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Abstract

A p-order regularization method for finding weak stationary points of multiobjective opti-
mization problems with constraints is introduced. Under Holder conditions on the derivatives
of the objective functions, complexity results are obtained that generalize properties recently
proved for scalar optimization.

1 Introduction

Multiobjective optimization (MO) is frequently used for solving engineering and applied math-
ematics problems [II, B3, 35l 37, 42]. Given a set of objective functions {f;};c; and a feasible set
Q, a solution of the MO problem is a feasible point x* for which the proposition

fi(z) < fi(z™) for allz € Q and i € I (1)

is false. In the MO terminology the property above defines “weak Pareto” points. Stronger
definitions of optimality have been given in several works (see [37]). The so called “Pareto front”
defines the set of solutions of MO, among which engineers and practitioners usually choose the
implementable alternative, taking into account additional, frequently subjective, criteria.
Algorithms for solving nonlinear MO problems are iterative. Given an iterate 2, a popular
approach consists of finding z*! such that f;(«**1) is sufficiently small than f;(2*) for all i € I.
This is done defining a model for each f;(z) — f;(2*) around z* and minimizing, approximately,
the maximum of those models with restricted steps. Fliege and Svaiter [20] seem to be the first
in using this approach for solving MO problems. If the step is sufficiently reduced, suitable
convergence theorems can be proved. Linear models define gradient-like methods and quadratic
models define Newton or quasi-Newton methods. See [19, 20, 21}, 25] 27, 28| 29], B30} 311 [36].
When the constraints of the MO problem define a polytope, or even a convex set, the
process of finding approximate minimizers of the model onto the feasible set may be simple and
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successive trial points may be obtained even using line searches. In the presence of generally
nonconvex constraints line searches do not preserve feasibility and, thus, should be replaced
with trust-region or regularization approaches. Fortunately, solving subproblems within certain
nonconvex constraints is, many times, affordable. This is the case of constraints that define
spheres, intersections of spheres with other simple sets, density matrices in electronic calculations
[22) 23] and others [24]. Moreover, if the objective functions are very expensive in comparison
to model evaluations, even iterative methods are acceptable for solving subproblems, provided
that we have an adequate criterion for defining approximate solutions.

Our problem in this paper is solving MO problems with constraints. Roughly speaking, the
only condition for the constraints is that they should be simple enough to make it possible the
approximate solution of subproblems generating feasible solutions with mild optimality satis-
faction. Given an iterate 2* our method will minimize, approximately, a model of the original
problem plus a regularization term, subject to the constraints. We will prove that, if the regu-
larization term is large enough, sufficient descent of each objective function occurs. In that case,
the corresponding trial point is accepted as new iterate.

If the model of the objective function f; around z* agrees with f;(z) with error O(||z—z||P*1),
we may employ regularization terms of the form ||z — 2*||P*!. Moreover, even in the case that
the error is O(||z — z||P*#) with § < 1, provided that p + 8 > 1, the employment of p + 1-
regularization is admissible. For example, errors of the form O(||z — Z||P*#) occur when the
model is the p — th Taylor approximation of f;(x) and the p—th derivatives are not Lipschitz
continuous but are Holder continuous with parameter 5. The algorithm introduced in this pa-

per will be proved to produce approximate solutions with precision ¢ employing 0(57%)
iterations and functional evaluations. For the scalar case, this property has been proved in
[14]. Grapiglia and Nesterov [32] addressed the unconstrained scalar case with p = 2 whereas
Cartis, Gould, and Toint [14] considered the scalar case with convex constraints with arbitrary
p with similar complexity results. The idea of consider high-order Taylor models (p > 2) for
unconstrained regularization methods comes from [3]. For unconstrained MO problems and MO
problems with convex constraints, complexity results in the case p = 1 were given in [29] [30} 21].

Notation

| - || denotes the Euclidean norm.

If v,w € R", min{v, w} denotes the vector with components min{vy,w;}, ..., min{v,, wy}.

If v € R", vy is the vector with components max{vy,0}, ..., max{vy,0}.

If v,w € R", we denote v < w if v; < w; for all i = 1,...,n. Analogously, v < w means that
v <w; foralli=1,...,n.



2 Main results

Assume that FF: R" - R", g; : R®* > R" foralli=1,...,r, hg : R" - R™, and hy : R — RY.
Our problem will be

Minimize F'(x) subject to hg(x) =0 and hz(x) < 0. (2)

The points that satisfy the constraints hg(z) = 0 and hy(z) < 0 will be called feasible. The
components of F' will be denoted fi,..., f-. We consider that x* is a solution of if, for all
feasible = € R™, the statement F'(z) < F'(z*) is false.

Throughout this paper we will assume that p € {1,2,3,...}, L > 0, d > 0, and 8 € [0,1]
with p+ 3 > 1. We will also assume that g; denotes the gradient of f;, while h/;(x) and b} (z)
are the Jacobians of hg(x) and hy(x), respectively.

For all z € R™, i € {1,...,7}, we define M7 : R™ — R (intended to be a “model” of f;(x)
around Z). The derivatives of M will be assumed to exist for all z € R™. We say that z and «
satisfy the assumptions and when

lgi(x) = VM ()| < Lz — 2P+ 3)
and
M?F(z) = fi(z) and fi(z) < M (z) + L||z — z|P*° (@)

foralli=1,...,r.

If M¥(z) is the Taylor polynomial of order p around Z and the p—th derivatives satisfy a
Hoélder condition defined by S and L the assumptions and are satisfied for all z,z € R
(see, for example, [2]).

Algorithm [2}1
Assume that 20 € R is feasible, a € (0,1), € € (0,1), § >0, 8 > 0, and 0y, > 0,
Initialize k <+ 0 and og = omin.

Step 1. Set 0 < 0.

Step 2. Find z € R", v € R", A € R™, and p € R% such that, if z = 2%,

M (z) + oz —z|P™ < fi(z) forall i=1,...,r (5)
=1

and .
1Y "% VIM () + ollw = 2P + W) A+ k()" pl| < 6] — z|)P, (7)

i=1

where

| min{u, —hr(2)}H <0, (8)
Ihs(@) =0, and [hs(z)4]| = 0. (9)



Step 3. If || Y0_; vigi(z) + hg(2)T A + Wy (x)T u|| < e, stop.
Step 4. Test the sufficient descent condition

file) < filah) - — 22— %
2p+4)7r o

]
= s
A

foralli=1,...,r (10)

=

If does not hold, set ¢ <— 20 and go to Step 2. Else, continue at Step 5.
Step 5. Define 2*t! =z, k + k + 1, 03, = 0, and go to Step 1.

Let us discuss the plausibility of the conditions f@. If  is not a solution of , there
exists a feasible x € R™ such that f;(x) < fi(z) for all i = 1,...,7. Since M/’ (x) is a model for
fi(z), it is reasonable to ask for a feasible x such that the components of M¥(z) decrease as
much as possible. This leads to minimize max{M; (z) — M{(z),..., M} (z) — M*(Z)} subject
to feasibility. Equivalently, we may wish to solve, approximately,

Minimize z (11)

subject to . )
z>MF(x)— M (z),i=1,...,r, (12)
hg(x) =0, and hy(x) <O0. (13)

If the constraints f satisfy a constraint qualification, a solution of f satisfy
the KKT conditions. But the KK'T conditions of — are the conditions @—@ with o = 0,
# = 0 and § = 0. Therefore, @f@ are approximate KKT conditions for the minimization of
max{Mf (z) — M¥(z),... M¥(z) — MZ(z)} + oz — Z|[P*! subject to hg(x) = 0 and h;(x) < 0.
Since M?(z) is a model for F(z), it can be expected that, restricting the step by means of
regularization, the condition ([5)) will also hold.

Theorem 2| I.l Assume that z* is an ztemte computed by Algorzthm@ 1 and (@) (l) (@ (@
@ (@ and (@ are satisfied by T = ¥, x, v, \, and u. Then,

I Z%gz + ()" A+ B (@)l < 0+ (p+ Do)z — Z||P + Lz — 2|7 (14)

Moreover, if

| Z%gz + h(@)" A+ By (@) plli > e (15)
and
5 9FTAoT [oTAT
-1 P — D —
o > max {0, eptB-1 max { Lﬁ, . }} (16)
p+2 (1 — )75 ((2p + 4)(B-D/(p+5-1)
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we have that

g
ollx —z|P > T (17)
filz) < fi(z) — aollz — z|PH (18)
and
ORI ——_— (19)

Pl
2p+4)?r o

bS]

foralli=1,...,r
Proof By , foralli=1,...,r,

Ivigi(z) — vV MF (z)|| < viL||lz — Z|[PHP-1.

Then, by (6], )
Z I7igi(z) — %V MZE(z)|| < L||a — z|[PTP-.
Then, )
HZ%‘Q@' Z%VM“ H < LHIE iﬂ”erBfl'
So,

[ Z%w ) Wip(Y A+ R @)l < 1| S 6V ME(e) + Hi()TA + B (@)l + Ll — 2P0,
i=1
(20)
Then, by (7) and (20),

[ Z’ngz () A+ Y ()T |

<D VM (2) + Vollz =2 ([P + K ()T A+ Ry (2) | + [ Viollz —2[PH]) + Lz — 2P+
i=1

,
<D VM (2) + Voo — 2P+ Mg ()" A+ By ()" pll + (p+ Dolla — 2| + L]z — 2|0
i=1
< Ollz = 2|” + (p+ Volle — 2P + Li|lz — z[["+7~".
Therefore, is proved.
By and , we have that

<Oz —z|P+ (p+ 1oz — Z|P + L)z — z||PTP~ L.



Then, by , since o > 0,

(p+2)ollz — Z||P + Lijlz — z|"*7! > e. (21)

By and , after some algebraic manipulations, we obtain . (The detailed deduc-
tion of this fact follows mimicking the paragraph in the proof of Lemma 2.1 of [38] in which
inequality (17) of [38]) is deduced.)

Let us now prove . By and , foralli=1,...,r,

filx) < M{(z) + Lz — z||"*°
< M (@) + oz — 2P = olla — 2P + Lijw - 2P < fi(2) — ofle — 2P + L]jx — 2P,
Thus, for proving it is enough to prove that
ollz — z||P*' — L]z — z|P*7 > aol|lz — z|P*". (22)

The proof of follows from the algebraic manipulations employed in [38] for proving
inequality (22) of that paper.

Therefore, by , the proof of is complete.

Now let us prove . We proceed as in [38]. By we have that

. gl/p
x—I —
H H = (2p+4)1/p0_1/p
Therefore,
1
ool — 3P > a _ (p+1)/p
ep+4)7 o
As a consequence, follows from . This completes the proof. O

Theorem 1 shows that, given an iterate 2* computed by Algorithm 17 either the stopping
criterion is satisfied at some trial point, or the iteration k finishes computing z**! that satis-
fies the sufficient descent Condition, which states that all the functions f; decrease uniformly.

Theorem 2 Assume that the hypotheses of Theorem @.1 are satisfied. Then, the iterate x*+1
1s well defined and, defining

. { 1 1 1 }
¢p = min T T - I (>
(2p+ 4) P (29)17 <2p+ 4)%-{—1 QmaX 2% I/:DJF;%i1 5 L# P
p+2 (1) PFBT ((2p+4)(B—D/(p+6-1)
(23)
we have that, for alli=1,...,r,
+8
Fila®T) < fi(a®) — acperiii, (24)



Proof We follow closely the proof of Theorem 2.1 of [38]. Define

81 o = LpThT
Omaz = 2max < 0, epTF-1 max Lr+s-1, = (25)
p+2 (1 — @) 7751 ((2p + 4)(B-D/(@+6-1)

By Theorem 1 we have that o < o4 for all k. Therefore, by , at each iteration we
have:

pt1 ptl
Q g r o g
fil@*h) < fi(ah) - mr T < i) - BT T
2p+4) 7 o} 2p+4) 7 ol
Therefore, by , at each iteration we have that either
pt1
k+1 k @ e’
fia") < fi(@®) - PSR (26)
(2p+4) » (20)7
or
p+1
P
fil@h ) < fiak)—a : ;
(2p+4) 7 {2ePHFT max { 27 LrF5=1, —Lr
P2 (1—a) PFB=T ((2p44)(B=1/(p+6-1)
(27)

In the case of the thesis holds by the definition of ¢, and ¢ < 1. If takes place, we have
that:

B D
k+1 k e r p(p+B—
fi(@"h) < fi(2") — « 5 - .
ptl pFp—1 ,—B2 Py P
(2p+4) » ¢ 2max 2p+f21 Lv¥6-1, LAl
P 1— ) PFB=T ((2p+4)(B—1)/ (p+B-1)
(1-a) ((2p+4)

+5
< fila®) - acpspiﬁfl.

This completes the proof. O

Theorem 3 Assume that the hypotheses of Theorem .1 hold for all ¥ computed by Algo-
rithm[3 1. Let frarger € R be arbitrary and i € {1,...,r}. Let ¢, be defined by (23). Then, after,

at most,

__ptB
e ptB-1

(fz(xo) - ftarget)i (28)

acy

iterations, Algorithm @.1 computes a trial point x € R™, A € R™, and u € ]Ri verifying fi(x) <
ftarget or
lg(x) + hp(x)" A+ By (2) )| < e, (29)

[he (@)l = 0,[|h1(z)+ ] = 0, and [[min{p, —hr(2)}] < 6. (30)



Proof The desired result on the number of iterations follows from , @, Theorem .1, and
the stopping criterion at Step 3 of the algorithm. Moreover, observe that, excluding the gradi-
ent evaluations for testing the stopping criterion at Step 3, Algorithm [2J1 requires to evaluate
derivatives of f; only at the iterates ¥ (and not at the rejected trial points z). Therefore, the
second part of the thesis is also proved. |

The following corollary states that, if at least one of the functions fi, ... f, is bounded below,

__p+B
Algorithm 1 stops employing O(e Piﬁfl) iterations and gradient evaluations.

Corollary 1 Assume that the hypotheses of Theorem .1 hold for all z* computed by Algo-
rithm @.Z. Ifi e {1,...,r} and fiarget € R are such that fi(x) > fiarget for all x € R™ such
that hg(z) =0 and hi(z) <0, Algorithm[3.1 stops employing, at most the number of iterations
given in

Proof The desired results follows straightforwardly from Theorem [2] 3. O

Theorem [2}3 and Corollary[2]1 concern the number of iterations performed by Algorithm [2]1.
The computer work associated to each iteration involves the evaluation of the gradients at z*
(for testing the stopping criterion at Step 3) and, perhaps, derivatives of higher order. Inde-
pendently of this work, at each iteration we need to evaluate fi,..., f, for different trial points
x. This means that, in addition to the computer work related with building the model M z* (x),
we must consider the function evaluations at the rejected trial points. This corresponds to the
number of times in which the regularization parameter o needs to be increased. By Theorem 21,
increasing o will not necessary if ¢ > 0mq42. As consequence, an upper bound for the number of
functional evaluations is given in the following theorem.

Theorem [214 Assume that the hypotheses of Theorem[3.3 hold. Then, the number of evaluations
of F' employed by Algorithm .1 before obtaining fi(z*) < ftarget 15 bounded above by

)~ g2 logy (), "~ logy(=™") logy (0min) + 1. (31)
i\T") — Jtarget ac, + | max 089y 5 p-l—ﬂ— 1 0g9o (€ +cy —logs(Omin)+ 1.
where

2?1%tﬂ P _Lp+§*1

¢¢ = logy(max { LT, ; }>~

p+2 (1 — @) 751 ((2p + 4)(B-D/(+6-1)
Proof By Theorem 2, the evaluation of f; and its derivatives at each iterate z* is responsible
for the first term of . The remaining functional evaluations are at trial points at which the
descent criterion does not hold. Each time fails, the regularization parameter o is
doubled. However, by Theorem 1, if 0 > omag, necessarily takes place. This means that
the number of times at which o is doubled is bounded above by logy(0maz/0min). Therefore, by

, the second term of is

—B+1 D
2P+ﬁ71 L% LP*’B*I
pHB—

, —lo min
p+2 (1 _a)ﬁ(@p—i—zl)(ﬁ—l)/(wrﬂ—l) }H 82 (7min)

B—1
log, [2 max {9, er+A-1 max {
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_ [max { log,(6), (pﬁ_ll log,(€) + ce> H togy(om) + 1.

This completes the proof. O

3 Conclusions

Multiobjective optimization techniques aim to produce a sufficient number of alternative solu-
tions, among which the decision makers will choose the most adequate one employing, probably,
qualitative criteria. Scalarization techniques achieve this objective based on the observation that
each point of the Pareto front is the solution of a scalar (single objective) optimization prob-
lem, that depends of a set of parameters. So, different choices of parameters produce different
efficient solutions and, given a particular choice, the corresponding solution comes from solving
a standard scalar optimization problem. See [1I, 9] [17, (18] 26, B3, B34, 35, 87, [41), 42] and many
others.

In the approach of [19] 20} 25 27, 29, [30, 3T}, B6] and the present paper, the diversity of
points in the efficient set is obtained as a consequence of the diversity of initial approximations.
Probably, different alternative solutions could be also obtained by means of a clever use of ad
hoc constraints. Another situation in which this approach could be useful is when one tries to
optimize some additional function ¢(x) onto the efficient set [7, [8,[16]. In this case, constraints of
type ¢(z) < ¢ could help to approximate acceptable solutions without increasing the complexity
of a single multiobjective optimization.

After the seminal work of Nesterov and Polyak [40], complexity results for unconstrained
and constrained scalar optimization problems using regularization were proved in many papers.
See [4], 5], 10, 1T, 12, 13| 14l 15l B2], B9], among others. Frequently, these results motivate the
introduction of implementable and efficient algorithms. It can be expected that, in the next
years, the complexity tendency will be extended to non-standard optimization problems, as
equilibrium, bilevel, and multilevel optimization.
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