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Abstract In this article, we consider the problem of finding zeros of two-operator

monotone inclusions in real Hilbert spaces, and the second operator has been lin-

early composed. We suggest an extended splitting method: At each iteration, it

mainly solves one resolvent for each operator, respectively. For these two resol-

vents, the involved two scaling factors can be different from one to the other. Our

suggested splitting method generates both primal sequence and dual sequence. By

using a direct, not convoluted discussion, under the weakest possible conditions we

prove the former’s weak convergence to an element of the associated solution set.

This method contains one parameter ranging from zero and one, and it recovers

an equivalent version of some known method when the parameter is equal to zero.

Furthermore, we via a numerical example clarify the necessity of introducing such

a parameter.
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1 Introduction

Let H, G be infinite-dimensional Hilbert spaces. In this article, we are mainly

concerned with the following problem of finding an x in H such that

0 ∈ A(x) + L∗B(Lx− r), (1)
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where the operator A : H ⇒ H and the operator B : G ⇒ G are maximal mono-

tone, and L : H → G is nonzero bounded linear with its adjoint L∗, and r ∈ G.

Throughout this article, the problem’s solution set Z is always assumed to be

nonempty.

As shown in [1], the monotone inclusion above provides a simple but powerful

framework of reformulating practical problems. In particular, it includes convex

minimization, complementarity problem, monotone variational inequality problem

and so on.

In the following special case of two operators:

0 ∈ A(x) +B(x), (2)

there have been three main splitting methods. The first one is the forward-backward

splitting method [2, 3], whose recursive formula (in the case of A being single-

valued) reads

xk+1 = (I + µkB)−1(xk − µkA(xk)),

where µk > 0. Through the simplest in form, its weak convergence usually requires

that the forward operator A be Lipschitz continuous and monotone and the sum

operator A + B be strongly monotone [4]. Since these assumptions are rather

restrictive, one may resort to the second splitting method [2] proposed in the year

1979

xk = (I + µA)−1(zk),

yk = (I + µB)−1(2xk − zk),

zk+1 = zk − γ(xk − yk),

where µ > 0 is scaling factor and the parameter γ ∈ (0, 2). Lions and Mercier [2]

analyzed weak convergence of auxiliary sequence {zk} and [5] proved weak conver-

gence of the main sequence {xk} to the solution point of the problem (2) above. In

the γ = 1 case, Lions and Mercier [2] called it Douglas-Rachford algorithm. This

is because that it has root in the alternating-direction implicit iterative method

for solving special systems of linear equations, due to the work of Douglas and

Rachford [6] in the year 1956. Sometimes, other name ”the Douglas-Rachford s-

plitting method” is also popular, even is referred to as the case of γ ∈ (0, 2). In

the forbidden case of γ = 2, it corresponds to Peaceman-Rachford algorithm [7].

The third one is Tseng splitting method [1] proposed in the year 2000

yk := (I + µkB)−1(xk − µkA(xk)),

xk+1 = yk − µkA(yk) + µkA(xk),

where µk > 0. If the forward operator A is (locally) Lipschitz continuous and

monotone and the backward operator B is maximal monotone, and if µk is chosen
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in some proper way. then its weak convergence can be guaranteed. For a practical

relaxed version, we refer to [8] for detailed discussions.

Note that, in the context of the three dominating splitting methods just men-

tioned above, the scaling factors for A and B are identical. To overcome this

drawback, [9, Algorithm 2] suggested a novel splitting method and its main recur-

sive formulae include: Choose t ∈ [0, 1]. For the current primal iterate xk and the

current dual iterate vk, compute

yk = (αI +A)−1(αxk − vk),

ŷk = (1− t)xk + tyk,

uk = (βI +B)−1(βŷk + vk),

where α > 0 and β > 0 are scaling factors. Then, make use of all these information

to update xk and vk to get new iterates, respectively; see Sect. 3 for more details.

For other discussions of splitting methods for solving various types of monotone

inclusions, we refer to [10–17], to cite a few.

As an iterative scheme for finding zeros of the sum of two maximal monotone

operators, [9, Algorithm 2] has a nice property: at each iteration, it computes

either resolvent with possibly different scaling factors. This is a sharp contrast to

the three dominating splitting methods above.

In this article, we aim at extending [9, Algorithm 2] for solving (2) to solve

general monotone inclusion (1), where the second operator has been linearly com-

posed. As a result, we get an extended version of [9, Algorithm 2]. Its main recursive

formulae include: Choose t ∈ [0, 1]. For known primal iterate xk and dual iterate

vk, compute

yk = (αI +A)−1(αxk − L∗vk),

ŷk := (1− t)xk + tyk,

uk = (βI +B)−1(β(Lŷk − r) + vk),

where α > 0 and β > 0 are scaling factors. Then, we explain the reason why

−
(
α(xk − yk) + βL∗(Lŷk − r − uk), uk − Lyk + r

)
can be viewed as a descent direction of the distance function ‖(x, v) − (x∗, v∗)‖2

with respect to primal-dual variables (x, v) at the current point (xk, vk), even if

the primal-dual solution point (x∗, v∗) is unknown. Thus, it becomes no longer

difficult to design the corresponding splitting method as done in Sect. 3. As to its

weak convergence of the primal sequence to an element of the associated solution

set, our proof mainly depends on known results such as Lemma 2.1 and Lemma

4.1, and thus looks direct and not convoluted.

The rest of this article is organized as follows. In Sect. 2, we give some useful

concepts and preliminary results. In Sect. 3, we derive our full extension of [9,
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Algorithm 2] in Hilbert spaces. When specialized to the t = 0 case, it recovers

an equivalent version of a splitting method described in [14, Proposition 3.5].

In contrast, our extension can take full advantage of the latest information on

iterates, thus becomes more desirable in some cases. In Sect. 4, we analyze weak

convergence of primal sequence generated by our extended splitting method in

a different way from existing ones. In Sect. 5, we did numerical experiments to

clarify the necessity of introducing the parameter. In Sect. 6, we close this article

by some concluding remarks.

2 Preliminary Results

In this section, we first give some basic definitions and then provide some auxiliary

results for later use.

Let H be an infinite-dimensional Hilbert space, in which 〈x, y〉 stands for the

usual inner product and ‖x‖ :=
√
〈x, x〉 for the induced norm for any x, y ∈ H. I

stands for the identity operator, i.e., Ix = x for all x ∈ H. domT stands for the

effective domain of T , i.e., domT := {x ∈ H : Tx 6= ∅}.

Definition 2.1 Let T : H → H be a single-valued operator. If there exists some

constant number κ > 0 such that

‖T (x)− T (y)‖ ≤ κ‖x− y‖, ∀x, y ∈ H,

then T is called Lipschitz continuous.

To concisely give the following definition, we agree on that the notation (x,w) ∈
T and x ∈ H, w ∈ T (x) have the same meaning. Moreover, w ∈ Tx if and only if

x ∈ T−1w, where T−1 stands for the inverse of T .

Definition 2.2 Let T : H⇒ H be an operator. It is called monotone if and only

if

〈x− x′, w − w′〉 ≥ 0, ∀(x,w) ∈ T, ∀(x′, w′) ∈ T ;

maximal monotone if and only if it is monotone and for given x̂ ∈ H and ŵ ∈ H
the following implication relation holds

〈x− x̂, w − ŵ〉 ≥ 0, ∀(x,w) ∈ T ⇒ (x̂, ŵ) ∈ T.

Definition 2.3 Let T : H ⇒ H be an operator. It is called µ-strongly monotone

if and only if there exists µ > 0 such that

〈x− x′, w − w′〉 ≥ µ‖x− x′‖2, ∀(x,w) ∈ T, ∀(x′, w′) ∈ T.
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Definition 2.4 Let f : H → (−∞,+∞] be a closed proper convex function.

Then for any given x ∈ H the sub-differential of f at x is defined by

∂f(x) := {s ∈ H : f(y)− f(x) ≥ 〈s, y − x〉, ∀y ∈ H}.

Each s is called a sub-gradient of f at x. Moreover, if f is further continuously

differentiable, then ∂f(x) = {∇f(x)}, where ∇f(x) is the gradient of f at x.

As is well known, the sub-differential of any closed proper convex function in

an infinite-dimensional Hilbert space is maximal monotone as well. An example is

the following indicator function

δC(x) =

{
0, if x ∈ C,

+∞, if x /∈ C.

where C is some nonempty closed convex set in Rn, and its sub-differential must

be closed, proper convex. Furthermore, for any given positive number λ > 0, we

have

PC = (I + λ∂δC)
−1,

where PC is usual projection onto C and is defined by

PC(u) = argmin{‖u− x‖ : x ∈ C}.

For any given maximal monotone operator T : H ⇒ H, it is Minty [18] who

proved that there must exist a unique y ∈ H such that (I + λT )(y) 3 x for all

x ∈ H and λ > 0. This implies that the corresponding operator (I + λT )−1 is

single-valued.

For any given maximal monotone operator T : H⇒ H, there are other related

properties. (i) For all x ∈ H, the set T (x) must be either empty or nonempty

closed convex; see [19, Proposition 3, § 6.7]. (ii) The solution set {x : 0 ∈ T (x)} is

either empty or nonempty closed convex.

An important instance of the problem (1) above is A = ∂f,B = ∂g, where

f : H → (−∞,+∞], g : G → (−∞,+∞] are closed proper convex functions.

Under suitable conditions, (1) corresponds to the following convex minimization

min
x∈H

f(x) + g(Lx− r). (3)

Note that the problem (1) results in the associated Kuhn-Tucker set

Z :=
{

(x, v) ∈ (H,G) : −L∗v ∈ A(x), Lx− r ∈ B−1(v)
}
, (4)

where x and v are called primal variable and dual variable, respectively. Next, we

will show that such a set must be closed convex according to the following lemma
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Lemma 2.1 Let A, B, L be operators defined in the problem (1). Then the re-

sulting operator by Attouch-Thera duality principle

T (x, v) =

(
A 0

0 B−1

)(
x

v

)
+

(
0 L∗

−L 0

)(
x

v

)
+

(
0

r

)
(5)

must be maximal monotone.

Proof Note that both A and B are maximal monotone. Thus, the first operator

on the right-hand side must be maximal monotone. Meanwhile, the linearity of L

means that the second must be maximal monotone as well [18]. Maximality of T

follows from [20, Theorem 1].

Although Lemma 2.1 is a known result, we would like to follow [21, Proposition

2] or [22, Corollary 4.2] to give such a short proof for completeness.

Remark 2.1 In his PhD dissertation, the author [10, Chapter 4] suggested using

some methods such as [10, Algorithm 4.2.1] (i.e., [11, Algorithm 3.0]) to solve

the monotone inclusion (5) indirectly instead of its original problem (1) directly.

Such idea was exploited in [23]. Notice that this dissertation can be found in the

author’s Researchgate.

Next, we would like to mention the Douglas-Rachford splitting method once

again. Its main recursive formulae may be:

(I + µA)(xk) 3 zk,

(I + µB)(yk) 3 2xk − zk,

zk+1 = zk − γk(xk − yk),

where the parameter γk may vary from iteration to iteration and it satisfies

0 < γk < 2,
∑+∞

k=0 γk(2− γk) = +∞. (6)

For weak convergence of auxiliary sequence {zk}, we refer to [24] for detailed

discussions. On the other hand, [25] suggested an equivalent version: for known

xk ∈ H, ak ∈ A(xk), it has the following form

(I + µB)(yk) 3 xk − µak,

(I + µA)(xk+1) 3 xk + µak − γk(xk − yk),

where γk satisfies (6). Recently, [5] proved weak convergence of the main sequence

{xk} generated by the Douglas-Rachford splitting method. Impressively, the case

of γk ≥ 2 was discussed there for the first time. In the year 2012, the author also

confirmed that, if the forward operator A is further Lipschitz continuous, then

the set sequence {(A+B)yk} asymptotically includes the origin and the speed of
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inclusion is at o(1/k) in a sense. This result was first cited as [26, Theorem 2.2.4]

in Zhou’s master’s thesis, completed in March of 2012. For an explanation, we

refer to the manuscript entitled ”An asymptotic inclusion speed for the Douglas-

Rachford splitting method in Hilbert spaces”, accepted by Optimization Online in

December of 2014. For pertinent discussions, we refer to [27–31] for more details.

In such a two-operator case, the Spingarn splitting method [32, Sect. 5] reads

(I + µA)(xk) 3 zk − µvk, ak ∈ A(xk),

(I + µB)(yk) 3 zk + µvk, bk ∈ B(xk),

zk+1 =
1

2
(xk + yk), vk+1 = vk +

1

2µ
(xk − yk).

See [9, Sect. 4.2] for a detailed explanation of why it can be viewed as an instance

of the Douglas-Rachford splitting method for monotone inclusion.

From these splitting methods, we can see that the scaling factors for A and B

are identical. In the next section, we will find that the splitting method described

in [9, Sect. 4.3] and its extensions bypass this limitation.

3 Splitting methods

In this section, we describe an iterative schemes for approximating the Kuhn-

Tucker set. It involves the parameter t ∈ [0, 1] and recovers an equivalent version

of [14, Proposition 3.5] in the t = 0 case.

Next, we will give a detailed description of our extension of [9, Algorithm 2]

to solving the monotone inclusion (1) under consideration.

Algorithm 3.1

Step 0. Choose x0 ∈ H, v0 ∈ G. Choose t ∈ [0, 1] and θ ∈ (0, 2). Choose α > 0, β > 0

such that

4α > β t2 ‖L‖2. (7)

Set k := 0.

Step 1. For known xk, vk, compute

(αI +A)(yk) 3 αxk − L∗vk, (8)

ŷk := (1− t)xk + tyk, (9)

(βI +B)(uk) 3 β(Lŷk − r) + vk, uk := Lzk − r. (10)
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Compute γk = θ t1,k/t2,k, where t1,k t2,k are given by

t1,k = α‖xk − yk‖2 + β〈Lxk − Lzk, Lŷk − Lzk〉

= α‖xk − yk‖2 + β〈Lxk − r − uk, Lŷk − r − uk〉,

t2,k = ‖α(xk − yk) + βL∗(Lŷk − Lzk)‖2 + ‖Lzk − Lyk‖2

= ‖α(xk − yk) + βL∗(Lŷk − r − uk)‖2 + ‖uk − Lyk + r‖2.

Step 2. Compute

xk+1 = xk − γk
(
α(xk − yk) + βL∗(Lŷk − Lzk)

)
(11)

= xk − γk
(
α(xk − yk) + βL∗(Lŷk − r − uk)

)
,

vk+1 = vk − γk(Lzk − Lyk) (12)

= vk − γk(uk − Lyk + r).

Set k := k + 1.

Remark 3.1 In the case of L = I and r = 0, Algorithm 3.1 reduces to the afore-

mentioned splitting method [9, Algorithm 2]. Moreover, the condition (7) is remi-

niscent of the counterpart [9, relation (14)], in our notation, which reads 4α > βt2.

Thus, these two conditions are identical. Of course, if t = 0, then the condition

(7) holds automatically. Furthermore, in the t = 0 case, elementary calculations

can indicate that Algorithm 3.1 is equivalent to the one in [14, Proposition 3.5] in

theory, and the latter further subsumes [11, Algorithm 3.1].

Remark 3.2 Now let us make some remarks on the condition (7). In some practical

applications, the setting becomes in finite-dimensional Euclidean spaces and L

corresponds to an m×n matrix, say (lij). Since it follows from [33, Sect. 2.3] that

‖L‖2 ≤ max
j=1,...,n

m∑
i=1

|lij | · max
i=1,...,m

n∑
j=1

|lij |,

the condition (7) can be replaced by

4α > β t2 max
j=1,...,n

m∑
i=1

|lij | · max
i=1,...,m

n∑
j=1

|lij |. (13)

Obviously, the larger the coefficient t is, the better information Algorithm 3.1 can

take full advantage of.

Remark 3.3 Be care of that the scaling factors in Algorithm 3.1 may vary from

iteration to iteration. For example, we may replace them by αk and βk and the

latter two satisfy

0 < αmin ≤ αk ≤ αmax < +∞, 0 < βmin ≤ βk ≤ βmax < +∞,
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and satisfy a condition that corresponds to (7)

lim inf
k→+∞

{
1− βk t

2 ‖L‖2

4αk

}
> 0.

Yet, for notational simplicity, we fix them throughout this article.

Recently, another iterative scheme was analyzed in, e.g., [12, 13]: At k-th iter-

ation, its main steps read

(αI +A)(x̄k) 3 αxk − L∗vk,

(βI +B−1)(v̄k) 3 βvk + L(2x̄k − xk)− r,

xk+1 = xk − γ(xk − x̄k),

vk+1 = vk − γ(vk − v̄k),

where γ ∈ (0, 2). If γ = 1 and αβ > ‖L‖2, then it can be viewed as a special of the

proximal point algorithm [34, 35] (also see [36–41, 27, 28] for further discussion)

in a sense. In contrast, Algorithm 3.1 seems beyond such framework. In addition,

our condition (7) is milder than αβ > ‖L‖2 as required in their method. This is

because that it indicates a restriction α = β > ‖L‖ whenever two scaling factors

are identical.

We just give several splitting methods for solving monotone inclusion (1) men-

tioned above, and as we see, each has a nice feature: decouple the second operator

B from linearly-composed part L successfully. Therefore, each can solve the prob-

lem such as (1) in a desirable way.

4 Convergence

In this section, for the primal sequence generated by Algorithm 3.1, we analyze its

weak convergence to an element of the associated solution set. Our proof techniques

are different from existing ones [9, 14].

The following lemma is a well-known result, we also refer to [42] for a discussion

of a special case.

Lemma 4.1 Consider any maximal monotone mapping T : H ⇒ H. Assume

that the sequence {wk} in H converges weakly to w, and the sequence {sk} on

domT converges strongly to s. If T (wk) 3 sk for all k, then the relation T (w) 3 s
must hold.

Lemma 4.2 Let L : H → G be nonzero, bounded and linear operator, and let

α > 0. If β > ‖L‖2/(4α), then the following

α‖x‖2 + 〈Lx, v〉+ β‖v‖2 ≥ 1

2

(
α+ β −

√
‖L‖2 + (α− β)2

)(
‖x‖2 + ‖v‖2

)
holds for all x ∈ H and all v ∈ G.
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To the author’s best knowledge, Lemma 4.2 seems due to [15, Lemma 5.1].

Very recently, such a nice result was used in [17] and generalized in [16].

Theorem 4.1 Let {xk}, {vk} be the primal and dual sequences generated by

Algorithm 3.1. Then

‖xk+1 − x∗‖2 + ‖vk+1 − v∗‖2

≤ ‖xk − x∗‖2 + ‖vk − v∗‖2 − 2γk

(
α‖xk − yk‖2 + β〈Lxk − Lzk, Lŷk − Lzk〉

)
+ γ2k

(
‖α(xk − yk) + βL∗(Lŷk − Lzk)‖2 + ‖Lzk − Lyk‖2

)
. (14)

Furthermore, when 4α > β t2 ‖L‖2, the primal sequence {xk} weakly converges to

an element of the solution to the problem (1).

Proof Since there have been x∗, v∗ such that

−L∗v∗ ∈ A(x∗), Lx∗ − r ∈ B−1(v∗), (15)

it follows from (15) and (8) that

A(yk) 3 α(xk − yk)− L∗vk, A(x∗) 3 −L∗v∗,

which, together with monotonicity of A, imply

〈yk − x∗, α(xk − yk)− L∗(vk − v∗)〉 ≥ 0,

namely

〈xk − x∗, α(xk − yk)〉 − 〈Lyk − Lx∗, vk − v∗〉 ≥ α‖xk − yk‖2. (16)

On the other hand, it follows from (15) and (10) that

B(Lzk − r) 3 β(Lŷk − Lzk) + vk, B(Lx∗ − r) 3 v∗,

which, together with monotonicity of B, imply

〈Lzk − Lx∗, β(Lŷk − Lzk) + vk − v∗〉 ≥ 0,

namely

〈xk − x∗, βL∗(Lŷk − Lzk)〉+ 〈Lzk − Lx∗, vk − v∗〉 ≥ β〈Lxk − Lzk, Lŷk − Lzk〉.
(17)

Summing up (16) and (17), together with Lemma 4.2 yields

〈xk − x∗, α(xk − yk) + βL∗(Lŷk − Lzk)〉+ 〈vk − v∗, Lzk − Lyk〉

≥ α‖xk − yk‖2 + β〈Lxk − Lzk, Lŷk − Lzk〉 (18)

= α‖xk − yk‖2 + β〈Lxk − Lzk, L((1− t)xk + tyk)− Lzk〉

= α‖xk − yk‖2 + β‖Lxk − Lzk‖2 − tβ〈Lxk − Lzk, Lxk − Lyk〉

≥ 1

2

(
α+ β −

√
t2β2‖L‖2 + (α− β)2

)(
‖xk − yk‖2 + ‖Lxk − Lzk‖2

)
, (19)
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where the first equality makes use of the fact (9). By (11) and (12), we have

‖xk+1 − x∗‖2 = ‖xk − x∗ − γk
(
α(xk − yk) + βL∗(Lŷk − Lzk)

)
‖2,

‖vk+1 − v∗‖2 = ‖vk − v∗ − γk(Lzk − Lyk)‖2.

From these two relations, we further have

‖xk+1 − x∗‖2 + ‖vk+1 − v∗‖2

= ‖xk − x∗‖2 + ‖vk − v∗‖2

− 2γk

(
〈xk − x∗, α(xk − yk) + βL∗(Lŷk − Lzk)〉+ 〈vk − v∗, Lzk − Lyk〉

)
+ γ2k

(
‖α(xk − yk) + βL∗(Lŷk − Lzk)‖2 + ‖Lzk − Lyk‖2

)
≤ ‖xk − x∗‖2 + ‖vk − v∗‖2 − 2γk

(
α‖xk − yk‖2 + β〈Lxk − Lzk, Lŷk − Lzk〉

)
+ γ2k

(
‖α(xk − yk) + βL∗(Lŷk − Lzk)‖2 + ‖Lzk − Lyk‖2

)
= ‖xk − x∗‖2 + ‖vk − v∗‖2 − (2− θ)γk

(
α‖xk − yk‖2 + β〈Lxk − Lzk, Lŷk − Lzk〉

)
,

which, together with (18) and (19) and the formula for γk in Algorithm 3.1, implies

‖xk+1 − x∗‖2 + ‖vk+1 − v∗‖2

≤ ‖xk − x∗‖2 + ‖vk − v∗‖2 − 2− θ
2

γk

(
α+ β −

√
t2β2‖L‖2 + (α− β)2

)(
‖xk − yk‖2 + ‖Lxk − Lzk‖2

)
Moreover, the denominator of γk can be bounded by

‖α(xk − yk) + βL∗(Lŷk − Lzk)‖2 + ‖Lzk − Lyk‖2

≤ 2
(
‖α(xk − yk)‖2 + ‖βL∗(Lŷk − Lzk)‖2

)
+ 2

(
‖Lxk − Lyk‖2 + ‖Lxk − Lzk‖2

)
,

where we use the inequality ‖a+ b‖2 ≤ 2(‖a‖2 + ‖b‖2) for all a, b in H, and it will

be used below several times. Meanwhile, we also have

‖βL∗(Lŷk − Lzk)‖2 = ‖βL∗(Lxk − Lzk)− tβL∗(Lxk − Lyk)‖2

≤ 2
(
‖βL∗(Lxk − Lzk)‖2 + ‖tβL∗(Lxk − Lyk)‖2

)
≤ 2

(
β2‖L∗‖2‖Lxk − Lzk‖2 + t2β2‖ L∗L‖2‖xk − yk‖2

)
.

Thus, an upper bound of the denominator of γk is given by

(2α2 + 4t2β2‖L∗L‖2 + 2‖L‖2)‖xk − yk‖2 + (4β2‖L∗‖2 + 2)‖Lxk − Lzk‖2.

Combining this with (18) and (19) and the formula for γk yields

γk ≥
1

2

(
α+ β −

√
t2β2‖L‖2 + (α− β)2

)
σ−1,
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where the constant σ is given by

σ := max
{

2α2 + 4t2β2‖L∗L‖2 + 2‖L‖2, 4β2‖L∗‖2 + 2
}
.

Thus, when 4α > β t2‖L‖2, the following statements hold

(i) {(xk, vk)− (x∗, v∗)} converges in norm, thus {(xk, vk)} is bounded in norm;

(20)

(ii) ‖xk − yk‖ → 0, ‖Lxk − Lzk‖ → 0. (21)

On the other hand, it follows from (5) that

T (yk, β(Lŷk − Lzk) + vk) =

(
Ayk + βL∗(Lŷk − Lzk) + L∗vk

B−1(β(Lŷk − Lzk) + vk)− Lyk + r

)
,

which, together with (8) and (10), i.e.,

Ayk 3 α(xk − yk)− L∗vk,

B−1(β(Lŷk − Lzk) + vk) 3 Lzk − r,

implies

T (yk, β(Lŷk − Lzk) + vk) 3

(
α(xk − yk) + βL∗(Lŷk − Lzk)

Lzk − Lyk

)
.

This is equivalent to saying that

T (yk, β(Lŷk − Lzk) + vk) 3

(
α(xk − yk) + βL∗(Lxk − Lzk − t(Lxk − Lyk))

Lxk − Lyk + Lzk − Lxk

)
.

(22)

The property above (20) tells us that {(xk, vk)} has at least one weak cluster point,

say {(x∞, v∞)}. This means that there exists some subsequence of {(xk, vk)} such

that

xkj ⇀ x∞, vkj ⇀ v∞, as kj → +∞,

where the notation ”⇀” stands for weak convergence. It follows from this and (21)

that

ykj ⇀ x∞, as kj → +∞.

Since the operator L is bounded and linear, a similar discussion yields

β(Lŷkj − Lzkj ) + vkj ⇀ v∞, as kj → +∞.

Moreover, by (21) and boundedness and linearity of L, we can see that the upper

term and the lower term on the right-hand side of (22) converge in norm strongly

to zero, respectively, even as k → +∞. Combining these facts and Lemma 4.1

implies that, if {(x∞, v∞)} is any weak cluster point of {(xk, vk)}, then it must
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be zero of T . Meanwhile, the proof of uniqueness of weak cluster point is standard

[35], thus is omitted. So the whole sequence {xk} weakly converges to x∞, which

is the solution to the problem (1).

Obviously, it follows from (10) and (19) that, if the condition (7) holds, then

−
(
α(xk − yk) + βL∗(Lŷk − r − uk), uk − Lyk + r

)
can serve as a descent direction of the distance function ‖(x, v)− (x∗, v∗)‖2 with

respect to (x, v) at the current point (xk, vk), even if the primal-dual solution

point (x∗, v∗) is unknown.

Remark 4.1 For the primal sequence generated by Algorithm 3.1 addressed in real

Hilbert spaces, here we have made use of Lemma 2.1 and Lemma 4.1 to analyze

weak convergence to an element of the associated solution set. Of course, we may

invoke an alternative proof technique [14, Proposition 2.4] as well. Yet, we feel

that our doing is not merely for self-contained style and our proof looks direct and

not convoluted indeed.

5 Rudimentary numerical experiments

In this section, we did numerical tests to demonstrate potential advantages of

Algorithm 3.1 with t = 0.7 over Algorithm 3.1 with t = 0 for some problems when

other parameters had been properly chosen.

All numerical experiments were run in MATLAB R2014a (8.3.0.532) with 32-

bit (win32) on a desktop computer with an Intel(R) Core(TM) i3-2120 CPU 3.30

GHz and 2 GB of RAM. The operating system is Windows XP Professional.

Our test problem is to solve the following monotone inclusion

0 ∈ x− p+ LT ∂δC(Lx),

where

p = (2, 0, ..., 0)T ∈ Rn, L = diag(1, 1/2, ..., 1/n), C = {w ∈ Rn : ‖w‖ ≤ 1}.

Obviously, its unique solution is x∗ = (1, 0, ..., 0)T . The stopping criterion is

‖xk − x∗‖ ≤ 10−4.

In practical implementations, we chose n = 10000 and chose the starting points

as x0 = (1, ..., 1)T , v0 = (0, ..., 0)T .

After many times of trials, we found out that

θ = 1.8, α ∈ {0.7, 0.8, 0.9, 1.0}, β ∈ {0.8, 0.9, 1.0, 1.1, 1.2}
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are good choices.

The corresponding numerical results were reported in the following Table 1,

where the part above (below) stands for the numbers of iteration of Algorithm

3.1 (the elapsed time using tic and toc in seconds) in each of the four rows in the

bottom of this table. Moreover, the notation ”–” corresponds to the case that the

number of iteration is strictly larger than 9.

Table 1: Numerical results of Algorithm 3.1 (t=0 vs t=0.7)

α

β
0.8 0.9 1.0 1.1 1.2

0.7 – – – 9 – 8 – 9 – 9

– – – 17.25 – 15.41 – 17.27 – 17.47

0.8 – 8 – 8 – 7 – 7 – 8

– 15.48 – 15.49 – 13.40 – 13.55 – 15.60

0.9 – – – 8 9 9 – 9 – –

– – – 15.50 17.41 17.37 – 17.27 – –

1.0 – – – 9 – – – – – –

– – – 17.40 – – – – – –

From Table 1, we can see that Algorithm 3.1 with t = 0 was outperformed

by Algorithm 3.1 with t = 0.7 for our test problem when other parameters had

been properly chosen. Specifically speaking, the fewest number of iteration of the

former is 9 and the elapsed time is 17.41 seconds. This corresponds to only one

case : α = 0.9 and β = 1.0. In contrast, there are 13 cases in which the latter’s

numbers of iteration are 9, even 8 or 7. In particular, in the case of α = 0.8 and

β = 1.0, the fewest number of iteration of the latter is 7 and the elapsed time is

13.40 seconds.

6 Conclusions

In this article, we have suggested an extended splitting method for linearly-composed

monotone inclusions in real Hilbert spaces, with a nice feature of different scaling

factors. This method generates both primal sequence and dual sequence, and we

have analyzed the former’s weak convergence to an element of the associated so-

lution set. Furthermore, we have shown that it subsumes several known splitting

methods. We have stressed that our extended splitting method can take full ad-

vantage of the latest information on iterates both in theoretical analysis and in

numerical results on an example.
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