nonetheless, we shall impose Assumption 2 for all our results for simplicity.

Finally, our convergence guarantees for Problem (2) do not require any restrictions on the space of

decision rules. Our analysis will only require the following assumption on the problem structure.
ASSUMPTION 3. There exists a L >0 such that, for all N € N, the optimal cost of Problem (2) would
not change if we added the following constraints:

sup [|xe(Cy, - G| < sup LOLHCN) VEE(T).

¢eull Uy, Ceuil Uy

This assumption says that there always exists a near-optimal decision rule to Problem (2) where the
decisions which result from realizations in uncertainty sets are bounded by the largest realization in
the uncertainty sets. Moreover, this is a mild assumption that we find can be easily verified in many
practical examples. In Appendix A, we show that every example presented in this paper satisfies this

assumption.
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4.2. Main result

We now present the main result of this paper (Theorem 1), which establishes asymptotic lower and
upper bounds on the optimal cost of Problem (2). For notational convenience, let J* be the optimal
cost of Problem (1), Jy be the optimal cost of Problem (2), and S C = be the support of the underlying

joint probability distribution of the stochastic process.
First, let J be defined as the maximal optimal cost of any chance-constrained variant of the multi-
stage stochastic linear optimization problem:

T
J:= lim minimize E th(s)'Xt(£1a-"7£t—1>ﬂ{£6‘§}
t=1

PO xex,Sc=
T

subject to Y A(¢)x¢(Cy,--,¢ 1) <b(C) VCES

t=1

P(£e€S)>1—p.
We observe that the above limit must exist, as the optimal cost of the chance-constrained optimization
problem is monotone in p. We also observe that J is always a lower bound on J*, since for every
p >0, adding the constraint P(€ € S) =1 on the decision variable S to the above chance-constrained

optimization problem would increase its optimal cost to J*.!
Second, let J be the optimal cost of the multi-stage stochastic linear optimization problem with an
additional restriction that the decision rules are feasible on an expanded support:

T
;{8 mlr;lelfvnze ; Cy (E) Xt (51 , 5 Stfl)

T
subject to A (C)x(Cy,---, ¢ 1) <b(C) VEEE: dist(¢,S) < p.
t=1

We remark that the limit as p tends down to zero must exist as well, since the optimal cost of the above
optimization problem with expanded support is monotone in p. Note also that the expectation in the
objective function has been replaced with E[-], which we define here as the local upper semicontinuous
envelope of an expectation, i.e., E[f(£)] := lim_ E[sup¢ez:¢c—g<e f(€)]. We similarly observe that J
is an upper bound on J*, since the above optimization problem involves additional constraints and an

upper envelope of the objective function.
Our main result is the following:

THEOREM 1. Suppose Assumptions 1, 2, and 8 hold. Then, P> -almost surely we have

ngiminij < limsuij <J.

N—oo N—oo

! The definition does not preclude the possibility that J is equal to —co or co. However, we do not expect either of
those values to occur outside of pathological cases; see Section 4.3. The same remark applies to the upper bound J.
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Proof. See Appendix C. [

Note that Theorem 1 holds in very general cases; for example, it does not require boundedness on the
decisions or random variables, requires no parametric assumptions on the correlations across stages, and
holds when the decisions contain both continuous and integer components. Moreover, these asymptotic
bounds for Problem (2) do not necessitate imposing any restrictions on the space of decision rules.
To the best of our knowledge, such nonparametric convergence guarantees for a sample-path approach
to multi-stage stochastic linear optimization are the first of their kind when uncertainty is correlated

across time.

Our proof of Theorem 1 is based on a new uniform convergence result (Theorem 2) which establishes
a general relationship for arbitrary functions between the in-sample worst-case cost and the expected

out-of-sample cost over the uncertainty sets. We state this theorem below due to its independent interest.

THEOREM 2. If Assumptions 1 and 2 hold, then there exists a N € N, P>®-almost surely, such that

Zsupf(()—FMN sup | f(¢)]

. [f(é)ﬂ {E © UL%@H : % ¢eud ¢euN_ud
j=1¢€eUy j=1Un

for all N > N and all measurable functions f:R% — R, where My := N~ @D log N.
Proof.  See Appendix D. 0O

We note that our proofs of Theorems 1 and 2 also utilize a feasibility guarantee (Theorem 3) which can

be found Section 4.4.

4.3. Examples where J — J is zero or strictly positive

Theorem 1 establishes asymptotic lower and upper bounds on the optimal cost of Problem (2). We
next show that the lower and upper bounds can be equal, J = J, in which case the optimal cost of
Problem (2) provably converges to the optimal cost of Problem (1). We first show that these bounds

can be equal by revisiting the stochastic inventory management problem from Example 1.

PROPOSITION 1. For Problem (3), J = J*. If there is an optimal x5 :R — R for Problem (3) which

18 continuous, then J = J*.

Proof. See Appendix B.

The proof of this proposition holds for any underlying probability distribution which satisfies Assump-
tion 1. In combination with Theorem 1, the above proposition shows that adding robustness to the

historical data provably overcomes the asymptotic overfitting phenomenon discussed in Section 3.
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More generally, the equality of the lower bound J and upper bound J can be established for much
broader classes of problems than Example 1. In Appendix B, we provide sufficient conditions for the
lower and upper bounds to be equal and demonstrate that these sufficient conditions for asymptotic

optimality can be satisfied in the real-world applications studied in Sections 7 and 8.

Unless restrictions are placed on the space of multi-stage stochastic linear optimization problems,
we show next that the lower and upper bounds can have a nonzero gap. In the following, we present
three examples that provide intuition on the situations in which this gap may be strictly positive. Our
first example presents a problem in which the lower bound J is equal to J* but is strictly less than the

upper bound J.

ExXAMPLE 2. Consider the single-stage stochastic problem

minimize 7
1 cZ

subject to xz;>¢&; a.s.,
where the random variable & is governed by the probability distribution P(¢; > ) = (1 — a)* for fixed
k>0, and = =[0,2]. We observe that the support of the random variable is S = [0,1], and thus the
optimal cost of the stochastic problem is J* = 1. We similarly observe that the lower bound is J =1
and the upper bound, due to the integrality of the first stage decision, is J =2. If ey = N~3, then we
prove in Appendix E that the bounds in Theorem 1 are tight under different choices of k:

Range of & Result

ke (0,3) P <J<l}\1;ninij:hmsuij:J> =1
—00

N—o0

k=3 P (J:hminffN < limsup Jy :J> =1

N—o0 N—o0

ke (3,00) P <J:l}\1;ninij =limsup Jy < j) =1
—00

N—o0

This example shows that gaps can arise between the lower and upper bounds when mild changes in
the support of the underlying probability distribution lead to significant changes in the optimal cost
of Problem (1). Moreover, this example illustrates that each of the inequalities in Theorem 1 can hold
with equality or strict inequality when the feasibility of decisions depends on random variables that

have not yet been realized. [

Our second example presents a problem in which the upper bound J is equal to J* but is strictly
greater than the lower bound J. This example deals with the special case in which any chance con-
strained version of a stochastic problem leads to a decision which is infeasible for the true stochastic

problem.
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ExaAaMPLE 3. Consider the single-stage stochastic problem

minimize 19
X1 cR2

subject to & (1 —xz12) <11 as.
0<z2<1,

where &; ~ Gaussian(0,1) and Z =R. The constraints are satisfied only if 12 = 1, and so the optimal
cost of the stochastic problem is J* = 1. Since there is no expectation in the objective and = equals
the true support, we also observe that J = 1. However, we readily observe that there is always a
feasible solution to the sample robust optimization problem (Problem (2)) where 212 =0, and therefore

J=Jy=0foral NeN. O

Our third and final example demonstrates the necessity of the upper semicontinuous envelope E[-] in

the definition of the upper bound.

ExXAMPLE 4. Consider the two-stage stochastic problem

minimize E [z2(&1)]

subject to  2(&1) > & a.s.,
where 6§ ~ Bernoulli(0.5) and ¢ ~ Uniform(0,1) are independent random variables, £ = 01, and = =
[0,1]. An optimal decision rule 2} : R — Z to the stochastic problem is given by z5(&1) =0 for all & <0
and z5(&) =1 for all & > 0, which implies that J* = % It follows from similar reasoning that J = %
Since = equals the support of the random variable, the only difference between the stochastic problem

and the upper bound is that the latter optimizes over the local upper semicontinuous envelope, and we

observe that limy_ o Iy=J= Elz3(¢&)]=1. O

In each of the above examples, we observe that the bounds in Theorem 1 are tight, in the sense that
the optimal cost of Problem (2) converges either to the lower bound or the upper bound. This provides
some indication that the bounds in Theorem 1 offer an accurate depiction of how Problem (2) can
behave in the asymptotic regime. On the other hand, the above examples which illustrate a nonzero
gap seem to require intricate construction, and future work may identify (sub-classes) of Problem (1)

where the equality of the bounds can be ensured.

4.4. Feasibility guarantees

We conclude Section 4 by discussing out-of-sample feasibility guarantees for decision rules obtained
from Problem (2). Recall that Problem (2) finds decision rules which are feasible for each realization
in the uncertainty sets. However, one cannot guarantee that these decision rules will be feasible for

realizations outside of the uncertainty sets. Thus, a pertinent question is whether a decision rule obtained
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from approximately solving Problem (2) is feasible with high probability. To address the question of

feasibility, we leverage classic results from detection theory.

Let Sy = uleug‘v be shorthand for the union of the uncertainty sets. We say that a decision rule is

Sn-feasible if

T
D ALOX(Crs- - 6m) <D(E) VEE S,
t=1

In other words, the set of feasible decision rules to Problem (2) are exactly those which are Sy-feasible.
Our subsequent analysis utilizes the following (seemingly tautological) observation: for any decision rule

that is Sy-feasible,
T
P (Z At(€>xt(£la cee 7£t71) g b(£)> Z P(£ € SN) ’
t=1

where P(€ € Sy) is shorthand for P(€ € Sy | €',...,€Y). Indeed, this inequality follows from the fact
that a decision rule which is Sy-feasible is definitionally feasible for all realizations ¢ € Sy, and thus

the probability of feasibility is at least the probability that £ € Sy.

We have thus transformed the analysis of feasible decision rules for Problem (2) to the problem of
analyzing the performance of Sy as an estimate for the support S of a stochastic process. Interestingly,
this nonparametric estimator for the support of a joint probability distribution has been widely studied
in the statistics literature, with perhaps the earliest results coming from Devroye and Wise (1980) in
detection theory. Since then, the performance of Sy as a nonparametric estimate of S has been studied
with applications in cluster analysis and image recognition (Korostelev and Tsybakov 1993, Scholkopf
et al. 2001). Leveraging this connection between stochastic optimization and support estimation, we

obtain the following guarantee on feasibility.

THEOREM 3. Suppose Assumptions 1 and 2 hold. Then, P>*-almost surely we have

. N
i ((10gN)d+1> P& ¢ Sy) =0.

Proof.  See Appendix F. [

Intuitively speaking, Theorem 3 provides a guarantee that any feasible decision rule to Problem (2) will
be feasible with high probability on future data when the number of sample paths is large. To illustrate
why robustness is indeed necessary to achieve such feasibility guarantees, we recall from Example 1 that
decision rules may prohibitively overfit the data and be infeasible with probability one if the robustness

parameter €y is set to zero.
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5. Approximation Techniques

In the previous section, we developed theoretical guarantees which demonstrated that Problem (2) pro-
vides a good approximation of multi-stage stochastic linear optimization when the number of sample
paths is large. In this section, we demonstrate that Problem (2) can be addressed using approximation
techniques from the field of robust optimization. Specifically, we show that two decision-rule approxima-
tion schemes from robust optimization, linear decision rules and finite adaptability, can be extended to
obtain approximations of Problem (2). In particular, we present a novel duality argument (Theorem 4)
which allows the computational cost of these techniques to scale efficiently in the number of sample
paths. The computational tractability and out-of-sample performance of these approximation schemes

is illustrated via numerical experiments in Sections 7 and 8.

5.1. Linear decision rules

Generally speaking, multi-stage optimization problems are computationally demanding due to optimiz-
ing over an unrestricted space of decision rules. To overcome this challenge, a common approximation
technique in robust optimization is to restrict the space of decision rules to a space which can more
easily be optimized. As described in Section 1.1, the success of robust optimization as a modeling frame-
work for addressing real-world multi-stage problems is often attributed the computational tractability
of such decision rule approximations. This section extends one such decision rule scheme, known as
linear decision rules, to approximately solve Problem (2) and illustrates its computational tractability

in big data settings.

Specifically, we consider approximating Problem (2) by restricting its decision rules to those of the

form

t—1

Xt(Cb sevy thl) = Xt,O + th,scs~
s=1

Thus, rather than optimizing over the space of all possible decision rules (functions), we instead op-
timize over a finite collection of decision variables which parameterize a linear decision rule. For the
setting where c,(€) and A;(£) do not depend on the uncertain parameters and all decision variables are
continuous, the resulting linear decision rule approximation of Problem (2) is given by
| N T t—1
minimize — su Ci | x¢ 0+ X s
L LD ICH CHES DY
j=1C¢€Uy =1 s=1 (4)
T t—1 _
subject to ZAt (xw + ZXmCs) <b({) VCe ijzlujj\,,
t=1 s=1

where the decision variables are x;, o € R™ and X, ; € R™*% for all 1 < s <t <T and the affine function

b(¢) € R™ is shorthand for b% + 31, B,(,.
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Much like linear decision rules in robust optimization, we observe that Problem (4), when feasible,
always produces a feasible decision rule for Problem (2) and an upper bound on its optimal cost.
Nonetheless, Problem (4) has semi-infinite constraints, which must be eliminated in order for the opti-
mization problem to be solvable by off-the-shelf solvers. A standard technique from robust optimization
for eliminating semi-infinite constraints is to introduce (dual) auxiliary decision variables and con-
straints for each uncertainty set. Importantly, for Problem (4) to be practically tractable in the presence
of big data, the size of an equivalent finite-dimensional optimization problem must scale efficiently in

the number of sample paths.

We now show that Problem (4) can be reformulated as a linear optimization with size that scales
linearly in the number of sample paths (Theorem 4). The central idea enabling the following refor-
mulation is that the worst-case realizations over the various uncertainty sets are found by optimizing
over identical linear functions. Thus, when constructing the robust counterparts for each uncertainty
set, we can combine the dual auxiliary decision variables from different uncertainty sets, resulting in a
reformulation where the number of auxiliary decision variables is independent of the number of sample
paths. To illustrate this reformulation technique, we focus on uncertainty sets which satisfy the following

construction:

ASSUMPTION 4. The uncertainty sets have the form Ul = {¢ € R?: #1 < ¢ <ul.

For example, Assumption 4 holds if we choose the set = to be R% and use the || - ||, norm in the

uncertainty sets from Section 3. The following illustrates the novel duality technique described above:

THEOREM 4. If Assumption 4 holds, then Problem (4) can be reformulated as a linear optimization

problem with O(md) auziliary decision variables and O(md+ mN) linear constraints.

Proof. By introducing epigraph variables v1,...,vx € R, the constraints in Problem (4) can be

rewritten as

T T T
Z ( Z Xl,tcs> 'CtSUj_ZCt'X@() VCGU}Q,]’E{I,...,N},

t=1 \s=t+1 t=1
T T T .
> <—Bt + Y Aths) G <b = Axo V¢eUy, je{1,...,N}.
t=1 s=t+1 t=1

We will now reformulate each of these semi-infinite constraints by introducing auxiliary variables. First,
we observe that each of the above semi-infinite constraints can be rewritten as

T
max » d;-¢, <7

J
CeUy i—1
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for some vector d = (dy,...,dr) € R? and scalar v € R. Moreover, it follows from strong duality for
linear optimization that

T

minimize wy cp,— LA )
éngx Zdt = po A ERS ; e
EUN T—
M=t subject to  p, — Ay =d; vt e [T,
where w/ = (u},...,u}) €R? and & = (£,...,£}) € R? are the upper and lower bounds which define
the uncertainty set. We readily observe that the solutions p, = [d¢]+ and A, = [—d;]; are optimal for the

above optimization problem. Importantly, these optimal solutions to the dual problem are independent
of the index j. Thus, the semi-infinite constraints in the epigraph formulation of Problem (4) are satisfied

if and only if there exists o= (a1,...,ar) €RY and B:=(By,...,B;) € R% which satisfy
Z <at-u¥ -3, -£{+ct-xt7o) <w; Vj€E[N]
t=1

T
o —B,= Y Xl VEE[T)

s=t+1

and there exists M == (My,...,My) € R7*? and A = (Ay,...,Ar) € RT"? which satisfy

T
> (Mou] = Al] + Aixi) <B° W)€ [N]

t=1
T
Mt - A-t - _Bt + Z Ath,s Vt S [T]
s=t+1

Removing the epigraph decision variables, the resulting reformulation of Problem (4) is

N
. 1 ; ;
minimize N ZZ (at ‘ul — 06,4+ .Xt’o)
j=1t=1
T
subject to a, — 3, = Z X1 ,cq te[T]

s=t+1

]~

(Mtug’ AL+ Atxt,o) <b®  je[N]

t

1

T
Mt - At == _Bt + Z A-SX-t,s te [T}
s=t+1
where the auxiliary decision variables are o = (ag,...,ar),8 = (B4,...,07) € ]Ri and M =

(My,...,Mr),A=(Ay,...,A7) € R’J’:Xd. Thus, the reformulation technique allowed us to decrease the

number of auxiliary decision variables from O(Nmd) to O(md). O

While linear decision rules can sometimes provide a near-optimal approximation of Problem (2) (see

Section 8), we do not expect this to be the case in general. Indeed, we recall from Section 4 that
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Problem (2) can provide a near-optimal approximation of Problem (1), and it has been known from
the early literature that linear decision rules generally provide a poor approximation for multi-stage
stochastic linear optimization; see, e.g., Garstka and Wets (1974, Section 6). Nonetheless, we can obtain
tighter approximations of Problem (2) by selecting a richer space of decision rules, an abundance of
which can be found in the robust optimization literature (see Section 5.2 for an example). Moreover,
Problem (2) is also amenable to new approximation schemes which exploit its particular structure; we
refer to our companion paper Bertsimas et al. (2021) for such an approximation algorithm for two-stage
problems. In all cases, and as a result of the convergence guarantees from Section 4, Problem (2) offers
an opportunity to extend algorithmic advances from robust optimization to obtain approximations of

multi-stage stochastic linear optimization.

5.2. Finite adaptability

In this section, we show how to extend the decision rule approximation scheme of finite adaptability from
robust optimization (Bertsimas and Caramanis 2010) to obtain tighter approximations of Problem (2).
Specifically, finite adaptability partitions the set = into smaller regions, and then optimizes a separate
static or linear decision rule in each region. The approach of finite adaptability extends to problems
with integer decision variables, and the practitioner can trade off the tightness of their approximations
with an increase in computational cost. We show that the duality techniques from the previous section
(Theorem 4) readily extend to this richer class of decision rules, and a practical demonstration of finite

adaptability is presented in Section 7.

We begin by describing the approximation scheme of finite adaptability from robust optimization.
In finite adaptability, one partitions the uncertainty set into different regions, and optimizes a separate
linear decision rule for each region. Let P!,... PX CR? be regions which form a partition of = C R%.
For each stage t, let PF C R4 Td he the projection of the region P* onto the first ¢ stages. Then, we

consider approximating Problem (2) by restricting its decision rules to those of the form

X0+ XG0 (CronnGn) €L,
Xt(Clv s )Ct—l) =
Xt + X XISCa i (Cryee ) € PSS
In contrast to a single linear decision rule, finite adaptability allows for greater degrees of freedom at
a greater computational cost. Indeed, for each region P*, we choose a separate linear decision rule
which is locally optimal for that region. To accommodate integer decision variables, we restrict the
corresponding component of each XZO to be integer and restrict the associated rows of each matrix Xf,s

to be zero.

A complication of finite adaptability is that we may not have enough information at any intermediary

stage to determine which region P* will contain the entire trajectory. In other words, at the start of
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stage t, a decision must be chosen after only observing the values of ({{,...,¢{;_;), and there may be two
or more regions of the partition for which their projections PF ; and Ptk_, ; are overlapping. Fortunately,
the following proposition shows that the aforementioned complication caused by overlapping projections
can be resolved by adding constraints of the form x} =x}" and X¥ =X}, for every 1 < s <t when the

regions P* and P* are indistinguishable at stage ¢.

PROPOSITION 2 (Proposition 4, Bertsimas and Dunning (2016)). If there exists ( =
(C1yosCp) EPF and ¢ = (¢, ..., ¢h) € P such that (Cy,... ¢ q) = (¢, ..., ¢l ), and ¢ € int(P¥)
or ¢' € int(P*) hold, then we must enforce the constraints that Xf,o = Xfi/o and Xf,s = ijs for all
1<s<t at stage t as the two regions cannot be distinguished with the uncertain parameters realized by

that stage. Otherwise, we do not need to enforce any constraints at stage t for this pair.

For brevity, we let T (P, ..., PX) denote the collection of tuples (k,k’,t) for which P* and P*" cannot

be distinguished at stage t, which we assume can be tractably computed.

We now extend the approach of finite adaptability to Problem (2). Let P!, ..., PX be a given partition
of =, and let the intersections between regions of the partition and uncertainty sets be denoted by
K7 = {k € [K]: U} N P*#0}. For the setting where c,(¢) and A,(£) do not depend on the uncertain
parameters, the resulting linear decision rule approximation of Problem (2) is given by

T

N t—1
e . 1 k k
minimize — E max max c | X9+ E Xi €
N j=1 1 s=1 ,

keKi CGZ/{Jj\,ﬂPk P

T t—1
subject to Y A, <x§0 + ZXiisCs) <b(¢) V¢eUL,uinP* kelK]

t=1

xF =xt' XF =XV, Y(k, K, t) e T(P,...,P®), 1<s<t.

s=1

where the decision variables are Xf_yo € R"™ and Xf’s eR™*% for all 1 <s <t and k € [K].

Speaking intuitively, the approximation gap between Problem (2) and Problem (5) depends on the
selection and granularity of the partition. By choosing partitions with a greater number of regions,
Problem (5) can produce a tighter approximation of Problem (2), although this comes with an increase
in problem size. For heuristic algorithms for selecting the partitions, we refer the reader to Postek and
Den Hertog (2016) and Bertsimas and Dunning (2016). Once the partitions are determined, we obtain
a reformulation of Problem (5) by employing the same duality techniques as in Section 5.1. To this end,
we will assume that the intersections between the regions of the partition and uncertainty sets take a

rectangular form:

ASSUMPTION 5. The intersection between each uncertainty set and region of the partition either has

the form Ul N P* :={¢ e R?: £7F < ¢ <w*} or is empty.
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We remark that this assumption can be guaranteed under the same conditions as Assumption 4 when
the partition’s regions are constructed as hyperrectangles. We now show that Problem (5) can be
reformulated as a finite-dimensional linear optimization problem which scales lightly in the number of

sample paths N as well as the number of regions K.

COROLLARY 1. If Assumption 5 holds, then (5) can be reformulated by adding at most O(N + Kmd)

auziliary continuous decision variables and O(m Z;V:l |IC;| + K'md) linear constraints. The reformula-

tion 1is
1N
minimize N Zvj
7j=1
T ‘ _
subject to Z (u{k e S AC A -xfyo) <wv; jE€[N], kekK,;
t=1
T
ay =B/ =) (X)) e te[T], ke [K]
s=t+1

]~

(Mfug’k — AMeF 4 Atxf’o) <b’  jEIN|, keK,

t=1

T
M — Ay =-B,+ > AXf, te(T), ke [K]
s=t+1

xt =x}, X}, =X}, (kK t) € T(P',...,P¥), 1< s <t,

where the auziliary decision variables are v € RN as well as o = (af,.. .,a?),ﬁk = (,8’1“, ... ,ﬂ;) S
R and MF = (M¥%,...,Mk), A" = (Af,...,A}) € R7*? for each k € [K]. Note that b(¢) =b° +

i1 Bi, €R™.

Proof. The proof follows from similar duality techniques as Theorem 4 and is thus omitted.

This result suggests that Problem (2) with finite adaptability is scalable, in the sense that the size of the
resulting reformulation for a given partition P!,..., P¥ scales lightly in the number of sample paths N.
Assuming that the partition’s regions and uncertainty sets are hyperrectangles, we remark that €/ k, u’t,
and T(P!,..., PX) can be obtained efficiently by computing the intersection of each uncertainty set

and region of the partition.

6. Relationships with Distributionally Robust Optimization

In the previous sections, we discussed the theoretical underpinnings and computational tractability
of Problem (2) as a data-driven approach to multi-stage stochastic linear optimization. An attractive
aspect of the proposed approach is its simplicity, interpretable as a straightforward robustification of

historical sample paths. In this section, we explore connections between our data-driven approach to
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multi-stage stochastic linear optimization and distributionally robust optimization, and discuss impli-

cations of our results to the latter.

Our exposition in this section focuses on the following formulation of multi-stage distributionally

robust linear optimization:

T
minimize  sup Eg th(f) x¢(&1,---,&-1)
xeX QeAn —1

(6)
T
subject to ZAt(ﬁ)Xt(El, € 1) <b(&) Q-as.,VQeAy.

t=1

Intuitively speaking, this framework chooses the decision rules which minimize the expected cost with
respect to an adversarially chosen probability distribution from an ambiguity set. The requirement that
the constraints hold almost surely for every distribution in the ambiguity set ensures that the objective
function will evaluate the cost function on realizations of the stochastic process where the decision rules
are feasible. Examples of this formulation in multi-stage and data-driven two-stage problems include

Bertsimas et al. (2019) and Hanasusanto and Kuhn (2018).

Our following discussion focuses on ambiguity sets which are constructed using historical data and
Wasserstein-based distances between probability distributions. Given two bounded probability distri-

butions, their co-Wasserstein distance is defined as

II is a joint distribution of & and &’
deo (Q, Q') :==inf { M-esssup||& — &' ,

EXE with marginals Q and Q', respectively

where the essential supremum of the joint distribution is given by
IL-esssup [|€ — &' = inf {M:IL(||€—¢'||>M)=0}.
=X 2

From an intuitive standpoint, we note, in the case of d =1, that the co-Wasserstein distance between
two bounded probability distributions can be interpreted as the maximum distance between the quantile
functions of the two distributions; see Ramdas et al. (2017). For any p € [1,00), the p-Wasserstein

distance between two probability distributions is defined as
) 1 IIis a joint distribution of £ and &'
. / !/
4, @)=t ([ =g anee) .
oXs

with marginals Q and Q’, respectively

For technical details on these distances, we refer the reader to Givens and Shortt (1984). For any

p € [1,00], let the p-Wasserstein ambiguity set be defined as

Ay = {Q ePE): d, (@,@N) < eN} ,
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where ey > 0 is a robustness parameter which controls the size of the ambiguity set and I@N is the
empirical probability distribution which assigns equal weight to each of the historical sample paths

él, e EN . We henceforth refer to Problem (6) with the p-Wasserstein ambiguity set as p-WDRO.

As discussed at the end of Section 1.1, there are relatively few previous convergence guarantees
for distributionally robust optimization with the co-Wasserstein ambiguity set, even for single-stage
problems. Indeed, when the underlying distribution is unbounded, the co-Wasserstein ambiguity set will
never contain the true distribution, even as N tends to infinity, since the distance d.. (P, @N) from the
true to the empirical distribution will always be infinite. Thus, except under stronger assumptions than
Assumption 1, the techniques used by Mohajerin Esfahani and Kuhn (2018, Theorems 3.5 and 3.6) to
establish finite-sample and convergence guarantees for the 1-Wasserstein ambiguity set do not extend
to the oo-Wasserstein ambiguity set. Nonetheless, distributionally robust optimization with the oo-
Wasserstein ambiguity set has recently received interest in the context of regularization and adversarial

training in machine learning (Gao et al. 2017, Staib and Jegelka 2017).

The following proposition shows that Problem (2), under the particular construction of uncertainty

sets from Section 3, can also be interpreted as Problem (6) with the oo-Wasserstein ambiguity set.

PROPOSITION 3. Problem (2) with uncertainty sets of the form

(1]

Uy ={¢=(CrCr) €1 ¢ & <en)
1s equivalent to oo- WDRO.

Proof. See Appendix G. O

Therefore, as a byproduct of Theorem 1 from Section 4, we have obtained general convergence guarantees
for distributionally robust optimization using the co-Wasserstein ambiguity set under mild probabilistic

assumptions.

For comparison, we now show that similar asymptotic optimality guarantees for multi-stage stochastic
linear optimization are not obtained by p-WDRO for any p € [1,00). Indeed, the following proposition

shows that the constraints induced by such an approach are overly conservative in general.

PROPOSITION 4. Ifp € [1,00) and ey >0, then a decision rule is feasible for p-WDRO only if

T
D AO®(Cr 6 ) D) W EE.
t=1

Proof. See Appendix H. [J
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As discussed in Section 2, the set = is not necessarily a tight approximation of the true (unknown)
support of the stochastic process, and may be strictly and significantly larger. Thus, the constraints
induced from p-WDRO with p € [1,00) may eliminate optimal or high-quality decision rules for Prob-
lem (1). Consequently, p-WDRO with p € [1,00) is not asymptotically optimal for multi-stage stochastic

linear optimization in general. We conclude this section with two further remarks.

REMARK 1. If we relaxed the constraints of p-WDRO with p € [1,00) in an attempt to decrease
its conservatism, then the resulting decision rules are not guaranteed to be feasible for the stochastic
problem. Thus, the finite-sample guarantees provided by Mohajerin Esfahani and Kuhn (2018, Equation
2), which served as one of the principle justifications for using p-WDRO, would no longer provide

meaningful insight into the true out-of-sample performance of this decision rule. O

REMARK 2. The conservatism of p-WDRO can lead to suboptimal decisions, even for problems where
uncertainty does not impact feasibility, if the true support is not known exactly. For example, consider
the problem

minimize E[x2(&1) + 223(&1,&2)]

r9:R—R, z3:R2 =R

subject to r2(61) +w3(61,82) > &1+ &2 as.

z2(&1) +23(61,6) 26 — & as.
We observe that x2(£1) =& and z3(&1,&2) = |€2| are feasible decision rules, regardless of the underlying
probability distribution. Suppose that the probability distribution and support of (£;,&2) is unknown,
and our only information comes from historical data. If we approximate this stochastic problem using

p-WDRO for any p € [1,00) and linear decision rules, we are tasked with solving

minimize sup Eq[(w2,0 +22,181) +2(23,0 + 23,11 + 23282)]
T2,0, 2,1, 3,0, 3,1, 326R  Qedy
subject to (2,0 +22,1C1) + (x3,0 + 23101 +23202) > G + (2 V¢ € R?

(22,0 +22,1C1) + (T30 + 2310 +2320) > G — G VEER?
It follows from identical reasoning as Bertsimas et al. (2019, Section 3) that there are no linear decision
rules which are feasible for the above optimization problem. In particular, the above optimization
problem will remain infeasible even if the true support of the random variable happens to be bounded
but the bound is unknown. In contrast, the sample robust optimization approach (Problem (2)) to this

example will always have a feasible linear decision rule. A similar example is found in Section 8. [J

7. Application to a Stochastic Inventory Replenishment Problem

In our first set of numerical experiments, we consider a stochastic inventory replenishment problem
in a network with a single warehouse and multiple retailers. Our setting is motivated by the real-

world case study of Avrahami et al. (2014), who study a supply chain controlled by a major Israeli
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publisher that sells a weekly magazine. The goal of the publisher is to find production and replenishment
policies for delivering magazines to retailers which minimize their expected weekly operating costs. We
perform numerical experiments to assess the practical value of our robust optimization approach in this

application in comparison to alternative data-driven approaches from the literature.

7.1. Problem description

The stochastic inventory replenishment problem faced by the publisher can be modeled as a three-stage
stochastic linear optimization problem with mized-integer decision variables and a multi-dimensional
stochastic process. Let the number of retailers in the supply chain network be denoted by R € N. The
time horizon of the decision problem faced by the publisher corresponds to one calendar week, beginning
on Sunday and ending on Saturday, in which procurement and replenishment decisions are made at the

start and middle of the week. The dynamics of the decision problem are summarized below:

e (Sunday) At the beginning of the week, the publisher decides the production quantity and the
destinations of the weekly magazine. These decisions are captured by the decision variables
Q11,...,Q1r > 0, which represent the number of produced magazines delivered directly to each
of the retailers at the start of the week, and the decision variable Q1o > 0, which represents the
number of produced magazines sent to a common warehouse. Magazines are produced at a cost of

¢ per unit, and Zf:o Q1. is the total number of magazines that are produced for the entire week.

e (Sunday - Tuesday) After the publisher has made the initial production decisions, each retailer
r €{1,..., R} uses their inventory of @1, magazines to satisfy the random customer demand &,
from the first half of the week. There is no backlogging for demand that exceeds the available
inventory, and the inventory at each retailer at the end of the first half of the week is thus equal
to max{0, @1, — &1, }. The publisher incurs a cost of b per unit of unmet customer demand at each
of the retailers, and the realized demands from the first half of the week &; = (&11,...,&1r) are

observed by the publisher on Tuesday night.

e (Wednesday) At the midweek point, the publisher can replenish the inventories of the retailers
using the magazines from the warehouse. These replenishment quantities to each of the retailers are
captured by second-stage decision rules, Q21(&;),...,Q2r(&;) > 0. The replenishment quantities
are constrained by the inventory at the warehouse, Zle Q2,(&1) < Q10, and the publisher pays a

fixed shipping cost f > 0 for each retailer to which it sends a nonzero replenishment quantity.

e (Wednesday - Saturday) After the publisher has made the replenishment decisions, each retailer
r €{1,..., R} uses their inventory of max{0, Q1, — &1, } + Q2,(&;) magazines to satisfy the random
customer demand &, from the second half of the week. The random demands in the second half

of the week at each of the retailers are represented by &5 = (£21,...,8&2R)-
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e (Saturday) At the end of the week, the publisher incurs a holding cost of h per unit and a back-
logging cost of b per unit at each of the retailers, and a holding cost of h per unit is also applied

to any remaining units at the warehouse.

It follows from the above dynamics that the stochastic inventory replenishment problem faced by the

publisher corresponds to a three-stage stochastic nonlinear optimization problem of the form

R R R
QZII&’i;lei?&ilsz’I E|c (Qlo + ,; Qu) +h (Qlo - ; Q2r(£1)> +b (; max{0,{1, — er}>
R R R
+f (Z ZT(&I)) + b (Z max {Oa _I3r(£17 62)}) + h <Z max {07 IST(&I?&Z)}>]
r=1 r=1 r=1
R
subject to Z Q2,(&1) < Qo a.s.
r=1
I3r(€1v£2) = max {O;er - glr} + Q2r(£1) - €2T Vr e [R]) a.s.
2 ()M > Q2 (&) Vr € [R], a.s.,
where the decision rules I31(&;,€,),...,I3r(€1,&,) represent the net inventory at each retailer at the

end of the week, the decision rules z1(&,),...,2r(&;) € {0,1} represent whether a fixed cost should be
applied at each retailer, and M is a sufficiently large big-M constant. Following similar reasoning as
Avrahami et al. (2014, Appendix A), we show in Appendix J.1 that the above optimization problem

can be equivalently reformulated as the following three-stage stochastic linear optimization problem:

R R R
o hinimize, B (Qm + ;Q1r> +hQuo +T§:jlvq~(sl,52> +f;z,><sl>
R
subject to ZQQT(El) < Q1o a.s.
r=1
vr(€1,€2) > 0(&r +&1r — Q2,(&1) — Q) — hQ2r (&) Vr € [R], as. (7)
vr(€1,&2) = M(Q1r — &1 — &2r) Vr € [R], a.s.
Ur(€17£2) Z b(glr - er) - hf?r VT’ € [R], a.s.
2 (€)M > Q2. (&) Vr € [R], as.

7.2. Experiments

We compare several approaches for finding decision rules for Problem (7) when the only information
on the joint probability distribution of the stochastic process comes from historical data. Specifically,
following the discussion of Avrahami et al. (2014), we assume that the publisher has collected historical
data consisting of the demands for magazines in past weeks, €' == (€1, €1),... &N == (€N, €)), which are
independent and identically distributed sample paths of the underlying stochastic process & := (&;,&5).
We also assume that the random demands are known to be nonnegative almost surely, = := RiR. We

compare the following data-driven approaches for finding decision rules for Problem (7):
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e SAA - Independence: Given that the only information on the underlying joint probability distribu-
tion comes from sample paths, Avrahami et al. (2014) study a method for obtaining approximate
solutions to Problem (7) which assumes that the demands in the first half of the week &; and the
second half of the week &, are independent random vectors. The assumption of stage-wise indepen-
dence is a common simplifying assumption in the stochastic programming literature which allows
for a scenario tree to be constructed directly from historical sample paths. Specifically, under this
assumption of stage-wise independence, this approach finds first-stage decisions for Problem (7)
by solving the following mixed-integer linear optimization problem constructed from the scenario

tree:

minimize (Qm + Z er) + hQ1i0+ ji[ Z Z (fzj + ZWIC)

Q>0,z€{0,1} VxR v

subject to ZQ%T < Q1o j€I[N]
vt >0 (85, +&, - Qf, ~ Qu) —hQ}, jke[N),re[R ®
0 > h(Qu—&, - 4,) jik € [N], 7€ [R]
oF b (&, - Qu ) —h, jk €N relR]
M= Q) jEN), reR)

We denote the optimal first-stage decisions to the above linear optimization problem by
QSAA QSAA e, QA%‘%A > 0. Given these first-stage decisions and a realization of the demand in the
first half of the week, € = (£11...,€1r), the approach obtains second-stage decisions by solving
the following mixed-integer linear optimization problem:

R N
e . 1 k
Qi 2 (fzf o Z)

r=1

subject to Z Qar < QSAA
r=1
ok > b (€5 48— Qo — QM) — Qs kEN] rE[R
v, >h( SAA élr—é’gr) ke [N], r € [R]
>b (&1 — QF) — né, ke[N], re[R)
2, M > Qo r € [R].
We denote the optimal decisions to the above optimization problem by QAS’{*A(E 1)se-es ; SAM &) >0
and 2544(€y),..., 2500 (&1) € {0,1}.

e AR Linear: This approach obtains an approximation of Problem (7) using a parametric ‘estimate-
then-optimize’ technique from the literature. Specifically, the approach consists of two steps: in

the ‘estimate’ step, the historical data é‘l, - ,éN is fit to a parametric family of joint probability
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distributions; in the ‘optimize’ step, a scenario tree is constructed by sampling from the esti-
mated joint probability distribution, and decision rules are obtained by solving the corresponding
approximation of the multi-stage stochastic linear optimization problem.

In the ‘estimate’ step, the scenario tree is constructed by first generating N realizations for
the demand in the first half of the week and then, for each such realization éjl, generating a
conditional set of demand realizations for the second half of the week {é%k} re[n]- This generation
procedure creates a scenario tree with N? leafs. Given this scenario tree, decisions are obtained
by solving Problem (8) where é’gr is replaced by f%ﬁ in each of the constraints. Following the

stochastic programming literature (see, e.g., Lohndorf and Shapiro (2019)), we fit the historical
1
3

the standard maximum likelihood estimators for the parameters p,, B, 3, and 35 (Finn 1974,

Section 4.4).

data to a general linear model of the form &, ~ N (pu;, %) and &€, ~ N <B { ] ,Eg), and we use

SRO-FA: Our final method obtains decision rules for Problem (7) using the proposed robust opti-
mization approach. Specifically, given historical sample paths of the form &' := (€1, €L),..., &N =
(€N, €N, we first construct an instance of Problem (2) in which the uncertainty sets from Section 3
are defined with the /..-norm. We then approximately solve the robust optimization problem to ob-
tain decision rules for Problem (7). To obtain a tractable approximation of the robust optimization
problem, we implement the finite adaptability technique described in Section 5.2.

In our implementation of the finite adaptability, we construct a partition of == RiR in which the
historical demands in the first half of the week, é%, . ’%11\/ , each lie in their own hyperrectangular
region. In other words, we construct a partition of = consisting of regions of the form P! :=
(€', u'] x Rf, o, PN =[N ul] x ]Ri which satisfy the property that & € P7 for each sample path
j € [IN]. This partition is motivated by the desire to obtain a tight approximation of the robust
optimization problem; indeed, we observe that the number and granularity of regions will increase
with the number of sample paths. Details on the partitioning heuristic used in this section can be
found in Appendix J.2.

Given a partition of the form described above, we approximate the robust optimization problem,

Problem (2), by restricting the space of second-stage decision rules to those of the form
Q3 if €< ¢ <l 2, if€ <¢ <l
Q2-(C1) =1 z(C1) =1+
QY, ifeN < ¢, <uV; 2N, it N < ¢ <uV.
For notational convenience, let K; == {k € [N] : U}, N P* # ()} denote the indices of regions

P! ..., PN that intersect the uncertainty set Z/I]{,, and let us define the quantities gif =

minge g opr Ger and = MaXe ey o pk Gtr for each period t € {1,2}, retailer r € {1,..., R}, sample
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path j € {1,..., N}, and region k € K;. With this notation, we show in Appendix J.3 that the re-
sulting approximation of Problem (2) using finite adaptability is obtained by solving the following
mixed-integer linear optimization problem:

minimize (Qlo + Z er) + hQio+ — Z Z vl

v’ Q1>0
) 20, -1 1 1
Q5>0.z" {0,137 " N
u’? vIieRP

R
subject to Z Q5 < Qo Vk € K]

r=1

vl > (udF 4 f2F) Vr€[R], j €[N], k€K, (9)

r=1
ui’kZb( b+l — Q5. — Qi) —hQS, VrelR), j€[N], kek;
h(

2> Q1 — ¢l — ) Vre[R], j €[N, kek;
u > (Cl - Qi) — hed Vre R jE[N] keK,
ZEM > Q5 Vr € [R], k € [K].

Solving the above optimization problem yields the first-stage decisions QSRO, QSRO RN Q%}O >0

and decision rules Q5RO (&1),...,Q5RC(£&1) >0 and 2580 (&y),..., 2380 (¢,) € {0,1}.

To compare the above data-driven approaches, we perform a variety of numerical experiments on
different numbers of retailers, R € {2,3,4}, with cost parameters ¢ = 0.25, h = 0.05 and b = 0.5, and
in cases with no fixed cost f =0 as well as when the fixed cost is f = 0.1. In the joint probability
distribution of the stochastic process, the demand in the first half of the week for each retailer, &;,., is
independent of the demands in the first half of the week for the other retailers and is generated from
a truncated normal distribution with mean 6 and standard deviation 2.5 that is bounded below by
zero. The demands in the second half of the week are independent across retailers and follow truncated
normal distributions with means 2(6 — £1,.)? and standard deviations 2.5 that are bounded below by
zero. This joint probability distribution is chosen because of its relative simplicity and, particularly in
the setting with multiple retailers, the difficulty of correctly identifying its structure using only limited
historical data. The number of retailers in our experiments is motivated by the organizational structure
of the Israeli publisher, in which sales representatives are assigned to managing the inventory of up to
five retailers (Avrahami et al. 2014, p. 452). In Appendix J.4, we provide numerical evidence that the
fixed cost of f =0.1 leads to replenishment decision rules that are meaningfully different than those

obtained in experiments with no fixed cost.

We compare the aforementioned data-driven methods on training sets of sizes N €
{50,100, 200,400,800} when there is no fixed cost (f =0) and N € {50,71,100, 141,200,282} when

there are fixed costs (f =0.1). To obtain statistically meaningful results, for each size N, we generate
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Figure 1 Three-stage inventory replenishment problem:

Impact of robustness parameter on SRO-FA for R = 3, no fixed cost (f =0)

N=50 N=200 N=800
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Note. The solid black lines are the average out-of-sample costs of decision rules produced by SRO-FA, and the shaded
regions are the 20th and 80th percentiles over the 50 training datasets. The dotted red lines are the average in-sample

costs for SRO-FA. The dashed green line is the benchmark for Problem (7). Results are shown for N € {50,200, 800}.

50 training datasets of size N and apply each of the above data-driven approaches to each training
dataset. We evaluate the decision rules from each approach on a common testing dataset of 10,000
sample paths. For “SRO-FA”, we select the robustness parameter using five-fold cross-validation. For
“AR Linear”, we generate scenario trees of size N = 50 for all sizes of training sets N. We found that
larger values of N resulted in longer computation times but did not have any discernible impact on the

performance of the “AR Linear” approach.

For comparison purposes, we also implement a benchmark method that has perfect knowledge of
the true joint probability distribution. In the benchmark, we obtain an estimate of the optimal cost of
Problem (7) by constructing a scenario tree from the true joint probability distribution. We construct
the scenario tree using the same procedure as described previously, with a size of N =800 for experi-
ments without fixed cost and N = 200 for experiments with fixed cost. We repeat this process over 50

replications and report the average of the resulting optimal costs.

7.3. Results

In Figure 1, we show the impact of the robustness parameter on the in-sample and out-of-sample cost
of the decision rules obtained by our robust optimization approach. The results demonstrate that a
strictly positive choice of the robustness parameter is essential in order to obtain the best out-of-sample
cost for each N. This is due to the fact that Problem (2) has been approximated with a rich space of

decision rules, and in particular, a space of decision rules that becomes increasingly flexible as more
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historical sample paths are obtained. In contrast, when the robustness parameter is set to zero, Figure 1
shows that the in-sample cost of Problem (9) does not appear to converge to the optimal cost of the
stochastic problem; these findings are consistent with the discussion of Example 1 in Section 3 and
show that approximating Problem (2) with a rich restricted space of decision rules will asymptotically
overfit the historical data when the robustness parameter is set to zero. Additional numerical results
on the relationship between the robustness parameter and the performance of our robust optimization

approach can be found in Appendix J.4.

More broadly, we believe that Figure 1 highlights a practical strength of our robust optimization
approach. Indeed, the approximation of Problem (2) using piecewise static decision rules did not require
nor utilize any information about the structure of optimal decision rules for the underlying stochastic
problem. At the same time, despite searching over a rich space of decision rules, Problem (2) with an
appropriate choice of the robustness parameter yields decision rules which do not overfit the historical
data. This shows that Problem (2) provides an opportunity to find high-quality decision rules for multi-
stage stochastic linear optimization problems, even when (i) the only information on the underlying
distribution comes from limited data, and (ii) the structure of optimal decision rules for the stochastic

problem is complex or unknown.

In Figures 2 and 3, we compare the average out-of-sample costs of the decision rules produced
by the various data-driven methods in experiments with no fixed cost (f = 0) and with fixed cost
(f =0.1). We first observe that the gap between “SRO-FA CV” (where the robustness parameter is
chosen through five-fold cross validation) and the unrealistic “SRO-FA Best” (where the robustness
parameter is chosen post hoc to obtain decision rules with the best average out-of-sample performance) is
relatively small across sizes of training sets. This suggests that cross-validation can indeed be practically
effective in choosing the robustness parameter in the robust optimization approach. Moreover, the
results of the experiments show that the proposed robust optimization approach (“SRO-FA CV”) can
find decision rules which significantly outperform those obtained by widely-used alternative data-driven
approaches (“SAA Independence” and “AR Linear”). In particular, we note that the problem sizes in
our experiments are realistic, both in terms of the number of retailers R and sizes of training sets V.
The results of the experiments thus provide numerical evidence that the robust optimization approach
proposed in this paper can be valuable in practice, particularly in challenging applications with mixed-

integer decisions and multi-dimensional stochastic processes.

8. Application to a Multi-Stage Stochastic Inventory Management
Problem

In our second set of experiments, we consider a classic and widely-studied stochastic inventory man-

agement problem for a single product with an unknown autoregressive demand. Our motivation in this
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Figure 2 Three-stage inventory replenishment problem:

Performance of data-driven approaches, no fixed cost (f =0)
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Note. The solid lines are the average out-of-sample costs of decision rules produced by the various data-driven
approaches to Problem (7), and the shaded regions are the 20th and 80th percentiles over the 50 training datasets.
The robustness parameter in “SRO-FA CV” is chosen using five-fold cross validation, and the robustness parameter

in “SRO-FA Best” is chosen optimally with respect to the testing dataset.

Figure 3 Three-stage inventory replenishment problem:

Performance of data-driven approaches, fixed cost (f =0.1)
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Note. The solid lines are the average out-of-sample costs of decision rules produced by the various data-driven
approaches to Problem (7), and the shaded regions are the 20th and 80th percentiles over the 50 training datasets.
The robustness parameter in “SRO-FA CV” is chosen using five-fold cross validation, and the robustness parameter

in “SRO-FA Best” is chosen optimally with respect to the testing dataset.
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set of experiments is to explore the practical value of Problem (2) in applications where the number
of time periods is comparatively large (e.g., T = 10) and the number of historical sample paths is
relatively small (e.g., 10 < N < 100). In this context, we compare our proposed robust optimization
approach with linear decision rules to a variety of alternative data-driven approaches. In contrast to
the previous section, where we compared to data-driven approaches that are practically tractable in
problems with mixed-integer decisions and short time horizons, this section compares to approaches

that are practically tractable in problems with continuous decisions and long time horizons.

8.1. Problem description

We consider an inventory management problem of a single product over a finite planning horizon. At
the beginning of each time period ¢ € [T], we start with I; € R units of product in inventory. We then
select a production quantity of z; € [0, ;] with zero lead time at a cost of ¢, per unit. The product
demand &; > 0 is then revealed, the inventory is updated to I;y1 = I; + x; — &, and we incur a holding
cost of hy max{I;;1,0} and a backorder cost of by max{—1I;;1,0}. We begin with zero units of inventory
in the first period. Our goal is to dynamically select the production quantities to minimize the expected

total cost over the planning horizon, captured by

T

minimize E Z (Ct'rt(gla e 7§t71> + yt+1(€1) o 7§t))

x, Iy

subject to It+;£11, &) =06, b)) a(Er, 1) — & as., VE[T)
Yir1 (€ s &) > hdiga (G, oo, &) a.s., Vi€ [T] (10)
Yer1(§1,- -5 &) = —beli1 (8-, 6r) a.s., Vte [T]
0<ay(&r,. o 61) < Ty as., Vte [T).

We consider the setting where the joint probability distribution of the stochastic process ({1,...,&r) €
RT is unknown. Our only information on the distribution comes from historical data consisting of
demand realizations for past products (ﬂ, . ,élT), e, (é{v, e ,f?), which are independent and identi-
cally distributed sample paths of the underlying stochastic process, and knowledge that the stochastic

process will be contained in == ]RJTr almost surely.
8.2. Experiments
We perform computational experiments on the following data-driven approaches for obtaining decision

rules for Problem (10):

e SRO-LDR: This is the proposed data-driven approach for multi-stage stochastic linear optimization
(Problem (2)), where the uncertainty sets are constructed as described in Section 3 with the

{o-norm. The approach is approximated using linear decision rules (see Section 5.1) and solved
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using the reformulation developed in Theorem 4. We choose the robustness parameter for each
training dataset using five-fold cross validation, where the range of possible values considered in

the cross-validation procedure is ey € {b-10%:a € {—2,—1,0,1},b€{1,...,9}}.

SAA-LDR: This is the same approach as SRO-LDR, except the robustness parameter is set to

zZero.

Approx PCM: This is a data-driven extension of the approach developed in Bertsimas et al. (2019).
In this approach, decision rules are obtained by solving a multi-stage distributionally robust op-
timization problem (Problem (6)) in which Ay is the set of joint probability distributions with
the same mean and covariance as those estimated from the historical data. This distributionally
robust optimization problem is solved approximately by restricting to lifted linear decision rules,

as described in Bertsimas et al. (2019, Section 3).

DDP and RDDP: This is the robust data-driven dynamic programming approach proposed by
Hanasusanto and Kuhn (2013). The approach estimates cost-to-go functions by applying kernel
regression to the historical sample paths. Decisions are obtained from optimizing over the cost-
to-go functions, which are evaluated approximately using the algorithm described in Hanasusanto
and Kuhn (2013, Section 4). Since the algorithm requires both input sample paths and initial state
paths, we use half of the training dataset as the input sample paths, and the other half to generate
the state paths via the lifted linear decision rules obtained by Approx PCM. The approach also
requires a robustness parameter 7, which we choose to be either v =0 (DDP) or v =10 (RDDP).

WDRO-LDR: Described in Section 6, this approach obtains decision rules by solving a multi-stage
distributionally robust optimization problem (Problem (6)) in which Ay is chosen to be the 1-
Wasserstein ambiguity set with the ¢;-norm. Similarly as SRO-LDR, the distributionally robust
optimization problem is approximated using linear decision rules, which is solved using a duality-
based reformulation provided in Appendix I. The robustness parameter is chosen using the same

procedure as SRO-LDR.

We perform computational simulations using the same parameters and data generation as See and

Sim (2010). Specifically, the demand is a nonstationary autoregressive stochastic process of the form

&= +as_1+4 -+ asy + p, where 61, ..., ¢r are independent random variables distributed uniformly

over [—¢,¢]. The parameters of the stochastic process are p =200 and ¢ =40 when T'=5, and p = 200
and ¢ = 20 when T = 10. The capacities and costs are Z; = 260, ¢, = 0.1, hy =0.02 for all t € [T], b, = 0.2
for all t € [T'— 1], and by = 2.

To compare the above data-driven approaches, we take the following steps. For various choices of

N, we generate 100 training datasets of size N and obtain decision rules by applying the above data-

driven approaches to each training dataset. The out-of-sample costs of the obtained decision rules are
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approximated using a common testing dataset of 10000 sample paths.? Specifically, for each sample
path (£i,...,&5) € RT in the testing dataset, we calculate production quantities (x’f"i’é, . ,x?’u) cRT
by applying the decision rule obtained from approach A on the /-th training dataset. The out-of-sample
cost of the decision rule is then approximated as

10000 T

1 Al Ai b Ai b
— cx”—i—max{h[”,—b]”}),
s 2 3o (e I
where the inventory levels (I 14 ’i’é, ey Iq“f\ ’i’e) are computed from the production quantities
(z0 L 2™ € RT and the test sample path (€7,...,&4) € RT. All sample paths in the training and

testing datasets are drawn independently from the true joint probability distribution.

As discussed earlier, Problem (2) is not guaranteed to find decision rules which are feasible for all re-
alizations in =. Therefore, the linear decision rules obtained by SRO-LDR and SAA-LDR, when applied
to sample paths in the testing dataset, may result in production quantities which exceed Z1,...,Zr or
are negative. Thus, before computing the out-of-sample costs, we first project each production quantity

Ai b

x; onto the interval [0, Z;] to ensure it is feasible. We discuss the impact of this projection procedure

at the end of the results section.

8.3. Results

In Table 1 and Figure 4, we report the out-of-sample costs and computation times of the various
approaches. SRO-LDR produces an out-of-sample cost which outperforms the other approaches, most
notably when the size of the training dataset is small, and requires less than one second of computation
time. We note that the out-of-sample cost of SRO-LDR roughly converges to the dynamic programming
(DP) estimate of the optimal cost of Problem (10), which suggests that linear decision rules provide a
good approximation of the optimal production decision rules for this particular stochastic problem. The
relationship between the robustness parameter and the in-sample and out-of-sample cost of SRO-LDR

is shown in Figure 5.

We briefly reflect on some notable differences between SRO-LDR and the other approaches. First,
the results demonstrate that a strictly positive choice of the robustness parameter is not necessary
to avoid asymptotic overfitting when Problem (2) is approximated with a fixed, finite-dimensional
space of decision rules; indeed, Table 1 and Figure 5 show that SAA-LDR can provide an out-of-
sample cost which is similar to that of SRO-LDR for moderate to large training datasets. However,
SRO-LDR produces an out-of-sample cost which significantly outperforms SAA-LDR when N is small
(N €{10,25}). More generally, this shows that there exist regimes in which a positive choice of the

2 For DDP and RDDP, we only evaluated on the first 1000 sample paths in the testing dataset, due to the computa-
tional cost of optimizing over the cost-to-go functions for each testing sample path.
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Table 1

Multi-stage stochastic inventory management: Average out-of-sample cost.

Size of training dataset (N)

T « Approach 10 25 50 100 DP

5 0 SRO-LDR  111.8(7.2)  109.5(1.3)  108.5(0.7)  108.0(0.3)
SAA-LDR 127.3(12.6) 111.7(3.1) 108.7(1.0) 107.9(0.3)
Approx PCM  118.5(2.2) 117.4(1.0) 117.1(0.7) 117.0(0.5) 108
DDP 2262.7(363.3)  1189.6(854.2) 525.4(510.8)  205.1(201.5)
RDDP 2255.5(393.2)  1175.8(856.2) 515.6(506.0) 202.4(195.3)
WDRO-LDR  2400.3(0.0) 2400.3(0.0) 2400.3(0.0) 2400.3(0.0)

0.25 SRO-LDR 113.0(4.2) 110.0(1.8) 108.7(0.8) 108.0(0.3)
SAA-LDR 127.6(13.0) 111.7(3.1) 108.6(1.0) 108.0(0.2)
Approx PCM  126.8(3.8) 125.3(1.5) 124.8(0.9) 124.6(0.8) 107
DDP 2251.5(488.8) 1393.7(897.8)  679.3(656.0) 236.9(240.5)
RDDP 2222.0(556.5)  1386.2(900.7) 670.1(654.9) 236.2(237.2)
WDRO-LDR  2400.7(0.0) 2400.7(0.0) 2400.7(0.0) 2400.7(0.0)

0.5 SRO-LDR 115.5(5.3) 112.0(4.0) 110.8(2.7) 111.7(2.6)
SAA-LDR  129.5(13.3)  113.1(6.8) 110.7(2.9)  111.6(2.6)
Approx PCM  136.0(4.8) 134.0(1.9) 133.4(1.2) 133.2(10)
DDP 2263.8(480.1)  1563.7(917.6)  777.5(787.7) 364.2(488.1)
RDDP 2253.8(515.8)  1532.6(940.9) 716.8(758.9) 334.6(477.1)
WDRO-LDR 2401.2(0.0) 2401.2(0.0) 2401.2(0.0) 2401.2(0.0)

10 0 SRO-LDR  208.9(1.0)  207.5(0.6)  206.8(0.5)  206.2(0.2)
SAA-LDR 293.9(70.1) 212.6(2.1) 207.8(1.1) 206.3(0.4)
Approx PCM 215.3(2.1) 214.5(0.6) 214.1(0.6) 214.1(0.4) 206
DDP 5211.4(1131.1) 2827.9(1757.5) 1335.6(1206.4) 497.5(550.2)
RDDP 5210.1(1133.4) 2820.3(1758.7) 1327.6(1206.0) 500.1(552.7)
WDRO-LDR  5800.3(0.0) 5800.3(0.0) 5800.3(0.0) 5800.3(0.0)

025 SRO-LDR  210.3(2.9)  207.8(1.1)  206.9(0.5)  206.3(0.2)
SAA-LDR 295.1(70.4) 212.7(2.1) 207.8(1.1) 206.3(0.4)
Approx PCM  228.7(4.5) 226.2(1.8) 225.7(1.1) 225.5(0.9) 206
DDP 5215.6(1350.1) 3214.7(1984.9) 1598.0(1566.5) 440.2(417.1)
RDDP 5202.0(1368.7) 3185.3(1977.1) 1593.6(1566.6) 437.0(418.0)
WDRO-LDR  5800.2(0.0) 5800.5(0.0) 5800.5(0.0) 5800.5(0.0)

0.5 SRO-LDR 211.1(3.9) 207.9(1.0) 206.9(0.6) 206.3(0.2)
SAA-LDR  297.8(70.7)  213.0(2.3) 207.9(1.1) 206.4(0.4)
Approx PCM  245.3(7.0) 242.1(2.7) 241.6(2.0) 240.9(L6) 0
DDP 5374.8(1052.7) 3676.4(2159.1) 1960.9(1878.3) 644.1(914.6)
RDDP 5313.0(1173.0) 3630.9(2161.4) 1949.2(1863.9) 644.0(913.3)
WDRO-LDR  5800.7(0.0) 5800.7(0.0) 5800.3(0.0) 5800.7(0.0)

Mean (standard deviation) for the out-of-sample cost of decision rules obtained by various data-driven ap-
proaches for Problem (10). The robustness parameters in SRO-LDR and WDRO-LDR are chosen using cross
validation. The column DP presents the dynamic programming approximations of the optimal cost of Prob-
lem (10) from See and Sim (2010, Tables EC.1 and EC.2), which have an accuracy of +£1%.

robustness parameter can still provide significant value even when Problem (2) is approximated using
linear decision rules. Second, we note that WDRO-LDR consistently produces decision rules with large
average out-of-sample cost; this is due to the fact that this approach requires the linear decision rules
to satisfy 0 <z, o+ 22;11 x1,sCs < @ for all (C1,...,¢r) € RTH which reduces to a static decision rule for

the production quantity in each stage. Finally, we remark that the average out-of-sample cost of DDP



Bertsimas, Shtern, and Sturt: A data-driven approach to multi-stage stochastic linear optimization 37

Figure 4 Multi-stage stochastic inventory management: Computation times for T =10, o = 0.25.
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Note. Computation times for data-driven approaches to the multi-stage stochastic inventory management problem.
Results are shown for T'=10 and a = 0.25, and similar computation times were observed for other choices of a. The

graph shows the mean value of the computation times over 100 training datasets for each value of V.

Figure 5 Multi-stage stochastic inventory management:

Impact of robustness parameter on SRO-LDR for T =10, o = 0.25.
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Note. The solid black line is the average out-of-sample cost of decision rules produced by SRO-LDR, and the shaded
black region is the 20th and 80th percentiles over the 100 training datasets. The dotted red line is the average in-
sample cost of SRO-LDR, and the solid green line is a dynamic programming approximation of the optimal cost of

Problem (10) from See and Sim (2010, Table EC.2).
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and RDDP improved significantly with the size of the training dataset, but produced high variability

across training datasets and required long computation time.

We recall that Table 1 reports the out-of-sample costs of SRO-LDR and SAA-LDR after their pro-
duction quantities are projected onto the feasible region (see Section 8.2). In Appendix K, we discuss
the impact of this projection procedure on the out-of-sample cost. Specifically, we show across the
above experiments that (7) SRO-LDR produces feasible production quantities for more than 93% of the
sample paths in the testing dataset, and (ii) the average ¢;-distance between the production quanti-
ties (27", ..., z2v"") and the feasible region [0,Z1] X --- x [0, Z7] is less than 2 units. This shows that

SRO-LDR consistently produces feasible or nearly-feasible decisions, and thus the out-of-sample costs

of SRO-LDR are unlikely to be an artifact of this projection procedure.

9. Conclusion

In this work, we presented a new data-driven approach, based on robust optimization, for solving multi-
stage stochastic linear optimization problems where uncertainty is correlated across time. We showed
that the proposed approach is asymptotically optimal, providing assurance that the approach offers a
near-optimal approximation of the underlying stochastic problem in the presence of big data. At the
same time, the optimization problem resulting from the proposed approach can be addressed by approx-
imation algorithms and reformulation techniques which have underpinned the success of multi-stage
robust optimization. The practical value of the proposed approach was illustrated by computational
examples inspired by real-world applications, demonstrating that the proposed data-driven approach
can produce high-quality decisions in reasonable computation times. Through these contributions, this
work provides a step towards helping organizations across domains leverage historical data to make

better operational decisions in dynamic environments.
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Appendix A: Verifying Assumption 3 in Examples

In this appendix, we show that each multi-stage stochastic linear optimization problem considered in this

paper satisfies Assumption 3.

A.1. Example 1 from Section 3

Consider the sample robust optimization problem

Z sup {2(¢1) 4+ 223(¢1,¢2)}

1
29 R—R, z3:R2R [NV

minimize
j=1Ceu
subject to 22(C1) +23(C1,C2) > G+ G V¢ e U;yzll/{]{,
22(C1), 23(¢1,¢2) >0 = U;yzll/{]{,.

We observe that the decisions must be nonnegative for every realization in the uncertainty sets. Moreover,
the following constraints can be added to the above problem without affecting its optimal cost:

22(Q) < sup {G+GY VCEUL UL,

N i
¢reus Uy

r3(C1,G) < sup {G+GF Ve U;'Vzlu'zir-

¢reull uy
Indeed, the above constraints ensure that we are never purchasing inventory which exceeds the maximal

(1 + (> which can be realized in the uncertainty sets. Thus, we have shown that Assumption 3 holds.

A.2. Example 2 from Section 4.3

Consider the sample robust optimization problem
minimize 1,
T1€EZ

subject to x> (1 V¢ € UL UL

We observe that an optimal solution to this problem is z1 =max, .~ i [¢1], and thus the constraint
j=1YN

7y < max ¢G+1
<1€U§\;1MJJV

can be added to the above problem without affecting its optimal cost. We conclude that Assumption 3 holds.

A.3. Example 3 from Section 4.3

Consider the sample robust optimization problem

minimize  xis
x1 ER2

subject to (1 (1 —z12) <z11 V(€ U§V:1u1<r

Ogﬂjlggl.
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We observe that an optimal solution to this problem is given by z1; = max, _ ~ i, ¢; and x12 =0. Thus,
w

¢1€

the constraint

11 < max (g
J

N
1 Eszll/{N

can be added to the above problem without affecting its optimal cost. We conclude that Assumption 3 holds.

A.4. Example 4 from Section 4.3
Consider the sample robust optimization problem

o 1
minimize NZ sup xz(Q)

:R—Z J
w2 j=1¢1eUy

subject to  z2((1) > ¢ V(G € U;-Vzluzjw

Since = =0, 1], we observe that the constraint
22(G1) <1 VG e UM U
can be added to the above problem without affecting its optimal cost. We conclude that Assumption 3 holds.

A.5. Example from Section 7

Consider the sample robust optimization problem associated with Problem (7):

Vn(glrlzlgnéiez %Z max {C (Qlo +ZQ1T) +hQ1o +ZUT(C1’C2) +fZZT(C1)}

j=1 eun = = =
subject to ER: Q2-(¢,) < Qro V¢ e UM U,
;r(lCl, C2) 2 b(Cor + Cir = Q2,(¢1) = Qur) —hQ2.(Cy)  Vre[R], € UL UL
0,(€1,€2) = M(Q1r — Cir — o) Vre[R], ¢ e U U
0 (€1:€62) 2 b (G = Qur) — i, vre (R, Ce UL UL
2 (€)M = Q2,(¢4) Vre[R], ¢ € UL Uy
%(¢1) €{0,1}, Q2,(¢1) >0, vr € [R], ¢ € UL UL

Since Z=R?", we observe that the constraints

0<Q11,---,Q1r < max  (Cir+ (o)

N i
CeU; Uy

R
0<Qip< max Z(C1T+C2r),

N J
¢eull uy

can be added to the above problem without affecting its optimal cost. It thus follows from the constraint
S Q2.(¢,) < Q1o that the constraints

R

0<Qa1(¢y),---,Q2r(¢;) <  max i Z(Cir—’_gé'r)’ VCGU?{:lZ/IJJ\.r

Y N
CEVL UN
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can also be added to the above problem without affecting its optimal cost. Finally, we can without loss of

generality impose the constraint for each retailer € [R] that

0 S UT‘(CI?CQ) = max{b(CZr + Clr - Q2T’(C]) - er') - hQZr(Cl)a
h(er - Cl'r - C2r)7
b (Clr - Ql'r) - hCQr} VC S U;\rzlulj\]

Applying the aforementioned bounds on the decision rules, we conclude that Assumption 3 holds.

A.6. Example from Section 8

Consider the sample robust optimization problem

minimize iz sup Z(Ctxt(Ch"'7Ct—1)+yt+1(§la"'act))

> I
oLy N j=1C¢eUN t=1

subject to It+1(C1,...,Ct):It(gh...,ct,l)—‘rl’t(Cl,...,Ct,l)—Ct VCEU;VZIZ/[JJV, VtE[T]

Yer1(Crse s G) 2> PiLia (Gry oo, G) V¢ e UL UL, Vi e [T
yt+1(<17 C 7Ct) Z _bt-[t+1(<17 e 7Ct) VC S U;'Vzlz/{]{fv Vt S [T]
0<2(Cryeeny Go) <7y V¢ e U U, Ve [T],

where I; =0 and Z= R For any feasible decision rule to the above problem and for each stage ¢, we observe

that the following constraint is satisfied:
T T
— sup Y <TGy G) S D3 VEEUL U
C'Gué\;ll/llj\] s=1 s=1

Moreover, we can without loss of generality impose the constraint that

0<y1(Cry---,G) =max{h L1 (s 5 Ce)y —bedira (Cry- o5 Ge) b VCGU?Iﬂ %

Applying the aforementioned bounds on I, 1((1,...,(;) over the uncertainty sets, we conclude that Assump-

tion 3 holds.

Appendix B: On the Tightness of the Bounds from Theorem 1

In Section 4.2, we introduced a lower bound .J and upper bound .J on the optimal cost J* of Problem (1). In
Theorem 1, we showed under mild assumptions that these quantities also provide an asymptotic lower and
upper bound on the optimal cost J, ~ of Problem (2). In this appendix, we demonstrate the practical value of
these bounds by establishing sufficient conditions for the lower and upper bounds to be equal and applying
those sufficient conditions to applications of multi-stage stochastic linear optimization from Sections 3, 7,

and 8.
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B.1. Sufficient conditions for J=J* and J=J*

We begin by developing our two primary results, Theorems EC.1 and EC.2, in which we establish sufficient
conditions for the lower bound J and the upper bound .J to be equal to the optimal cost J* of Problem (1).
In particular, we will show in the following Appendix B.2 that the sufficient conditions in these theorems
can be verified in examples in which the underlying joint probability distribution and the support of the
stochastic process are unknown. Consequently, the following two theorems can serve as practical tools for
demonstrating that our proposed robust optimization approach, Problem (2), is asymptotically optimal for

specific multi-stage stochastic linear optimization problems which arise in real-world applications.

We begin by developing our first primary result, Theorem EC.1, which establishes a sufficient condition
for the lower bound J to be equal to the optimal cost J* of Problem (1). Recall that S denotes the support
of the joint probability distribution. Speaking intuitively, the following theorem shows that J is guaranteed
to equal J* if there exists an optimal decision rule to a stochastic problem over any restricted support Scs
that can be extended to a decision rule that is feasible for Problem (1) and has a well-behaved objective

function. To see the utility of the following theorem, we refer the reader to the examples in Appendix B.2

THEOREM EC.1 (Sufficient condition for lower bound). Let Assumption 1 hold, and suppose there

exists an L >0 such that, for all S C S, the optimal cost of the optimization problem
mir;igr}(lize [Z c. (&) x,(&,...,& )1 {E € S}]

subject to ZAt(C)xt(Cl, ¢, <b(¢) V¢es
t=1
would not change if we added the constraints

0<th xtil,--,St1)§L<1+ma><{||£||7SHPIICII}) as.

¢es

ZAt Xt 517 --aSt—l) Sb(ﬁ) a.s.
Then, J=J*.

Proof.  We recall from the definition of the lower bound that J :=lim, 0 J,, where
th * Xy €1a---»€t_1)]1{€€§}

subject to ZAt(C)xt(Cl, 6 ) <b(¢) V¢eS

t=1
Therefore, it follows from the conditions of Theorem EC.1 that

migier;r(lize lz ct c X 517 : 751571)]1 {5 € 5}1

Jp: min subject to th(£)~xt(£1,...,£t71)20 a.s.

CE=:P(geS)>1—p —

minimize
xeX

J = min
SCE:P(¢eS)>1—p

ZAt Xt Cl?"'7Ct71)§b(C) VCES
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For any feasible solution to the above optimization problem, we observe that the function Zle c. (&) -

%(&y,--.,&,_1) is nonnegative almost surely. Therefore, for any arbitrary >0, a lower bound on J , is given
by
miriiemize th %, (&4, --7£t71)ﬂ{£€§7 1€l §r}1
J,.’=_ min subject to th(ﬁ) x,(&1,...,&_1) >0 a.s. (EC.1)
’ SCE:P(¢eS)>1—p P
ZAt Ox,(¢hse i) <bC) v¢es
mi{(liemize th x4 ( .ﬁl,...,ﬁtfl)ﬂ{ﬁeg, §|<r}1
> min , (EC.2)
5CE:P(eeS)>1—p ) ~
subject to ZAt(C)Xt(Cp 1) <b(€) YCeS:H|CI<r
t=1

where the inequality follows from removing constraints from the inner minimization problem in line (EC.1).

Furthermore, it follows from the conditions of Theorem EC.1 that line (EC.2) is equal to

th Xy 51,...,&_1)]1{565', €|l ST}]

subject to ZAt(C)Xt(Clv“'7Ct—1) <b({) VCe S: ||C|| sr

t=1

minimize
xeX

E~W’?1ég)>l P T
) Z Xy (&5, 8, 1) <L <1+maX{II€II7 sup CII}) a.s.
t=1 ¢es:|¢lI<r
> AExi(&y,- € 1) <)
! (EC.3)

minimize th c Xy €1a-~-7€t_1)]l{€ 65, €1l ST}]

xXEX

SCE:P(¢eS)>1—p

> min subject to O<ZC, xX4(&q,...,€_1) < L(1+max{||&]],r}) as. , (EC.4)
t=1

Xt €1a "ﬂ&t-l) Sb(é) a.s.

IIMH

where the inequality follows from removing constraints from the inner minimization problem in line (EC.3)
and using the fact that supe g, e <, €] <7

We now use Assumption 1 to obtain a lower bound on (EC.4). Indeed, Assumption 1 says that there
exists an a > 1 such that b:= E[exp(||€||*)] < oo. Therefore, for any feasible solutions S C Z and x € X to the

optimization problems in (EC.4),

th * Xt ‘517 ~'v£t71)]l{€¢5‘0r HEH >7‘}]
<E [L<1+max{||s||,r}>ﬂ{£¢5”or €l >r}]
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<E|L(1+max{¢l,r)1{€ ¢S }| +E[L A +max{],rDI{E] >r}]
E L2 (1 +max{]¢]l,r})?] p+\/E |22 (1 -+ max{|lgll,r})?] P(lE] > 7)

b
exp(r®)’

< B[22 1+ max (1)’ pwE L2 (1 max {jg]|, )’

h(p,r)

Indeed, the first inequality follows because 0 < >/, ¢,(€) - x,(€,,...,&, 1) < L(1 + max{||€]|,r}) almost
surely, the second inequality follows from the union bound, the third inequality follows from P(¢ € S§) >1—p

and the Cauchy-Schwartz inequality, and the fourth and final inequality follows from Markov’s inequality.

Therefore,
T
mir’}iergflize lzl x4 (&4, "7£t1)‘|
T
J,,.=>—h(p,r) + min subject to 0 < Z (&) -x:(&q,.. &) < L(1+max{||&]|,7}) a.s.
CE:P(£€S)>1—p —
T
Z Xt 61,...,£t71)§b(£) a.8.
ml{(uel;nze th - ( £1ﬂ"‘7£t1)]

subject to ZAt Ex:(&,...,&_ 1) <b(&) as.

t=1

. (EC.5)

The first inequality follows from the lower bound on J,,

in line (EC.4), the definition of h(p,r), and the
law of iterated expectation. The second inequality follows from removing constraints, and the final equality
follows from the definition of J*.

We now combine the above results to prove the main result. Indeed,

thm,] > lim hmJ > lim hm hip,r)+J* =J".

r—oo pl0 r—00 pl

The first inequality follows because J, > J, . for any arbitrary r > 0 and the quantity lim,cJ, . is mono-

tonically increasing in r. The second inequality follows from (EC.5). The final equality follows from the

definition of h(p,r) and Assumption 1. Since the inequality J < J* always holds, our proof is complete. [

We conclude the present Appendix B.1 by developing our second primary result, Theorem EC.2, which
establishes a sufficient condition for the upper bound J to be equal to the optimal cost J* of Problem (1).
Speaking intuitively, the following theorem says that .J is equal to J* if there are near-optimal decision rules
to Problem (1) that are feasible and result in an objective function which is both upper-semicontinuous and

well-behaved on a slight extension of the support S.
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THEOREM EC.2 (Sufficient condition for upper bound). Let Assumption 1 hold, and suppose for all
1> 0 that there exists an n-optimal decision rule X" € X for Problem (1) and p" >0, L™ >0 such that

: dist(¢, S) < p7; (EC.6)

(1]

ZAt XI(C1r Gl SD(O) VCE
Z X! (Cqye s C) SLT(1+C]) VCEE: dist(¢,5) < p™s (EC.7)

lim  sup {th(C)-X;’(Cl,...,Ct 1) } th X7 (&, €&,_1)  as. (EC.8)

e20¢es: |¢—¢|<e

Then, J=J*.

Proof.  For any arbitrary n > 0, consider an n-optimal decision rule x” € X for Problem (1) and constants

p" >0, L" >0 which satisfy properties (EC.6), (EC.7), and (EC.8). Then,

ng_E th Xt £17"’7£t1)‘|
T
= limE E~:S|12p§|<e{z -x{ Cp--thl)H
T
=B ZE%CE~_S|‘2PE|<€{Z i Cl’”.?CH)H
=FE th -x}( 617~"7£t1)‘|
SJ*Jrn.

Indeed, the first inequality follows from the definition of .J and the feasiblility of x” for the problem defining
J for all sufficiently small p, as indicated by (EC.6). The first equality is the definition of the local upper
semicontinuous envelope. The second equality follows from the dominated convergence theorem, which can be
applied because of Assumption 1 and (EC.7). The third equality follows from (EC.8), and the final equality
holds because x7 is an n-optimal decision rule for Problem (1). Since 7 > 0 was chosen arbitrarily and since

the inequality J* < .J always holds, our proof is complete. [

B.2. Applications of Theorems EC.1 and EC.2

In the previous section, we developed sufficient conditions, Theorems EC.1 and EC.2, for the proposed robust
optimization approach, Problem (2), to be asymptotically optimal for multi-stage stochastic linear optimiza-
tion problems. In this section, we use those sufficient conditions to show that Problem (2) is asymptotically
optimal in three data-driven examples of multi-stage stochastic linear optimization based on Sections 3,
7, and 8. All together, the three examples provide evidence that the lower bound and upper bounds in

Theorem 1 can be equal in applications of multi-stage stochastic linear optimization that arise in practice.
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B.2.1. Example 1 from Section 3. Consider the multi-stage stochastic linear optimization problem

T= e, Elra(6)+2ma(6.6)]

subject to r2(&1) +23(61,82) > & +62 as. (3)
r2(&1), 3(1,&2) >0 a.s.,

where the random variables € = (£;,&,) € R? denote the preorder and regular demand of a new product. We

assume that this stochastic process satisfies Assumption 1 and is contained in =:= Rﬁ_.

PROPOSITION 1. For Problem (3), J = J*. If there is an optimal x5 : R — R for Problem (3) which is

continuous, then J = J*.

Proof. Our proof is split into two parts:

e For any arbitrary Scs , we observe that the optimal cost of the optimization problem
minimize E (xg(fl)—&—2303(51,&2))1[{565’”
subject to  x2((1) +3((1,¢2) > &1 + & v¢e S (EC.9)
22(C1), #3(C15¢2) >0 v¢eS

would not change if we added the constraints

0<x3(&) <sup{Gi + (2} as.

¢es
0<23(1,82) <& +&  as.

Moreover, any feasible solution to Problem (EC.9) which satisfies the above constraints will also satisfy

0 <z2(&1) +223(61,&2) < 3max {SUI_){Q + G +§2} a.s.

¢es
as well as satisfy the constraints in Problem (3). Since Assumption 1 holds, we conclude from Theo-

rem EC.1 that J = J* for Problem (3).

e Let 23 :R — R denote an optimal second-stage decision rule to Problem (3) which is continuous. For

any M >0, define the new decision rules
3" (G1) = max{0, min{z3(C1), M}}, 5" (Cr, C2) = max {0, + G2 — 25" (G1) } - (EC.10)

We observe that the decision rules from (EC.10) satisfy the constraints of Problem (3). Moreover,

E [23" (&) + 223" (&1,62)]

=E [23(&)] +E [223" (&1, &)1{z5(&1) < MY] +E [2257 (&1, &)1 {z5(&1) > M}
<E[23(&)] +E [225 (&1, &)1 {z3(&) < MY] +E [2237 (&, &)1{x5(&1) > M}]
=E [25(&)] + E [223(&, &) {25(&) < M} +E [223 (€1, &)1 {z3(&1) > M}]
<J*+E [228 (€1, &)1{x3 (&) > M}]

ST 2E[(1 + &) {w5(61) > M }]

< T +2VE[(& +&)VP (23(6) > M),

EC.11
EC.12
EC.13
EC.14
EC.15

AAAAA,.\
D O D O —

EC.16
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Indeed, (EC.11) follows from the law of total probability; (EC.12) and (EC.13) follow from the definition
of the decision rules from (EC.10); (EC.14) holds because the inequality z3?(£;,&2) > 0 holds almost
surely; (EC.15) follows from the definition of the decision rule z3/(£;1,&3); (EC.16) follows from the
Cauchy-Schwartz inequality.

Since limy o P(25(&) > M) =0 and E[(&; +&)?%] < oo (Assumption 1), we have shown, for every
arbitrary n > 0, that there exists a constant M = M" > 0 such that the decision rules from (EC.10)
are an n-optimal solution to Problem (3). Moreover, we readily observe that the decision rules from
(EC.10) satisfy the properties of Theorem EC.2. Indeed, for every M > 0:

—Property (EC.6) is clearly satisfied by the decision rules (x5, z3").

— Property (EC.7) is satisfied by the decision rules (z3',z3") because the inequalities 0 < z7(¢y) +
203 (¢1,¢2) < M +2(¢1 + o) hold for all ¢ € E.

— Property (EC.8) is satisfied by the decision rules (z3!,z3’) because the optimal decision rules
(x3,x%) are continuous functions, which implies that (37, z3) are continuous functions as well over
the domain ¢ € =.

We thus conclude from Theorem EC.2 that J* = J for Problem (3).
|

B.2.2. Example from Section 7. Consider the multi-stage stochastic linear optimization problem

Jr= Q>ygir;i{r(r)1%g E|c (Qlo + ZQ“) +hQo+ Z”r(‘slafz) + fz z(€)
subject to Z Q2:(&1) < Qo a.s.
v:(&, €,) > bl + &1, — Qo (&1) — Q1) — hQan(&;)  Vr€[R)], as. (7)
0,(£1,€5) 2 1(Q1r — &1r — &2r) Vr € [R], a.s.
vr(€1,€2) > b (&1 — Quy) — héar Vr € [R], a.s.
2 (§1)M = Q2,(€) Vr e [R], as.,

where the random variables & = (£,,€,) € R*# denote the demands of a weekly magazine at different retailers.
We assume that this stochastic process satisfies Assumption 1 and is contained in Z:= ]R?'_R. For simplicity,

we focus on the case where f=0.

ProposiTION EC.1. For Problem (7), J = J*. Moreover, if there are optimal decision rules Q%;,..., Q% :

R® — R which are continuous, then J = J*.

Proof. Our proof is split into two parts:



ecl0 e-companion to Bertsimas, Shtern, and Sturt: A data-driven approach to multi-stage stochastic linear optimization

e For any arbitrary S C S, we observe that the optimal cost of the optimization problem
R R
inimi > Qi | +h 3 0, 11{ € S}
o uinimize (C (Qlo + 2 o ) + hQ10 + T:1U (& 52)) £ 1

subject to Z Q2-(¢1) < Q1o v¢esS
) (EC.17)

(Cl, C2) = b(Cor + Cir — Q2,(¢y) — Qi) —hQ2,(¢y) Vre[R],V(ES

0:(€1,65) = h(Q1r — C1r — Car) Vre[R],V¢eS

vr(ClaCQ) zb(clrinr)ihCQT VTE [R], VCGS

would not change if we added the following constraints:

Q1o < sup {Z (Cir +C21")}

¢esS \r=1
Qi <sup{Ci, + (o} Vr€[R]
¢es
Z Q2-(&1) < Qo a.s.
T(&la 62) S max {b(€2r + 517‘)7 h’erv bglr - h£2r} Vr e [R}, a.s.

Moreover, any feasible solution to Problem (EC.17) which satisfies the above constraints will satisfy

0<C<Q10+ZQ17«>+hQ10+Z (€1,€2) as,

r=1 r=1
will satisfy

(Qm + ZQh) +hQuo+ Zv (&1,85)

r=1

<c <SUP{ C1T+C2r)}+zsul}{§1r+§2r > +hsup{ (Cir + Cor) }
¢eS r=1 r=16€S CES (r=1
+ Zmax{ (G +-&10) hsup {Gro - Gar} e = hs%} a.s.
S (2C+ 2h’ + b) max {Z(glr + 527‘)7 SUP {Z(Clv‘ + C27‘) } } a.s.,
r=1 ces r=1

and will satisfy the constraints of Problem (7). Therefore, it readily follows that the conditions of

Theorem EC.1 are satisfied, which implies that J = J* for Problem (7).

o Let Q3y,..., Q5 : R = R denote optimal decision rules for Problem (7) which are continuous, and let
Q%os - - -, Qg denote optimal first-stage decisions for Problem (7). We define the following new decision
rules for all retailers r € [R] and all realizations ¢ = (¢;,¢,) € E:

@5,.(¢1) = max {O,min {Qzl(g)aQ;o - ZQQS(Q)}}

s=1
(€1, o) = max {b(Car + C1r — @,(C1) — Q) — @5, (1), MR, — Cir — o), 0 (Crr — Q7)) — hC2 } -
We observe that (Q%g,...,Qir, Qa1s- -, Q5p, V1, ..., V%) is an optimal solution to Problem (7) and sat-
isfies the conditions of Theorem EC.2, which concludes our proof that J* = J for Problem (7).
O
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B.2.3. Example from Section 8 Consider the multi-stage stochastic optimization problem

T

J*= minimize E Z(ctxt(fl,...ft,l)+yt+1(§17...,§t))

x, Ly Py

subject t6 Ty (E1. €)= L(€rser s o)+ 20(Erse o 1) =& aus., VEE [T
Yorr(E1re e 6) = hoTosr (€1, &) as., Vi [T] (10)
Yoir (1 s &) > bl (61, 6) as., Ve [T]
0< au(Ersn s b0 ) < 2 as., Vi€ [T).

where I; =0 and the parameters ¢, h;,b;, T, are nonnegative for all periods t € [T]. We assume that the

stochastic process £ = (&1,...,¢r) € R” satisfies Assumption 1 and is contained in Z=RY.

PRrROPOSITION EC.2. For Problem (10), J = J*. Moreover, if there exist optimal decision rules x} : R*~1 —

R which are continuous, then J = J*.

Proof.  Our proof is split into two parts:

e For any arbitrary S C S, we observe that the optimal cost of the optimization problem

x, Ly

minimize E Z(ctxt(gl,...,ﬁt_1)+yt+1(§1,...,&))H{EGg}]
=1

subject to  L41(CrseoyG) = L(Crse vy Gor) +26(Cry o, G1) — G VE €S, VEE [T]
Y1 (Coee s G) > hedin (G e, G) V¢ €S, Vte [T) (EC.18)
Yer1(Cryee oy C) > =Ly 1 (Crye s G2 V¢ e S, Ve [T
0<a(Chy.n s Gn) <7y V¢ e S, vie [T).
would not change if we added the following constraints for each period ¢ € [T1:
Li1(&ay &) =18, &) a(&r, .o &21) — & a.s.
Yer1(&aye o &) =max {h 1 (&, .., &), —bLiy1(&a,...,6)}  as.
0<ai(&ry.. s &1) <y a.s.

Moreover, any feasible solution to Problem (EC.18) which satisfies the above constraints is feasible for

Problem (10) and also satisfies

T T T T T T
OSZ(Ctxt(gl)"'7€tfl)+yt+l(€la"-7£t)) S <th+zht> (th> + (th> <Z§t> a.s.
t=1 t=1 t=1 t=1 t=1 t=1
Therefore, it readily follows that the conditions of Theorem EC.1 are satisfied, which implies that J = J*
for Problem (10).

e Let 27 : R'"! =R for each t € [T] denote optimal decision rules for Problem (10) which are continuous.

We define the following new decision rules for each period ¢ € [T'] and all { € =:

2, (Ciye oy Gor) = max{0, min{z} (¢1,...,(-1), Tt} }
It/+1(C17' . 7<t) = Itl(<17 . '7Ct71) +',I::5(<17 . '7<t71) - Ct
y1/t+1(417 ce 7Ct) = max{htItIJrl(Cla T 7Ct)’ _thtl+1(C1a e ~7<t)} )
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where I{ = 0. We observe that (2%,...,2%,y5,..., ¥ 1,11,...,I7,,) is an optimal solution to Prob-
lem (10) and satisfies the conditions of Theorem EC.2, which concludes our proof that J* = J for
Problem (10).

O

Appendix C: Proof of Theorem 1 from Section 4.2

In this appendix, we present the proof of Theorem 1. The theorem consists of asymptotic lower and upper

bounds on the optimal cost of Problem (2), and we will address the proofs of the two bounds separately.

We first present the proof of the lower bound, which utilizes Theorem 2 from Section 4.2 and Theorem 3
from Section 4.4.
THEOREM 1A. Suppose Assumptions 1, 2, and 8 hold. Then, P> -almost surely we have

J <liminf jN.
N— o0

Proof. Recall from Assumption 1 that b:= Elexp(]|€||*)] < co for some a > 1, and let L >0 be the

constant from Assumption 3. Then,

STPY( sup LA+(¢]) >logN | =) P¥ (I_nax {L(l + 1€ +eN)} > logN) (EC.19)
N=1 ¢eul ud N=1 JEN]

IN

NP(L(1+ ||&|| + en) >log N) (EC.20)

loe N
NP(||£|| : —1—eN)

NP (exp<||s|“> son (5 1o ) )

Nb
exp (5% —1-en)")

I
M 102 114

2
ﬂ.

[M]#

(EC.21)

AN
Z
8

(EC.22)

where (EC.19) follows from the definition of the uncertainty sets, (EC.20) follows from the union bound,
(EC.21) follows from Markov’s inequality, and (EC.22) follows from a > 1 and ey — 0. Therefore, the Borel-
Cantelli lemma and Assumption 3 imply that the following equality holds for all sufficiently large N € N,

P>-almost surely:

Jy = minimize —Z sup th Xt (Crsee s Cen)

xeX
j=1 CEMN t=1

| (EC.23)
subject to ZAt O)x:(Cqy---5€C 1) <b(C) V¢ e UL U

th Cys- "7Ct—1)” <log N V¢ GU;'V:IUJ]\'I’ t
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Moreover, since ¢1(¢) € R™,...,cr(¢) € R"* are affine functions of the stochastic process, it follows from
identical reasoning as (EC.19)-(EC.22) and the equivalence of ¢,-norms in finite-dimensional spaces that
SUP¢ceN 1, lle:(¢)]l« <log N for all sufficiently large N € N, P°-almost surely.

We now apply Theorem 2 to obtain an asymptotic lower bound on the optimization problem in (EC.23).
Indeed, let My be shorthand for N ~ @@ log N. Then, for all sufficiently large IV € N, P>-almost surely,

and for any decision rule x € X which is feasible for the optimization problem in (EC.23),

th * Xy 517--~,§t71)ﬂ{§€U§y=1uzjv}

t=1
N

Nz up th Xe(CpyvnCmy) My su th Xt (Cys5Ci1)
j=1CEUX t=1 ¢eull MN t=1
N T

NZ upzct Xe(Crre ) A My S sup el (G G
Jj=1 Nt 1 t=1 CEUJN=1M]J\]
N

< *Z sup th Xy ( Cla"'?Ct—1)+TMN(logN)27

j= 1C€MN t=1
where the first inequality follows from Theorem 2, the second inequality follows from the triangle inequal-
ity and the Cauchy-Schwartz inequality, and the third inequality follows because ||c;(¢)]l. < log N and
[I%:(Cqs- -5 €p)|| <log N for all sufficiently large N € N and all realizations in the uncertainty sets. We remark
that the above bound holds uniformly for all decision rules which are feasible for the optimization problem
n (EC.23). Therefore, we have shown that the following inequality holds for all sufficiently large N € N,

P>°-almost surely:

Jn +TMy(logN)? > minimize th X, (€pse . € )T{E€UN U}
subject to Z A (O)x(CyheCq) £D(C) V¢ e UM U,
t=1
||xt(C1,...,Ct_1)H§logN VCEUN ULt

Next, we obtain a lower bound on the right side of the above inequality by removing the last row of
constraints and relaxing Uleuzi, to any set which contains the stochastic process with sufficiently high

probability:

th Xy 51,...,€t_1)11{£€§}

subject to ZAt(C)xt(Cl,...,Ct_l)gb(C) v¢es

t=1

P(¢eS)=P(ecul ).

minimize
x€X,5CE

Finally, for any fixed p € (0,1), it follows from Theorem 3 that P(& € U;y:ll/l]{, NS) > 1—p for all sufficiently

large N € N, P><-almost surely.® Furthermore, we observe that T'My (log N')? converges to zero as the number

8 We remark that Devroye and Wise (1980, Theorem 2) could be used here in lieu of Theorem 3. Our primary use of
Theorem 3 is in the proof of Theorem 2.
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of sample paths N tends to infinity. Therefore, we have shown that the following inequality holds, P>-almost

surely:

hm 1nf T N >  minimize
xXEX, SC =

th x¢(&,- '-agz_l)ﬂ{geg}]

subject to ZAt(C)Xt(Cla ¢ 1) <b(() WeSs

t=1
P (s e S) >1-p.
Since the inequality holds true for every p € (0,1), and since the optimal cost of the above optimization

problem is monotone in p, we obtain the desired result. [J

We now conclude the proof of Theorem 1 by establishing its upper bound.

THEOREM 1B. Suppose Assumption 2 holds. Then, P>-almost surely we have
lim sup jN <J.
N —oo

Proof.  Consider any p > 0 such that there is a decision rule x € X which satisfies
th X (€, E0y) | <00, (EC.24)

ZAt Ox(¢hyen s, ) <b(C) YEeZ: dist(¢,S) < p. (EC.25)

Indeed, if no such p >0 and x € X existed, then J = oo and the desired result follows immediately. We recall
from Assumption 2 that ey — 0 as N — co. Therefore,

N T

. T . 1
hmsupJNghmsup—Z sup th(C)'Xt(Cp“-th—l)
N—roo N—roo j=1CE€E: [¢—&I[|<en =1
1 & -
<khm hmbup—z sup Zcz(C)'Xt(¢17-~-7Ct—1)
T Nooo =1 CES: [I¢—&7||<ep =1
T
= klirn E sup th(C) %X (Cqs-- .,Ct_l)] P*-almost surely

CesI¢~¢lI<er T}

=E

th "Xy 613"'7£t—1)] : (EC.26)

The first inequality holds because the decision rule is feasible but possibly suboptimal for Problem (2) for all
N > min{N ey < p}. The second inequality holds because €, > €y for every fixed k and all N > k. The first
equality follows from the strong law of large numbers (Erickson 1973), which holds since (EC.24) ensures
that

E

max{ sup Zcxc»xt(cl,...,ct1>,0H<oo

CEE: [[¢—€ll<er 1
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for all sufficiently large k. The final equality follows the definition of the local upper semicontinuous envelope.
Since the set of decision rules which satisfy (EC.25) does not get smaller as p | 0, we conclude that the
following holds P>°-almost surely:

T
limsupJy < lim minimize E Zcz(é)oxt(gl,...,ft_l)
=1

N—o00 pl0 XEX
subject to > Au(¢)x(Cyy--,¢, 1) Sb(C) VEEE: dist(¢,S) < p.

t=1

This concludes the proof. [

Appendix D: Proof of Theorem 2 from Section 4.2

In this appendix, we present the proof of Theorem 2. The proof is organized as follows. In Appendix D.1,
we first develop a helpful intermediary bound (Lemma EC.2). In Appendix D.2, we use that bound to prove
Theorem 2. In Appendix D.3, we provide for completeness the proofs of some miscellaneous and rather

technical results that were used in Appendix D.2.

D.1. An intermediary result

Our proof of Theorem 2 relies on an intermediary result (Lemma EC.2), which establishes a relationship be-
tween sample robust optimization and distributionally robust optimization with the 1-Wasserstein ambiguity

set. We begin by establishing the relationship for the specific case where there is a single data point.

LEMMA EC.1. Let f:R?— R be measurable, Z CR?, and é’ €Z. If,,>20, >0, then
26
sup  Eol[f(€)]<  sup  f(¢)+ Y suplf(Q)] (EC.27)
QeP(2): Egllli¢—£ll]<61 CEZ: |IK—€lI<b2 2 ¢ez
Proof. We first apply the Richter-Rogonsinski Theorem (see Theorem 7.32 and Proposition 6.40 of
Shapiro et al. (2009)), which says that a distributionally robust optimization problem with m moment
constraints is equivalent to optimizing a weighted average of m + 1 points. Thus,
sup MECH+A =N ()

¢1,¢2ez,nel0,1
sup  Bolf(g)] =4 ¢ T
QeP(2): Eg[llg—¢lll<6: subject to )\‘

¢ —g+a-ne-g| <o
sup AF(CH+ 1 =0)f(¢%

¢t ¢2ez,e(0,1]

subject to A ‘

IN

(EC.28)

CI*EHSQM (1*)\)‘

C2*éH <0,

where the inequality follows from relaxing the constraints on ¢' and ¢2. Let us assume from this point
onward that sup..z [f(¢)| < oo; indeed, if sup, - |f(¢)| = oo, then the inequality in (EC.27) would trivially
hold since the right-hand side would equal infinity. Then, it follows from (EC.28) that

sup Eq[f(§)] < sup /\< sup f(C)) +(1-X) sup fQ) ] ¢ (EC.29)

QeP(2): Egll€—Ell1<6: 0<A=<1 cez:|¢c-gI< cez:|lc—&ll< 18
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We observe that the supremum over 0 < A <1 is symmetric with respect to A, in the sense that A can be
restricted to [0,1] or [$,1] without loss of generality. Moreover, under the assumption that 65 > 26, the
interval [0,1 — —] is a superset of the interval [0, 1]. Combining these arguments, we conclude that the right

side of (EC.29) is equal to

sup A < sup f((:)) +(1-X) sup f(©) . (EC.30)

o 2 6 2 0
osxgl—é CeZ:|¢—€lI<F CeZ: IK-ElI<t2x

for every feasible A for the above optimization problem. Using this inequality,
we obtain the followmg upper bound:

sup Eq [f(8)]

QeP(2): Eglllg—Ell]<6:

o (e s0)e0on ()
0<A<1-gL cez:¢-&I< % ¢ez: [¢—&l <0

= sup  f({)+ sup {/\< sup  f(¢)—  sup f(C)>}7 (EC.31)

CEZ:[|C—E[<02 0§A§1—Z—1 cez:¢c—I< CEZ:[|C—E[<02

where the above equality comes from rearranging terms. For every 91 <A<1- 9—;, it immediately follows

from 97 < 64 that

sup  f(¢)— sup  f(¢) <0,

cez:|lc-g|< L CEZ:[[C—E<b2

A

and the above holds at equality when A = 9—1 Therefore,

sup {A( s f(Q) - swp f<<>>}
0<A<1-gL cez:|¢c-&I< CEZ: [IC—&)1<h2

~ sup {A( sup Q)= sup f<<>>} (EC.32)

O<>\<9—1 cez:¢c-g< CEZ:[[C—E<b2

sup { (supf — inf f(C))} (EC.33)
0<A<iL ¢ez cez

01

<2 supl 7). (EC.34)
2 ¢ez

Line (EC.32) follows because we can without loss of generality restrict A to the interval [0, Z—;} Line (EC.33)
is obtained by applying the global lower and upper bounds on f(¢). Finally, we obtain (EC.34) since
0 <sup f(¢) — inf f(¢) <2sup|f(C)].
¢ez cez cez

Combining (EC.31) and (EC.34), we obtain the desired result. O

We now extend the previous lemma to the general case with more than one data point. In the following, we
let Py denote the empirical distribution of historical data €,...,€N € R%, Z CR? be any set that contains
the historical data, and d;(-,-) denote the 1-Wasserstein distance between two probability distributions (see

Section 6).
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LEMMA EC.2. Let f:R? =R be measurable, Z CR?, and &*,...,&N € Z. If 65 > 260, >0, then
1 & 40,
sup Eo[fI< > suwp  f(O)+ = supl|f(C).

QeP(2):d1 (Q, Py)<0; N j=1CEZ: ¢—&7]1<02 02 ¢ez

Proof.  'We recall from the proof of Mohajerin Esfahani and Kuhn (2018, Theorem 4.2) that

{QeP(2): di(@Py) <0} = ZQJ.NZ o [lE-&1] <6,

Qla"'aQNEP( )
Therefore,

N N
1 1
sip _ Eg[f(€)]= sup {Z sip Eo[f(€)]: NZwsel}.
QeP(2):d1(QPN)<O: ~yeRY =1 QeP(2): Eglllc—&7 (1<, =

For any choice of v € RY, we can partition the components 7; into those that satisfy 2v; <6, and 2v; > 65.
Thus,

sup  Eg[f(§)]
QeP(2):d1(QPN)<O1
1 1
<smp Y sup Eolf(@)l+5 ). swplf(¢ Z% <6, ¢, (EC.35)
’YERQJ je[N];27j§g2QGP(Z)ZEQ[“CfﬁjH]S"/j FEIN]: 2v;>62 CEZ

where the inequality follows from upper bounding each of the inner distributionally robust optimization
problems for which 2v; > 6, by sup.z [f({)[. Due to the constraints on -, there can be at most %
components which satisfy 2v; > 6. It thus follows from (EC.35) that
sup  Eq[f(8)]
QeP(2):d1(QPN)<O1
1 20,
<sup 4= Y sup Z% <t + fsuplf( )l (EC.36)
"/ERQ FE[N]: 27, <02 QeP(2):Eqlli¢—¢&7 H]S"M

To conclude the proof, we apply Lemma EC.1 to each distributionally robust optimization problem in (EC.36)
to obtain the following upper bounds:

sup Eq [f(8)]

QeP(2):d1 (QPN)<O1

1 27 1 20
<swp i< Y ( sup f<c>+g’sup|f<c>|) D S0+ sl (O] (EC.37)
veRY JE[N]: 2v; <05 \$EZ: I¢—&7(1<02 2 ¢ez j=1 2 ¢ez
1 — 2, 1 20
< sup { — sup Q)+ ZZsup [ F(Q)] | 1 YW <1 g+ o sup|f(Q)) (EC.38)
wEM{NJZ: (CEZ: li¢—&711<62 02 cez N; = 02 ¢ez
1 & 46
== sup  f(¢)+ = sup|f(C)]- (EC.39)
N;ce& l¢—&711<62 02 cez

Line (EC.37) follows from applying Lemma EC.1 to (EC.36). Line (EC.38) follows because
2
sup  f(Q)+ g sup | £(Q)] >0
CEZ: ||¢~E7(|<02 2 ¢ez
for each component that satisfies 2v; > 2, and thus adding these quantities to (EC.37) results in an upper
bound. Finally, (EC.39) follows from the constraint + Zj.v:l v; <61. This concludes the proof. O
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D.2. Proof of Theorem 2

We have established above a deterministic bound (Lemma EC.2) between sample robust optimization and
distributionally robust optimization with the 1-Wasserstein ambiguity set. We will now combine that bound
with a concentration inequality of Fournier and Guillin (2015) to prove Theorem 2. We remark that the
following proof will employ Theorem 3 from Section 4.4 as well as notation from Section 6. For clarity of
exposition, some intermediary and rather technical details of the following proof have been relegated to

Appendix D.3.

THEOREM 2. If Assumptions 1 and 2 hold, then there exists a N € N, P=-almost surely, such that

E[f©H{EUL U] <+ D s 7O+ M swp Q)
j=1¢eUy ceu_ﬁ.\’zlu{\,

for all N > N and all measurable functions f :R¢ =R, where My = N_ @D log N.

Proof. Let k>0 be the coefficient from Assumption 2, and define & = x/8. For each N € N, define
. RN~z log N, ifd=1,
YT EN-a(logN)?, ifd>2.
It follows from Fournier and Guillin (2015) and Assumption 1 that d; (P, @N) <y for all sufficiently large

N € N, P>*-almost surely (see Lemma EC.3 in Appendix D.3). Therefore, for every measurable function

RIS R,

E[f(O1{¢ e UL U3 }]
=]E[ fE&+ sup |fQI|I{geUl )| — | sup  [f(O] | PE UL U)
¢eul uy, ¢eul uy,
< sup Eq | { f€)+ sup [fOI|I{gecU Ui} — | sup [fQ] | P(§ UL UR),
QeP(E):d1(QPN)<SN CELJ;V:lUJJV CEU?’leI}J\]

q(&)
(EC.40)

where the inequality holds for all sufficiently large N € N, P*°-almost surely. Next, we observe that g(£)
equals zero when £ is not an element of U;.V:ll/{{\} and is nonnegative otherwise. Therefore, without loss of
generality, we can restrict the supremum over the expectation of g(£€) to distributions with support contained

in UM, U3 (see Lemma EC.4 in Appendix D.3). Therefore, (EC.40) is equal to

sup Eo || f(&)+ sup [F(OI|T{¢cUll U} - sup |f(Q)] | P(& € UIL,UY)
QeP (LN, UL):di (QPN)<on ceul ud ¢eul uy,
= sup Eg [ &)+ sup [fOI]|—| sup Q] |PEeUl,uUy)
QeP(UI, Uy ) d1(QPN)<éN ¢eul uy, ¢eul uy
= sup Eg[f(E)]+ | sup [f(O] ] P& UL U, (EC.41)

QeP (U ul): d1(QFN)<on ceul ud
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where the first equality follows because the support of probability distributions in the outer-most supre-
mum is restricted to those which assign measure only on Uj.\’zluf;,, and the second equality follows because
SUP¢ceun 1, |7(¢)| is independent of Q. By Assumption 2 and the construction of §, we have that ey > 2y
for all sufficiently large N € N. Thus, it follows from Lemma EC.2 that (EC.41) is upper bounded by

N

S A+ @+ [ s 1O BlEgUL UL (BCa2)

' c .
j=1¢eu} No¢eul uy, ¢eulluy,

By the definition of dy, and since ey = kN~5 when d=1 and ey = kN~ when d > 2, we have that
?—NN < % for all sufficiently large N. Finally, Theorem 3 implies that P(£ & U;.Vzll/l]]\']) < % for all sufficiently

large N, P>*-almost surely. Combining (EC.40), (EC.41), and (EC.42), we obtain the desired result. [

D.3. Miscellaneous results

We conclude Appendix D with some intermediary and technical lemmas which were used in the proof of
Theorem 2. The following lemma is a corollary of Fournier and Guillin (2015, Theorem 2) and is included

for completeness.

LEMMA EC.3. Suppose Assumption 1 holds, and let

. EN~2log N, ifd=1,
YT RN-d(log N)2, ifd>2,

for any fixred & > 0. Then, d(P, @N) <y for all sufficiently large N € N, P*-almost surely.

Proof. Let N €N be any index such that 6 <1 for all N > N. It follows from Assumption 1 that there
exists an a > 1 such that b:=E[exp(||€]|*)] < co. Thus, it follows from Fournier and Guillin (2015, Theorem
2) that there exist constants ¢;,cs >0 (which depend only a, b, and d) such that for all N > N,

crexp (—caN6%), ifd=1,
o c 2 .
]P)N (dl(P,PN) >5N) S c1exp (-m) , if d:27 (EC43)
crexp (—ca N ), if d> 3.

First, suppose d =1 and N > N. Then, it follows from the definition of dy = ZN~z log N and (EC.43) that
PN (dl(IP,HADN) > 5N> < crexp (—2N6Y) = crexp (—cai*(log N)?) .

Second, suppose d =2 and N > N. Then, it follows from the definition of dy = RN‘%(log N)? and (EC.43)

that there exists some constant ¢ >0 (which depends only on & and c¢z) such that

_ 02N§]2\7
log(241/dx)?

S
( cai(log N)* )
(

]P)N (dl(]P7I/P\)N) > 51\1) S Cc1€Xp

log(2+ 72Nz (log N)~2)2
_ cR*(logN)* >
log(2+R-2N2)?
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Third, suppose d >3 and N > N. Then, it follows from the definition of dy = &N~ a (log N)? and (EC.43)
that

PN (dl(IP’, Py) > 5N> < crexp (—e2N&Y) = crexp (—ca(log N)*).

Therefore, for any d > 1, we have shown that
3By ( [, Py) > 6N)
N=1

and thus the desired result follows from the Borel-Cantelli lemma. O

The second lemma (Lemma EC.4) demonstrates that restrictions may be placed on the support of an
ambiguity set in distributionally robust optimization without loss of generality when the objective function

is nonnegative.

LEMMA EC.4. Suppose EC R and £',... €N € ZC E. Let g: E — R be any measurable function where
g(¢) >0 for all ¢ € Z. Then, for all >0,
sup  Eglg(§)I{§€ 2} = sup  Eqg[g(§)]
QeP(E):d1(Q,PN)<0 QeP(2):d1(QPN)<O
Proof.  For notational convenience, let g(¢) :== g({)I{¢ € Z} for all ¢ € E. It readily follows from Z C =
that
sup  Eqlg(§)] = sup  Eq[g(§)]= sup  Eqlg(§)],
QeP(8):d1(QPN)<O QeP(2):d1(QPN)<O QeP(2):d1(QPN)<O
where the equality holds since §(¢) = ¢(¢) for all ¢ € Z.
It remains to show the other direction. By the Richter-Rogonsinski Theorem (see Theorem 7.32 and

Proposition 6.40 of Shapiro et al. (2009)),

sup
¢it ¢i2eg, M elo,1]

2|~

<.
Il
-

(Mg(¢) + (1= X)3(¢™))

sup  Eq[g(§)] =
QeP(E):d1(QPN)<O

2|~

<.
Il
iR

subject to (Ve =&+ a-n)e” -&)) <o

For any arbitrary n >0, let (¢7*, {72, S\j)je[m be an n-optimal solution to the above optimization problem.
We now perform a transformation on this solution. For each j € [N], define A’ = M, and for each * € {1,2},
define {7 = ¢7* if {9* € Z and {7* = & otherwise. Since §(¢) > 0 for all ¢ € Z and g(¢) =0 for all ¢ ¢ Z, it
follows that g(¢7*) > g(¢7*). By construction, (¢71, (92, /u\j)]-e[N] is a feasible solution to the above optimization

problem, and is also feasible for

(V) + (1= X)g(¢™)

=l

¢it ¢i2ez 2\ €l0,1]

(wncﬂ &ll+ (-2 -&) <0

Z\H

subject to
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where we replaced the domain of ¢/* and ¢’ by Z. We have thus shown that

AR o
sup  Eo[g(&)) < > (Wg(¢h) + (1= N)g(¢®)) +1
QeP(E8):d1(P,Py)<0 j=1
< S (WaE) 1 -Mg@) +n< s Bola(€) 4
i=1 QeP(2):d1(Q,PN)<O

Since n > 0 was chosen arbitrarily, and by the equivalence of g and g on Z, we have shown the other direction.

This concludes the proof. [

Appendix E: Details for Example 2 from Section 4.3

In this appendix, we provide the omitted technical details of Example 2 from Section 4.3. For convenience,

we repeat the example below.

Consider the single-stage stochastic problem
miillig%ize T
subject to x; >&; a.s.,
where the random variable &, is governed by the probability distribution P(&1 > «) = (1 —«)* for fived k>0,
and Z2=10,2]. We observe that the support of the random variable is S =[0,1], and thus the optimal cost of
the stochastic problem is J* =1. We similarly observe that the lower bound is J =1 and the upper bound,

due to the integrality of the first stage decision, is J =2. If ex = N*%, then we prove in Appendiz E that the

bounds in Theorem 1 are tight under different choices of k:

Range of k Result
ke (0,3) P”(J<%MMj}hmmmj&J)l
—0 N — oo
k=3 P”(J%mMj}<hmmmj&J)l
—0 N — oo

ke (3,00) P> (Jlipl;ninij =limsup Jy < J) =1

N —oo

We now prove the above bounds. To begin, we recall that P(£; > «) = (1 — «)*. Thus, for any k > 0,
=1i i :P(z, > >1—p}t=1
J = lim min {z1:P(21>2&)>1-p}=1, and

J =lim mi x> 14 p)=2.
g loimz o)

Furthermore, given historical data, the choice of the robustness parameter ey = N *%, and ==10,2],

1, if maxje(n & <1-N-
2, if max;e(n & >1-N-

1
3,
1

3.

jN :ml%{.’lfl Iy 24-17 VCl GU;V:]_UIJV} :{
T1E€

We first show that

P> <lim sup Jy = 1) (Claim 1)

N — oo

0, if0<k<3,
1, ifk>3.
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Indeed,

P <limsup jN = 1)

N—o0

=P (max & <1-N- 3 for all sufficiently large N )
jelN

= lim P* (max§1<1n s for alln>N)

N— oo j€[n]

= lim P* (maxf{ Sl—N’% and maxé{ §1—n’% for all n>N+1>

N—roo J€[N] j€[n]

= lim PV <max§1<1 > H <max§1<1n 5| max & <1(n1)é) (EC.44)
N — oo e +1 [n] j€ln—1]

= lim P (max§] <1-N ) ]P’(é;‘gl—n_é max é{gl—(n—l)_é> (EC.45)
N—oo JE[N] NN j€[n-1]

= lim P(glgkN*é) I1 P(ﬁlgl—n*%> (EC.46)
N — o0 N1

—1im (1-54)" [ (1-n7%) (BC.A7

T N " ' '

n=N+1
Line (EC.44) follows from the law of total probability. Line (EC.45) follows because, conditional on

MaX,e[n_1] £ <1—(n—1)"%, we have that & <1—n"3 for all j € [n—1]. Line (EC.46) follows from the
independence of &7, j € N. By evaluating the limit in (EC.47), we conclude the proof of Claim 1.

Next, we show that

P> (hm inf Jy = 1) —1if k> 3. (Claim 2)

N—oco
Indeed,
P (hminf jN = 1) =P (maxfl <1-N"% for infinitely many N)
N —o0 JEIN

= lim P> (maxé” <1-n"7 for some n>N)

N —oc0 j€[n]

> lim PV (maxfl <1Né)
N — o0 JE[N]
. _1\VN

- ngnoolp(flgl—N ) (EC.48)
. _e\ N

= lim (1—N s) . (EC.49)

Line (EC.48) follows from the independence of £7, j € N. We observe that the limit in (EC.49) is strictly
positive when &k > 3. It follows from the Hewitt-Savage zero-one law (see, e.g., Breiman (1992), Wang and
Tomkins (1992)) that the event {max;c[n é”l <1— N3 for infinitely many N} happens with probability
zero or one. Thus, (EC.49) implies that the event {liminfy_,. Jy = 1} must occur with probability one for

k>3.

Finally, we show that

pee <liminf Ty = 1) —0if0<k<3. (Claim 3)

N—o0
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Indeed, suppose that 0 < k < 3. Then,

oo N %) N 00 N
P"O(J 21)2 IP’N<maX ]Sl—N_é>: (1—N_%) < 00.
Therefore, it follows from the Borel-Cantelli lemma that

P> (h}\rfn inf jN = 1) =P (max éjl >1—N"3 for all sufficiently large N) =0,

JE[N]

when 0 < k < 3, which proves Claim 3.

Combining Claims 1, 2, and 3 with the definitions of .J and .J, we have shown the desired results.
Appendix F: Proof of Theorem 3 from Section 4.4

In this appendix, we present the proof of Theorem 3. Our proof techniques follow similar reasoning to Devroye
and Wise (1980) and Baillo et al. (2000) for Sy = UM U3, which we adapt to Assumption 1. We remark
that the following theorem also provides an intermediary step in the proofs of Theorems 1 and 2, which are

found in Appendices C and D.

THEOREM 3. Suppose Assumptions 1 and 2 hold. Then, P> -almost surely we have

lim <(Nd+> P(£ ¢ Sy)=0.

N-oo \ (log N)d+1
Proof. Choose any arbitrary 1 > 0, and let Ry = Nd%l(logN)‘“H). Moreover, let a > 1 be a fixed
constant such that b:=E[exp(||€]|*)] < oo (the existence of a and b follows from Assumption 1). Define
Ay i={CeR|¢] < (log N) 5+ |

We begin by showing that RyP(€ & Ax) <n for all sufficiently large N € N. Indeed,

a+1

) = RyP (eXp(IIEII“) > exp((log N)*3

a+1
a

RyP (€ ¢ Ax) = RyP ([€] > (log N) >

bRy
)< o) <"

The first inequality follows from Markov’s inequality and the second inequality holds for all sufficiently large
N € N since a > 1.
Next, define

n d d
oy = - , By ={CeR*: P(||€—(|| <en)>aney},
T log N) "5 g Ry v v > i)

where ¢ > 0 is a constant which depends only on d and will be defined shortly. We now show that RyP(& &

By) <2n for all sufficiently large N. Indeed, for all sufficiently large N € N,

RyP(§¢ZBy)=RyP(E€ Ax, §E By) + RNP(EZ A, § ¢ By)
<RyP(§€An, €€ By)+ RyP(§E An)
<RyP(Ec AN, EEBy)+n, (EC.50)

where the final inequality follows because RyP(€ € Ay) <7 for all sufficiently large N € N. Now, choose

points ¢*,...,¢5N € Ay such that minje(ry [|€ = ¢ < < for all ¢ € Ay. For example, one can place the
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points on a grid overlaying Ay. It follows from Verger-Gaugry (2005) that this can be accomplished with a

number of points Ky which satisfies

d
1 N a-:l
Ky <o <<g>> , (EC.51)
€N
where ¢ > 0 is a constant that depends only on d. Then, continuing from (EC.50),
Ky ) ex
RP(E¢ By) < RyP(€€ Ax, €¢ Bx)+n< Bx > P(le- ¢l <L ¢ By) +n, (EC.52)
=1

where the second inequality follows from the union bound. For each j € [Ky], we have two cases to consider.

First, suppose there exists a realization ¢ € By such that ||¢ — ¢7|| < <-. Then,

€ €
P(le-¢l <5 e¢By) <P(l€—¢/Il< 5 ) <P~ ¢l Sen) S aneh,
where the second inequality follows because [|€ — ¢[| < [[€ — ¢ || +[|¢? — €| < ex whenever [|€ —¢7|| < <4, and
the third inequality follows from { & By. Second, suppose there does not exist a realization ¢ € By such
that [|¢ — ¢’ < <. Then,
. €
P(le-¢l <, e¢By) =0,
In each of the two cases, we have shown that
|| < &N d
P(le- ¢l < €¢ Bx) <anek (EC.53)

for each j € [Ky]. Therefore, we combine (EC.52) and (EC.53) to obtain the following upper bound on
RyP(€ & By) for all sufficiently large N € N:

d(a+

RyP(€ ¢ By) < RyKyanel +1< (log N) %> ¢Ryan +1 < 2. (EC.54)

The first inequality follows from (EC.52) and (EC.53), the second inequality follows from (EC.51), and the
third inequality follows from the definition of ay.

We now prove the main result. Indeed, for all sufficiently large N € N,
RyP(§ ¢ Sn)=RyP(§ ¢ Sn,6 € By) + RvP(§ € S, § ¢ By) S RyP(E ¢ Sy, £€ By)+2n,  (EC.55)

where the equality follows from the law of total probability and the inequality follows from (EC.54). Let
pi= % > 0. Then, for all sufficiently large N € N:

PV (RyP(€ & Sy) > 3n) <PV (RyP(E ¢ Sn, £ € By) >1) (
< 'RyEpy [P (€ € Sy, € € By)] (
= 'RyE[I{€ € BN} P (€€ Sy)] (EC.58
= RyE [I{€ € By} P (€= &' > en, . € €| > e )] (

— ' RyE [H{ﬁeBN}}Pl (le -2 >eN)N} (EC.60)
<N 'Ry (1 —anel)N (EC.61)
<n 'Ryexp (—Nayey) (EC.62)
<7 'Ryexp (—FﬁNﬁaN) (EC.63)
=n""Ryexp (—rne " (log N)' 7). (EC.64)
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Line (EC.56) follows from (EC.55), (EC.57) follows from Markov’s inequality, (EC.58) follows from Fubini’s
thoerem, and (EC.59) follows from the definition of Sy. Line (EC.60) follows because, given any fixed
realization of £, the random variables [|€ — £'],...,||€ — £~ are independent. Note that the random vector
€' is drawn from the measure P'. Line (EC.61) follows from the definition of By and the fact that the
function & +— I[{& € By} P* (H£ — &Y > eN)N is equal to zero if € ¢ By. Line (EC.62) follows from the mean
value theorem. Line (EC.63) holds since Assumption 2 implies that ey > KN ~ @, Line (EC.64) follows from
the definitions of ay, Ry, and p. Since p > 0, it follows from (EC.64) and the definition of Ry that
> PN (RyP(€ ¢ Sy) > 3n) <oo, V>0,

N=1

and thus the Borel-Cantelli lemma implies that RyP(€ € Sy) — 0 as N — oo, P>*-almost surely. O

Appendix G: Proof of Proposition 3 from Section 6

In this appendix, we present the proof of Proposition 3. We begin with the following intermediary lemma.

LEMMA EC.5. The co-Wasserstein ambiguity set is equivalent to
Ly Q, (le-&ll<en)=1 vjeN],
il r
NT 7 QuQeeP@E)
Proof. By the definition of the co-Wasserstein distance from Section 6,
MeP(ExE),
. I([§—¢&'| <ey)=1, and
{0eP@E) d (QBx) <en} = QeEPE): . (EC.65)
I is a joint distribution of &€ and &’
with marginals Q and P N, respectively
Let &', ..., &% be the distinct vectors among &*,...,&Y, and let I;,...,I; be index sets defined as
L={je[N]: & =¢}.
For any joint distribution II that satisfies the constraints in the ambiguity set in (EC.65), let Q, be the
conditional distribution of & given &' = £‘. Then, for every Borel set A C Z,
L
/ — ’ 0\ ’ I
Qe A)=TI((€,€) e AxZ) =S T (€€ A€ =€) By(e' =€) Z@e L
=1

The first equality follows because II is a joint distribution of £ and &’ with marginals Q and ]P’N, respectively.
The second equality follows from the law of total probability. The final equality follows from the definitions

of Q, and P ~- Since the above equalities holds for every Borel set, we have shown that

0 Z AP
= v Qe
=1
Furthermore, by using similar reasoning as above, we observe that

|1|

M(|—¢ | <ex)=Y (|6 <ex|& =&)Py(g =€) Z@z € =&l < en) -
=1
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Combining the above results, the ambiguity set from (EC.65) can be rewritten as

L || L Y _
|Z| Q(ll€ - &l <en) i =1, Ll Qg€ <en)=1 Vee[L],
R ={Z'N' B
= Q ,QLEP() =1 1y---5L =
N Q€€ <en)=1 Vje[N],
= Z
Jj=1 aQNGP( )

The first equality follows because Q, (|| —&¢|| < ex) <1 for each £ € [L] The second equality follows because
Qo(]|€ — €| < ex) =1 if and only if there exists Q; € P(Z) for each j € I, such that Q;(||¢ — &’]| <ey)=1
and ZJ.GIZ ﬁ(@j = Q,. This concludes the proof. [0

We now present the proof of Proposition 3.

PROPOSITION 3. Problem (2) with uncertainty sets of the form

U ={C= 1 G €Zi ¢~ &l <en )
is equivalent to co-WDRO.

Proof. It follows from Lemma EC.5 that the oo-Wasserstein ambiguity set can be decomposed into
separate distributions, each having a support that is contained in {{ € Z: || — éJH <ey} for j€[N]. Of
course, these sets are exactly equal to the uncertainty sets from Section 3, and thus Lemma EC.5 implies

that the co-Wasserstein ambiguity set is equivalent to

{NZQJ QJGP( )foreachje[N]}

Therefore, when Ay is the co-Wasserstein ambiguity set and each U3 is a closed balls around éj which is

intersected with =,
N

1
sup Eq lzct “Xy 517 "7£t—1)‘| :ﬁz sup E@

QeAN Jj= IQEP(M

th s X €1a agt—l)]

= —Z sup th C X Cl, 7Ct71)'

j= lceuNt 1

Moreover, it similarly follows from Lemma EC.5 that the following inequalities are equivalent:

<ZA Xt 517 "7£t1)§b(£)>:1 VQEAN
Z (ZAt AN 1><b<5)>=1 vQ; € P(UL), j € [N]
(zAt xi(Eree o€y 1><b<s>) =1 vQ,ePU), j€(N]

ZAt J%(C1oo0Ca) SBC) VCEUR, GEN].

We have thus shown that Problem (2) and Problem (6) have equivalent objective functions and constraints

under the specified constructions of the uncertainty sets and ambiguity set. This concludes the proof. [
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Appendix H: Proof of Proposition 4 from Section 6

In this appendix, we present the proof of Proposition 4.

PROPOSITION 4. Ifp€[l,00) and ey >0, then a decision rule is feasible for p-WDRO only if
T
D A(OX(Cy,--,¢, 1) <D(C) Y EE.
t=1
Proof.  Consider any arbitrary € € = such that € # & for each j € [N]. Let 0z denote the Dirac delta
distribution which satisfies dg(§ =€) = 1, and let Py = + Z;V:l d¢; be the empirical distribution of the
sample paths. For any A € (0,1), let the convex combination of the two distributions be given by
Q) = (1 NPy + 2.
We recall the definition of the p-Wasserstein distance between Py and Qg:

d, (By.Q2) =int { ([ e —a’npdn(z,s'))‘l’ :

I is a joint distribution of &€ and &’
~ . (EC.66)
with marginals Py and Qg, respectively
Consider a feasible joint distribution II for the above optimization problem in which & ~ Qz ¢~ Py, and
¢, if ¢ =g for some je[N],
£ = 1" .
, otherwise.

Indeed, we readily verify that the marginal distributions of & and &' are @N and Qg, respectively, and thus

this joint distribution is feasible for the optimization problem in (EC.66). Moreover,

(L e-errane 5,))é

| _le-grrie—granee)+ [ le-¢Ir1{e 2g aniee)

(v 2le-e)

EXE
The inequality follows since II is a feasible but possibly suboptimal joint distribution for the optimization

IN

d, (@N,@g)

S

=0

problem in (EC.66). The first equality follows from splitting the integral into two cases, and observing that
the second case equals zero since &€ = & whenever ¢’ # €. The final equality follows because & = ¢” whenever
¢ =€, and ¢ is distributed uniformly over the historical sample paths. Thus, for any arbitrary choice of

€ € 2, we have shown that Qg is contained in the p-Wasserstein ambiguity set whenever A € (0,1) satisfies

(x5le-) <o
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Now, consider any feasible decision rule for Problem (6), i.e., a decision rule x € X which satisfies

S A&, .6 1) <b(E) Qas, VQE Ay, (EC.67)

Let Ay be the p-Wasserstein ambiguity set for 1 < p < co and ey > 0. Then, for any arbitrary & € Z, there
exists a A € (0,1) such that Q3 is contained in Ay, and so it follows from (EC.67) that the decision rule

must satisfy
ZAt(é)Xt(éla e 751571) < b(E)

t=1

Since € € Z was chosen arbitrarily, we conclude that the decision rule must satisfy

D A(Ox(Cyy ¢ 1) <D(C) VCEE,

which is what we wished to show. [

Appendix I: Linear Decision Rules for Problem (6) with 1-Wasserstein Ambiguity
Sets

In this appendix, we present a reformulation of linear decision rules for Problem (6) using the 1-Wasserstein

ambiguity set. The performance of this data-driven approach is illustrated in Section 8.

We first review the necessary notation. Following Section 5, we focus on a specific case of Problem (6) of
the form

minimize sup Eg
xeX QeAN

th 'xt(€1a e 7£t—1)]
t=1

subject to Y Ax,(&;,...,&, 1) <b(§) Q-as., VQE Ay,

t=1

(EC.68)

in which A,(&) and c;(€) do not depend on the stochastic process. The ambiguity set is constructed as
Ay={QePE): di(@Py) <ex},

where I@N is the empirical distribution of the historical data, ey > 0 is the robustness parameter, and the
1-Wasserstein distance between two distributions is given by
I is a joint distribution of &€ and &’
. ! !
h@@)=uwtd [ je-gamee): S
ExE with marginals Q and Q’, respectively
We refer to Section 6 for more details on the 1-Wasserstein ambiguity set. We assume that the robustness

parameter satisfies ex > 0, in which case it follows from Proposition 4 in Section 6 that Problem (EC.68) is

equivalent to

minimize sup Eg
xeX QeAy

th'xt(£1>" : 7£t1)‘|

subject to Y A;x(Cy,...,C, 1) <b(C) VCEE.

t=1

(EC.69)
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We next present an extension of the linear decision rule approach to Problem (EC.69), in which we restrict
the space of decision rules to those of the form

t—1

Xt(Cla .- ‘athl) = Xt,0 +ZXLSCs'

s=1

The resulting approximation of Problem (EC.69) is given by

T t—1
Z Cy - (Xt,o + Z Xt,5£5>‘|
t=1 s=1

T -1
subject to ZAt <Xt70 + ZX17SCS> <b({) VCeE,
s=1

t=1

minimize sup Eq
QeAn

(EC.70)

where the decision variables are x, o € R™ and X, , € R™*% for all 1 <s <.

In the remainder of this appendix, we develop a tractable reformulation of Problem (EC.70). Our reformu-
lation, which will use similar duality techniques to those presented in Section 5, is presented as Theorem EC.3.

Our reformulation requires the following assumption:

AssumpPTION EC.1. The set £ C R? is a nonempty multi-dimensional box of the form [€,u], where any

component of £ might be —oo and any component of u may be co. Moreover, the norm in the 1-Wasserstein

distance is equal to || - ||1-

We now present the reformulation of Problem (EC.70) given Assumption EC.1.

THEOREM EC.3. If Assumption EC.1 holds, then Problem (EC.70) can be reformulated by adding at most

O(md) additional continuous decision variables and O(md) additional linear constraints. The reformulation

is given by
A t—1
minimize ey + v z; (; C;- (Xt,O + z;Xt,SEg> +a-(u—&)+p(¢ - E))
j= = 5=
T
subject to Z (Xe)eco—a,+8,|| <A te[T)
s=t+1 0o
T
M,-A,=-B,+ Y AX,, te[r]
s=t+1
T
Z (Mtut — AL+ Atxt,o) < b07
t=1
where the auxilary decision variables are o = (ou,...,ar),B = (By,...,8;) € RL, as well as M =

(Ml,...,MT),A:: (A17~-~7AT) GRI‘Xd.

Proof.  Following similar reasoning to Theorem 4, the constraints

T t—1 T
> A, <xt,0 + th,sgs> <b’+) B, VCEE
t=1 s=1 t=1
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are satisfied if and only if there exist M = (My,...,Mz), A = (Ay,...,Ar) € RT*? which satisfy

T
Z (Mzut —AL+ Atxt,o) < bO’

t=1

T
Mtht: Z AsXs,tiBta tG[T]

s=t+1
The remainder of the proof focuses on the objective function. Note that for any fixed solution to Prob-

lem (EC.70) one can define a function f:=Z— R as follows

f(C) = th : (Xt,o + ZXt,sC5> .

It follows from Assumption EC.1 that = C R is nonempty, convex, and closed, and — f(+) is proper, convex,
and lower semicontinuous on Z, thus satisfying Mohajerin Esfahani and Kuhn (2018, Assumption 4.1).

Therefore, we conclude from Mohajerin Esfahani and Kuhn (2018, Equation 12b) that

sup Eg [th- <Xtyo+zxt,555>‘| = sup Eg [f(g)]

Qe Ay QeAyn

. RN ¢i
:gfoxeﬁsz_jligg{ﬂo—wc—s I}

. 1 N T t—1 .

j=1%€= Li=1

Vi
(EC.71)

We now reformulate the expression +, for each j € [N]. Indeed, it follows from strong duality for linear

programming that

T
7; = minimize Z (Ct X0+ (0 — éi) +8,: (ég - Et))

a,,BeRi

L (EC.72)
subject to Z (Xs)Tes—a+8,|| <A telT].
s=t+1 o
Remark: For any index [ such that u; = co (alternatively, £, = —c0), the corresponding decision variable

oy (alternatively, §,) should be set to zero and the term «,(u; — &) (alternatively, 5,(£) — £,)) should be
dropped from the objective.
Note that problem (EC.72) is component-wise separable to d problems of the form

minimize oy (uf — &) + iy
o BZGRJr l( l gl) Bl(fl l) (EC73)
subject to  |g; —a; + 5| < A,

where g == (31_,(X,1)Tcs, i s(Xo2)TCy, ..., (Xr,r-1)Ter,0) € RY. Moreover, ¢ € 2 implies that both
(u; — &) and (€] — ¢,) are nonnegative, and so for any fixed A and g;, an optimal solution of (EC.73) is
given by «; = max{g, — A,0} and §, = max{—g, — A,0} (their corresponding minimal values). This solution
is independent of the value of f{ , and therefore, the same variables e and 3 can be used in (EC.72) for
all values of j € [N]. Combining (EC.71) and (EC.72) and plugging the result to the objective function of
(EC.70), we obtain the desired formulation. [
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Appendix J: Supplement to Section 7
J.1. Reformulation of the Three-Stage Inventory Replenishment Problem

Let I5,(&;) = max{0, &1, — @1, } denote the demand at retailer r from the first half of the week that exceeded
the initial inventory of the retailer. With these auxiliary decision rules, we observe that the three-stage
stochastic nonlinear optimization problem from Section 7.1 is equivalent to

minimize E lc <Q10 +ZQ1T> +h <Q1o - ZQ%(&)) +0b <ZIQT(§1)>

Q>0,2€{0,1} .1
r=1

+f (Z Zr(£1)> +0 (Zmax{0>_l3r(£1a£2)}> +h (Zmax{o7[3r(£1>£2)}>]
subject to ZQQT(&) < Q1o a.s.
ITQ:T(EI) =max{0,&;, — Q1,} Vr € [R], a.s.
I3,(£1,€2) = Q1 — &1 +15,(£1,85) + Q2r(§1) —&2r Vr €[R], ass.
2 (§1)M = Q2,(§,) Vr € [R], a.s.

After substituting the equality of I3,.(£,,&,) into the objective function, and after adding epigraph decision

rules, we obtain the following simplified formulation:

o dninimize E e <Q10 +§;Q1r> +hQ1o +§;vr(£1,€2) +f§;zr(£1)

subject to i@z,,(gl) < Q1o a.s.
I?(El) =max{0,&1, — Q1,} Vr € [R], a.s.
vr(€1,82) 2 b(&ar + &1 — Q2,(€1) — Q1r) —hQ2:(§1) Vr€[R], as.
v:(€1,85) = (h+0)15,(&,) + M(Q1r — &1r — &2v) vre[R], as.
2. (§)M > Q2 (§) Vr € [R], a.s.

Plugging in the equality of the auxiliary decision rules I, (£;) into the remaining constraints, and eliminating

the maximization by splitting the relevant constraint, we conclude our derivation of Problem (7).

J.2. Heuristic partitioning algorithm

In this appendix, we describe the heuristic partitioning algorithm for finite adaptability which is used in
our numerical experiments in Section 7. The goal of the algorithm is to construct a partition comprised of
hyper-rectangular regions of the form P! :=[£',u'] x RF,..., PV := [£" u"] x RE such that the inclusion
éj € P7 is satisfied for each sample path j € [N]. The output of the partitioning algorithm from this section

are thus the vectors £',u,..., £V, u" € [0,00]® which define the partition of the set = := R2~.

Our algorithm is comprised of the following steps, which are formalized in Algorithm 1 and visualized

in Figure EC.1. We first define M =[N %] as the smallest integer which satisfies the inequality M® > N.



ec32 e-companion to Bertsimas, Shtern, and Sturt: A data-driven approach to multi-stage stochastic linear optimization

Figure EC.1 lllustration of the partitioning algorithm
C12 C12 C12
PY 1 PY 1 .I 1
F v F B
. o L.
E IE L 1 F
° c | e o - E_ .
PY 1 1 PY 1
[ ] [ ] I I o 1 1
D b p; 5 p: b
[ ] 10 1 10 1
A DA DA
> i1 S > (11 S > (11

Note. Left: This shows the N =6 historical sample paths in an example with R = 2 retailers. Center: In the first
iteration (r = 1) of the heuristic partitioning algorithm, there are N = 6 historical sample paths. Since there are R = 2
retailers, we subdivide the historical sample paths into M = 3 regions along the demand of the first retailer. Right: In
the second iteration (r =2), we subdivide each of the 3 regions along the demand of the second retailer. The regions

comprise the partition which is returned by the algorithm.

We then iterate over the indices r =1,2,..., R. In each iteration r, we start with a partition of = and then
subdivide each region in that partition into at most M smaller regions by adding cuts along the first-stage
demand (;,.. The borders of the new regions are determined by the historical data points such that each region
contains approximately the same number of data points and the region borders are the furthest possible from

the closest data point in the (;, dimension. The progression of the algorithm is illustrated in Figure EC.1.

When the algorithm concludes its Rth iteration, we have obtained a partition P = {P',..., PN} of E with
exactly IV regions such that each é]l lies in its own region. Moreover, since = is a hyperrectangle, each region
P7 is also a hyperrectangle. This concludes the description of our heuristic partitioning algorithm. We note
that, for simplicity, the version of the algorithm presented here ignores cases where there exist j; # ja € [N]
and 7 such that Ajlr = A{‘i, which may happen if the distribution is not continuous; however, this is not the
case in our numerical experiments, and, furthermore, our algorithm can be easily adjusted to address such

ties.

J.3. Reformulation of the robust optimization problem

In this appendix, we present the derivation of Problem (9) from Section 7.2. Indeed, we recall from Section 7.2
that the uncertainty sets UY,...,UY are hyperrectangles, and it follows from Appendix J.2 that the regions

Pl,...,PK C = that are obtained from our heuristic partitioning algorithm are hyperrectangles as well.
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Algorithm 1 Partitioning algorithm
Input: =, N, {él, . ,EN}
Output: Partition P

1: Initialize M = [N %], P = {E}

2: forr:=1,...,R do

3: for all PP do

4: Find J = {j: & € P}

5: Let {jx)}r=1,..,.7; be an ordering of the indexes in J such that
&) <& kel -1

6: Update P =P\ {P}.

7 Set K =min{M,|J|} and ko =0

8: for all/l:=1,..., K do

9: Set k; = max{[|J|l/K|, k_1+1}

10: if k£ <|[J| then

o o e

12: Set P!={¢ € P: ¢, <('} and update P = P\ P'.

13: else

14: Set K=1and PE =P

15: end if

16: end for

17: Update P=PU{P!,..., PK}.

18: end for

19: end for
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Consequently, the approximation of the robust optimization problem using finite adaptability is given by

R R
miggmize (czm s zczlf) S W {zmchcz) +szf}
> Q1 s r=1 r=1

= 1 KER; cew NPk
Qk>0,z"e{0,13 1

subject to Z Qk < Q1o Vk € [K]
0:(C1rCa) 2 b(Gar + G — Q5 — Q) — hQS, Vre[R], ke K], ¢e Uy n Pt (ECTY
v (€1,€2) = M(Q1r — Cir — Car) vre[R], ke [K], (€Ul Ui NP
0,(€1,€2) 2 b(Cir — Q1r) — hGar vre[R], ke[K], ¢ e U Ui NP*
M >Qs, vre[R], ke [K],

where KC; = {k € [N]: U3, N P* # ()} contains the indices of regions P?,..., PX that intersect the uncertainty
set U2 In the remainder of this appendix, we show that the above optimization problem is equivalent to

Problem (9).

We first observe that there is an optimal solution to Problem (EC.74) in which each decision rule v,.(¢;,¢5)
is equivalent to a function that depends only on (;, and (s,.. Therefore, since each 142, N P* is a hyperrectangle,
we observe that

max {Z%(Cu(z)‘f’fzzf} gg}cx{z< max v, ClaC2)+fZ>}

kekC;,¢eU NPk ) ¢eud npk

It follows from the above observation that Problem (EC.74) is equivalent to

R
1 )
minimize c + Z +h + — Z v’
e (Qw er) Q10 N - o
Q5>0,2"€{0,1}7 r=1 J
ik vicrE

R
subject to ZQ’;T < Q1o Vk € [K]

R
vl > (ul* + f2F) vre[R], j€[N], kek;

r=1
ul® 2 b(Cor + G — Q5, — Qu,) —hQ5, Vre[R], ke [K], ¢ € UL Ui NP

uz*kz Qi = Gir = Car) vr € [R], k€ [K], (e UL Ui NP
> b (G — Q) — ha, vre[R], ke [K], ¢ e UL Ui n Pt
> Qs, vre[R], ke [K],

where at optimality each auxiliary decision variable u?* will satisfy the equality u/* = max¢eyinpr v-(¢1,€5)-

Applying the standard ‘robust counterpart’ reformulation technique, we observe that the above optimization
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problem can be rewritten as

R 1 B
minimize c| Qo+ g Qur | +hQu0+ Z Z v
vi,Q;>0, —1 N j=1r=1
Qh>0,2"€{0,1}7 ’
uj'k,vjE]RR

R
subject to ZQST < Q1o vk € [K]
r=1
R
vl > (ulF + f2F) vre[R], je[N], kek,
r=1
ul* > max  b(Cor + i — Q5. — Q1) —hQ5, Vre[R], je[N], kek;
¢ceunpk
u* > max  h(Qq, — (i — Cor) Vre[R], j€[N], keK,
¢ceud,npk
ui’k 2 m_aX b(clr - er) - hCQr v’r S [R]v .] € [N]’ k € ICj
¢eud,npk
ZEM > Q5, vr e [R], k € [K].

Jk . g ) ik
Let us define a lower bound gw = Mgy p (s and an upper bound (j,; := max npk Ger for each

ceud,
period t € {1,2}, retailer r € [R], sample path j € [N], and region k € K;. Since each set U3 N P* is a
hyperrectangle, and since the holding costs and backlogging costs are nonnegative (h,b>0), we see that the

above optimization problem is equivalent to Problem (9).

J.4. Supplement to Section 7.3

We conclude the present Appendix J with additional numerical results which were omitted from Section 7.
In Figure EC.2, we show the impact of having a fixed cost of f =0.1 versus not having a fixed cost on the
replenishment decision rules obtained from SRO-FA. In Figures EC.3 and EC.4, we show the impact of the
robustness parameter on SRO-FA for various numbers of retailers and sizes of training datasets with and

without fixed costs.
Appendix K: Supplement to Section 8.3

In this appendix, we provide supplemental numerical results for the multi-stage stochastic inventory man-
agement problem from Section 8. Specifically, the aim of this appendix is to evaluate the impact of the
projection procedure, described at the end of Section 8.2, on the out-of-sample costs of SRO-LDR and
SAA-LDR reported in Table 1.

Al ( A,i L A,i L
- 1

Following the same notation in Section 8.2, let x T ,.-,x7") be the production quantities
obtained when the decision rule from approach A on training dataset ¢ is applied to the ith sample path in
the testing dataset. For each approach A and training dataset ¢, the probability that the resulting decision
rule is feasible is approximated by

10000

1
Al _
P 4—10000 E Lixcaitefo,xys
i=1
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Figure EC.2 Three-stage inventory replenishment problem:

Histogram of replenishment decision rules for SRO-FA

6000 1

4000 1

# Sample paths
S
8

ol _—

0 1 2 3
Retailers

No fixed cost [l Fixed cost

Note. The histogram corresponds to the replenishment decision rules obtained by SRO-FA in experiments where
N =200, R=3, and ey = 0.7. The light-black bars correspond to experiments in which there was no fixed cost
(f =0) and the dark-black bars correspond to experiments in which there was fixed cost (f =0.1). For each number
of retailers 0,1,2,3, the histogram shows the number of sample paths in the test set for which the replenishment

policies sent a nonzero quantity of magazines to the corresponding number of retailers.
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Figure EC.3 Three-stage inventory replenishment problem:

Impact of robustness parameter on SRO-FA, no fixed cost (f =0)
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Note. The solid black lines are the average out-of-sample cost of decision rules produced by SRO-FA, and the shaded
regions are the 20th and 80th percentiles over the 50 training datasets. The dotted red lines are the average in-sample

cost for SRO-FA. The green line is the benchmark cost of Problem (7). Results are shown for N € {50,200, 800}.
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Figure EC.4 Three-stage inventory replenishment problem:

Impact of robustness parameter on SRO-FA, fixed cost (f =0.1)
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Note. The solid black lines are the average out-of-sample cost of decision rules produced by SRO-FA, and the shaded
regions are the 20th and 80th percentiles over the 50 training datasets. The dotted red lines are the average in-sample

cost for SRO-FA. The green line is the benchmark cost of Problem (7). Results are shown for N € {50,100, 200}.
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and the infeasibility magnitude is approximated by

10000

1 , Z.
C*' = 15000 2= velo g =l -
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In other words, P** tells us how frequently the projection procedure needs to be applied, and C** captures

the average number of production units which are changed due to the projection procedure.

In Tables EC.1 and EC.2, for each experiment in Section 8.3 and for each approach A €
{SRO-LDR, SAA-LDR}, we report the average and standard deviations for P*4¢ and C** over the 100
training datasets. For almost all choices of T, a, and N, the decision rules produced by SRO-LDR are fea-
sible for over 93% of the sample paths in testing dataset, and their infeasibility magnitude is below 2 units.
These results imply that the projection procedure does not significantly impact the out-of-sample cost of
SRO-LDR reported in Table 1. In contrast, SAA-LDR produces decision rules which have low feasibility and
high infeasibility magnitude when N is small. This shows, for small training datasets, that the decision rules
obtained by SAA-LDR can be unreliable and require significant corrections to obtain feasible production

quantities.

Table EC.1 Multi-stage stochastic inventory management: out-of-sample
feasibility.

Size of training dataset (N)
T « Approach 10 25 50 100

5 0 SRO-LDR 96.3(6.6) 98.9(2.1) 99.7(0.8) 100.0(0.1)
SAA-LDR 83.0(13.4) 96.5(4.3) 99.5(1.3) 100.0(0.1)

0.25 SRO-LDR 93.8(7.3) 95.9(3.5) 97.3(2.3) 98.1(L.1)
SAA-LDR 79.2(12.9) 92.3(5.3) 96.5(2.8) 98.1(1.1)

0.5 SRO-LDR 89.7(8.6) 91.0(4.9) 91.1(3.7) 94.1(2.4)
SAA-LDR 73.4(11.3) 85.4(4.9) 89.9(3.5) 94.0(2.3)

10 0 SRO-LDR 99.6(1.0) 100.0(0.1) 100.0(0.0) 100.0(0.0)
SAA-LDR 61.5(24.6) 99.0(1.6) 100.0(0.1) 100.0(0.0)

0.25 SRO-LDR 99.4(1.8) 99.9(0.3) 100.0(0.1) 100.0(0.0)
SAA-LDR 60.2(23.9) 97.8(2.2) 99.8(0.4) 100.0(0.0)

0.5 SRO-LDR 96.7(2.9) 97.7(1.4) 98.6(0.7) 98.9(0.3)
SAA-LDR 57.6(22.4) 93.9(3.0) 97.7(1.2) 98.9(0.3)

Mean (standard deviation) of the percentage of the 10,000 sample paths in the
testing dataset for which the linear decision rule resulted in feasible production
quantities (P*%). In other words, 100% minus the above values indicates the per-
centage of sample paths in the testing dataset for which the production quantities
needed correction. The mean and standard deviation are computed over 100 training
datasets for each value of N, T, «.
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Table EC.2 Multi-stage stochastic inventory management: infeasibility
magnitude.

Size of training dataset (N)
T « Approach 10 25 50 100

5 0 SRO-LDR  05(1.6)  0.1(0.3) 0.0(0.0) 0.0(0.0)
SAA-LDR  4.6(6.5)  0.4(0.9) 0.0(0.1) 0.0(0.0)

0.25 SRO-LDR  0.8(1.4)  0.4(0.6) 0.2(0.3) 0.1(0.1)
SAA-LDR  5.7(6.6)  0.9(1.1) 0.2(0.3) 0.1(0.1)

05 SRO-LDR  1.7(21)  1.1(0.8) 1.0(0.6) 0.6(0.4)
SAA-LDR  7.8(7.3)  2.0(1.2) 1.1(0.7) 0.6(0.4)

10 0 SRO-LDR  0.0(0.1)  0.0(0.0) 0.0(0.0) 0.0(0.0)
SAA-LDR 218.2(1417.0) 0.1(0.2) 0.0(0.0) 0.0(0.0)

025 SRO-LDR  0.0(0.2)  0.0(0.0) 0.0(0.0) 0.0(0.0)
SAA-LDR 218.8(1417.2) 0.2(0.3) 0.0(0.0) 0.0(0.0)

0.5 SRO-LDR  0.4(0.4)  0.2(0.2) 0.1(0.1) 0.1(0.0)

SAA-LDR 220.3(1417.4) 0.7(0.5) 0.2(0.2) 0.1(0.0)

Mean (standard deviation) of the average infeasibility magnitude on the test-
ing dataset resulting from applying the projecting procedure on the production
quantity produced by the linear decision rule (C#:%). The mean and standard
deviation are computed over 100 training datasets for each value of N, T', a.



