
Noname manuscript No.
(will be inserted by the editor)

A new splitting method for monotone inclusions of

three operators

Yunda Dong · Xiaohuan Yu

Received: date / Accepted: date

Abstract In this article, we consider monotone inclusions in real Hilbert spaces

and suggest a new splitting method. The associated monotone inclusions consist

of the sum of one bounded linear monotone operator and one inverse strongly

monotone operator and one maximal monotone operator. The new method, at

each iteration, first implements one forward-backward step as usual and next im-

plements a descent step, and it can be viewed as a variant of a proximal-descent

algorithm in a sense. Its most important feature is that, at each iteration, it needs

evaluating the inverse strongly monotone part once only in the forward-backward

step and, in contrast, the original proximal-descent algorithm needs evaluating this

part twice both in the forward-backward step and in the descent step. Moreover,
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unlike a recent work, we no longer require the adjoint operation of this bounded

linear monotone operator in the descent step. Under standard assumptions, we

analyze weak and strong convergence properties of this new method. Rudimen-

tary experiments indicate the superiority of our suggested method over several

recently-proposed ones for our test problems.

Keywords Monotone inclusions · Self-adjoint operator · inverse strongly

monotone · Splitting method · Weak convergence
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1 Introduction

Let H be a real infinite-dimensional Hilbert space with usual inner product 〈x, y〉

and induced norm ‖x‖ =
√
〈x, x〉 for x, y ∈ H. We consider the following mono-

tone inclusion of finding an x ∈ H such that

0 ∈ F (x) +B(x), with F := L+ C, (1)

where L : H → H is nonzero, bounded, linear and monotone, and C : H → H

is inverse strongly monotone, and B : H ⇒ H is (possibly multi-valued) maximal

monotone. For an instance, if F is linear, we may think of L,C as

L := 0.5(F − F ∗), C := 0.5(F + F ∗), (2)

respectively, where F ∗ stands for adjoint operator of F . The problem (1) covers

convex quadratic programs, linear monotone complementarity problems, and linear

monotone variational inequalities and so on.
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A first iterative scheme for solving the monotone inclusion above is the forward-

backward splitting method [1, 2], whose recursive formula is

(I + αkB)(xk+1) 3 xk − αkF (xk),

where αk > 0 is called a steplength. For any chosen starting point x0 ∈ H, it

is strongly convergent provided that the forward operator is further κ-Lipschitz

continuous and µ-strongly monotone, and αk ≡ α ∈ (0, 2µ/κ2). See [3] for further

discussions.

A second iterative scheme is the Peaceman/Douglas-Rachford splitting method

of Lions and Mercier [1], whose recursive formulae can be written as

(I + αB)(yk) 3 xk − αF (xk),

(I + αF )(xk+1) 3 xk + αF (xk)− γk(xk − yk),

where α > 0, γk ∈ [0, 2] and the series
∑
γk(2− γk) diverges. We refer to [4–8] for

further discussions.

A third iterative scheme is the Tseng’s splitting method [9]. Let X be some

closed convex set intersecting the solution set of the problem (1), choose the s-

tarting point x0 ∈ X . The recursive formulae of the Tseng’s splitting method

are

(I + αkB)(yk) 3 xk − αkF (xk),

xk+1 = PX [yk − αkF (yk) + αkF (xk)],

where αk > 0 and PX is usual projection. Under suitable assumptions, Tseng

proved its weak convergence without requiring strong monotonicity of F . Yet, the

original way of choosing αk typically results in small steplength phenomenon and
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turns out to be less efficient as pointed out in [10], in which a relaxed version

(I + αkB)(yk) 3 xk − αkF (xk), (3)

xk+1 = PX [xk − γk(xk − yk − αkF (xk) + αkF (yk))], (4)

where γk > 0, was suggested. In theory, it is an extension of projection type

method from monotone variational inequalities [11–13] to monotone inclusions

and can be interpreted as a special case of proximal-descent algorithm [14], which

is a more flexible variant of the HPE method [15]. Recently, this relaxed version

was efficiently implemented for some test problems [16]. Notice that, almost in the

same time, [17] independently suggested a conceptual method similar to (3) and (4)

but without our self-adaptive choice of αk, and proved the method’s convergence

in the finite-dimensional space.

A fourth iterative scheme, in the case of F being linear, is a splitting method

suggested in [10, 18], which is an extension of projection type methods [19, 12]

for monotone variational inequalities. For any given starting point x0 ∈ H, its

recursive formulae are given by

(I +B)(yk) 3 (I − F )(xk), (5)

xk+1 = xk − γk(I + F ∗)(xk − yk), (6)

where γk := θ‖xk − yk‖2/‖(I + F ∗)(xk − yk)‖2 and θ ∈ (0, 2). For pertinent

discussions, we refer to [20–22].

Obviously, the splitting method described by (5)-(6) admits a generalized form

(J +B)(yk) 3 (J − F )(xk), (7)

xk+1 = xk − γkS−1(J + F ∗)(xk − yk), (8)
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where J, S are bounded, linear and strongly monotone, and γk is given by

γk := θ‖xk − yk‖2J+/‖(J + F ∗)(xk − yk)‖2S−1 ,

θ ∈ (0, 2), and J+ := 0.5(J + J∗).

Very recently, [23] suggested replacing (8) by

xk+1 = xk − γ̂kS−1(J + L∗)(xk − yk), (9)

where γ̂k > 0, and analyzed weak convergence of the resulting method. This

method has two remarkable features. (i) One needs evaluating the inverse strongly

monotone part only once at each iteration. (ii) When used for solving the convex

minimization problem (31) below, it can recover some known methods once J and

S are properly chosen, where J can be not self-adjoint and S is self-adjoint.

Inspired by this, we instead suggest replacing (8) by

xk+1 = PSX [xk − γkS−1(J − L)(xk − yk)], (10)

where γk > 0 and PSX denotes projector onto the set X in the sense of (27) below,

and S is further self-adjoint.

When we were writing this article, a report [24] appeared. If specialized to the

problem (1) above, then the main method stated in [24, Theorem 2] is described

by (7) and

xk+1 = PJ
+

X [xk − γ̃k(J+)−1(J− − L)(xk − yk)], (11)

where γ̃k > 0 and J− := 0.5(J − J∗) stands for the skew operation. Its weak

convergence was analyzed via the fixed-point approach.

Clearly, both (10) and (11) share the feature of (9) evaluating the inverse

strongly monotone part only once at each iteration. On the other hand, we shall
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see that, even if S := I, the involved three directions

dk = −(J − L)(xk − yk), d̂k = −(J + L∗)(xk − yk), d̃k = −(J− − L)(xk − yk)

are different in general because dk needs neither the adjoint operation of L as in

d̂k nor the skew operation of J as in d̃k. The only exception is that the former

directions can coincide when L is skew and this occurs when used for solving the

aforementioned convex minimization problem (31). Of course, as discussed below,

the resulting parameters γk, γ̂k, γ̃k are also different.

The rest of this paper is organized as follows. In Sect. 2, we specify the notation

used and review some useful results. In Sect. 3, we state in details our suggested

method. In Sect. 4, we analyze weak and strong convergence of our suggested

method under suitable assumptions. In Sect. 5, we compare our suggested method

with some existing ones. In Sect. 6, we did numerical experiments to confirm the

superiority of our suggested method over several recently-proposed ones [16, 23–26]

for our test problems. In Sect. 7, we close this article by some concluding remarks.

2 Preliminaries

In this section, we first give some basic definitions and then provide some auxiliary

results for later use.

Let BL(H) be the set of all nonzero, bounded, linear operators in H. If S ∈

BL(H) is further self-adjoint and strongly monotone, then we use ‖x‖S to stand

for
√
〈x, S(x)〉 for all x ∈ H. I stands for the identity operator, i.e., Ix = x for all

x ∈ H. domT stands for the effective domain of T , i.e., domT := {x ∈ H : Tx 6= ∅}.

Throughout this article, for any given J ∈ BL(H), one may split it into

J = J+ + J− with J+ := 0.5(J + J∗), J− := 0.5(J − J∗), (12)
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where J∗ stands for the adjoint operator of J . Notice that such adjoint operator

must exist uniquely. For any given J, J ′ ∈ BL(H), we use the notation J � J ′

(J � J ′) to stand for that J − J ′ is monotone (strongly monotone). This is the

corresponding Löwner partial ordering between two bounded and linear operators.

Definition 2.1 Let T : H → H be a single-valued operator. If there exists some

constant κ > 0 such that

‖T (x)− T (y)‖ ≤ κ‖x− y‖, ∀x, y ∈ H,

then T is called Lipschitz continuous.

To concisely give the following definition, we agree on that the notation (x,w) ∈

T and x ∈ H, w ∈ T (x) have the same meaning. Moreover, w ∈ Tx if and only if

x ∈ T−1w, where T−1 stands for the inverse of T .

Definition 2.2 Let T : H⇒ H be an operator. It is called monotone if and only

if

〈x− x′, w − w′〉 ≥ 0, ∀(x,w) ∈ T, ∀(x′, w′) ∈ T ;

maximal monotone if and only if it is monotone and for given x̂ ∈ H and ŵ ∈ H

the following implication relation holds

〈x− x̂, w − ŵ〉 ≥ 0, ∀(x,w) ∈ T ⇒ (x̂, ŵ) ∈ T.

Definition 2.3 Let T : H⇒ H be an operator. T is called uniformly monotone if

there exists an increasing function φT : [0,+∞)→ [0,+∞) that φT (t) = 0 if and

only if t = 0, and

〈x− x′, w − w′〉 ≥ φT (‖x− x′‖), ∀(x,w) ∈ T, ∀(x′, w′) ∈ T.

In the case of φT (t) = µT t
2 with µT > 0, T is called µT -strongly monotone.
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Definition 2.4 Let f : H → (−∞,+∞] be a closed, proper and convex function.

Then for any given x ∈ H the sub-differential of f at x is defined by

∂f(x) := {s ∈ H : f(y)− f(x) ≥ 〈s, y − x〉, ∀y ∈ H}.

Each s is called a sub-gradient of f at x. Moreover, if f is further continuously

differentiable, then ∂f(x) = {∇f(x)}, where ∇f(x) is the gradient of f at x.

Definition 2.5 Let C : H → H be an operator. C is called c-inverse strongly

monotone if there exists some c > 0 such that

〈x− y, C(x)− C(y)〉 ≥ c‖C(x)− C(y)‖2, ∀x, y ∈ H.

In particular, if C(x) = Mx+q, where M is an n×n positive semi-definite matrix

and q is an n-dimensional vector, then

〈x,Cx〉 ≥ λ−1
max‖Cx‖2, ∀x ∈ H,

where λmax > 0 is the largest eigenvalue of M .

Notice that Definition 2.5 is an instance of the celebrated Baillon-Haddad

theorem (cf. [27, Remark 3.5.2]). Sometimes, we also call that the operator C

given in this definition is c-cocoercive.

As is well known, the sub-differential of any closed, proper and convex function

in an infinite-dimensional Hilbert space is maximal monotone as well. Let Ω be

some nonempty closed convex set in Rn. The associated indicator function defined

by

δΩ(x) =


0 if x ∈ Ω,

∞ if x /∈ Ω.

is a closed, proper and convex function. Furthermore, for any positive number

α > 0, we always have (I + α∂δΩ)−1 = PΩ , where PΩ is usual projection.
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Let X be nonempty, closed and convex subset in H. Let PSX [v] be projection of

v onto the set X induced by the distance ‖v − u‖S , i.e., it is the unique solution

to the minimization problem

min {‖v − u‖S : u ∈ X} . (13)

Then the relation ∥∥∥PSX [u]− PSX [v]
∥∥∥
S
≤ ‖u− v‖S

holds for all u, v inH. In the case of S = I, the projection defined here becomes the

usual one. Such a property tells us that the projection operator is non-expansive.

Lemma 2.1 Assume that B : H ⇒ H is maximal monotone. Let J, J ′ ∈ BL(H).

Let Q ∈ BL(H), where Q∗Q = QQ∗ = I. Assume that they satisfy J = Q∗DQ, J ′ =

Q∗D′Q, where D,D′ are given by

D(x) = (j1x1, j2x2, ..., jnxn, ...), D′(x) = (j′1x1, j
′
2x2, ..., j

′
nxn, ...).

If +∞ > j′max ≥ j′n ≥ jn ≥ jmin > 0 for all n, then

‖J [x− (J +B)−1(Jx+ z)]‖ ≤ ‖J ′[x− (J ′ +B)−1(J ′x+ z)]‖,

where z ∈ H. In particular, when J = 1
αI and J ′ = 1

α′ I and α ≥ α′ > 0, we have

‖x− (I + αB)−1(x+ αz)‖
α

≤ ‖x− (I + α′B)−1(x+ α′z)‖
α′

.

Proof We may mimic the proof of [16, Lemma 1] to complete the proof here, and

the second conclusion of this lemma has been proven there. �

Notice that, in finite-dimensional case, the assumptions in Lemma 2.1 mean

that J, J ′ are symmetric, positive definite matrices, and Q is orthogonal matrix.

This lemma will not be further used. Yet, we include it here for its own interest.

At the end of this section, we review weak convergence of the method [23].
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Proposition 2.1 If the operator C further satisfies

〈x− y, C(x)− C(y)〉 ≥ ĉ‖C(x)− C(y)‖2(J+)−1 ,∀x, y ∈ H, with ĉ > 1/4 (14)

and the parameter γ̂k in (9) is given by

γ̂k := θ̂‖xk − yk‖2J+/‖(J + L∗)(xk − yk)‖2S−1 , 0 < θ̂ < 2− 1/(2ĉ), (15)

then the method described by (7) and (9) is weakly convergent.

3 Method

In this section, we describe step by step our suggested method just mentioned

above. Furthermore, to make a comparison, we also give counterpart of the method

described by (3) and (4) for monotone inclusions.

Below we state our suggested method in details.

Algorithm 3.1

Step 0. Choose J0, X0 = H, S ∈ BL(H), θ ∈ (0, 2). Find c. Choose x0 ∈ H. Set k := 0.

Step 1 (Forward-backward step). Choose Jk ∈ BL(H) and compute

(Jk +B)(yk) 3 (Jk − F )(xk). (16)

If yk = xk, then stop. Otherwise, calculate Dk := J+
k − L

+ − 1
4c
I and

γk = θ〈xk − yk, Dk(xk − yk)〉/‖(Jk − L)(xk − yk)‖2
S−1 (17)

and go to Step 2.

Step 2 (Descent step). Find some closed convex set Xk containing the solution set. Compute

xk+1 = PSXk
[xk − γkS−1(Jk − L)(xk − yk)]. (18)

Set k := k + 1, and go to Step 1.
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Note that, in the case Xk ≡ H being further finite-dimensional and Jk ≡ J ,

the descent step (18) reduces to

xk+1 = xk − γkS−1(J − L)(xk − yk),

where the involved S and J are positive definite matrices and S is further sym-

metric. The idea of using them to replace the identity matrix can be found in [12,

Algorithm 2.2]. In such case, if we further assume L∗ = −L, then the descent

direction here, given by −S−1(J − L)(xk − yk), just coincides with the one (9).

Remark 3.1 (i) It shall be specially stressed that Xk containing the solution set

can be well chosen self-adaptively. As implied by Lemma 4.1 below, we may make

use of the following inequality

〈xk − x∗, (Jk − L)(xk − yk)〉 ≥ 〈xk − yk, Dk(xk − yk)〉

(which holds for each solution point) to define the closed half-space

Xk := {x ∈ H : 〈xk − x, (Jk − L)(xk − yk)〉 − 〈xk − yk, Dk(xk − yk)〉 ≥ 0}. (19)

Obviously, xk does not belong to this set and the latter must include all solution

points of the problem under consideration.

(ii) When L satisfies L = −L∗ and Jk := α−1
k I, then the condition

Dk := J+
k − L

+ − 1

4c
I � 0 (20)

corresponds to supk αk < 4c. When J = α−1I, S = I, L = 0, the upper bound of

[23, Algorithm 1] is 4c as well.

Remark 3.2 When the involved C(x) := Mx+ q is further linear, we need to esti-

mate the largest eigenvalue of M , as mentioned in Definition 2.5. If it is known in
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advance or easy to calculate, then we will use it directly. Otherwise, an alternative

is an upper bound of the largest eigenvalue of the matrix M and is given by

max
i=1,...,n

n∑
j=1

|mij |. (21)

Remark 3.3 Let’s compare the parameter γk in the Algorithm 3.1 with (15). Clear-

ly, their differences are three-fold. (i) The ingredients in the parameter γk are θ,

〈xk − yk, Dk(xk − yk)〉 and (Jk − L)(xk − yk) whereas the ingredients in the pa-

rameter γ̂k correspond to θ̂, ‖xk − yk‖2J+ and (J +L∗)(xk − yk), respectively. (ii)

Be aware that the θ is merely in the interval (0, 2) and has nothing to do with the

inverse strongly monotone constant. (iii) In practical implementations, generating

LT from L needs transpose operation on the given matrix L, and this will lead to

a bit increase of CPU time when the number of non-zero entries in L is large.

Remark 3.4 For the Algorithm 3.1 above, when F := L + C and C vanishes, the

parameter γk and the descent step are

γk = θ〈xk − yk, (J+
k − F

+)(xk − yk)〉/‖(Jk − F )(xk − yk)‖2S−1 (22)

and

xk+1 = PSXk
[xk − γkS−1(Jk − F )(xk − yk)], (23)

respectively. The corresponding method can be viewed as the counterpart of the

method described by (3) and (4). If we set F (x) = Wx+ q, where W is an n× n

positive semi-definite matrix and q is an n-dimensional vector, and in the case of

Jk ≡ α−1I, then we may choose

α < 1/‖0.5(W +WT )‖ (24)
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to guarantee convergence. As to the set Xk, we may adopt the following inequality

(see (27) below)

〈yk − x∗, Jk(xk − yk)− F (xk) + F (yk)〉 ≥ 0

(which holds for each solution point) to define the closed half-space

Xk := {x ∈ H : 〈yk − x, (Jk − F )(xk − yk)〉 ≥ 0}. (25)

Obviously, xk does not belong to this set and the latter must include all solution

points of the problem under consideration.

4 Convergence Properties

In this section, we analyze convergence behaviours of the Algorithm 3.1. Under

standard assumptions, we prove its weak convergence. If either L in the forward

operator or the backward operator B is uniformly monotone, then it must be

strongly convergent.

To analyze convergence behaviours of the Algorithm 3.1, we first make the

following assumptions.

Assumption 4.1 Assume that (i) L ∈ BL(H) and the forward operator F :=

L+ C.

(ii) The operator C is c-inverse strongly monotone.

(iii) The backward operator B : H⇒ H is maximal monotone.

(iv) L,B is uniformly monotone.

(v) S ∈ BL(H) is self-adjoint and strongly monotone.

To further simplify the proof details of convergence analysis of the Algorithm

3.1, we introduce the following lemma.
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Lemma 4.1 If Assumption 4.1 holds and Dk := J+
k − L+ − 1

4c I, then the

sequences {xk} and {yk} generated by the Algorithm 3.1 described by (16) satisfy

〈xk − x∗, (Jk − L)(xk − yk)〉 ≥ 〈xk − yk, Dk(xk − yk)〉+ (φL + φB)(‖yk − x∗‖).

Proof It follows from (16) that

B(yk) 3 Jk(xk − yk)− F (xk), (26)

which, together with B(x∗) 3 −F (x∗) and uniform monotonicity of B, implies

φB(‖yk − x∗‖)

≤ 〈yk − x∗, Jk(xk − yk)− F (xk) + F (x∗)〉

= 〈yk − x∗, Jk(xk − yk)− F (xk) + F (yk)〉 − 〈yk − x∗, F (yk)− F (x∗)〉 (27)

= 〈yk − x∗, Jk(xk − yk)− L(xk) + L(yk)〉 − 〈yk − x∗, C(xk)− C(yk)〉

− 〈yk − x∗, F (yk)− F (x∗)〉,

where the last equality follows from F := L+ C. Thus, we get

〈xk − x∗, Jk(xk − yk)− L(xk) + L(yk)〉

≥ 〈xk − yk, Jk(xk − yk)− L(xk) + L(yk)〉+ 〈yk − x∗, C(xk)− C(yk)〉

+ 〈yk − x∗, F (yk)− F (x∗)〉+ φB(‖yk − x∗‖),

which, together with F := L+ C and uniform monotonicity of L indicating

〈yk − x∗, F (yk)− F (x∗)〉 ≥ 〈yk − x∗, C(yk)− C(x∗)〉+ φL(‖yk − x∗‖),

implies

〈xk − x∗, Jk(xk − yk)− L(xk) + L(yk)〉

≥ 〈xk − yk, Jk(xk − yk)− L(xk) + L(yk)〉+ 〈yk − x∗, C(xk)− C(yk)〉

+ 〈yk − x∗, C(yk)− C(x∗)〉+ (φB + φL)(‖yk − x∗‖).
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Since Jk, L are linear, we further get

〈xk − x∗, (Jk − L)(xk − yk)〉

≥ 〈xk − yk, (Jk − L)(xk − yk)〉+ 〈yk − x∗, C(xk)− C(yk)〉+ 〈yk − x∗, C(yk)− C(x∗)〉

+ (φB + φL)(‖yk − x∗‖)

= 〈xk − yk, (J+
k − L

+)(xk − yk)〉+ 〈yk − x∗, C(xk)− C(x∗)〉+ (φB + φL)(‖yk − x∗‖)

where the notation J+ is given by (12). Combining this with that C is c-inverse

strongly monotone in Assumption 4.1 yields

〈xk − x∗, (Jk − L)(xk − yk)〉

≥ 〈xk − yk, (J+
k − L

+)(xk − yk)〉+ 〈yk − xk, C(xk)− C(x∗)〉

+ 〈xk − x∗, C(xk)− C(x∗)〉+ (φB + φL)(‖yk − x∗‖)

≥ 〈xk − yk, (J+
k − L

+)(xk − yk)〉 − 1

2

(
2c‖C(xk)− C(x∗)‖2 +

1

2c
‖xk − yk‖2

)
+ c‖C(xk)− C(x∗)‖2 + (φB + φL)(‖yk − x∗‖)

= 〈xk − yk, (J+
k − L

+)(xk − yk)〉 − 1

4c
‖xk − yk‖2 + (φB + φL)(‖yk − x∗‖)

= 〈xk − yk, Dk(xk − yk)〉+ (φB + φL)(‖yk − x∗‖).

The proof is complete. �

Theorem 4.1 If Assumption 4.1 holds and there exists some ρ > 0 such that

J+
k � L

+ +
1

4c
I + ρI, sup

k
‖Jk‖ < +∞, k = 0, 1, ..., (28)

then (i) the sequence {xk} generated by the Algorithm 3.1 described by (16)-(18)

must converge weakly to an element of the solution set (if nonempty) of the problem

(1); (ii) the sequence {xk} is strongly convergent if either L or B is uniformly

monotone.
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Proof Let x∗ be a solution of the problem (1) above. It follows from non-expansive

property of the projection operator and (18) that

‖xk+1 − x∗‖2S = ‖PSXk
[xk − γkS−1(Jk − L)(xk − yk)]− PSXk

[x∗]‖2S

≤ ‖xk − γkS−1(Jk − L)(xk − yk)− x∗‖2S .

Thus, we can further get

‖xk+1 − x∗‖2S

≤ ‖xk − γkS−1(Jk − L)(xk − yk)− x∗‖2S

= ‖xk − x∗‖2S − 2γk〈xk − x∗, (Jk − L)(xk − yk)〉+ γ2k‖(Jk − L)(xk − yk)‖2S−1 .

Combining this with Lemma 4.1 and (28) yields

‖xk+1 − x∗‖2S ≤ ‖xk − x∗‖2S − 2γk〈xk − yk, Dk(xk − yk)〉+ γ2k‖(Jk − L)(xk − yk)‖2S−1

− 2γk(φL + φB)(‖yk − x∗‖)

≤ ‖xk − x∗‖2S − 2γk〈xk − yk, Dk(xk − yk)〉+ γ2k‖(Jk − L)(xk − yk)‖2S−1

= ‖xk − x∗‖2S − (2− θ)γk〈xk − yk, Dk(xk − yk)〉

≤ ‖xk − x∗‖2S − (2− θ)γkρ‖xk − yk‖2,

where the last inequality follows from the notation Dk := J+
k −L

+− 1
4c I and (28).

It can be easily seen that the sequence {γk} has a positive lower bound, say γmin.

Thus, we eventually get

‖xk+1 − x∗‖2S ≤ ‖xk − x∗‖2S − (2− θ)ργmin‖xk − yk‖2.

Therefore, we can conclude that

(i) lim
k→+∞

‖xk − x∗‖S exists, (29)

(ii) ‖xk − yk‖ → 0. (30)
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In views of (29) and (v) in Assumption 4.1, the sequence {xk} must be bounded

in norm. Thus, there exists some subsequence {xkj} such that it converges weakly

to x∞, so does {ykj} according to (30). On the other hand, it follows form (26)

that

(F +B)(yk) 3 Jk(xk − yk)− F (xk) + F (yk).

In views of Assumption 4.1, (28) and (30), we have

‖Jk(xk − yk)− F (xk) + F (yk)‖ → 0,

while the subsequence {ykj} converges weakly to x∞. Thus, we know that

0 ∈ (F +B)(x∞),

i.e., the weak cluster point x∞ solves the monotone inclusion (1) above. Here, we

need maximality of B+F , which follows from [28]. The proof of uniqueness of the

weak cluster point is standard and can be found in [9, 10, 7, 16].

Finally, let us prove the second conclusion. In views of Lemma 4.1, we have

〈xk − x∗, (Jk − L)(xk − yk)〉 ≥ 〈xk − yk, Dk(xk − yk)〉+ (φL + φB)(‖yk − x∗‖).

Meanwhile, Assumption 4.1 and the condition (28) tell us that ‖Jk−L‖ is bounded.

Combining these with (29) and (30) yields

lim
k→+∞

(φL + φB)(‖yk − x∗‖) = 0.

This indicates that if either L or B is uniformly monotone, then the sequence

{yk} must converge strongly to an element of the solution set (if nonempty) of the

problem (1) above, so does {xk} according to (30). �
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Remark 4.1 (i) In the second conclusion of Theorem 4.1, under proper assump-

tions, we analyze strong convergence of the Algorithm 3.1. Similar convergence

properties also hold for the method described by (3) and (4), although this was

not apparently pointed out in the first author’s Ph.D. dissertation at that time.

(ii) As to a relaxed version [10, Algorithm 4.2.4] described by (3) and (4) of the

Tseng’s splitting method, its locally linear rate of convergence can be found in [10,

Theorem 4.2.4]. Moreover, under standard assumptions, it is not difficult to mimic

the corresponding proof techniques to confirm locally linear rate of convergence of

the Algorithm 3.1 suggested in this article.

5 Relations to other methods

In this section, we discuss relations of the above-mentioned Algorithm 3.1 to other

existing ones.

5.1 Case 1

When F vanishes, Xk ≡ H, S = I, the corresponding version of the Algorithm 3.1

is closely related to [29].

5.2 Case 2

In the case that C inside F vanishes, Jk ≡ α−1
k I, S = I, the Algorithm 3.1 reduces

to an instance of [10, Algorithm 4.2.4] or [16, Algorithm 1].
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5.3 Case 3

In the case that C inside F vanishes, Jk ≡ α−1
k I, S = I and B is taken to be the

differential of the indicator function of some nonempty, closed and convex subset

in finite-dimensional spaces, the Algorithm 3.1 reduces to projection type method

proposed in [11–13].

5.4 Case 4

An application of the Algorithm 3.1 is to solve the following convex minimization

min f(x) + g(Ex) + h(x) (31)

where f, h : H → R are proper, closed and convex functions, and the gradient of h

is κ-Lipschitz continuous, g : G → R is a proper, closed and convex function, and

E : H → G is a nonzero, bounded and linear operator. Under mild assumptions,

its optimality conditions are

0 ∈ L(x, u) + C(x, u) +B(x, u),

where

L(x, u) := (E∗u,−Ex), C(x, u) := (∇h(x), 0), B(x, u) := (∂f(x), ∂g−1(u)).

Thus, if we further follow [23, Sect. 5] to set

J :=

 1
τ I 0

−ηE 1
σ I

 , S−1 := µS−1
1 + (1− µ)S−1

2 ,

where τ > 0, σ > 0, µ ∈ [0, 1], S1 and S2 are defined by

S1(x, u) := (
1

τ
x+ (1− η)E∗u, (1− η)Ex+

1

σ
u+ τ(1− η)(2− η)EE∗u),

S2(x, u) := (
1

τ
x+ σ(2− η)E∗Ex− E∗u,−Ex+

1

σ
u),
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the main iterative formulae of the Algorithm 3.1 become

x̄k = (I + τ∂f)−1(xk − τE∗uk − τ∇h(xk)),

ūk = (I + σ∂g−1)−1(uk + σE((1− η)xk + ηx̄k)),

and

xk+1 = xk + γk(x̃k − µτ(2− η)E∗ũk),

uk+1 = uk + γk(σ(1− µ)(2− η)Ex̃k + ũk),

where x̃k = x̄k − xk, ũk = ūk − uk and γk is given by

γk = θ
( 1
τ −

κ
4 )‖x̃k‖2 + ( 1

σ −
κ
4 )‖ũk‖2 − η〈x̃k, E∗ũk〉

V (x̃k, ũk)
,

where 0 < θ < 2 and

V (x̃k, ũk) =
1

τ
‖x̃k‖2 +

1

σ
‖ũk‖2 + (1− µ)σ(1− η)(2− η)‖Ex̃k‖2

+µτ(2− η)‖E∗ũk‖2 + 2(µη − 2µ− η + 1)〈x̃k, E∗ũk〉.

For this special case of the Algorithm 3.1, we shall clarify how to give conditions

on D := J+−L+− 1
4c I. In this case, L+ = 0 and C is of the same inverse strongly

monotone constant as ∇h. In view of the Baillon-Haddad theorem, the latter’s

inverse strongly monotone constant is 1/κ. Thus, c = 1/κ and, for any given

z := (x, u), we have

〈z,Dz〉 = (
1

τ
− κ

4
)‖x‖2 + (

1

σ
− κ

4
)‖u‖2 − η〈Ex, u〉

≥ (
1

τ
− κ

4
− η‖E‖2

2ε
)‖x‖2 + (

1

σ
− κ

4
− ηε

2
)‖u‖2,

for all ε > 0. Selecting

ε :=

√
‖E‖2 +

1

η2
(
1

τ
− 1

σ
)2 − 1

η
(
1

τ
− 1

σ
)
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yields 〈z,Dz〉 ≥ µD‖z‖2, where

µD :=
1

2
(
1

τ
+

1

σ
)− κ

4
− 1

2

√
η2‖E‖2 + (

1

τ
− 1

σ
)2.

When κ vanishes, it becomes

µJ+ :=
1

2
(
1

τ
+

1

σ
)− 1

2

√
η2‖E‖2 + (

1

τ
− 1

σ
)2. (32)

To guarantee µD > 0, we require the following conditions

τ < 4/κ, σ < 4/κ, µJ+ >
κ

4
. (33)

If h vanishes, then these conditions reduce to

1

τ
>
σ

4
η2‖E‖2. (34)

Meanwhile, it is easy to check that the ĉ in (14) is ĉ := µJ+/κ. So, the condition

ĉ > 1/4 corresponds to µJ+ > κ/4.

If we set η = 2, the method above coincides with [26, 25] used for solving the

convex minimization under the consideration. The assumption on τ and σ there is

min{1

τ
,

1

σ
}
(
1−
√
τσ‖E‖

)
>
κ

2
. (35)

Obviously, when h vanishes, it is the same as (34). As remarked in [23, Remark

5.2], our assumption µJ+ > κ
4 in (33) on τ and σ is less conservative.

If we further set η = 2 and h ≡ 0, the method above coincides with [30] used

for solving the convex minimization under the consideration, and the involved

parameters τ and σ satisfy (34).

For the convex minimization (31) above, we always have −L = L∗. This indi-

cates that the direction dk in the Algorithm 3.1 coincides with the one d̂k [23]. So,

the Algorithm 3.1 can recover all known methods that can be viewed as special

cases of [23]. We refer to [23, Sect. 5] for more details and will not list them one

by one.
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5.5 Case 5

The problem considered in the report [24] is to find an x ∈ H such that

0 ∈ F (x) +B(x), with F := N + C,

where N : H → H is monotone and κ-Lipschitz continuous, C : H → H is c-inverse

strongly monotone, and B : H⇒ H is maximal monotone. The main method there

is stated in [24, Theorem 2] and, in our notation, reads

(J +B)(yk) 3 (J − F )(xk)

xk+1 = PJ
+

X [xk − γ̃k(J+)−1(J−(xk − yk)−N(xk) +N(yk))].

In the case of N := L being further linear, the method above becomes

(J +B)(yk) 3 (J − F )(xk) (36)

xk+1 = PJ
+

X [xk − γ̃k(J+)−1(J− − L)(xk − yk)]. (37)

For weak convergence, one of the assumptions made in [24, Theorem 2] is

‖N − J−‖2 < µJ+

(
µJ+ − 1

2c

)
.

where ‖N −J−‖ stands for Lipschitz constant of N −J−. In the N := L case, this

assumption becomes

‖L− J−‖2 < µJ+

(
µJ+ − 1

2c

)
⇒ µJ+ >

1

4c
+

√
‖L− J−‖2 +

1

16c2
.

When J is further self-adjoint, it implies

µJ+ >
1

4c
+

√
‖L‖2 +

1

16c2
, (38)

where we have assumed that N := L is κ-Lipschitz continuous and κ = ‖L‖. In

contrast, in the case of Jk ≡ J , our suggested condition (28) is

J+ � L+ +
1

4c
I.
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When we have a look at the optimality condition of the convex minimization

problem (31) above, in which L is skew and thus L+ = 0, we will find that our

assumptions on J can be much weaker.

Based on these observations, as far as the monotone inclusion (1) above is

concerned, our suggested the Algorithm 3.1 is widely different from the method

stated in [24, Theorem 2] in general.

6 Rudimentary experiments

In this section, our primary goal is to confirm that the Algorithm 3.1 outperformed

the method [23] for our two test problems. Furthermore, we showed the numerical

superiority of the Algorithm 3.1 over several recently-proposed ones for the first

test problem.

All numerical experiments were run in MATLAB R2014a (8.3.0.532) with 64-

bit (win64) on a desktop computer with an Intel(R) Core(TM) i5-7400 CPU 3.00

GHz and 8.00 GB of RAM. The operating system is Windows 10.

Our first test problem is to solve the following linear monotone complementar-

ity problem [16]

0 ∈ F (x) + ∂δΩ(x), with F := L+ C, (39)

where δΩ is the indicator function of the first orthant Ω = {x : xi ≥ 0, i =

1, · · · , n} and C(x) := (1− t)Mx+ q, where t ∈ [0, 1), and the associated matrices
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are n× n block tridiagonal

M =



Q̄ −I

−I Q̄ −I

· · ·

· · ·

−I Q̄ −I

−I Q̄



, L = tM +
hc̄

2



O I

−I O I

· · ·

· · ·

−I O I

−I O



,

and n = m2, where h = 1/(m + 1), c̄ = 100, I is an m × m identity matrix

and Q̄ is an m × m matrix of the form 4I + Q + QT with Qij = −1 whenever

j = i + 1, i = 1, · · · ,m − 1, otherwise Qij = 0. To know the solution of this

problem in advance, we set q = −((1 − t)M + L)e1, where e1 is the first column

of the corresponding identity matrix. Thus, x∗ = e1 is the unique solution of this

complementarity problem. Obviously, the problem corresponds to the monotone

inclusion (1) with

F (x) = L(x) + C(x), B(x) = ∂δΩ(x).

Clearly, it follows from (21) that the largest eigenvalue of M is less than 6.

Thus, in practical implementations, we adopted

c = 1/6, Jk ≡ α−1I, θ ∈ (0, 2), S := I. (40)

Set n = 502 and x0 = (1, ..., 1)T . Recall that ‖x‖∞ = maxi=1,··· ,n{|xi|}. We made

use of the following stopping criterion

‖xk − x∗‖∞ ≤ ε ‖x0 − x∗‖∞.

Next, we focus on how to choose the associated steplength α of the Algorithm

3.1 when Jk ≡ α−1I and F is bounded and linear. According to our accumulated
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experience in the last ten years, the constant steplength α shall be around 1/κ(F ),

where κ(F ) is given by

κ(F ) := sup
x 6=y

〈x− y, F (x)− F (y)〉
‖x− y‖2 .

For the complementarity problem (39) above, we can make use of (21) to get

κ(F ) ≈ 6. Thus, in the case of α = 1/6, the requirement (28) is satisfied because

α = 1/6, L+ = 0.5M, c = 1/6.

Yet, the steplength in some methods can be required to be less than 1/κ(F ),

see (24) for an instance. In such case, we may take α = 0.75/κ(F ) or something

like this. Although there has been no general theory of this issue, our doing is

usually useful in splitting methods without introducing dual variables and thus is

recommended.

Below, we compared the Algorithm 3.1 with other recently-proposed ones,

which are labeled as follows.

NEW0: It corresponds to the method stated in Remark 3.4, with Xk replaced

by H, and it can be viewed as an instance of the Algorithm 3.1 as well. We set

θ = 1.9. According to the condition on steplength (24) and the discussions in the

fifth paragraph of this section, we took α = 0.75/6.

NEW: It corresponds to the Algorithm 3.1 and Xk ≡ H and the relations (40)

hold and c = 1/(6(1− t)), and we took

α ∈ 1

6
{0.5, 0.6, 0.7, ..., 1.5}, θ ∈ {1.5, 1.7, 1.9}.

For better numerical performance, we set α = 1.4/6 and θ = 1.9.

LP: It corresponds to the method proposed by Latafat and Patrinos [23]. Since

J+ = α−1I, C(x) := (1− t)Mx+ q, 0 ≤ t < 1
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in our test problem, the involved condition (14) indicates

(1− t)λi ≥ ĉα(1− t)2λ2i , i = 1, ..., n, ĉ > 1/4,

where λ1 ≤ ... ≤ λn are the eigenvalues of M . Consequently, we set

ĉ =
1

α(1− t)λn
.

We took 6 as a rough evaluation of the largest eigenvalue λn in practice and

α ∈ 1

6
{0.5, 0.6, 0.7, ..., 1.5}, θ̂ ∈ 2− 1/(2ĉ)− {0.1, 0.3, 0.5}.

For better numerical performance, we set α = 0.6/6 and θ̂ = 2−1.5∗α−0.1 = 1.750.

BD: It corresponds to the method, described by (36) and (37), proposed by

Briceno and Davis in [26, Theorem 2]. In the case of J = α−1I, we took µJ+ = α−1,

‖L‖ = (1− t)6 +
hc̄

2
≈ 5, c =

1

6(1− t) .

Thus, we made use of (38) to get α < 0.1733 in the case of t = 0.5. In practical

implementations, we chose

α ∈ {0.01, 0.05, 0.1, 1/6, 0.17}, γ̃k ∈ {1, 0.5, 0.01, 0.05, 0.001}.

VC: It corresponds to the method proposed by Vu [25] and Condat [26]. For

our test problem (39) above, its main iterative formulae can be stated as follows

x̃k = (I + τC)−1(xk − τLxk − τvk),

ṽk = (I + σ∂δ−1
Ω )−1(vk + σ(2x̃k − xk)),

xk+1 = ρx̃k + (1− ρ)xk,

vk+1 = ρṽk + (1− ρ)vk,
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where τ , σ and ρ are positive parameters. Notice that v here corresponds the dual

variable. In practical implementations, we had to resort to the following Moreau

identity

(I + σB−1)−1(u) ≡ u− σ(I +
1

σ
B)−1(

u

σ
), ∀σ > 0, ∀u ∈ H

for any given maximal monotone operator B. For this method, there are two prox-

imal parameters. One is τ with respect to C and the other is 1
σ with respect to ∂δΩ

(set B := ∂δΩ). How to choose them is critical for better numerical performance.

Unfortunately, this issue remains open. Here we suggested a practically useful idea

of choosing τ and σ for our test problem in the case of t = 0.5, i.e., neither of

these two proximal parameters τ and σ−1 should be large and small. To this end,

we set

τ, σ−1 ∈ {0.01, 0.05, 0.1, 0.2, 0.3, ..., 1}

Thus, we got 144 pairs of (τ, σ). According to the conditions in [26, Theorem 3.2],

each shall satisfy

1

τ
− σ ≥ β

2
,

where β is the Lipschitz constant of L and, for our test problem,

β ≈ (1− t)6 +
hc̄

2
2 ≈ 5.

So, the filtered 30 pairs (τ, σ) are

(0.2, 1), (0.2, 2), (0.1, j), j = 1, ..., 7,

(0.05, j), j = 1, ..., 10, (0.01, j), j = 1, ..., 10, 20.

Then, for each given pair, we made use of one condition in [26, Theorem 3.2] to

determine the corresponding upper bound δ of ρ and the computed value of δ is

1.30, 1.10, 1.56, 1.52, 1.50, 1.50, 1.50, 1.30, 1.10, 1.76, 1.75, 1.74, 1.72, 1.71, 1.69,
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Table 1 Numerical results for all the algorithms above when t = 0.5

ε NEW0 NEW LP BD VC OLD

k TIME k TIME k TIME k TIME k TIME k TIME

10−6 192 0.0196 140 0.010 290 0.020 - - 166 2.863 193 0.027

10−9 219 0.017 166 0.012 344 0.023 - - 184 2.886 218 0.032

1.67, 1.65, 1.62, 1.60, 1.95, 1.95, 1.94, 1.94, 1.94, 1.94, 1.94, 1.94, 1.94, 1.94, 1.93,

respectively. Next, we chose ρ ∈ {0.5δ, 0.7δ, 0.9δ}. Finally, we found out that τ =

0.2, σ = 1 and ρ = 0.9δ = 0.9 ∗ 1.30 = 1.17 are good choices for this test problem.

Notice that, since m = 50 and thus the number of variables is not large, we ran

VC using the eig function in MATLAB to factor and store the involved co-efficient

matrix of this system of linear equations before the iteration process.

OLD: It corresponds to [16, Algorithm 1] with the only difference: the param-

eter γk there has been updated as

θ
〈xk − xk(αk), xk − xk(αk)− αkF (xk) + αkF (xk(αk))〉

‖xk − xk(αk)− αkF (xk) + αkF (xk(αk))‖2

for a bit better numerical performance (we have already made use of the same

notation as [16]). Other parameters used are as follows:

α−1 = 1, β ∈ {0.5, 0.7, 0.9}, ρ = {0.1, 0.2, 0.3, ..., 0.9}, θ ∈ {1.5, 1.7, 1.9}

and we found out that β = 0.9, ρ = 0.4 and θ = 1.9 are good choices for this test

problem.

We reported the corresponding numerical results in Table 1, where ”TIME”

means the elapsed time using tic and toc (in seconds) and the notation ” − ”

indicates that the algorithm did not return results within ten seconds.
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From Table 1, we can see that NEW outperformed LP clearly. In fact, it is by

far the fastest among all these algorithms above. Note that VC has to solve one

system of linear equations at each iteration and thus becomes time-consuming.

By the way, for the test problem above, in the t = 0 case, the directions

dk = −(J − L)(xk − yk), d̂k = −(J + LT )(xk − yk)

coincide because −L = LT . So, in order to compare the Algorithm 3.1 with [23],

we set t = 0.5 to avoid this. If our goal is to solve the test problem above without

any intention to compare these two methods, then we shall set C(x) := Mx + q

directly and either works well.

Our second test problem is to solve the same type of complementarity problem

as (39)

0 ∈ F (x) + ∂δΩ(x), with F := L+ C,

where Ω is the first orthant, and L is given by

L =



2 −0.5 −0.4 0

−0.5 2 0 −0.3

−0.6 0 2 −0.5

0 −0.7 −0.5 2


,

and C(x) := Mx+ q,

M =



2 −0.5 −0.5 0

−0.5 2 0 −0.5

−0.5 0 2 −0.5

0 −0.5 −0.5 2


, q = −(M + L)e1,



30 Yunda Dong, Xiaohuan Yu

where e1 = (1, 0, 0, 0)T . Thus, x∗ = e1 is the unique solution of this complemen-

tarity problem.

Note that the largest eigenvalue of M is 3 and κ(F ) ≈ 6. Thus, in practical

implementations, we adopted

c = 1/3, Jk ≡ α−1I, θ ∈ (0, 2), S := I. (41)

Set x0 = (1, 1, 1, 1)T . In addition, we made use of the same type of stopping

criterion used in the first test problem.

Below, we labelled the Algorithm 3.1 and the method [23].

NEW: It corresponds to the Algorithm 3.1 and Xk ≡ H and the relations (41)

hold and c = 1/3. In practical implementations, we made use of

α ∈ 1

6
{0.5, 0.6, 0.7, ..., 1.5}, θ ∈ {1.5, 1.7, 1.9}

as trial values and we found out that α = 1.5/6 and θ = 1.9 are good choices for

this test problem.

LP: It corresponds to the method proposed by Latafat and Patrinos [23]. Since

J+ = α−1I, C(x) := Mx+ q,

in our second test problem, the involved condition (14) indicates

λi ≥ ĉαλ2i , i = 1, ..., 4, ĉ > 1/4,

where λ1 ≤ ... ≤ λ4 = 3 are the eigenvalues of M . So, we have

ĉ = 1/(αλ4) = 1/(3α).

In practical implementations, we took

α ∈ 1

6
{0.5, 0.6, 0.7, ..., 1.5}, θ̂ ∈ 2− 1/(2ĉ)− {0.1, 0.3, 0.5}.
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Table 2 Numerical results for NEW and LP

ε NEW LP

θ = 1.5 θ = 1.7 θ = 1.9 θ̂ = 1.2750 θ̂ = 1.4750 θ̂ = 1.6750

k TIME k TIME k TIME k TIME k TIME k TIME

10−6 17 1.79e-04 14 1.65e-04 12 1.52e-04 33 2.14e-04 28 2.06e-04 25 1.82e-04

10−9 26 2.58e-04 21 2.14e-04 17 1.72e-04 50 3.25e-04 42 3.06e-04 38 2.75e-04

As a result, we found out that α = 0.9/6, θ̂ = 2− 1.5 ∗ α− 0.1 = 1.6750 are good

choices for this test problem.

We reported the corresponding numerical results in Table 2, where ”TIME”

means the elapsed time using tic and toc (in seconds).

From Table 2, we can see that NEW (with θ = 1.9) outperformed LP (with

θ̂ = 1.6750) clearly for the second test problem.

7 Conclusions

In this article, we have suggested a new splitting method for monotone inclusions

of three operators in real Hilbert spaces. The new method, at each iteration, first

implements one forward-backward step as usual and next implements a descent

step. The method shares an appealing property of [23] evaluating the associated

inverse strongly monotone part only once at each iteration. Under standard as-

sumptions, we have analyzed its weak and strong convergence. Furthermore, we

have already done numerical experiments to confirm the superiority of our suggest-

ed method over several recently-proposed ones for our test problems. Impressively,
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we have suggested a practically useful idea of choosing different proximal param-

eters involved in some splitting methods introducing dual variables.

Finally, we would like to point out some issues to be solved. For example, like

[23], how to choose J and S in the Algorithm 3.1 so as to speed up it remains

open. We conjecture that it heavily depends on individual problem thus developing

a general scheme becomes challenging. Another issue is to ask what other known

methods except those listed in Sect. 5 can be covered for appropriate choices of

the operators J and S. These issues deserve further investigation.
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