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Abstract

In machine learning, models that generalize better often generate outputs that lie on a low-dimensional
manifold. Recently, several works have separately shown finite-time manifold identification by some
proximal methods. In this work we provide a unified view by giving a simple condition under which
any proximal method using a constant step size can achieve finite-iteration manifold detection. For
several key methods (FISTA, DRS, ADMM, SVRG, SAGA, and RDA) we give an iteration bound,
characterized in terms of their variable convergence rate and a problem-dependent constant that indicates
problem degeneracy. For popular models, this constant is related to certain data assumptions, which
gives intuition as to when lower active set complexity may be expected in practice.

1 Introduction

Consider the classic machine learning problem

min
x∈Rn

1

m

m∑
i=1

L(aTi x; bi) + λR(x), (1)

where L is the loss of a machine learning model (such as squared or logistic loss) and R(x) is a separable
regularizer that promotes x to lie in a low-dimensional manifold. Specifically, the manifoldM is parametrized
by an active set of indices Z where

M = {x : xi = x∗i , ∀ i ∈ Z}.

For example, when R(x) is the `1 norm, then M is the set of vectors x where xi = 0 whenever x∗i = 0.
For simplicity, in this work we restrict our attention to cases where R(x) is element-wise separable and

convex. This includes the `1 norm and element-wise constraints, which arise in support vector machines
(SVMs). However, all our results can be extended to other norms by considering atomic sparsity and a
generalized definition of the active set,

M = {x : Bix = Bix
∗
i , ∀ i ∈ Z},

where Bix is the projection of x onto an orthogonal subspace Bi. This includes the total variation norm for
smooth vectors and the group norm for group sparsity.
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1.1 Related work

The early works on active set identification (Dunn, 1987; Burke and Moré, 1988; Wright, 1993; Gafni and
Bertsekas, 1984) focus on constrained optimization problems, where an inequality constraint is active if
satisfied with equality. Extensions to nonsmooth functions have also been explored (Hare and Lewis, 2004;
Nutini et al., 2017b). Notable works cover sequential quadratic programming (Burke and Moré, 1988),
proximal gradient method (Dunn, 1987), bundle methods (Daniilidis et al., 2009), prox-SVRG (Poon et al.,
2018), regularized dual averaging (Lee and Wright, 2012) and variants (Duchi and Ruan, 2016), and block
coordinate methods (Tseng and Yun, 2009; Hare, 2011; De Santis et al., 2016; She and Schmidt, 2017).
In general, all these works show that finite-time manifold identification is possible if the final solution is
nondegenerate. More recently, nonasymptotic active set complexity bounds have become of interest, in
particular for the proximal gradient method (Nutini et al., 2017b), ADMM (Liang et al., 2017), and block
coordinate methods (Nutini et al., 2017a).

Understanding manifold identification properties has also led to specialized methods for improved per-
formance. For example, in two-stage methods, a first-order proximal method is first used to identify the
manifold, and a heavier method (such as Newton’s method, or a direct solve) is used to find the true solution
in a much reduced parameter space (Bertsekas, 1974; Ko et al., 1994; Daniilidis et al., 2009). Similarly, a
two-metric method is proposed by Gafni and Bertsekas (1984), and uses a mixture of Newton’s method on
i 6∈ Z and the proximal gradient method for i ∈ Z in the intermediate iterates, achieving superior conver-
gence results. And, Wright (2012) proposes a linearized proximal coordinate-descent type algorithm that
is accelerated by performing Newton steps whenever the function is smooth over the active set currently
identified. Active set properties can also be used for parameter selection (Hastie et al., 2004).

Contributions We provide a unified analysis bounding the number of iterations needed for manifold
identification, or the active set complexity, for all proximal gradient-type methods. The analysis follows 3
main steps:

1. quantify the “amount of nondegeneracy” in the problem,

2. bound the amount of variable error allowed in order for correct manifold identification, which is directly
correlated with the “amount of degeneracy”, and

3. combine with known variable convergence bounds to compute the active set complexity. (See also
Tables 2 and 3 in the Appendix.)

Although the idea of bounding the variable error with the distance to the manifold is not new (Lewis and
Wright, 2011) how this distance and variable error are related for various methods is made explicit in this
work. In particular, our analysis shows a direct relationship amongst three key quantities:

• ε(k), a monotonic sequence upper bounding variable error;

• k̄ a constant such that for all k > k̄, x(k) is on the manifold; and

• δmin quantifying how “close to degenerate” the problem is1.

These three key quantities are unified under a single lemma, which we term the “Wiggle Room Lemma”;
subsequently, manifold identification rates for new proximal methods can be quickly and easily derived.
In contrast, previously they have been often derived from scratch; additionally, in some cases our derived
bounds are tighter than those previously derived.

1δmin is commonly written as dist(x∗, rbd(∂h(x∗))), where ∂h is the subdifferential of h and ‘rbd’ indicates the relative
boundary of a set (Rockafellar, 2015).
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2 Active set manifolds

2.1 Problem statement

Generalizing (1), we consider the problem class

min
x∈Rn

f(x) := g(x) + h(x), (2)

where g is convex and L-smooth:

‖∇g(x)−∇g(y)‖2 ≤ L‖x− y‖2, ∀ x, y.

The function h(x) is generally a nonsmooth, convex regularizer. We assume the optimal minimizer x∗ is
unique. To simplify the analysis, we consider only h(x) =

∑
i hi(xi) separable. These assumptions are

reasonable and often appear in practice.
The first-order optimality condition of (2) is

0 ∈ ∇g(x∗) + ∂h(x∗), (3)

where ∂h(x) is the subdifferential of h at x:(Rockafellar, 2015)

∂h(x) = {z : h(x)− h(y) ≤ zT (x− y)}, ∀ y.

2.2 Active sets

We characterize the manifold via the active set.

Definition 1. (Nutini et al., 2017b) For problems of form (2), we define the active set of indices as

Z = {i : ∂hi(x
∗
i ) is not a singleton}, (4)

where x∗ is the optimum of (2).

Essentially, Def. 1 says that if i ∈ Z then hi(xi) is nonsmooth at x∗. When i ∈ Z, the solution to (2)
is often trivial. For example, when h(x) = ‖x‖1, x∗i = 0 for all i ∈ Z; and when h(x) is an indicator for an
elementwise constraint x ≤ c, then x∗i = ci for all i ∈ Z. In this case, if we know Z, then the optimization
reduces to a smooth unconstrained problem over {xi}i 6∈Z .

Definition 2. (Nutini et al., 2017b) For any x, define δi(x) for i = 1, . . . , n as the maximum scalar d where

[−(∇g(x))i − d,−(∇g(x))i + d] ⊆ ∂hi(x). (5)

We can think of δmin as the “wiggle room” in the optimality conditions. For many methods, the existance
of a strictly positive δ∗min exactly corresponds to when finite time manifold identification is possible, since it
allows noisy iterates x(k) to partially satisfy optimality conditions, provided x(k) is close enough to x∗.

Definition 3 (Degeneracy). Define the data-dependent constant

δmin := min
i∈Z

δi(x
∗).

We say the problem is degenerate when δmin = 0.

In general, finite time manifold identification is impossible to guarantee if the problem is degenerate
(Burke and Moré, 1988; Lee and Wright, 2012).
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|c| x∗ g′(x∗) ∂h(x∗) active?
< 1 0 −c {sign(x∗)} no
> 1 c− sign(c) −sign(c) [−1, 1] yes
= 1 0 −c [−1, 1] degenerate

Table 1: Small example. Solution and function properties for (6).

2.3 Example

Consider minimizing the composite scalar function f(x) = g(x) + h(x) where

g(x) =
1

2
(x− c)2 and h(x) = |x|. (6)

In this case the true solution can be computed analytically (Table 1). Specifically, when x∗ 6= 0, then
f = g+h is smooth at x∗ and the active set is empty (Fig. 1 left). When x∗ = 0, then h is nonsmooth at x∗

(and so is f) and Z = {1}. In this case, δmin = δ1(x∗) = 1− |g′(x∗)| = 1− |c|, and is strictly positive only
if |c| < 1 (Fig. 1 middle); otherwise, the problem is degenerate (Fig. 1 right). In practice, degeneracy for
randomized data is a rare occurrence; in this example, if c is drawn from any smooth distributions, c = ±1
with probability 0.

Figure 1: Simple example. Left: c = 2, and x∗ = 1 > 0 (inactive). Middle: c = 1/2 and δ1(x∗) = 1/2 > 0
(active). Right: c = 1, and both x∗ = δ1(x∗) = 0 (degenerate).

It has been observed that δmin plays a key role not only in the iteration complexity for manifold identi-
fication, but also for variable convergence. This is often attributed to the two-phase convergence in which
many methods seem to accelerate after the manifold has been identified (Wright, 2012; Gafni and Bertsekas,
1984). In particular, when we reduce (2) to {xi : i ∈ Z}, often the problem becomes better conditioned;
that is,

λmin(∇2g(x)) ≤ λmin((∇2g(x))Z,Z).

and this increase often results in noticable speedup in convergence (Liang et al., 2014, 2016).

3 Manifold ID methods

Definition 4. For a nondegenerate problem (δmin > 0) we say a method is manifold identifying if it identifies
the active set Z in a finite number of iterations. Specifically, there is a k̄ such that for all k ≥ k̄,

x
(k)
i = x∗i , ∀ i ∈ Z.

The quantity k̄ is the active set complexity and depends on δmin.
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There is an inherent one-sided flavor to this definition, in that for indices outside the active set, these

points may achieve x∗i at any k, or never at all. For sparse optimization, this means that x
(k)
i = 0 may occur

at any k, even if i 6∈ Z. Thus, this definition differs from the traditional notion of support identification,
where the exact pattern of zeros and nonzeros are identified. In general, guaranteeing both sides cannot be
done for finite k̄, as δi(x

∗) = 0 whenever i 6∈ Z; however, in practice both are often identified in finite time.

3.1 Proximal methods

We define the proximal mapping of h with respect to a positive definite scaling matrix H as

proxHh (z) := argmin
x

h(x) +
1

2
(x− z)TH(x− z).

We also use the unscaled proximal mapping proxh(z) := proxIh(z).
There are many important methods that use the proximal mapping. The most common example is the

proximal gradient (PG) method, where at each iteration,

z(k) = x(k) − t(k)∇f(x(k))

x(k+1) = proxt(k)h(z(k))

is applied until x(k) converges to a fixed point x∗. Here, t(k) > 0 is some positive step length, and z(k) is the
result after a gradient step. Other proximal methods of similar form include the prox-Newton method, the
Douglas-Rachford Splitting (DRS) method, and the Alternating Direction Method of Multipliers (ADMM).
When using a constant step size, we write t := t(k) for all k.

Lemma 1 (Wiggle Room Lemma). Consider a generalized proximal algorithm for solving (2) of the form

x(k+1) = proxH
(k)

t(k)h(z(k)), (7)

where z(k) depends on past x(k), t(k), and H(k). Then the active set is identified by x(k+1) when for all i ∈ Z∣∣∣∣( 1

t(k)
H(k)(z(k) − x∗) +∇g(x∗)

)
i

∣∣∣∣ ≤ δmin. (8)

The proof of Lemma 1 is in Appendix A.
In the case of the PG method, using the triangle inequality, (8) can be satisfied if(

1

t
+ L

)
‖x(k) − x∗‖2 ≤ δmin. (9)

When g is strongly convex, ‖x(k) − x∗‖2 = O(exp(−k)), and by inverting (9) the active set complexity is

k̄ = O

(
log

(
1/t+ L

δmin

))
,

as reported in Nutini et al. (2017b).
We now use Lemma 1 to prove the manifold identifying property on several well-known proximal methods.

In particular, we define s(k) ∈ Rn with

s
(k)
i =

{
0, i 6∈ Z

1
t(k)

(
z

(k)
i − x∗i

)
+ (∇g(x∗))i, i ∈ Z

(10)

the active set residual, and derive k̄ where for all k ≥ k̄, ‖s(k)‖∞ ≤ δmin.
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3.2 First-order methods

In this section we derive the active set complexity for several popular first-order deterministic methods. We
give k̄ as a function of variable error rates, with an explicit rate when g is strongly convex. All proofs can
be found in Appendix A, and exact convergence rates (used to compute exact k̄) are given in Appendix B.
We define εx(k) a monotonically decreasing upper bounding sequences (εx(k) ≥ ‖x(k) − x∗‖2) and always
assume t(k) = t a constant step size.

We emphasize that strong convexity is not a requirement to show finite manifold identification, but is
often used to derive the variable convergence rate εx(k). All we require at this point is the uniqueness of the
solution x∗ to (2).

Accel. Prox. Grad. (aPG) The proximal gradient descent is often accelerated (Nesterov, 2013b) via a
simple scheme

y(k+1) = x(k) − t∇g(x(k))

x(k+1) = proxth((1− γ(k))y(k+1) + γ(k)y(k))

for a specific sequence of −1 ≤ γ(k) ≤ 1. When g is strongly convex, then the iterates x(k) converge to x∗ at
a linear rate (Nesterov, 2013a).

Theorem 1. The aPG method identifies the manifold for all k ≥ k̄ when(
1

t
+ L

)
εx(k̄ − 1) ≤ δmin.

When g is strongly convex, k̄ = O(log(δmin)).

Note that manifold identification is with reference to x(k); y(k) may not be inM. More generally, manifold
identification is proven only for the output of the proximal mapping. The dependence of aPG on ε(k) (see
Appendix B) is the same order as that of PG; however, since the variable convergence rate ε(k) of aPG is
faster than PG, the overall active set complexity rate is faster as well. Finally, the manifold identification
property does not depend on the method itself having monotonic variable convergence, as aPG in general
does not. All we need is a monotonic variable bound, which may be pessimistic in practice. (See Fig. 2.)

Previous work Liang et al. (2017) and Johnstone and Moulin (2015) also discuss manifold identification
for aPG. The analysis in Johnstone and Moulin (2015) is similar but is restricted to sparse (`1 regularized)
optimization. In Liang et al. (2017) the analysis is based more on generalized topological analysis and
extends to all L-smooth convex functions g, resulting in an active set complexity of O(δ2

min) iterations. In
comparison, Theorem 1 with strong convexity guarantees O(log(δmin)) iterations.

DRS and ADMM Two other (equivalent) non-monotone proximal splitting methods are the DRS method (Dou-
glas and Rachford, 1956; Lions and Mercier, 1979; Eckstein and Bertsekas, 1992), which minimizes (2) using
the following scheme

x(k+1) = proxth(z(k)) (11)

y(k+1) = proxtg(2x
(k+1) − z(k)) (12)

z(k+1) = z(k) + y(k+1) − x(k+1) (13)

and ADMM (Gabay and Mercier, 1975; Glowinski and Marroco, 1975) on the reformulation of (2)

min
x,y
{g(y) + h(x) : x = y}. (14)

The variable convergence rate is equivalent for both, since in this simplified formulation they are equivalent
under the transformation u(k) = (z(k) − x(k))/t where u(k) is the dual ADMM iterate. (See Appendix A.)
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Figure 2: PG and aPG convergence behavior. Trajectories of deterministic methods on sparse linear
regression. Here, the entries of A ∈ R200×500 are i.i.d. Gaussian and b = Ax# + y. The vector x# is the
sparse ground truth signal, and y is a Gaussian i.i.d. noise vector. The variable error (blue) is bounded
above by the dashed decreasing line, which is ε(k) as reported in literature. The ASI error (yellow) reaches
0 when the max absolute value of the residual (red) dips below the horizontal dashed line, which represents
δmin. Before this happens, the manifold has been identified.

In particular, Giselsson and Boyd (2017) showed x(k) → x∗ at a linear rate and He and Yuan (2015) showed
‖x(k) − y(k)‖2 → 0 at a O(1/

√
k) rate.

Theorem 2. Consider a monotonically decreasing sequence εx(k) ≥ max{‖x(k) − x∗‖2, ‖x(k) − y(k)‖2} for
all k. Then the active set is identified at k̄ when

1. (2/t+ L)εx(k̄) ≤ δmin for DRS, and

2. (2/t+ 2L)εx(k̄) ≤ δmin for ADMM on (14).

For g strongly convex, k̄ = O(δ2
min) for both methods.

Previous work Liang et al. (2016) Prop. 4.5 gives a rate k̄ = O(δ2
min) for general convex g. When

g is strongly convex, Thm. 2 gives an improved active set complexity of k̄ = O(δmin). Note that if we
can show ‖x(k) − y(k)‖2 converging linearly, we can improve this to k̄ = O(log(δmin)). The local linear
convergence behavior of DRS-like methods is also discussed in Molinari et al. (2018), which shows finite
active set complexity but does not provide a rate for k̄.

3.3 Proximal Newton-type methods

When g is twice-differentiable everywhere, a family of proximal Newton-type methods can be described as

x(k+1) = argmin
x

(
∇g(x(k))Tx+ (15)

h(x) + (x− x(k))TH
(k)
est (x− x(k))

)
,

where H
(k)
est is a symmetric positive definite matrix approximating the Hessian at x(k) satisfying the Dennis-

More (Dennis and Moré, 1974) criterion

‖(H(k)
est −∇2g(x∗))(x(k+1) − x(k))‖2

‖x(k+1) − x(k)‖2
→ 0.
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Specifically, (15) describes the prox-Newton (pN) method when H
(k)
est = ∇2g(x(k)), and more generally the

prox-Quasi-Newton (pQn) method. These methods are well-studied; when g is strongly convex, pN converges
q-quadratically (Lee et al., 2014), and pQN converges linearly (Ghanbari and Scheinberg, 2016).

Theorem 3. When H
(k)
est � LHI, both pN and pQN methods identify the manifold for all k ≥ k̄ when 2

(L+ LH)εx(k̄) ≤ δmin.

For g strongly convex, pQN has active set complexity

k̄ = O(log(δmin)

and pN has
k̄ = O(log(log(δmin)).

When H
(k)
est = ∇2g(x(k)) is exact, LH = L.

An important future extension of this analysis is to include quasi-Newton methods that do not satisfy
the Dennis-More condition, such as L-BFGS.

3.4 Stochastic methods

We now extend the analysis to stochastic proximal methods, namely proximal versions of stochastic gradi-
ent descent (SGD), the stochastic variance reduced gradient (SVRG) method (Johnson and Zhang, 2013),
stochastic average gradient amélioré (SAGA) (Defazio et al., 2014), and the regularized dual averaging
(RDA) method (Xiao, 2010). A new challenge in stochastic methods is a potentially diminishing step size.
In particular, when t(k) → 0, it is not clear that condition (8) will hold for all k > k̄, for any finite k̄, even if
x(k) → x∗. Condition (8) is a conservative bound; in our experiments, we observe that when εx(k)/t(k) 6→ 0,
manifold identification happens in some problem instances, but not consistently.

We now assume g is a sum of smooth functions

g(x) =
1

m

m∑
i=1

gi(x) (16)

and consider methods that sample a single gradient ∇gi(x) for i ∈ {1, ...,m} uniformly at each iteration.
Exact k̄ values can be computed by combining the stated theorems and explicit rates for εx and εg. (See
Table 3 given in Appendix C.)

SGD, SVRG, SAGA Denote by i[k] the sample picked at iteration k. These methods can be summarized
by the iteration scheme

x(k+1) = proxt(k)h(x(k) − t(k)G
(k)
est ) (17)

where G
(k)
est is a noisy estimate of the gradient ∇g(x(k)). In particular, we consider

• prox-SGD (pSGD), where G
(k)
est = ∇gi[k](x

(k));

• prox-SVRG (pSVRG) (Johnson and Zhang, 2013), where

G
(k)
est = ∇gi[k](x

(k))−∇gi[k](x̃) +∇g(x̃)

and x̃ is the iterate taken at the beginning of the current epoch; and

2The two-stage convergence behavior of the Newton-type methods (linear to a neighborhood, followed by quadratic conver-
gence) is captured in εx(k).
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• prox-SAGA (pSAGA) (Defazio et al., 2014), where

G
(k)
est = ∇gi[k](x

(k))− y(k−1)
i[k] +

1

m

m∑
i=1

y
(k−1)
i

and

y
(k)
i =

{
∇gi(x(k)), i = i[k],

y
(k−1)
i , else.

0 2 4 6 8 10

Iterations 10
4

10
-5

10
-1

10
3

E
rr

o
r

SGD

0 2 4 6 8 10

Iterations 10
4

10
-5

10
-1

10
3

E
rr

o
r

RDA

0 1 2 3 4

Iterations 10
4

10
-5

10
-1

10
3

E
rr

o
r

SVRG

0 1 2 3 4

Iterations 10
4

10
-5

10
-1

10
3

E
rr

o
r

SAGA

Figure 3: Trajectories of stochastic methods on sparse linear regression. Data is generaed as in
Fig. 2. For SGD and RDA, the step size rate decays as t(k) = 0.1/

√
k, which is necessary for convergence.

For SVRG and SAGA, the step size is constant at t(k) = 0.1. The variable error (blue) and the max value
of the active set residual (yellow) are plotted. The vertical lines measure when the active set is identified
(solid), and when ‖s(k)‖∞ < δmin (dashed).

Define εx(k) and εg(k) two monotonically decaying sequences such that εx(k) ≥ ‖x(k)−x∗‖2 and εg(k) ≥
‖∇g(x∗)−G(k)

est‖2.

Theorem 4. pSVRG and pSAGA identify the manifold for k > k̄ when

εx(k̄)

t(k̄)
+ εg(k̄) ≤ δmin. (18)

When g is strongly convex and t(k) = t a constant step size, k̄ = O(log(δmin)).

Proof. We invoke (8) for z(k) = x(k) − t(k)G
(k)
est and apply the triangle inequality. The rest follows from the

linear convergence rate (Appendix C Table 3).
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For pSGD, the condition for finite manifold identification is also (18); however, here εg(k) 6→ 0 in general.
3 A key advantage of variance reduced methods like pSVRG (Johnson and Zhang, 2013) and pSAGA (Defazio
et al., 2014) (as well as other variants like MISO, Finito, and SDCA) is that εg(k)→ 0. Then, since pSVRG
and pSAGA usually employ constant step size, both terms in (18) go to 0, and thus are manifold identifying
methods. (See also Poon et al. (2018).)

Previous work Poon et al. (2018) discuss finite-iteration manifold identification of pSVRG and pSAGA,
and give some hint to k̄ for specific applications, but do not show its relationship with δmin.

RDA The RDA method (Duchi and Ruan, 2016) and its proximal version (pRDA) (Xiao, 2010) was
introduced as a variance-reduced method for stochastic optimization (where we do not need to assume that
m is finite in (16)). Unlike pSVRG and pSAGA, in pRDA we require a decaying step size for convergence,
and the variable error converges at a sublinear rate.

By some rearrangement, we can rewrite this scheme as

ḡ(k) =
1

k

k∑
i=1

∇gi[k](x))

x(k+1) = proxkt(k)h

(
−kt(k)ḡ(k)

)
.

Then, using z(k) = −kt(k)ḡ(k), condition (8) gives the following result.

Theorem 5. pRDA identifies the manifold when

εg(k) +
B

kt(k)
≤ δmin,

where B ≥ ‖x(k)‖2 for all k. Taking t(k) = 1/
√
k and g strongly convex, k̄ = O

(
(δmin)

4
)

.

Since most choices of h in our applications are not strongly convex, the only scheme in which RDA is
guaranteed to converge is with a diminishing step size,4 such as t(k) = 1/

√
k. Under this choice of step size,

Xiao (2010) reports E[(εx(k))2] = O(k−1/2), which gives E[εg(k)] = O(k−1/4). Interestingly, Theorem 5 does
not depend on εx(k), and guarantees active set identification whenever t(k) > O(1/k).

Previous work Lee and Wright (2012) discuss finite-iteration manifold identification of RDA and show
that there is a direct relationship between εx(k) and δmin. They also provide sharper probabilistic estimates
of εx(k), whereas ours is in expectation. Duchi and Ruan (2016) also consider manifold identification of a
variantof RDA under a restricted strongly convex assumptions on g.

4 Applications

It is now evident that a key factor in the manifold identifying behavior is δmin. Unfortunately, because δmin

depends on the optimal value x∗ of (2), in practice the value is not available until after the optimization is
complete. In this section, we develop some intuition as to when δmin may be large, based on data incoherence
and training performance. We investigate this for both sparse regularization and bound constraints. All the
proofs in this section are in Appendix D.

4.1 Sparse regularization

Consider h(x) = λ‖x‖1. Then δi(x) = λ− |∇g(x)i|. Here, we consider two specific instances of problem (1):
sparse linear and logistic regression.

3If we assume additional conditions, such as the strong growth condition on f , then εg(k)→ 0 (Schmidt and Roux, 2013).
4Here, we use 1/t(k) in place of β(k) the step size parameter used in Xiao (2010), so that all methods are easy to compare.
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Linear regression Taking
L(aTk x; bk) = (1/2)(aTk x− bk)2,

then

δmin = min
j∈Z

λ− 1

m
|(AT (Ax− b))j |,

where A = [a1, . . . , am]T .

• Repeated feature entries. Assume that the data matrix is A = [a, a, ..., a] = a1T ∈ Rm×n. Then
for i 6= j and xi = 0 but xj is nonzero, then xi is necessarily degenerate. (See Appendix D.)

• Very incoherent A. When the data matrix A is almost orthonormal (ATA ≈ mI) and fits the data
well (Ax ≈ b) then for fixed λ, one may expect δmin to be larger. (Prop. 1.)

• Incoherent useless entries. Often, data vectors are not totally incoherent. In fact, in classification,
we may expect the data matrices restricted to one class to be highly correlated. Note, however, that if
j ∈ Z then xj = 0, and the jth feature is not used in the final classifier. Such a feature then has little
correlation with the sample label, and may be uncorrelated with the other sample features as well.

Assumption 1. Suppose that b = F (Ax#)+y for some smooth map F : Rn → Rn and sparse “truth” vector
x#, and the noise is bounded by ‖y‖2 ≤ η

√
m. Define e = x∗ − x#. For all columns ai of A, ‖ai‖2 ≤ α

√
m.

For all i ∈ Z, for all j 6= i, |aTi aj | ≤ ρ.

Proposition 1. With Assumption 1 and model b = Ax# + y, for all j ∈ Z, in linear regression,

δmin ≥ λ− ρ‖e‖1 − α2|ej | − αη.

In general, α is some small fixed constant. (If we normalize the data, then α = 1.) This proposition suggests
that δmin can be increased if either λ is larger or ρ, |ej |, and η are smaller.

Figure 4 gives a surface plot of |x∗i | and δi(x
∗) for the MNIST binary classification problem distinguishing

4 and 9, for varying choice of λ. As expected, with sparse regularization, the features selected are those in
regions that distinguish between 4 and 9, such as the angular slant of the 4. The δi(x

∗) surface plot shows a
close inverse, with large values when a feature is not used in classification (|xi| ≈ 0). In regions where both
plots are blue, the feature is degenerate, suggesting ambiguity in whether it is important.

Sparse logistic regression We now extend our results to sparse logistic regression, where σ(x) := 1/(1 + e−x)
the sigmoid function, and

L(aTi x; bi) = −bi log(σ(aTi x))− (1− bi) log(1− σ(aTi x)). (19)

Extending the analysis to logistic regression is more involved, and thus we locally linearize the model.

Proposition 2. With Assumption 1 and b = σ(Ax#) + y, define

τ = max
i
σ(aTi x

∗)(1− σ(aTi x
∗)).

Then for all j ∈ Z, for the sparse logistic problem,

δ∗j ≥ λ− τα2‖e‖2 − αη +O(‖e‖22).

The constant τ < 1/4 is a measure of the maximum “uncertainty” for a single sample; if all samples are
classified easily, then τ is very small. Overall, if τ , η, and ‖e‖2 are small, we may expect larger δmin.

Figure 5 illustrates this result numerically. In almost all cases, the probability of degeneracy (δmin = 0)
is at the tail end of the curve (unless λ is too small). In these experiments, we found varying noise levels
and the number of samples m had little effect on the δmin distribution. However, the sparsity levels of x#,
the λ value, and the incoherence of A, did have an effect.
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Figure 4: Feature importance. MNIST classification of 4 vs 9 digits via sparse linear regression for varying
levels of λ. The top row are |xi| and bottom are δ(x∗i ). Note the tradeoff between test error and sparsity
quality, with the middle column being a desirable “sweet spot”.

4.2 Constrained optimization

Element-wise constraints on x appear after dualization of the hinge-loss function. The most important
example of this is the Lagrange dual of SVMs 5

min
x∈Rm

1
2m (b ◦ x)TK(b ◦ x)− 1

mx
T1

st 0 ≤ xi ≤ λ, i = 1, . . . ,m.
(20)

Here, x◦y represents element-wise multiplication. The matrix K ∈ Rm×m is the symmetric positive semidef-
inite kernel matrix, where Kij = Kf (ai, aj) and Kf is some kernel function. For a linear SVM, K = AAT .
After training, the binary classifier for a new data vector â is f(â) = sign(

∑m
i=1 bixiKf (ai, â)).

The function g is the L-smooth objective of (20) (where L = ‖K‖2). The constraint can be expressed as a
separate 0/∞ indicator penalty for each element-wise interval, and δmin = mini∈Z |(∇g(x∗))i|. Additionally,
j ∈ Z implies x∗j ∈ {0, λ}.

Proposition 3. Let us assume that for all j ∈ Z, |Kij | ≤ ρ for i 6= j, and |Kii| ≤ α. Then for problem
(20), if xj = λ then

δ∗j ≥
1

m
− λ

m
(α+ ρm).

We generally expect α to be a small constant value; for linear SVMs, α ≥ ‖ai‖22 for all i, and for the
radial basis function (RBF) kernel, α = 1. When xj = 0, then the data sample j plays no role in the final
classifier and we cannot give any guarantees; the value of δmin can be arbitrarily close to 0. Now assume
that for some j ∈ Z, xj = λ. If we choose λ very small (corresponding to a large hinge loss regularizer in

5We analyze the version without bias terms in the model.
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Figure 5: Histograms of δmin. Here, x∗ is the solution to 10,000 random instances of logistic regression,
where the data is generated as in Fig 2. Unless otherwise stated, A is random Gaussian, n = 250, m = 250,
sparsity level = 10%, noise level = 1/100, λ = 1. As expected, increasing λ increases δmin in expectation.
Also, when the sparsity level of x# is increased, δmin concentrates away from 0. Unexpectedly, more correlated
data seems to increase δmin in practice.
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the primal) we will obtain large δmin; however this can degrade performance as it unnaturally drives x∗ to
0. However, limiting λ ≤ 1/α and driving ρ to 0 can increase δmin. Active set methods for solving the dual
SVM are explored in a number of works, for example Joachims (1998), Usunier et al. (2010). Keerthi and
DeCoste (2005), and She and Schmidt (2017).

5 Conclusions

The ability of certain methods to identify low-dimensional solution manifolds in finite time is known in
folklore, but existing proofs are often specific to the algorithm. Here we provide a unified view of proximal
methods, with one key lemma that summarizes all the requirements for finite active set complexity. To show
the power of this unified analysis, we calculate the step size assumptions and number of iterations needed
for manifold identification for seemingly unrelated proximal methods.

The active set complexity is closely reliant on problem degeneracy (δmin), and both manifold identification
and variable convergence is often faster when δmin is large. We cannot easily compute δmin, but analysis
and experiments suggest that manipulating data parameters like ρ, τ , and ‖e‖1 (for example, through clever
feature selection) give favorable properties.

None of our results rely on strong convexity of g when relating ε(k), k̄, and δmin, though we require x∗ to
be unique. Considering problems with nonunique x∗ adds unrealistic complications to the analysis, as the
resulting solution manifold may no longer be unique. Of course, the rates εx(k) often require g to be strongly
convex, and having more general variable error rates is the most natural way to relax this assumption. (Duchi
and Ruan, 2016; Yen et al., 2014)

Finally, thus far not much in our analysis has precluded the use of nonconvex functions g and regularizers
h. Convexity has several advantages, such as a simple and everywhere interpretable notion of subdifferentials,
and simplifies the question of unique stationary points. However, though we focus on convex functions, we
believe the intuition in our analysis carries over to more general problems.
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A Manifold identification complexity for deterministic methods

In this section, we give the manifold identification complexity of deterministic methods, as a function of δmin

and εx(k). Auxillary results are also presented when needed.

A.1 Proof of Lemma 1

Proof. First, by the optimality conditions of (2), we have

−∇g(x∗) ∈ ∂h(x∗).

By definition of δmin, if h(x) =
∑
i hi(xi), then additionally for all i ∈ Z, any vector u where |ui+∇g(x∗)i| ≤

δmin also satisfies
ui ∈ ∂hi(x∗i ).

Using (8) we see that u = 1
t(k)H

(k)
(
z(k) − x∗

)
satisfies this property, and therefore

1

t(k)
H(k)

(
z

(k)
i − x∗i

)
∈ ∂hi(x∗i )

which is true if and only if

x∗i = proxH
(k)

t(k)hi
(z

(k)
i ).

Since the solution to the prox is unique, then this implies that for all i ∈ Z,

x
(k+1)
i = x∗i .

A.2 Accelerated proximal gradient descent

We give more details to the accelerated proximal gradient method and derive theorem 1. The proximal
gradient descent is often accelerated (Nesterov, 2013b) via a simple scheme

y(k+1) = x(k) − t∇g(x(k))

x(k+1) = proxth((1− γ(k))y(k+1) + γ(k)y(k)).

When g is convex, λ(0) = 0 and

λ(k) =
1 +

√
1 + 4(λ(k−1))2

2
, γ(k) =

1− λ(k)

λ(k+1)
.

When g is strongly convex, γ(k) = γ is constant, as

γ =
1−
√
κ

1 +
√
κ
, κ =

L

µ
.

In either case, we prove finite time manifold identification.

Lemma 2. In the non-strongly convex case, for all k, −1 ≤ γ(k) ≤ 1.

Proof. Note that λ(0) = 0 and λ(k) is monotonically increasing for all k, since

λ(k) =
1 +

√
1 + 4(λ(k−1))2

2
≥
√

4(λ(k−1))2

2
= λ(k−1).

Now, note that
−1 ≤ γ(k) ≤ 1 ⇐⇒ 1− λ(k+1) ≤ λ(k) ≤ 1 + λ(k+1).
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This is true if for all scalar x > 0,

1− 1 +
√

1 + 4x2

2
≤ x ≤ 1 +

1 +
√

1 + 4x2

2

which is true if and only if for all x ≥ 0,

1−
√

1 + 4x2

2
− x ≤ 0,

3 +
√

1 + 4x2

2
− x ≥ 0.

To see this is satisfied, note that the term 1−
√

1+4x2

2 − x is monotonically decreasing, so it achieves its

maximum value of 0 when x = 0. Similarly, the term 3+
√

1+4x2

2 − x is also monotonically decreasing (which
can be seen by checking the derivative) so it achieves its minimum value of 3/2 > 0 at the limit when
x→ +∞.

Note that in actuality, with λ(0) = 0, −1 < γ(k) < 0 for all k > 2, corresponding to extrapolation steps.
Proof of Thm 1

Proof. First we simplify the term in Lemma 1:

1

t
(z(k) − x∗) +∇g(x∗) =

1

t
((1− γ(k))y(k+1) + γ(k)y(k))− x∗) +∇g(x∗)

=
1

t
((1− γ(k))(x(k) − t∇g(x(k)) + γ(k)(x(k−1) − t∇g(x(k−1)))− x∗) +∇g(x∗)

=
1

t
((1− γ(k))x(k) + γ(k)x(k−1) − x∗)− (1− γ(k))∇g(x(k))− γ(k)∇g(x(k−1)) +∇g(x∗)

Bounding the norms∥∥∥∥1

t
(z(k) − x∗) +∇g(x∗)

∥∥∥∥
2

(a)

≤ 1− γ(k)

t
‖x(k) − x∗‖2 +

γ(k)

t
‖x(k−1) − x∗‖2 + (1− γ(k))‖∇g(x(k))−∇g(x∗)‖2

+γ(k)‖∇g(x(k−1))−∇g(x∗)‖2
(b)

≤ 1− γ(k)

t
ε(k) +

γ(k)

t
ε(k − 1) + L(1− γ(k))ε(k) + Lγ(k)ε(k − 1)

(c)

≤
(

1

t
+ L

)
ε(k − 1)

where (a) comes from triangle inequality, (b) from L-smoothness, and (c) from the fact that ε(k) is a
monotonically decreasing sequence.

The explicit k̄ rate for strongly convex g(x) comes from combining this with Table 2.

A.3 Douglas-Rachford Splitting (DRS)

We give a proof of theorem 2, which gives the manifold identification rate for DRS. In the next section, we
show the equivalence of ADMM with DRS, thus extending the complexity result from DRS to ADMM.

Proof. The update y(k+1) is exactly that which solves

2x(k+1) − z(k) − y(k+1) = t∇g(y(k+1)).

Therefore

‖1

t
(z(k) − x∗) +∇g(x∗)‖2 = ‖1

t
(2x(k+1) − y(k+1) − x∗)− (∇g(y(k+1))−∇g(x∗))‖2

≤ (2/t+ L)ε(k).

The rest follows from Lemma 1, combined with Table 2.
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A.4 Alternating direction method of multipliers (ADMM)

In this section, we briefly elaborate on the details of ADMM. We then show its equivalence of DRS, and
extend the manifold identification complexity rate from DRS to ADMM.

First, we show that ADMM on (14) is equivalent to the DRS splitting. This equivalence is well-known,
dating back to Gabay (1983). Here, we give a simplified proof for our particular formulation, largely based
off the class notes in 6 Writing the augmented Lagrangian of (14) as

Lt(x, y;u) = g(y) + h(x) + uT (x− y) +
1

2t
‖x− y‖22,

the ADMM algorithm can be summarized via the update scheme

x(k+1) = proxth(y(k) − tu(k)) (21)

y(k+1) = proxtg(x
(k+1) + tu(k)) (22)

u(k+1) = u(k) +
1

t
(x(k+1) − y(k+1)). (23)

Lemma 3. The DRS method expressed in (11)-(13) is equivalent to the ADMM method expressed as (21)-
(23) given the change of variables u(k) = (z(k) − x(k))/t.

Proof. Recall the DRS scheme for ρ = 1 is

x(k+1) = proxtg(z
(k))

y(k+1) = proxth(2x(k+1) − z(k))

z(k+1) = z(k) + y(k+1) − x(k+1)

where we flip h and g. (This does not affect convergence rates.)
We first swap the order of x and z and reindex k

y(k+1) = proxth(2x(k) − z(k))

z(k+1) = z(k) + y(k+1) − x(k)

x(k+1) = proxtg(z
(k+1))

Now we swap x and z and don’t reindex.

y(k+1) = proxth(2x(k) − z(k))

x(k+1) = proxtg(z
(k) + y(k+1) − x(k))

z(k+1) = z(k) + y(k+1) − x(k)

Now we replace z(k) with u(k) = (z(k) − x(k))/t.

y(k+1) = proxth(x(k) − tu(k))

x(k+1) = proxtg(y
(k+1) + tu(k))

u(k+1) = u(k) +
1

t
(y(k+1) − x(k+1))

This is now exactly the iteration scheme (21)-(23) for ADMM, with y and x flipped.

We now prove theorem 2 for ADMM.

6www.seas.ucla.edu/∼vandenbe/236C/lectures/dr.pdf

17



Proof. The optimality condition for the update of y(k+1) is

x(k) + tu(k−1) − y(k) = t∇g(y(k)).

Therefore,

1

t
(z(k) − x∗) +∇g(x∗) =

1

t
(y(k) − tu(k) − x∗) +∇g(x∗)

=
1

t
(x(k) − x∗) + (u(k−1) − u(k)) + (∇g(x∗)−∇g(y(k)))

=
1

t
(x(k) − x∗) +

1

t
(y(k) − x(k)) + (∇g(x∗)−∇g(x(k)))

+(∇g(x(k))−∇g(y(k)))

and therefore ∥∥∥∥1

t
(z(k) − x∗) +∇g(x∗)

∥∥∥∥
2

≤ (2/t+ 2L)ε(k).

The rest follows from Lemma 1 combined with Table 2.

A.5 Proximal Newton type

We now prove theorem 3, which gives the manifold identification complexity rate for the proximal Newton
method.

Proof. Invoking Lemma 1, we just need to find the conditions such that

|(Hest(x
(k) − x∗) +∇g(x(k))−∇g(x∗))i| ≤ δmin

for all i ∈ Z.
We see that

|(Hest(x
(k) − x∗) +∇g(x(k))−∇g(x∗))i| ≤ ‖Hest(x

(k) − x∗)‖2 + ‖∇g(x(k))−∇g(x∗)‖2
≤ (LH + L)ε(k).

To get a rate of k̄ when g(x) is strongly convex, we combine this result with Table 2.

B Deterministic methods error bounds

In this section, we give detailed rates for variable convergence in deterministic methods (see Table 2).
For DRS and ADMM, two important convergence rates are required here to calculate k̄. Taking z̄ as

the fixed point of the DRS iteration scheme, from Giselsson and Boyd (2017) we have a linear variable
convergence rate for the variable error ‖x(k+1) − x∗‖2 = O(exp(k)), and from He and Yuan (2015) we also
have another rate for the stationarity of z(k) as ‖x(k) − y(k)‖2 = O(1/k). Both rates are used to calculate
εx(k).

C Stochastic methods error bounds

C.1 Table of rates

In this section, we give detailed rates for variable convergence rates (εx(k) ≥ ‖x(k) − x∗‖2) and gradient

convergence rates (εg(k) ≥ ‖G(k)
est −∇g(x∗)‖2) in proximal stochastic methods (see Table 3). In some cases

the exact rates were hard to find, so we include our own derivations when necessary.
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method Bound on ‖x(k) − x∗‖2 Bound on ‖z(k) − z(k−1)‖2 stepsize

PG (1− µ/L)k/2B0 n/a 2/L

aPG 1√
µ

(1−
√
µ/L)k/2

√
d0 (Nesterov, 2013a) n/a 2/L

DRS/ADMM C2C
k+1
3 (Giselsson and Boyd, 2017)

√
C1
k+1

(He and Yuan, 2015) t > 0

pN (L2
2µ

)2
k−1B2k

0 (Thm 3.4 (Lee et al., 2014)) n/a 1

pQN 2d0C
k
5 /µ (Ghanbari and Scheinberg, 2016) n/a 1

Table 2: Variable convergence rates of deterministic methods. We assume g(x) is µ-strongly convex,
to obtain variable convergence rates more readily. L2 is the smoothness of the Hessian ‖∇2g(x)−∇2g(y)‖2 ≤
L2‖x − y‖2. B0 = ‖x0 − x∗‖. We assume B0 < 1. Otherwise, we can run the scheme until some k̃ where

Bk̃ < 1 and shift all the iterate indices. d0 = f(x0)−f(x∗). For DRS and ADMM, C1 =
z20+‖th(z(0))−th(z∗)‖2

4 ,

C2 = z0
1+tµ , C3 = 1+ρ

2 with ρ = max{ tL−1
tL+1 ,

1−tµ
tµ+1} and z0 = ‖z(0)− z∗‖ where z(k) → z∗. C4 = 1−µ/(µ+L).

For pN and pQN, C5 = 1− µ/(µ+M), and mI � H(k)
est �MI.

method E[(εx(k))2] Grad. Var. stepsize

pSGD
max{B2

0 ,4V
2/µ2}

k n/a 1/(µk)

pSVRG ρkSVRG(B2
0 + 2td0) E[(εg(k))2] = 4LQ(dk−1 + ρkd0) 1/(4LQ)

(Poon et al., 2018) (Xiao and Zhang, 2014)

pSAGA
(

1− µ
2(µn+L)

)k
BS

0 εg(k) = Lmax (εx(k) + 2εx(k −m)) 1
2(µn+L)

(Defazio et al., 2014)

pRDA(Xiao, 2010) CRDA√
k

E[εg(k)] = σ√
k

+
Cg

RDA

k1/4
1/
√
k

Table 3: Variable convergence rates for stochastic methods. We assume g(x) is µ-strongly convex,
to obtain variable convergence rates more readily. B0 = ‖x0 − x∗‖2. m is number of terms in composite
sum and n is the length of x. dk = f(x(k))− f(x∗). Lmax = maxi=1,...,m Li where each gi is Li-smooth. For
prox-SAGA, BS

0 = (B2
0 + n

µn+L (d0−〈∇g(x∗), x(0)−x∗〉)). The gradient variance bound is E[‖gk‖2] ≤ V 2. For

prox-SVRG, we also require ρSVRG = max{1− tµ, 4Lt(n+ 1)} < 1. For prox-RDA, CRDA = 2(h0 + V 2/µ2),
CgRDA = 4

3Lmax

√
h0 + 3V 2/(2µ2). and σ2 is the gradient norm ‖∇gi‖2 variance at x∗. For many of these

rates, more detailed derivations are given in Appendix C.
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C.2 Proximal stochastic gradient method

Consider the update scheme

x(k+1) = proxt(k)h(x(k) − tG(k)
est )

We now give a simple proof of the O(1/
√
k) convergence rate of prox-SGD for µ-strongly convex g. The

convergence proof for SGD is well-known, and is not new for prox-SGD, but we include it here for complete-
ness.

Lemma 4. Assume that E[G
(k)
est ] = ∇g(x(k)) and there is a V where ‖∇g(x∗)‖ ≤ V and ‖G(k)

est‖ ≤ V for all
k. Assume that g is strongly convex with modulus µ. Then with a step length sequence t(k) = 1/(µk), we
have

E[‖x(k) − x∗‖22] ≤ 1

k
max{‖x(1) − x∗‖2, 4V 2/µ2}. (24)

Proof. For ease of notation, we use t = t(k), Gest = G
(k)
est , x = x(k), and x+ = x(k+1).

Since g(x) is µ-strongly convex, we have

g(x∗)− g(x) ≥ 〈∇g(x), x∗ − x〉+
µ

2
‖x− x∗‖2

g(x)− g(x∗) ≥ 〈∇g(x∗), x− x∗〉+
µ

2
‖x− x∗‖2

and therefore
〈∇g(x)−∇g(x∗), x− x∗〉 ≥ µ‖x− x∗‖2. (25)

Now,

‖x+ − x∗‖2 (a)
= ‖proxth(x− tGest)− proxth(x∗ − t∇g(x∗))‖2
(b)

≤ ‖(x− x∗)− t(Gest −∇g(x∗))‖2

= ‖x− x∗‖22 + t2‖Gest −∇g(x∗)‖2 − 2t〈x− x∗, Gest −∇g(x∗)〉
(c)

≤ ‖x− x∗‖22 + 4t2V 2 − 2t〈x− x∗, Gest −∇g(x∗)〉

where (a) comes from the fixed point property x∗ = proxth(x∗ − t∇g(x∗)), (b) from nonexpansiveness of
prox, and (c) from the relation

‖Gest −∇g(x∗)‖22 ≤ (‖Gest‖2 + ‖∇g(x∗)‖2)2 ≤ (2V )2.

Taking expectations gives

E[‖x+ − x∗‖2|x] ≤ ‖x− x∗‖22 − 2t〈x− x∗,E[Gest]−∇g(x∗)〉+ 4t2V 2

= ‖x− x∗‖22 − 2t〈x− x∗,∇g(x)−∇g(x∗)〉+ 4t2V 2

(a)

≤ (1− 2tµ)‖x− x∗‖22 + 4t2V 2.

where (a) is from invoking (25).
Using the nested expectations property, we have that

E[‖x+ − x∗‖2] = E[E[‖x+ − x∗‖2|x]]

≤ (1− 2tµ)E[‖x− x∗‖22] + 4t2V 2.

Now the rest follows from induction. Clearly, (24) is satisfied for k = 1. Now assume it is satisfied for
some k, and consider the k + 1 term. Take C = max{‖x(1) − x∗‖2, 4V 2/µ2} and t(k) = 1/(µk). Then

E[‖x(k+1) − x∗‖22] ≤ (1− 2/k)E[‖x− x∗‖22] + 4µ2V 2/k2

≤ (1− 2/k)C/k + C/k2

≤ C

k + 1
.
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C.3 SAGA Gradient error bound

The SAGA method is discussed in Defazio et al. (2014), and E[εx(k)2] = O(ck) variable convergence rates
for strongly convex g are derived. Here, we give the gradient convergence rates εg(k) as a function of εx(k),
which are needed in the overall manifold identification complexity rate (theorem 4).

Lemma 5. Suppose that εx(k) ≥ ‖x(k)−x∗‖2, and Lmax is the maximum Lipschitz smooth parameter in gi,
e.g.

‖∇gi(x)−∇gi(y)‖2 ≤ Lmax‖x− y‖2, ∀i = 1, ...,m.

Then in prox-SAGA,
‖Gest −∇g(x∗)‖2 ≤ Lmax (εx(k) + 2εx(k −m)) .

Proof. Define x̂(i) such that ∇gi(x̂(i)) = y
(k−1)
i . Then

Gest −∇g(x∗) = ∇gi[k](x
(k))−∇gi[k](x

∗) +∇gi[k](x
∗)−∇gi[k](x̂

(i[k]))

+
1

m

m∑
i=1

(∇gi(x̂(i))−∇gi(x̂∗)).

Therefore

‖Gest −∇g(x∗)‖2
(a)

≤ ‖∇gi[k](x
(k))−∇gi[k](x

∗)‖2 + ‖∇gi[k](x
∗)−∇gi[k](x̂

(i[k]))‖2

+
1

m

m∑
i=1

‖∇gi(x̂(i))−∇gi(x∗)‖2

(b)

≤ Lmax

(
‖x(k) − x∗‖2 + ‖x∗ − x̂(i[k]))‖2

)
+
Lmax

m

m∑
i=1

‖x̂(i) − x∗‖2

(c)

≤ Lmax(εx(k) + 2εx(k −m)).

where (a) is from the triangle inequality applied to each summed term, (b) uses Lmax smoothness of each
component term gi, and (c) is since εx(k) is a monotonically decreasing sequence and x̂(i) is at most m
iterations stale.

where (a) comes from triangle inequality

C.4 RDA Gradient error bound

In this section, we list and rework known variable convergence rates of pRDA in Xiao (2010) in order to
derive a variable and gradient convergence rate.

Lemma 6. For any random variable Z, E[Z2] ≥ E[Z]2.

Proof. The variance E[(Z − E[Z])2] = E[Z2]− E[Z]2 ≥ 0, so E[Z2] ≥ E[Z]2.

Lemma 7. Assume g is µ-strongly convex. Using t(k) = µ/
√
k, for general convex h, the expected variable

convergence rate is

E[‖x(t+1) − x∗‖2] ≤ CRDA√
k

where CRDA = 2(h0 + V 2/µ2), V 2 = maxi,x E[‖∇gi(x)‖2], and h0 = maxx∈D h(x) for some reasonable
domain D.

This result was first presented and proven in Xiao (2010). We list it here to show the simplification steps
needed in our gradient bound.
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Proof. Using t(k) = µ/
√
k, we have

E[‖x(t+1) − x∗‖2]
(a)

≤ 2(µh0 + V 2/µ)

µ(k + 1/
√
k)

√
k

≤ 2(h0 + V 2/µ2)
1√
k

where (a) is the exact rate reported in Xiao (2010).

Lemma 8. Assume that E[‖∇gi(x∗) − ∇g(x∗)‖2] ≤ σ2 (e.g. the gradients have bounded variance) and
bounded norm E[‖∇gi(x)‖22] ≤ V 2 for all i, x. Take d0 = maxx∈D h(x) where D is a bounded region where
all iterates reside. Assume that there is a maximal Lipschitz constant for each component, e.g.

‖∇gi(x)−∇gi(y)‖ ≤ Lmax‖x− y‖2, ∀i = 1, ...,m.

Then

E[‖Gest −∇g(x∗)‖2] ≤ σ√
k

+
CgRDA

k1/4
.

where

CgRDA =
4

3
Lmax

√
h0 + 3V 2/(2µ2).

Proof.

Gest −∇g(x∗) =
1

t(k)k
x(k) +

1

k

k∑
j=1

∇gi[j](x(j))−∇g(x∗)

=
1

k

k∑
j=1

∇gi[j](x(j))− 1

k

k∑
j=1

∇gi[j](x∗) +
1

k

k∑
j=1

∇gi[j](x∗)−∇g(x∗) +
1

t(k)k
x(k)

= A+B + C

where

A =
1

k

k∑
j=1

∇gi[j](x(j))− 1

k

k∑
j=1

∇gi[j](x∗),

B =
1

k

k∑
j=1

∇gi[j](x∗)−∇g(x∗),

C =
1

t(k)k
x(k).

Since by triangle in equality ‖Gest −∇g(x∗)‖2 ≤ ‖A‖2 + ‖B‖2 + ‖C‖2, we have

E[‖Gest −∇g(x∗)‖2] ≤ E[‖A‖2] + E[‖B‖2] + E[‖C‖2]

by linearity.
We now bound each term. If i is sampled uniformly, taking X = ∇gi(x∗) as a random vector in Rn, then

E[X] = ∇g(x∗), E[‖X − E[X]‖22] = σ2

then

E[‖B‖22] = E[‖X̄(k) − E[X]‖22] =
σ2

k
,

22



where X̄(k) = 1
k

∑k
j=1∇gi[j](x∗) the sample mean of X with k samples.

Now taking the random variable Z = ‖X(k) − E[X]‖2, we also use Lemma 6 and bound

E[Z]2 ≤ E[Z2] =
σ2

k

and thus
E[‖B‖2] = E[Z] ≤ σ√

k
.

Also,

‖A‖2 ≤ 1

k

k∑
j=1

‖∇gi[j](x(j))−∇gi[j](x∗)‖2

≤ Lmax

k

k∑
j=1

‖x(j) − x∗‖2

Taking Z = ‖x(j) − x∗‖2 and using Lemma 6, we have E[‖x(j) − x∗‖2] ≤
√
E[‖x(j) − x∗‖22], which is the

square root of the reported quantities in literature, given in table (3). Now

E[‖A‖2] ≤ Lmax

k

k∑
j=1

E[‖x(j) − x∗‖2]

≤ Lmax

k

k∑
j=1

√
E[‖x(j) − x∗‖22]

(a)

≤ Lmax

√
CRDA

k

k∑
j=1

1

j1/4

where we use Lemma 7 in (a). Now, using a comparison test, we have

k∑
j=1

1

j1/4
≤ 1 +

∫ k+1

1

1

t1/4
dt

=
4

3
(k + 1)3/4 − 1

3

≤ 4

3
k3/4

and thus

E[‖A‖2] ≤ 4

3
Lmax

√
CRDAk

−1/4.

This gives the result.

D δmin propositions

In this section, we first show that when A contains repeated column entries i and j, then the solution is
degenerate if xi = 0 6= xj . Then we discuss and give proofs to the propositions in Section 4 involving δmin’s
statistical properties. We first prove a bound for sparse linear regression, then sparse logistic regression,
then the dual of support vector machines.
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Lemma 9. Denote aj the jth column of A. If ai = aj, then for g(x) = L(Ax; b) any loss function, δ∗i = δ∗j .

Proof. Without loss of generality, assume i = 1 and j = 2. Then A = [a, a, Ã] and

Ax = Ãx̃+ x̄a, x̄ = xi + xj .

Then for d(z) = L(Ãz + x̄a; b)
(∇g(x))j = aT∇zd(z) = (∇g(x))i.

Then δ∗i = δ∗j .

Corollary 1. If ai = aj and xi = 0 but xj is nonzero, then xi is necessarily degenerate.

Proof of Proposition 1.

Proof. This readily comes from the definition, triangle inequalities, and Cauchy Schwartz. For all j ∈ Z,

δ∗j = λ− 1

m
|aTj (Ax− b)|

= λ− 1

m
|aTj (Ax− (Ax# − y))|

≥ λ− 1

m
|aTj Ae| −

1

m
|aTj y|

≥ λ− ρ‖e‖1 −
1

m
‖aj‖22|ej | −

1

m
‖aj‖2‖y‖2

≥ λ− ρ‖e‖1 − α2|ej | − αη.

Proof of Proposition 2.

Proof. Taking zi = σ(aTi x), we can write the gradient of g succinctly as

∇g(x) = AT (z − b).

(As an abuse of notation, define the vector mapping σ : Rn → Rn as σ(x)i = σ(xi).) Now for any j ∈ Z,

δ∗j = λ− | 1
m
aTj (σ(Ax∗)− b)|

= λ− | 1
m
aTj (σ(Ax∗)− σ(Ax#)− y)|.

We can approximate the right hand side using a first-order Tayler series on σ. Taking D an m×m diagional
matrix with Dii = σ(aTi x

∗)(1− σ(aTi x
∗)) then the first order linearization of σ(Ax#) from a reference point

of x∗ is
σ(Ax#) = σ(Ax∗) +ATDe+O(‖e‖2).

Let us consider the regime in which ‖e‖ is very small, e.g. x∗ ≈ x#. Then the lower bound on δ∗j can be
approximated, so that

δ∗j ' λ− | − 1

m
aTj (DAe) + aTj y|

≥ λ− 1

m
|aTj (DAe)| − 1

m
|aTj y|.

Note that for all i, 0 ≤ Dii ≤ τ . For any vector a and b, where (a ◦ b)i = aibi, we have

|aTDb|
(a)

≤ τ‖a ◦ b‖1
(b)

≤ τ‖a‖2‖b‖2
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where (a) is by Holder’s inequality (since if D = diag(d) then |aTDb| = dT (a ◦ b), and (b) is by Cauchy-
Schwartz. Therefore

|aTj (DAe)| ≤ τα2‖e‖2m
and

δ∗j ' λ− τα2‖e‖2 − αη.

Proof of Proposition 3.

Proof. Define K̃ = diag(b)Kdiag(b). Then the objective of (20) is

g(x) =
1

2m
xT K̃x− 1

m
xT1

with gradient

∇g(x) =
1

m
(K̃x− 1).

Note first that for all j ∈ Z, x∗j ∈ {0, λ}, and at x = x∗, each descent direction must necessarily try to
leave the feasible region. Therefore,

−∇g(x∗)j ≤ 0 if x∗j = 0,

and
−∇g(x∗)j ≥ 0 if x∗j = λ.

Therefore

δ∗j = |∇g(x∗)j |

=

{
(∇g(x∗))j , x∗j = 0

−(∇g(x∗))j , x∗j = λ.

=



1

m

K̃jjx
∗
j +

∑
i6=j

K̃ijx
∗
i − 1

 , x∗j = 0

1

m

1− K̃jjx
∗
j −

∑
i6=j

K̃ijx
∗
i

 , x∗j = λ.

=



1

m

∑
i 6=j

K̃ijx
∗
i − 1

 , x∗j = 0

1

m

1− K̃jjλ−
∑
i 6=j

K̃ijx
∗
i

 , x∗j = λ.

When x∗j = 0, the term
∑
i6=j K̃ijx

∗
i can be arbitrarily close to 0, and thus no interesting lower bound for δ∗j

can be made. When x∗j = λ, note that

|K̃jjxj +
∑
i6=j

K̃ijxj | ≤ αλ+ ρλm

and thus

δ∗j ≥
1− αλ
m

− ρλ.
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informatique, recherche opérationnelle. Analyse numérique, 9(R2):41–76.

Hare, W. (2011). Identifying active manifolds in regularization problems. In Fixed-Point Algorithms for
Inverse Problems in Science and Engineering, pages 261–271. Springer.

Hare, W. and Lewis, A. S. (2004). Identifying active constraints via partial smoothness and prox-regularity.
Journal of Convex Analysis, 11(2):251–266.

Hastie, T., Rosset, S., Tibshirani, R., and Zhu, J. (2004). The entire regularization path for the support
vector machine. Journal of Machine Learning Research, 5(Oct):1391–1415.

26



He, B. and Yuan, X. (2015). On the convergence rate of Douglas–Rachford operator splitting method.
Mathematical Programming, 153(2):715–722.

Joachims, T. (1998). Making large-scale svm learning practical. Technical report, Technical report, SFB
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