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Abstract

We study the equivalence among a nonconvex QOP, its CPP and DNN relaxations
under the assumption that the aggregated and correlative sparsity of the data ma-
trices of the CPP relaxation is represented by a block-clique graph G. By exploiting
the correlative sparsity, we decompose the CPP relaxation problem into a clique-
tree structured family of smaller subproblems. Each subproblem is associated with
a node of a clique tree of G. The optimal value can be obtained by applying an
algorithm that we propose for solving the subproblems recursively from leaf nodes
to the root node of the clique-tree. We establish the equivalence between the QOP
and its DNN relaxation from the equivalence between the reduced family of sub-
problems and their DNN relaxations by applying the known results on: (i) CPP
and DNN reformulation of a class of QOPs with linear equality, complementarity
and binary constraints in 4 nonnegative variables. (ii) DNN reformulation of a class
of quadratically constrained convex QOPs with any size. (iii) DNN reformulation
of LPs with any size. As a result, we show that a QOP whose subproblems are
the QOPs mentioned in (i), (ii) and (iii) is equivalent to its DNN relaxation, if
the subproblems form a clique-tree structured family induced from a block-clique
graph.
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1 Introduction

Completely positive programming (CPP) relaxations of a class of quadratic optimization
problems (QOPs) have received a great deal of attention as they can provide the optimal
value of the original QOP [2, 7, 8, 17, etc.] even with their computational intractabil-
ity. They are also referred as CPP reformulations of QOPs. As for computationally
tractable alternatives, further relaxations of the CPP reformulations to doubly nonnega-
tive programming (DNN) relaxations have been studied in [4, 16], and their effectiveness
in obtaining good lower bounds for the optimal value of the QOP have been demon-
strated in [14, 16]. Since the equivalence among QOPs, their CPP and DNN relaxations
cannot be obtained in general, in this paper, we explore structured QOPs for which the
equivalence to their DNN reformulations can be established. In particular, we focus on
some structured sparsity characterized by block-clique graphs [9] and partial convexity to
establish their equivalence for a class of QOPs. As far as we are aware of, this is the first
time that the equivalence of nonconvex QOPs and their DNN relaxations are studied for
this class of structured QOPs.

We start by introducing a conic optimization problem (COP) model to simultaneously
represent QOPs, CPP problems and DNN problems. Let R"™ denote the n-dimensional
Euclidean space and R the corresponding nonnegative orthant. We assume that each
x € R" is a column vector, and ! denotes its transpose. Let S denote the space of
n X n symmetric matrices. For every pair of A € §" and X € S", (A, X)) stands for their
inner product defined as the trace of AX. Let I, and I, be disjoint finite subsets of
positive integers and QF € S" (p € {0} UIeqU fineq). Given a closed (possibly nonconvex)
cone K C S", we consider the following general COP:

X < K, Xll = 17
COP(K): ¢((K) = inf¢(Q° X): (Q", X) =0 (p € L),
(Q°, X) <0 (p € fincq)

The distinctive feature of COP(K) is that it only involves homogeneous equality and
inequality constraints except X;; = 1. A general equality standard form COP can be
transformed to COP(K) with ljpeq = 0 in a straightforward manner (see Section 2.2).
If I = {za” € S" : * € R}} is chosen as the closed cone K C S", then COP(I'")
represents a QOP with quadratic equality and inequality constraints in & € R (see
Section 2.5). Notice that the inequality constraints (QF, X) < 0 (p € I[ineq) are dealt
with separately from the equality constraints (Q”, X) =0 (p € I.q) without introducing
slack variables. In particular, the inequality constraints (Q¥, X) < 0 (p € I[ineq) With
X €I correspond to convex quadratic inequality constraints in Section 2.5. If K is the
DNN cone of size n (denoted as DNN") or the CPP cone of size n (denoted as CPP"), then
COP(K) represents a general DNN or CPP problem, respectively (see Section 2.2). They
are known to serve as convex relaxations of the nonconvex QOP, COP(I'"). In general,
¢(DNN") < ((CPP") < ((I') holds since I'" C CPP" (= the convex hull of I'") C
DNN".

The main purpose of this paper is to investigate structured sparsity, in particular,
the aggregated sparsity [12] and the correlative sparsity [18] characterized by block-
clique graphs [9], and partial convexity of the data matrices of COP(K) to establish the
equivalence among the three types of problems, COP(I'"), COP(CPP") and COP(DNN").
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Sparsity, especially the chordal graph sparsity, has been heavily used to improve
the computational efficiency of solving semidefinite programming (SDP) problems. The
sparsity exploitation technique [12, 18, 20, 21, etc.] for SDP problems was based on
the semidefinite matrix completion in order to reduce the size of the positive semidef-
inite variable matrix. More precisely, it replaces a large but sparse variable matrix of
a given SDP problem with smaller positive semidefinite variable matrices whose sizes
are determined by the maximal cliques of the extended chordal graph characterizing the
aggregated sparsity of the data matrices of the SDP problem. On the other hand, exploit-
ing sparsity in CPP problems has not been studied in the literature, to the best of our
knowledge, as the studies on CPP problems have been mainly for theoretical interests.

We discuss the equivalence of COP(I'"), COP(CPP") and COP(DNN") based on the
following techniques and/or facts.

(a) The CPP and DNN matrix completion in [10].

(b) Exploiting (aggregated and correlative) sparsity in chordal graph structured SDPs
12, 18].

(c) CPP" = DNN" if n < 4.

(d) CPP reformulation of a class of QOPs with linear equality, binary and complemen-
tarity constraints [2, 7, 8, 17, etc.].

(e) DNN reformulation of quadratically constrained convex QQOPs in nonnegative vari-
ables. See Lemma 2.5 in Section 2.6.

We note that (c) is well-known. A block-clique graph G is a chordal graph in which any
two maximal cliques intersect in at most one vertex [9]. It was shown in [10] that every
partial CPP (or DNN) matrix whose specified entries are determined by an undirected
graph GG has a CPP (or DNN) completion if and only if G is a block-clique graph.

Let K € {T'", CPP",DNN"}. In our method, the basic idea developed in (b) combined
with (a), instead of positive semidefinite matrix completion [13], is applied to COP(K)
with Q¥ € S" (p € {0} U Ieq U [ineq). The data structure of COP(K) is characterized
by a block-clique graph G with the maximal cliques C, (r = 1,...,¢). COP(K) is
then decomposed into a family of ¢ smaller size subproblems according to a clique tree
structure induced from G. The family of ¢ subproblems inherit the clique tree structure
of the block-clique graph G. More precisely, they are associated with the ¢ nodes of the
clique tree. Two distinct subproblems are almost independent but weakly connected in
the sense that they share one scalar variable if they are adjacent in the clique tree and
no common variable otherwise. In addition, each problem associated with a clique C, in
the family is of the same form as COP(K), but the size of its matrix variable is decreased
to the size of C... It is important to note that the decomposition is independent of the
choice of K € {I'"", CPP", DNN"}.

We utilize the aforementioned decomposition of COP(K) for two purposes: to effi-
ciently solve large scale COPs and to show the equivalence among COP(I'"), COP(CPP")
and COP(DNN"). For the first purpose of efficiently solving large scale COPs, the opti-
mal value ((K) of COP(K) is computed by solving the ¢ small decomposed subproblems
in the family. We propose an algorithm for sequentially solving the decomposed sub-
problems. As a result, the proposed algorithm is more efficient than directly solving the



original COP(K) when its size becomes increasingly large. Here we implicitly assume
that K = DNN", although all the results would remain valid even when the decomposed
subproblems are not numerically tractable. We should emphasize that the decomposi-
tion into smaller subproblems is certainly beneficial computationally. For example, the
decomposition of a DNN problem of size 1000 into 200 DNN subproblems of size at most
10 is certainly much more numerically tractable than the original DNN problem.

For the second purpose of showing the equivalence among COP(I'"), COP(CPP") and
COP(DNN"), the decomposition is applied to a pair of COP(K;) and COP(Kjy) with two
distinet Ky, Ky € {I'", CPP", DNN"}. Then, two families of subproblems, say family 1
from COP(K;) and family 2 from COP(K,), are obtained. The equivalence between
COP(K;) and COP(Kj) is reduced to the equivalence of family 1 and family 2. We note
that a pair of decomposed subproblems, one from family 1 and the other form family 2,
associated with a common clique C,. share the common objective function and constraints
except for their cone constraints. Thus, (c), (d) and/or (e) can be applied for the equiv-
alence of each pair. If all pairs of subproblems from families 1 and 2 are equivalent, then
COP(K;) and COP(K,) are equivalent. In particular, all of nonconvex QOPs with linear
and complementarity constraints in 4 variables, quadratically constrained convex QOPs
with any size and LPs with any size can be included as subproblems in a single QOP for-
mulated as COP(T"), which can then be equivalently reformulated as its DNN relaxation.
We should mention that a structured sparsity, i.e., the aggregate and correlative sparsity
characterized by a block-clique graph, needs to be imposed on the QOP. Such a QOP
may not appear frequently in practice, but our study here has theoretical importance as
nonconvex QOPs are NP hard to solve in general.

This paper is organized as follows: In Section 2, some basics on block-clique graphs,
(a), (¢), (d) and (e) are described. We also define the aggregate and correlative sparsity
which are represented by an undirected graph. Sections 3 and 4 include the main results of
this paper. In Section 3, the equivalence among COP(I'™), COP(CPP") and COP(DNN")
based on (c) and (d) is established by exploiting the aggregated sparsity characterized by
block-clique graphs. In Section 4, we show how COP(K) with K € {I'"", CPP", DNN"}
can be decomposed into smaller subproblems by exploiting the correlative sparsity. Then
the equivalence results given in Section 3 as well as (e) are applied to a pair of subproblems
induced from distinct COP(K;) and COP(Kj) to verify their equivalence as mentioned
above. We also present an algorithm to sequentially solve smaller decomposed subprob-
lems. In Section 5, we illustrate two types of QOPs, block-clique graph structured QOPs
with linear equality and complementarity constraints and partially convex QOPs, which
can be formulated as the equivalent DNN problems. We conclude the paper in Section 6.



2 Preliminaries

2.1 Notation and symbols

We will consider the following cones in S".

S% = the cone of n X n symmetric positive semidefinite matrices,
N" = the cone of n X n symmetric nonnegative matrices
= {XeS":X;;>2006=1,....,n, j=1,...,n)},
DNN" = DNN cone = S} NN",
r" = {meES”:a:ER’}F},

CPP" = CPP cone = the convex hull of T'".
The following relation is well-known [5]:

CPP" = DNN" if n <4, (1)
CPP" is a proper subset of DNN" otherwise.

Let N = {1,...,n}. For each nonempty subset C' of N, R® denotes the |C|-
dimensional Euclidean space of column vectors of x; (i € C'), and SY the linear space of
|C| x |C| symmetric matrices consisting of the elements X;; (i,7) € C' x C. A vector in
RY denoted by @ is regarded as a subvector of & € R", and a matrix in S¢ denoted
by X as a principal submatrix of X € S". We define I'¢ = {wca:g CXo € ]Rg}, and
DNN® and CPP® to be the DNN cone and the CPP cone in S, respectively.

We say a subset F' of N x N symmetric if it satisfies (¢, j) € F' < (j,i) € F. For every
symmetric subset F' of N x N, we denote {(4,j) € F':i % j} and F'U{(i,i) : i € N} by
F° and F, respectively.

2.2 Conversion of general COPs to COP(K)

Let d, € R and Q" € S™ (p € {0} U Ioq U lineq). We assume dy = 0. For each K €
{T", CPP",DNN"}, consider a general COP in the standard equality form:

mf{@o, Y):YeK @, Y)=d, (pzl,...,m)}.

d

P

_ T
Let Iq = {1,...,m}, Iineq = 0, and Q° = ( 0 %p) e s (p =0,1,...,m).

T
Then (QF, X) = (Q", Y) — d, X1, for every X = Xn ﬁ, es (p=0,1,...,m).
Therefore, the above standard equality form COP with K = I'"", K = CPP" and K =
DNN" can be rewritten as COP(I''*"), COP(CPP'*") and COP(DNN'*"), respectively.
Conversely, if slack variables are introduced for the inequality constraints (Q*, X) < 0
(p € Iineq) in COP(K), COP(K) can be converted into the standard equality form COP
in a straightforward fashion.



Figure 1:  Illustration of block-clique graphs. In case (a), the maximal cliques are
Cy =1{1,2,3,4}, Cy, = {3,5,6,7}, C3 = {3,8,9} and Cy = {5,10,11}. In this case, every
clique C, (¢ = 1,2,3,4) contains at most 4 nodes, so that the graph G(N, E) satisfies
the assumption of (ii) and (iii) of Theorem 3.1. In case (b), the maximal cliques are
Cy ={1,2,3}, Cy = {3,4,5,6,7}, C5 = {3,8,9,10,11} and Cy = {11,12,13}. If a new
edge (10,12) is added, then a new clique C5 = {10,11,12} is created. The resulting
graph is no longer block-clique, but it remains to be chordal.

2.3 Chordal and block-clique graphs

We consider an undirected graph G(N, E) with the node set N = {1,...,n} and the
edge set E. Here F is a symmetric subset of {(i,5) € N x N : i # j} (hence E° = FE)
and (i,7) € E is identified with (j,i) € E. A graph G(N, E) is called chordal if every
cycle in G(N, E) of length 4 or more has a chord, and block-clique [9] if it is a chordal
graph and any pair of two maximal cliques of G(V, E) intersects in at most one node.
See Figure 1 for examples of block-clique graphs.

Let G(N, E) be a chordal graph with the maximal cliques C, (¢ = 1,...,¢). We
assume that the graph is connected. If it is not, the subsequent discussion can be applied
to each connected component. Consider an undirected graph on the maximal cliques,
G(N, €) with the node set {C, : ¢ =1,...,¢} and the edge set £ = {(C,,C,) : C;NC, #
0}. Since G(N, E) is assumed to be connected, G(N, ) is connected. Then, add the
weight |C, N C,| to each edge (C,, C,) € €. Here |C, N C,| denotes the number of nodes
contained in the clique C, N C;.. It is known that every maximum weight spanning tree
G(N,T) of GIN, &) satisfies the following clique intersection property:

(2)

for every pair of distinct cliques C; and C,, C, N C; is a subset of
every clique on the (unique) path connecting C, and C, in the tree.

Such a tree is called as a clique tree of G(N, E). We refer to [6] for the fundamental
properties of chordal graphs and clique trees including the clique intersection property
and the running intersection property described below.

Now suppose that G(N, E) is a connected block-clique graph. Then we know that
IC,NC,| =1if (Cy,C,) € £. Hence, every spanning tree of G(N, ) is a clique tree. See
Figure 2. Let G(N, T) be a clique tree of G(N, E). Choose an arbitrary maximal clique
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G =1{510,11} Cy={1,234}

Ci=(123) N _ Cy=1{11,12,13)
. 3
{3} {3} ~o o
Co= 13,567 — G- (359 C,={34567) (3}  Cy4=(389,10,11)

(@) (b)

Figure 2: TIllustration of clique trees. (a) and (b) are clique trees G(N, T) of the block-
clique graphs G(N, E) shown in (a) and (b) of Figure 1, respectively. The notation
{i} added on each edge (C,, C,) denotes the intersection of the two cliques C, and C,
of G(N, E); for example, (C1,Cs) is an edge of the clique tree G(N,T) in (a), and
CiNCy = {3}.

as a root node, say C;. The rest of the maximal cliques Cs,...,C, can be renumbered
such that for any pair of distinct C, and C,, if C, is on the (unique) path from the
root node C; to C, then ¢ < r holds by applying a topological sorting (ordering). In
this way, the renumbered sequence of maximal cliques C, Cy, ..., C} satisfies the running
ntersection property:

Vre{2,...,0},3ge{L,...,r — 1} such that (CLU---UC,_;)NC, C C,.
Let r € {2,...,¢}, and C the (unique) parent of C,. Then s € {1,...,r — 1} and
{/{}:CSQCT C <01U"'UCT,1)HCT.

for some k € N. If ¢ € {1,...,r — 1} satisfies (C; U---UC,_1)NC, C C, in the running
intersection property above, then

{k}=CsnC,.Cc (CLU---UC,41)NC,. C C,NC, ={k}.

Here, the last equality follows from the assumption that |C, N C,| < 1. Therefore, we
have shown the following result.

Lemma 2.1. (The running intersection property applied to a block-clique graph.) Let
G(N, E) be a connected block-clique graph with the mazimal cliques Cy, Cs, . .., Cy. Choose
one of the mazximal cliques arbitrary, say Cy. Then, the rest of the mazximal cliques can
be renumbered such that

Vred2,...,0}, g {1,...,r =1}, 3k, € C, such that }

(CLU---UC, )N Cp = CyNCp = (k) (3)

holds.

2.4 Matrix completion

We call an n x n matrix array X;; = Xj; ((¢,7) € N X N) a partial symmetric matriz if a
part of its elements X;; = X;; ((4,j) € F) are specified for some symmetric /' C N x N
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and the other elements are not specified. We denote a partial symmetric matrix with
specified elements X;; = Xj; ((4,7) € F) by [X;; : F]. Given a property P characterizing
a symmetric matrix in S” and a partial symmetric matrix [X;; : F] for some symmetric
F C N x N, the matrix completion problem with property P is to find values X;; = X;
((7,5) & F) of unspecified elements X;; = X;; ((¢,7) ¢ F) such that the resulting n x n
symmetric matrix X has property P. We say that the partial symmetric matrix [X,; : F]
has a completion X with property P.

We mainly consider CPP and DNN matrices in the subsequent discussions. In these

matrices, we may assume without loss of generality that (i,i) € F' (i € N) since un-
specified diagonal elements can be given as sufficiently large positive values to realize
the property. Each partial symmetric matrix [Xij : F] can be associated with a graph
G(N, F°). (Recall that F° = {(i,j) € F : i # j}.) Let C, (¢ = 1,...,£) be the
maximal cliques of G(N, F°). Then the partial symmetric matrix [X;; : F] is decom-
posed into partial symmetric matrices [X’ij : C,], which can be consistently described as
Xc,, (g=1,...,0). We say that a partial symmetric matrix [X,; : F] is partially DNN
(partially CPP) if every ch is DNN (CPP, respectively) in S% (g =1,...,4).
Lemma 2.2. [10] Let F' be a symmetric subset of N x N such that (i,1) € F for every
i € N. Then every partial CPP (DNN) matriz [X;; : F] has a CPP (DNN, respectively)
completion, i.e., a CPP (DNN, respectively) matriz X such that X;; = Xij (1,7) € F, iff
G(N, F°) is a block clique graph.

2.5 A class of QOPs and their CPP and DNN relaxations

Any quadratic function in nonnegative variables s, . . . , z,, can be represented as (Q, zx”)
with @ = (z1,22,...,2,) € R} and 27 = 1 for some Q € S". By introducing a vari-
able matrix X € I'" = {za’ : € R}}, the function can be rewritten as (Q, X)
with X1; = 1. As a result, a general quadratically constrained QOP in nonnegative
variables xo, ..., z, can also be represented as COP(I'") introduced in Section 1. Since

I' c CPP" ¢ DNN", ((DNN") < ((CPP") < ¢(I') holds in general.

On the equivalence between QOPs and their CPP relaxations, Burer’s reformulation
[8] for a class of QOPs with linear constraints in nonnegative and binary variables is
well-known. In this paper, we employ the following result, which is essentially equivalent
to Burer’s reformulation. See [17] for CPP reformulations of more general class of QOPs.

Lemma 2.3. [3, Theorem 3.1] For COP(T™), assume that

Iineq = 0, COP(T") is feasible,
(Q°, X)>0if X €T, X;3=0and (Q", X) =0 (p € L),
QP €S + N" (the dual of DNN") (p € Ioq).

Then, C(T™) = C(CPP").

Example 2.4. Let A be a k X n matrx, Iomp C {(3,7) € N x N :1 < i < j} and
Q" € S". Consider a QOP with linear equality and complementarity constraints in
nonnegative variables « € R’}

Coor =inf {&"Q°z:x € R}, 21 =1, Az =0, 2,2, =0 ((1,) € Loomp) } -
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Define

Q' = ATAes",
Q"7 = the n x n matrix with 1 at the (7, j)th and (j,)th elements,

and 0 elsewhere.
Then, the QOP can be rewritten as

. X eI, Xiu=1,(Q", X)=0,
(qop = inf {(QO, X): QY. X) :1(1] ((7,7) € Lcomp) } .

Enumerate (4, j) € Icomp from 2 through some integer m, and let I, = {1,...,m} and
Iineq = 0. Then QOP can be rewritten as COP(I'™). Obviously Q' € S and Q7 e N"
((i,7) € Leomp)- Hence, if the QOP is feasible and O = {X € I : X;; =0, (Q', X) =
0} = {xax’ : © € R}, 7 = 0, Az = 0}, then all the assumptions in Lemma 2.3 are
satisfied. Consequently, ((I'") = ((CPP") holds. We note that the binary condition on
variable x can be represented as x,y > 0, x +y = 1 and zy = 0 with a slack variable
y. Thus, binary variables can be included in the QOP above. This QOP model covers
various combinatorial optimization problems. See [3, 16] for more details.

It is well-known that a convex QOP can be reformulated as an SDP (see, for example,
[11]). The following result may be regarded as a variation of the SDP reformulation to
CPP and DNN reformulations of a convex QOP in nonnegative variables.

Lemma 2.5. Let N = N\{1}. Assume that Q% €S, Q" €St (p € Ly and
Q" € S{" (p € lineg)- Then ((DNN") = ¢(CPP") = ((T"). Furthermore, if X =

T
(31/ g/,) € DNN" with some y € R'}r_l and Y € DNN""! is an optimal solution of

T

COP(DNN"), then (; yny> is a common optimal solution of COP(I'™), COP(CPP")
and COP(DNN") with the objective value ((DNN") = ((CPP") = ((T'").

Proof. The inequality ((DNN") < ¢(CPP") < ((I'") follows from I'" ¢ CPP" C DNN".

T
It suffices to show ((I'") < ((DNN"). Let X = <; %,) € DNN" with some y € R}

and Y € DNN""! be an arbitrary feasible solution of COP(DNN"). Then,

1 - 0 o’ 1 7 )
eR”, X=X — = eI,
(y> + (0 Y — ny> (y yy”

(H, X)=1, Q% ST (p€ {0} UlqUlineg), Y —yy’ €S},
Q" X)=(Q", X) —(Q% Y —yy") <(Q", X) (p € {0} U Leq U fineq)-

From the last inequality, the assumptions and X € CPP" C S%, we see that

0<{(Q", X) <(Q", X) =0 (hence <§p, X)=0) (p € Iy),
(@, X) <(Q", X) <0 (p € lneg), (Q°, X) <(Q°, X).
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Thus we have shown that X is a feasible solution of COP(I'™) whose objective value
is not greater than that of the feasible solution X of COP(DNN"). Therefore ((I'") <
((DNN") has been shown. The second assertion follows by choosing an optimal solution
of COP(DNN") for X in the proof above. O

Example 2.6. (Quadratically constrained convex QOPs) Let N = {2,...,n}and Lipeq =

{2,...,m}. Let A be akxn matrx and Q" € S" be such that Q% € S (p € {0} U Tineq)-
Consider a QOP:

Coop = inf {chQoa: xeRY, 21 =1, Az =0, x'QPx <0 (pc Iineq)} ,

which represents a general quadratically constrained convex QOP in nonnegative vari-
ables z; (i = 2,...,n). If welet Q' = ATA ¢ S and I.q = {1}, we can represent the
QOP as COP(I'). By Lemma 2.5, not only ((DNN") = ((CPP") = ((I"") holds, but
also the DNN relaxation provides an optimal solution of the QOP.

2.6 Two types of sparsity

We consider two types of sparsity of the data matrices Q (p € {0}UIqUIineq) of COP(K)
with K € {T'"", CPP",DNN"}, the aggregated sparsity [12] and the correlative sparsity [18].
We say that the aggregated sparsity of matrices A? € S" (p = 1,...,m) is represented
by a graph G(N, E) if {(i,j) e Nx N: A}, 20} € E = EU{(i,) : i € N} for every
p=1,...,m, and that their correlative sparsity is represented by a graph G(N, F) with
the maximal cliques C, (¢ =1,...,¢) if

Vpe{l,...,m}, g € {g=1,...,¢} such that
{(i,5) € N X N : A}, # 0} C Cy x (. (4)

Note that if Ci,...,C; are the maximal cliques of G(N, E), then £ = Up_1Cy. We
also note that a graph G(N, E) which represents the aggregate (correlative) sparsity of
AP €S" (p=1,...,m) is not unique.

Our main interest in the subsequent discussion is a block-clique graph G(N, E') which
represents the aggregate (correlative) sparsity of A? € S" (p = 1,...,m). If we let
F= {(i,j) € N x N : A}; # 0 for some p}, then G(N, F°) is “the smallest” graph which
represents their aggregate sparsity. Since it is not block-clique in general, a block-clique
extension G(N, E) of G(N, F°) is necessary. Assume that G(N, F°) is connected. It is
straightforward to verify that a node of a connected block-clique graph is a cut node iff
it is contained in at least two distinct maximal cliques of the graph. Therefore, if there
exists no cut node in G(N, F°), then the complete graph G(N, (N x N)°) is the only
block-clique extension of G(N, F°). Otherwise, take the maximal edge set £ C (N x N)°
such that the graph G(N, E) has the same cut nodes as G(N, F°). Then G(N, E) forms
the smallest block-clique extension of G(N, F°).

Obviously, if a graph G(N, E') represents the correlative sparsity of matrices A € S"
(p=1,...,m), then it also represents their aggregate sparsity. But the converse is not
true as we see in the following example.

10



Example 2.7. Let n =3, N = {1,2,3} and

Alz A:

Y

0
0], A? =
%

S ¥ ¥
O ¥ ¥
o O O
* x O
% ¥ O
S ¥ X
* K ¥
* % O

where * denotes a nonzero element. We see that the aggregate sparsity pattern of the
two matrices A" and A? corresponds to A. Thus their aggregated sparsity is represented
by the graph with the maximal cliques C; = {1,2} and Cy = {2,3}. But neither C; x C}
nor Cy x Cy covers the nonzero elements of A'. We need to take the complete graph
with the single maximal clique N = {1,2,3} to represent the correlative sparsity of A’
and A%

3 Exploiting the aggregated sparsity characterized
by block-clique graphs

Throughout this section, we assume that the aggregate sparsity of the data matrices
QP (p € {0} U IqU Iineq) of COP(K) with K € {I'", CPP",DNN"} is represented by a
block-clique graph G(N, E);

{(1,j)) e N X N:Q} #0} CE (p € {0} U leqU lineq)- (5)
Under this assumption, we provide sufficient conditions for ((DNN") = ((CPP") and
¢(I'") = ((DNN") = ((CPP").

Note that the values of elements X;; (i,7) € E determine the value of (Q?, X), i.e.,
(Q, X) = Z(m)eﬁ Q%Xij (p € {0} UleqU Iineq). All other elements X;; (i, j) € E affect
only the cone constraint X € K in COP(K). Thus, the cone constraint can be replaced
by “[Xi; : E] has a completion X € K”. More precisely, COP(K) can be written as

( [X;; : E] has a completion X eK, Xy =1,
Z Q =0 (p € Leq),
(K) = inf > QUXiyj: (er . (6)
G S QX <0 (p€ )
\ (i,4)€E J

Let C, (¢ =1,...,{) be the maximal cliques of G(N, E). We now introduce a (sparse)
relaxation of COP (6) (= COP(K)).

( XCqEch (q:]wvg)a Xll:l’
Y QUX; =0 (pe Iy,
n(K) = inf¢ > QVXy: (jep -
(i,j)€E Z Qp X < 0 (p S [ineq)
L (i,j)€E /

Since we have been dealing with the case where K € {I'", CPP",DNN"}, K% stands
for T%, DNN% or CPP% (¢ = 1,...,¢). In either case, X € K implies X, € K
(g=1,...,¢). Thus COP (7) serves as a relaxation of COP (6); n(K) < ((K).

11



Theorem 3.1. Let K € {I'",CPP",DNN"}. Assume that (5) holds for a block-clique
graph G(N, E) with the mazimal cliques Cy (¢ =1,...,¢). Then,

(1) n(K) = ¢(K).

(i) If every clique C, contains at most 4 nodes (¢ = 1,...,¢), then COP (7) with
K = CPP" and COP (7) with K = DNN" are equivalent; more precisely they share
the same feasible solutions, the optimal solutions and the optimal value n(CPP") =
n(DNN").

(111) If every clique C, contains at most 4 nodes (¢ =1,...,¢) and the assumptions of
Lemma 2.3 are satisfied, then n(T™) = ((I'") = ((CPP") = n(CPP") = n(DNN").

Proof. (i) Suppose that K € {DNN", CPP"}. By Lemma 2.2, the condition “[X;; : (i,7) €
E] has a completion X € K” in COP (6) is equivalent to the condition “X¢, € K% (q =
1,...,¢)” in COP (7). Hence COPs (6) and (7) are equivalent, which implies that
n(K) = ¢(K). Now suppose that K = I'". Since we already know that n(I'") < ((T'"), it
suffices to show that ((I'") < n(I'"). Choose a maximal clique that contains node 1 among
Ci,...,Cy, say C;. By Lemma 2.1, we can renumber the rest of the maximal cliques
such that the running intersection property (3) holds. Assume that (X¢,,..., X¢,) is
a feasible solution of COP (7) with K = I'". We will construct an & € R’} such that
X = zz7 is a feasible solution of COP(I'™) with the same objective value of COP (7)
with K = I' at its feasible solution (X¢,,...,X¢,). Then ¢((I'") < n(I'") follows. For
each 7 € {1,...,}, there exists an y, € R{ such that X¢, = yo yZ . Forr =1, let
T = [yeo,)i (i € C1). By (3), for each r € {2,...,/}, there exists a k, € C, such that
(C1U---UC,—1)NC;, = {k, }. Hence, if we define 7; = [y |; (1 € C,\{k,}) forr =2,... ¢,
then & € R satisfies 7, = [y ]; (i € Coor € {1,...,0}) and X = 22T € I" is a
completion of [X : E]. By construction, X is a feasible solution of COP(I'"), and attains
the same objective value of COP (7) with K = I'" at its feasible solution (X¢,, ..., X¢,).

(ii) By (1), CPP% = DNN% (¢ = 1,...,¢), which implies the equivalence of COP (7)
with K = CPP" and COP (7) with K = DNN".

(iii) The identity ((I'") = ((CPP") follows from Lemma 2.3, and all other identities
from (i) and (ii). O

To decompose the COP (7) based on the maximal cliques C1, . .., Cy, we first decom-
pose each QP (p € {0} U Iq U [ineq) such that

l
Q" = > Q" QU =0if(i,j)£CyxCy(a=1,...,0).
qg=1

(We note that the decomposition of Q” above is not unique.) Then COP (7) can be
represented as

) XCQGKCq (qzl,,f), X11:1,
. ~0 ~ pq
n(K) = inf{ Y Qe Xc,) t Yot Qs Xe,) =0 (p € L), E)
- Zé:l(ngﬁ XCq> S 0 (p € Iineq)
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Remark 3.2. (a) Note that under the assumption (5), if Q¥ € S} (or Q¥ € S +N"), then
we can take @pq e St (or @pq e ST + N") for the decomposition; see [1, Theorem 2.3].
In this case, the equality constraints Z§:1<@g]q, Xc,) = 0 (p € Iq) can be replaced
by (Qes Xc,) =0 (g =1,....0p € L) since (Qc,, X¢,) > 0 for every X € K €
{T", CPP",DNN"} is known.

(b) Suppose that C, (¢ = 1,...0) form a partition of N; U:_,Cy = N and C, N C, = ()
(¢ # r). Then we have ngq = Q’(’Jq (g=1,...,0,p € {0} U leq U fineq). In particular, if
Cy,={q} (¢=1,...,¢ =n), then COP (8) turns out to be an LP of the form

£ X e Ry, (izl,...,n),XH:l,
n(K) = inf Z Q%X+ 2oy Q5Xi =0 (p € L),
g=1 Z:'Lzl Xii <0 (p € lineq)

Here I'' = CPP' = DNN' = R, . Although this observation itself is trivial, it is important
in the sense that LPs can be embedded as subproblems in a QOP that can be reformulated
as its DNN relaxations, as we will see in (v) of Theorem 4.6 and Section 5.2.

4 Exploiting correlative sparsity characterized by block-
clique graphs

We consider COP(K) with K € {I'", CPP",DNN"}. Throughout this section, we assume
that the correlative sparsity [18] of the data matrices QP (p € Ioq U fineq) of the linear
equality and inequality constraints of COP(IK) is represented by a connected block-clique
graph G(N, E) with the maximal cliques C, (¢ = 1, ..., ¢) and that the aggregate sparsity
of Q" is represented by the same block-clique graph G(N, E), i.e.,

Vp € Ieq U Lineq, 3¢ € {¢ =1, ..., ¢} such that

{(1,j) e N X N:Q} #0} C Cy x Cy, (9)
{(i,j) e NX N :Qj; #0} C E =U_,C, x C4. (10)

In addition, we assume that COP(K) has an optimal solution. It should be noted that (9)
and (10) imply (5), thus, all the results discussed in the previous section remain valid.
In particular, by (i) of Theorem 3.1, COP(K) is equivalent to COP (7).

Choose a clique that contains node 1 among C,, (¢ =1, ...,¢), say Cy. By Lemma 2.1,
the maximal cliques C5,...,C, can be renumbered such that the running intersection
property (3) holds. Let F, = U;_,Cy x Cy (r =1,...,£). We then obtain from (3) that

Vr € {2,...,¢},3k,. € C, such that
F.oin(Cr x Cy) = (UZ{Cy x Cg) N (Cy x Cp) = {(ky, k) ). (11)

By (9), there exists a partition Ly, ..., Ls of Ieq U Lineq (i.€., Uf;zqu = Ioq U [ipneq and
L,NL, =0if1 < ¢ <r </{)suchthat {(i,j) € NxN:Q} #0} C CyxCyifpe L, (¢=
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1,...,¢). Hence, we can rewrite COP (7), which is equivalent to COP(K), as

( XCqEKCq(qzl...,g), X11:1,\
> QhXi =
B (3,§)€CqxCyq
COP(K): ((K) = infq Y  QV)Xy;: (pell, g=1,..,0), (12)
(i.4)€Fe Z QVX; <0
(3,§)€CqyxCyq
\ (€l a=1,...,0) )

Here I§ = Ly N Ieq and I, = Lg N Iineq (¢ = 1,...,£). In particular, (X, Xe,)
)

ineq J—
is an optlmal solutlon of COP(K) with the obJectlve value ((K) = ((K) > —cc if X is
)-

an optimal solution of COP(K

4.1 Recursive reduction of COP(K) to a sequence of smaller-
sized COPs

We first describe the basic idea on how to reduce COP(K) to smaller COPs by recursively
eliminating variable matrices X¢. (r = ¢,...,2). The constraints of COP(K) except
X11 =1 can be decomposed into ¢ families of constraints

Y @X;=0(pell)and Y QX <0(pell,) (13)

(i,§)ECy xCy (i,§)ECy xCy

in the variable matrix X ¢, € K% (¢ =¢,...,1). Although they may look independent,
they are weakly connected in the sense that

(Xc,,.--,Xc,_,) and X, share only one scalar variable Xy, x,.

(r=2¢,...,2). This relation follows from (11).

Let r = ¢. Then, the linear objective function of COP(K) can be decomposed into
two non-interactive terms such that

> QX+ > %X (14)

(1,5)€F -1 (4,5)€Cex Co\{(ke,ke)}

Hence, if the value of Xj,;,, > 0 is specified, the subproblem of minimizing the sec-
ond term Z(i,j)EC@XC@\{(}C@kz)} Q%Xij over the decomposed constraint (13) with ¢ = ¢ in
X ¢, € K can be solved independently from COP(K). (This subproblem corresponds
to Po(K, X, 1) defined later in (19)). Since all equalities and inequalities in the con-
straint (13) are homogeneous, the optimal value is proportional to the specified value
Xk, > 0, ie., equal to 7,(Cy, 1) Xy,x,, where 7,(Cy, 1) denotes the optimal value of the
subproblem with Xj,x, specified to 1. Thus, the constraint (13) with ¢ = £ in the varible
matrix X ¢, can be eliminated from COP(K) by replacing the objective function (14)
with

S QX G DX = Y QX

(i,j)EF271 ('L,])EFZ 1
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where QOe T =% s+ 10(C, 1) if i = j = k, and Q?f_l = ng otherwise. (The resulting
problem Wlll be represented as Py_1(K) in later discussion). We continue this elimination
process and updating Q to QO’” Yfor r =¢—1,...2, till we obtain

;

X €K Xy =1,

Y QX =0(pell),
infq Y QUXi: yecixen ,
(i,j)601><01 Z QpX < 0 ( ]1 )

ineq
(17])601 xCy )

\

which has the same optimal value as COP(K). (The above problem corresponds to P;(K)
to be defined later).

In the above brief description of the elimination process, we have implicitly assumed
that the subproblem with Xj ;. specified to 1 has an optimal solution, but it may be
infeasible or unbounded. We need to deal with such cases. In the subsequent discussion,
we also show how an optimal solution of COP(K) is retrieved in detail.

To embed a recursive structure in COP(K), we introduce some notation. Let k; = 1,
and let

( Xo, €K% (g=1,...,7), X1 =1,
Z QZXU: ( [q?q_l ..,T')
(I)T(K) = (XCU'-"XCT) © (4,))€CyxCq ,
Z QX <0(pellq=1...7)
\ (4,§)€CqxCyq
( Xkrk'r = )\7
. o Y QXy=0(pel)
V(K" ) = X, €e K™ gjecxo, )
D QX <0 (€ L)
\ (4,7)€CrxCr
(r=4¢,...,1). By (11), each ®,.(K) (r =¢,...,2) can be represented as
(XC v Xo ) S (I)r_l(K),
P.(K) = Xeo,o X, ) ! Tl . 1
(1) = {Xen Xe) s FOU RGNS (19
This recursive representation of ®,(K) (r = ¢,...,2) plays an essential role in the dis-
cussions below.
We now construct a sequence of COPs:
PUK): oK) =inf 3 QUXy: (X, Xc,) € B,(K) (16)
(i,3)€Fy
(r=4¢,...,1) such that
if X is an optimal solution of COP(K), then (X¢,,..., X¢,) is (17)
an optimal solution of P (K) with the optimal value 7,(K) = ((K) > —oco [’
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where Q)7 € RU {oo} ((i,4) € F,) (r = ¢,...,1). We note that every Q?jg is fixed to
0. € R for i # j, but QY € RU {oo} ((i,i) € F,) (¢ = ¢,...,1) are updated in the
sequence. If we assign Q?Z-q = 400 for some (i,i) € Fj, then the objective quadratic
function 7 e Q?qul-j takes oo at (X¢,,...,X¢,) € ®,(K) unless X;; = 0. Thus, if
Q% = 400, then we must take X;; = 0 in P,(K).
As r decreases from £ to 1 in the sequence, we obtain at the final iteration:

Pi(K): m(K) = inf > QUXi X, € i(K) g,
(i,))€C1 X C1
which is equivalent to COP(K), i.e., (17) holds for ¢ = 1.
To construct the sequence P,.(K) (r=/¢,...,1), we first set

b =Qu ((6,) € Fo). (18)

ij ij
Obviously, Py(K) coincides with COP(K). Hence (17) holds for ¢ = ¢. As the induction

hypothesis, we assume that for r € {¢, ..., 2}, the objective coefficients Q?}I eR ((4,4) €
F,) of P,(K) (¢ =1¢,0—1,...,7) have been computed so that (17) holds for g =¢,...,r.

To show how Q?j(r_l) €R ((i,4) € Fr—1) of P,_1(K) are computed so that (17) holds for
q =r — 1, we consider the following subproblem of P, (K):
P,(K,A): 7,(KS, \) = inf {G,(Xc,) : X, € U (KE,\)}, (19)

where G7.<XCT) = < g{;’ XCT> — Q%:erkrkr = Z Q?]TXU, and A 2 0
(1.0)€(Cr xC)\{ (ko) }
denotes a parameter. By (15), we observe that

= 1 Or y . (XCN-”;XCT,I)E(I)T_l(K)’
n(K) = inf Z Qi Xij + Gr(Xe,) X¢ € U (K Xpp)

(imj)EFT—l

= 1nf{ Z ?;XZ] + lnf {GT’(XCT) . XCT € \IJT(KCT’XkaT)} .

(imj)EFT—l

(XCN s 7XCT71) S CI)fr—l(K) }

= infq Y QUXy+ iKY, Xew,) : (Xey, ..o Xe,,) € 21(K) 3(20)
(i.3)€Fr—1
= ) QX+ (KT, X,)
(4,5)€Fr—1
for every optimal solution X of COP(K). (21)

Here the last equality follows from the induction assumption.
We now focus on the inner problem P, (K", X}, ;. ) with the optimal value 7, (K", X 1 ).

Define

O { an optimal solution of P, (K, 1) if it exists,

X 22
O e S% otherwise. (22)
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Lemma 4.1. For a fized r, assume that (17) holds forq=1(,...,r. Let (X¢,,...,X¢ ) €
®,_1(K) be an optimal solution of COP (20), i.e., there ewists an optimal solution X¢,

of P(K®", Xj: 1.) with the optimal value (K", X . ) such that

Z QY X5+ (KT, X5 y,) = (K.

(ZJ)EFT 1

Then X¢, = X;‘T,%}cr is an optimal solution of ﬁr(KCT,X,’:Tkr) with the optimal value
X o 7 (K, 1), where 0 x 7, (K, 1) = 0 is assumed even when 7,(K“",1) = oo, and
(X Xe,  Xi X)) is an optimal solution of P.(K) with the optimal value
1 (K).

Proof. We consider two cases separately: Xj, = 0 and X, > 0. First, assume
that X , = 0. In this case, X, is a feasible solution of P, (K, 0) iff AX¢ is a
feasible solution of P,(K",0) for every A > 0. This implies that 7,(K°",0) is either
0 or —oo. It follows from 7,(K) > —oo that 7,(K°,0) = —oo cannot occur. Hence
(K, 0) = 0 = X ;. 7,(K, 1) follows (even when 7}, (K", 1) = oc). We also see that
Xco, =0 =X}, Xc is a trivial optimal solution with the objective value 0. Now
assume that Xj , > 0. By assumption, P, (K X i 1) has an optimal solution X¢, . It
is easy to see that X is an optimal solution of p (K X i k) With the objective value
¢ iff Xt / X}, is an optimal solution of P, (K, 1) with the obJectlve value §/ X}

We also see from the definition that X (¢, is an optimal solution of P, (K", 1) with the

objective value 7,(K“", 1). Hence X} , X ¢, is an optimal solution of P, (K", X 1) with
—~c,
the objective value X} , 7,(K°", 1). Finally, we observe that (X¢,..., X6, X;, X )

is a feasible solution of P,(K) with the objective value 7, (K). Therefore it is an optimal
solution of P, (K). O

By Lemma 4.1, 7.(K°, X} 1) in (20) can be replaced with Xj, 4 7,(K° 1) and
i, (KO, X g1, ) in (21) with Xy 1,7, (K, 1). Therefore, by defining

i [ Qe RS (55) = (), 2
Y %” otherwise,
we obtain
n(K) = inf QU TXy(Xey, .. Xe,.,) € P1(K)
(ivj)eF'r 1
= n_1(K) = Z Q?}"_lyij for every optimal solution X of COP(K).
(inj)eFT—l

(We note that if Q%7 * +7,(K“, 1) = oo occurs in (23), then X, isset tobe O € S).
Thus we have shown that (17) holds for ¢ = r — 1 under the assumption that (17) holds
forg=4¢,...,r

Consequently, we obtain the following theorem by induction with decreasing r from
{ to 2
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Theorem 4.2. Let K € {I'",CPP",DNN"}. [Initialize the objective coefficients QJf
((7,7) € F,) of the sequence P.(K) (r = ¢,...,1) by (18) for r = {, and update them
by (23) forr =4{,...,2. Then each P.(K) in the sequence is equivalent to COP(K), more

precisely, (17) holds for q=1¢,... 1

4.2 An algorithm for solving COP(K)

By Theorem 4.2, we know that COP(K) in (12) is equivalent to P;(K), i.e., 1 (K) = ((K).
Hence, the optimal value ((K) of COP(K) can be obtained by solving P (K).

Lemma 4.1 suggests how to retrieve an optimal solution of COP(K). Let X, be
an optimal solution of Py(K). For r € {2,...,¢}, assume that an optimal solution
(X¢,,- - X¢, ) of P,_1(K) has been computed. Let X¢, = S{/CTX/:TIW which is an op-
timal solution of P, (K", X;: 1) with the objective value (K", 1) X} , . By Lemma 4.1,
(X, .-, X, ) is an optimal solution of P,(K). We can continue this procedure until
an optimal solution of P,(K) is obtained. Note that P,(K) is equivalent to COP(K).

Algorithm 4.3.

Step 1:  (Initialization for Computing QY ((i,5) € Fp,r = £,...,1) and 3(/@ (r =
(,...,2)) Let 7 = £ and Qf = Q7; ((4, j) € F).

Step 2: If r = 1, go to Step 4. Otherwise, choose k, € C, such that (C; U
C,_1)NC, = {k,}. Solve P (K, 1). If P, (K", 1) is infeasible, let X ¢ = O and

71,(K° 1) = 0o. Otherwise, let X ¢, be an optimal solution of P,(K", 1) with the
optimal value 7,(K“",1). Define o ((4,5) € Froa) by (23).

Step 3: Replace r by » — 1 and go to Step 2.

Step 4: (Initialization for computing an optimal solution of COP(K)) Solve P;(K).
Let ((K) = n:(K) and X¢, be an optimal solution of P;(K). Let r = 1.

Step 5:  If r = ¢, then output the optimal value ((K) and an optimal solution
(X5, -, Xg,) of COP(K). Otherwise go to Step 6.

Step 6: Replace r by r + 1. Let X = X} ’)ZC Go to Step 5.

Remark 4.4. In Steps 1 through 3 of Algorlthm 4.3, the problems P, (K", 1) are solved
sequentially from ¢ to 2. This sequential order has been determined by the running inter-
section property (11), which is induced from a clique tree of the block-clique graph
G(N, E). Recall that G(N, E) represents the aggregated and correlative sparsity of
COP(K). If C, other than Cy is also a leaf node of the clique-tree, then the problem
ﬁn(KC’", 1) can be solved independently from the other problems and the objective coeffi-
cient ng can be updated to QOT ! by (23), where it is assumed that having chosen C| as
the root node of the clique tree naturally determines all leaf nodes. In fact, the problems
associated with leaf nodes of the clique-tree can be solved in parallel. Furthermore, if we
remove (some of ) those nodes from the clique tree after solving their associated problems
and updating the coefficients of the corresponding objective function by (23), then new
leaf nodes may appear. Then, the procedure of solving the problems associated with
those new leaf nodes in parallel and updating the objective coefficients can be repeatedly
applied until we solve Py (K).
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4.3 Equivalence of COP(K;) and COP(K;) for K;, K, € {I'"", CPP",
DNN"}

Let Ky, Ky € {T", CPP",DNN"}. For each of s = {1, 2}, initialize the objective coeffi-
cients QY7 ((i,7) € F,) of the sequence of P.(K) (r = ¢,...,1) by (18) for r = ¢, and
update them by (23) for r = £,...,2. Then P,(K{",1) and P,(KS",1) share the same
linear equality and inequality constraints, although the cone constraints X € chT
and X ¢, € KS differ. Moreover, if r = £, the objective coefficients of ﬁr(ch", 1) and
p (ch’", 1) are the same as Qc Thus, it is natural to investigate the equivalence be-
tween Po(KS*, 1) and Py(K$, 1) or whether m(KC") = m(KC‘) holds. Let r € {¢,...,2}.
Assume that the objective coefficients of P (Klq, 1) and P (KC ,1) are the same, and
they are equivalent, i.e., nq(K ) = nq(K ?) holds (¢ = ¢,...,7r). Then ﬁr_l(ch’”‘l, 1)
and f’T,l(Kgr’l, 1) share common objective coefficients and constraints except for the
cone constraints X¢_, € K¢ and X, € K§"™!. Thus, the pair of IST(K?', 1) and
E(Kgr, 1) can be compared for their equivalence recursively from r = ¢ to r = 2. When
all the pairs are equivalent, we can conclude by Theorem 4.2 that n, (Kfl) = ((K;) and
m(KS") = ((Ky). We also see that P;(K;) and P;(K;) share common objective coeffi-
cients. Consequently, the question on whether COP(K;) and COP(K3) are equivalent is
reduced to the question on whether the pair of P,(K{",1) and P,(K$", 1) is equivalent
(r=2¢,...,2) and whether the pair of P;(K;) and P;(Ks) is equivalent.

For the convenience of the subsequent discussion, we introduce the sequence of the
following COPs:

P(KS): f.(KY) = inf{(Q%, X): X € U, (K, 1)}
X EKCT, Xkrkr = 1,
= inf ¢ (QF, X): ( ¢, Xc,)=0(pell),
(Qt,, Xc,) <0 (pell,)

ineq

(r==¢,. ) For each r € {¢,...,2}, éf(KCT) and P,(K°,1) share a common feasible

reglon \IJ ( “ 1) and their objective values differ by a constant QY. for every X¢, €
T, (K, 1), which shows that they are essentially the same. For r = 1 P’ 7 (K!) coincides

with Py(K). Thus, P,(K 1) (r = £,...,2) and P;(K) can be dealt with as P/(K")

(r=4¢,....1). In particular, the questlon on the equivalence of COP(K;) and COP(Ky)

can be stated as whether the pair of P/(KS) and P/(KS") are equivalent for r = ¢, ..., 1.
Summarizing the discussions above, we obtain the following results.

Theorem 4.5. Let K, € {I'", CPP", DNN"} (s =1,2) and Ky # Ky. For each s=1,2,
initialize the objective coefficients QY ((i,7) € Fy) of the sequence P.(K,) (r = 1)

by (18) for r = £, and update them by (23) forr ={,...,2. Assume that nr(Kf’) =
7(K") (r="(,....1). Then (K1) = ((Ka).

4.4 Equivalence of P/(K;) and P/(K,) for K;, K, € {I'", CPP",
DNN"}
Theorem 4.6. Letr € (,...,1 be fixed.
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(i) Assume that the aggregated sparsity of the data matrices Q[()}; and Q7, (p € 1, Ulﬁleq)

is represented by a block-clique graph G(C, E¢) with the maximal cliques of size at
most 4. Then 7.(CPP") = 7. (DNN").

(ii) Assume that I, =0, U, (T, 1) # 0, (QF, X) > 0if X¢, € U,.(T,0) and QF, €
S + N (the dual of DNN" ). Then nr(FCT) = 7. (CPP“).
(iii) If the assumptions in (i) and (ii) above are satisfied, then 7. (T°") = 7. (CPP") =
7. (DNN").
(iv) Let C, = C,\{k.k,}. Assume that QOT S@ v eST (pell) and Q%T € S?
(p € Ifpeq)- Then 7, (D7) = 7j,(CPPC") = 7, (DNN").
(v) Assume that the data matrices Q. and Q7. (p € I, 1Y lhe) are all diagonal. Then
7, (T") = 7. (CPP") = 77, (DNN").
Proof. (i), (ii) and (iv) follow directly from (ii) of Theorem 3.1, Lemma 2.3 and Lemma 2.5,
respectively. (i) and (ii) imply (iii). (v) follows from the dlscussmn in Remark 3.2 (b). O

We note that the aggregated sparsity of the updated objective coefficient QOC’; is the
same as the the original objective coefficient Q(C)L» since only the diagonal elements QgT K,
(r =4¢,...,2) are updated by (23). Thus the assumption in (i) can be verified from the
original data matrices Q¢, and QY. (p € Il U I.,.,) before solving COP(DNN")(K) by
Algorithm 4.3. On the other hand, the assumptlons “QY, X)>0if X, € U, (T, 0)
in (ii) and Qoé € S in (iv) depend on QY (r = ¢,...,1) in general. If we know that
¥, (K, 0) = {0}, then “(Q¥, X) > 0 if X, € ¥,(T'“",0)” obviously holds. In this
case, the assumptions in (ii) can be verified from the original data matrices. On the other
hand, each element Q?}' of the matrix QO{ is determined recursively by (23) such that

00 __
iy T iy

Qqul _ Q kqkq +77¢1(ch 1) if (17]) = (kmk(I)v (q — 0 . T’). (24)
Y Q?;-] otherwise o

As a result, only some of the diagonal elements of Q%Tr can differ from Q%r. For example,
if Q%T is positive semidefinite and roq e N% for all ¢ = ¢,...,r + 1, then Q%TT is
guaranteed to be positive semidefinite, since then 7,(K%) >0 (¢ = ¢,...,r+1). In such
a case, the assumptions in (iv) can be verified from the original data matrices. By (24),

if the data matrices Q¢, and Q¢, (pe Il Ulf,,) are all diagonal, then the assumption
of (v) is satisfied.

5 Examples of QOPs

We present two examples of QOPs that can be reformulated as their DNN relaxations.
The problem in Section 5.1 is a nonconvex QOP with linear and complementarity con-
straints, and the one in Section 5.2 is a partially convex QOP with quadratic inequality
constraints. They are constructed as follows. First, choose a block-clique graph G(N, F)
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with the maximal cliques C, (¢ =1,..., (). For the first example in Section 5, we use the
block-clique graph in Figure 1 (a), and for the second example in Section 5.2, the one in
Figure 1 (b). As the block-clique graph G(N, E) induces a clique tree (see Figure 2 (a)
and see Figure 2 (b), respectively), we renumber its £ maximal cliques so that they can
satisfy the running intersection property (3).

Using the definitions of ®,(K), ¥,.(K,\) (r = ¢,...,1) and (15), we can rewrite

COP(K) as

(K) = n(K) = inf{ > QX1 (Xey,.... Xc,) € 2u(K)

(1,5)EF,

= infq Y Q)Xy:Xc € ®(K), X¢, € UKD Xpp,) (r=10,...,2)

(i,J)€F,

= infq Y Q)Xy:Xe € V(KT Xpp,) (r=10,...,1), X113 =1

(i.7)€Fe
Instead of COP(K) itself, we describe the problem with its subproblems
P (K?,A) (K™, \) = inf {(QF,, Xc,) : Xc, € U, (K, \)}
using
c. : k. eC,, QOCT € S (and its property if any) and W, (T, \)

for (r = 1,...,¢), where A > 0 denotes a parameter. Notice that ﬁ(KC’“, A) is similar
to the problem P,(K® \) introduced in Section 4.1. We also note that the objective
coefficient QOC’; is updated from QOCT in the construction of the sequence P.(K) (r =

¢,...,1) by (23), while the objective coefficient of Ig(KCT,)\) is fixed to Q%T. Indeed,

the description ﬁ(KCT, A) is sufficient and more convenient to execute Algorithm 4.3 for
computing the optimal value ((K) of COP(K) and also to apply Theorems 4.5 and 4.6
to establish ((I'") = ((CPP") = ((DNN").

5.1 A QOP with linear and complementarity constraints

Consider the block-clique graph G(N, E) given in Figure 1 (a). In this case, n = 11 and
N ={1,...,11}. To represent a QOP as COP(I'"), let

Cy=1{1,2,3,4} : k=1, Q2 €S,
Uy (TN = {a:clazgl :
Co=1{3,5,6,7} : ko=3, Q2 €S,

Uy (T2 )\) = {m02w52 :

xo, €RT, 1y = ),
—8x1+ax9+a3+214=0 [’

o, € RE’Q, XT3 = /\, r5xg = 0,
—IL‘3—|—JZ5+21’6+5L‘7:O ’
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Cs={3,8,9} : ky=3, Q2 €S,
Ty (T \) = {$C3£B£3 :
Cy={510,11} : ks =5, Q% €S™,

Uy (T9)N) = {:c@:ca ;

To, € ]R%, T3 = A,
—21’3+3LE8+I9:0 ’

C
Tco, € R, x5 = A,
—I5+$10+I11:O .

The assumption in (i) of Theorem 4.6 is satisfied since C, (r = 1,2,3,4) are of size
at most 4. All assumptions in (ii) of Theorem 4.6 are also satisfied. In fact, If ., = 0,
U, (T, 1) # 0 and U, (T°,0) = {O}, which implies that (Q¥ , X) > 0 if X¢, €
U, (T9,0), (r=1,2,3,4). As shown in Example 2.4, each linear equality constraint can
be rewritten in ¥,(T'“",\) (r = 1,2,3,4) as (Q,, Tzl ) = 0 for some Q. € S
and the complementarity constraint zszs = 0 in Uo(T'“",A) as (Qc,, zo,zl ) = 0 for
some Qc, € N°. By (i) and (ii) of Theorem 4.6, 7,(T'“") = 7,(CPP“") = 7/ (DNN")

(r =1,2,3,4). Therefore, by Theorem 4.5, it follows that ((I'") = ((CPP") = ((DNN")
holds.

5.2 A partially convex QOP

Consider the block-clique graph G(N, E) given in Figure 1 (b). In this case, n = 13 and
N ={1,...,13}. To represent a QOP as COP(I'""), let

Cr=1{1,2,3} : k=1, Q2 €S,
C1
Cq o T,w01€R+7x1:)\7
\Ijl(r 7)‘> - {wclwol : — T 4 xg + x5 = 0 ;
Co={3,4,5,6,7} : ko =3, Q% €S :diagonal (p=0,1,2),

e, € RiQ, T3 = )\,

oD, N) = wo,xl, o (Qf,, Te,xly) =0 p #0,
<Q%’2a :L'C2mgg> <0

Cy={3,8,9,10,11} : k3 =3, Q% €S%, Cy={8,9,10,11}, Q7 € ST (p=0,3,4),

To, € R%, T3 = A,

3T N) = @o,@l, © —a3 — 235 + 29 + 210 = 0, #0,
<Q%37 wc3wgg> <0 (p = 374)

Cy={11,12,13} : ky =11, Q7 €S,

\If4(I‘C4 )\) = {wc a:g . Toy € R§47 T = A, }
) 4 4 .

—T11 + T2 + 2213 =0

For r = 1,4, we similarly see that all assumptions in (i) and (ii) of Theorem 4.6 are
satisfied as in the example in Section 5.1. Thus, the identity 7,(T'“") = #,(CPP") =
7, (DNN) holds (r = 1,4).

Since the data matrices Q7. € S (p = 0,1,2) are diagonal, ﬁg(KCQ, A) becomes an
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LP of the form

R . Xi €Ry (1€ Cy), Xg3=A
Ca _ 0y .. . i + 2), <233 )
T]'f‘(K 9 )\) - lnf {Z QiiXZZ . ZieCQ leX“ _ 07 Ziec2 leX“ S O } .

i€Clo

Hence (v) of Theorem 4.6, 7,(T¢?) = 7, (CPP“2) = #j,(DNN?) holds.

To see whether the identity holds for » = 3, we need to apply (iv) of Theorem 4.6

since W3(K, \) involves convex quadratic inequality. It suffices to check whether %?; is

positive semidefinite. By the assumption and the updating formula (24), we know that

03 _ Q(l)l,ll + ﬁ4(FC4> if (Zuj) = (117 11)7

Y o otherwise.

For example, if 74(T'“*) is nonnegative, then Q%gs € SfB and the identity ﬁg(_I‘C3) =
f13(CPP®) = 7j5(DNN®®) holds. Therefore, by Theorem 4.5, it follows that ((I'™) =

((CPP™) = {(DNN") holds.

6 Concluding remarks

Nonconvex QOPs and CPP problems are known to be NP hard and/or numerically
intractable in general, as opposed to computationally tractable DNN problems. Thus,
finding some classes of QOPs or CPP problems that are equivalent to DNN problems
is an essential problem in the study of the theory and applications of nonconvex QOPs.
Two major obstacles to finding such classes are: (A) CPP" is a proper subset of DNN"
if n > 5 and (B) general quadratically constrained nonconvex QOPs are NP hard and
numerically intractable. As a result, CPP reformulations of a class of QOPs with linear
equality, binary and complementarity constraints in nonnegative variables still remain
numerically intractable. One way to overcome these obstacles is to “decompose” the
cone CPP" into cones with size at most 4 and/or to “decompose” a QOP into convex
QOPs of any size and linearly constrained nonconvex QOPs with variables at most 4. To
obtain such decompositions, a fundamental method is exploiting structured sparsity.

To describe a QOP, its CPP and DNN relaxations, COP(K) with K e {I'"", CPP",
DNN"} has been introduced in Section 1. In Section 3, we have provided a method to
decompose the cone CPP" of the CPP relaxation, COP(CPP") of the QOP described
as COP(I'™) into cones with size at most 4 by exploiting the aggregated sparsity of the
data matrices QP (p € {0} U Lpeq U fineq) of COP(CPP") which have been represented
by a block-clique graph G(N, E). In Section 4, a method to decompose the QOP itself
into convex QOPs of any size and linearly constrained nonconvex QOPs with variables
at most 4 has been presented by exploiting their correlative sparsity.

As for the structured sparsity that leads to the equivalence among COP(I'"), COP(CPP")
and COP(DNN"), the aggregated and/or correlative sparsity of the data matrices repre-
sented with a block-clique graph have played a crucial role in our discussion. We should
mention that block-clique graphs may not be frequently observed in a wide class of QOPs.
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It is interesting, however, to construct a new optimization model based on the structure
provided by a block-clique graph.

For further development of such an optimization model, we emphasize that if a QOP
described as COP(I'") can be solved exactly then it can be incorporated in the model as
a subproblem. In [15], it was shown that the exact solutions of nonconvex QOPs with
nonnpositive off-diagonal data matrices can be found. The result has been applied to
the optimal power flow problems [19]. More precisely, assume that I, = () and that all
off-diagonal elements of Q7 (p € {0} U Iineq) are nonpositive. Then the QOP described
as COP(I'™) can be solved exactly by its SDP and SOCP relaxation [15, Theorem 3.1].
Thus, the QOP can be incorporated in our model as a subproblem. The details are
omitted here.
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