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We study the assortment optimization problem when customer choices are governed by the paired combina-
torial logit model. We study unconstrained, capacitated and knapsack constrained versions of this problem,
which are all known to be NP-hard. We design efficient algorithms that compute approximately optimal
solutions, using a novel relation to the maximum directed cut problem and suitable linear-program rounding
algorithms. We obtain a randomized polynomial time approximation scheme (PTAS) for the unconstrained
version and performance guarantees of 50% and =2 50% for the capacitated and knapsack constrained versions
respectively. These bounds improve significantly over prior work. We also obtain a performance guarantee
of 38.5% for the assortment problem under more general constraints such as multidimensional knapsack
(where products have multiple attributes and there is a knapsack constraint on each attribute) and parti-
tion constraints (where products are partitioned into groups and there a limit on the number of products
selected from each group). In addition, we implemented our algorithms and tested them on random instances
available in prior literature. Our computational results are very good, demonstrating much better empirical

performance than the above-mentioned worst-case bounds.
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1. Introduction

A prevalent operational problem faced by many firms is to select an assortment of products to
offer their customers in order to maximize profit. In order to make such a decision, one needs to
understand, and model customer behavior. Conventional approaches to modeling customer behav-
ior assume that every customer has a product she is interested in buying. If that product is offered,

then she makes the purchase. If it’s not offered, then she leaves without making any purchase. These
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approaches disregard substitution behavior that has been observed in customers. Customers may
substitute their favorite product for another one that is available if it meets their needs. Discrete
choice models have been widely used to combat this issue. These models capture the demand of a
product based on the attributes of the product itself, and the attributes of the other products in the
offered assortment. Thus, they help in modeling the substitution behavior exhibited by customers
and also capture relationships between different products.

In this paper, we study assortment optimization problems when customer choice behavior is
modeled by the paired combinatorial logit (PCL) model. The most basic versions of assortment
optimization are unconstrained, capacitated and knapsack-constrained. In the unconstrained ver-
sion, we can offer any subset of products. In the capacitated version, there is a limit on the number
of products that we can offer. In the knapsack constrained (also called space constrained) version,
there is a size associated with each product and there is a constraint on the total size of offered
products. These three versions were studied by Zhang et al. (2020) and Feldman (2017). We provide
significantly improved approximation algorithms for all these problems. In addition, we provide
the first constant-factor approximation algorithms for PCL assortment optimization under other
natural constraints such as multidimensional knapsack and partition constraints. These constraints
are significantly harder to handle and have not been studied previously. In the multidimensional-
knapsack version, each product has multiple attributes and there is a constraint on the total size
of each attribute. In the partition version, products are partitioned into different categories and
there is a limit on the number of selected products in each category.

As an example of multidimensional-knapsack constraints, consider a supermarket like Fred Meyer
or Kroger where products have a number of physical attributes: weight, volume, width, etc. When
stocking products on a shelf, there is a limit on the total value of each individual attribute that
cannot be exceeded. In order to ensure that all such constraints are respected, we can introduce a
multidimensional knapsack constraint, one dimension for each attribute.

Assortment optimization and pricing problems under the multinomial logit (MNL) and nested

logit (NL) models have been extensively studied. In the multinomial logit model, the probability
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of purchasing a product is a ratio of the preference weight of the product to the sum of preference
weights of the offered products and the preference weight of a ‘no-purchase’ option (which captures
the situation when the customer does not make a purchase). The MNL model suffers from the
independence from irrelevant alternatives (ITA) property, where the relative probability of someone
choosing between two options is independent of any additional alternatives in the choice set. We
point the interested reader to McFadden (1976) and Green and Srinivasan (1978) for some intuitive
counterexamples that do not satisfy the ITA property. One way to combat the ITA property is to
use the nested logit model. The NL model allows correlation among some choices: products in the
same nests are correlated while those belonging to different nests are independent. However, the
types of correlations that the NL model captures is rather restrictive.

The PCL model is a different choice model that has been gaining popularity in the assortment
literature, as seen in the works of Feldman (2017) and Zhang et al. (2020). This is a random
utility model, similar to the widely-used MNL and NL models (McFadden (1974)). It is a member
of the generalized extreme value (GEV) family of models, and is consistent with random utility
maximization when the dissimilarity parameters between every pair of products (mentioned later)
lie in the unit interval. In fact, the MNL model is a special case of the PCL model. Koppleman and
Wen (2000) studied the correlations among utilities in the PCL model versus that in MNL and NL
models. They also argued that compared to NL models, estimating the parameters for the PCL
model is advantageous because we do not need to search among numerous NL nesting structures.

Another advantage over the MNL and NL models, is that the PCL model provides a general cor-
relation structure among the utilities of different products. There are parameters for every pair (i, j)
of products that capture the dissimilarity between products ¢ and j. So, the PCL model can help
capture certain phenomena of customer choice that cannot be modeled by the MNL or NL models.
Firstly, utilities of different products may be arbitrarily correlated. The MNL model assumes that
the utilities of products are uncorrelated while the NL model assumes equal correlation among

the utilities of the products in one nest. However, the PCL model can have a different correlation
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coefficient between the utilities of each pair of products. This helps to model the situation when a
higher utility for one product implies a high utility for a similar product. Secondly, the PCL model
can capture the situation in which the correlation structure of the utilities does not satisfy the
“transitivity” property. For example, it could be possible that the utility of product 1 is correlated
to the utilities of products 2 and 3, but the utilities of products 2 and 3 are uncorrelated. The MNL
and NL models also fail to capture this situation. We refer the interested reader to Zhang et al.
(2020) for a more thorough discussion on the correlation structure provided by the PCL model.
Zhang et al. (2020) also conducted a numeric study fitting the PCL and MNL models to a real

dataset involving hotel room purchases, and found that the PCL model fit the data better.

1.1. Our Contributions

First, we establish a novel connection from the assortment optimization problem to the maximum
directed cut (max-dicut) problem. Max-dicut is a fundamental combinatorial optimization problem
that involves selecting a subset of nodes in a directed graph so as to maximize the weight of out-
going edges from the chosen subset. The max-dicut instances obtained through this connection
contain negative weight edges, so existing approximation algorithms for max-dicut are not directly
applicable. However, using properties of the PCL model, we show that every node in the max-dicut
instance has either all-positive or all-negative arcs leaving it. This enables us to use and extend
approximation algorithms for max-dicut (with non-negative weights).

Second, we combine the above insight with the approximation framework of Zhang et al. (2020)
and new linear-program rounding algorithms to obtain improved approximation algorithms for the
unconstrained, capacitated and knapsack-constrained assortment problems. For the unconstrained
version, we obtain a randomized 0.874—approximation guarantee via a semidefinite program (SDP)
relaxation. For the capacitated version, we obtain an approximation guarantee of 0.5 using a
linear program (LP) relaxation and a rounding technique called pipage rounding. Such a rounding

method was previously known (Ageev et al. (2001)) for the max-dicut problem with an equality
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constraint on the number of vertices: we extend this method to a capacity constraint. While a 0.5-
approximation algorithm for max-dicut with capacity constraints can be obtained by directly using
the algorithm from (Ageev et al. (2001)), such an approach would involve solving up to n LPs.
Instead, we obtain an algorithm that only requires one LP. For the knapsack-constrained version,
we obtain an approximation guarantee of 0.25. This also uses an LP relaxation, but the rounding
requires extending the pipage rounding method for max-dicut from cardinality to general knapsack
constraints. We thus improve previously known approximation guarantees for all the basic versions
of PCL assortment optimization: unconstrained (from 0.79 to 0.874), capacitated (from 0.25 to 0.5)
and knapsack-constrained (from 0.083 to 0.25). For the capacitated assortment problem, another
advantage of our approach is that it only requires solving two LPs as opposed to multiple (up to n)
LPs needed in the previous algorithm (Zhang et al. (2020)). Although we use the approximation
framework for PCL assortment optimization from Zhang et al. (2020), our LP/SDP relaxations
are different from those used before. Moreover, our rounding algorithms are completely different.
Third, we present an alternative approximation framework that is based on binary search and the
relation to max-dicut. Our framework is more general than the one presented by Zhang et al. (2020)
in the sense that we can use any approximation algorithm for constrained max-dicut. To the best
of our knowledge, previous papers did not consider any other constraints on feasible assortments.
Indeed, an important limitation of the approximation framework in Zhang et al. (2020) is that it
requires good LP (or SDP) relaxations that handle the underlying constraint. This makes their
framework inapplicable (or hard to apply) to more general constraints such as a multidimensional
knapsack constraint and partition constraints. We show that the assortment optimization problem
under any constraint C admits an (a¢ — €)-approximation algorithm where a is the approximation
guarantee for max-dicut under the same constraint C and € > 0 is any constant. Thus our frame-
work gives an approrimation-preserving reduction from the assortment problem to the constrained
max-dicut problem. As applications, we obtain (i) an improved (0.5 — €)-approximation algorithm

for the knapsack-constrained assortment problem and (ii) the first constant-factor approximation
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algorithms for the assortment problem under matroid and multi-dimensional knapsack constraints.
The first application relies on an improved (0.5 — €)-approximation algorithm for max-dicut under a
knapsack constraint that we obtain in this paper; the running time is n°(1/9). This result combines
the LP-based 0.25-approximation algorithm (mentioned above) with an enumeration method that
ensures each vertex/product has a small weight of out-going edges. Because the overall algorithm
here is not LP-based, we cannot use the approximation framework from Zhang et al. (2020). The
second application is based on the observation that the directed cut function is submodular. This
allows us to directly use results from Buchbinder and Feldman (2019) on maximizing non-negative
submodular functions over various constraints (these algorithms are also not LP-based). In partic-
ular, we can obtain a 0.385-approximation algorithm for a multidimensional knapsack constraint
(with constant number of dimensions) and matroid constraints. We note that even for max-dicut
under a single knapsack constraint, the best approximation ratio prior to our work was 0.385,
which followed from Buchbinder and Feldman (2019).

Fourth, we obtain a randomized polynomial time approximation scheme (PTAS) for the uncon-
strained assortment optimization problem. For any € > 0, our algorithm provides a (1 — ¢) approxi-
mate solution with high probability in n®®/ <) time. This is based on our binary search framework
and a new algorithm for max-dicut instances arising in our “reduction” from the PCL assortment
problem. The new max-dicut algorithm uses random sampling and enumeration to formulate a
new linear program, which is rounded randomly. Some of the ideas in this algorithm are based on
the PTAS for unweighted max-cut on “dense” graphs obtained by Arora et al. (1999). However,
the analysis of our algorithm relies crucially on various properties of the max-dicut instances that
arise in context of the PCL assortment problem. Assuming the “unique games conjecture” of Khot
(2002), one cannot obtain an approximation ratio better than ~ 0.878 for generic instances of max-
dicut. So this result separates the approximability of PCL assortment optimization from max-dicut.
We note that unconstrained PCL assortment optimization was shown to be strongly NP-hard by
Zhang et al. (2020), so we cannot expect an FPTAS for this problem. We also obtain a randomized

PTAS for the capacitated problem when the capacity is not too small, namely ¢ = Q(n).
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Constraint type Max-dicut PCL-AO
Unconstrained 0.874 (Lewin et al. (2002)) 1—¢€(56)
Capacitated 0.5 (Ageev et al. (2001)) 0.5 (§4.6)
1—cifc=Q(n) (86)
Knapsack 0.5 —¢ (§5.1) 0.5 —€ (85.1)
Partition / Multi-dimensional knapsack | 0.385 (Buchbinder and Feldman (2019)) 0.385 — € (§5.2)

Table 1  Summary of results: max-dicut v/s PCL Assortment Optimization (our results in bold).

Fifth, we perform extensive computational experiments on previously-used test instances from
Zhang et al. (2020), and observe that our algorithms perform very well. For all of our experi-
ments, we compute an upper-bound for the optimal value of the given assortment problem using
an LP (see §7 for more details). For both the unconstrained and capacitated versions, our empir-
ical performance is about 99% on average. For the knapsack-constrained assortment optimization
problem, our average performance is above 94%. We also note that the computational times for
all three algorithms remain nearly the same. For the partition-constrained assortment problem, we
implemented our new binary-search based approximation framework combined with a local-search
algorithm for max-dicut under partition constraints. The average performance is above 99% (again,
relative to an LP-based upper bound).

Table 1 lists the best approximation ratios under various constraints for max-dicut and PCL

assortment optimization. For each result, we cite the relevant paper or section in this paper.

1.2. Related Work

There has been a fair amount of work on the PCL model in the past few years. Li and Webster (2017)
studied pricing problems under the PCL model. Zhang et al. (2020) studied the assortment opti-
mization problem under the PCL model. The authors studied two variants - the unconstrained and
capacitated assortment optimization. They proved that even the unconstrained version is NP-hard
and gave a framework for designing approximation algorithms for PCL assortment optimization.
Using LP relaxations, they obtained a 0.6-approximation guarantee for the unconstrained ver-

sion and a 0.25-approximation guarantee for the capacitated version. Using SDP techniques, they
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achieved an improved 0.79-approximation guarantee for the unconstrained version. Feldman (2017)
studied the knapsack-constrained assortment optimization problem under the PCL model. Using
techniques developed by Feldman and Paul (2018) and Zhang et al. (2020), the author obtained a
0.083 approximation guarantee for this problem. We also use the approximation framework from
Zhang et al. (2020) in designing better approximation algorithms for all three versions discussed
above. Our main new ingredients are the connection to max-dicut, different SDP/LP relaxations
and their rounding algorithms.

These works show that research in solving operational problems under the PCL model is gaining
popularity. There already exists a considerable amount of work in the transportation literature that
uses the PCL model to solve problems as in the works of Chen et al. (2014), Karoonsoontawong
and Lin (2015), and Bekhor and Prashker (1998). Koppleman and Wen (2000) and Bekhor and
Prashker (1998) showed that the PCL model is statistically superior to the MNL and NL models
in the context of modeling route choices. There is a complex correlation structure among the
utilities obtained from different routes since different routes can overlap with each other at various
roads. This correlation structure is captured well by the PCL model. Chen et al. (2014) and
Karoonsoontawong and Lin (2015) considered various traffic equilibrium problems and discussed
the benefits of using the PCL model as a solution concept for these problems. This research shows
that the PCL model outperforms the MNL and NL models in predicting user behavior, especially
when there exists a complex correlation structure amongst the alternatives.

There has been a lot of work on assortment optimization and pricing problems under the multi-
nomial logit and nested logit models. Talluri and van Ryzin (2004) showed that a nested allocation
policy, nested by revenues, is optimal for assortment optimization under the MNL model. Rus-
mevichientong et al. (2010a) investigated the capacitated assortment optimization problem under
the MNL model. They provided an efficient (polynomial time) algorithm to solve the problem.
Davis et al. (2013) showed that assortment optimization under the MNL model can be directly
formulated and solved as a linear program. This allowed them to solve the assortment problem

with different constraints, and also solve some pricing problems under the MNL model.
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Davis et al. (2014) studied the assortment optimization problem under the nested logit model.
They gave conditions required for the problem to be polynomially solvable. In the absence of the
aforementioned conditions, they proved the problem to be NP-hard, and designed algorithms with
worst-case guarantees. Gallego and Topaloglu (2014) and Feldman and Topaloglu (2015) studied
the cardinality and knapsack constrained versions of the assortment optimization problem under
the nested logit model. Gallego and Topaloglu (2014) investigated the problem when the constraints
are on the set of products offered in each nest, while Feldman and Topaloglu (2015) studied the
problem when the constraints are on all products (in all nests). Both gave efficient algorithms
for the problem under cardinality constraints. For the knapsack constrained version, Gallego and
Topaloglu (2014) gave a 0.5-approximation algorithm, while Feldman and Topaloglu (2015) gave a
0.25-approximation algorithm.

Assortment optimization has also been studied under other models such as mixtures of MNL and
the Markov chain choice model. See Rusmevichientong et al. (2010b) and Blanchet et al. (2016) for
details. Rusmevichientong et al. (2010b) show that the assortment optimization problem under a
mixture of MNL models is N P-hard, and provide the first polynomial-time approximation scheme
(PTAS) for the problem while Blanchet et al. (2016) design an efficient optimal algorithm for
assortment optimization under the Markov chain choice model.

The max-dicut problem has been widely studied in optimization and theoretical computer sci-
ence. If the underlying graph is undirected, we obtain the maximum cut (max-cut) problem, which
is a special case of max-dicut. Linear program relaxations can be used to achieve 0.5-approximation
algorithms for max-dicut. The seminal work of Goemans and Williamson (1995) used semidefinite
programming to obtain approximation ratios of 0.878 and 0.796 for the max-cut and max-dicut
problems respectively. The guarantee for max-dicut was later improved to 0.859 by Fiege and Goe-
mans (1995), and further to 0.874 by Lewin et al. (2002). Max-cut is NP-hard; in fact, assuming
the unique-games-conjecture of Khot (2002), Khot et al. (2007) showed that one cannot obtain any

approximation ratio better than 0.878 for this problem. Ageev et al. (2001) studied the max-dicut
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problem with a cardinality constraint, where one wants to find a vertex subset of a given size. Using
structural properties of the max-dicut LP and the pipage rounding technique (this is discussed in

more detail later), they developed a 0.5—approximation algorithm for this problem.

1.3. Organization

In §2, we set up the notation, and formulate all the versions of the assortment optimization problem.
In §3, we describe our key reduction from the assortment optimization problem to the max-dicut
problem. In §4, we first review the requisite results from Zhang et al. (2020); then we present our
new algorithms for the unconstrained, capacitated and knapsack-constrained versions. In §5, we
present the new binary-search framework that can handle more complex constraints. We use this
framework to obtain a better approximation for the knapsack-constrained problem and the first
constant-factor approximation for partition and multidimensional knapsack constraints. In §6, we
obtain the randomized PTAS for the unconstrained assortment optimization problem. We present

computational results in §6 and conclude in §7. All missing proofs appear in the appendix.

2. Preliminaries

The set of products is denoted by [n] ={1,2,...,n}. Each product ¢ has a revenue r; > 0, and a
preference weight v; > 0 associated with it. Let vy be the preference weight associated with the
option of not making a purchase. The set M = {(i,7)|i# j} of ordered pairs denotes the collection
of nests. For each nest (i,j) € M, we let 7;; € [0,1] be the dissimilarity parameter of that nest. We
will use the vector x € {0,1}" to denote the set of products that are offered. The i'" entry of x is
1 if, and only if, product i is offered.

We model customer behavior using the paired combinatorial logit model. Here, a purchase deci-
sion can be viewed as a two-stage process. In the first stage, the customer either picks one of the
n(n — 1) nests or decides to not buy a product. The decision to not buy a product is referred to
as the no-purchase option. The preference weight of each nest (4,j) is V;;(x)"s, where V;;(x) =

1/7ij

1/7ij
] J

v, Y, +v x;. Thus, given x, the probability that a customer picks nest (,7) is

Vij(x)7is
o+ 2 nenr Vi (X)
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Then, in the second stage, given that the customer picks nest (i,7), she picks either product i or

j. Conditioned on the customer picking nest (i,7), the probability that product ¢ is picked is

1/7ij
v; Z;

1/7vij Vv 0
v, X Y X

and the probability that product j is picked can be calculated analogously. Now, we let R;;(x) be
the expected revenue obtained from nest (i,7) given that the customer has chosen nest (i,7), and

by the law of total expectation, we have

1/7vij 1/7;5 1/vij 1/vij
Ris(x) = TiV; Xy tTiU; Xy T Tt T T
* 1/7ij 1/7ij Vi, (%)
v," T v T @

We will use m(x) to denote the expected revenue obtained from a customer when x is offered.

Again, by the law of total expectation, we have

() Vij B Ve ()7 Ry (x
7(x) = Z Vi (x)is .j(x):Z(w)eM (%) J( ). "
ipem¥oT > ke Vi (x)

Vo + Z(k,l)eM Vi (x) 7kt

We note that the PCL model is usually defined using unordered pairs M'={(i,j)|1 <i<j<n}
as the nests. In this paper, we use a definition with ordered pairs because it simplifies notation and
it still captures the usual model. Indeed, given an instance of the usual PCL model (where ~;; is
defined for unordered pairs), we set ~;; =y;; for all ¢, j € [n] and scale the preference weight of the
no-purchase option by two (i.e., set vy, = 2vg). This is an equivalent model that has ordered pairs.

Our goal is to find a subset of products, x*, to offer, in order to maximize the expected revenue.

Thus our optimization problem is:

2f=m(x") = max (%), (2)

where F C {0,1}" is the set of all feasible subsets of products. Throughout this paper, we assume
that F is downward closed, that is, for any A € F and B C A we also have B € F. We consider the
following specific constraints:

e Unconstrained: F ={0,1}".

o Capacitated: F = {x € {0,1}" | >, x; < c} where c is the limit on the number of products.
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e Knapsack constrained: F = {x € {0,1}" | >_,s,x; < ¢} where each s; represents the size of
product ¢, and c is the limit on total size.

o Multidimensional knapsack constraint: F = {x € {0,1}" | > | spix; <cp k=1,2,...,q} which
involves ¢ different knapsack constraints. Here we assume that ¢ is a constant.

e Partition: F={x€{0,1}"|>_,c; =i <cx, k=1,2,...,q} where the sets {I}j;_, form a parti-
tion of the products [n], ¢ is the limit on the number of products from part k, and ¢ is the

total number of parts. Here, the number ¢ of parts can be arbitrarily large.

3. Relating Assortment Optimization to Max-Dicut

We first define functions h,:{0,1}" R and f:R— R as

h.(x)= Z Vij(x)7 (R;;(x) — 2) for x € {0,1}" and f(z2)= I}I{lea]}__{hz(x) for zeR. (3)

(i.5)eM

The reason to consider these functions is because the original objective 7(x) is a ratio (see (1))
which can be “linearized” as follows. For any z € R and x € F, we have 7(x) > z if and only if
h.(x) > vy - z. So the optimal value z* (see (2)) is the maximal value of z such that max,cr7(x) > 2
which is equivalent to f(z) > vg - 2. In this section, we relate the function f(z) to the max-dicut

problem, which is defined as follows.

DEFINITION 1 (MAXIMUM DIRECTED CUT (MAX-DICUT)). Given a directed graph (V,FE) with
edge weights w : E — R, the goal in max-dicut is to select a vertex subset that maximizes the total

weight of out-going edges, i.e.,

max E Wij.
SCV

(i,)€B:€S,5¢S
It is usually assumed that all edge weights are non-negative.

For any fixed z, we show how one can reduce the problem of finding an optimal x for f(z) to
the max-dicut problem on an appropriately defined graph. The reduction creates a vertex for each
product, and an additional dummy vertex that will never be selected. There are edges associated
with every pair of vertices. The edge weights are defined such that for any subset of products, their

objective value in h, equals the value of the corresponding cut in the graph.
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The max-dicut instance is defined on a graph with n+ 1 vertices, where vertices [n] :={1,2,---n}
represent the products and vertex n+ 1 is a dummy vertex. We associate a binary decision variable
x; with each of the vertices i € {1,2,---n+ 1} which represents whether /not each vertex is included
in the cut. To ensure that the dummy vertex is never included in the cut, we set z,, 1 =0. In order
to reduce notation, let 7; =r; — z for all i € [n].

For every ordered pair (i,j) of products, we introduce four edges: (i,7), (j,7), (i,n + 1) and
(j,n+1). The weights of these edges are chosen so that they correspond to the contribution of the

(4,7) term in function h,; this is formalized in Lemma 1. In particular, let

— 1/ — 1/vij
N Ti/Ui /'YZJ d B ,r,j,Uj ij (4)
L= an L= .
v 1/7ij L/%i5\ 1=y 5 Ju 1/7ij /i \ 1=y 5
(v, + v, ) (v; + v, )t

We set f;; and &;; to be the weights on the edges (7,7 +1) and (j,n+ 1) respectively, corresponding

to the ordered pair (4,7). Likewise, & and ¢} are the weights on edges (i,n +1) and (j,n+ 1)

i

respectively, corresponding to the ordered pair (j,4). Further, let

1/vig—1 1/vi5—1
R i - g J
w-—v-rz—é»—v-rz(l— and ¢, =v,;7;,—& =v,;T; | 1— .
ij vt Sig v 1/7i5 /%5 \1 —ys s Ji JTT g 703 1/7ij /%5 \ 1=, ;
(v;"" o, ) (v;" " 4oy )

(5)
We set ¢ and 1, to be the weights on edges (4,7) and (j,4) respectively (corresponding to the
pair (,7)). Likewise, ¢;; and z/)jt- are the weights on edges (4,7) and (j,7) respectively, due to the
pair (j,i). Figure 1(a) represents this construction for a particular pair (4,7). Note that every edge
e is assigned weight due to multiple (7,7) pairs. We define the final weight of an edge e as the sum

of its weights due to all ordered (i,7) pairs. Formally, the final weight of each edge (i, 7) is:

D rempiy Siee i €[n], j=n+1
wi;(2) = )

Vij, if 4,7 € [n]
where §;; = $+ &ij» and 5 = fj+ 1;;- Note that these are all linear functions of z. Figure 1(b)
shows a partial structure of the directed graph that is obtained after the reduction.
Let G, be the weighted graph obtained in the above reduction. The vertices are [n + 1] :=

{1,2,---,n,n+1} (also denoted by V') and the edge-set is denoted E.



Ghuge, Kwon, Nagarajan and Sharma: Constrained Optimization under the PCL Model

14

A

12 1 &op En2
+ —
ij gji
i
y
t Yn1
(a) Edges added for pair (i, 7). (b) Overview of all edges.

Figure 1 Structure of the graph G..

LEMMA 1. For any subset S C [n], we have h.(1s) =3, i\cp.ics jos Wij(2), where 1 € {0,1}" is

the indicator vector for subset S.

We note that graph G, may have negative weights, but there is additional structure.

LEMMA 2. If 7 <0 (resp. 7; > 0) for a vertex i, then every edge leaving vertex i in G, has a

negative (resp. non-negative) weight.

For ease of notation, we define the following two sets: N, :={i € [n] |7; <0} and P, :=V \ N,.

Note that NN, consists of those vertices that have negative weight out-going edges. The dummy

vertex has no edges leaving it, and thus is in the set P,. Let subgraph éz consist of all non-negative

weight edges in G,. Note that éz contains all edges leaving vertices of P,.

equivalence between f(z) and the maximum directed cut problem on G.,.

Consider the following two formulations:

. r—l,vzl/"/uxZ “Fﬁ’lfjl/%]mj
maximize: Z Vo ()
(i,5)eM J
. maximize:
subject to: x € {0,1}" (IP1(2))

Z wi; (2) - Y

(i,5)€E

Next, we show an
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subject to: y;; < xy, V(i,j)€E x; €{0,1}, VieV
yijg]'ixﬁ V(Z,J)GE .’ﬂn+1:O
Yij E{Oal}a V(’L7j) €L (IPZ(Z)) xEF

where F represents the set of feasible solutions to the assortment problem. Note that a feasible
solution for IP,(2) is (x,2,41) € F x {0}. We now argue that there are optimal solutions for IP;(z)

and IPy(z) such that no i € N, is included in the optimal assortment or in the optimal cut.

LEMMA 3. Given an optimal solution x* to IP(z), we can construct another optimal solution X
such that for all i€ N,, T, =0, i.e. no product with 7; <0 contributes to the solution, and for all

i€ P, (excluding n+ 1, since there are only n items), T; = z;.

LEMMA 4. Given an optimal solution (x*,y*) to IPy(2), we can construct another optimal solution
(X,¥) such that for all i € N,, T; =0, i.e. no verter that has outgoing edges of negative weight

contributes to the solution, and for all i € P,, T; = x}.

LEMMA 5. The optimal value of IP1(z) is exactly f(z). The optimal value of IP5(z) is the optimal
maz-dicut value on G, subject to the constraints that the dummy vertex is not selected and that the

set of chosen wertices lies in F.
Note also that both IP;(z) and IP,(z) are functions of z.

LEMMA 6. The formulations IPi(z) and IPy(z) are equivalent, that is, for all z € R, the optimal
value of IPi(z) is the same as the optimal value of IP5(z). Moreover, for each z € R, the optimal
value of IPy(z) equals the optimal maz-dicut value on Cz subject to the constraints that the dummy

vertex is not selected and that the set of chosen vertices lies in F.

Complexity of the reduction: We note that even when the input to the assortment problem
(values r;, v; and ~;;) is rational, the reduction above may not be polynomial sized in the input,
since the weights w;;(z) may be irrational. As we saw in the proof of Lemma 2, we can write

w;j(z) =T; - a;; where a;; > 0. In Appendix A.1, we give an approach to deal with irrational o;;
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values using Dirichlet’s approximation theorem. The idea is to compute rational values @;; with

1
T'max’fld '

polynomial bit complexity such that |o;; — ;| < e for e= Then, we use w;;(2) =@y, (r; — 2)
in all our algorithms (instead of w;;(z)). As a consequence of this, at the loss of a 1+ 0(1) factor

in the objective, we can assume that all edge weights are rational in the reduction to max-dicut.

4. Unconstrained, Capacitated and Knapsack Constraints

In this section we utilize the approximation framework from Zhang et al. (2020) along with our
reduction to max-dicut and new rounding algorithms to design approximation algorithms for the
assortment optimization problem. The approximation framework has the following three steps:
1. Construct an upper bound g(z) on f(z) such that g(z) > f(z) for all z € R.
2. Find the fixed point Z of g(-)/vy; i.e., find a Z > 0 such that g(2) =vo2.

3. Find an assortment X € F such that >_, -, Vi (%) (Ri;(X) — 2) > ag(2) for some a € [0, 1].

THEOREM 1 (Theorem 3.1 from Zhang et al. (2020)). Assume that we have an algorithm
that satisfies steps 1-3 mentioned above. Then, we have w(X) > aZ > az* where z* is the optimal
value. Thus, Z is an upper bound to the optimal value of the assortment optimization problem, and

X is an a—approximate solution to the assortment optimization problem.

To use Theorem 1, we first find the fixed point of an LP or SDP relaxation (an upper bound to
f(2)). To this end, as in Zhang et al. (2020), we use the dual LP/SDP to compute the fixed point
of the upper bound. We emphasize that the LP/SDP relaxations used in this paper are based on
the relation to max-dicut and are different from those used earlier. Finally, to implement step 3 in
this approximation framework, we need to round the LP/SDP solutions: this is the key step which
also determines the approximation ratio oe. Our main contribution is in this step.

Compared to the binary-search approximation framework in §5, the above framework is better if
there are LP/SDP based approximation algorithms for max-dicut because it only requires solving
two LP/SDPs (as opposed to a logarithmic number). This is indeed the case for the algorithms
studied in this section. On the other hand, this framework is inapplicable if the max-dicut approx-
imation algorithms are not LP/SDP based (as for the applications in §5 and §6), whereas the

binary-search framework is still useful.



Ghuge, Kwon, Nagarajan and Sharma: Constrained Optimization under the PCL Model

17

For the rest of this section, the set F = {x € {0,1}"| >, s;x; < ¢} which simultaneously captures

the unconstrained, capacitated and knapsack-constrained versions of the assortment problem.

4.1. Relating f(z) to max-dicut

We now relax IP,(2) into a linear program by letting variables take values in [0, 1], and by explicitly

stating the constraint for x € F.

g(z) = maximize: Z yijwij(’Z)

(i,9)€E
subject to: Yij < i, V(i,j) e E
yiy <l—z;, V(i,j)eE

z; <1, Vi € [n] (LP(2))

Dicm SiTi < ¢
Tpye1 =0
x,y > 0.
Clearly, g(z) is an upper bound to f(z) for all z € R, as required in Step 1 of Theorem 1. Recall
that the graph G, may have negative weight edges. The following lemma provides an algorithm to
get a solution for LP(z) where no negative weight edge contributes to the value of the cut. Such a

solution can then be used in the rounding procedures described in the future sections.

LEMMA 7. Given an optimal solution (x*,y*) to LP(z), we can construct another optimal solution
(X,¥) such that for all i € N,, T; =0, i.e. no vertex that has outgoing edges of negative weight

contributes to the solution, and for all i € P,, T; = x}.

The proof of Lemma 7 is identical to the proof of Lemma 4 and hence omitted. As a consequence
of Lemma 7, we can, without loss of generality, delete all negative weight edges in G, to obtain
graph éz. Note that (~?Z has non-negative edge weights, and hence, will be a valid input for the
approximation algorithms used later. Moreover, due to Lemma 6, a maximum directed cut in CNJZ
corresponds to an assortment that maximizes f(z).

We would like to point out that the edge weights of the graph have a negative linear dependence

on the parameter z, and thus the following observation is immediate.
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OBSERVATION 1. ¢(z) is non-increasing in z.
LEMMA 8. There exists a fized point for g(-)/vy.

The rest of this section is organized as follows. We describe the computation of the fixed point
in §4.2 and the overall algorithm in §4.3. The unconstrained problem is discussed in §4.4. We then
provide some preliminary results on the LP-rounding approach that we use in §4.5. Finally, §4.6

addresses the capacitated and knapsack-constrained problems.

4.2. Fixed point for g(z)

Continuing with the approach from Theorem 1, we now compute a fixed point for the upper bound
that we have constructed for f(z). We first write the dual of LP(z) using variables «;;, 8;;, 7; and

d for the constraints in LP(z).

minimize: Z Bij+ Z ~¥; + ¢d

(i,5)EE i€[n]
subject to: a; + B > wij(z), V(i,j) e E
— > aii+ >, Bji+vi+si6>0,Vien]
jlG.j)eE il eE
a7 B’ 77 5 Z O
In the above dual, z is fixed and can be thought of as an input parameter. Next, we add a

constraint to the above dual and make z a decision variable. Consider the following LP, which is

obtained from the above dual:

minimize: Z Bij + Z ¥ + ¢d

(i.J)€E i€n]
subject to: a; + B > wij(z), V(i,j) € E
- Y ay+ Y Bi+vit+si0>0,Vien] (D)
JjlG.g)eE JlGa)EeE
Y. Bt 2 vitcd=uvpz
(ij)€E ien]

a,3,7v,0 >0,z free.

LEMMA 9. If(d,B,’S/,S,é) is an optimal solution to D, g(2) =vo2, i.e. £ is the fixed point of g(-)/vo



Ghuge, Kwon, Nagarajan and Sharma: Constrained Optimization under the PCL Model

19

4.3. The Overall Approach

We now summarize the overall algorithm for knapsack-constrained assortment optimization.
1. Solve the LP (D).
2. Using the value of z obtained in the above solution, solve (LP(z)) to obtain (x*,y*).
3. Using Lemma 7, find another optimal solution (X,y) to (LP(z)) where Z; =0 for all i € N,.
4. Round the (LP(z)) solution X to the constrained max-dicut instance on graph G. with non-
negative edge-weights.
Therefore, if we have an LP-based a-approximation algorithm for constrained max-dicut with
non-negative edge-weights then we obtain an a-approximation algorithm for the constrained PCL

assortment optimization problem. Moreover, this approach only requires us to solve two LPs.

4.4. The Unconstrained Problem

For the unconstrained version, we use a semi-definite program (SDP) relaxation as the upper-
bound g¢(z). The overall algorithm remains the same as in §4.3, except for the use of SDPs in
steps 1-2 and an SDP-based lemma (similar to Lemma 7) that ensures that we can focus on non-
negative edge-weights. We note that Zhang et al. (2020) also used an SDP relaxation to obtain
their 0.79-approximation algorithm. However, our SDP and its rounding are different. We obtain

the following result (proved in Appendix B).

THEOREM 2. There is a randomized 0.874-approzimation algorithm for the unconstrained PCL

assortment optimization problem.

4.5. Preliminary Results for the LP Rounding Algorithms

Here we introduce a useful LP rounding technique called pipage rounding that will be used in
the algorithms for capacitated and knapsack-constrained assortment problems. This technique was
developed for problems in which we want the feasible set to be of a given cardinality. The interested
reader can refer to Ageev and Sviridenko (1999) for more details. Here, we consider a knapsack
constraint on the feasible sets, which involves arbitrary sizes.

Let a problem II be represented as the program (7) below.
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maximize: F(x) maximize: L(x)
subject to: z; € {0,1}, Vie V (7) subject to: z; €[0,1], VieV (8)
dosii<c Yosiwi<c

where F :[0,1]" — R, is a continuous function on the n-dimensional cube and L is a linear
function. We call LP (8) a “nice” relaxation to (7) if L(x)= F(x) for all x € {0,1}". For solution
x € [0,1]", we say that the knapsack constraint is active if it is satisfied at equality, i.e., >, s,2; =c.

We define two properties:

DEFINITION 2. F/L Lower bound: For a given x € [0,1]", F(x) > aL(x).

DEFINITION 3. e—convexity: For each i,j € [n] and x € [0,1]", the function ¢(x,i,7,€) =

F(zy,...,zi+€...,x;— z—;e, .y Xy) is convex in € for € € [— min{x;, z—Z(l —x;)}, min{(1 — z;), z—ix]}]

We now describe the pipage rounding procedure. Let X be any solution to LP (8) that satisfies
the condition in Definition 2. Starting with x = X, we repeat the following as long as there are at
least two fractional variables in x:

1. Pick any two fractional variables, say ¢ and j, i.e. 0 <z;,2; <1.

2. By the e—convexity property, we have ¢(x,1,j,¢) > F(x) for either ¢ = — min{z;, Z—Z(l —xz;)}

or e =min{(1 — z;), i—ixj} Let €* denote the value so that ¢(x,1,7,€*) > F(x).
3. Obtain a new solution, X = (z1,...,x; + €*,...,x; — j—;e*,...,xn). Note that F(x) > F(x) and
either z; € {0,1} or z; € {0,1}.
4. Update x <+ X.
Note that the number of fractional variables decreases by at least one in each iteration: so we need
to perform at most n — 1 iterations of the above procedure. Also, the total size in the knapsack
constraint remains unchanged throughout, i.e. >, s,2; =), 5;7;. Let x* denote the final solution;
note that F(x*) > F(x). Clearly, x* has at most one fractional variable. Moreover, if s; =1 for all
i € [n], c€Z, and the knapsack constraint is active then it is clear that x* cannot have exactly
one fractional variable: so x* € {0,1}" in this case. Finally, by the F /L lower bound property for x

(i.e. F(x) > aL(x)) and F(x*) > F(x), we have F(x*) > aL(x). To summarize:



Ghuge, Kwon, Nagarajan and Sharma: Constrained Optimization under the PCL Model

21

THEOREM 3. Consider an instance of a problem described by (7) with a “nice” relaxation (8) and
any solution x to (8). Suppose that F satisfies the e—convexity property and the F/L lower bound
property for x and some a < 1. Then we can find a solution x* with at most one fractional variable
such that F(x*) > F(x) > a- L(x). Furthermore, if s; =1 for all i € [n|, ¢ € Z, and the knapsack

constraint is active for x then X* is guaranteed to be an integral solution.

The LP relaxation for max-dicut. We will apply this method to max-dicut with a knapsack

constraint. As the “nice” relaxation, we use the following linear program:

maximize: E Wij * Yij
(i.5)ek

subject to: y;; < x;, V(i,j)eE
yijél_xja V(Z,j)eE

Note that this LP is equivalent to (LP(z)), when we set w;; = w;;(z). Moreover, as mentioned in
§4.3, it suffices to consider instances with non-negative edge-weights.

The following structural result on the basic feasible solutions (z,y) of this LP is crucial in
applying the pipage rounding technique. This result is a generalization of a previous result in Ageev

et al. (2001), that only holds for cardinality-constraints (i.e. every s; =1).

THEOREM 4. Let (z,y) be any basic feasible solution to the LP relaxation (9). Then there is some
value 0 < § < 1 such that x; € {0,6,3,1— 6,1} for all i€ V. Moreover, if Y, s;x; < ¢ then x; €

{0,1/2,1} for allie V.

4.6. The Capacitated and Knapsack-Constrained Problems

We now provide a rounding algorithm for max-dicut with a general knapsack constraint, relative to
the LP (9). We formulate this problem as the integer program (7) with F(x) =} i) pwi;jzi(1 —

z;) and L(x) =3 ;cpwijmin{z;, (1 —2;)} in (8) which is equivalent to LP (9). Note that the
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e—convexity property (Definition 3) holds for F' since the coefficient on the quadratic term in € is

positive. Our algorithm is now given as Algorithm 1.
LEMMA 10. The solution x' in Step 2 satisfies Y, s;x; =), s;x; = c and is feasible to LP (9).

Proof For any i € V; the increase x — x; = min{1 — 0, (1 — 6)S(V>)/S(V1)} =: A;. Similarly, for

any i € Va, we have z} — z; = —min{1 — 0, (1 —9)S(V1)/S(V2)} =: A,. So
Ay-S(Vi) =min{(1-6)S(V1),(1=6)5(V2)} = —Az- S(V2),

and hence ), s;(z) — x;) = Ay Zievl s; + Ao Ziew s; = 0. This shows ) sz =) s,x; = c.
Moreover, it is easy to see that x' > 0. So x’ is feasible to (9). 0

It now follows that the solution x* obtained in Step 4 by pipage rouding (on either x or x’)
also satisfies the knapsack constraint. The next two lemmas bound the objective value depending
on whether/not the knapsack constraint is active. Lemma 11 generalizes a result of Ageev et al.

(2001) which focused on the cardinality case (where all s, =1).

LEMMA 11. If the constraint ), s;x; < ¢ is active then max{F(x),F(x")} >0.5- L(x).

LEMMA 12. If the constraint ), s;x; < ¢ is not active then F(x) >0.5- L(x).
We obtain the following guarantees for capacity and knapsack constraints.

THEOREM 5. Algorithm 1 gives a 0.5-approximation algorithm for max-dicut with a capacity con-
straint relative to the LP (9). Hence, there is a 0.5-approximation algorithm for the capacitated

PCL assortment optimization problem.

THEOREM 6. Algorithm 1 gives a 0.25—approzimation guarantee for the max-dicut problem with
a knapsack constraint relative to LP (9). Hence, there is a 0.25-approximation algorithm for the

knapsack-constrained PCL assortment optimization problem.

From the above analysis we also see that if the total weight of edges leaving every vertex was

small, then we would not lose much by dropping the fractional vertex. Formally, we have:



Ghuge, Kwon, Nagarajan and Sharma: Constrained Optimization under the PCL Model

23

Algorithm 1 Max-dicut with a knapsack constraint

1: Let (x,z) be the optimal basic solution to the LP relaxation (9).
2. If )7, s;x; = ¢, then we define a new vector x'. Let Vi ={i|z; =0}, Vo ={i|x; =1— 0},

Va={i|z; =3} and Vy={z;|z;=0o0r 1}. Let S(Vi) =3,y si and S(Va) =37,y si-

(

min{1,5+ (1 —6)S(V2)/S(V4)}, ifien
i = max{0, (1 — &) — (1 — 8)S(V1)/S(Va)}, ifieVy (10)
T, ifieVsorV,

We set x < argmax {F(x), F(x')}.

3. If ), six; < c, then we set X + x.

4: Apply pipage rounding (Theorem 3) to x and obtain solution x* with at most one fractional
variable (say z;). Let [, ={j € V:2; =1} and I, = {i}.

5. (Capacitated) If all s; =1 then output the better of I; and I U I,.

6: (Knapsack) Otherwise, output the better of I; and I,.

DEFINITION 4. We define (i) to be the sum of the weights of the edges leaving vertex i € V, i.e.
(i,j)eE
COROLLARY 1. If x is an optimal solution to LP (9) and V ={j € V :0 < z; <1}, Algorithm 1

obtains a solution of weight at least 0.5- LP —max, ¢ §(¢), where LP is the optimal LP value.

Proof We will show that solution I; achieves this guarantee. Firstly, note that Algorithm 1 does
not modify integer-valued variables in x. So the fractional variable ¢ in x* (if any) must lie in V.

From the proof of Theorem 6, we know that the cut value for I; is
Wio+ Wi 2 Wi+ f-Wo+ (1= )W =Wy = F(x") — W

Note that W, <max,

K3

<7 0(@). The corollary now follows as F'(x*) >0.5- L(x) =0.5- LP. O
We will show later (in §5) that this can be used to obtain an improved (0.5 — €)-approximation

algorithm for knapsack-constrained max-dicut and PCL assortment optimization.
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5. Assortment Optimization under General Constraints

In this section, we provide a binary-search based approximation framework that can be used to
solve PCL assortment optimization under a much larger class of constraints. It is even useful in
obtaining improved approximation ratios for some simpler constraints, such as unconstrained or
knapsack. Unlike the framework from Zhang et al. (2020) (Theorem 1), our approach here does
not require approximation algorithms relative to LP/SDP relaxations.

Based on the “reduction” in §3, the function value f(z) corresponds to solving a max-dicut
instance on G,. Although some edge weights in G, may be negative, Lemmas 5 and 6 imply that
f(2) equals the optimal max-dicut value on (NJZ subject to the constraints that the dummy vertex
is not selected and that the set of chosen vertices lies in F. Recall that éz is the subgraph of
G, consisting of non-negative edges. So the (constrained) max-dicut instances that we need to
solve will only contain non-negative edge weights. Let C be the constraint on feasible assortments
(and on feasible cuts in the max-dicut instance). Let o, denote the approximation guarantee for
max-dicut under constraint C: so we can obtain an ac-approximation to f(z) for any z. We use a
binary search technique to obtain a value Z that is within an ae multiplicative factor (and some
additive error) of the optimal z*. Recall that z* is the expected revenue of the optimal assortment
and the fixed point of f(-)/vo. Let f(z) be the objective value of the ae-approximation algorithm
on max-dicut instance G, with constraint C. Roughly speaking, the binary search identifies the
fixed point of the approximating function f (+)/vo. Finally, we show how the additive error can be

absorbed into the multiplicative approximation guarantee by a simple scaling idea.

THEOREM 7. Let a¢ be the approximation guarantee known for the max-dicut problem under some
constraint C. Then, Algorithm 2 gives an (ac — &)—approzimation guarantee (for 6 >0) for the

assortment optimization problem under constraints C in time O(log (p,p,/9) - p(n)) where p(n) is

max; (7;)

min;(r;)

max; (v;)
min; (v;)

the runtime of the constrained max-dicut algorithm, p, = and p, =

5.1. Improved Algorithm for Knapsack Constraints

Here, we revisit the knapsack-constrained assortment problem where the feasible subsets are F =

{xe€{0,1}" | >, siz; < c}. We obtained a 0.25-approximation algorithm for this problem in §4.6. We
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Algorithm 2 Assortment Optimization under General Constraints

1: let L4 Ry, c= 2nalrdmin(y) ‘o R = max;(r;) and € < Ry

2-max; (v;)

2: while R—L>¢do

3: 24— %

4: let X be an a¢c-approximate solution to max-dicut under constraint C on graph éz
5: ALGZ < Z(i,j)e]ﬁ ‘/;j ()A()’Yij [R” ()A() — Z]

6: if ALG, > vyz then set L <+ z

T: else Set R+ z

8: return ac approximation for f(L) using the max-dicut reduction.

now obtain a better (0.5 — €)-approximation algorithm for max-dicut under knapsack constraints
(for any constant € > 0), which combined with Theorem 7 yields the same approximation ratio for
the assortment problem. Prior to our work, the best approximation ratio even for max-dicut under
knapsack constraints was 0.385, which followed from Buchbinder and Feldman (2019).

Our algorithm combines a partial enumeration method with the LP-based pipage rounding algo-
rithm in §4.6. For any instance of knapsack-constrained max-dicut (with non-negative weights w;;),
recall from Definition 4 that 0(i) denotes the total weight of out-going edges from vertex i € V.
Moreover, by the pipage rounding algorithm (see Corollary 1) we can obtain a solution of weight
at least 0.5- OPT — max;cy 0(4). So, if we could bound all the §(i)s by a small fraction of OPT,
we would obtain the desired result. To this end, we perform an enumeration step described below.

We assume for now that our algorithm knows a number U such that OPT <U <2-OPT (we
will see later how to remove this assumption). Given any € > 0, set ¢ = ¢/2. Vertex i € V' is said
to be heavy if §(i) > €U. Let H CV denote the set of heavy vertices. We enumerate all subsets
S C H of heavy vertices with |S| < [4] that are feasible, i.e. 3°, o s; < c. Note that there are at

1+4/5/

most n possible subsets S: so this enumeration takes polynomial time for any constant e.

For a particular choice of subset S, let LP(.S) denote the linear program (9) along with:

1 forallie S
xXr; =

0 forallie H\ S
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Basically, this fixes the decisions on all heavy vertices. The algorithm solves LP(.S) optimally to
obtain solution x and rounds it using Algorithm 1. The set of fractional variables in x is V= {je
V:0<x; <1} CV\ H which implies max, i §(i) < €'U. So Corollary 1 implies that we obtain a
cut of weight at least 0.5- LP*(S) — €U where LP*(S) denotes the optimal value of LP(S).

It remains to show that there is some choice of S (that we enumerate) for which LP*(S) > OPT,

which relies on upper bounding the number of heavy vertices in an optimal solution.
LEMMA 13. For any € >0, if T denotes the set of heavy vertices with respect to € in an optimal
solution, then |T| < [2].

Proof Consider a subset S C T picked uniformly at random and let cut(S) denote the weight of
edges cut by solution S. Note that every subset S CT is still feasible for the knapsack constraint.

The expected weight of cut edges is

Eleut(S)]= Y, PGeS, j¢S) wy= >, PHeS j¢S)  w;+ >  PHeS j¢5) wy
(4,5)1€T,jEV (i,9):t€T,j€T (2,7):i€T,j¢T
1 1 1 1 . 1
(3,§):4€T,jET (4,§):9€T,j¢T (3,§):4€T,jEV i€T

where the first equality follows by applying linearity of expectation, the third equality follows by
independence, and the fifth follows from the definition of §(-). The second inequality follows from
the definition of a heavy vertex.

Moreover, E[cut(S)] < OPT as S is always feasible. Combining the above two inequalities, we
have OPT > 1|T|-e- OPT, and rearranging we get |[T'| < 2 < [2]. O

Lastly, we need to ensure that we can find some value U with OPT < U <2-OPT. This is
done by a simple enumeration. Note that w,., = max(; jyepw;; < OPT < Z(i,j)eE w;; < N2 Wnas-
We enumerate all values U € {2F - w4, : k=0,1,---[log,(n?)]}, run our algorithm for each choice
and return the best solution found. Clearly, one of these choices satisfies the desired condition.

Moreover, the number of choices is O(logn).

THEOREM 8. For any € > 0, the above algorithm has an approzimation guarantee of (0.5 — ¢)
for maz-dicut with a knapsack constraint. Hence, there is a (0.5 — €)-approximation algorithm for

knapsack-constrained assortment optimization for all constant € > 0.
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We note that the LP-based approximation framework (Theorem 1) is not applicable here because

our improved approximation algorithm is not relative to any LP.

5.2. Multi-Dimensional Knapsack and Matroid Constraints

It is well-known that the directed cut function on any graph with non-negative edge weights is non-
negative and submodular (but not monotone). Therefore, we can use any algorithm for submodular
maximization under constraint C in order to solve the max-dicut problem under C, which in turn
(using Theorem 7) provides an algorithm for the assortment optimization problem under constraint
C. Here we consider matroid and knapsack constraints. In a matroid constraint, we are given a
matroid with groundset being the n products and the goal is to select any independent set of
products. Lee et al. (2010) gave a simple local search algorithm for maximizing any non-negative
submodular function under a matroid constraint, with an approximation guarantee of 0.25. The
approximation ratio was improved to é ~ 0.367 by Feldman et al. (2011) and recently to 0.385 by
Buchbinder and Feldman (2019); these algorithms are significantly more complex than the local
search algorithm. Combined with the result of Kulik et al. (2013), the latter result also implies
a 0.385-approximation algorithm for submodular maximization under any constant number of

knapsack constraints. Thus, using Theorem 7 we obtain:

THEOREM 9. Algorithm 2 provides a 0.385-approximation algorithm for assortment optimization

under the PCL model subject to a matroid or constant number of knapsack constraints.

We now provide some examples of specific constraints for assortment optimization that can be
captured by the above result. To the best of our knowledge, such constraints have not been studied
previously in assortment optimization.

Multidimensional knapsack constraints: Let us recall the example from the introduction.
We consider the following scenario faced by a supermarket. Every product has a number of physical
attributes: weight, volume, width, etc. When stocking products on a shelf, there is a limit on the

total value of each individual attribute that cannot be exceeded. This situation can be modeled
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by introducing a multidimensional knapsack constraint, with one dimension for each attribute.
Suppose there are ¢ attributes. Let s.; denote amount of attribute k possessed by product ¢,
and let ¢, be the available limit on attribute k. Thus, the set of feasible subsets of products is
F={xe{0,1}" |37  spz; <c, k=1,2,...,¢}. As long as the number ¢ of attributes is constant,
we obtain a 0.385-approximation algorithm from Theorem 9.

Partition constraints: We continue with our supermarket application. A supermarket must
provide a wide selection of products to its customers. There may be many available brands manu-
facturing a particular product-type, but obviously the supermarket cannot display all of them. For
a toy example, let us consider a supermarket selling various types of bread - white, whole wheat,
sour dough, etc. There are many manufacturers of these product-types but the supermarket may
only have a dedicated section for each type. Thus, the supermarket must decide which brands of
each product-type to put on display so as to maximize revenue. We can model this situation by
introducing partition constraints. Suppose we have ¢ different product-types, and that [, is the
set of products of type k € [g]; we assume that I,--- I, is a partition of all products. Let ¢, be the
limit on the number of displayed products of each type k € [q]. We can then represent the set of
feasible subsets as F = {x € {0,1}" | > ,.; @i < ¢, k=1,2,...,q}, which is a matroid constraint.
So we obtain a 0.385-approximation algorithm from Theorem 9.

Hierarchical partition constraints: A further generalization of the above application allows
product-types to be nested and not just disjoint. Formally, if A C [n] and B C [n] denote the
products of any two types, then we must have AN B =0 or AC B or B C A. The first case
(AN B =0) corresponds to disjoint types (as for partition constraints) whereas the other two cases
correspond to nested types. For example, product-type “milk” may be sub-divided into the types
“whole milk”, “2% milk” and “1% milk”. Given such a nested (or hierarchical) partition into types
and a limit on the maximum number of products of each type, the goal is to select a subset of
products respecting all these limits. The resulting collection F of feasible subsets is again a matroid,

and we obtain a 0.385-approximation algorithm from Theorem 9.
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6. PTAS for Unconstrained Assortment Optimization

The main result in this section is:

THEOREM 10. There is a randomized polynomial-time approzimation scheme (PTAS) for the

unconstrained assortment optimization problem under the PCL model.

We will use the binary-search framework (Theorem 7) combined with additional properties of the
max-dicut instances that arise from the assortment problem. In particular, we will show that for
any z > 0, there is a randomized PTAS for the function value f(z) in (3). Recall from §3 and
Lemmas 5 and 6, that the function value f(z) equals the optimal max-dicut value on G, subject
only to the constraint that the dummy vertex is not selected. Our focus here is the unconstrained
case: so F ={0,1}". As before, G, is the subgraph of GG, consisting of non-negative edges.

In our reduction described in §3, recall that for every pair (i,7) € [n] x [n], we add four edges:
(i,n+1), (j,n+1), (i,7) and (j,) with weights &, &5, 4;F, and ; respectively. From the definitions
(4) and (5), we have & 4+ ¢, = v;7; and &; +9;; = v;7;. Also recall the edge weights w;;(z) as
defined in (6). In particular, for i,j € [n] we have w;;(2) = + ;. Let Q. = {i e [n]:7; > 0};
recall that P, =Q,U{n+1} and N, =[n+ 1]\ P,. Let N =1Q.|. For any i € Q. and j € [n], we

have w;;(z) < 2v,7; based on the calculations in Lemma 2. For easier notation, for all 4,j € Q. we

define o0;; = w;j?(f) €[0,2]. Also, for any i € Q., define Ci(2) =3, wi;(2). Finally, note that the
optimal max-dicut on G. only contains vertices from Q.. So f(z) equals:

g | e 3 ou+ 260 (1)
Below, we use OPT to refer to the optimal solution to (11) as well as its value. It will be clear
from context, which of the two is being referenced. Let OPT = Q. \ OPT, i.e. the set of vertices
that are not in the optimal max-dicut solution. For every vertex i € @), define O; = Zj copT Tij;
note that O; <2N. Consequently, the optimal value can be written as

OPT= Y (v7:-0i+Ci(2)).

i€OPT
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The PTAS starts by sampling a random subset S C @, and then for each partition (U,U) of S,
it does the following and picks the best solution found. (1) Define the term «; = Zj cp 0ij for each
i€ Q.. (2) Solve LP(«) (described below). (3) Randomly round the solution obtained on solving
LP(«) to obtain an integral solution. The main idea is that when the partition (U, U) is such that
U=SNOPT and U =SNOPT, the values {«;}ico. are unbiased estimators of {0, }icq.. Using
this, we write a “sampled” linear program (LP(«) below) that has optimal value roughly equal to

OPT. Finally, random rounding of this LP solution yields an integral solution of value ~ OPT.

Algorithm 3 Randomized PTAS for max-dicut on G.

96 log N
2N

—_

: Sample S: for every i € Q),, add i to S independently with probability p =

[\]

: If |S| > 2Np then set x =x* =0 and return solution x*.
3: for all splits (U,U): UCS,U=S5\U do
4: Let Q= Zjeﬁaij for all i € Qz

5: Solve the following LP and let X be its optimal solution.

maximize: % E oGV T; - Ty g Ci(2) -z
I€EQ 2 1€Q 2

subject to: > 04+ (1—2;) > <t — Ne, Vi€Q. (LP(a))
x; € [0,1], ViEQz
1, with probability &;
6: From X, get integral solution x* as follows: x} = , for all i € Q,

0, otherwise

7: Return the best x* found over all runs.

THEOREM 11. For any € € (0,1), Algorithm 3 runs in n°We) time and finds a solution with

expected objective at least 1 — 8e times the optimal max-dicut value on éz.

We first discuss the running time of Algorithm 3. If the algorithm continues beyond step 2, the

sample size |S| < 2Np < 19261#. So the number of iterations of the for-loop, which is the number
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O(1/e

of possible splits of S is at most 2/°l =n %, Moreover, each iteration of the for-loop involves

solving an LP with IV variables and constraints, and simple randomized rounding, all of which

0(1/€%) a5 claimed in Theorem 11.

takes polynomial time. So the overall runtime is n

We now analyze the performance guarantee. Throughout, we will assume that N > %: otherwise
(11) can be easily solved by enumeration. The analysis involves showing that OPT is a feasible
solution to LP(«a) with high probability, showing a lower bound for OPT with respect to the
fractional solution to LP(«), and finally showing that the expected objective of our rounded solution

is within a factor of ¢ from OPT. We start with a key property that uses the structure of the

max-dicut instance from §3.
LEMMA 14. OPT 2 % ZiEQz ’UiFi Z % ZiEQz vi?i'

Proof. Consider a random solution R C @), to (11) where each vertex i € @), is in R with
probability % independently. Using the definition of C;(z), the objective value of R is:

obj(R) =Y | D wis(2)+ Y wi(2)

i€ER \jEQ:\R JEQ=

By definition of R, for any i,j € Q. we have Pli € R] =1 and P[i€ R, j & R] = 1.So,

]E[obj(R)]:% Z wij(z)+% Z wir(2) > iz (Z w;;(2) +wz‘,n+1(z)>

1,JEQz 1€Q2,kZQ~ 1€Qz \JEQz

Y (St Y @] 21 Y (e + € rg) ()

1€Qz \JEQz ke[n]\{i} 1,JEQ 2

= % Z 20,7,
1€Q 2

Above, the equality in (12) uses the definition of w;, 1(z) and the inequality in (12) uses the
definition of w; ;(z) and that all the terms are non-negative. The final equality uses the observation
that £ = vT; =& +¢;; from (5). The lemma now follows as OPT > E[obj(R)]. O

For any sample S C Q., define its canonical split as (Ts,Ts) of S where Ts =S N OPT and
Ts = SN OPT. Note that one of the iterations of the for-loop will consider this split, and the

algorithm chooses the best solution over all iterations. In the analysis below, we will only consider



Ghuge, Kwon, Nagarajan and Sharma: Constrained Optimization under the PCL Model

32

the solution resulting from the canonical split of S. Specifically, for this split, random variable
@ = icoropr 0 and so Egloy] = 3. 5pr0i - Plj € S| =p- O0;. We now have the following

concentration bound.
LEMMA 15. Prg[|loy —E[oy]| > eNp] < 25 for all i€ Q..

So, we have a; € [p-O; £eNp], for all i € Q, with high probability, for the canonical split (T, Ts).
Let % be the optimal solution for LP(«) for the split (T, Ts), and LP(%X) be the corresponding

value. Then, we have the following.
LEMMA 16. Eg[LP(%)] > (1 — 37)OPT —€eN Y. viT:.

Let ALG denote the objective value in (11) of our algorithm’s solution x*.
LEMMA 17. Eg[ALG]) > (1—8¢)-OPT.

This completes the proof of Theorem 11. Note that this provides a guarantee on the expected
objective. We can obtain a high-probability guarantee as follows. Let ¢ denote the probability that
Algorithm 3 finds a solution of objective at least (1 — 16¢)OPT. As the algorithm’s objective is
always at most OPT), its expected objective is at most ¢ - OPT + (1 —q) - (1 — 16¢)OPT'. From
Theorem 11, the expected objective is at least (1 —8¢)OPT, which implies ¢ > % By repeating the
entire algorithm independently T times and picking the best solution, it follows that we obtain a
solution of value at least (1 —16¢)OPT with probability at least 1 —277.

Finally, to prove Theorem 10, we combine this result with the binary-search based framework
from §5 (see Theorem 7). For any € € (0,1), let a(e) =1 — 16e denote the approximation ratio
obtained above for the max-dicut instance (11). Setting § = € in Theorem 7, we obtain an a(e) —e =
1—17e approximation ratio for the unconstrained PCL assortment problem. This assumes that the
randomized PTAS does indeed obtain an «(e€) approximation for every max-dicut instance. Note
that the number of max-dicut instances that need to be solved in the algorithm of Theorem 7 is
I =0O(log(prpv/€). Using T'= O(log(nl)) repetitions of Algorithm 3 for each max-dicut instance,

it follows that we obtain an «(e)-approximation for every instance with probability at least 1 —
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I-277>1— 4. Thus, for any €€ (0,1) we obtain a 1 — 17¢ approximation ratio for the PCL
assortment problem with probability at least 1 —o(1), which implies Theorem 10.
Capacitated assortment optimization: Using the above techniques, and some more ideas,

we obtain the following result (see Appendix E).

THEOREM 12. There is a randomized polynomial-time approximation scheme for capacitated

assortment optimization in the PCL model when the capacity ¢ > dn where § > 0 is some constant.

7. Computational Results

In this section, we provide a summary of computational results of our approximation algorithms
for unconstrained, capacitated, knapsack-constrained and partition-constrained assortment opti-
mization. We conducted all of our computational experiments using Python and Gurobi 8.0 with
a 2.3 Ghz Intel Core i5 processor and 16 GB 2133 MHz LPDDR3 memory.

Based on Theorem 1, we use the fixed point Z of the LP relaxation g(z) as an upper bound.
For partition constraints, we replace the knapsack constraint in linear program LP(z) by a set of
linear constraints enforcing the partition limits. Although the algorithm for partition constraints
does not use such an LP, the value Z is still a valid upper bound to compare the algorithm against.
For each instance, we record our algorithm’s performance as 100 X w(xar¢c)/Z where x4 is our
solution. This gives a lower bound (percentage) on how close our solution is to the optimal.

Instance generation. We use the same instance-generation procedure as Zhang et al. (2020).
The preference weights {v;} for the products are sampled uniformly at random from [0, 1]. The rev-
enues are sampled in two ways, which lead to two types of problems, independent and correlated.
In the independent instances, the revenues {r;} are independently sampled from the uniform distri-
bution on [0,1]. In the correlated instances, we set r; =1 —v; which captures the intuition of more
expensive products being less preferable. Parameters I and C refer to independent and correlated
instances respectively. In the unconstrained case, the test problems are labeled as (T, n,7, P,) where
T refers to the type of instance, independent or correlated, n denotes the number of products, the

dissimilarity parameters are sampled from the uniform distribution [0,7], and the value P, is used
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Figure 2  Comparing our algorithm and Zhang et al. (2020). The first plot (top left) is for the unconstrained case.

The remaining three plots are for the capacitated case.

to generate the weight of the no-purchase option. In this way, 36 configurations are generated. For

the capacitated test problems, we have an additional parameter §; we set the capacity ¢ = [dn].

These test problems are labeled as (T',n,7, Py, d). We generate 72 configurations this way. For each

configuration, 100 test instances are generated and solved using our approximation algorithm.

Reported quantities. For conciseness, we group the results by (7',n) € {I,C} x {50,100}. For

the unconstrained assortment problem, we obtain 4 bar plots, which are all plotted on the same

graph. Each configuration of (T',n) involves 9 configurations of (7, P,). Over these 900 instances,

we record the average performance, and the worst-case performance. We use three graphs in the

capacitated case, wherein each graph corresponds to a value of § € {0.2,0.5,0.8}. As in the uncon-
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Figure 3 Summary of results for knapsack constrained assortment optimization.

strained case, the configurations are grouped by (T',n) values. Additional details can be found in

Appendix F

Comparison to Zhang et al. (2020). For the unconstrained and capacitated cases, we also

compare our approach with that of Zhang et al. (2020) by running both algorithms on the same

instances. We summarize the results in Figure 2. In the unconstrained case, our overall average

performance is ~ 1% better than that of Zhang et al. (2020), while we see an improvement of

about 3% in the worst-case performance. The differences are more pronounced in the capacitated

instances. For § = 0.2 and 0.8, the difference in average performance is similar to the unconstrained

case, but the worst-case guarantees show a larger gap; e.g., we observe ~ 8% difference in the worst-

case for group (C,100) when 6 = 0.8. On configurations with 6 = 0.5, our algorithm outperforms

Zhang et al. (2020) by over 10% on average and by almost 15% in the worst-case.
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Figure 4  Summary of results for partition constrained assortment optimization.

Knapsack and partition constraints. Figures 3 and 4 summarize results for knapsack and
partition constrained assortment optimization. For the knapsack case, we set the capacity to 1 and
the test problems are labeled (7', n,7, Py,n) where n € {0,1,0.25,0.5,1} and each product’s size is
chosen uniformly from [0,7]. Test instances for partition constraints are labeled (T,n,7¥, Py, d,k)
where k € {3,7} is the number of parts and § € {0.4,0.8} is the capacity constraint on each part.
We generate 96 configurations for both cases, and for each configuration, we test on 100 random
instances. In the knapsack case, we divide the configurations in into 4 sets based on n values. We
also divide the configurations in the partition constrained case into 4 sets, based on (4, k) values.
For each set, we further group the configurations according to (7,n). As before, we record the

average and worst-case performance guarantee in our plots.
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The results for knapsack constraints vary based on the value of . While the average performance
is greater than 92% for all groups, we observe a worst-case of ~ 59% when n = 1. Our approach
performs extremely well in the case of partition constrained assortment optimization. The average,

in all cases, is over 99%, while the worst-case over all tests is 86%.

8. Conclusion

We demonstrated a close connection between the assortment optimization problem under the
PCL model and max-dicut. Combined with good convex programming relaxations and new LP-
rounding algorithms, we obtained significantly improved approximation algorithms for the uncon-
strained, capacitated and knapsack-constrained assortment problems. Furthermore, we designed a
new approximation framework for this class of assortment optimization problems, that bypasses
the need for convex relaxations. This enabled us to handle more general constraints such as a mul-
tidimensional knapsack constraint and (nested) partition constraints. Using additional properties
of the PCL model and the relation to max-dicut, we also obtained a randomized PTAS for the
unconstrained assortment problem and the capacitated problem when the capacity is not too small.

Obtaining similar improvements for the other constrained versions is an interesting open question.
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Appendix A: Missing Proofs from Section 3

Proof of Lemma 1 Let x=1g;s0 ; =1if i € S and z; =0 if i € [n] \ S. Recall that h,(x) =
Dtpyen Vii (%) (Rij(x) — 2). Let cut(S) =32, e pics jes Wij(2) denote the weight of the cut S in
graph G.. We will show that the contribution of each (i,j) pair to h,(x) and cut(S) is the same.
This suffices to prove the lemma because the weight of any edge in G, is the sum of weights added
due to each pair (7, 5) and h,(x) is clearly the sum of its contributions over (i, j) pairs. Now, consider
an arbitrary ordered pair (i, j) € [n] x [n]. The contribution of (4, j) to h,(x) is Vi;(x)%i (R;;(x) — 2).
The contribution of (7, 7) to cut(S) is obtained by considering only the weights added to the four
edges (i,7), (4,7), (i,n+1) and (j,n+1) of G, due to pair (i,7); see also Figure 1(a). We consider
four cases depending on x; and ;.

1. If both z; =0 and z; = 0, the contribution to h,(x) is zero and the corresponding contribution

to cut(S) is zero.
1/ /745
rivy ")

2. If z; =1 and x; =1, then the contribution to h,(x) is

TR The edges cut in this
case are (i,n+ 1) and (j,n+ 1) because n+1¢ S. By deﬁniti(j)n, the weight on these edges is

1/ 1/
mv; et

+ - Y
ij and &j;, and we have & +¢5; = AT N,

3. If x; =1 and z,; =0, the contribution of this pair to h,(x) is v;7;. The edges crossing the cut
are (i,7) and (i,n+ 1), with weights ¢}, and & respectively. We have ¢} + & = v;7.

4. If z; =0 and x; =1, the contribution of this pair to h,(x) is v;7;. The edges crossing the cut
are (j,4) and (j,n + 1), with weights v;; and &;; respectively. We have 1);; + & = v;7;.

O

Proof of Lemma 2 We prove this lemma by showing that the weight of an edge (i,7) leaving

vertex ¢ has the form 7; - o;;; where «;; > 0 depends on the parameters v;,v;,v;;. First, notice
’Y'L'j
v.

" + — e et . Bt +
that from the definitions of & and &;;, we can write §; =7; - 3;; for 8 = T +;1./%_j)17%j, and
i J

1/75i

§; =Ti- By for B = Vers il/wj_ - Note that 0 < BE < w;. To see this, consider the following
(v, 7’+vj Y g

7

chain of inequalities

1/7i5 1/7ij 1/7ij
+_ Y; Y; _ Y
i /iy V% \1—n~;: = (0 1/ Yig 1=y, o L/vig—1
7. J\1—~. ¥
(v, +; ) v (v ),

= ;.
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Similarly, 0 < 3;; <v;. For any i € [n], we now consider two cases for edge (3, j).
Case 1: j =n+1. For this case, we have w;;(2) = >y iy §ik = 2nepp iy T (B} + B;1.)- Setting
Q= Eke[n]\{i}(ﬁjk + B;5) gives us w;j(z) =T; - a5, and it is easy to see that a;; > 0.

Case 2: j € [n]. For such edges, w;;(z) = ;; = ;; + 1y = 20,7 — &F —

5 — &y =Ti-ayy for a;; =

+ i . .
2v; — B;; — B;;- 1t is again easy to see that a;; > 0.
Thus, for any edge (7, 7), we can write w;;(2) =7; - a;; for a;; > 0. This proves the lemma. [

Proof of Lemma 8 Given the optimal solution x*, construct X as follows:

_ 0, ifieN,
Z; = o
.CU;‘, leEPZ:V\Nz

By the downward closure of the feasible set JF, solution X is also feasible. We claim that the
objective value of X is at least as much as the objective value of x*. The contribution of a pair

(7,7) to the objective value is
?Twil/’h‘jwj +7ijj1v/’”j$;

Vo)

Notice that if i,j € P,, the contribution does not change. Suppose that exactly one of 7,7 is in

N,. Without loss of generality, let ¢ € N,. Then, we have

— /%« 1/7ij

_ 1/ —
TV, X T, j

* — 1/vij—
s < J T

T, ST T T,

since T; = 0 and 7; < 0. Moreover, the denominator V;;(x*)!~7 > V;;(X)' % which shows that
for such a pair, its contribution to the objective value can only increase. Lastly, if both i,5 € N,
a similar argument shows that the contribution of pair ¢,j to the objective value can also only
increase. Note that we follow the convention that % = 0. Thus, the objective value of X is at least

as much as the objective value of x*. O

Proof of Lemma 4 Given the IP,(z) solution (x*,y*), construct (X,y) as follows:

ifie N
x:{g ;fip::vwz and 7, = min(z;, 1 — ;) for all (i,j) € E

We claim that (X,¥) is a feasible solution and that its objective value is at least as much as the
objective value of (x*,y*). Since we only decrease values of some vertices in x* to obtain X, the X
vector is feasible by the downward closure of F. Moreover we changed ¥ accordingly so that (X,¥)
is a feasible solution for IPy(z).

Next, we show that the objective value of the new solution does not decrease. The change in the
objective value is

Z Yiwij(z) — Z y;wis(2)

(i,5)€E (i.j)eE
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which can be rewritten as
Z Ui —vi) - wii(2)  + Z ij = viy) - wis ().
(i,j)EEEN, (i,j)EEHEP,

Consider an edge (i,j) € E. If i € N, 7; =0, and y,;; = 0. From Lemma 2, we know w;;(z) <0.
Since y;; > 0, we can conclude that >, o p.cn (U; —i;) - wij(2) > 0. If, on the other hand, i € P,
then T; = 2}, and 1 —7; > 1 — x} (either z; stays the same or decreases). Thus y;; > y;;. From
Lemma 2, we know w;;(2) >0, and we have >, . p (U;; — ¥i;) - wi(2) > 0. It thus follows that

> guwi(2) = > yhwi(z) =0
(i,5)€eE (i,5)€E

as desired. O

Proof of Lemma 5. To see the statement for IP;(z), note that

1/7ij 1/7ij 1/7vij 1/7ij
(rivi R e e e (R T ”xj)>

ha(x) = ) Vi(x)(Ry(x) —2)= Y Vi(x)"

(et (i)eM Vs (%)
— Z V. '(X)Wi ((7“2 - Z)Uil/'yij.fbi + (’I"j - Z)vjl,/’m'xj> - Z ﬁvj/Vij$i +7ijjl-/%j$j
= ij - _ AT, |

(i.5)eM Vij(x) A V)

So IP;(z) is just maxyxer h.(x) = f(z).

We now consider the second statement. It is clear that the optimal value of IPy(z) is at least
the optimal max-dicut value on G, subject to the constraint F: for any S C [n] consider the IPy(z)
solution x = 1g and y;; = z;(1 — z;), which has objective equal to the cut value of S. We now
show that the optimal value of max-dicut on G, subject to constraint F is at least that of IP5(z).
By Lemma 4, there is an optimal solution (X,y) for IPy(z) with Z; =0 for all i € N,. From the
constraints in IPy(2), we have 7,; <min{Z;, 1 —7;} =7;(1 — ;). We claim that y,; =7;(1 —7;) for
all 4, 7. Indeed,

e If ;=0 or 7; =1 then clearly 7,, =0.

e [f 7, =1 then it must be that i € P,. By Lemma 2, all edges out of i have non-negative weight.

So w;;(2z) > 0. By optimality of (X,¥) it follows that 7;; = Z;(1 —T;).
So the optimal value of IP5(2) is > ; ;) pwi;(2) - Ti(1 — ;), which is the directed cut value of
{ieV:z;=1} in G.. So the optimal value of max-dicut on G, (under constraint F) is at least

that of IPy(z). O

Proof of Lemma 6 We first prove the equivalence of IP;(z) and IP,(2). By the first statement
in Lemma 5, the optimal value of IP;(z) is f(z). Let S C [n] denote the optimal solution, i.e.,

f(2) =h.(1s). By the second statement in Lemma 5, the optimal value of IP5(2) is the same as
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that of the max-dicut instance (under constraint F). Let S’ C [n] denote this optimal solution,
i.e., the optimal value of IPy(2) is cut(S’) the directed cut value of S’. By Lemma 1, we have
h.(1s) = cut(S) and h.(1g) = cut(S’). We now have:

cut(S)=h.(1g) > h.(1s) = cut(S") > cut(S),

where the first inequality is because S is the optimal solution to f(z) and the second inequality is
because S’ is the optimal solution to the max-dicut instance. Thus, we have equality throughout,
which proves the equivalence of IP;(z) and IP,(z).

We now show that the optimal value of IPy(z) equals the optimal max-dicut value on G.. By
Lemma 5, the optimal IP5(2) value equals the optimal max-dicut value on G,. We will show that
the optimal max-dicut value on G, (@JT) equals that on G, (OPT). To see this, for any subset
S CV,let cut(S) and cut(S) denote the values of the cut S in G, and G, respectively. Let Ep(S)
(resp. En(S)) denote the total weight of edges from SN P, to V'\ S (resp. SN N, to V'\'S). So
cut(S) = Ep(S)+ Ex(S) and cut(S) = Ep(S). By definition of G, and Lemma 2, we have Ey(S) <0
and so cut(S) > cut(S) for all S C V, which implies OPT > OPT. For the other direction, let S
denote an optimal solution on graph G,. We may assume that S C P, as G, does not have any

out-going edges from vertices not in P,. So cut(S) = cut(S), which implies OPT <OPT. O
A.1. Complexity of the Max-Dicut Reduction

Even though the input to the assortment problem is rational, the weights w;;(z) in our reduction
may be irrational. As we saw in the proof of Lemma 2, we can write w;;(z) = (r; — 2) - a;; where

0 < ay; < 2nvpe,. We now give a detailed approach to deal with irrational c;; values. We define

€:= m, and for every «;, pick a rational a;; such that |a;; —@g;| < e. Dirichlet’s approximation
theorem guarantees the existence of @;;. where the denominator is at most + (so the numerator is
at most 2’“’%) Note that the bit complexity of each rational o is O(log(n 7mas Uimas)) Which is
polynomial. The method of continued fractions can be used to compute @;; in polynomial time.

With this, we define a new integer program as follows.

(i,j)eE
subject to: y;; < x;, V(i,j)eE
Yij <1 —mj, V(i,j) € E
yi; €{0,1}, V(i,j)€E (IP5(2))
x; €{0,1}, VieV
Tpi1 =0

xeF
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where W;;(2) =7; - ay; for @;; as defined earlier. The integer programs IP,(2) and IPy(z), which
have identical feasible regions, satisfy the following lemma.

LEMMA 18. Fiz any z. Let (x,y) be a feasible solution for IPy(z) and IPy(z). Let x(x,y) and
X(x,y) denote the objective value of (x,y) for IPy(z) and IPy(2) respectively. Then

IX(%,y) = X(x,y)| < =

Moreover,

_ 1
| max x(x,y) —maxx(x,y)| < —.
X,y X,y n

In words, the difference in the optimal values of the formulations is bounded by O(%)

Proof of Lemma 18 For the first part, we have

Ix(x,y) = X(x,y)|=| Z wi;(2) Y — Z wy;(2) - yij| = Z i(0u; — @ij)yij

(i,5)eE (i,5)eE (.j)eE

1
SnQ'Tmax'ezia
n

where the inequality follows from the fact that |E| <n? z>0, so 7; =7; — 2 < 'max, and the fact
that |oy; —@;;| <e. For the second part, let (x',y’) and (x”,y”) be the optimal solutions to IP5(z)

and IP,(z) respectively. We claim that |x(x',y’) — X(x”,y")| < 1. We have

SRS

x(x,y) = x",y") <x(x,y") —x(x',y') <

where the first inequality is due to the fact that Y (x”,y”) > X(x/,¥’), and the second inequality
follows from the first part of the lemma. Furthermore, using the fact that x(x’,y’) > x(x”,y”) and
the first part of the lemma, we get

1
x(xy") = X", y") = x(x",y") = x(x"y") = ——.
n
This proves the desired result. O
As a consequence of Lemma 18, at the loss of a 1+ o(1) factor in the objective, we can assume

that all edge weights in the reduction to max-dicut are rational with polynomial bit complexity.

Appendix B: Algorithm for unconstrained assortment optimization

We define the upper-bound g(z) as the optimal value of the following SDP relaxation. This was
used to obtain a 0.874-approximation algorithm for max-dicut with non-negative weights by Lewin

et al. (2002).

g(z) = maximize: i Z wij(2)(1+up-w; —up - uj — u; - u) (SDP(z))

(i,J)EE
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subject to: ug - w; + g - uj+u; - uy; > —1 1<i,j<n+1 (13)
—Up- W —Up-uy+u;-uy; > —1 1<4,5<n+1 (14)
—Up-uit+up-u;—u;-u; > —1 I<i,j<n+l (15)
Up-u;—Up-uj —u;-u; > —1 1<i,7<n+1 (16)
Upi1=—Up (17)
weR™ uou; =1 0<i<n+1 (18)

where every u; for i € V' is a vector corresponding to vertex i. At a high level, the vector ug is used
to determine which vertices are placed in the cut. To see that SDP(z) is a relaxation, note that for
any cut S CV, we can set u; = (1,0,...,0) e R"*? for 1 € S and i =0, and u; = (—1,0,...,0) € R"*2
otherwise. This is a feasible solution, and the objective value of this solution is equal to the value
of the cut (S,V'\ S). From Lemma 6 it follows that ¢(z) is a valid upper bound for f(z).

Since G, may have edges of negative weight, we cannot directly use the approximation guarantee
from Lewin et al. (2002). We prove a lemma analogous to Lemma 7 that allows us to drop all edges

with negative weight in G, (without loss of generality).

LEMMA 19. Given an optimal solution {u}}!% to SDP(z), we can construct another optimal solu-
tion {w;}1=) such that for all i € N,, @; = —u}), i.e. no vertex that has outgoing edges of negative

weight contributes to the solution, and for all i € P,, u; =u;.

Proof. Given the SDP solution {u;}74 construct {u;}!; as follows:

), ifiEN.
" lur, ifieP,.=V\N.,ori=0

Notice that Ty = uj;. We claim that {u;}/f;' is a feasible solution for SDP(z) and that its objective
value is at least as much as the objective value of {u}}7; .
Feasibility. Clearly the new solution satisfies constraints (17) and (18). Using the fact that the

vectors {u;}74) in SDP(2) are all unit-vectors, we can rewrite constraints (13)-(16) as the following:

(uo + ;) - (wo +uy) >0 (19)
(o — ;) - (o — ) >0 (20)
(1o — ;) - (up +u;) >0 (21)
(uo +u) - (up —uy) =0 (22)

To see the validity of these constraints, consider the following cases:

1. i,j € P,. Then all constraints are satisfied due to the feasibility of {u;}7Z,.
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2. At least one of 4,j (say ) is in IV,, so W; = —Up. The left-hand-side in constraints (19) and
(22) are zero, so they are trivially satisfied. The left-hand-side in constraint (20) is 2(to - U —
Uo - U;) = 2(1 — U - ;). Similarly, the left-hand-side in constraint (21) is 2(1 + o - u;). As Up
and U; are unit vectors, we have |Up - U;| <1 which implies the validity of (20) and (21).

Optimality. Note that the (SDP(z)) objective can be written as

w;;(2) (o + 1) - (up — y).
(i,5)€E

NG

Define o}, = (ug 4 uj) - (uy — uj) corresponding to the (i,j) term in the objective for {u;}iZ;.
Similarly, define 6,5 = (o + 1) - (Uo — W;). We will show that w;;(2)(0:; — 0j;) > 0 for each (4, j) € E,
which suffices to prove the optimality of {u;}//;. To see this, consider the following cases:

1. i € N, so W; = —Uo. Here, 0;; = 0. Moreover, o;; > 0 by constraint (22), and so 0;; — 0;; <0.

Using i € N, and Lemma 2, we have w;;(z) <0. Hence w;(2)(0;; — 0;;) > 0.

2. i€ P, and j € N, 50 ¥ = —To. Here, 0, = 2(1 4 To - W) = 2(1 + g - uf). So

where the inequality is by (19). Using i € P, and Lemma 2, we have w;;(z) > 0 and hence
wi;(2)(0i5 — 0f;) = 0.

3. 1,j € P.. In this case 0;; = 0j;, which implies w;;(2)(0;; — 0j;) = 0.
]
As g(z) is a valid upper bound to f(z), we have g(z) >0 for all z € R. To prove the existence of

a fixed point for ¢(-) /vy, we use the following theorem from Berge (1963).

THEOREM 13. Let Z and U be topological spaces, ¢ : Z x U — R be a continuous function, and
C:Z—2Y be a compact valued correspondence such that C(z) #0 for all z € Z. Define ¢*: Z — R
by ¢*(z) =sup{¢p(z,0) |0 € C(z)}. If C is continuous at z, then ¢* is also continuous at z.

LEMMA 20. There exists a fixed point for g(-)/vy.

Proof. Let {u;}}4; denote any solution to SDP(z), and let U C R"+2*("+2) he the space of

feasible solutions to SDP(z). Note that U is compact. Moreover, let ¢(z,u) =1 > w;;(z)(1+uo-
(i,5)eE
u; — Up - u; — u; - u4) which is quadratic in the variables {u;}/f;', and linear in z. Hence ¢(z,u) is

continuous in all variables. Let the space Z =R. Note that ¢*(z) is the same as g(z) for all z € R.
For every z € Z, the space of solutions U to SDP(z) does not change, and thus the correspondence
C is constant, and hence continuous. Moreover, U is compact, and so C' is a compact-valued
correspondence for all z € Z. We have set-up the above notation in correspondence with Theorem

13. Thus, we can conclude that g(z) is continuous for all z € R.



Ghuge, Kwon, Nagarajan and Sharma: Constrained Optimization under the PCL Model

47

For any (i,j) € E, note that w;;(z) has a negative linear dependence on z and by (16) we have
(I+up-uw;—ug-u;—u;-u;) >0. So g(2) is a non-increasing function of z.

On the other hand, vyz is increasing in z. Note that at z=0, g(z) >0 and vz =0. As z — o0,
vz — 00. Combining these observations, we conclude that there is 2> 0 with g(2) =v,2. U

We now reformulate SDP(z) based on the following observations and notations. Given constraints
(17) and (18), all the constraints (13), (14), (15), (16) when i =n+1 or j = n+1 become redundant.
So, we can remove all constraints involving variable u,.; and replace all occurrences of u,; in
the objective by —ug. Note that this does not change the objective value g(z) of SDP(z).

The constraints (13), (14), (15), (16) are also redundant when i = j. After removing the variable
U1, we switch to the “matrix view” of SDP(z). We consider the variables to be entries in a
symmetric matrix X = UU* € R+Ux(+1) Here each row u; of matrix U corresponds to variable
u; of SDP(2): so the variables in the reformulation are z;; = u; - u;. We note that Lemma 20 still
holds for this reformulation (and the proof is identical).

We define symmetric matrices T;; € RCTD*( 4D for (4,5) € B, j#n+1 as follows.

) : if (o, 8) =(0,1) or (4,0)
Tij(e,B) =4 -3 if (a,8) €{(0,5),(j,0). (0, 5), (4,))}, VO<a,f<n

0 otherwise

and symmetric matrices T;; € R®TD*+D for (i, §) € B, j=n+1 as follows.

= 1 if (o, B) = (0,i) or (i,0)
Ti' 3 — . ’ VO S ’ S .
i@ B) {O otherwise xpn

Let (T, X) = trace(T"X). Note that the objective of SDP(z) now becomes
1 ) 1 _ 1 1
1 > wij(z)<Tij,X>+Z > wij(z)<Tij,X>+Z > wij(z)+z > wy(2)

(1,J)€EE,j#n+1 (1,5)€EE,j=n+1 (i,5)€EE (i,5)€E,j=n+1

We further simplify the objective by setting T(z) = i(Z(i7j)eE7j¢n+1wij(Z)ﬁj +

D (id)e B j=nt1 wij(z)Tij). Notice that T'(z) is a symmetric matrix. We also define ¢(z) =

T2 Gyemigni1 Wis(2) F 5 206 iy emjmni1 Wij (2) We can now reformulate SDP(z) as follows.

g(2z) = maximize: (T'(z),X) + ¢(z) (SDP5(2))
subject to: Xo,; + Xo; +X; ;> —1 1<4,j<n, i1#] (23)
—Xo;i —Xo; +X,,>—1 1<4,5<n, 1#j (24)
—Xo,i +Xo; —X;;, > —1 1<4,5<n, 1#j (25)
Xoi = Xoyj —Xi;=>—1 1<i,j<n, i#] (26)

X, =1 0<i<n
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We now transform SDP5(2) into its standard form. Let K index all constraints in (23) - (26). First,
we introduce a non-negative slack variable -y, for each constraint k € KC to convert the inequalities

into equalities. For example, for a constraint & of type (23), we get Xo,; +Xo;+ Xi; — v = —1. Let
I" be a diagonal matrix of the =, slack variables. Let Y = )é (I)‘ be a block matrix of the decision

variables. Note that Y > 0 if, and only if, X = 0 and ~, > 0 for all k € K. Moreover, we introduce
symmetric matrices Ay for all constraints k € K to write the constraints in standard form. For
. eel 0
1=0,1,...,n,let D, = 0 0
T(z) accordingly (by appending zeros corresponding to the variables in T").

where e, is a unit vector with a 1 in the i** position. We also modify

Also, notice that for a fixed z, the term c¢(z) in the objective function of SDPy(z) is constant,
and thus can be omitted. Then, we can write SDP,(2) in standard form as follows. We let ¢'(z)

denote the objective value of the new SDP. Note that ¢'(z) + c(z) = g(2).

¢'(z) = maximize: (T'(z),Y) (SDP3(2))
subject to: (4, Y)=—-1, Vke K (27)
(D,,Y)=1, i=0,1,..n (28)

Y >0

It is easy to verify that Y = I, a positive definite matrix, is a feasible solution to SDP3(z). The
dual of (SDP3(z)) has the following form.

¢'(z) = minimize: Z O — Zm (SDPp(2))

ke 1=0
subject to: Z Apdy + Z Din; <X -T(z)
kek i=0

where 0, are the dual variables corresponding to constraint (27), and 7, are the dual variables
corresponding to constraint (28). Let A be the maximum absolute value over all eigenvalues of

matrix 7T'(z). Then the following is a feasible solution for SDPp(z).

;=0 for all i €
ni=—(1+2X) fori=1,...n

Moreover, it is a strictly feasible solution, i.e. Y, o Apdy + > . Din; < —T'(z). Hence, we can
conclude that strong duality holds and that the primal and dual optimal values are achieved.

In order to compute the fixed point, as in §4.2, we include z as a variable for SDP (z), reintroduce
the constant term that was omitted, and add a linear constraint to equate the objective function

with vpz. The SDP that gives us the fixed point to g(-)/vo is as follows.

n

minimize: Zék - Zni +c(z) (SDPrp)

ke =0
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subject to: ZAkék + ZDmi = -T(2)

kex 1=0
Z(Sk —Zm—i—c(z) =yz
ke =0

Similar to the Lemma 9, if ({S}ke/c, {n:}", 2) is an optimal solution to SDPrp, then Z is a fixed
point for g(-)/vg. The proof of this fact is identical to the proof of Lemma 9.

Using Lemma 19, we obtain an optimal solution to SDP(z) with z = 2 that does not select any
vertex of NV,. So, for the rounding, it suffices to focus on the subgraph G, with non-negative edge
weights. Using the randomized 0.874—approximation guarantee from Lewin et al. (2002) that is

relative to the SDP relaxation in (13)-(18), we obtain Theorem 2.

Appendix C: Missing Proofs from Section 4

Proof of Lemma 8 We first observe that g(z) is continuous. For any z, as g(z) is the optimal
value of LP(z), it equals the maximum objective value over finitely many extreme points of the
feasible region of this LP. As the objective coefficients w;;(z) are linear in z, it follows that g(z)
is a piecewise linear function, which is continuous. Moreover, since g(z) > f(z), we have g(z) >0
for all z € R. Coupled with Observation 1 and the fact that vyz is strictly increasing in z, we are

guaranteed the existence of a fixed point 2 >0 for g(-)/vo. O

Proof of Lemma 9 Let 2’ be the point such that g(z’) =vpz’. We want to show that Z=2'. Let
(o, 3',4',9') be an optimal solution to the linear program described by D(2'). By strong duality
for LP(2'), we have Y. /.4 > ~i+cd' =g(2') =2 So, (o, B',7",8',2) is a feasible solution

(i,J)€EE 1€[n]
to the linear program (D). Thus, we have

vz’ = g(2") Z B+ Z vi+cd > Z Bu + Z Yi + 6= Vo2,
(i,0)€E i€[n] (i,J)€EE i€[n]

which implies that 2z’ > 2 (since vy > 0). Above, the inequality uses that (&, B,ﬁ/, 5) is an optimal
solution to (D). We now show that 2z’ = Z. Suppose, for a contradiction, z’ > 2. Note that (d,,@,’y, 3)
is feasible to D(2). By strong duality for LP(Z), g(2) equals the optimal value of D(2). So,
g(2) < Z Bi,+ Z A+ ed =2 <wpz' = g(2).
(i,9)€EE 1€[n]
As g(z) is non-increasing in z (Observation 1), we obtain Z > 2/, a contradiction. 0
Proof of Theorem 4 Recall that (z,y) is an optimal basic feasible solution to the LP (9). By the

definition of a basic feasible solution, there are n 4+ m linearly independent and active constraints

for (x,y) where n and m are the numbers of z and y variables. Let A denote the set of all active
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constraints. Note that (x,y) is the unique solution for the system of linear equations in A, so A
has rank n +m. We consider two cases.

The constraint Zie[n] s;x; < ¢ is mot active. Starting from the linear system A of rank n + m,
we iteratively reduce the rank to obtain an “equivalent” linear system of rank n. This done by
carefully eliminating all the y variables. For every variable y;;, we claim that either both y,;; <z;
and y;; <1—ux; are active or exactly one of them is active. If both these constraints were inactive
then we could increase y;; to obtain a higher objective value, contradicting the optimality of (z, 2).
We now modify the linear system as follows:

o If both the constraints for y,; are active, we replace them by the single constraint z; +z; =1

and drop the variable y;;.
o If exactly one of the constraints for y;; is active, we drop this constraint and y;;.
In either case, the number of variables (and hence the rank of the linear system) is reduced by
one. It is easy to see that the modified linear system also has a unique solution as A has a unique
solution. By applying this modification for every y;;, we obtain a linear system A" with exactly n
variables that has a unique solution. Let us denote by E’, the set of (unordered) pairs (4,j) for
which constraint z; +z; =1 appears in the linear system A’. Letting {p;}?_; denote the variables

in A’, its constraints are:
Pi +p] = ]-7 \V/(Z,]) EL
p; =0, ifx; =0 (29)
pi = ]., if Tr; = 1

Note that x is the unique solution to this system. Let I ={i € [n]:z; € {0,1/2,1}} and I* = [n]\ I.
Note that there are no edges in E’ between I and I*: this is because the corresponding z-values
cannot add to one. Let E” C E’ be the set of edges incident to vertices in I*: note that both

end-points of these edges lie in I*. The constraints in A’ involving variables {p; :i € I*} are just:
pi+pj:]-a \V/(i,j)EE//. (30)

As z is the unique solution to A’, it follows that {z; :¢ € [*} is the unique solution to linear

system (30). Now, let E”” C E” be a maximal subset so that the constraints
pi+pj:17 V(i,j)EE///,

are linearly independent. Again, {x;: 7 € I*} is the unique solution to this linear system. So |E"'| =
|I*|. We now claim that I* = (), which would prove the theorem. Suppose not: then the subgraph
induced by the set E” on vertices in [* must contain a cycle U because |E”| = |I*|. Since x; ¢
{0, %, 1} for each i € I'*, the cycle U must have an even number of vertices, which contradicts the

fact that constraints in (30) are linearly independent.
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The constraint cln] SiTi < ¢ is active. The proof in this case essentially follows from the proof of
Theorem 1 in Ageev et al. (2001). As the result in Ageev et al. (2001) was only for the special case
that all sizes s; =1, we now provide a complete proof for general sizes. Using the same approach
as in the previous case to drop variables {y;;}, we obtain a linear system similar to (29) with n

variables that has x as its unique solution:

Zz 1 Sipi =¢C
pi+pj=1 V(i,j)eF
pl‘zl, lfﬁlzl

As before, let I ={i € [n]:x; €{0,1/2,1}}, I* = [n]\ I and E” C E’ be the edges incident to I*.
Recall that both end-points of edges in E” lie in I*. Let ¢* =), _,. s;7;. As z is the unique solution

(31)

o (31), it must be that {z;:i € I*} is the unique solution to:
pi+p;j=1,  V(ij)E€E"
Diers SiPi ="
Now, let B C E” be a maximal subset so that the constraints
pi+pj=1, V(i,j)eE"”
Diers SiDi=C"

are linearly independent. There is one caveat: it could happen that the knapsack constraint

(32)

Y icr+ Sibi = ¢* is not part of any maximal linearly-independent system; then, the rest of the proof
is identical to the previous case (where the knapsack constraint is inactive). Below, we assume
that there is a linear system as above that is linearly independent and has a unique solution. So
|I*| = |E"| 4+ 1. We now claim that there is no cycle in the edges E": this follows as before because
any cycle on I* must be even, which contradicts the linear independence. So the subgraph (I*, E")
is a tree. Choose any vertex r € I* as a root. Using the equalities corresponding to E” and the
fact that x; # 0, é, 1 for all i € I'*, it follows that all vertices at odd (resp. even) distance from r
have the same value. Moreover, these two values add to one. So there is some 0 < § < % such that

x; € {0,1 =6} for every i € I*. This completes the proof. O
Proof of Lemma 11 Recall that
F(x)= Z wijz;(l—x;) and L(x Z w; min{z,, (1 —x;)}.
(i,J)€EE (i,j)€EE

From Theorem 4, since x is an optimal basic solution to LP (9), there is a 0 < 4§ < § such that
z;€{0,6,2,1 6,1} for all ¢ € [n]. Recall that
={i|z;=6}\Vo={i|x;=1-0},Va={i|x; = }andw:{xi]azi:O or 1}.
Consider any (7,7) € E with min{x;,1 —x;} >0, where i € V,, and j € V. Then, we have one of

the following cases:
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1. max{z;, 1 —x;} =0 when (p,q) € {(1,2)}
2. max{x;,1—xz;} =1—0 when (p,q) € {(1,1),(2,1),(2,2),(2,3),(3,1)}
3. max{x;,1—x;} = % when (p,q) €{(3,2),(3,3),(1,3)}

4. max{z;,1 —x;} =1 when (p,q) € {(1,4),(2,4),(3,4),(4,1),(4,2),(4,3),(4,4) }
Any (p,q) pair not listed above has min{z;,1 —z;} =0forallieV,, jeV,.

Let w;;min{z;,1 — z;} be the weight contributed by edge (i,j) to L(x). We denote by [,, =
> iev, 2ujev, Wijmin{x;, 1 —x;} the total contributed weight of edges from V, to V, where p,q €
{1,2,3,4}. We group these weights according to the four cases above: Y; =119, Yo =111 + 1oy + lao +
Lo + g1, Ya = lis + lso + I3 and Yy = 522 (luy + L) + Laa. Note that L(x) =Y, + Ya+ Vs + Ya.

Using the fact that z;(1 — z;) =min{z,,1 — z;} max{z;,1 — z;} and the four cases above,

4 4
. 1
F(X):ZZ Z ’wij'mln{ﬂfi,l—ﬂfj}max{l‘i,l—l‘j}:(s'}/l-i-(1—5)'Y2+§‘}/;),+Y4.
p=1 q=11ieVp,jeVy
We assert that F(x') >Y; 4+ 22 where x’ is defined in (10). Note that z = z; for all i € V3 U
V. We now consider two cases. First, suppose S(V;) > S(V,) where S(V,) =>_._, si. Then, by
(10) we have 2z, =0 for all i € V5, and 2} > 2, =0 for all i € V}. It can be checked directly that

i€V,

max{zj, 1 — z}} - min{x},1 — 2} > max{z;,1 — x;} - min{z;,1 — z;} for all i € V},j € V; where
(p,q) € {(1,2),(3,2),(3,3),(1,3)}. Moreover, for i € V; and j € V, we have max{zj,1 — 2/} =1
whereas max{z;,1—z;} = 4. So, F(x') >Y; + 3¥5. On the other hand, if S(V;) < S(V2), we have
xi=1forallie V) and z; <z; =1-¢ for all i € V5. Using similar calculations as the previous case,

we again obtain F(x') >Y; + 1Y5.

Let A= 1{2_;6; note that A € [0,1]. It now follows that

Y;

max{F(x), F(x')} > max{Y1, Y1+ (1-9)Yo+Y,} + % >max{Y;, oY1+ (1—-0)(Yo+Yi)} + 5

>NVt (L) (0 (1= 5)(Ya +Y)) +

= (A - DY+ (- (1)t i) 4 2 = LY 4 Y 4 Vit ) = 05L()

Recall that the e—convexity property holds for F'. Since we run pipage rouding (Theorem 3) with
both x and x’ and pick the better solution, we obtain a solution of weight at least 0.5 L(x) which
concludes the proof. Because ), x; =, 2, = ¢, Theorem 3 also implies that both the rounded
solutions are integral. O

Proof of Lemma 12 Recall that x is the basic optimal solution of (9). As noted before, F'
satisfies the e-convexity property. In order to apply Theorem 3 we will show that the F/L lower

bound property holds for x with o =0.5. As constraint ), s;x; < ¢ is not active, by Theorem 4
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1

we know that z; € {0, 5,1} for all i € V. So for every (i,j) € E that contributes a positive value to

L(x), we have max{xz;,1 —x;} > 1. Using the half-integrality of x, for any (i,7) € E we have
1
z;(1—z;) =min{x;,1 —x;} - max{x;, 1 —x;} > 3 -min{z;, 1 —x;}.

So the contribution of any (4,j) € E in F is at least 3 times its contribution in L. Hence F(x) >
0.5+ L(x), which concludes the proof. O

Proof of Theorem 5 In this proof, variables x, X', X, and x* correspond to those defined in
Algorithm 1. By Theorem 3 and Lemmas 11 and 12, it follows that solution x* has at most one
fractional variable and F(x*) > F(%x) > 0.5- L(x). We now consider two cases.

If constraint ), z; < ¢ is active then we know that ), &; = ¢; note that ) . x} =), z; = c. In this
case, Theorem 3 implies that x* is integral. So the resulting solution I; has value F'(x*) > 0.5- L(x).

If constraint . z; < ¢ is not active then Theorem 4 implies that x; € {0, 3,1} for all i € V. Let
Yo =c <c. Again, if x* is itself integral then solution I; has value F'(x*) > 0.5- L(x). It remains
to consider the case that x* is not integral. Let i € V' denote the only fractional variable in x*.
Note that > a7 =>".2; =) ,x; =c. As x* has a unique fractional variable, ¢’ is not integer. So
|I| = || and |I;| +1 =[] < c. Hence, both the solutions [; and I; U {i} satisfy the capacity
constraint. In order to bound the objective let us define the vertex-sets Uy = {j € V | 2] = 0}, and
Uy={jeV]z; =1} Let Wi, be the total weight of edges from U, to U, Wy the total weight
of edges from i to Uy and W; the total weight of edges from U; to i. The cut value of x* is
F(x*)=Wo+ % + % < Wio + max{Wy, W;}. The two integral solutions we consider have values
Wio + Wy and Wio + Wit so the better of these has value at least F'(x*) > 0.5 L(x).

So in all cases we obtain a solution of value at least 0.5 L(x), which proves the approximation
ratio for max-dicut under capacity constraints.

Using this rounding algorithm within the approach in §4.3 and Theorem 1, we also obtain a
0.5-approximation algorithm for the capacitated assortment problem. O

Proof of Theorem 6 1f )", s;x; = c then step 2 applies and F'(x) = max{F(x), F'(x')} > 0.5- L(x)
by Lemma 11. If ), s;x; < ¢ then step 3 applies and we have F'(x) = F'(x) > 0.5- L(x) by Lemma 12.
In either case, we have F'(x) > 0.5- L(x).

Now, using Theorem 3, it follows that F'(x*) > F(x) > 0.5- L(x). We now show that the better
of solutions I; and I, in step 4 has weight at least F(x*) which would prove the theorem. To
see this, let 7 = f be the fractional variable. As in the proof of Theorem 5, define sets of vertices
Uy={jeV|x;=0} and Uy ={jeV |z =1}. Let Wy, be the total weight of edges from U,
to Uy, Wy the total weight of edges from i to U, and W, the total weight of edges from U; to
i. Clearly F'(x*) =W+ f-Wy+ (1 — f)W;. The cut value from solution I; (resp. I) is at least
Wio+ Wi (resp Wy). So the better of these two is at least max(Wyo+ Wy, Wy) > %(Ww + Wi +W,) >
(Wi + fWo+ (1 — f)W:1) =0.5F(x*) because f € [0,1]. O
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Appendix D: Missing Proofs from Section 5

Proof of Theorem 7 We first need a few useful lemmas.
LEMMA 21. The expected revenue of the optimal assortment z* € [Ryin, Rmaz], where R, =
%ﬁw and Ryuu. = max;(r;).

Proof of Lemma 21. Recall that we have defined z* in Equation (2) as

. . Z(i,j)eM Vij(x) Rij(x)
2" =7m(x") =maxm(x) = .
xeF Vg +Z(lc,l)eM Vit (x) 7w

We also have the following upper bound on R;;(x):

1/vij
i
vi/ Yz, +v

1/7ij 1/7ij 1/7ij5
i+ 70, Vr;  Rpaav; Vx4 Ripaev;” g

1/7ij
J

r;v

Rij (X) = = Rmaz .

1/735 1/7vi5
i T +v; X

Z; N v
Thus, we conclude that z* < R,,,,,. To obtain a lower bound on z*, consider the assortment which
consists of displaying only product 1 (Without loss of generality, assume that product 1 has r; >0

and v, >0), i.e. we set z; =1 and z; =0 for all 7 € [n]\{1}. Then,

x_ z:(i,j)eM Vij (%)Y R, (x) B ZjeN (Y nvLTy 101 min, (r;) - min; (v;)

v+ Z(k,l)eM Vi (X)H v —|—2jeN vy — (n+1)max;(v;) — 2-max;(v;) — 2 - max;(v;)
where the first inequality follows by replacing vy and v; by max;(v;) and the second inequality
follows because 2n >n-+1 for all n > 1. O

LEMMA 22. If ALG, > vz, then z* > z.

Proof of Lemma 22. Let x* be the optimal assortment that achieves an expected revenue of z*,
i.e. m(x*) = z*. We have that
ALG. = ) V(%) [Ry(%) — 2] > voz.
(i,5)eM
Rearranging the terms gives us
> jem Vi (%) Ry (X)
Vo + Z(i,j)eM Vij (%)

The term on the LHS is exactly 7(x) < 7(x*), and thus we conclude that z* > z. O

LEMMA 23. If ALG, <wyz, then z* < i

Proof of Lemma 23. We prove the above claim using its contrapositive. We want to show that

if z* > =z then ALG, > vyz. Let x* be the optimal assortment that achieves an expected revenue

of z*, i.e. m(x*)=2z*, and X be the assortment that maximizes f(z). From z* > o we get

> gyenr Vi (X7) 9 Rij(x7) > =

Vo + Z(i-j)EM Vij(x*)s ~ ac
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Rearranging terms to get,

ac Z Vij (x)% Ry (X™) > voz + 2 Z Vij (X)) > vgz + zae Z Vij(x*)Yi

(i) EM (i) eM (i,))EM
where the second inequality follows because a¢ < 1. This gives us the relation
ac Y Vi) [Ry(x) 2] > vz,
(i,5)eM

From the definition of X, the equivalence of f(z) and the max-dicut instance (Lemma 6) and the
fact that our solution X is an ac—approximation to the optimal, we get
ALG.= > Vy(R)¥[Ry(R) =2l > ac D> Vy(R)¥9[Ry;(%)—2]>ac Y Vij(x*) 9 [Ry(x")—2] > voz

(4,5)eM (4,5)EM (3,5)EM

which concludes the proof. O
LEMMA 24. At every iteration of Algorithm 2, L < z* < %.

Proof of Lemma 24. This is clearly true in the first iteration. Inductively, assume that the claim
is true for some intermediate iteration, say iteration k. We want to show that the claim continues to
hold in iteration k+ 1. If ALG, > vz, then Algorithm 2 sets L < z, and iterates. By the induction
hypothesis, z* < % continues to hold, and by Lemma 22, L < z*. On the other hand, if ALG, < vz,
then Algorithm 2 sets R < z, and iterates. By the induction hypothesis, L < z* continues to hold,
and by Lemma 23, z* < %. This concludes the induction. O

We are now ready to complete the proof of Theorem 7. First, assume that L has been updated
at least once in the course of the algorithm. Then, there must be an assortment % found in Step 4

A~

of some iteration where 3, -, Vij(%)7[R;;(X) — L] > vyL. On rearranging terms, we get

Z(i,j)eM Vij (’A()%j Rij ()2)

> L
o+ e Vi (%)

where the left-hand-side of the inequality is the expected revenue 7(x) of our solution. If L was
never updated, then L = R,,;,, and we can return the assortment used to calculate R,,;,. The above
equation continues to hold for this case. Using Lemma 24 we know that z* < %, and from the

termination condition we know R — L <e. Putting these together, we get 2* < La—ze Thus,

m(Z)>L>acz" —e=acz" —0R i > (e — 0)2"
which is our desired approximation guarantee.

Let the number of iterations of Algorithm 2 be ¢. At each step, we halve the range R — L for the

search, and the search stops when this range is smaller than € = § R,;,,. So Algorithm 2 terminates
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after t = log, (W) iterations, which is polynomial in the input. Moreover, the time taken
in each iteration is dominated by the approximation algorithm for max-dicut which is denoted
p(n). So Algorithm 2 runs in time O(log (%W)p(n)). Theorem 7 now follows by using the
values R,,;, and R,,q, from Lemma 21. O

Proof of Theorem 8 Note that the overall enumeration needed is n'*t*/ <. O(logn) for subset
S and value U. Also, for each choice of U and S, the algorithm runs in polynomial time. So the
overall algorithm runs in polynomial time.

We now prove the approximation ratio. Note that OPT < U < 2-OPT for some choice of U. Let T'
denote the set of heavy vertices with respect to €’ that are in some optimal solution. By Lemma 13,
we know that |T'| < [4/€"]. So we will have subset S =T in some enumeration. For this choice, it is
clear that LP*(S) > OPT and we obtain a cut of value at least 0.5- OPT —€'U > (0.5 —¢)-OPT.

So we obtain an (0.5 — €)-approximation algorithm for max-dicut with a knapsack constraint. The

second statement follows by combining this result with Theorem 7. O

Appendix E: Missing Proofs from Section 6
Proof of Lemma 15. Fix i € Q,. Define random variable Z, for k € OPT as

oi1/2, with probability p
Zy= .
0, otherwise

Then we have a; =23, 557 Zr and Egla;] = p- O;. Note that each Z; € [0,1]. For each k, let
Xy = Z, — E[Z]; note that | X;| <1 and E[X,] =0. Because {Xj : k € OPT} are independent,

Bernstein’s inequality gives:

42
Xul>t| <2 O t>0.
2% ]— o (35 ameas) o

Let p=>, E[Zy] =pO;/2 and t =eNp/2. Note that >, E[X7] <>, E[|X,[]] <2}, E[Z,] =2pu.

P

eNp —t2
Plla; — Ela; Np|=P Zy, — — | =P X t| <2 _—
o~ Ela| > Npl =P || 24l > G2 =P || k>] < 2o () B9
Using the values of p and ¢,
t? 2 t? e2N?p 3eNp e2Np 3eNp e2Np
——————>ming —,—— p=min{ ———— > mi = =3log N.
4,u+2t/3_mm{8u’4t/3} mm{ 160, " 8 }—mm{ 32 8 53~ olog

The last inequality used the fact that O, < 2N and the last equality used the definition of p.
Combined with (33) we obtain P[|e; — E[ey]| > eNp| < 5. O
Proof of Lemma 16. We will show that Pg[LP(x) > OPT —eN ZieQz v >1— % Clearly,

this implies the lemma as the objective is always non-negative. Let B denote the event that |S| <
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2Np, which represents the non-trivial case in the algorithm. By Chernoff bound, P[B] > 1—e~"V?/3 >
1— 5.

We condition on the events B and that «; € [p- O; £ eNp] for all i € Q.. By Lemma 15 and a
union bound, this happens with probability at least 1 — N— — ﬁ >1— % We now have % —Ne<
O; =3 _,copr 0i; for all i. This implies that the integral solution OPT satisfies all constraints of

LP(«). Moreover, the objective value of solution OPT in LP(«) is:
- Z ;0T + Z Ci(z Z (O; — Ne)v;T; + Z =OPT — Ne¢ Z VT,
lEOPT 1€OPT i€OPT i€OPT 1i€OPT
which is at least OPT — Ne .

solution to LP(«) of objective at least OPT — Ne ), .
Proof of Lemma 17. Recall that X is an optimal solution to LP(«). The objective of x* in (11)

v;7;. Thus, with probability at least 1 — we have a feasible

N27

Ui?z’ . L]

is:

1,jEQz 1€Qz

Conditioned on the choice of S,

1,J€Qz I€Qx
=Y omdi ) oy(1-2;)+ ) Ci(2)d
1€Q% JEQ= 1€Q 2
> o (——Ne) + > Ci(2)&: > LP(X)— Ne Y _ v,
1€Qz 1€Qz 1€Qz

where the first inequality follows from the feasibility of x for LP(«). Taking expectation over S

and using Lemma 16,

E[ALG] > (1 - %) OPT — 2Ne ; Vi > (1 - %)OPT — 6eOPT,

where the last inequality follows from Lemma 14. O

E.1. PTAS for Capacitated Assortment Optimization

Here, we consider the capacitated problem when ¢ > dn for some constant 6 > 0 and prove Theorem
12. The proof is similar to that of the unconstrained problem (Theorem 10) and uses the binary-
search framework (Theorem 7). We will show that for any z > 0, there is a randomized PTAS for
the function value f(z) in (3) when the feasible solutions are F = {x € {0,1}":>_"" | #; < c}. Recall
from §3 and Lemmas 5 and 6, that the function value f(z) equals the optimal max-dicut value on
(NJZ subject to the capacity constraint (and that the dummy vertex n+ 1 is not selected).

As before, G, is the subgraph of G, consisting of non-negative edges. In our reduction described

in §3, recall that for every pair (i,7) € [n] X [n], we add four edges: (i,n+1), (j,n+1), (¢,7) and (j,%)
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with weights &,&5;, 4, and v5; respectively. From the definitions (4) and (5), we have & +1;; =
v;T; and &, + 15 = v;7;. Also recall the edge weights w;;(z) as defined in (6). In particular, for
i,j € [n] we have w;;(z) =¥ + 9. Let Q. = {i € [n] : 7; > 0}; recall that P, =Q.U{n+1} and

N,=[n+1]\ P,. Let N=|Q.,|. For any i € Q. and j € [n], we have w;;(z) < 2v;7; based on the

calculations in Lemma 2. For easier notation, for all 7,5 € Q. we define o;; = wf?(z) € [0,2]. Also,

for any i € Q., define C;(z) = Z]. ¢0. Wij (z). Finally, note that the optimal max-dicut on G, only

contains vertices from Q.. So f(z) equals:

B | 20T D ow + 2 GG ) (34

JEQ:\A €A

Below, we use OPT to refer to the optimal solution to (34) as well as its value. It will be clear
from context, which of the two is being referenced. Let OPT = Q. \ OPT, i.e. the set of vertices
that are not in the optimal max-dicut solution. For every vertex i € @), define O; = Zj copT Tij;
note that O; <2N. Consequently, the optimal value can be written as
OPT= > (vF:i-0;+Ci(2)).
i€OPT

The overall algorithm is similar to that in §6 for unconstrained assortment optimization. The
PTAS starts by sampling a random subset S C @, and then for each partition (U,U) of S, it does
the following and picks the best solution found. (1) Define «; = Ej e 0ij for each i € Q.. (2) Solve
LP¢ () described below. (3) Randomly round the solution of LP¢(«) to obtain an integral solution
RC Q.. (4) Obtain a feasible solution R* C R (i.e. |R*| <¢) by carefully dropping some nodes in
R. The main difference from the unconstrained case is in the last step above, which ensures that
the final solution satisfies the capacity constraint. The additional step in the analysis is to show

that this “pruning” step does not lose much in the objective (see Lemma 28).

THEOREM 14. For any € € (0,1), Algorithm 4 runs in W) time and finds a feasible solution
with expected objective at least 1 — % times the optimal capacitated max-dicut value on éz, where

the capacity limit ¢ = én.

We first discuss the running time of Algorithm 4. If the algorithm continues beyond step 2, the
sample size |S| < 2Np < 19261#. So the number of iterations of the for-loop, which is the number
of possible splits of S is at most 25l = n°1/ ), Moreover, each iteration of the for-loop involves
solving an LP with N variables and constraints, randomized rounding and partitioning the rounded
solution, all of which takes polynomial time. So the overall runtime is n°/ ),

We now analyze the performance guarantee. Throughout, we will assume that N > %: otherwise

(34) can be easily solved by enumeration.
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Algorithm 4 Randomized PTAS for capacitated max-dicut on CNJZ
1: Sample S: for every i € ., add ¢ to S independently with probability p = %.
2: If |S| > 2Np then set x =x* =0 and return solution x*.
3: for all splits (U,U): UCS,U=S\U do
4: Let o; := ZjeU o;; for all i € Q.
5: Solve the following LP and let X be its optimal solution.
maximize: % Z QU T - X+ Z Ci(2) - x;
1€EQ 2 1€Q 2
: e (1 — ) > Y ;
subject to: deQz oij-(1—xz;)> L —Ne, VieQ. (LP¢(a)
ZieQz er S C
x; €10, 1], Vieq,
1, with probability Z;
6: Set solution X as: &; = ,forallie@,. Let R={i€Q.:2;,=1}.

0, otherwise

7: If |R| > (14 7)c, where v = 3¢, then set x* =0 and continue.

8: Else, partition R into £ = [%1 parts, Ri, Ro, ..., Ry, with each part having at most ~c nodes.

9: For each k € [€] let cut(Ry) =3 ,cp ViTi D jeq.\r¥ij T X icr, Ci(2). Renumber the parts
so that cut(Ry) > cut(Ry) > ... > cut(Ry).

R, if |R| <c
10: Set R* = and x* to be the indicator vector of R*.

UL Z2 Ry, otherwise

11: Return the best x* found over all runs.

O(N—-1 = ON =
LEMMA 25. OPT > % Y icq. ViTi 2 S5 D icq. ViTi-

Proof. Consider a random solution S C @, to (34) generated as follows. First, each vertex i € @,
is chosen into a set R with probability g independently. Then, we set S =R if |R| <N, and S=10

otherwise. Using the definition of C;(z), the objective value of S is:

obj(S) =Y | D wiyz)+ Y wil2)

i€S \jeQ:\S J€Qz
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For any nodes i € ), and j (possibly empty) we claim:

PIRI<ON|icRj¢R > (35)

This follows by Markov’s inequality and E[|R| |i € R,j ¢ R] <1+ % (N —1) <1+ ¥ <X where
we used N >4/6. Using (35),

1
P[ieS]:P[z’eR,\R|géN}:P[ieR]-P[|R|géN\ieR]>%§:g, vieQ..

Furthermore, for any 7,7 € Q),, we have P[i € S, j ¢ S] equals:

PlicR,j¢R,|R|<6N]=Plic R]-P[j ¢ R]-P[|[R|<0N|icR,j¢R >~ (1——) ->

S

36
32°

| =

o
1

We are now ready to now bound E[obj(5)].

E[obj(S)] > 2,(25 Z wij(z)+g Z wir(z) = 156 Z <Z wi;(2) + wz‘,n+1(2’))

1,J€EQz 1€Qz,kEQ i€Qz \JEQ:z

:1%2 dwyz) + D (&) 2156‘ (V55 +5) + (&5 +€5)) (36)

1€Q, \JEQ: ken)\{} 1,jE€EQz
S(N —1)
= 21)1'?1"
Ty
1€Q2

Above, the equality in (36) uses the definition of w;,.1(z) and the inequality in (36) uses the
definition of w; ;(z) and that all the terms are non-negative. The final equality uses the observation
that &+ = v;7; = & +¢;; from (5). The lemma now follows as OPT > E[obj(S5)]. O

For any sample S C @, define its canonical split as (Ts,Ts) of S where Ts =S NOPT and
Ts = SN OPT. Note that one of the iterations of the for-loop will consider this split, and the
algorithm chooses the best solution over all iterations. In the analysis below, we will only consider

the solution resulting from the canonical split of S. Specifically, for this split, random variable
;=) csnopr 0i and so Esloy] =3 5pr0i; - Plj € S]=p-O..
LEMMA 26. Prg[|lo; —E[oy]| > eNp] < 25 for all i€ Q...

So, we have a; € [p-O; £eNpl, for all i € Q). with high probability, for the canonical split (T, Ts).
Let % be the optimal solution for LP¢(a) for the split (Ts,Ts), and LP(X) be its value.

LEMMA 27. Eg[LP(X)] > (1 — 37)OPT —€eN Y. viT:.

The proofs of Lemmas 26 and 27 are identical to those for Lemmas 15 and 16 respectively, and

are omitted. Let ALG denote the objective value in (34) of our algorithm’s solution x*.

LEMMA 28. Solution x* is always feasible and Es[ALG] > (1—2¢)-OPT.
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Proof. We first show the feasibility. If |R| > (1 + 7)c then x* =0 which is feasible. If |R| <¢
then Y ' (27 =|R|<c. If c<|R| < (1+4~)c then ) = |R*| < (£ —2)-7c as each part Ry has
at most yc nodes. Moreover, £ < %l +1<d S+ 2, which implies >  z} <c.

'le

We now analyze the objective value ALG conditioned on some sample S. Note that this also
fixes the optimal solution X of LP¢(«). If |R| < ¢ then ALG = 0bj(R). If ¢ < |R| < (1+7)c, then by
definition of cut(R},) in step 9,

-2 0
9
ALG > >7 >(1—27)- ] .
G_;CUt(Rk)_ ; ]; obJ(R)_( 7) - 0bj(R)

The second inequality above is by cut(R;) > - -+ > cut(Ry), the equality uses the definition of cut(Ry)
and obj(R), and the last inequality uses ¢ > % > ;.
Let G denote the event |R| < (1+v)c and 1g its indicator. So, we have

E[ALG] > E[ALG-1¢] > (1 —27) - E[obj(R) - 1¢].
Using (34), we now have E[obj(R) - 1g] equals:
> wTioy-PlieR,j¢R, G+ > Ci(2)-PlicR, G
1,JEQz 1€Qz
We will show that:

PlicR,j¢R G|>(1—¢) - 2(1—&,) and Plic R, G] > (1—¢) 2, Vi,j € Q.. (37)

Combined with the above two inequalities, this would imply that conditioned on sample S,

E[ALG] > (1—2y)(1—¢)- (Zvrw ZU” )—i—ZCi(z)ﬁ:i)

1€Q JjEQ2 1€Qz
2(1—27)(1—6).( Vi - ——Ne+ZC )
1€EQ 2 1€Q2
> (1-2y)(1—€)-LP(X) = Ne Y viTs.
1€Qz

where the second inequality follows from the feasibility of X for LP.(«). Taking expectation over

S and using Lemma 27,

E[ALG] > (1-2)(1- ) (1~ %)OPT —aNe Y u,
1€Q 2
24eOPT 24e
> (1— -2 /T s —10e— 2.
> (1 —Te) (1 NQ)OPT : > <1 10— = ) OPT

where the second inequality follows from Lemma 25 and v = 3e.



Ghuge, Kwon, Nagarajan and Sharma: Constrained Optimization under the PCL Model

62

It only remains to prove (37). Note that
PlicR,j¢R, G|=PlicR|-P[j¢R]-PlG|ic R, j¢R|=2(1—-1;)-P[Glic R,j ¢ R]. (38)

We now bound P[G|i € R, j ¢ R] using Chernoff bound. Using the definition of X,

P[Gli€R,j¢R]= th (1+7)el#=1,7,=0{ =P | Y & <(1+7)c—1
te[n]\i

Note that p=E[}_, ;%] < cand yc > 2e6N >4 as N > <. So,

Z i >(1+7)c—1] <P Z io>(1+ %)c < o—e/12 §€7620/2 Seﬂ?gzv/z <e
te[n]\i te[n]\i

2
36 2 e251n(1/e€) "

Combining the above two inequalities, P[G |i € R, j € R] > 1 —e. Together with (38) this proves the

where the second inequality is by Chernoff bound and the last inequality uses N >

first inequality in (37). The second inequality in (37) follows identically (there is no node j). [
This completes the proof of Theorem 14. For any € € (0, 1], using € = €§/34 and Theorem 14, we
obtain an expected objective at least (1 —€)-OPT. So this is a randomized PTAS for (34) when
0 is a constant. Note that this provides a guarantee on the expected objective. We can obtain a
high-probability guarantee in the exact same way as described in §6 for the unconstrained problem.
Finally, to complete the proof of Theorem 12, we use the high-probability guarantee with the

binary-search based framework, again as described in §6 for the unconstrained problem.

Appendix F: Computational Results

In this section, we provide a comprehensive analysis of the computational results of our approxi-
mation algorithms for unconstrained, capacitated, knapsack-constrained and partition-constrained
assortment optimization. We conducted all of our computational experiments using Python and
Gurobi 8.0 with a 2.3 Ghz Intel Core i5 processor and 16 GB 2133 MHz LPDDR3 memory.

Based on Theorem 1, we use the fixed point Z of the LP relaxation g(z) as an upper bound.
For partition constraints, we replace the knapsack constraint in linear program LP(z) by a set of
linear constraints enforcing the partition limits. Although the algorithm for partition constraints
does not use such an LP, the value 2 is still a valid upper bound to compare the algorithm against.
For each instance, we record our algorithm’s performance as 100 X w(xarc)/Z where x41¢ is our
algorithm’s solution. This quantity gives us a lower bound (percentage) on how close our solution
is to the optimal.

Basic instance generation: We use the same instance-generation procedure as Zhang et al.

(2020). The preference weights {v;} for the products are sampled uniformly at random from [0, 1].
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The revenues are sampled in two ways, which lead to two types of problems, independent and
correlated. In the independent instances, the revenues {r;} are independently sampled from the
uniform distribution on [0,1]. In the correlated instances, we set r; =1 — v; which captures the
intuition of more expensive products being less preferable. Parameters I and C refer to independent
and correlated instances respectively. The number of products n is 50 or 100. The dissimilarity
parameters for the nests are sampled from the uniform distribution [0,7] where 7 is a parameter that
is varied over {0.25,0.5,0.75}. For our experiments, we used symmetric parameters, i.e. v;; = v;;
for all i,j € [n]. The value P, is used to generate the weight of the no-purchase option as follows:
vo =Po(D_ ¢ jyenr Vis(1)79) /(1 — ), where 1 is a vector of all 1’s. The value of P is the probability
that a customer selects the no-purchase option when all the products are offered. The parameter
P, is varied over {0.25,0.5,0.75}. The test problems are labeled according to these parameter
configurations. The test problems are labeled as (T',n,7, Fy) € {I,C} x {50,100} x {0.1,0.5,1.0} x
{0.25,0.5,0.75} where T is a placeholder for the type of the problem. In this way, 36 configurations
are generated.

Reported quantities: For each configuration, we report the following. The first column states
the parameter combination. The second column shows the algorithm’s average performance over
all 100 instances. The third column records the worst-case performance over the 100 instances.
The fourth and fifth columns show the 5" and 95" percentile of the performance. The sixth
column shows the standard deviation over the 100 instances. The last column gives the average
computation time (in seconds).

Unconstrained assortment optimization: We only tested the LP-based 0.5-approximation
algorithm that follows from the capacitated version. Table 2 shows that our approach performs
very well. Even the worst-case guarantee does not drop below 99%. The time taken for execution
is typically under 2 seconds.

Capacitated assortment optimization: The capacitated test problems are generated in the
same way as the unconstrained problems. The only new parameter needed is the capacity constraint
of the problem. The capacity ¢ = [dn], where the parameter ¢ is varied over {0.2,0.5,0.8}. The
test problems are labeled as (T,n,7,P,,d) € {I,C} x {50,100} x {0.1,0.5,1.0} x {0.25,0.75} x
{0.2,0.5,0.8}. In this way, 72 configurations are generated. The results are in Tables 3 and 4. Our
approximation algorithm performs very well. The average stays close to 99% in most cases, and
even the 5" percentile does not fall below 90%. The time taken for execution is roughly the same as
for the unconstrained case. Moreover, we observe that about 64% of the instances result in binding
constraints with respect to the LP solution.

Knapsack constrained assortment optimization: The instances for assortment optimiza-

tion with a knapsack constraint are generated in a similar fashion as the earlier problems. Since the
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Param. Conf. 7(%)/2 CPU Param. Conf. m(X)/2 CpPU

(T,n,7, P) Avg. Min. 5th  95th Std. | Secs. (T,n,7, P) Avg. Min. 5th  95th Std. | Secs.

(1,50,0.1,0.25) [99.83 99.48 99.62 99.96 0.1 | 0.41 (C,50,0.1,0.25) [99.55 99.12 99.24 99.79 0.15]| 0.42
(1,50,0.1,0.5) |99.79 99.36 99.57 99.97 0.12| 0.43 (C,50,0.1,0.5) |99.55 99.17 99.34 99.74 0.13| 0.45

(1,50,0.1,0.75) [99.75 99.37 99.46 99.95 0.14 | 0.44 (C,50,0.1,0.75) [99.57 98.85 99.22 99.81 0.18]| 0.45

(1,50,0.5,0.25) {99.97 99.8 99.89 100.0 0.04| 0.44 (C,50,0.5,0.25) | 99.9 99.68 99.79 100.0 0.07| 0.45
(1,50,0.5,0.5) [99.96 99.78 99.86 100.0 0.05| 0.49 (C,50,0.5,0.5) ]99.92 99.67 99.79 100.0 0.07 | 0.47

(1,50,0.5,0.75) 199.96 99.75 99.81 100.0 0.06| 0.5 (C,50,0.5,0.75) 199.94 99.7 99.79 100.0 0.07| 0.49

(1,50,1.0,0.25) {99.99 99.9 99.94 100.0 0.02| 0.45 (C,50,1.0,0.25) |99.97 99.82 99.88 100.0 0.04| 0.46
(1,50,1.0,0.5) [99.98 99.82 99.92 100.0 0.03 | 0.52 (C,50,1.0,0.5) ]99.97 99.84 99.89 100.0 0.04 | 0.48

(1,50,1.0,0.75) {99.98 99.82 99.9 100.0 0.04| 0.52 (C,50,1.0,0.75) 199.98 99.84 99.9 100.0 0.03| 0.49

(1,100,0.1,0.25) | 99.84 99.73 99.74 99.92 0.05| 1.72 (C,100,0.1,0.25) | 99.57 99.37 99.43 99.69 0.08 | 1.66
(1,100,0.1,0.5) | 99.8 99.63 99.66 99.9 0.07| 1.78 (C,100,0.1,0.5) [99.59 99.29 994 99.71 0.1 | 1.77

(1,100,0.1,0.75) | 99.79 99.64 99.67 99.87 0.06 | 1.78 (C,100,0.1,0.75) | 99.58 99.21 99.41 99.74 0.1 | 1.82

(1,100,0.5,0.25) | 99.97 99.92 99.93 99.99 0.02| 1.78 (C,100,0.5,0.25) [99.92 99.84 99.86 99.97 0.03 | 1.81
(1,100,0.5,0.5) {99.96 99.86 99.93 99.99 0.02| 1.94 (C,100,0.5,0.5) |99.93 99.84 99.87 99.96 0.03| 1.9

(1,100,0.5,0.75) | 99.96 99.89 99.91 99.99 0.02| 1.99 (C,100,0.5,0.75) [ 99.93 99.82 99.88 99.98 0.03 | 1.99

(1,100,1.0,0.25) | 99.98 99.94 99.96 100.0 0.01| 1.84 (C,100,1.0,0.25) [99.97 99.93 99.94 99.99 0.02 | 1.92
(1,100,1.0,0.5) {99.98 99.94 99.96 100.0 0.01| 2.0 (C,100,1.0,0.5) |99.97 99.92 99.93 100.0 0.02| 1.97

(1,100,1.0,0.75) | 99.98 99.94 99.96 100.0 0.01| 1.99 (C,100,1.0,0.75) [99.98 99.92 99.94 100.0 0.02 | 1.99

Table 2 Unconstrained Instances

sizes are robust to scaling, we set the capacity ¢ =1, and generate the sizes for the products uni-
formly in the range [0,7] for n € {0.1,0.25,0.5,1}. The test problems are labeled as (T',n,7, Py,n) €
{I,C} x {50,100} x {0.1,0.5,1.0} x {0.25,0.75} x {0.1,0.25,0.5,1.0}. In this way, 96 configurations
are generated. We use the 0.25—approximation algorithm from Theorem 6. We chose to implement
this algorithm instead of the stronger (0.5 — €)-approximation algorithm (Theorem 8) because the
latter one involves a significant enumeration step that is likely to be slow for our test instances.Our
results for this version are in Tables 5 and 6. Again, our approximation algorithm performs very
well. For most cases, the average stays above 95%, and the 5 percentile is above 90%. The worst
5" percentile performance is 77%. The execution time does not change from the previous cases,
even though this is a more general problem. We would like to note that about 99% of the knapsack

instances result in binding constraints with respect to the LP solution.
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Param. Conf. m(x)/2 CPU Param. Conf. m(x)/2 CPU
(T,n,7, Py, 0) Avg. Min. 5th  95th Std. | Secs. (T, n,7, Py, 0) Avg. Min. 5th  95th Std. | Secs.

(1,50,0.1,0.25,0.8) | 99.84 99.47 99.65 99.96 0.09 | 0.41 (C,50,0.1,0.25,0.8) | 99.6 99.24 99.38 99.8 0.13| 0.43
(1,50,0.1,0.25,0.5) | 99.83 99.5 99.66 99.96 0.09 | 0.41 (C,50,0.1,0.25,0.5) | 99.46 98.99 99.13 99.73 0.17| 0.43

(1,50,0.1,0.25,0.2) | 99.79 99.36 99.5 100.0 0.14 | 0.39 (C,50,0.1,0.25,0.2) | 95.31 93.0 93.77 99.28 1.76| 0.5

(1,50,0.1,0.75,0.8) | 99.75 99.39 99.51 99.95 0.14 | 0.45 (C,50,0.1,0.75,0.8) | 99.58 99.14 99.25 99.85 0.17 | 0.46
(1,50,0.1,0.75,0.5) | 99.7 99.16 99.34 99.94 0.17| 0.44 (C,50,0.1,0.75,0.5) | 98.15 85.83 90.19 99.63 2.76 | 0.55

(1,50,0.1,0.75,0.2) | 99.7 99.01 99.18 100.0 0.25| 0.43 (C,50,0.1,0.75,0.2) | 91.68 90.34 90.65 92.25 1.15| 0.58

(1,50,0.5,0.25,0.8) | 99.97 99.69 99.91 100.0 0.04| 0.44 (C,50,0.5,0.25,0.8) | 99.93 99.81 99.85 100.0 0.05| 0.45
(1,50,0.5,0.25,0.5) | 99.96 99.81 99.88 100.0 0.04 | 0.44 (C,50,0.5,0.25,0.5) | 99.9 99.69 99.78 100.0 0.06 | 0.46

(1,50,0.5,0.25,0.2) | 99.97 99.79 99.88 100.0 0.05]| 0.42 (C,50,0.5,0.25,0.2) | 97.32 95.17 95.35 100.0 1.88| 0.54

(1,50,0.5,0.75,0.8) | 99.96 99.75 99.87 100.0 0.05 | 0.52 (C,50,0.5,0.75,0.8) | 99.92 99.69 99.77 100.0 0.07| 0.5
(1,50,0.5,0.75,0.5) | 99.93 99.63 99.76 100.0 0.08 | 0.53 (C,50,0.5,0.75,0.5) | 99.563 91.83 97.42 100.0 1.11| 0.55

(1,50,0.5,0.75,0.2) | 99.95 99.68 99.77 100.0 0.09 | 0.51 (C,50,0.5,0.75,0.2) | 94.1 92.53 93.05 99.79 1.69 | 0.68

(1,50,1.0,0.25,0.8) | 99.99 99.9 99.94 100.0 0.02 | 0.46 (C,50,1.0,0.25,0.8) | 99.97 99.83 99.88 100.0 0.04 | 0.46
(1,50,1.0,0.25,0.5) | 99.98 99.87 99.92 100.0 0.03| 0.46 (C,50,1.0,0.25,0.5) | 99.95 99.8 99.88 100.0 0.04| 0.46

(1,50,1.0,0.25,0.2) | 99.98 99.77 99.88 100.0 0.04 | 0.43 (C,50,1.0,0.25,0.2) | 99.18 96.91 97.12 100.0 1.05| 0.53

(1,50,1.0,0.75,0.8) | 99.98 99.75 99.89 100.0 0.04 | 0.52 (C,50,1.0,0.75,0.8) | 99.97 99.84 99.88 100.0 0.04 | 0.51
(1,50,1.0,0.75,0.5) | 99.97 99.74 99.83 100.0 0.05 | 0.52 (C,50,1.0,0.75,0.5) | 99.94 99.68 99.76 100.0 0.07 | 0.54

(1,50,1.0,0.75,0.2) | 99.98 99.77 99.81 100.0 0.06| 0.5 (C,50,1.0,0.75,0.2) | 97.62 95.25 95.6 100.0 1.74| 0.65

Table 3  Capacitated Instances (n=>50)

Assortment optimization under partition constraints: We also test the quality of our
binary-search based framework (Theorem 7) for the assortment optimization problem under general
constraints. We use the local search procedure from Lee et al. (2010) which is a 0.25-approximation
algorithm for max-dicut under partition constraints. Combined with the binary search framework,
this is a 0.25-approximation algorithm for the assortment problem under partition constraints. We
make one simple change to the local search algorithm: we begin each local search iteration (within
the binary search framework) with the approximate solution obtained from the previous iteration.
This led to a somewhat better running time. We did not test the improved 0.385-approximation
algorithm (Theorem 9) as it is much more complex.

We use the same instance generation procedure as before. In addition, parameter k € {3,7}
denotes the number of parts. Products are assigned randomly to the parts. The parameter § €

{0.4,0.8} restricts the capacity of each part: if there are p products in a part then its capacity is
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Param. Conf. m(x)/2 CPU Param. Conf. m(X)/2 CPU

(T,n,7, Py,9) Avg. Min. 5th  95th Std. | Secs. (T,n,7, Py,9) Avg. Min. 5th  95th Std. | Secs.

(1,100,0.1,0.25,0.8) | 99.83 99.65 99.73 99.91 0.06 | 1.71 (C,100,0.1,0.25,0.8) [ 99.57 99.38 99.41 99.68 0.08 | 1.68
(1,100,0.1,0.25,0.5) | 99.84 99.67 99.73 99.91 0.05| 1.72 (C,100,0.1,0.25,0.5) [ 99.47 99.29 99.33 99.59 0.08 | 1.68

(1,100,0.1,0.25,0.2) | 99.82 99.67 99.72 99.92 0.07 | 1.76 (C,100,0.1,0.25,0.2) | 94.54 93.28 93.37 99.26 1.76 | 2.03

(1,100,0.1,0.75,0.8) | 99.78 99.59 99.66 99.87 0.06 | 1.82 (C,100,0.1,0.75,0.8) | 99.61 99.42 99.46 99.77 0.09| 1.83
(1,100,0.1,0.75,0.5) | 99.71 99.49 99.57 99.83 0.08 | 1.82 (C,100,0.1,0.75,0.5) | 98.77 92.09 94.81 99.52 1.32 2.23

(1,100,0.1,0.75,0.2) | 99.75 99.39 99.52 99.92 0.12| 1.82 (C,100,0.1,0.75,0.2) [ 90.84 90.22 90.47 91.25 0.24| 2.1

(1,100,0.5,0.25,0.8) | 99.97 99.87 99.94 100.0 0.02 | 1.86 (C,100,0.5,0.25,0.8) [99.92 99.84 99.86 99.97 0.03| 1.81
(1,100,0.5,0.25,0.5) | 99.97 99.89 99.93 99.99 0.02 | 1.82 (C,100,0.5,0.25,0.5) | 99.9 99.8 99.83 99.96 0.04 | 1.84

(1,100,0.5,0.25,0.2) | 99.96 99.85 99.9 100.0 0.03| 1.91 (C,100,0.5,0.25,0.2) [ 96.45 94.98 95.07 99.9 1.88| 2.16

(1,100,0.5,0.75,0.8) | 99.95 99.89 99.91 99.99 0.03 | 2.06 (C,100,0.5,0.75,0.8) | 99.93 99.85 99.88 99.98 0.03| 2.0
(1,100,0.5,0.75,0.5) | 99.94 99.82 99.89 99.99 0.03 | 2.04 (C,100,0.5,0.75,0.5) [ 99.71 96.28 98.77 99.95 0.6 | 2.13

(1,100,0.5,0.75,0.2) | 99.95 99.82 99.85 100.0 0.05| 1.98 (C,100,0.5,0.75,0.2) [92.97 92.6 92.69 93.22 04 | 2.3

(1,100,1.0,0.25,0.8) | 99.98 99.94 99.96 100.0 0.01| 1.87 (C,100,1.0,0.25,0.8) [99.97 99.92 99.93 100.0 0.02| 1.93
(1,100,1.0,0.25,0.5) | 99.98 99.93 99.94 100.0 0.02 | 1.88 (C,100,1.0,0.25,0.5) [99.96 99.9 99.92 99.99 0.02| 1.88

(1,100,1.0,0.25,0.2) | 99.98 99.91 99.94 100.0 0.02| 1.9 (C,100,1.0,0.25,0.2) | 99.16 96.64 96.85 100.0 1.09 | 2.07

(1,100,1.0,0.75,0.8) | 99.98 99.93 99.95 100.0 0.02 | 2.01 (C,100,1.0,0.75,0.8) [99.97 99.91 99.94 100.0 0.02| 2.08
(1,100,1.0,0.75,0.5) | 99.98 99.91 99.94 100.0 0.02 | 2.09 (C,100,1.0,0.75,0.5) [ 99.94 99.47 99.88 100.0 0.06 | 2.11

(1,100,1.0,0.75,0.2) | 99.98 99.79 99.9 100.0 0.04| 2.0 (C,100,1.0,0.75,0.2) | 96.63 95.12 95.24 99.95 1.75| 2.34

Table 4  Capacitated Instances (n=100)

set to o0p. The test problems are labeled as (T',n,7, Py, d,k) € {I,C} x {50,100} x {0.1,0.5,1.0} x
{0.25,0.75} x {0.4,0.8} x {3,7}. In this way, 96 configurations are generated. We give our results
in Tables 7 and 8. For almost all the cases, the average stays above 99%. The worst 5" percentile
performance is 94%, while the worst-case performance is ~ 90% for all cases. We see an increase
in the execution time from about 2 seconds (for n = 50) to about 12 seconds (for n = 100). Still,

the time requirement remains small.
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Param. Conf. m(x)/2 CPU Param. Conf. m(X)/2 CPU
(T,n,75, Py,n) Avg. Min. 5th  95th Std. | Secs. (T,n,5, Py,n) Avg. Min. 5th  95th Std. | Secs.

(1,50,0.1,0.25,0.1) {99.72 99.13 99.27 99.93 0.18| 0.4 (C,50,0.1,0.25,0.1) | 98.75 96.71 97.66 99.48 0.63 | 0.46
(1,50,0.1,0.25,0.25) | 97.82 92.83 94.68 99.72 1.56 | 0.39 (C,50,0.1,0.25,0.25) | 97.54 94.58 95.08 99.32 1.28| 0.46
(1,50,0.1,0.25,0.5) | 95.19 82.88 87.53 99.33 3.57| 0.39 (C,50,0.1,0.25,0.5) | 96.7 89.82 93.24 99.23 1.87| 0.46
(1,50,0.1,0.25,1.0) |93.37 74.3 79.58 99.27 5.59| 0.39 (C,50,0.1,0.25,1.0) |95.72 87.15 89.71 99.04 2.82| 0.44
(1,50,0.1,0.75,0.1) | 98.94 96.82 97.6 99.67 0.63| 0.44 (C,50,0.1,0.75,0.1) |98.02 94.88 96.4 99.29 0.94| 0.52
(1,50,0.1,0.75,0.25) | 96.64 90.52 91.91 99.29 2.25| 0.44 (C,50,0.1,0.75,0.25) [ 97.01 92.31 94.04 98.99 1.49| 0.5
(1,50,0.1,0.75,0.5) |94.13 77.3 85.86 99.28 4.41| 0.44 (C,50,0.1,0.75,0.5) | 95.5 89.33 90.29 98.8 2.7 | 0.49
(1,50,0.1,0.75,1.0) |90.67 62.66 78.21 99.02 6.88| 0.44 (C,50,0.1,0.75,1.0) | 93.72 83.51 86.2 98.54 3.68| 0.49
(1,50,0.5,0.25,0.1) {99.83 99.02 99.48 100.0 0.18| 0.43 (C,50,0.5,0.25,0.1) |99.26 97.56 98.26 99.87 0.51 | 0.47
(1,50,0.5,0.25,0.25) | 98.35 93.25 94.9 99.84 1.42| 0.43 (C,50,0.5,0.25,0.25) | 97.98 94.76 95.24 99.66 1.31| 0.48
(1,50,0.5,0.25,0.5) | 95.48 85.21 87.44 99.75 3.86| 0.42 (C,50,0.5,0.25,0.5) | 97.06 92.48 93.52 99.51 1.77| 0.48
(1,50,0.5,0.25,1.0) | 93.49 73.41 819 99.68 5.89| 0.43 (C,50,0.5,0.25,1.0) |94.95 81.71 87.78 99.52 3.7 | 0.49
(1,50,0.5,0.75,0.1) |99.26 97.64 98.16 99.87 0.51| 0.52 (C,50,0.5,0.75,0.1) | 98.5 95.98 96.99 99.68 0.84 | 0.57
(1,50,0.5,0.75,0.25) | 96.14 88.39 91.1 99.16 2.5 | 0.5 (C,50,0.5,0.75,0.25) | 97.44 93.46 94.52 99.63 1.57| 0.56
(1,50,0.5,0.75,0.5) | 94.51 83.42 84.24 99.54 4.28| 0.5 (C,50,0.5,0.75,0.5) |95.96 89.91 91.54 99.32 2.44 | 0.54
(1,50,0.5,0.75,1.0) | 91.6 67.21 77.65 99.39 6.78 | 0.5 (C,50,0.5,0.75,1.0) | 94.11 81.99 86.7 99.06 3.9 | 0.54
(1,50,1.0,0.25,0.1) {99.78 98.62 99.26 100.0 0.25| 0.44 (C,50,1.0,0.25,0.1) | 99.2 97.77 98.1 99.9 0.54| 0.48
(1,50,1.0,0.25,0.25) | 98.11 93.48 95.69 99.88 1.46| 0.43 (C,50,1.0,0.25,0.25) | 98.03 94.67 95.37 99.71 1.26| 0.48
(1,50,1.0,0.25,0.5) |95.69 83.49 87.5 99.69 3.76| 0.45 (C,50,1.0,0.25,0.5) |97.13 88.55 93.4 99.7 2.02| 0.48
(1,50,1.0,0.25,1.0) | 92.18 58.85 79.05 98.9 6.98| 0.46 (C,50,1.0,0.25,1.0) {95.35 82.88 88.93 99.68 3.25| 0.48
(1,50,1.0,0.75,0.1) {99.13 95.59 97.79 99.96 0.74 | 0.54 (C,50,1.0,0.75,0.1) |98.46 96.22 96.7 99.79 1.02| 0.56
(1,50,1.0,0.75,0.25) | 96.26 90.21 90.69 99.59 2.6 | 0.52 (C,50,1.0,0.75,0.25) | 97.38 91.83 94.18 99.72 1.74| 0.55
(1,50,1.0,0.75,0.5) | 94.06 82.46 85.72 99.38 4.27| 0.52 (C,50,1.0,0.75,0.5) {96.15 91.11 91.63 99.4 2.41| 0.54
(1,50,1.0,0.75,1.0) {90.95 66.82 77.05 98.92 6.93| 0.5 (C,50,1.0,0.75,1.0) | 95.0 83.76 88.26 99.56 3.63| 0.53
Table 5  Knapsack-constrained Instances (n=50)
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Param. Conf. m(x)/2 CPU Param. Conf. n(X)/2 CPU

(T,n,7, Po,n) Avg. Min. 5th  95th Std. | Secs. (T,n,7, Po,n) Avg. Min. 5th  95th Std. | Secs.
(1,100,0.1,0.25,0.1) [99.24 97.92 98.53 99.76 0.42| 1.76 (C,100,0.1,0.25,0.1) | 98.7 97.35 97.81 99.27 0.48| 1.73
(1,100,0.1,0.25,0.25) | 97.65 92.54 94.7 99.7 1.57| 1.75 (C,100,0.1,0.25,0.25) | 97.92 96.07 96.52 99.14 0.84 | 1.79
(1,100,0.1,0.25,0.5) |96.21 88.94 91.4 99.33 2.67| 1.72 (C,100,0.1,0.25,0.5) |97.01 93.23 94.48 99.09 1.48| 1.78
(1,100,0.1,0.25,1.0) |94.62 83.33 84.92 99.17 4.05| 1.76 (C,100,0.1,0.25,1.0) |96.09 87.37 92.0 98.97 2.17| 1.75
(1,100,0.1,0.75,0.1) |98.63 95.72 97.03 99.58 0.82| 1.89 (C,100,0.1,0.75,0.1) |98.31 96.99 97.23 99.21 0.63| 1.9
(1,100,0.1,0.75,0.25) | 96.98 89.85 92.83 99.49 2.24| 1.85 (C,100,0.1,0.75,0.25) | 97.12 93.9 95.27 98.92 1.17| 1.85
(1,100,0.1,0.75,0.5) | 95.9 88.17 90.07 99.44 2.83| 1.85 (C,100,0.1,0.75,0.5) |96.33 91.39 92.64 98.77 1.84| 1.83
(1,100,0.1,0.75,1.0) |93.08 78.69 83.72 99.11 5.0 | 1.85 (C,100,0.1,0.75,1.0) | 95.07 87.95 89.05 98.39 2.76| 1.81
(1,100,0.5,0.25,0.1) | 99.4 98.03 98.55 99.91 0.44| 1.82 (C,100,0.5,0.25,0.1) |99.22 98.24 98.39 99.79 0.44| 1.87
(1,100,0.5,0.25,0.25) | 98.12 95.1 95.34 99.83 1.34| 1.82 (C,100,0.5,0.25,0.25) | 98.42 96.4 96.8 99.68 0.88| 1.93
(1,100,0.5,0.25,0.5) |96.47 89.00 91.83 99.55 2.47 | 1.82 (C,100,0.5,0.25,0.5) | 97.8 93.05 94.7 99.57 1.44| 1.91
(1,100,0.5,0.25,1.0) [94.25 77.52 83.6 99.16 4.85| 1.8 (C,100,0.5,0.25,1.0) [96.22 89.65 91.41 99.59 2.42| 1.88
(1,100,0.5,0.75,0.1) |98.89 96.06 97.3 99.79 0.84| 1.99 (C,100,0.5,0.75,0.1) |98.86 97.09 97.52 99.76 0.69 | 2.07
(1,100,0.5,0.75,0.25) | 97.17 91.01 93.66 99.68 1.97| 1.96 (C,100,0.5,0.75,0.25) | 98.06 95.85 96.23 99.63 1.11| 1.99
(1,100,0.5,0.75,0.5) |96.02 86.46 90.26 99.39 2.86| 1.94 (C,100,0.5,0.75,0.5) |97.03 92.06 93.77 99.61 1.94| 1.97
(1,100,0.5,0.75,1.0) |93.73 74.69 83.14 99.0 5.06| 1.92 (€,100,0.5,0.75,1.0) |95.65 89.21 90.26 99.3 2.7 | 1.93
(1,100,1.0,0.25,0.1) |99.36 97.75 98.54 99.93 0.46 | 1.85 (C,100,1.0,0.25,0.1) |99.14 98.13 98.37 99.78 0.44 | 1.94
(1,100,1.0,0.25,0.25) | 98.0 93.43 95.64 99.69 1.41| 1.84 (C,100,1.0,0.25,0.25) | 98.52 96.34 97.16 99.72 0.84 | 1.96
(1,100,1.0,0.25,0.5) |96.27 88.04 90.97 99.53 2.67| 1.89 (C,100,1.0,0.25,0.5) | 97.6 93.6 94.69 99.73 1.6 | 1.93
(1,100,1.0,0.25,1.0) |95.17 84.25 86.21 99.75 4.03| 1.89 (C,100,1.0,0.25,1.0) |96.13 89.22 92.25 99.45 2.34| 1.89
(1,100,1.0,0.75,0.1) |98.77 96.19 97.06 99.84 0.86| 2.01 (C,100,1.0,0.75,0.1) | 98.7 97.33 97.53 99.8 0.74| 2.1
(1,100,1.0,0.75,0.25) | 97.17 92.02 93.35 99.66 1.91| 2.01 (C,100,1.0,0.75,0.25) | 98.07 95.51 959 99.81 1.2 | 2.01
(1,100,1.0,0.75,0.5) [96.02 86.68 89.74 99.75 3.0 | 1.97 (C,100,1.0,0.75,0.5) [96.96 92.97 93.86 99.4 1.73| 1.96
(1,100,1.0,0.75,1.0) 192.93 77.25 83.15 99.45 5.1 | 1.97 (C,100,1.0,0.75,1.0) |95.68 86.95 90.18 99.63 2.84 | 1.95

Table 6  Knapsack-constrained Instances (n=100)




Ghuge, Kwon, Nagarajan and Sharma: Constrained Optimization under the PCL Model

69

Param. Conf. w(x)/2 CPU Param. Conf. m(x)/2 CPU
(T,n,7, Po,0,k) Avg. Min. 5th  95th Std. | Secs. (T,n,7, Py, d,k) Avg. Min. 5th  95th Std. | Secs.
(1,50,0.1,0.25,0.4,3) | 99.81 99.52 99.61 99.94 0.1 | 1.9 (C,50,0.1,0.25,0.4,3) | 99.31 97.81 98.67 99.7 0.31]| 2.08
(1,50,0.1,0.25,0.4,7) | 99.81 99.14 99.59 99.97 0.13| 1.53 (C,50,0.1,0.25,0.4,7) | 99.29 98.38 98.54 99.72 0.34| 1.68
(1,50,0.1,0.25,0.8,3) | 99.83 99.46 99.67 99.95 0.09| 1.93 (C,50,0.1,0.25,0.8,3) | 99.57 99.13 99.3 99.78 0.15| 1.77
(1,50,0.1,0.25,0.8,7) | 99.84 99.53 99.69 99.96 0.08| 2.14 (C,50,0.1,0.25,0.8,7) | 99.55 99.13 99.28 99.82 0.15| 2.04
(1,50,0.1,0.75,0.4,3) 1 99.46 95.37 98.11 99.94 0.63| 1.43 (C,50,0.1,0.75,0.4,3) | 96.7 90.7 9245 9943 2.14| 1.11
(1,50,0.1,0.75,0.4,7) | 99.5 96.97 98.28 99.9 0.47| 1.22 (C,50,0.1,0.75,0.4,7) | 96.47 92.24 92.78 98.82 1.71| 0.86
(1,50,0.1,0.75,0.8,3) | 99.2 88.62 95.99 99.93 1.62| 1.35 (C,50,0.1,0.75,0.8,3) | 99.42 98.09 98.87 99.75 0.3 | 0.84
(1,50,0.1,0.75,0.8,7) | 99.23 89.74 96.55 99.94 1.34| 1.52 (C,50,0.1,0.75,0.8,7) | 99.35 98.34 98.72 99.82 0.34| 0.74
(1,50,0.5,0.25,0.4,3) | 99.97 99.74 99.89 100.0 0.04| 2.44 (C,50,0.5,0.25,0.4,3) | 99.86 99.43 99.62 100.0 0.12| 2.21
(1,50,0.5,0.25,0.4,7) | 99.97 99.74 99.87 100.0 0.05| 1.84 (C,50,0.5,0.25,0.4,7) | 99.84 99.18 99.58 100.0 0.13| 1.75
(1,50,0.5,0.25,0.8,3) | 99.97 99.78 99.89 100.0 0.04| 2.13 (C,50,0.5,0.25,0.8,3) | 99.93 99.74 99.82 100.0 0.06 | 1.72
(1,50,0.5,0.25,0.8,7) | 99.96 99.79 99.88 100.0 0.04| 2.29 (C,50,0.5,0.25,0.8,7) | 99.92 99.67 99.79 100.0 0.06 | 1.96
(1,50,0.5,0.75,0.4,3) | 99.76 97.28 98.65 100.0 0.49| 1.66 | | (C,50,0.5,0.75,0.4,3) | 98.76 93.88 95.65 100.0 1.25| 1.03
(1,50,0.5,0.75,0.4,7) | 99.61 92.63 98.01 100.0 0.93| 1.42 | |(C,50,0.5,0.75,0.4,7) | 98.25 93.81 9548 99.86 1.37| 0.8
(1,50,0.5,0.75,0.8,3) | 99.47 91.74 96.72 100.0 1.33| 1.41 | |(C,50,0.5,0.75,0.8,3) | 99.82 98.15 99.48 100.0 0.24 | 0.84
(1,50,0.5,0.75,0.8,7) | 99.47 90.79 96.51 100.0 1.31| 1.47 | | (C,50,0.5,0.75,0.8,7) | 99.76 98.64 99.02 100.0 0.28 | 0.92
(1,50,1.0,0.25,0.4,3) | 99.98 99.88 99.92 100.0 0.03| 2.54 (C,50,1.0,0.25,0.4,3) | 99.93 99.56 99.8 100.0 0.08| 2.22
(1,50,1.0,0.25,0.4,7) | 99.98 99.83 99.89 100.0 0.04 | 2.01 (C,50,1.0,0.25,0.4,7) | 99.94 99.77 99.8 100.0 0.06| 1.84
(1,50,1.0,0.25,0.8,3) | 99.98 99.92 99.93 100.0 0.02| 2.4 (C,50,1.0,0.25,0.8,3) | 99.96 99.81 99.89 100.0 0.04| 1.72
(1,50,1.0,0.25,0.8,7) | 99.98 99.89 99.91 100.0 0.03| 2.49 (C,50,1.0,0.25,0.8,7) | 99.96 99.83 99.88 100.0 0.04| 1.86
(1,50,1.0,0.75,0.4,3) | 99.74 95.98 98.23 100.0 0.6 | 1.58 (C,50,1.0,0.75,0.4,3) | 99.68 97.58 98.89 100.0 0.41| 1.09
(1,50,1.0,0.75,0.4,7) | 99.69 95.61 98.56 100.0 0.77| 1.23 (C,50,1.0,0.75,0.4,7) | 99.52 97.88 98.31 100.0 0.51| 0.83
(1,50,1.0,0.75,0.8,3) | 99.42 92.34 95.82 100.0 1.36| 1.22 (C,50,1.0,0.75,0.8,3) | 99.85 98.11 99.45 100.0 0.28| 0.86
(1,50,1.0,0.75,0.8,7) | 99.45 86.69 96.41 100.0 1.57| 1.31 (C,50,1.0,0.75,0.8,7) | 99.84 98.56 99.24 100.0 0.27| 0.81

Table 7  Partition Instances (n=50)
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Param. Conf. w(x)/2 CPU Param. Conf. 7(X)/2 CPU

(T, n,7, Py, 0,k) Avg. Min. 5th  95th Std. | Secs. (T, n,7, Po,0,k) Avg. Min. 5th  95th Std. | Secs.
(1,100,0.1,0.25,0.4,3) | 99.82 99.64 99.68 99.9 0.06 | 14.08 (C,100,0.1,0.25,0.4,3) | 99.38 99.04 99.17 99.56 0.11|15.01
(1,100,0.1,0.25,0.4,7) | 99.81 99.65 99.73 99.9 0.05]|10.12 (C,100,0.1,0.25,0.4,7) | 99.34 98.66 99.13 99.54 0.15]10.83
(1,100,0.1,0.25,0.8,3) | 99.84 99.67 99.77 99.91 0.04|13.38 (C,100,0.1,0.25,0.8,3) | 99.57 99.32 99.39 99.7 0.09 | 11.34
(1,100,0.1,0.25,0.8,7) | 99.84 99.71 99.77 99.92 0.05|13.93 (€,100,0.1,0.25,0.8,7) [ 99.57 99.32 99.42 99.7 0.09 | 12.39
(1,100,0.1,0.75,0.4,3) | 99.55 96.57 98.76 99.81 0.42| 9.91 (€C,100,0.1,0.75,0.4,3) | 96.94 90.6 93.68 99.19 1.8 | 6.08
(1,100,0.1,0.75,0.4,7) | 99.49 95.92 98.75 99.81 0.49| 6.76 (C,100,0.1,0.75,0.4,7) | 96.71 92.18 94.0 98.95 1.49| 3.9
(1,100,0.1,0.75,0.8,3) | 99.31 90.65 97.44 99.86 1.42| 6.96 (C,100,0.1,0.75,0.8,3) | 99.45 98.63 99.0 99.68 0.21| 4.45
(1,100,0.1,0.75,0.8,7) | 99.38 91.86 97.53 99.88 1.08| 6.57 (C,100,0.1,0.75,0.8,7) | 99.41 98.11 98.94 99.69 0.27 | 4.63
(1,100,0.5,0.25,0.4,3) 99.96 99.9 99.93 100.0 0.02|14.06 (C,100,0.5,0.25,0.4,3) | 99.89 99.8 99.81 99.95 0.04 | 14.4
(1,100,0.5,0.25,0.4,7) | 99.97 99.9 99.92 99.99 0.02|10.97 (C,100,0.5,0.25,0.4,7) | 99.85 98.67 99.68 99.95 0.14|11.22
(1,100,0.5,0.25,0.8,3) [ 99.97 99.9 99.93 99.99 0.02|13.43 (€,100,0.5,0.25,0.8,3) [ 99.92 99.76 99.87 99.97 0.03|11.94
(1,100,0.5,0.25,0.8,7) | 99.97 99.91 99.93 99.99 0.02|13.65 (C,100,0.5,0.25,0.8,7) | 99.92 99.85 99.87 99.96 0.03|12.73
(1,100,0.5,0.75,0.4,3) | 99.69 96.69 97.71 99.98 0.67 | 9.45 (C,100,0.5,0.75,0.4,3) | 99.4 97.19 98.11 99.92 0.55| 8.36
(1,100,0.5,0.75,0.4,7) | 99.73 96.38 99.06 99.97 0.52| 6.87 (C,100,0.5,0.75,0.4,7) | 98.97 96.33 96.85 99.85 0.87| 4.96
(1,100,0.5,0.75,0.8,3) | 99.29 92.11 95.41 99.98 1.41| 6.32 (C,100,0.5,0.75,0.8,3) | 99.83 99.14 99.39 99.97 0.18| 6.04
(1,100,0.5,0.75,0.8,7) | 99.63 91.46 97.7 99.99 1.09| 7.42 (C,100,0.5,0.75,0.8,7) | 99.84 99.18 99.54 99.97 0.15| 5.86
(1,100,1.0,0.25,0.4,3) | 99.98 99.91 99.96 100.0 0.02|14.37 (C,100,1.0,0.25,0.4,3) | 99.95 99.86 99.88 99.99 0.03 | 14.68
(1,100,1.0,0.25,0.4,7) | 99.98 99.94 99.96 100.0 0.01|10.65 (C,100,1.0,0.25,0.4,7) [ 99.94 99.82 99.88 99.98 0.03 | 10.55
(1,100,1.0,0.25,0.8,3) [ 99.98 99.39 99.97 100.0 0.06 | 13.18 (C,100,1.0,0.25,0.8,3) | 99.97 99.91 99.94 99.99 0.02|10.73
(1,100,1.0,0.25,0.8,7) | 99.99 99.94 99.96 100.0 0.01|14.08 (C,100,1.0,0.25,0.8,7) | 99.97 99.91 99.93 99.99 0.02|11.14
(1,100,1.0,0.75,0.4,3) | 99.75 97.16 98.54 100.0 0.55| 9.07 (C,100,1.0,0.75,0.4,3) | 99.69 98.65 98.99 99.97 0.29| 5.53
(1,100,1.0,0.75,0.4,7) | 99.67 93.37 98.26 100.0 0.97 | 7.14 | |(C,100,1.0,0.75,0.4,7) | 99.67 98.75 99.05 99.97 0.3 | 4.42
(1,100,1.0,0.75,0.8,3) | 99.51 90.22 97.82 100.0 1.44| 7.12 (C,100,1.0,0.75,0.8,3) | 99.85 99.0 99.46 99.99 0.19| 4.72
(1,100,1.0,0.75,0.8,7) | 99.52 94.01 95.05 100.0 1.25| 6.94 (C,100,1.0,0.75,0.8,7) | 99.85 98.96 99.37 100.0 0.21| 3.87

Table 8  Partition Instances (n=100)




