
Noname manuscript No.
(will be inserted by the editor)

A Delayed Weighted Gradient Method for Strictly
Convex Quadratic Minimization.

H. Oviedo

Received: date / Accepted: date

Abstract In this paper is developed an accelerated version of the steepest
descent method by a two-step iteration. The new algorithm uses information
with delay to define the iterations. Specifically, in the first step, a prediction
of the new test point is calculated by using the gradient method with the
exact minimal gradient steplength and then, a correction is computed by a
weighted sum between the prediction and the predecessor iterate of the current
point. A convergence result is provided. In order to compare the efficiency and
effectiveness of the proposal, with similar methods existing in the literature,
numerical experiments are performed. The numerical comparison of the new
algorithm with the classical conjugate gradient method shows that our method
is a good alternative to solve large–scale problems.
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1 Introduction

In this work, we consider the strictly convex quadratic minimization problem,

min
x∈Rn

f(x) =
1

2
x>Ax− x>b (1)

where b ∈ Rn and A ∈ Rn×n is a symmetric and positive definite (SPD)
matrix. It is well known that the solution of (1) is equivalent to solve the
following linear system

Ax = b. (2)
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Nowadays, solving (2) is an important subject in the numerical methods
community, with interest not only on the theoretical properties of the methods,
but also on solving instances with large values of n. Direct methods such as
Gaussian elimination or (sparse) Cholesky factorization become impractical
due to the amount of time and operations that these procedures must perform
to obtain the solution. For this reason, when solving large–scale problems is
needed, typically an iterative method is chosen. An iterative method uses an
initial point to generate a sequence of improving approximated solutions until
convergence.

Some iterative methods have emerged to deal with problem (2). Among
the first ones, we can mention the Richardson method, Jacobi method, Gauss–
Seidel method, and Successive over–relaxation method (for details about these
methods see [1]). Another highlighted procedure is the so–called steepest de-
scent or also known as the gradient method, which was proposed by Cauchy in
1854 [2]. However, it is well known that the steepest descent method has some
drawbacks, mainly associated to slow convergence rate. Although all these
methods have a well–established convergence analysis, sometimes these proce-
dures have poor practical behaviour. These early methods have been replaced
by use of the conjugate gradient method (CG) [3] or modified versions of it.
So far, the CG method remains the method of choice to solve the problem (1)
when n is large.

Some attempts to accelerate gradient-type methods focus on the introduc-
tion and development of new step–sizes [4–7]. Other approaches are based on
introducing a momentum term into the line–search schemes, such as the CG
method and the Nesterov’s accelerated gradient method [8]. In 1988 Barzi-
lai and Borwein [4] introduced two new accelerated versions of the gradient
method (BB–methods) for solving problem (1), that use a different technique
to select the step-size. Specifically, Barzilai and Borwein employ a delayed step-
size which greatly accelerate the convergence rate of the method. In [9], Raydan
developed an ingenious convergence study of the BB–methods. In addition, Dai
et al. [10] demonstrated that these methods enjoy R–linear convergence rate.
To date, several formulations have been proposed to select step–size, which at-
tempt to incorporate second-order information without increasing significantly
the computational cost of the classical steepest descent method. For example,
in [5] Yuan introduced an ingenious step-size that was built by imposing finite
termination for the bidimensional quadratic problem. In addition, Dai et al.
in [6,7] proposed two step–sizes that alternate the BB–methods and the exact
step-size of the classic steepest descent, in the odd and even iterations.

The purpose of this paper is to develop a new accelerated version of the
gradient method for (1) or (2). The new method updates each iterate through
two steps. In the first step, an auxiliary point yk is generated by performing
a gradient step equipped with the minimal gradient steplength, then in the
second step, the new test point is calculate by a weighted sum of yk and the
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iterate predecessor to the previous point. Thus, the new method uses delay
but in a different way as BB–methods do. In addition, we present several nu-
merical experiments that show the efficiency of the new proposal, comparing it
with diverse state–of–the–art methods. Numerical results show evidence that
the new method performs almost similar to the conjugate gradient method,
and sometimes converges in fewer iterations than the CG method.

This paper is organized as follows. In the next section we briefly present
the gradient method and some of its variants. Section 3 is dedicated to define
our new method, and to present the convergence analysis. In section 4, we run
some numerical experiments to show the efficiency and effectiveness of our
proposal. Finally, in section 5 we offer the general conclusions of this work.

2 Steepest descent method and its variants.

The gradient method is an iterative algorithm that updates the iterates using
the following scheme, starting from a given point x0:

xk+1 = xk − αk∇f(xk), (3)

where αk > 0 is called the step–size. There are a lot of alternatives for selecting
the step–size (see [6,7,11–15]). One of the most popular is to choose αk as the
positive real number that minimizes the objective function along the vector
−∇f(xk), i.e.

αk = arg min
α>0

f(xk − α∇f(xk)). (4)

By a simple calculation, it can be verified that the solution to (4) is given by,

αSDk =
∇f(xk)>∇f(xk)

∇f(xk)>A∇f(xk)
. (5)

A detailed convergence analysis of the gradient method with exact step–
size αSDk is found in [16]. A variant of this method is to take αk as that positive
scalar that minimizes the gradient norm, i.e.

αk = arg min
α>0
||∇f(xk − α∇f(xk))||2. (6)

It is not difficult to prove that the solution of (6) is

αMG
k =

∇f(xk)>A∇f(xk)

∇f(xk)>A2∇f(xk)
, (7)

which is known as minimal gradient steplength [17].

It is well known that the gradient method presents poor performance if
any of these two values (αSDk or αMG

k ) is used as the step–size. This issue led
many researchers to take interest in designing better step–sizes. Two of the
most popular step–sizes were introduced in 1988 by Barzilai and Borwein [4].
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These authors propose to choose αk by forcing a quasi–Newton property. More
precisely, they proposed to select αk as a one of the following two alternatives:

αBB1
k = arg min

α>0
||B(α)sk−1−yk−1||2, or αBB2

k = arg min
α>0
||sk−1−B(α)−1yk−1||2,

(8)
where sk−1 = xk−xk−1, yk−1 = ∇f(xk)−∇f(xk−1), B(α) = 1

αIn is considered
as an approximation of the Hessian of f , and In denotes the identity matrix
of order n. It is easy to prove that the solutions of the optimization problems
(8) are given by:

αBB1
k =

s>k−1sk−1

s>k−1yk−1
, and αBB2

k =
s>k−1yk−1

y>k−1yk−1
, (9)

respectively. Other equivalent expressions for step–sizes αBB1
k and αBB2

k are,

αBB1
k =

∇f(xk−1)>∇f(xk−1)

∇f(xk−1)>A∇f(xk−1)
, and αBB2

k =
∇f(xk−1)>A∇f(xk−1)

∇f(xk−1)>A2∇f(xk−1)
.

(10)
Note that the formulae (10) are identical to the step-sizes αSDk−1 and αMG

k−1
respectively. The retard is the most emblematic feature of the BB–methods,
and it is precisely what improves the convergence speed of the steepest descent
method.

The seminal paper of Barzilai and Borwein opened a new topic of study
and gave rise to many researches about how to choose better step–sizes to
accelerate the convergence of the gradient method. Two detailed reviews of
these methods are found in [11,18]. In [19], Friedlander et al. introduced the
gradient method with retards (GMR) to solve the problem (1). The practical
version of the GMR family can be written as

xk+1 = xk − αν(k)∇f(xk), (11)

where the step–size αν(k) is given by

αν(k) =
∇f(xν(k))

>∇f(xν(k))

∇f(xν(k))>A∇f(xν(k))
, (12)

here, ν(k) is arbitrarily chosen in the set {k, k − 1, . . . ,max{0, k − m̄}}, and
m̄ is a given positive integer. Note that if ν(k) = k then GMR reduces to the
steepest descent method. Furthermore, when ν(k) = k − 1 the GMR becomes
the gradient method with BB1 step–size given by (10).

On the other hand, in the literature there are also methods that try to
improve the performance of the gradient method by running two steps, where
the first step corresponds to the gradient method with some step–size and the
second step corrects the point obtained in first step. In [20] Lamotte et. al.
introduced a two step gradient method which is similar to our proposal. Their
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work uses a smoothing technique, and updates the iterates as follows: first
they calculate

xk = xk−1 − αν(k−1)∇f(xk−1), (13)

using the step–size with retard according to (12) and then they correct this
point by a smoothing technique

yk(ωk) = xk + ωk(yk−1 − xk) with y0 = x0, (14)

where the parameter ωk is calculated as

ωk = arg min
ω̂∈R
||∇f(yk(ω̂))||2, (15)

stopping the procedure when ||∇f(yk(ωk))||2 is small enough. Other methods
that employ two steps to correct the gradient method are found in [8,21,
22]. A similar strategy is presented by Brezinski et. al. in [23], where the
authors combine two methods to obtain a hybrid algorithm that converges
faster than each of the methods separately. A drawback of these methods is
that they require to perform more floating–point operations per iteration, and
typically involve a greater number of inner products than the standard line–
search methods such as steepest descent or BB–methods. However, these kind
of methods tend to accelerate the convergence rate. In this work, we develop a
new two–step method similar to those presented in [20,23], which is introduced
in next section.

3 A new two–step method.

In this section, we introduce a new two–step method which performs an opti-
mal line–search based on the gradient method, with non-delayed step–size in
the first step and using the smoothing technique (15) to impose the delay on
the scheme. The resulting algorithm is related to the class of methods based
on a three–term recursion formula, and it can also be rewritten in a similar
fashion as the conjugate gradient method. In particular, we follow the ideas of
the two–step methods, and calculate a prediction of the new test point using
the gradient method, equipped with the minimal gradient steplength (7). The
idea is to generate an auxiliary sequence {yk} as follows:

yk = xk − αMG
k ∇f(xk), (16)

and then, in a second step, to correct this point yk using a similar smoothing
technique described in (14), that is,

xk+1 = xk−1 + βk( yk − xk−1 ), (17)

where βk is calculated in the same way as in (15), i.e.

βk = arg min
β∈R
||∇f(xk−1 + β( yk − xk−1 ))||2. (18)
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It is straightforward to prove that the solution of the optimization problem
(18) is given by

βk =
∇f(xk−1)>(∇f(xk−1)−∇f(yk))

||∇f(xk−1)−∇f(yk)||22
. (19)

Observe that the new iterate xk+1 is calculated by a weighted sum between the
point xk−1 and yk. In addition, note that this method also uses delay, because
the information about xk−1 is merged in the definition of xk+1. However, it
does not use delay in the construction of the step–size αk.

Now we analyze the similarity between the new proposal and the conjugate
gradient method [3,16]. The conjugate gradient method, uses the following
updating scheme

xk+1 = xk + τkpk, with τk = −p
>
k∇f(xk)

p>k Apk
, (20)

where the direction search pk+1 is updated by the following recurrence,

pk+1 = −∇f(xk+1) + γk+1pk, with γk+1 =
||∇f(xk+1)||22
||∇f(xk)||22

, (21)

for more details about this method see [16]. It follows from (20) and (21) that
the point xk+1 can be rewritten as

xk+1 = xk − τk∇f(xk) +
τkγk
τk−1

sk−1, (22)

where sk−1 = xk − xk−1. Observe that the update scheme (17) also can be
rewritten in a similar form to the conjugate gradient (22). By combining (16)
and (17) we have

xk+1 = xk − βkαMG
k ∇f(xk) + (βk − 1)sk−1. (23)

Thus, the new method updates the iterates using a linear combination of
∇f(xk) and sk−1 analogously to the CG method. Now we state the detailed
algorithm corresponding to the equations (16)–(17)–(19).

Algorithm 1 Delayed Weighted Gradient Method (DWGM)

Require: A ∈ Rn×n, b, x0 ∈ Rn, x−1 = x0, g0 = ∇f(x0), g−1 = g0, k = 0.
1: while ||gk||2 > ε do
2: wk = Agk,

3: αk =
g>k wk

w>
k

wk
,

4: yk = xk − αkgk,
5: rk = gk − αkwk

6: βk =
g>k−1(gk−1−rk)

||gk−1−rk||22
,

7: xk+1 = xk−1 + βk( yk − xk−1 )
8: gk+1 = gk−1 + βk( rk − gk−1 )
9: k = k + 1.

10: end while
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Table 1 Example 1: Comparison of errors ||∇f(xk)||2 for some methods

k BB1 BB2 CG DWGM
1 2 2 2 2
2 21.047 21.047 1.8492 1.3578
3 27.138 6.6702 1.6332 1.0441
4 2.9949 1.6973 0.3926 0.3675
5 0.7415 0.9775 3.46e-15 2.57e-15
6 0.5735 0.5618
7 0.3796 0.4322
8 0.5505 0.2071
9 0.6062 1.3160
10 0.0720 0.0246
...

...
...

23 4.36e-08 2.92e-05
24 2.18e-08 1.92e-07
25 1.77e-10 9.61e-08
26 2.21e-10

The main computational efforts to be made at each step are the calcula-
tion of the matrix–vector product Agk, the calculation of four inner products,
and the calculation of six vector sums. This suggests that the new method
involves double number of inner products and sums to which the CG method
performs per iteration. The vector sum and inner product can be carried out
in a small multiple of n floating–point operations, but the cost of the matrix–
vector product depends on the form of matrix A, obviously. An important key
property of Algorithm 1 is that this procedure approaches the solution quickly,
as we show in section 4.

Example 1: To illustrate the behavior of the DWGM method, we compare
it with the BB–methods and the CG method in a toy experiment. Specifically,
we consider the problem (1) with

A =


20 0 0 0
0 10 0 0
0 0 2 0
0 0 0 1

 , and b = (1, 1, 1, 1)>.

This test problem was taken from [4]. All algorithms are started at x0 =
(0, 0, 0, 0)>, we terminate the process when ||∇f(xk)||2 < 1e-8. In table 1,
we report the norm of the residual ∇f(xk) for all methods to compare. We
can observe that the CG and DWGM methods converge faster than the BB–
methods. In addition, we see that the CG and the DWGM perform the same
number of iterations and we also note that the sequence of residuals generated
by the DWGM method decreases slightly faster than the sequence of residuals
generated by the CG method. The results obtained in the numerical exper-
iments (see section 4) suggest that this indeed also occurs in more general
linear systems.
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Now we present some theoretical results concerning Algorithm 1. The fol-
lowing lemma establishes monotone decrement in the gradient norm for any
sequence generated by Algorithm 1.

Lemma 1 Let {xk} be a sequence generated by Algorithm 1. Then {||∇f(xk)||2}
is a monotonically decreasing sequence.

Proof Let xk be the point generated by Algorithm 1 in the k–th iteration, and
suppose that ||∇f(xk)||2 6= 0. By construction of Algorithm 1 we have

||rk||22 = ||∇f(xk)||22 − 2αk∇f(xk)>wk + α2
k||wk||22

= ||∇f(xk)||22 − 2αk∇f(xk)>wk + αk

(
∇f(xk)>wk
||wk||22

)
||wk||22

= ||∇f(xk)||22 − αk∇f(xk)>wk, (24)

where rk = ∇f(yk) and wk = A∇f(xk). Since αk is positive and A is a posi-
tive definite matrix we obtain ||rk||2 < ||∇f(xk)||2. On the other hand, by the
minimization property of βk (see equation (18)), it is clear that ||∇f(xk+1)||2 ≤
||rk||2. Therefore we conclude that ||∇f(xk+1)||2 < ||∇f(xk)||2, that is, {||∇f(xk)||2}
decreases monotonously. 2

The following lemma provides us some bounds for the parameter βk defined
in (18)–(19).

Lemma 2 Let βk be the parameter defined in (18). Then for each k ∈ N,

0 ≤ βk ≤
1

2

(
1 +

||∇f(xk−1)||22
||∇f(xk−1)− rk||22

)
, (25)

where rk = ∇f(yk).

Proof We first prove the non–negativity of βk. Rewriting the equation (19),
we have

∇f(xk−1)>rk = ||∇f(xk−1)||22 − βk||∇f(xk−1)− rk||22. (26)

It follows from Cauchy–Schwarz inequality and Lemma 1 that

∇f(xk−1)>rk ≤ ||∇f(xk−1)||2||rk||2 ≤ ||∇f(xk−1)||2||∇f(xk)||2 ≤ ||∇f(xk−1)||22.
(27)

Therefore, in view of (26) and (27), we obtain

βk ≥ 0, ∀k ∈ N. (28)

Finally, using the inequality u>v ≤ 1
2 (||u||22 + ||v||22) in (19), we arrive at

βk ≤
1

2

(
1 +

||∇f(xk−1)||22
||∇f(xk−1)− rk||22

)
, ∀k ∈ N, (29)

which proves the lemma. 2
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It follows from Lemma 1 that the global convergence of Algorithm 1 is
guaranteed, which is established in the following theorem.

Theorem 1 Let {xk} be a sequence generated by Algorithm 1, and λ1 > λ2 >
· · · > λn > 0 be the eigenvalues of the matrix A. Then the sequence {∇f(xk)}
converges to zero Q–linearly with convergence factor λ1−λn

λ1+λn
.

Proof From Lemma 1, we have that {||∇f(xk)||2} is a monotonically decreas-
ing and bounded below by zero sequence, therefore {||∇f(xk)||2} is convergent.
From the proof of Lemma 1, we know that

||rk||22 = ||∇f(xk)||22 − αMG
k ∇f(xk)>wk

=

(
1− αMG

k

αSDk

)
||∇f(xk)||22. (30)

In view of (5) and (7), we obtain

αMG
k

αSDk
=

(v>k vk)2

(v>k Avk)(v>k A
−1vk)

, (31)

where vk = A1/2∇f(xk). Then applying the Kantorovich inequality to (31)
and substituting the result in (30), we arrive at

||rk||2 ≤
(
λ1 − λn
λ1 + λn

)
||∇f(xk)||2. (32)

On the other hand, by the equation (18) we obtain ||∇f(xk+1)||2 ≤ ||rk||2.
Then, by combining this last result with (32) we obtain

||∇f(xk+1)||2 ≤
(
λ1 − λn
λ1 + λn

)
||∇f(xk)||2.

It follows immediately that {∇f(xk)} converges to zero Q–linearly with con-
vergence factor λ1−λn

λ1+λn
and hence, since A is positive definite, we also conclude

that {xk} tends to the unique minimizer of f when k goes to infinity. 2

Remark 1 Observe that the convergence rate factor obtained for Algorithm 1
is analogous to the one available for the gradient method with the minimal
gradient steplength (7). This means that each step of the process is at least
as good as the gradient method with the mentioned step–size.

4 Numerical experiments.

In this section, we demonstrate the effectiveness of Algorithm 1 on two dif-
ferent experiments. All methods were implemented in Matlab (R2015a). We
compare the new method DGWM with BB1 [4], AM [6], ABB [13], ABBmin1
with (m, τ) = (9, 0.8) and ABBmin2 with τ = 0.9 proposed in [14]. Compari-
son with the Yuan gradient method [5], the conjugate gradient method (CG)
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Table 2 Computational cost per iteration for different methods

Method Matrix-vector InnerP Vector Sums Flops
BB1 1 2 2 2n2 + 7n− 2
BB2 1 3 2 2n2 + 9n− 3
AM 1 2 or 3 2 2n2 + 7n− 2 or 2n2 + 9n− 3

LDGM 1 8 4 2n2 + 23n− 8
YuanGM 1 2 2 2n2 + 7n− 2

ABB 1 3 2 2n2 + 9n− 3
CG 1 2 3 2n2 + 9n− 2

DWGM 1 4 6 2n2 + 17n− 4

[3] and also with a novel gradient method that was recently published by Liu
and Dong [24], which we denote by LDGM, are provided. In the ABB method
we set κ = 0.5. All experiments were performed on a intel(R) CORE(TM)
i7-4770, CPU 3.40 GHz with 500GB HD and 16GB RAM.

Before presenting the numerical experiments, we compare the computa-
tional costs per iteration of several methods. To do so, we review the com-
putational costs of some basic vector operations. Given two n–dimensional
vectors v, w ∈ Rn, a scalar λ and a dense matrix A ∈ Rn×n, computing an
inner product v>w needs 2n−1 flops (n multiplications and n−1 sums), while
computing a matrix–vector multiplication Av requires 2n2 − n flops (this is
equivalent to calculate n inner products). In addition, computing a vector sum
of the form v + λw needs 2n flops while calculating an ordinary vector sum
v + w only requires n flops. In Table 2, we list the computational cost of the
aforementioned methods giving more details. In this table, the columns “In-
nerP”, “Vector Sums” and “Matrix–vector” give respectively the number of
inner products, vector sums and matrix–vector multiplications per iteration
performed by each method, and the column “Flops” gives the total number of
floating–point operations per iterations for each method.

Table 2 tells us that the methods that have the lowest computational cost
per iteration are the BB1 and the YuanGM gradient methods, in counter-
part, the procedures that have the highest computational cost are the LDGM
and DWGM respectively. However, all methods are of order O(n2). Note that
DWGM requires the greatest number of vector sums per iteration, because it
needs two computations of ∇f per iteration, while the others just need one.
Also observe that the number of inner products and sums per iteration of the
proposed method is double of those of the CG method. Nevertheless, in this
work, we present enough numerical evidence to show that the new proposal
can converge in a smaller number of iterations than the rest of the methods,
and in this way, it can save some matrix–vector products, which is the most
expensive task to be done for each method.

In the first experiment, we solve the problem (1) with A = diag(1, 2, . . . , n)
and b = (1, 2, . . . , n)>, for each n ∈ {100, 500, 1000, 2500, 5000, 8000, 10000, 12000, 15000, 20000, 50000}.
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Table 3 Experiment 1: The number of iterations and inner products obtained by all meth-
ods

n BB1 AM LDGM YuanGM ABB CG DWGM
Nitr Nip Nitr Nip Nitr Nip Nitr Nip Nitr Nip Nitr Nip Nitr Nip

100 99 297 107 374 108 972 191 573 106 424 64 192 64 320
500 231 693 267 934 287 2575 533 1599 228 912 149 447 147 735
1000 299 897 357 1249 321 2889 756 2268 343 1372 212 636 209 1045
2500 591 1773 741 2593 539 4851 1218 3654 588 2352 370 1110 364 1820
5000 1165 3495 948 3318 894 8046 1690 5070 750 3000 480 1440 470 2350
8000 1036 3108 1317 4609 1036 9324 2283 6849 1043 4172 609 1827 595 2975
10000 1408 4224 1449 5071 1122 10094 2356 7068 1097 4388 681 2043 665 3325
12000 1383 4149 1486 5201 1144 10296 2550 7650 1209 4836 747 2241 729 3645
15000 1390 4170 1866 6531 1445 13005 3045 9135 1375 5500 837 2511 815 4075
20000 1676 5028 2272 7952 1521 13689 3286 9858 1702 6808 968 2904 941 4705
50000 2952 8856 5083 17790 3177 28593 5028 15084 2609 10436 1538 4614 1488 7440

Observe that n is the condition number of the matrix A. For all the tests, the
initial point is the origin, that is, x0 = (0, 0, . . . , 0)>. All methods are stopped
if the inequality ||∇f(xk)||2 ≤ 1e-8 is satisfied. Table 3 reports the number of
iterations (Nitr) and the number of inner products (counting the inner prod-
uct associated with the matrix–vector multiplication, keeping in mind that the
matrix is diagonal) required by each method (Nip) for this experiment. From
table 3, we see that DGWM method performs much better than the five gradi-
ent methods and it converges slightly faster than the CG method. In addition,
as the condition number κ(A) becomes larger, the DGWM method needs less
iterations than the other methods. However, the CG method performs fewer
inner products, which indicates that the CG procedure was more efficient than
the rest of the methods.

In the second experiment, we compare all the methods on three sets of
problems for different dense matrices A. In particular, the methods are com-
pared under three situations of the condition number κ(A). Specifically, we
consider A = QΣQ> where Q ∈ Rn×n is an orthogonal matrix obtained from
the QR factorization of a random matrix M̂ ∈ Rn×n, that is,

M̂ = randn(n, n) and [Q,R] = qr(M̂),

using Matlab notation, whereas Σ ∈ Rn×n is a diagonal matrix which is de-
fined, for each set of problems, as described below.

Set 1: Each diagonal entry of Σ is generated as follows: σii = 1+ 99(i−1)
n+1 +

2ui, where ui is uniformly distributed in the interval [0, 1].

Set 2: The diagonal of Σ is given by σii = i + 2ui with ui uniformly dis-
tributed in the interval [0, 1].

Set 3: The diagonal elements σii of Σ are given by σii = i1.5 + ui, where
ui are random numbers uniformly distributed in the interval [0, 1].
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(a) Set 1: Iterations vs Gradient Norm (b) Set 2: Iterations vs Gradient Norm

(c) Set 3: Iterations vs Gradient Norm

Fig. 1 Behavior of the four best algorithms for n = 1000, ε = 1e-4 and for each set of
problem. The y–axis is on a logarithmic scale.

Additionally, the exact solution of the problem is created as x∗ = randn(n, 1)
and b = Ax∗. As the starting point, we choose x0 = (0, 0, . . . , 0)>. Note that
the sets of problems Set 1 and Set 2 are well conditioned and moderately
ill–conditioned respectively, while the Set 3 is ill–conditioned. For each set
of problem, we consider n ∈ {500, 1000, 2500, 5000} and we use a tolerance of
ε = 1e-8 and N = 15000 as the maximum number of iteration allowed for all
methods. For each value of n, we repeat 100 independent runs of each method.
The tables 4–5–6 collect the results in terms of average number of iterations
(Nitr), average execution time in seconds (Time), average condition number
of A (κav(A)) and the average gradient norm (NrmG), calculated according to
NrmG = ||Ax̂−b||2 where x̂ denotes the solution estimated by each algorithm.

In Figure 1, we illustrate the behavior of our proposed algorithm solving
one instance of each set of problem. For all experiments reported in this figure,
we use n = 1000 and ε = 1e-4. Figure 1 reports the residual norm for the four
most efficient algorithms on each problem. We can observe that our proposal
converges faster than the rest of the methods and also our procedure shows a
similar behavior to the CG method.

As shown in Table 4, the DWGM method and the CG method are su-
perior to the other five gradient methods. In addition, all methods obtain a
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good estimate of the solution with excellent precision and show very com-
petitive results for well-conditioned problems. From Table 5, we can see that
the CG and DWGM methods converge in almost half the time and iterations
that are necessary for the other methods. We also observe that the DWGM
method converges slightly faster than the CG method in average. In addition,
in tables 4 and 5, we observe that although the DWGM method has a higher
computational cost per iteration than the CG method, it performs comparably
with the CG method in terms of CPU time, when n is large and A is well or
moderately well conditioned.

The numerical results related to the set of ill–conditioned Set 3 problems
are listed in Table 6. From this table, we see that for this situation of bad
conditioning of A, DWGM successfully solves all problems. Furthermore, we
note that the gradient methods require ten times the iterations needed by CG
and DWGM to satisfy the stopping criterion. In addition, we observe that the
CG method and our proposal show similar and competitive results in terms
of iterations and CPU time.

The previous considerations indicate that the proposed method outper-
forms, in efficiency, a wide collection of state–of–the–art gradient methods
and is competitive with the CG method. However, when matrix A is ill–
conditioned, the performance and efficiency of our algorithm goes down. Thus,
it is necessary to use preconditioning techniques to improve the performance of
the new proposal. In addition, we observe that the main competitor of DWGM
is the CG method.

5 Concluding remarks

Since the classical steepest descent method was proposed by Cauchy in [2], dif-
ferent techniques have been used to design accelerated versions of this method.
Many of these techniques focus on the design of better step–sizes than the one
proposed by Cauchy, while others are based on the principle of correcting the
Cauchy’s point by introducing a second step on each iteration. In this work,
a new accelerated variant of the gradient method is introduced, which takes
two optimal steps to obtain the new test point. The global convergence of
DWGM is established and it is also proved that this method enjoys at least
a Q–linear convergence rate. Numerical results show that DWGM is a very
efficient alternative to deal with large–scale strictly convex quadratic mini-
mization problems.

From the experiments performed, it is observed that DWGM is significantly
better than several gradient methods existing in the literature. In addition, the
proposed DWGM performs quite similar to the well–known conjugate gradient
method in terms of iterations and CPU time. Nevertheless, the new proposal
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Table 4 Experiment 2: Performance of the methods for well conditioned quadratic prob-
lems, (Set 1)

Method Nitr Time NrmG Nitr Time NrmG
Test1: n = 500, κav(A) = 69.3 Test2: n = 1000, κav(A) = 71.5

BB 114. 0.005 7.38e-9 122.1 0.021 6.82e-9
AM 120.5 0.006 6.79e-9 125.3 0.023 7.38e-9
LDGM 119.2 0.011 7.00e-9 120.4 0.029 7.16e-9
YuanGM 160.6 0.009 8.52e-9 167.7 0.032 8.74e-9
ABB 108.7 0.006 7.24e-9 112.5 0.023 6.95e-9
CG 82.6 0.005 8.50e-9 90.7 0.019 8.47e-9
DWGM 81.5 0.005 8.50e-9 89.3 0.021 8.51e-9
ABBmin1 110.6 0.007 6.54e-9 114.2 0.026 6.82e-9
ABBmin2 105.8 0.007 7.39e-9 107.9 0.026 7.97e-9

Test3: n = 2500, κav(A) = 75.4 Test4: n = 5000, κav(A) = 82.3

BB 122.9 0.353 6.81e-9 130 1.415 7.30e-9
AM 131 0.377 7.50e-9 137.5 1.497 6.76e-9
LDGM 122.7 0.362 6.55e-9 132.9 1.44 7.36e-9
YuanGM 174.6 0.501 8.24e-9 190.1 2.038 8.39e-9
ABB 120 0.344 6.00e-9 124.2 1.353 7.44e-9
CG 98 0.286 8.84e-9 104.2 1.134 8.69e-9
DWGM 96.3 0.282 8.97e-9 102.1 1.105 8.85e-9
ABBmin1 119.4 0.345 6.23e-9 127.1 1.379 6.68e-9
ABBmin2 112.3 0.328 7.39e-9 119.7 1.286 6.94e-9

Table 5 Experiment 2: Performance of the methods for moderately ill–conditioned
quadratic problems, (Set 2)

Method Nitr Time NrmG Nitr Time NrmG
Test5: n = 500, κav(A) = 282.8 Test6: n = 1000, κav(A) = 531.6

BB 247.9 0.011 7.27e-9 345.1 0.057 7.11e-9
AM 258.8 0.012 7.45e-9 360.6 0.065 2.08e-9
LDGM 236.6 0.02 7.51e-9 332.3 0.082 7.07e-9
YuanGM 351.4 0.018 8.87e-9 513.4 0.098 8.84e-9
ABB 217 0.011 6.93e-9 295.5 0.056 7.92e-9
CG 132.8 0.007 8.43e-9 187.4 0.038 9.05e-9
DWGM 131.1 0.008 8.51e-9 184.2 0.04 9.01e-9
ABBmin1 216.9 0.012 6.76e-9 288.2 0.058 7.06e-9
ABBmin2 203.4 0.012 6.54e-9 278.9 0.059 6.37e-9

Test7: n = 2500, κav(A) = 1285.4 Test8: n = 5000, κav(A) = 2870.7

BB 561.3 1.604 7.33e-9 817.9 8.772 7.77e-9
AM 572.2 1.636 3.05e-9 922.1 9.873 2.44e-9
LDGM 543.7 1.603 7.00e-9 777.7 8.281 7.72e-9
YuanGM 849.3 2.423 8.94e-9 1265.2 13.208 9.18e-9
ABB 464.6 1.324 8.12e-9 725.6 7.73 7.93e-9
CG 300.5 0.861 9.38e-9 426.1 4.487 9.63e-9
DWGM 294.5 0.851 9.44e-9 416 4.411 1.07e-9
ABBmin1 447.7 1.275 7.94e-9 665.2 7.127 7.66e-9
ABBmin2 441.7 1.268 7.34e-9 639.4 6.748 7.79e-9
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Table 6 Experiment 2: Performance of the methods for ill–conditioned quadratic problems,
(Set 3)

Method Nitr Time NrmG Nitr Time NrmG
Test9: n = 500, κav(A) = 7623.6 Test10: n = 1000, κav(A) = 2.14e+4

BB 1502.9 0.067 8.31e-9 2763.5 0.472 8.49e-9
AM 1717.6 0.073 1.00e-9 3741.5 0.657 1.62e-9
LDGM 1238.5 0.094 8.83e-9 2072.2 0.487 8.50e-9
YuanGM 2092.3 0.099 9.33e-9 3732.5 0.688 9.15e-9
ABB 1126 0.056 7.53e-9 1904.7 0.344 7.45e-9
CG 398.1 0.02 8.70e-9 678.7 0.125 9.39e-9
DWGM 395.3 0.023 1.01e-9 671.7 0.135 4.22e-9
ABBmin1 1043 0.056 7.89e-9 1663 0.313 8.28e-9
ABBmin2 994.1 0.058 7.29e-9 1707.4 0.338 7.27e-9

Test11: n = 2500, κav(A) = 8.44e+4 Test12: n = 5000, κav(A) = 2.42e+5

BB 5851.5 16.498 1.68e-9 1.08e+4 116.378 8.18e-9
AM 1.16e+4 32.494 6.33e-9 27198 293.604 1.01e-9
LDGM 4185.8 12.083 1.50e-9 7165.9 77.176 6.55e-9
YuanGM 7793.3 21.633 1.75e-9 1.28e+4 135.717 7.90e-9
ABB 4399.4 12.123 1.47e-9 8281 89.465 7.56e-9
CG 1361.2 3.736 1.34e-9 2304.4 24.485 5.16e-9
DWGM 1342.9 3.736 7.24e-9 2266.1 24.344 6.41e-9
ABBmin1 3440.3 9.47 1.46e-9 5801.7 62.79 6.97e-9
ABBmin2 3599.3 9.984 1.39e-9 6592.4 70.56 6.93e-9

needs to carry out more floating–point operations per iteration.

On the other hand, the method presented in this paper is only designed to
solve convex quadratic problems. A possible extension of this method consists
in combining our proposal with the trust–region strategy, similar to the Stei-
haug’s method [25], which can lead to an efficient new trust–region method to
solve large–scale unconstrained minimization problems.
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20. J-L Lamotte, Bŕıgida Molina, and Marcos Raydan. Smooth and adaptive gradient
method with retards. Mathematical and computer modelling, 36(9-10):1161–1168, 2002.

21. Claude Brezinski. Variations on richardson’s method and acceleration. Bulletin of the
Belgian Mathematical Society Simon Stevin, 3(5):33–44, 1996.

22. C Brezinski. Multiparameter descent methods. Linear algebra and its applications,
296(1-3):113–141, 1999.

23. Claude Brezinski and M Redivo-Zaglia. Hybrid procedures for solving linear systems.
Numerische Mathematik, 67(1):1–19, 1994.

24. Zexian Liu, Hongwei Liu, and Xiaoliang Dong. An efficient gradient method with
approximate optimal stepsize for the strictly convex quadratic minimization problem.
Optimization, 67(3):427–440, 2018.

25. Trond Steihaug. The conjugate gradient method and trust regions in large scale opti-
mization. SIAM Journal on Numerical Analysis, 20(3):626–637, 1983.


