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ABSTRACT. Signal estimation problems with smoothness and sparsity
priors can be naturally modeled as quadratic optimization with £o-
“norm” constraints. Since such problems are non-convex and hard-to-
solve, the standard approach is, instead, to tackle their convex surro-
gates based on {i-norm relaxations. In this paper, we propose new
iterative (convex) conic quadratic relaxations that exploit not only the
lo-“norm” terms, but also the fitness and smoothness functions. The
iterative convexification approach substantially closes the gap between
the fo-“norm” and its ¢; surrogate. These stronger relaxations lead to
significantly better estimators than ¢;-norm approaches and also allow
one to utilize affine sparsity priors. In addition, the parameters of the
model and the resulting estimators are easily interpretable. Experiments
with a tailored Lagrangian decomposition method indicate that the pro-
posed iterative convex relaxations yield solutions within 1% of the exact
{o approach, and can tackle instances with up to 100,000 variables under
one minute.
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1. INTRODUCTION

Given nonnegative data y € R"} corresponding to a noisy realization of an
underlying signal, we consider the problem of removing the noise and recov-
ering the original, uncorrupted signal y*. A successful recovery of the signal
requires exploiting prior knowledge on the structure and characteristics of
the signal effectively.

A common prior knowledge on the underlying signal is smoothness. Smooth-
ing considerations can be incorporated in denoising problems through qua-
dratic penalties for deviations in successive estimates [63]. In particular,
denoising of a smooth signal can be done by solving an optimization prob-
lem of the form

min ||y — (|3 + || Pz|3, (1)
z€RTY

where x corresponds to the estimation for y*, A > 0 is a smoothing regu-

R™*™ is a linear operator, the estimation error

larization parameter, P €
term ||y — |3 measures the fitness to data, and the quadratic penalty term

| P2 models the smoothness considerations. In its simplest form

1Pz|3 = D (@i —a))? (2)
{i,j}€A

where A encodes the notion of adjacency, e.g., consecutive observations in
a time series or adjacent pixels in an image. If P is given according to (2),
then problem (1) is a convex Markov Random Fields problem [42] or metric
labeling problem [48], commonly used in the image segmentation context [16,
49|, for which efficient combinatorial algorithms exist. Even in its general
form, (1) is a convex quadratic optimization, for which a plethora of efficient
algorithms exist.

Another naturally occurring signal characteristic is sparsity, i.e., the un-
derlying signal differs from a base value in only a small proportion of the
indexes. Sparsity arises in diverse application domains including medical
imaging [52], genomic studies [44], face recognition [80], and is at the core
of compressed sensing methods [27]. In fact, the “bet on sparsity” principle
[35] calls for systematically assuming sparsity in high-dimensional statis-
tical inference problems. Sparsity constraints can be modeled using the
lo-“norm” !, leading to estimation problems of the form

min y — 2§+ A Y (e 2,)? subject to Jalo <k (3)
o {ijhea
where k € Zy is a target sparsity and ||z|lo = ;L 14,20, where 1.y is the

indicator function equal to 1 if (+) is true and equal to 0 otherwise. Moreover,

IThe so-called £o-“norm” is not a proper norm as it violates homogeneity.
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the indicators can also be used to model affine sparsity constraints [24, 25];
see Section 5.2 for an illustration.

Unlike (1), problem (3) is non-conver and hard-to-solve exactly. The
regularized version of (3), given by

min Iy~ 2l 43 Y2 (@i 2)" + lalo (4)
+ {ijteA

with g > 0, has received (slightly) more attention. Problem (4) corresponds
to a Markov Random Fields problem with non-convex deviation functions
[see 1, 43], for which a pseudo-polynomial combinatorial algorithm of com-

plexity O (|122|n log (%)) exists, where € is a precision parameter and |A]|

is the cardinality of set A; to the best of our knowledge, this algorithm
has not been implemented to date. More recently, in the context of signal
denoising, Bach [8] proposed another pseudo-polynomial algorithm of com-
plexity O ((%)glog (%)), and demonstrated its performance for instances
with n = 50. The aforementioned algorithms rely on a discretization of the
x variables, and their performance depends on how precise the discretiza-
tion (given by the parameter €) is. Finally, a recent result of Atamtiirk and
Gémez [5] on quadratic optimization with M-matrices and indicators imply
that (4) is equivalent to a submodular minimization problem, which leads to
a strongly polynomial-time algorithm of complexity O(n”). The high com-
plexity by a blackbox submodular minimization algorithm precludes its use
except for small instances. No polynomial-time algorithm is known for the
constrained problem (3).

In fact, problems (3) and (4) are rarely tackled directly. One of the most
popular techniques used to tackle signal estimation problems with sparsity
consists of replacing the non-convex term ||z|lp with the convex ¢;-norm,
lzlli = Do, |xil, see Section 2.1 for details. The resulting optimization
problems with the £1-norm can be solved very efficiently, even for large in-
stances; however, the ¢; problems are often weak relaxations of the exact £,
problem (3), and the estimators obtained may be poor, as a consequence.
Alternatively, there is a increasing effort for solving the mixed-integer opti-
mization (MIO) (3) exactly using enumerative techniques, see Section 2.2.
While the recovered signals are indeed high quality, exact MIO approaches
to-date require at least a few days to solve instances with n > 1,000, and
are inadequate to tackle many realistic instances as a consequence.

Contributions and outline. In this paper, we discuss how to bridge the
gap between the easy-to-solve ¢ approximations and the often intractable
{o problems in a convex optimization framework. Specifically, we construct
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a set of iterative convex relaxations for problems (3) and (4) with increas-
ing strength. These convex relaxations are considerably stronger than the
f1 relaxation, and also significantly improve and generalize other existing
convex relations in the literature, including the perspective relazation (see
Section 2.3) and recent convex relaxations obtained from simple pairwise
quadratic terms (see Section 2.4). The strong convex relaxations can be used
to obtain high quality, if not optimal, solutions for (3)—(4), resulting in better
performance than the existing methods; in our computations, solutions to in-
stances with n = 1,000 are obtained with off-the-shelf convex solvers within
seconds. For additional scalability, we give an easy-to-parallelize tailored
Lagrangian decomposition method that solves instances with n = 100,000
under one minute. Finally, the proposed formulations are amenable to conic
quadratic optimization techniques, thus can be tackled using off-the-shelf
solvers, resulting in several advantages: (i) the methods described here will
benefit from the continuous improvements of conic quadratic optimization
solvers; (ii) the proposed approach is flexible, as it can be used to tackle
either (3) or (4), as well as general affine sparsity constraints, by simply
changing the objective or adding constraints.

Figure 1 illustrates the performance of the £;-norm estimator and the
proposed strong convex estimators for an instance with n = 1,000. The
new convex estimator, depicted in Figure 1(C), requires only one second to
solve; the convex estimator enhanced with additional priors in Figure 1(D)
is solved under five seconds.

The rest of the paper is organized as follows. In Section 2 we review the
relevant background for the paper. In Section 3 we introduce the strong it-
erative convex formulations for (3)—(4). In Section 4 we give conic quadratic
extended reformulation of the model and describe a scalable Lagrangian de-
composition method to solve it. In Section 5 we test the performance of the
methods from a computational and statistical perspective, and in Section 6
we conclude the paper with a few final remarks.

Notation. Throughout the paper, we adopt the following convention for
division by 0: given a > 0, a/0 = co if @ > 0 and a/0 = 0 if a = 0. For a set
X CR", let conv(X) denote the convex hull of X and conv(X) the closure
of conv(X). Given two matrices @, R of the same dimensions, we denote by
(@, R) the inner product of @ and R.

2. BACKGROUND

In this section, we review formulations relevant to our discussion. First we
review the usual ¢;-norm approximation (Section 2.1), next we discuss MIO
formulations (Section 2.2), then we review the perspective reformulation, a
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FIGURE 1. Estimators from ¢i-approximation and the new
strong convex formulations (decomp) for signal denoising.

standard technique in the MIO literature, (Section 2.3), and finally pairwise
convex relaxations that were recently proposed (Section 2.4).

2.1. L1-norm approximations. A standard technique for signal estima-
tion problems with sparsity is to replace the fp-norm with the ¢1-norm in
(3), leading to the convex optimization problem

(¢1-approx.) miﬂ |y — z||3 + Az — )% subject to ||z||1 < k. (5)
z€RY

The ¢;-norm approximation was proposed by Tibshirani [69] in the context
of sparse linear regression, and is often referred to as lasso. The main moti-
vation for the ¢1-approx. is that the ¢1-norm is the convex p-norm closer to
the fp-norm. In fact, for L = {x € [0,1]" : ||z|lo < 1}, it is easy to show that
conv(L) = {x € [0,1]" : ||z||1 < 1}; therefore, the ¢;-norm approximation is
considered to be the best possible convex relaxation of the £y3-norm.

The ¢1-approx. is currently the most commonly used approach for spar-
sity [37]. It has been applied to a variety of signal estimation problems
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including signal decomposition and spike detection [e.g., 21, 31, 76, 50|, and
pervasive in the compressed sensing literature [17, 18, 28]. A common variant
of the ¢1-approx. is the fused lasso [71], which involves a sparsity-inducing
term of the form Z?:_ll |xir1 — x;]; the fused lasso was further studied in
the context of signal estimation [65], and is often used for digital imaging
processing under the name of total variation denoising [66, 75, 60]. Several
other generalizations of the ¢;-approx. exist [70], including the elastic net
[85, 59], the adaptive lasso [84], the group lasso [9, 64] and the smooth lasso
[39]; related ¢1-norm techniques have also been proposed for signal estima-
tion, see [47, 54, 73]. The generalized lasso [72] utilizes the regularization
term || Az||; and is also studied in the context of signal approximation.

Despite its widespread adoption, the ¢1-approx. has several drawbacks.
First, the £1-norm term may result in excessive shrinkage of the estimated
signal, which is undesirable in many contexts [81]. Additionally, the ¢;-
approximation may struggle to achieve sparse estimators — in fact, solu-
tions to (5) are often dense, and achieving a target sparsity of k requires
using a parameter k <<k, inducing additional bias on the estimators. As a
consequence, desirable theoretical performance of the ¢;-approx. can only
be established under stringent conditions [65, 67], which may not be satisfied
in practice. Indeed, ¢1 approximations have been shown to perform rather
poorly in a variety of contexts, e.g., see [46, 57]. To overcome the aforemen-
tioned drawbacks, several non-convex approximations have been proposed
[30, 38, 55, 82, 83]; more recently, there is also an increasing effort devoted
to enforcing sparsity directly with £y regularization using enumerative MIO
approaches.

2.2. Mixed-integer optimization. Signal estimation problems with spar-
sity can be naturally modeled as a mixed-integer quadratic optimization
(MIQO) problem. Using indicator variables z € {0, 1}" such that z; = 1,9
forall i =1,...,n, problem (3) can be formulated as

min » (yi —xi)?+ A D (wi— ) (6a)
=1

{i,j}eA
stz (1 —2)=0 (6b)
zeCC{0,1}" (6¢)
xz € RY. (6d)

If C is defined by a k-sparsity constraint, i.e., C = {z € {0,1}" : ||z||1 < k},
then problem (6) is the ¢y analog of (5). More generally, C' may be defined
by other logical (affine sparsity) constraints, which allow the inclusion of
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additional priors in the inference problem. In this formulation, the non-
convexity of the ¢y regularizer is captured by the complementary constraints
(6b) and the binary constraints encoded by set C. Constraints (6b) can
be alternatively formulated with the so-called “big-M” constraints with a
sufficiently large positive number wu,

zi(1—2z)=0and z; € {0,1} & 2; <wuz; and z € {0,1}. (7)
For the signal estimation problem (6), u = [|y|lo is a valid upper bound
for x;, i = 1,...,n. Problem (6) is a convex MIQO problem, which can

be tackled using off-the-shelf MIO solvers. Estimation problems with a few
hundred of variables can be comfortably solved to optimality using such
solvers, e.g., see [12, 22, 33, 78]. For high Signal-to-Noise Ratios (SNR),
the estimators obtained from solving the exact ¢y problems indeed result in
superior statistical performance when compared with the /1 approximations
[13]. For low SNR, however, the lack of shrinkage may hamper the estima-
tors obtained from optimal solutions of the ¢y problems [36]; nonetheless, if
necessary, shrinkage can be easily added to (6) via conic quadratic regular-
izations terms [56], resulting again in superior statistical performance over
corresponding ¢; approximations. Unfortunately, current MIO solvers are
unable to solve larger problems with thousands of variables.

Finally, we point out the relationship between the ¢; approximation (5)
and the MIO formulation (6). It can be verified easily that, if C' is defined
by a k-sparsity constraint, then there exists an optimal solution z to the
simple convex relaxation with big-M constraint, where z; = 7 for all i =
1,...,n. Therefore, the constraint (6¢) reduces to ||z||; < ku, and we find
that ¢1-approx. is in fact the natural convex relaxation of (6) (for a suitable
sparsity parameter). This relaxation is often weak and can be improved
substantially.

2.3. The perspective reformulation. A simple strengthening technique
to improve the convex relaxation of (6) is the perspective reformulation
[29], which will be referred to as persp. in the remainder of the paper for
brevity. This reformulation technique can be applied to the estimation error
terms in (6a) as follows:

(yi —@:i)* <t e yi —2ymi +af <t

2 x}
=y — 2y + Z—’ <t. (8)

(2
The term acf /z; is the closure of the perspective function of the quadratic
2
79
is in fact the best possible for separable quadratic functions with indicator

function x7, and is therefore convex, see p. 160 of [41]. Reformulation (8)
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variables. The perspective terms % can be replaced with an auxiliary vari-
able s; along with rotated cone constraints :L’ZQ < $;% [2, 34]. Therefore,
persp. relaxations can be easily solved with conic quadratic solvers and
is by now a standard technique for mixed-integer quadratic optimization
[15, 40, 53, 79]. Additionally, relationships between the persp. and the
sparsity-inducing non-convex penalty functions minimax concave penalty
[81] and reverse Huber penalty [61] have recently been established [6, 26].
In the context of the signal estimation problem (3), the persp. yields the
convex relaxation

n n 9

. x;
E y? + min g (—2yiz; + j) + A E (z; — ;)
=1 =1 ‘ {igteA

(persp.)  s.t. x; < ||Ylloozi i=1,...,n
zeC, r eRY,

where C is a valid convex relaxation of C, e.g., C' = conv(C). The ¢;-approx.
model, as discussed in Section 2.1, is the best convex relaxation that con-
siders only the indicators for the ¢y terms. The persp. approximation is
the best convex relaxation that exploits the £y indicator variables as well
as the separable quadratic estimation error terms; thus, it is stronger than
{1-approx.. However, the persp. cannot be applied to non-separable qua-

2

i ) . : 2/ 9. 2/,
dratic smoothness terms (z; — x;)°, as the function z7/z — 2z,z; + 25 /2; is

non-convex due to the bilinear term.

2.4. Strong formulations for pairwise quadratic terms. Recently, Jeon
et al. [45] gave strong relaxations for the mixed-integer epigraphs of non-
separable convex quadratic functions with two variables and indicator vari-
ables. Atamtiirk and Gémez [5] further strengthened the relaxations for
quadratic functions of the form (z; — x;)? corresponding to the smoothness
terms in (6). Specifically, let

X?={(z,2,5) € {0,1}* xR} : (21 —22)> < 5, 73(1 — ) = 0,i = 1,2}
and define the function f:[0,1]2> x R2 — R, as

T1—x9)% .
flz,2) = {(1212) if 21 > 2

Za2 .
% if 21 < x9.

Proposition 1 (Atamtiirk and Gémez [5]). The function f is convex and
IHX?) = {(2,2,5) € [0, 1 x BY : f(2,2) < 5}
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Using persp. and Proposition 1, one obtains the stronger pairwise con-
vex relaxation of (6) as

n n 2
€T
Zy? + min Z (—Qyia:i + ;) + A Z [z, zj, @i, xj)  (9a)
i=1 i=1 ¢ {i,jreA
(pairwise )  s.t. z; < ||yllcozi, i=1,...,n (9b)
z€C, z eRY. (9¢)

Note that f is not differentiable everywhere and it is defined by pieces.
Therefore, it cannot be used directly with most convex optimization solvers.
Atamtiirk and Gémez [5] implement (9) using linear outer approximations
of function f: the resulting method performs adequately for instances with
n < 400, but was ineffective in instances with n > 1,000 as strong linear
outer approximations require the addition of a large number of constraints.
Moreover, as Example 1 below shows, formulation (9) can be further im-
proved even for n = 2.

Ezample 1. Consider the signal estimation problem (43) with n = 2

min (0.4 — x1)% + (1 — 22)% 4+ 0.5(z1 — 22)* 4+ 0.5 (21 + 2) (10a)
stox; <z, i=1,2 (10b)
z€{0,1}%, 2 € R3. (10c)

The optimal solution of (10) is (27, 23,27, x5) = (0.00,1.00,0.00,0.67). On
the other hand, optimal solutions of the convex relaxations of (10) are:
¢1-approx.: Obtained by replacing z € {0,1}? with z € [0,1]2. The
corresponding optimal solution is (z¢,z¢) = (0.30,0.60,0.30,0.60),
and we find that ||(2*,2%) — (z¢, 2¢)||, = 0.59.
persp.: The optimal solution is (z,,x,) = (0.00,0.82,0.00,0.59), and
1G*,a*) = ()l = 0.19.
pairwise : The optimal solution is (z4,z4) = (0.11,1.00,0.08,0.69),
and ||(2*,2%) — (2¢, 2¢) |y = 0.14.
Although persp. and pairwise substantially improve upon the ¢;-relaxation,
the resulting solutions are still not integral in z. We will give the convex
hull of (10) in the next section. O

In this paper, we show how to further improve the pairwise formulation
to obtain a stronger relaxation of (6). Additionally, we show how to imple-
ment the relaxations derived in the paper in a conic quadratic optimization
framework. Therefore, the proposed convex relaxations benefit from a grow-
ing literature on conic quadratic optimization, e.g., see [3, 4, 7, 51, 58], can
be implemented with off-the-shelf solvers, and scale to large instances.
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3. STRONG CONVEX FORMULATIONS FOR SIGNAL ESTIMATION

In the pairwise formulation each single- and two-variable quadratic term
is strengthened independently and, consequently, the formulation fails to
fully exploit the relationships between different pairs of variables. Observe
that problem (6) can be stated as

Iyl +min — 25’z + o' Qx (11a)
st.xi(l—2)=0i=1...,n, (11b)
zeC,x e RY (11c)

where, for i # j, Q;; = —\if {i,j} € A and Q;; = 0 otherwise, and
Qi = 1+ M\ A;| where A; = {j : {i,j} € A}. In particular, @ is a symmetric
M-matrix, ie., @Q;; < 0 for i # j and Q = 0. In this section we derive
convex relaxations of (6) that better exploit the M-matrix structure. We
briefly review properties of M-matrices and refer the reader to [11, 32, 62, 74]
and the references therein for an in-depth discussion on M-matrices.

Proposition 2 (Plemmons [62], characterization 37). An M-matriz is gen-
eralized diagonally dominant, i.e., there exists a positive diagonal matriz D
such that DQ is (weakly) diagonally dominant.

Generalized diagonally dominant matrices are also called scaled diago-
nally dominant matrices in the literature.

Proposition 3 (Boman et al. [14]). A matriz Q is generalized diagonally
dominant iff it has factor width at most two, i.e., there exists a real matrix
Viscm such that Q = VV'T and each column of V' contains at most two
NON-2eros.

Proposition 3 implies that if ) is an M-matrix, then the quadratic function
2'Qx can be written as a sum of quadratic functions of at most two variables
each, i.e., 'Qr = E;”:l >ory Vijwi)Q where for any j at most two entries
Vi; are non-zero. Therefore, to derive stronger formulations for (11), we
first study the mixed-integer epigraphs of parametric pairwise quadratic
functions with indicators.

3.1. Convexification of the parametric pairwise terms. Consider the
mixed-integer epigraph of a parametric pairwise quadratic term (with pa-
rameters dj, da)

Z2:{(z,m,s) € {0,1}>xR3 : dyai — 23129 + dox3 < s,

21— 2)=0, i = 1,2},
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where d1ds > 1 and dq, do > 0, which is the necessary and sufficient condition
for convexity of the function dlx% — 2z 129 + dgx%. One may, without loss of
generality, assume the cross-product coefficient equals —2, as otherwise the
continuous variables and coefficients can be scaled. Clearly, if dy = ds = 1,
then Z2 reduces to X2.

Consider the two decompositions of the two-variable quadratic function
in the definition of Z? given by

2
1
dlx% — 2z129 + dgxg =d; <x1 - zi) + a:% (dz - )

X1 2 1
=dy (= — Ndi—=).
2<d2 x2> +x1<1 d2>

Intuitively, the decompositions above are obtained by extracting a term
(5Z~a:12 from the quadratic function such that d; is as large as possible and
the remainder quadratic term is still convex. Then, applying persp. and
Proposition 1 to the separable and pairwise quadratic terms, respectively,
one obtains two valid inequalities for Z2:

2
T2 5 1
d — )+ —=|do—— | < 12
1f(21,2!2,$1, d1)+ 29 ( 2 dl) >SS ( )
daf(z1,2 R )+—x% d _ 1 <s (13)
2 1 27d27 2 2 1 dQ >~ S.

Clearly, there are infinitely many such decompositions depending on the
values of d;, i = 1,2. Surprisingly, Theorem 1 below shows that inequal-
ities (12)—(13) along with the bound constraints are sufficient to describe
conv(Z?).

Theorem 1. convo(Z?) = {(z,z,s) € [0,1]* x R3 : (12) — (13)}.
Proof. Consider the mixed-integer optimization problem

min a1z1 + agz2 + bix1 + boxg + As (14)
(z,2,5)€22

and the corresponding convex optimization

min a121 + aszo + bixy + boxg + s (15a)
2
T2 x5 1

t.d — —“Z|dyo—— | < 15b
S 1f(217227$17d1)+22<2 d1>_8 (15b)
daf(z1, 2 ﬂl‘)—i-ﬁ d—i <s (15¢)

2f (21, 2’d2’ 2 - 1 &) S
z€[0,1?% z € R, s € Ry, (15d)

To prove the result it suffices to show that, for any value of (a, b, \), either
(14) and (15) are both unbounded, or that (15) has an optimal solution



12 ALPER ATAMTURK, ANDRES GOMEZ AND SHAONING HAN

that is also optimal for (14). We assume, without loss of generality, that
didy > 1 (if dida = 1, the result follows from Proposition 1 by scaling),
A > 0 (if A < 0, both problems are unbounded by letting s — oo, and if
A = 0, problem (15) reduces to linear optimization over a integral polytope
and optimal solutions are integral in z), and A = 1 (by scaling). Moreover,
since dijds > 1, there exists an optimal solution for both (14) and (15).

Let (2*, 2%, s*) be an optimal solution of (15); we show how to construct
from (z*,z*, s*) a feasible solution for (14) with same objective value, thus
optimal for both problems. Observe that for v > 0, f(yz1,v22, 721, yx2) =
vf(z1, 22, 21, x2). Thus, if 27, 25 < 1, then (yz*,yx*,vs*) is also feasible for
(15) with objective value v (a12] + a225 + b1z + boxl + s*). In particular,
either there exists an (integral) optimal solution with z* = z* = 0 by setting
~v = 0, or there exists an optimal solution with one of the z variables equal
to one by increasing . Thus, assume without loss of generality that 2z} = 1.
Now consider the optimization problem

2 1
min agzy + b1y + baxe + di f(1, 22, 21, @) + 22 gy — — (16a)
d1 Z9 d1

2 €10,1], v € RZ, (16b)

obtained from (15) by fixing z; = 1, dropping constraint (15¢), and elim-
inating variable s since (15b) holds at equality in optimal solutions. An
integer optimal solution for (16) is also optimal for (14) and (15). Let (2, 2)
be an optimal solution for (16), and consider the two cases:

Case 1: 1 < Za/d;: If 0 < Z < 1, then the point (vyZ2,vZ1,vE2) with
0 < yZ3 <1 is feasible for (16) with objective value

. . R L &9, 23 1
vl a2Ze + 0121 + baZo +di f(1, 20,21, —)+ = (do— — | ] .
d1 Z9 d1

Therefore, there exists an optimal solution where 2z, € {0, 1}. ([
Case 2: &1 > Zo/d;: In this case, (22,21, Z2) is an optimal solution of
22 \? a2
min aszg + b1z + boxo + dp <x1 — 2> + 2 <d2 — ) (17a)

2 €10,1], z € R3. (17b)

The condition &1 > Z3/d; implies that Z; > 0, thus the optimal value of x;
can be found by taking derivatives and setting to 0. We find

br @9

Z 700 T
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Replacing x1 with his optimal value in (17) and removing constant terms,
we find that (17) is equivalent to

min agzs + ﬁ—I—b x+$—% d—i (18a)
222 g z)re o\ de s

22 € [0, 1], z9 € Ry. (18b)

If 0 < 29 < 1, then the point (722, v&2) with 0 < v23 < 1 is feasible for (18)
with objective value

b i2 1
v | azz2 + 2 4y f2+? dp——1].
d1 Z9 d1

Therefore, there exists an optimal solution where Zo € {0, 1}. O

In both cases we find an optimal solution with zo € {0,1}. Thus, problem
(15) has an optimal solution integral in both z; and z2, which is also optimal
for (14). O

Ezample 1 (continued). The relaxation of (10) with only inequality (13):

1.16 + min — 0.8xz; — 2x9 + 0.5 (21 + 22) + 0.5s

2 1
s.t. 3f(z1,z2,%,:n2) + % (3 — 3> <s

z€[0,1*z € R3,

is sufficient to obtain the integral optimal solution. Note that the big-M
constraints z; < z; are not needed. O

Given dy,ds € Ry, define the function ¢ : [0,1]? x Ri — Ry as

€T x2 1
9(z1, 22, w1, 22 d1, d2) = max ¢ dy f(z1, 22, 21, *2) +2(dy—— |,
d1 Z9 d1

2
i i, LY L
d2f(217 22, d2ax2) + P <d1 d2> } (19)

For any dy,ds > 0 with dids > 1, function g is the point-wise maximum of
two convex functions and is therefore convex. Using the convex function g,
Theorem 1 can be restated as

COHV<Z2) = {(z,x, s) € [0, 1]2 X Ri 1 9(z1, 29,21, 25 d1, da) < 3}.

Finally, it is easy to verify that if z; > z9, then the maximum in (19)
corresponds to the first term; if z; < zo, the maximum corresponds to the
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second term. Thus, an explicit expression of g is

z1 z2
dlz%—Qazlxz—i-dzJ:%

. — zZ2
g(z’ T d) - d1$%721’1.’£2+d2.’£§

) 2/d 2 .

172 -2z 20 +73 /d1 + %2 (dz _ d%) if 21 > 29 and dyz > 79
if Z1 > z9 and dlxl < )
if 21 < 29 and z1 > doxo

21
2/dy—2 doa? 2 .
x7/d2—2z1x2+d22] + % <d1 — %) if Z1 < z9 and I < dQIL‘Q.

22

3.2. Convex relaxations for general M-matrices. Consider the set
A {(z,x,t) € {0,1}" x Riﬂ c2'Qr < t, (1 — 2)=0,i = 1,...,n},

where @) is an M-matrix. In this section, we will show how the convex hull
descriptions for Z? can be used to construct strong convex relaxations for
Z"™. We start with the following motivating example.

Example 2. Consider the signal estimation in regularized form with n = 3,
(y1,92,y3) = (0.3,0.7,1.0), A\ =1 and p = 0.5,

¢ =158 4+min —0.627 — 1.4z — 2.023 +t+0.5(21 + 22 + 23) (20a

st a2 + a3 + 2l + (z1 — 20)2 + (w2 — 23)? <t (20b

z; < 2, 1=1,2,3 (20c

z€{0,1}% z e R3. (20d

The optimal solution of (20) is (z*,2*) = (0.00, 1.00, 1.00, 0.00,0.48,0.74
with objective value (* = 1.504. The optimal solutions and the correspond-

~— ~— ~— ~— ~—

ing objective values of the convex relaxations of (20) are as follows:

¢1-approx.: The opt. solution is (z¢, z¢) = (0.24,0.43,0.59,0.24,0.43,0.59)

with value (,-approx. = 0.936, and [[(2*,2*) — (z¢, 2¢)||, = 0.80.
persp.: The opt. solutionis (zp,z,) = (0.00,0.40,0.82,0.00, 0.29, 0.58)
with value (persp. = 1.413, and |[(2*,2%) — (zp, p)||, = 0.67.
pairwise : The opt. solution (24, z,) = (0.18,0.74,1.00,0.13,0.43,0.71)
with value Cpairwise = 1.488, and [|(2*,2*) — (24, 7¢)]|, = 0.35.
decomp.1: The quadratic constraint (20b) can be decomposed and
strengthened as follows:

(2:13% — 2x122 + m%) + (21’% — 2x9x3 + 2x§) <t
— g(21, 20,01, 22;2, 1) + g(22, 23, 02,43, 2,2) < 1;
leading to solution is (z4, z4) = (0.17,1.00,0.93,0.12,0.53,0.73) with
value (qecomp.1 = 1.495, and ||(2*,2*) — (24, %4)||, = 0.23.
decomp.2: Alternatively, constraint (20b) can also be formulated as
9(z1, 22,21, 22;2,2) + g(22, 23, 2, x3; 1,2) < t, and the resulting con-
vex relaxation has solution (z*, *) = (0.00, 1.00, 1.00, 0.00, 0.48,0.74),
corresponding to the optimal solution of (20). O
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As Example 2 shows, strong convex relaxations of Z" can be obtained
by decomposing x’Qx into sums of two-variable quadratic terms (as @ is an
M-matrix) and convexifying each term. However, such a decomposition is
not unique and the strength of the relaxation depends on the decomposi-
tion chosen. We now discuss how to optimally decompose the matrix ) to
derive the strongest lower bound possible for a fixed value of (z,x,t). Then,
we show how this decomposition procedure can be embedded in a cutting
surface algorithm to obtain a strong convex relaxation of (11).

Consider the separation problem: given a point (z,z,t) € [0,1]™ x Rfrl,
find a decomposition of ) such that, after strengthening each two-variable
term, results in a most violated inequality, which is formulated as follows:

0(z,z) = max Z Z |Qz’j|9(ziaZjaxiamj;dfj,dgj) (21a)
i=1 j=i+1
st Y 1Qyildl + > 1Qusldl; = Qi Vi=1,...,n  (21b)
7<i >
didl, > 1, di; >0, d, >0 Vi<j. o (2lc)

Observe that the variables of the separation problem (21) are the parameters
d, and the variables of the estimation problem (z, x) are fixed in the separa-
tion problem. In formulation (21) for each (negative) entry Q;;, @ < j, there

is a two-variable quadratic term of the form [Q;;| (dzja:? — 2uxy + dgjx?);
after convexifying each such term, one obtains the objective (21a). Con-
straints (21b) ensure that the decomposition indeed corresponds to the
original matrix () by ensuring that the diagonal elements coincide, and con-
straints (21c) ensure that each quadratic term is convex. From Proposition 3,
problem (21) is feasible for any M-matrix Q.

For any feasible value of d, the objective (21a) is convex in (z,z); thus
the function 6 : [0,1]” x R — R, defined in (21) is a supremum of convex
functions and is convex itself. Moreover, the constraints (21b) and (21c)
are linear or rotated cone constraints, thus, are convex in d. As we now
show, the objective function (21a) is concave in d, thus (21) is a convex
optimization.

Index the variables such that z; > 29 > ... > z,. Then, each term in the
objective (21a) reduces to

i 2 2 7 2 .

dijei 2wty /diy L w (g 1) e diog >
( } ) ) dl dj ) _ Z; zj 1] dz]. gt = )

g ZZ,Z],I“Z'], 177 ij - diH 272 X ‘+d_'[ 2 i
igTi TETIT TG it di o, < .
% it dj;v; < @,

2

—2x;T Tj 1 1 ;
2 g2 (=) ifdla; >
SRt 0 déj(Zj ) e =

17 17 . .
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Thus, g(z,x;d) is separable in dﬁj and dgj, is linear in dgj; and, it is linear in
dﬁj for dﬁj <zj /i, and concave for dﬁj > T /x;. Moreover, it is easily shown
that it is continuous and differentiable (i.e., the derivatives of both pieces
of g with respect to dﬁj coincide if dﬁjxi = xj). Therefore, the separation
problem (21) can be solved in polynomial time by first sorting the variables
z; and then by solving a convex optimization problem.

The separation procedure can be embedded in an algorithm that itera-
tively constructs stronger relaxations of problem (11).
Simple cutting surface algorithm:

1. Solve a valid convex relaxation.

2. Solve separation problem (21) using a convex optimization method.

3. Add the inequality obtained from solving the separation problem to
the formulation, strengthening the relaxation, and go to step 1.

Below, we illustrate the simple cutting surface algorithm.

Ezample 2 (Continued). Consider the persp. relaxation

¢1 =1.58 4+ min — 0.6x1 — 1.4xg —2.0x3 +t+ 0.5(21 + 22+ 23) (22a)

¥ @ @ 2 2

st. =+ =+ =24 (x1 —m2)* + (2 —x3)” <t (22b)
Z1 Z9 z3
z; < Ziy 1= 1, 2,3 (22C)
z€[0,1?, z € RY. (22d)

with optimal solution (z,z); = (0.00,0.40,0.82,0.00,0.29,0.58) with {; =
1.413 and ||(2*,2*) — (2, 2)1]|5 = 0.67. This relaxation can be improved by
solving the separation problem (21) at (z,z); to obtain the optimal param-
eters diy, = 2.00, d3, = 0.51, d3; = 2.49 and d3; = 2.00, leading to the
decomposition and the constraint

9(z1, 22, €1, 22;2.00,0.51) + g(29, 23, 22, T3; 2.49, 2.00) < ¢.

Adding this constraint to (22) and resolving gives the improved solution
(z,2)2 = (0.15,0.70,1.00,0.12,0.43,0.71). This process can be repeated
iteratively, resulting in the sequence of solutions

iter.2: (z,z)2 = (0.15,0.70,1.00,0.12,0.43,0.71) with (o = 1.452 and
|(2*,2*) — (2, 2)2]|, = 0.36. The corresponding separation problem
has solution (dly, d3,, d35, d33) = (2,1.06,1.94,2).

iter.3: (z,2)3 = (0.14, 1.00,1.00,0.10, 0.52, 0.75) with (3 = 1.499 and
|(2*,2*) — (2, 2)3]|, = 0.18. The corresponding separation problem
has solution (d}y, d3,, d35, d33) = (2,2.5,0.5,2).

iter.4: (z,2)s = (0.00,1.00,1.00,0.00,0.48,0.74) with (3 = 1.504.
The solution is integral and optimal for (20). O
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The iterative separation procedure outlined above ensures that (z,x,t)
satisfies the convex relaxation

0 = {(z,z,t) € [0,1]" x R 0(z,2) < t}

of Z" that dominates the ¢1-approx., persp., and pairwise and gives the
strong relaxation of problem (11), based on the optimal decomposition of
matrix @, given by

(decomp.)  |ly||3 + min = —2¢'x+0(z,2): 2 € C, x; < ||Y|lowzi, i=1...,n.
(z,m)E[O,l]"XRi

In Section 4 we discuss the efficient implementation of decomp. in a conic
quadratic optimization framework.

4. CONIC QUADRATIC REPRESENTATION AND LAGRANGIAN
DECOMPOSITION

Relaxation decomp. simultaneously exploits sparsity, fitness and smooth-
ness terms in (3) and, therefore, dominates all of the relaxations discussed
in Section 2. However, the convex functions f and g can be pathological, as
they are defined by pieces and are not differentiable everywhere. Handling
function # is challenging as it is non-differentiable, but also it is not given
in closed form and requires solving optimization problem (21) to evaluate.

In this section, we first show how to tackle decomp. effectively by formu-
lating it as a conic quadratic optimization problem in an extended space. We
then give a tailored Lagrangian decomposition method, which is amenable
to parallel computing and highly scalable.

4.1. Extended formulations. The simple cutting surface algorithm
to solve decomp., illustrated in Example 2, is computationally cumbersome
since: (i) the separation problem (step 2) requires solving a constrained
convex optimization problem; (i) each cut added (step 3) is dense (and
thus problematic for optimization software); (iii) a single cut is generated
at each iteration; consequently, the method may require many iterations
to converge. In this section, we show how to address these shortcomings
with a conic quadratic extended formulation with the addition of auxiliary
variables. The extended formulation leads to a method at least two orders-

of-magnitude faster than the simple cutting surface algorithm.
Define additional variables I' € R™*" such that I';; = I'j;; intuitively,
variable I';; represents the product z;z;. Given an M-matrix @), consider
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the convex optimization problem

énzil;) lyllz = 2y" + (T, Q) (23a)
s.t. Tz > a? Vi=1,...,n (23b)

xj 1 .
0 Z 5?38;)6 dijf(zi, Zjy Ly i) — (dijl“ii — QFU‘ + dijl“jj) Vi < J (230)
0 <z <|ylloozi i=1,...,n (23d)
z€C, xR}, T e R™". (23e)
We will show in this section that problem (23) is equivalent to decomp.
under mild conditions, and can be implemented efficiently via conic qua-

dratic optimization. In order to prove this result, we introduce the auxiliary
formulation:

Lo, Ilyll3 - 2y'z + (T, Q) (24a)
s.t. 0> dff%i);l q(zi, zj,xl,x],du,dfj) (dﬁjfii — 2T, + dgjfj]) Vi< j
di;.dl >0
(24b)
0< <|yllozi i=1,...,n(24c)
z€C, zeR}, T e R (24d)

We first prove that (24) is equivalent to decomp. (Proposition 5), and then
show that (23) and (24) are equivalent (Proposition 6). Before doing so, let
us verify that (23)—(24) are indeed relaxations of (11).

Proposition 4. Problems (23)—(24) are valid convex relazations of (11).

Proof. We only prove this result for (24); the proof for (23) follows from
identical arguments and is omitted for brevity.

First we argue convexity of (24). Clearly, the objective (24a) is linear and
constraints (24d) are convex. Moreover, the right hand sides of constraints
(24b) are supremum of convex functions, thus convex.

Now we argue that (24) is indeed a relaxation of (11). Suppose that
constraints I';; = z;2; and z € C are added to (24): then (I',Q) = 2'Qux
and the objective functions of (11) and (24) coincide. Moreover, for any
nonnegative d_ & such that di.d’, > 1, we see that

157 g Ay
9(zi, zj, x4, 53 dzj, d”) < d?w i — 2wy + dgjsz (Theorem 1 — validity)
= d};Tsi — 20y; + &, T, (Tij = wiz;)

thus inequalities (24b) are satisfied. So, if constraints I';; = z;2; and z € C
are added, (24) is equivalent to (11). Hence, (24) is a relaxation of (11). O
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Proposition 5. If Q) is a positive definite M-matrix, then problems decomp.
and (24) are equivalent.

Proof. Consider the variable I';; in (24) for some pair ¢ < j: observe that it
only appears in the objective with coefficient );; < 0, and a single constraint
(24b). It follows that in an optimal solution of (24), variable I';; is as large
as possible and the corresponding constraint (24b) is binding;:
QFZ'j = ‘max g(zi, Zj, i, acj; déj, dzj) - (d;jr‘m + dgjl“jj> .
dijdl >1

17—

di;,dl. >0

i

Therefore, we find that problem (24) is equivalent to

n
_ min max ||y||3 — 2y/x + Z Qiilii
z€C,xeRy TeR™  d

1=1
+ Z Z |Qisl (9(% zj, @i, g dig, dl) — di Ty — dgjl—‘jj> (25a)
i=1 j=i+1
stodidl, > 1,di; >0, d; >0 Vi< (25b)

Rearranging terms, we see that the objective of the inner maximization
problem (25a) is equal to

> (Qii = 1Quilds; = |Qij|d§j) Tii+ > Y 1Qujlg(zi, 2, iy dij, i),
i=1 G<i §>i i=1 j=i+1

where we ignored the constant (in d) term ||y||3 — 2y/z. In particular, the
inner maximization problem is precisely the Lagrangian relaxation of (21),
where I';; are the dual variables associated with constraints (21b). Therefore,
if strong duality holds for problem (21), then problems decomp. and (24)
are equivalent.

Finally, we verify that Slater’s condition and, thus, strong duality for
(21) hold for positive definite Q). Since @ is positive definite, we have that
Q = Q + pI for an M-matrix Q (with same off-diagonals) and some p > 0
(e.g., let p be the minimum eigenvalue of Q). Since @ is an M-matrix, there
exists a vector ¢ satisfying

D 1Qiloh; + D 1Qisldl; = Qi — p < Qus Vi=1,...,n
j<i §>i
0161 > 1, 61, >0, 6L >0 Vi < j.

It follows that letting di; = 6}, + € and d/; = 6/, + e for all i < j and € > 0

small enough, we find a vector d such that dﬁjdgj > 1 and

D IQuildsi + ) 1Qisldl; < Qu Yi=1,...,n. (26)

1< 7>
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After increasing additional entries of d until all inequalities (26) are tight,
we find an interior point of (21). O

For the signal estimation problem, @ is positive-definite. Nonetheless, if
strong duality does not hold, formulation (24) is still a convex relaxation of
(11) that is at least as strong as decomp.

Proposition 6. Problems (23) and (24) are equivalent.

Proof. For any i < j, we see from Theorem 1 that constraint (24b) is equiv-
alent to the pair of constraints:

xQ 1 .
0> max duf(zl,zj,xl, a:l) dJ - = —d;Tyi + 205 — d nyy (27)
di;dl,>1 di;" d;
di; dl >0

i3

J

i 7 1 j
0> max dzjf(zl,zj, ; L T5) + (dz ) di;Ti; + 2Ly —dj;Tj;. (28)

djjdszl i Z; 1
di;d? >0
Observe that d”f(zl,z],:rz, z =Ly > 0 for any dij; > 0. Therefore, if -2 >
J

I'j;, constraint (27) is not sa‘msﬁed since the rlght hand side can be made
arbitrarily large by letting d — 0o and d’ =1 / d . Therefore, constraint
(27) implies that I';j;2z; > x Sumlarly, (28) 1mphes that T2 > 27

Now assume that I';;z; Z xj hold for all j = 1,...,n. In this case, for
any optimal solution of the maximization problem (27) we find that dgj is
as small as possible; that is, dfj =1/ dﬁj. Thus, if I'j;z; > xf holds, then
constraint (27) reduces to

0 > max d”f(z,, 2, Tjy == (29)

di >0 d ) - di;Ty; + 205 —

i Vi
which is precisely constraint (23c). Moreover, if T';;z; > x? holds, then
constraint (28) reduces to

€T; 1

0> maxduf(zz,z], ]
ij 2']

dJO

After a change of variable dgj = 1/dgj and noting that (l/d,fj) (2, 25, d: Tiy Tj) =
dﬁjf(zi, zj,a:i,:nj/dﬁj), we conclude that (30) is equivalent to (29). O

Remark 1. Note that constraints (23c)—(24b) are necessary only if Q;; # 0.
For the signal estimation problem (3), Q;; = 0 for {i,j} ¢ A. Thus, the
methods developed here are particularly efficient when @ is sparse.
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4.2. Implementation via conic quadratic optimization. The objec-
tives (23a) and (24a) are linear, and constraints (23b) are rotated cone
constraints, and thus can be handled directly by conic quadratic optimiza-
tion solvers. In Section 4.2.1, we show how constraints (23c) and (24b) can
be reformulated as a conic constraints for a fized value of d;;. Then we
describe, in Section 4.2.2, a cutting plane method for implementing (23).

4.2.1. Conic quadratic reformulation of functions f and g. We now show
how to formulate convex models involving functions f and g as conic qua-
dratic optimization problems. Specifically, we show how to model the epi-
graph of functions f and ¢ in Propositions 7 and 8, respectively.

Proposition 7 (Extended formulation of conv(X?)). A point (z,x,s)
€ cono(X?) if and only if (z,,s) € [0,1]? x Ri and there ewists v,w € R
such that the set of inequalities

V> a1 — X9, V2 < Sz1, WS> X9 — 21, W< $29 (31)
are satisfied.

Proof. Suppose, without loss of generality, that x1 > x9 and that (z,x)
satisfies the bound constraints. If (z,z,s) € conv(X?) then W < s
setting v = x1—x9 and w = 0, we find a feasible solution for (31). Conversely,
if (31) is feasible, then W < % < s and (z,r,s) € conv(X?). O

Proposition 8 (Extended formulation of conv(Z?2)). A point (z,z, s)
€ conv(Z?) if and only if (z,, s) € [0,1]>xR3. and there exists s1, s2,q1,q2 €
Ry and vi,ve, w1, we € Ry such that the set of inequalities

l‘% < s121, J:% < 8929 (persp.)
dyvy > dyy — 12, v < 121 (21 > 22 and dyz1 > x2)
divy > —dyxy + 2, V5 < q122 (21 > 22 and dyz1 < x2)
1
dig1 + s2 <d2 — d> <s (21 > 22)
1
dowy > 1 — daxe, Wi < qozy (21 < 29 and z1 > dax2)
dywy > —x1 + daxo, w3 < gazo (21 < 29 and z1 < dax2)
1
daqa + 51 dl—df <s (z1 < 22)
2

are satisfied.

Proof. Follows from using the system (31) with inequalities (12)—(13). O
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4.2.2. Improved cutting surface method. Our implementation of the strong
relaxation decomp. is based on formulation (23), implemented in a cutting
surface method. Consider the relaxation of (23) given by

min gl ~2a + (1,Q) (32)
sit. Tyzg > a2 Vi=1,...,n (32b)

; 1
0>d- f(Zi, Zj, T, %) — (dl‘” — QFij + dFjj) Vi < 7, Vd € Aij (320)
0 <z <||yllooz i=1,...,n (32d)
ze€C, x¢c R}, T' e R™*", (32e)

where each A;; is a finite subset of R. From Proposition 7, each constraint
(32¢) can be formulated by introducing new variables s,v,w > 0 as the
system

1
0>ds— <dfii—2fij+df‘jj),vzgc1—$22, v2§szl7 wz%—xl, w? < s2s.

Therefore, relaxation (32) can be solved using a conic quadratic solver.

In the proposed cutting surface method, formulation (32) is iteratively re-
fined by adding additional elements to sets A;;, as outlined in Algorithm 1.
First, all sets A;; are initialized to the singleton {1} (line 1). At each iter-
ation of the algorithm, a relaxation of the form (32) is solved to optimality
(line 3). Then, for each pair of indexes i < j where the relaxation induced
by (32c) is weak, the set A;; is enlarged to improve the relaxation (line 7);
Remark 2 and Proposition 9 below show to efficiently check whether the
relaxation needs to be refined and how to do so, respectively.

Algorithm 1 Algorithm to solve formulation decomp.

Output: (#,2,T) optimal for decomp.
1: Aij — {1} for all 4 <J
2: while Stopping criterion not met do

3 (2,21) « Solve (32)

4: for all © < j do

5: if Constraint (23c) is not satisfied then

6: Compute optimal d; for maximization (23c) > See Proposition 9
7 Aij — Aij U {d;kj}

8: end if

9: end for

10: end while
11: return (Z, 2,T)

Proposition 9. For any i < j, the optimal solution of the inner mazximiza-
tion problem (23c) is obtained as follows:
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(a) If Ty — 22/2i =0, then d;; — oo is optimal.

(1) If $12/Fu > l‘?/rjj then:

(b) Otherwise, di; = : % is optimal.

(2) If 22/Ty; < x?/l“jj then:
(a) If Ty — 22/2; = 0, then d;; — oo is optimal.
.-

(b) Otherwise, d;; = JJ 4 is optimal.
Dii—3-

#j

Proof. Suppose :zf /Tii > x? /T'jj. Note that I';; > x? /z; holds from con-
straints (23b). Moreover, we find that

We now show that there exists a stationary point of (23c) satisfying d;;x; >
x;. In this case, optimization problem (23c) reduces to

d”xf — 2$il’j -+ l’?/d”

1
0> max - - (dijrii — 2% + dijrjj)

T 2 1 x2
<0 Z 2 (Fij — x;:J) + 511&;6 {—dij (F” — ?) — df <Fjj — ij . (33)
(3 1y 1 1] (3

If Ty — 22/2; = 0, then d;; — oo is an optimal solution to (33). If T';; —
:UJQ/Zz = 0, then d;‘j = 0 is optimal. Moreover, if both T';; — :1722/,2Z > 0 and
L — x? /#zi > 0, then taking derivatives with respect to d;; we find that

x4

L5 —
Ly —

%

(34)

8
|| &

N
N

Finally, we verify that the condition dj;x; > x; holds. Indeed, this condition
reduces to

2 2 2 2 2
s 2> 2 e [T =22 ) 22> (T — 2 ) 2 e 2> 2T
x2 1 =7 13 . L= w J =T

— i & Jj

)

which is satisfied. The proof for the case x? JTi < .TUJQ /T'j; is analogous. [J
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Remark 2. By replacing d;; with its optimal value in (23c), we find that this
constraint can be written explicitly as the piecewise constraint

2 2 2 2
R LT R A R Y T
Fl] Zj \/(1—‘ZZ 2 ) <F]] Zj > lf Fii Z FJJ
o 2 2 2 2
o miry LT IR A R Y T
]'—‘7'.7 zj \/(I‘“ zj ) <FJ] zj > if I S Fjj :

However, constraint (35) is not conic quadratic.

(35)

Remark 3. In our computations, we use the following stopping criterion in
line 3. Let (yq and (uew be the optimal objective value of the relaxation
(line 3). The algorithm is terminated when the relative improvement of the
relaxation (Cnew — Cold) /Cnew < 5 x 1072,

Remark 4. Using Proposition 8, one can extend the ideas discussed in this
section to tackle (24) in a conic quadratic optimization framework as well.
However, we prefer formulation (23) since the conic quadratic representation
of function f is simpler and more compact.

4.3. Lagrangian methods for estimation with regularized objective.
The cutting surface method introduced in Section 4.2 requires solving a se-
quence of progressively larger conic quadratic optimization problems. Based
on our computations, this method can handle a variety of constraints (en-
coded by set C), and solve the instances with n < 10,000 within seconds.
For better scalability, in this section, we develop a Lagrangian relaxation-
based method for the estimation problem with regularization objective:

n—1 n
IgjlinHy*l’H%Jr)\Z(iEiH *Ii)2+uzzi (36a)

o~ i=1 i=1
st. 0 <2y < ||ylloozs 1=1,...,n (36D)
reRY, ze{0,1}" (36¢)

where p > 0 is a regularization parameter controlling the sparsity of the
target signal. Let L = {f1,..., 0, lmi1} € {1,...,n} be any subset of the
indexes such that 1 =41 < ... < £y, < €pn+1 =n+ 1. With the introduction
of additional variables w; = xy, — x¢, 1, problem (36) can be equivalently
written as

m  [li+1—1 lip1—2 Liy1—1 m
I%ﬂllzn Z (yi — ) + A Z (Tig1 —2)® +p Z zi | + Z wi  (37a)
j=1 \ i=¢; i=t, i=0; =2
st w; = xp; — 0,1 ji=2,...,m (37b)
0 < < lylloozi i=1,...,n (37¢)

zeRY, z2€{0,1}", we R™ L. (37d)
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Without the coupling constraints (37b), problem (37) decomposes into
m independent problems, each with variables indexed in [¢;,¢;41 — 1] for
Jj = 1,...,m. Letting ; be the Lagrange multiplier for constraint w; =
Ty, — Ty, We obtain the Lagrangian dual problem

m Liy1—1 Liy1—2 Liy1—1 m
iy D (0 e A Y a3 w) + )
Jj=1 i=L; Jj=2
+75(wj — @, +245-1) (382)
s.t. 0 <z <|lylloozi i=1,...,n (38b)
zeRY, 2€{0,1}", we R . (38¢)
Observe that w; = —v;/2 holds for an optimal solution of the inner mini-

mization problem. Moreover, to obtain a strong convex relaxation, we can
reformulate each independent inner minimization problem using the formu-
lations discussed in Section 3.2, yielding the convex relaxation

oo (e - ) Ciy1—1 m_ 2
AR 2 ; (W — 2yiwi) + 6;(z,0) + 1 ; 2 ; |
+ 7y (2g;—1 — 4;) (39a)
5.0 <2 < ||yllooi i=1,....,n (39b)
xzeRY, z€(0,1]", (39c¢)

where 0;(z, z) is the convexification of the epigraph of the term

lit1—1 lijt1-2

Z iL' + A Z fL'erl—CU'L

Implementation. Problem (39) can be solved via a primal-dual method:
for any fixed +, the inner minimization problem can be solved by solving
m independent sub-problems (in parallel), and each sub-problem is solved
using Algorithm 1. We now describe our implementation of the “main”
outer maximization problem.

Set L: Given a target number of subproblems m € Z,, we let ¢; =
1+(G—1)|n/m|forj=1,...,m

Subgradient method: Given v € R™~! a subgradient of the objec-
tive (39a) at v is given by £(v); = — % + (a:z xzj), where x* is
an optimal solution of the inner minlmlzatlon problem at . Thus,
letting v be the value of v at iteration h € Z,, we use the update
rule 7" = 5 + (1/R)E(4"),

Initial point: We start the algorithm with the initial point 4° = 0.
Note that if 2y, 1 = x4, = 0 (which is the case for large i), then
vj = 0 is optimal.
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Stopping criterion: We terminate the algorithm when [|£(7")]|o < €
(¢ = 1073 in our computations) or when the number of iterations
reach Amaz (Rmaz = 100 in our computations).

Additional considerations: In the first iteration, we need to solve
m subproblems. However, the subsequent iterations often require
solving fewer subproblems: if £(v"); = £(v"*1); and £(v") ;11 =
€(y"*1);41, then at iteration h + 1 solution of subproblem j does
not change from the previous iteration. For problem instances with
large p, the number of subproblems solved in subsequent iterations
reduces considerably.

5. COMPUTATIONS

In this section we present experiments with utilizing the strong convex
relaxations based on the pairwise convexification methods proposed in the
paper. In Section 5.1, we perform experiments to evaluate whether the
convex model decomp. provides a good approximation to the non-convex
problem (11). In Section 5.2 we test the merits of formulation decomp.
(with a variety of constraints C') compared to the usual ¢i-approximation
from an inference perspective. Finally, in Section 5.3 we test the Lagrangian
relaxation-based method proposed in Section 4.3. We use Mosek 8.1.0 (with
default settings) to solve the conic quadratic optimization problems. All
computations are performed on a laptop with eight Intel(R) Core(TM) i7-
8550 CPUs and 16GB RAM. All data used in the computations is available
at https://sites.google.com/usc.edu/gomez/data.

5.1. Relaxation quality. This section is devoted to testing how well the
proposed convex relaxations are able to approximate the £y optimization
problems using real data.

5.1.1. Data. Consider the accelerometer data depicted in Figure 2 (A), used
in [19, 20] and downloaded from the UCI Machine Learning Repository

[43

[23]. The time series corresponds to the “x acceleration” of participant
2 of the “Activity Recognition from Single Chest-Mounted Accelerometer
Dataset”. This participant was “working at computer” until time stamp
44,149; “standing up, walking and going upstairs” until time stamp 47,349;
“standing” from time stamp 47,350 to 58,544, from 80,720 to 90,439, and
from time 90,441 to 97,199; “walking” from 58,545 to 80,719; “going up
or down stairs” from 90,440 to 94,349; “walking and talking with someone”
from 97,200 to 104,300; and “talking while standing” from 104,569 to 138,000
(status between 104,301 and 104,568 is unknown).

Several machine learning methods have been proposed to use accelerom-

eter data to discriminate between activities, e.g., see [10] and the references
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394,
7887

(A) Original data (B) Transformed data

Ficure 2. Underlying signals and noisy observations.

therein. Variations of the acceleration can help to discriminate between ac-
tivities [19]. Moreover, as pointed out in [77], behaviors can be identified
(at a simplistic level) from frequencies and amplitudes of wave patterns in a
single axis of the accelerometer. Therefore, we consider a rudimentary ap-
proach to identify activities from the accelerometer data: we partition the
dataset into windows of 10 samples each, and for each window we compute
the mean absolute value of the successive differences, obtaining the dataset
plotted in Figure 2 (B)2. Finally, we scale the data so that ||y|le = 1.

Given an optimal solution z* of the estimation problem (6) or a suitable
relaxation of it, periods with little or no physical activity can be naturally
associated with time stamps ¢ where z] = 0, and values 7 > 0 can be used
as a proxy for the energy expenditure due to physical activity [68].

5.1.2. Methods. We compare the following two relaxations of the £yp-problem

n n—1
min (y; — )2+ X Z(l‘i+1 — z;)? (40a)
v S i=1
st. > z <k (40b)
i=1
x <z, (40c¢)
z € {0,1}". (40d)

L1: The natural convex relaxation of (40), obtained by relaxing the
integrality constraints to z € [0, 1]™.

Decomp: The convex model decomp. —equivalently, (23)— implemented
using Algorithm 1.

20ne of the key features identified in [19] for activity recognition are the minmax
sums of 52-sample windows, computed as the sums of successive differences of consecutive
“peaks”. The time series we obtain follows a similar intuition, but is larger and noisier
due to smaller windows.
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The convex formulations used are relaxations of the £y problem; so, their
optimal objective values (1,5 provide lower bounds on the optimal objective
value ¢ of (40). We use a simple thresholding heuristic to construct a feasible
solution for (40): for a given solution # to a convex relaxation, let Z ;) denote
the k-th largest value, and & be the solution given by

_ zp i@ > 2
T; =
’ 0 otherwise.

By construction Z is feasible for (40), and its objective value (yp provides
an upper bound on {. Thus, the optimality gap of the heuristic is

gap = 100 x VB CLB (41)
CuB

5.1.3. Results. We test the convex formulations with the accelerometer data
using A = 0.1t and & = 500t for ¢t = 1,...,10 for all 100 combinations.
Figure 3(A) presents the optimality gaps obtained by each method for each
value of A (averaging over all values of k), and Figure 3(B) presents the
optimality gaps for each value of k (averaging over all values of \). We see
that decomp. substantially improves upon the natural ¢; relaxation. Indeed,
the gaps from the /1 relaxation are 66.7% on average, and can be very close
to 100%; in contrast, the strong relaxations derived in this paper yields
optimality gaps of 0.4% on average.

Optimality gap
.
o
=
Optimality gap
.
o
R
L]

e o © ° 4, e o o °
° ° hd
0.1% ° ° 0.1% L] o °
0.0% 0.0%
0 0.2 0.4 0.6 0.8 1 0 1000 2000 3000 4000 5000
Regularization Cardinality
L1l ®Decomp WLl ®Decomp
(A) Gap as a function of A. (B) Gap as a function of k.

FIGURE 3. Optimality gaps of the ¢; relaxation (red) and
the proposed convexification decomp. (blue).

Figure 4 presents the distribution of the time required for each method
to solve the respective convex model. We see that the improvement of
relaxation quality of the new relaxations comes at the cost of computational
efficiency: while the £; relaxation is solved in approximately one second, the
proposed convexification requires on average 54 seconds. Although the vast
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majority of the instances are solved under 100 seconds using Algorithm 1,
a couple of instances require close to 10 minutes. Nonetheless, an average
time of under minute to solve the instances to near-optimality (less than 1%
optimality gap) is adequate for most practical settings. Moreover, as shown
in Section 5.3, the computation times can be improved substantially using
the decomposition method proposed in Section 4.3.

600
Ml L1 M Decomp
500

400

300

Time (seconds)

200

100 $

&

FIGURE 4. Distribution of CPU times for each method.

5.2. Statistical performance — modeling with priors. In Section 5.1
we established that the convex model derived in this paper indeed pro-
vides a much closer approximation for ¢y signal estimation problem than
the usual ¢ relaxation. In this section we demonstrate that using the pro-
posed convexification leads to better statistical performance than relying on
the ¢1-approximation alone. We also show how additional priors other than
sparsity can be seamlessly integrated into the new convex models, and the
benefits of doing so.

5.2.1. Data. We now describe how we generate test instances. First, the
“true” sparse signal ¢ is generated as follows. Let n be the number of time
epochs, let s be a parameter controlling the number of “spikes” of the signal
and let h be a parameter controlling the length of each spike. Initially, the
true signal is fully sparse, § = 0. Then we iteratively repeat the following
process to generate s spikes of non-zero values:

(1) We select an index ¢ uniformly between 1 and n+1—h, corresponding
to the start of a given spike.

(2) We sample an h-dimensional vector v for a multivariate Gaussian
distribution with mean 0 and covariance matrix B, where B;; =
% for ¢+ < j. Thus v is a realization of a Brownian bridge
process.
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(3) We update 1i < Jo+i + |vil.

Note that two different spikes may overlap, in which case the true signal
1 would have a single spike with larger intensity. Also note that the true
signal ¢ generated in this way has at most hs non-zeros and at most s spikes,
but may have fewer if overlaps occur. Then, given a noise parameter o, we
generate the noisy observations y; = ¥; + ¢;, where ¢; follows a truncated
normal distribution with mean 0, variance o7 and lower bound —g;. Finally,
we scale the data so that ||y[je = 1.

5.2.2. Methods. We compare the following methods:
L1: Corresponds to solving the ¢;-approx. problem

n—1
min [y — @[3 + A (zip1 — 2:)% + plls.
a:E]R’}r 1

Decomp-sparse: Enforces the prior that the signal has a most hs
non-zeros, by solving the convex optimization problem

n
3 2
min —2 x_'_e Z,x + T
v Do 1y 112 Zy i+ 0(2,2) + gl

n
s.t. Zzz < hs
i=1

0 <z < [lyllooz

using Algorithm 1.

Decomp-prior: In addition to the sparsity prior as before, it incorpo-
rates the information that the underlying signal has a most s spikes
and that each spike has at least h non-zeros. These two priors can
be enforced by solving the optimization problem

n
e W = 23 s+ 0(2.) + el (12a)
n
s.t. Zzi < hs (42b)
i=1
n—1
D lzigr -zl <2s (42¢)
i=1
min{n,l+h}
Y m=hzy (=1,...,n (42d)
i=max{1,/{—h}

0 <z <|yl|looz. (42e)
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Constraint (42c) states that the process can transition from a zero
value to a non-zero value at most 2s times, thus can have at most s
spikes. Each constraint (42d) states that, if z; = 1, then there must
be at least A — 1 neighboring non-zero points, thus non-zero indexes
occur in patches of at least h elements.

Observe that, following the results in [56], we keep an ¢;-regularization for
shrinkage to improve performance in low signal-noise-ratio regimes.

5.2.3. Computational setting. For the computations in this section, we gen-
erate instances with n = 1,000, s = 10, and h = 10; so, each signal is zero
in approximately 90% of the time. Moreover, we test noise levels o = 0.1¢,
t=1,...,n, and for each o we generate 10 different instances as follows:

(1) For each parameter combination, two signals are randomly gener-
ated: one signal for training, the other for testing.

(2) For all methods, we solve the corresponding optimization problem for
the training signal with 10 values of the smoothness parameter A and
10 values of the shrinkage parameter p, a total of 100 combinations.
We consider two criteria for choosing a pair (A, p):

Error: The pair that best fits the true signal with the respect to
the estimation error, i.e., combination minimizing ||§ — z*||3,
where x* is the solution for corresponding optimization.

Sparsity: The pair that best matches the sparsity pattern of the
true signal, i.e., combination minimizing Y i, ||%ilo — |}]o|.
This setting is of practical interest in cases where the training
data is partially labeled: the location of the spikes is known but
the actual value of the signal is not.

(3) We solve the optimization problem for the testing signal with pa-
rameters (A, 1) chosen in (2), and report the results (averaged over
the 10 instances).

For the instances considered, Table 1 shows the average Signal-to-Noise

172
Ratio (SNR) as a function of o, computed as SNR = nglzljp'
2

TABLE 1. Signal-to-Noise Ratio for different values of the noise.

o 01 02 03 04 05 06 07 08 09 1.0
SNR | 2,200 138 27 86 3.5 1.7 09 05 03 0.2

3A point z; is considered non-zero if |z;| > 1073,



32 ALPER ATAMTURK, ANDRES GOMEZ AND SHAONING HAN

5.2.4. Results with respect to the error criterion. We now present the results

when the true values of ¢ are known in training. Figure 5 depicts the out-
||@test—33*“§
R Gtest |2

where et is the true testing signal, and z* is the estimator. Figure 6 de-

of-sample error of each method and SNR, computed as error =

picts how accurately the estimator obtained in testing matches the sparsity
pattern of the true signal. We observe that the standard ¢;-norm approach
results in dense signals with a substantial number of false positives, and
is outperformed by the approaches that enforce priors in terms of error as
well. The inclusion of the sparsity prior results in a notable improvement
in terms of the error across all SNRs, and reducing it by half or more for
SNR> 3. This prior also yields an order-of-magnitude improvement in terms
of matching the sparsity pattern for SNR> 3, although for low SNRs the
improvement in matching the sparsity pattern is less pronounced (and is
worse for SNR=0.5). The inclusion of additional priors for the number and
length of each spike yields further improvements (especially for low SNRs),
and yields a good match for the sparsity pattern in all cases.

0.6
B L1 A Decomp-sparse @ Decomp-prior
0.5 u
]
0.4 A
(]
5 ]
2 03
. )
0.2 A =
[ ] A B
0.1 e , =
° 3 : u ] [ ]
L] e ! ]
0.1 0.5 2.0 8.0 32.0 128.0 512.0 2,048.0
SNR

FIGURE 5. Average out-of-sample error as a function of SNR
(in log-scale).

Figure 7 provides detailed information about the distribution of the out-
of-sample errors for three different SNRs. We see that in high SNR regimes,
the inclusion of the sparsity prior consistently outperforms the ¢;-norm
method, and the inclusion of additional priors consistently outperforms using
only the sparsity prior. In contrast, in low SNR regimes, while the inclusion
of additional priors yields better results on average, the improvement is not
as consistent.
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FIGURE 6. Average out-of-sample number of false positives
(red/dark blue/dark green) and false negatives (orange/light
blue/light green) as a function of SNR. The number of false
positives for L1 with SNR=2,200 is 746.

(A) SNR=0.2. (B) SNR=0.5. (c) SNR=3.5.

Fi1GURE 7. Distribution of the out-of-sample errors for differ-
ent SNRs when the true values of the signal used in training
are available.

Finally, Figure 8 depicts the average time required to solve the optimiza-
tion problems as a function of the SNR. As expected, the £1-norm approxi-
mation is the fastest method. Optimization problems with the sparsity prior
are solved under two seconds, and optimization problems with all priors are
solved under 10 seconds. We see that time required to solve the problems
based on the stronger relaxations increases as the SNR decreases.

5.2.5. Results with respect to the sparsity pattern criterion. We now present
the results when, for the training data, the true values of § are unknown,
but its sparsity pattern is known. Figure 9 depicts the out-of-sample error



34 ALPER ATAMTURK, ANDRES GOMEZ AND SHAONING HAN

12.0
B L1 A Decomp-sparse @ Decomp-prior
10.0 +
8.0
=
@ 6.0
£
F ¢
0 L ¢ ¢
2.0
L SN
A A A A A
S e B B B B ] ] [ ] ]
0.1 0.5 2.0 8.0 32.0 128.0 512.0 2,048.0

SNR

FicureE 8. CPU time in seconds as a function of SNR (in
log-scale). The error bars correspond to £1 stdev.

of each method for each SNR and Figure 10 depicts how accurately the
estimator obtained in validation matches the sparsity pattern of the true
signal. Naturally, as the true values of the training signal are unknown,
all methods perform worse in terms of the out-of-sample error. The #;-
norm method in particular performs very poorly in low SNR regimes: the
estimator is x = 0, resulting a large error close to one and several false
negatives (with no false positives, since few or no indexes are non-zero). In
contrast the methods that enforce priors result in significantly reduced error
across all SNRs while simultaneously improving the detection of the sparsity
in low SNRs regimes, correctly detecting several spikes. In this setting, we
did not observe a substantial difference between methods Decomp-sparse and
Decomp-prior. From Figure 11,which depicts the distributions of the errors,
we see that the new convexification-based methods consistently outperform
the ¢1-method.

5.3. Computational experiments - Lagrangian methods. We now re-
port on the performance of the Lagrangian method given in Section 4.3 for
larger signals with n = 100,000, o0 = 0.5, s = 10 and » = 100 (so approx-
imately 1% of the signal values are non-zero). We denoise the signal by
solving the optimization problem

n
: 2
min -2 i +0(z, ) + pl|z)1 + K|z 43a
o2 o 13 ;y (z,2) + 1 + 512 (43a)

5.t. 0 <z < ||y]|ooz- (43b)
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FIGURE 9. Average out-of-sample error as a function of SNR
(in log-scale) when only the sparsity pattern of the training
signal is known.
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FIGURE 10. Average out-of-sample number of false positives
(red/dark blue/dark green) and false negatives (orange/light
blue/light green) as a function of SNR when only the sparsity
pattern of the training signal is known.

In these experiments we use synthetic instances generated as in Section 5.2
with A = 0.3 and p = 0* and varying s € {0.0005, 0.001, 0.002, 0.005, 0.01, 0.02}.

“In the experiments reported in Section 5.2.4 with 0 = 0.5 and method decomp-sparse,
the combination (A, x) = (0.32,0) was chosen in 4/10 instances and was the combination
more often selected in training.
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(A) SNR=0.2. (B) SNR=0.5. (c) SNR=3.5.

FiGure 11. Distribution of the out-of-sample errors for dif-
ferent SNRs when only the sparsity pattern of the training
signal is known.

We solve (43) using the Lagrangian method with m € {1,10,100,1000}
subproblems (m = 1 corresponds to no decomposition). The independent
subproblems are solved in parallel in the same laptop computer.

Table 2 presents the results, both in terms of statistical and computational
performance. For each value of k and m, it shows the error between the true
signal and the estimated signal®, the number of non-zero values ||2*||g of the
resulting estimator, the time required to solve the problem; the number of
subgradient iterations used, and the actual number of subproblems solved.

We observe that for the smallest value of x = 0.0005 (corresponding to a
sparsity of ||z*||o ~ 30,000), the method without decomposition (m = 1) is
the fastest and is able to solve the problems in approximately three minutes.
However, as the value of the {y regularization parameter x increases, the
Lagrangian methods solve the problems increasingly faster. In particular,
for values of k > 0.005 (sparsity of ||z*|lg < 900), the Lagrangian method
with m = 1,000 solves the problems in under one minute whereas a direct
implementation via Algorithm 1 may require an hour or more. Indeed,
we see that as the {y regularization parameter increases, the number of
iterations and number of subproblems solved decreases considerably. In
fact, if k > 0.01, the Lagrangian method with m = 10 is solved to optimality
without performing any subgradient iterations. Finally, we point out that in
terms of the estimation error, all methods return comparable errors (except
for k = 0.0005, where the maximum number of 100 iterations is reached and
the Lagrangian methods do not solve the problems to optimality).

Therefore, we conclude that the proposed Lagrangian method is able to
efficiently tackle large-scale problems when the target sparsity is small com-
pared to the dimension of the problem, and can solve the problems by two-
orders of magnitude faster compared to default method. The drawback is

5Since we do perform cross-validation, we report the in-sample error.
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TABLE 2. Performance of the Lagrangian method for signals
with n = 100,000. Bold entries correspond to the best
estimation error and the fastest solution time.

signal quality | computational performance
" "1 error llz*||o | time # iter # sub
1 0.172 29,690 | 172 1 1
0.0005 10 |0.188 30,650 | 1,825 89 104362
100 | 0.187 30,648 | 656 100 100+3,252
1,000 | 0.187 30,670 | 631 100 1,000+31,932
1 0.091 10,790 | 506 1 1
0.001 10 [0.091 10,789 | 3,391 62 10+4-257
100 | 0.091 10,781 | 613 100 100+2,455
1,000 | 0.090 10,760 | 475 100 1,000+23,174
1 0.027 2,523 | 1,390 1 1
0.002 10 |0.027 2,511 |1,703 22 10+94
100 | 0.027 2,510 | 280 100 100+848
1,000 | 0.027 2,502 | 173 100 1,000+-7,861
1 0.008 878 5,579 1 1
0.005 10 |0.008 877 309 12 10420
100 | 0.008 877 51 17 100+54
1,000 | 0.008 878 31 61 1,0004-480
1 0.013 758 2,141 1 1
0.01 10 |0.013 758 174 1 10+0
100 | 0.013 759 81 18 100+38
1,000 | 0.013 761 49 71 1,000+347
1 0.028 648 2,184 1 1
0.02 10 [0.030 637 185 1 1040
100 | 0.028 646 89 14 100+27
1,000 | 0.028 649 44 62 1,0004-275

that the decomposition method is unable to incorporate additional priors
using constraints.



38 ALPER ATAMTURK, ANDRES GOMEZ AND SHAONING HAN

6. CONCLUSIONS

In this paper we derived strong iterative convex relaxations for quadratic
optimization problems with M-matrices and indicators, of which signal es-
timation with smoothness and sparsity is a special case. The relaxations
are based on convexification of quadratic functions on two variables, and
optimal decompositions of an M-matrix into pairwise terms. We also gave
extended conic quadratic formulations of the convex relaxations, allowing
the use of off-the-shelf conic solvers. The approach is general enough to
permit the addition of multiple priors in the form of additional constraints.
The proposed iterative convexification approach substantially closes the gap
between the £p-“norm” and its /1 surrogate and results in significantly bet-
ter estimators than the standard approaches using ¢; approximations. In
fact, near-optimal solution of the £y-problems are obtained in seconds for
instances with over 10,000 variables, and the method scales to instances with
100,000 variables using tailored algorithms.

In addition to better inference properties, the proposed models and re-
sulting estimators are easily interpretable. On the one hand, unlike ¢;-
approximations and related estimators, the sparsity of the proposed esti-
mators is close to the target sparsity parameter k. Thus, a prior on the
sparsity of the signal can be naturally fed to the inference problems. On
the other hand, the proposed strong convex relaxations compare favorably
to f1-approximations in classification or spike inference purposes: the 0-1
variables can be easily used to assign a category to each observation via
simple rounding heuristics, and resulting in high-quality solutions.
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