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Abstract: In this paper, a new method for determining all minimal representations of a face of a polyhedron is
proposed. A main difficulty for determining prime and minimal representations of a face is that the deletion of one
redundant constraint can change the redundancy of other constraints. To reduce computational efforts in finding all
minimal representations of a face, we prove and use properties that deleting strong redundant inequality constraints
does not change the redundancy of other constraints and all minimal representations of the face can be found in only
the set of all prime representations of the face corresponding to the maximal descriptor index set for it. An algorithm
based on a top-down search method is given for finding all minimal representations of a face. Numerical examples

are given to illustrate the performance of the algorithm.
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1. Introduction
A convex polyhedral set can be stated in the following form:

where xe R", b, e R and a; is arow vector in R" . For brevity of presentation we shall use the following notation:
For two vectors y =(Yy,...,y¥n) and z=(z,...7,), y<z ifandonly if y; <z forall i=1...,n; for two subsets

Q' and O? of aset, Q' c Q? ifand only if Q' < Q? and Q' = Q2. Let P be polyhedron (1), T ={1,..,m}\1 and

ax=n,iel
} @)

ax<h,iel

S(I,J):{XER”




A nonempty subset F of P is said to be a face of it if there is a subset | of {1,...,m} suchthat F =S ( I I_). Such a
set | is called a descriptor index set for F and S(I,I_) is called a descriptor set for F corresponding to I. An index
pair (1,J) satisfying conditions that 1,J = {1,...,m} and 1 nJ = is called a descriptor index pair for a face F if
S(1,J)=F.Anindexset | e RE(F) is said to be a maximal descriptor index set for a face F, denoted by Iy , if
thereisno J e RE(F) suchthat I = J, where

RE(F)={J c{L...m}[s(3,7)=F}. @3)
A face F is said to be degenerate if |RE(F)| >2, where || denotes the number of elements of a set. An index i< |
or a constraint a;x =b; is called a redundant equality for S(1,J) if S(1,J)= S(I \{i},J) and anindex jeJ ora
constraint ajx <bj isa redundant inequality for S(1,J) if S(1,J)= S(I,J \{j}). We say that an index pair
(1 ,J) contains a redundant index for S(1,J ) if | contains at least one redundant equality index or J contains at
least one redundant inequality index for S(I, J) . An index pair (Il, Jl) is called a weak reduction of (I,J) if
S(Il,Jl) =S(1,3), Itc1 and 3' < J. Anindex pair (1,J) is called a prime representation of a face F
corresponding to a descriptor index set K for F if (I,J) is a weak reduction of (K, K) and contains no redundant

indices for S(1,J). Anindex pair (1,J) is called a prime representation of a face F if there is an element
K e RE(F) such that (1,J) is a prime representation of it corresponding to K. A descriptor index pair (1,J) fora
face F is called a minimal representation of it if
1o I =min{[K UM[|(K,M)eT (F)}, )
where T (F) is the set of all descriptor index pairs for the face F and is stated by
T(F)={(M,N)|s(M,N) =F, M,N c{L..,m} andM "N =2} . ®)

A minimal representation of a face also is a prime representation of this face and can be not unique (see Property 2.2

or Remark 3.1 or Example 5.2 later).



There are differences between the concept of minimal representations of a face and the concept of minimal
representations of a polyhedron presented in Telgen [8]. Minimal representations of a face of polyhedron (1) are

defined and determined on the basis of only the set {a;x <b;,i =1,...,m} . The concept of minimal representations of

a polyhedron in Telgen [8] can be applied to a face of polyhedron (1) but is defined on the basis of a larger set of

linear equalities and inequalities that contains the set {a;x <bj,i =1,...,m}. This leads to that a minimal

representation of a face of polyhedron (1) in the concept of Telgen [8] can contain other linear constraints not

belonging to the set {a;x <bj,i=1,...,m} . Our concept has valuable practical applications. We consider finding

preferred solutions of a practical problem stated by a mathematical model whose feasible set is a convex polyhedral
set. In our concept, minimal representations of faces of the polyhedron can be found from the constraints of this
mathematical model and therefore they can be utilized to reduce difficulties in solving and analysing the
mathematical problem by reducing the degeneracy degree of the constraint collection describing the constraint
polyhedron and the size of the mathematical model (see Section 6 for more details).

In order to find a prime or minimal representation of a face, a removal of redundant indices must be done. A main
difficulty for determining prime and minimal representations of a face is that the deletion of one redundant constraint

can change the redundancy of other constraints. A removal of some redundant indices from the special index pair

(@, {L m}) is dealt with in Greenberg [4] but only few results are found. Prime representations of the special face

S (@{1 m}) also is dealt with in Boneh et al. [2], but only the difference between the cardinalities of any two

prime representations of the special face is mainly investigated. A method for determining all prime representations

of a face corresponding to a given descriptor index set for it has not been given. For a descriptor index set J for a
face, a necessary and sufficient condition for the index pair (J : J_) to be a minimal representation of this face can be

found in Telgen [8]. A parameterization of all minimal representations of a polyhedron in the concept of Telgen is
also dealt with. Theoretically, this way can be applied to find minimal representations of a face but is very difficult.
In this paper, first we propose a new method for determining all minimal representations of a given face of a
convex polyhedral set. To reduce computational efforts for finding all minimal representations of a face, we prove
and use properties that deleting strong redundant inequality constraints does not change the redundancy of other
constraints and all minimal representations of the face can be obtained by determining only the set of all prime

representations of the face corresponding to the maximal descriptor index set for it. In addition, the set of all prime



representations of a face corresponding to the maximal descriptor index set for it is found by a top-down search
method. This method is simple, easy to implement and has many computational advantages. For applications of
minimal representations, we deal with a reduction of the number of constraints used to represent it, a reduction of
degeneracy degrees of sub-faces of the face and ideas to improve some known methods for finding all maximal
efficient faces in multiple objective linear programming and some known methods for optimizing a function over the
efficient set.

This paper is organized as follows: Some properties of minimal representations of a face of a polyhedron are
presented in Section 2. Determining all prime representations of a face corresponding to the maximal descriptor
index set for it is dealt with in Section 3. An algorithm for determining all minimal representations of a given face
and examples to illustrate the working of the algorithm are presented in Sections 4 and 5. Some applications of

minimal representations of a face are considered in Section 6.

2. Some properties of minimal representations of a face of a polyhedron
Through this paper, let F be the face described by a descriptor index set I. A point x0 of the face F is called an
inner point of it if there is J € RE(F) such that ; x° < by forall i € J . From Property 2.6 in Tu [9] it follows that

every face has at least one inner point. Anindex je K is called an implicit equality index for S (J , K) if ajx= bj

forall xeS$S (J, K) . From the definition of minimal representations of a face and Theorem 4.1 in Telgen [8] the

following property is easily obtained:

Property 2.1: A pair index (J,K)eT (F) is a minimal representation of the face F if and only if (J,K) contains no

redundant indices and K does not contain implicit equality indices for S(J,K).

Thus, a minimal representation of a face also is a prime representation of this face. Another relation between

minimal representations and prime representations of a face is considered in the following:

Property 2.2: REnin (F) < REprim (F, Imax ) »
where REmin (F) and REpim (F, Imax ) are the set of all minimal representations of the face F and the set of all

prime representations of the face F corresponding to I, , respectively.



Proof: We consider an arbitrary element (J,K) € REi, (F). From the definition of a minimal representation of a
face and Property 2.1 it is easily seen that J WK =, J contains no redundant equality indices, K contains no

redundant inequality indices and implicit equality indices for S(J,K). If there is jO € J \ ey - then jO € I,y and

aj0 x0 < bjo , where x° is an inner point of F. Thus x° ¢ S(J,K). This contradicts to that S(J,K)=F . Therefore

J < lipay - Assume that there is kO eK \ T ax - Itis easily seen that k0 e Imax - Hence @ 0x =b,o forall

X €S (Imax: Tmax )- SINCe S (Imax: Tmax ) =S (3, K) , k® is an implicit equality index for S (J,K). This contradicts

to that K contains no implicit equality indices for S (J , K) (Property 2.1). Thus, we also have K < I_max .

Therefore, from the definition of a prime representation of a face it follows that (J,K)e REprim (Filmax)- O
The set REqin (F) can be obtained by determining all prime representations of F but this method requires many

computational efforts. Property 2.2 shows that only the set REin, (F, Imax) is needed to find for determining the

set REnin (F) . Now we deal with another important property of the set REpim (F, Imax ) -

Property 2.3: For an arbitrary element (J,K) € REpim (F, Imax ) » the index pair (J,K) contains no redundant

indices and the index set K does not contain implicit equality indices for S (J , K) .

Proof: From the definition of a prime representations of a face it is clear that (J,K) contains no redundant indices

for S(J,K). Assume that there is j e K such that j is an implicit equality index for S(J,K). Hence, we have

min {ajx|xe $(J,K)} =bj. Since $(J,K)=S5(Imax:Tmax ) and K < Trpay (Property 2.2),

min{an|XES(|maX,|_max)}=bj and j € Iay - Thus, j is an implicit equality index for S (1max, Tmax ) - Hence,

F =S (I Tmax ) = S(Imax,l_max)m{XeRn|an=bj} = S (Iyax {0} T \{J}) - Thus
{Imax U{i}} € RE(F). This contradicts to the definition of the maximal descriptor index set for the face F.

Therefore, K does not contain implicit equality indices for S (J , K) . O
Based on Property 2.3 we can obtain a result stronger than that in Property 2.2.

Theorem 2.4: REpin (F) = REprim (F Imax ) -



Proof: From Properties 2.1 and 2.3 it follows that REi, (F) 2 REprim (F.Imax ) - Therefore, from Property 2.2 we
have REpin (F )= REpim (F,Imax ) The proof is complete. i
Itis clear that REniq (F) < REpim (F ), where REpim (F) is the set of all prime representations of the face F.

The following corollary shows a condition for equality in this inequality:

Corollary 2.5: If the face F is not degenerate, then REn (F) = REpim (F)-

Proof: Since F is not degenerate, RE (F )= {lmyax | - Therefore, from Theorem 2.4 it follows that REpm (F) =

U REprim(F,J): REprim(F,ImaX): REmin (F) . i
JeRE(F)

Based on Theorem 2.4 we only need to find the set REny, (F.Imax ) for determining all minimal representations

of the face F.

3. Determining all prime representations of a face corresponding to the maximal descriptor index set for it

Let igq(J,K) be the set of all implicit equality indices for S(J,K). The set I,,,, can be determined on the basis

of an index set iq(1,T) found by solving |T| linear programming (LP) problems
min{aix|XGS(I,I_)}, (6)
and iq(l,l_) = {i € I_‘oi = bl} ,where i el and o' is the optimal value of (6). Another method for determining the
sets iq(l,l_) and la is shown in Tu [10] by solving only one LP problem:
Property 3.1: If 1 e RE(F) and (xo,z0 (T),y°(1).y°(T),a® )T is an arbitrary feasible solution of PM (1) with
a® >0, then
(i) iq(1,T)= |Q(|,x°),
(i) 1o = 1 0iq(1,T),
where IQ(I ,xo) = {i E I_‘zio ()= O} , PM (1) is the linear problem:

max o @)



A(l)x=b(1), ©)

A(T)x+2(T)=b(T), ©

Yy (DA()+y" (T)A(T) =0, (10)
y' (1)b(1)+y" (T)b(T)=0, (12)
2(T)+y(T)-ae(T)>0, (12)
z(T)z0, y(T)=0, (13)

A(J) is a matrix obtained from the left side matrix A defined in (1) by deleting rows whose indices are notin J,

b(J ) is a vector obtained from the right side vector b defined in (1) by deleting components whose indices are not

inJ, y(J), z(3) and e(J) are similarly obtained from vectors y e R™, ze R™and e =(1,..,1)" eR™,
respectively. An efficient algorithm for determining the set 1, is presented in Subroutine INDEXFACE ( | ,a,,b’)
in [10].

Let REyim (F, J) be the set of all prime representations of a face F corresponding to a descriptor index set
JeRE(F), r(J)=rank{alied},

P(j,K,L) be the problem maX{an|X€S(K,L)}, (14)

(bj +1) if there is x° e S(K,L) such that ajx0 >bj,

a.

(K.L)-

aSP' (K, L) in the other case,

where a$P' (K, L) is the optimal value of P(j,K,L). Itis clear that if (K, L) isa weak reduction of the index pair
(9,3) corresponding to an element J € RE(F ), then S(K,L)# @ and aj(K,L) exists. In addition, the problem
P(j,K,L) need not be solved to optimality for determining aj (K, L) if there is x0 e S(K,L) such that

ajxo >bj.

Some simple conditions for the redundancy of an index pair are given in the following property whose proof is

easily obtained from the definitions of redundant indices and the Gaussian elimination:



Property 3.2: (i) An index k e K is redundant for S (K, L) ifand only if r(K)=r(K\{k}).

(i) Anindex j e L is redundant for S(K,L) ifand only if aj (K,L\{j})<b;.
From the definition of prime representations of a face and Property 3.2 we easily have the following property:

Property 3.3: If J € RE(F), then the index pair (J , J_) is a prime representation of the face F if and only if
r(J)=[3] and aj(J,I\{j})>b;j forall jeJ.

For an element J e RE(F) we define the following sets: J* = {j el

aj (3,3 \{i})<by)

32 ={jeJa (3,3 \{i})=b;

[t =3103%2, 32 ={je T8 (3.3 \{i})>b;
T (F.9)={K<J| [K[=r(K) andr(K)=r(J)},

T(F)={ecT

aj(3,3\6)<b; forallje G|,
T(F.3)={6eTy(F.I)F6! eTy(F.3):6 6.

In order to determine the set RE, (F) , based on Theorem 2.4 it is enough to find the set REpim (F, Iy ) -
Now we consider a formula to compute the set REin, (F.Imax ) -
Theorem 3.4: REprim (F. Imax ) = {(K, Tnax \G)|K € T (F, Iay ), G € T3 (F Inax )} -
Proof: We will show that (K, T nax \G) is a prime representation of F corresponding to 1,5 for every element
(K, Tmax \G) € RE(F, Ipay ), where RE™(F, I ) = {( K, Tax \G)|K €T (F, Iipay ), G €T3 (F Inac )} - First, we
will show that S (K, Trax \G)=F . Itis clear that F =S (1max, Tmax ) = S(Imax: Imax VG) NS (2,G) . From the
definition of the set T (F, I;nay ) it follows that S(Imax,l_max \G) =S(2,G). Thus S(Imax,l_max \G) =F.Bya
proof similar to that of Property 5.2 in [5] it can be easily obtained that S(K,I_max \G) = F . Consequently, from

Property 3.2 it follows that K does not contain any redundant equality indices for S (K, T max \G) . From the



definition of T3 (F, Iya ) itis clear that 1, \G does not contain any redundant inequality indices for
S(K,Tmax \G) . Thus, (K, Tyax \G) € REprim (F. max ) and REY(F, Inay ) < REpim (F . Imax ) -

Conversely, we consider an arbitrary prime representation (Il, |2) € REpim (F, Imax ) and will show that
(Il,lz)e RE(F, I ). Since (Il, |2)e REprim (Filmax )+ 11 S 12 < T, 11 does not contain any
redundant equality indices and 12 does not contain any redundant inequality indices for S(Il, | 2). From Property

3.2 it follows that r(ll):‘ll‘.Since s r(ll)gr(lmax).Wewillshowthat r(ll):r(lmax).Assume

that r(l1)<r(lmax). Itis clear that there is i  Iyg \ 1 such that r(llu{io})z‘llu{io}‘.Since M(Imax ) <N,

1
‘I1‘+1sn . Let SMjl be a (‘I1‘+1)><(‘I1‘+1) square nonsingular submatrix of ( ) , where J% is the set of
ao
1

T
indices of all columns of the submatrix and d = (dl,...,d |1+1) be the (‘ I1‘+1)—th column of the inverse matrix

SM J’ll For convenience of presentation and without loss of generality, we can assume that I= {1,...,‘I1‘ +1} . We

consider the point xt=x°

T
|1+lﬂ0101'"loj )

+x2, where x is an inner point of F, x? =(d1,60,...,d

N(Jl):{i € Tax

> g;dj <0, A% = max (bi—aixo) > a;d; if N(Jl);t@ and ° is a negative number
jedt ieN(9) ied!
je ie

if N (Jl) = . Since x° isan inner point of F, ﬂo < 0. It can be easily seen that x! satisfies the conditions

o, . Hence it easily follows that X' e S(Il, I2) and X' &S (1pax, Tmax ) - This is a

A(Imax)xlsb(l_,:;x),

contradiction because F=S(I1,I2) and F =S (1, Imax ) - Therefore, r(l1)=r(lmax) and 1 €T, (F, sy ) -



Consequently, since (Il, I2) € REpim (. Imex ) there is G! < Ty such that 1% =Ty, \G*. Itis clear that

S (Imax, I nax ) =S (Imax M irax \Gl) and T \G! does not contain any redundant inequality indices for
S(Imax,l_max \Gl). Ifthere are j® <Gl and x° e S(Imax,l_max \Gl) such that ajox0 >bjo , then

x° ezs(lmx,l_max \{Gl\{jo}}). Thus, it is clear that S (1nax, Tmax ) < S(Imax,l_max \{Gl\{jo}}) c

S (Imax M inax \Gl) . This is a contradiction because S (1max, Imax ) =S (Imax M inax \Gl) . Therefore, we have

aj-“ax(lmax,l_max \Gl)gbj forall jeG' and G' €T, (F, I ey ) - From the definition of T3 (F, I s ) and

Trmax \G! does not contain any redundant inequality indices for S ( x> max \Gl) it follows that

G! €T3(F, I may )- Therefore RE(F, Imax ) 2 REprim (F Imax ) - The proof is complete. i
From the proof of Theorem 3.4 the following property is easily obtained:

Property 3.5: If G K, then S(J,K)=S(J,K\G) ifand onlyif aj(J,K\G)<bj forall jeG.

Remark 3.1: From Theorems 2.4 and 3.4 it can be seen that a face can have many minimal representations.
Anindex jeL is called a strong redundant index for S(K, L) if aj(K,L\{j})<b;. Based on Theorems 2.4

and 3.4 a method for determining all minimal representations of a face can be established. In order to increase the

usefulness of the method, we will prove and utilize a property that deleting strong redundant indices does not change

the redundancy of other indices for S(J,J), where J is an element of RE(F).

Remark 3.2: From the definition of redundant indices and Property 3.2 it follows that S(J,J\{j})=F for all
j e J*. Therefore max{ajx|x e F} <bj forall je J* and max{ajx|x e F} =b; forall je Jt2,

We consider the following property:

Property 3.6: (i) If I =@, then $(3,I\{i, j}) =Fforall ie JMand jeJt.

(ii) s(J,J‘\{J‘“u{j}}) = F forevery jeJ%2.

10



Proof: It can easily be seen that S(J,J\{i, j}) = {XES(J,J_\{i, j})|aixsbi} U {XES(J,J_\{i, j})|aix>bi} =

{xes(3,3\{j})} v {xes(3, 3\, i})lax>b} =Fu {xeS(3,T\{i, j})fax>b}.

atXth,tEJ,
Noting that F =<xeR"|ax<by,te J\{i, j},;, max{gx|xe F}<b (Remark3.2) and ax isa continuous
aiX£bi

functionon S(J,J\{i, j}), we easily have S(J,J\{i, j}) < {x eR"ax < bi} . Therefore
{xes(3,3\fi,i})lax>b}= @ and $(3,3\{i, j}) =F.

(i) If J** =, then the proof is obvious. If J** = & and ‘J_l‘ e {1,2} , then the proof can be easily obtained from
part (i). In the case when J*! = & and ‘31‘ >3, we consider a subset G < J* with |G| >3 and ‘G mjlz‘ <1.ltcan

be written that $(3,J\G) = {xe$(3,T\G)[ax <bj} U {xeS(3,I\G)|ax>b;}, where ic G I By an

argument similar to that presented in part (i) and the induction method the proof of part (ii) can be easily obtained. O

From Property 3.6 and Theorem 3.4 we can easily obtain the following corollaries:

Corollary 3.7: If 32 =&, then S(J,j\jll) =F.

Corollary 3.8: If [Ty | <2 and TH, =, then REprim(F,lmax)z{(J,Tmzax)|J eTl(F,ImaX)}.

4. An algorithm for determining all minimal representations of a given face

Let

SO( j, ImaxG) be the set of all new feasible solutions of the problem P( B Ve Tmax \G) that have been found in
determining aj (1 max Imax \G);

*

SO (Iax ) = U{So(j, Imax>G)|aj (1max: Tmax \G) has been determined} ;

SO (Imax:G) ={Y € SO (Imax )|2j <bj, Vi € T \G}

ol = {G o1l ‘Hj €G: a] (Imax N \G) has been determined and is larger than bj} :

11



An algorithm for finding all minimal representations of the face F described by an index set | is stated as follows:

Step 1. Determine the sets ay , T1(F, Imax ) -

If 1y =@, then set T4 (F, I ey ) =@ and go to Step 9.

Set t=1, TG ={S Clpay [S|=1}, T (F\lmax) =D, Q' =3, Ity =D, Ty =D, SO(Ipay ) =2
and go to Step 3.

Step 2. Determine 11, .

If Ty =2, then set T (F, Inay ) = {{}} and go to Step 9.
Set Ta (F. lmax ) = { Towe {1} € T

If ‘I_,%]ax‘ =1or ‘I_,}qax‘ <2 and 11, # @, then go to Step 9.
Set t=2, TG'™ =@ and TG' =S < T 5] =1}

Step 3. Take G e TG!.
If there is Qe Ty (F, Imay ) such that G = Q, then go to Step 7. (a1)
Set H=G.

Step 4. If SO(1ax,G) =2, then take an arbitrary element j° e H , determine alo (1max: Tmax \G) based on
the problem P( i°, s Nmax \G) and go to Step 5.

Find an index j0 e H and a feasible solution x* determined by

aox =max max  ax. (a2)
j jeH XeSO(Iax G)
JeR xe max 1

Determine o (1max Imax \G) based on solving the problem P(jo, lmax» Imax \G) starting from x™.
Step 5. If a]fo (1max: Tmax \G) > bjo , then set Q' =0 U{G} and go to Step 8. (a3)

If t=1 and a’;o (1max» Tmax \G)<bjo ,thenset 111 —TIL u{jo}.

12



If t=1and aj, (1max» Tmax \G)zbjo ,then set 112, =112, u{jo}.

If SO(jO,ImaX,G);t@,then set SO(ImaX,G)zSO(ImaX,G)uSO(jO,ImaX,G).

Step 6. Set H = H \{jo}.

If H =, then go to Step 4.
If SO(Imax.G) =D, then set SO (Iyax ) = SO (Imax )W SO (Imax. G) -
If t =1, then go to Step 8.

Let T3 (F. linax: G) = {Q € Ty (F. Iy )| 2 < G} and set

Ta (F o Imax ) =T (F o L )\ T2 (F L, G ) U{G

If t= ‘I_nlqax‘ , then go to Step 8.

(a4)

(a5)

Step 7. Let T6"(G) = {6 u{i}fi e Tha\G, T65™(6) ={@TE " LTG[" (G)[3s e 'S c 0 and set

TG =TG" UTGH (G)\TGS(G).
Step 8. TG' =TG' \{G}.
If TG' =&, go to Step 3.
If t =1, then go to Step 2.
If TG =&, thenset t=t+1, TG™ =@ and go to Step 3.
Step 9. REnin (F) ={(K. Tmax \G)|K € Ty (F, Imax ), G € T4 (F, Imax )} -

Step 10. Stop.

The validity of the algorithm is dealt with in the following property:

Property 4.3: The set REi, (F) has been obtained after the final iteration of the algorithm.

(a6)

Proof: From Theorems 2.4 and 3.4 it is enough to prove that T (F, Imay ) = T3 (F, Imax ) - If Thax =@ , then the

poof is obvious. Now we present the proof in the case when I_,%]ax £ . Let t' be a maximal integer number such

13



— tt _
that TG = & . We consider an arbitrary subset G of I, and will show that if G ¢ U TG! , then G ¢T, (F Tmax ) -
t=1

tt _
Since G ¢ JTG' , thereis S e Q' suchthat S = G . Noting that S & T, (F, Ty ), it is easily seen that
t=1

_ _ tt
GeT, (F, Imax) . Thus, we have T, (F, I max ) c tUlTGt . It can be easily seen that all elements of T, (F, I .y ) are

found by the algorithm and T (F, Tnay ) < Tp (F, Tmax ) - In addition, from rule (a5) it follows that the set
T4 (F, Imax ) consists of all maximal elements of T, (F, I .y ) ordered by the inclusion. Therefore, from the
definition of T (F, Tpay ) We have Ty (F, s ) =Ta (F, Tnax ) - O

Properties and advantages of the above algorithm are presented in detail in [15].

5. Examples
Example 5.1: Determine the set of all minimal representations of the face F described by index set | =& of

41 2 30 -11 1Y

polyhedron (1) when A=|-1 -1 -1 0 1 1 -1|andb=(1 2 3 2 11 1)T.
1 2 3 1 1 11

To illustrate the working of the algorithm, in this example the simplex method is used to solve problems of type (14).

Step L. lyax =D, Ti(Filmax )= .
t=1, TG = {{1},{2},{3}.{4}.{5}.{6}.{7}}, Ta(F lmax ) =@, @' =3, T =D, T =D, SO(Imax ) = 2.
Step 3. Take G ={1} . H ={1}.

Step 4. SO( Iy, {1}) =2, take [0 =1. so(l,|,mx,{1})={(o,o,o)T ,(0,00) ,(—.3333,—1.3333,0)},

a7 (Imax Tmax \{1}) = 2.

Step 5. @ (Imax: Imax \{1}) >1, Q@' ={{1}}.

Step6. H=9.

SO(Inax ) = {(o,o,o)T ,(0,0,1)",(~3333,-1.3333,0)" } .

14



Step 8. TG ={{2}.{3} {4}, (5.6}, (7}}.

Step 3. Take G ={2}. H ={2}.

Step 4. SO(Iyax.{2}) = {(O,O,O)T ,(O,O,l)T} . i%=2, x*=(0,0,2)", x* is an optimal solution of problem

P(2 max Tmax M2}) 83 (Imax Tmax M{2}) = 2. [ ={{2}} . SO(2, Iyax. {2})=2.
Step6. H=U.
Step 8. TG' ={{3},{4},{5}.{6},{7}}.

Step 3. Take G ={3}. H ={3}.

Step 4. SO(Iax.{3}) :{(0,0,0)T ,(0,0,1)T} ,i%=3, x" =(0, O,l)T , X" is an optimal solution of problem

P (3. e T M(3)) 85 (1o T M3)) =3, T = {12),(3)) - SO(3. I, (3) =2
Step6. H=J.
Step 8. TG' ={{4}{5},{6},{7}}.

Step 3. Take G ={4}. H ={4}.

Step 4. SO(Iyay.{4}) = {(0,0,0)T ,(0,0,1)T} , i°=4, x"=(0,0,))7, x" is an optimal solution of problem

P(41|maX!|max\{4})’ aZ(Imax’l_max \{4}):1’ I_nlﬁ%ix :{{4}} 80(4’|max'{4}):@'
Step6. H=.
Step 8. TG' ={{5},{6},{7}}.

Step 3. Take G ={5}. H ={5} .

Step 4. so(|max,{5})={(o,o,o)T ,(O,O,l)T}, =5, x*=(0,01), so(5,|max,{5})={(—2,3,o)T},

a5 (Imax  Tmax \{5}) = 2.

Step 5. a5 (Imax: Tmax \{5}) >1, Q" ={{1},{5}}.

Step6. H=J.
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S0 (Imax ) ={(0.0,0)" ,(0,0)" (~3333,-1.3333,0)" ,(-2.3,0)' |
Step 8. TG' ={{6}.{7}}.
Step 3. Take G ={6}. H ={6} .

Step 4. SO(Imax {6}) ={(0.0.0)" ,(0.0.)" |, x" =(0.0.2)", J° =6 . P(6, I T \{}) is unbounded from

above, ag (Imax: Imax \{6})=2.

Step 5. ag (Imax: Imax \{6}) >1, Q@' ={{1},{5}.{6}}.
Step6. H=0.
Step 8. TG' ={{7}}.

Step 3. Take G ={7}. H ={7}.

Step 4. so(|max,{7}):{(o,o,o)T (0.0}, 1°=7, " =(0.0.1)", P(7, I, Tnax \{7}) is unbounded from

above, a7 (Imax: Imax \{7}) =2.

Step 5. a7 (Imax: Tmax \{7}) >1, Q" ={{1}.{5}.{6}.{7}}.
Step6. H=3.

Step 8. TG =2

Step 2. T ={(2},(3},{4}}, SO(Imax)={(0.0,0)" ,(0,0.1)" (~3333,-1.3333,0)" ,(-2.3.0)' |.

T4 (Folmax ) = {{2.4}.{3.4}}

t=2,76° =0, 0' =2, T6” ={{2.3}.{2.4}.{3.4}} .

Step 3. Take G ={2,3} . H ={2,3}

Step 4. SO(Imax.{2,3}) ={(0.0.0)" (0,0.2)"}, °=3, x" = (0.,0.1)", x" is an optimal solution of problem

P (3, Imax» Tmax V{2.3}), @3 (Imax Tmax \{2.3}) =3.

Step 6. H ={2}.
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Step 4. SO(ImaX,{2,3}) = {(0,0,0)T (0, 0,1)T } =2, x*= (0,0,1)T , X" is an optimal solution of problem

P(2 1 max: Tmax M{2:3}) @3 (Imax: Tmax \{2,3}) =2.

Step6. H=0.

T (Fu o 12.3)) = 2. Ty (Fla) = {(2.3),2.4). (34}

step 7. T67 ((2.3)) = {{23.4)}, T63(12.3)) =@, T6° = {{2.3.4]}.
step 8. T67 - {{2.4}, (3.4}

Step 3. Take G ={2,4} .G € T4 (F, I;nay ) -

step 7. T67 ((2.4)) = {{2:3.4]}, T63({2.4}) - 2, T6° = {{2.34}}.
Step 8. 67 = {(3.4}}.

Step 3. Take G = (3,4} .G €Ty (F. Iy ).

step 7. T67({3.4)) = {{23.4}}, T63 ({3.4)) =@, 76 = {{2.3.4]}.
Step 8. TG2 = .

63 ={{2,3,4)}, t=3, T6* =&

Go on the same way, we obtain that T, (F, Iex) = {{2.34}} , T6* =1
Step 9. REy (F)={(2,(15,6.7)).

Step 10. Stop.

Example 5.2: Find all minimal representations of the face F described by index set | =& of polyhedron (1) when

At 100 11
o 001 -1 11

.
J andb=(0 0 0 0 0 0) .

This example is also considered in Boneh et al. [2].
Step 1. Imax ={1.2,3,4,5,6}, r(Imax) =2, Ty(F, Imax ) = {{1.3},{1.4},{15},{1.6},{2,3},{2,4}} U {{2,5}.{2,6}}

U{{3,5},{3,6},{4,5),{4,6},{5,6}}, Tyax =D, T4 (F.lmax) =2
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Step 9. REmin (F) = {({1.3},9).({1.4}.9).({L5}.2).({1.6},2).({2.3},2).({2.4},9)]

v {({25}.2).({2.6},2).(35}.2).({3.6},2); © {({45}.2).(14.6}.2).({5.6}.2)}

Remark 5.1: In Example 5.2, the face F has 13 minimal representations in which only one minimal representation

({1,3},2) is shown in Boneh et al. [2].

6. On applications of minimal representations of a face

Most of known methods for finding all maximal efficient faces for a multiple objective linear programming
(MOLP) problem are top-down search methods or bottom-up search methods. These methods have certain
advantages but still have many drawbacks. A combined top-down and bottom-up search method for determining all
maximal efficient faces for an MOLP problem proposed in [14] has all advantages and can improve drawbacks of
known bottom-up and top-down search methods. This method is based on a new test for the efficiency of faces and
some results given in our recent papers [9] — [13]. The efficiency test helps us construct an efficient combination of a
top-down search method and a bottom-up search method for finding all maximal efficient faces and can
simultaneously check the efficiency of many faces. By using simple conditions for comparing faces, properties of the
new efficiency test and an idea that a combination generated to find all maximal efficient faces emanating from
every efficient extreme point, the method in [14] also has many advantages over all known methods for determining
all maximal efficient faces of an MOLP problem.

By using a minimal representation of a face to represent it, the sizes and the degeneracy degrees of sub-faces of
the face (see [15]) can be reduced (a notion of the degeneracy degrees of sub-faces of a face is a generalization of
that of a polyhedron introduced by Sierksma and Tijssen [7]). Therefore, difficulties and the sizes of problems (the
size of a problem is the number of the objectives and constraints used to state the problem) can be reduced in solving
them. Using a minimal representation of a face to represent it gives us special advantages in many methods, for
example, in face search methods, face decomposition based methods, descriptor set based methods (methods are
based on descriptor sets for faces), etc.. By using a minimal representation of a face to represent it, we can improve
methods for solving a problem for optimizing a function over the efficient set of a multiple objective linear

programming (MOLP) problem, for example, Benson and Sayin [1], Sayin [5], Tu [11] and methods for finding the
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efficient set or determining all maximal efficient faces of an MOLP problem, for example, Ecker et al. [3], Yu and

Zeleny [16], Sayin [6], Tu [9]- [14] (see [15] for more detail).

7. Conclusions

A new method for determining all minimal representations of a face of a polyhedron is proposed. To reduce
computational efforts in finding all minimal representations of a face, we prove and use properties that deleting
strong redundant inequality constraints does not change the redundancy of other constraints and all minimal
representations of the face can be determined by finding only the set of all prime representations of the face
corresponding to the maximal descriptor index set for it. An algorithm based on a top-down search method is given
for finding all minimal representations of a face. This method is simple, easy to implement and has many
computational advantages. Based on minimal representations of a face, a reduction of the degeneracy degrees of sub-
faces of the face and ideas to improve some known methods for solving a problem for optimizing a function over the

efficient set and for finding all maximal efficient faces in multiple objective linear programming are presented.
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