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Abstract Stochastic variance reduced methods have recently surged into
prominence for solving large scale optimization problems in the context of
machine learning. Tan, Ma and Dai et al. first proposed the new stochastic
variance reduced gradient (SVRG) method with the Barzilai-Borwein (BB)
method to compute step sizes automatically, which performs well in practice.
On this basis, we propose a class of stochastic variance reduced methods with
an adaptive stepsize which is based on local estimation of Lipschitz constant.
Specifically, we adapt this stepsize to SVRG and stochastic recursive gradient
algorithm (SARAH), which leads to two algorithms: SVRG-AS and SARAH-AS.
We prove that both SVRG-AS and SARAH-AS converge linearly for strongly
convex objective function. Numerical experiments on standard datasets indicate
that our algorithms are effective and robust. The performance of SVRG-AS
is better than SVRG-BB, and SARAH-AS is comparable to SARAH with
best-tuned stepsizes. And our proposed stepsize is suitable for some other
stochastic variance reduced methods.
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1 Introduction

In large scale machine learning, it is common to encounter the following
optimization problems. Given a sequence of loss function fi(w) : Rd → R, we
seek to minimize the sum of cost functions over samples. This can be stated as

min
w∈Rd

F (w) =
1

n

n∑
i=1

fi(w) (1.1)

where n is the sample size, and d << n. We assume that each fi is convex and
differentiable, and the function F is strongly convex in this paper.

The predominant methodology to solve the above problem advocates the
use of stochastic gradient descent (SGD) methods[1]. It is imperative to employ
stochastic approximation (SA) algorithms to solve large scale optimization
problems, which can be traced back to the seminal work by [2]. The classical
SGD mimics the steepest gradient descent method using a stochastic gradient,
i.e., it updates the k-th iteration via

w
k+1

= wk − ηk∇fik(wk) (1.2)

where ∇fik(wk) denotes the gradient of the ik-th component function at wk,
ηk > 0 is the stepsize, it is usually assumed that ∇fik(wk) is an unbiased
estimate of the gradient of F at wk, namely, E[∇fik(wk)|wk] = ∇F (wk).

SGD has been extensively employed in machine learning[3][4][5]. The per-
formance of SGD relies heavily on the gradient approximation and the choice
of stepsize. Because SGD suffers from the adverse effect of noisy gradient
estimates, methods endowed with variance reduction capabilities have been
developed to address this limitation, such as SAG[7][8], SAGA[9], SVRG[10],
SARAH[11]. These stochastic variance reduced methods are able to converge
linearly for strongly convex objective function. Meanwhile, the variance reduced
gradients have been applying to develop the second order methods for solving
(1.1), such as VITE[12], Stochastic L-BFGS[13], and Stochastic Block BFGS[14].
These methods all compute a full gradient in the outer loops and update the
variance reduced stochastic gradient and the approximation of Hessian or the
inverse Hessian in the inner loops.

Another key obstacle to SGD is the necessity of selecting appropriate
stepsizes. In deterministic optimization, line search is employed to select a
steplength that make the objective function descrease sufficiently. But stochastic
line search is computationally prohibited because they must make decisions
based on noisy approximation of true objective F . In many algorithms, a
"sufficiently small" constant or a diminishing stepsize[5] is always used. And a
fixed stepsize ηk can be typically used in variance-reduced gradient methods
we mentioned above, but this stepsize must be determined in experiments. The



A Class of Stochastic Variance Reduced Methods with an Adaptive Stepsize 3

following result was pointed out by the seminal work of Robbins and Monro[2],
that the stepsize should satisfy,

∞∑
k=1

ηk =∞ and

∞∑
k=1

η2k <∞.

There are some recent works about the choice of stepsize in SGD. AdaGrad[15]
and Adam[16] adaptively select the stepsize for every component based on
the sum of the squares of the past gradients. SVRG-BB[17] uses the Barzilai-
Borwein (BB) method[6][18][19] to automatically compute stepsize. Big Batch
SGD[22] derives the optimal stepsize on each iteration for a quadratic approxi-
mation, they estimate the curvature information using the BB least-squares
rule. As a stochastic quasi-Newton algorithm for self-concordant functions,
SA-BFGS[20] use a curvature-adaptive step size which based on local curvature
information[21] and can be computed analytically. In this paper, we propose an
adaptive stepsize based on local estimation of Lipschitz constant for stochastic
variance reduced methods.

Our contributions in this paper are in several aspects.

1) We propose to use the local estimation of the Lipschitz constant[23][24] to
compute the stepsize for SVRG[10] (experiments suggest that our proposed
stepsize can also apply to SVRG’s variants) and SARAH[11]. The two new
methods are named as SVRG-AS and SARAH-AS, respectively. We use a
moving average of previous local estimation of the Lipschitz constant, this
make our stepsize more reliable and more robust.

2) We prove the linear convergence of SVRG-AS and SARAH-AS for strongly
convex objective functions. As a by product, we show the linear convergence
of SARAH with option I (SARAH-I).

3) We conduct numerical experiments for SVRG-AS and SARAH-AS on solving
logistic regression problems. The numerical results indicate that SVRG-AS
is better than SVRG-BB, and SARAH-AS is comparable to and sometimes
even better than SARAH with best-tuned stepsizes.

This paper is organized as follows. In Section 2, we briefly introduce some
backgrounds. In Section 3, we propose the algorithms SVRG-AS and SARAH-
AS with an adaptive stepsize, and we prove the linear convergence of these
methods for strongly convex objective functions. Numerical experiments are
then presented in Section 4. Finally, we draw some conclusions in Section 5.

2 Background

We learn from the SDAS-2[24] which adapts stepsize using local estimation
of the Lipschitz constant, and inspired by SVRG-BB method to develop our
adaptive stepsize for stochastic variance reduced methods, SVRG and SARAH.
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2.1 Local Estimation of the Lipschitz Constant

The value of the stepsize has been related to the value of the Lipschitz constant
L, the steepest descent algorithm[23] states that the sequence {wk}∞k=0, defined
by

wk+1 = wk −
1

2L
∇F (wk), k = 0, 1, 2 . . . . (2.1)

Consider that when the objective function is "steep", a small value for the
stepsize is chosen to guarantee convergence. On the other hand, when F is
"flat", a large stepsize can be chosen to accelerate the convergence. According
to a pair of consecutive updates wk, wk−1, the local estimation of the Lipschitz
constant can be calculated as follow,

Λk =
‖∇F (wk)−∇F (wk−1)‖

‖wk − wk−1‖
. (2.2)

In [24], the steepest descent algorithm with the stepsize (2.2) is following,

wk+1 = wk −
1

2Λk
∇F (wk), k = 0, 1, 2 . . . . (2.3)

2.2 The SVRG Method

We describe the SVRG[10] as Algorithm 2.1 in the first place.

Algorithm 2.1 Stochastic Variance Reduced Gradient(SVRG) Method
Parameters: update frequency m, stepsize η, initial point w̃0.

1: for k = 0, 1, 2, . . . do
2: vk = 1

n

∑n
i=1∇fi(w̃k)

3: Set w0 = w̃k

4: for t = 0, . . . ,m− 1 do
5: Randomly pick it ∈ {1, . . . , n}
6: wt+1 = wt − η(∇fit (wt)−∇fit (w̃k) + vk)
7: end for
8: option I: w̃k+1 = wm

9: option II: Set w̃k+1 = wi, where i is selected uniformly at random from {1, 2, . . . ,m}
10: end for

SVRG has two loops. A full gradient vk is computed in the outer loops
(each outer iteration is called an epoch) and lower variance stochastic gradients
computed in the inner loops. There have two options to choose w̃ for next
outer loop as we described in Algorithm 2.1. We named SVRG and SARAH
with option I as SVRG-I and SARAH-I, respectively, and the same to option
II. It is well known that SVRG-I is better than SVRG-II in practice. Therefore,
our proposed stepsize is applied to stochastic variance reduced methods with
option I in this paper, but it is also applicable to algorithms with option II.

We now provide the convergence analysis of SVRG-I in [17] as Theorem 1.
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Theorem 1 In SVRG-I, let w∗ be the optimal solution, if m and η are chosen
such that

αI := (1− 2ηµ(1− ηL))m +
4ηL2

µ(1− ηL)
< 1, (2.4)

then it converges linearly in expectation:

E ‖w̃k − w∗‖22 < αkI ‖w̃0 − w∗‖22 .

Then we cite the convergence analysis of SVRG-II given in [10].

Theorem 2 In SVRG-II, assume that m is sufficiently large so that

αII :=
1

µη(1− 2Lη)m
+

2ηL

1− 2ηL
< 1, (2.5)

then it is linear convergence in expectation:

E[F (w̃k)− F (w∗)] 6 αkII [F (w̃0)− F (w∗)].

2.2.1 The SVRG-BB Method

To our knowledge, the SVRG-BB method is the first work which applied the BB
method[18] to stochastic gradient algorithms. The performance of SVRG-BB
is comparable to SVRG with best-tuned step sizes. The SVRG-BB method
chooses Option I in Algorithm 2.1, and computes the stepsize ηk using the BB
method in every outer loop except the first. The update rule in the inner loops
is given as follow,

wt+1 = wt −
1

m
· ‖sk‖

2

sTk yk
(∇fit(wt)−∇fit(w̃k) + vk)

or

wt+1 = wt −
1

m
· s

T
k yk

‖yk‖2
(∇fit(wt)−∇fit(w̃k) + vk)

where sk = w̃k − w̃k−1, yk = vk − vk−1.
We now cite the convergence analysis of SVRG-BB given in [17] as follow,

Theorem 3 Denote θ = (1− e−2µ/L)
/
2. It is easy to see that θ ∈ (0, 1/2).

Let w∗ be the optimal solution to problem (1.1). If m in Theorem 1 is chosen
such that

m > max

{
2

log(1− 2θ)+2µ/L
,
4L2

θµ2
+
L

µ

}
,

then SVRG-BB converges linearly in expectation:

E ‖w̃k − w∗‖2 < (1− θ)k ‖w̃0 − w∗‖2 .
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2.3 The SARAH Method

SARAH[11], as a novel framework to the finite-sum minimization problems, is
similar to SVRG, they both contain outer loops which require one full gradient
evaluation after every m inner loops. But SARAH updates the stochastic step
direction vt recursively by adding and subtracting component gradients to and
from the previous vt−1 (t > 1) in the inner loops. The key step of SARAH is
that

vt = ∇fit(wt)−∇fit(wt−1) + vt−1, (2.6)

and then the iterate update rule is:

wt+1 = wt − ηvt. (2.7)

Algorithm 2.2 with option II, namely as SARAH, can reach the following
convergence result, if each fi is L-smooth and convex. Assume the choice of η
and m satisfy

σ :=
1

µη(m+ 1)
+

ηL

2− ηL
< 1, (2.8)

then, it converges linearly in expectation,

E[‖∇F (w̃k)‖2] 6 σk ‖∇F (w̃0)‖2 .

The pseudocode is outlined as Algorithm 2.2.

Algorithm 2.2 The SARAH Method
Parameters: update frequency m, stepsize η > 0, initial point w̃0.

1: for k = 1, 2, . . . do
2: w0 = w̃k−1

3: v0 = 1
n

∑n
i=1∇fi(w0)

4: w1 = w0 − ηv0
5: for t = 1, . . . ,m− 1 do
6: Randomly pick it ∈ {1, . . . , n}
7: vt = ∇fit (wt)−∇fit (wt−1) + vt−1

8: wt+1 = wt − ηvt
9: end for
10: option I: w̃k = wm

11: option II: Set w̃k = wt with t chosen uniformly at random from {1, 2, . . . ,m}
12: end for

3 The Adaptive Stepsize

In this section, we propose the adaptive stepsize based on local estimation of
L for stochastic variance reduced methods, SVRG and SARAH. To proceed
with the analysis of the proposed algorithm, we make the following common
assumption.
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Assumption 1 We assume that the objective function F (w) is µ-strongly
convex, i.e.,

F (w) > F (w′) +∇F (w′)T (w − w′) + µ

2
‖w − w′‖2 , ∀w,w′ ∈ Rd.

We also assume that the gradient of each component function fi(w) is convex
and L-Lipschitz continuous, i.e.,

‖∇fi(w)−∇fi(w′)‖2 6 L‖w − w′‖2, ∀w,w′ ∈ Rd.

Under this assumption, it is easy to see that ∇F (w) is also L-Lipschitz contin-
uous:

‖∇F (w)−∇F (w′)‖2 6 L‖w − w′‖2, ∀w,w′ ∈ Rd.
The convergence analyses of SVRG and SARAH suggest that the choice

of η depends on L. Motivated by SDAS-2[24] and SVRG-BB[17], we calculate
local estimation of L in every outer loop except the first one. And we utilize
the moving average for most recent c estimations {Λk−c, Λk−c+1, . . . , Λk} to
make it more reliable and more robust,

Lk =
∑k

i=k−c+1
βiΛi

where βi > 0 for i ∈ {k − c+ 1, . . . , k}, k > c and
∑k
i=k−c+1 βi = 1.

Algorithm 3.1 Compute Adaptive Stepsize
Input: Λi, βi > 0, i ∈ {1, . . . , c}, c > 1, δ1, δ2.
1: if k = 1 then
2: L1 = Λ1

3: else if 1 < k < c then
4: Lk = ρΛk + (1− ρ)Lk−1

5: else if k > c then
6: Lk =

∑k
i=k−c+1 βiΛi

7: end if
8: compute ηkt = 1

mh(δ1k+δ2t)Lk

Ouput: ηkt

Consider that in the early epoch, stepsize should be larger to accelerate
convergence, we construct a function of the current update in the k-th outer
loop and t-th inner loop for computing the stepsize as follow,

ηkt :=
1

mh(δ1k+δ2t) · Lk
where h(δ1k + δ2t) is a strictly monotone increasing function, and satisfy

h(δ1k + δ2t) ∈ [
1

2
, 1),∀k, t and |h(δ1k + δ2m)−m| < ε,∀k.

In practice, we make δ1, δ2 ∈ {0, 1} and 0 < ε < 1
m . Algorithm 3.1 shows that

how to calculate the adaptive stepsize (AS).
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3.1 The SVRG-AS Method

Now we present SVRG-AS as Algorithm 3.2. Because the AS is not calculable
in the first outer loop, we provide η0 for the first epoch. In fact, the performance
of SVRG-AS is not sensitive to η0. The AS can also naturally incorporated to
other SVRG’s variants, such as Batching SVRG[25], S2GD[26].

Algorithm 3.2 Stochastic Variance Reduced Gradient with Adaptive Stepsize
(SVRG-AS) Method
Parameters: update frequency m, initial stepsize η0, and w̃0, a constant c, βi > 0, i ∈
{1, . . . , c}, δ1, δ2.
1: for k = 0, 1, 2, . . . do
2: vk = 1

n

∑n
i=1∇fi(w̃k)

3: if k > 0 then
4: compute and store Λk =

‖vk−vk−1‖
‖w̃k−w̃k−1‖

5: end if
6: Set w0 = w̃k

7: for t = 0, . . . ,m− 1 do
8: compute ηkt as Algorithm 3.1,
9: Randomly pick it ∈ {1, . . . , n}
10: wt+1 = wt − ηkt (∇fit (wt)−∇fit (w̃k) + vk)
11: end for
12: w̃k+1 = wm

13: end for

Remark 1 In order to reduce the computational cost, we can make δ2 = 0 in
Algorithm 3.2, and calculate our adaptive stepsize in outer loops every epoch.

3.1.1 Convergence Analysis of SVRG-AS

We first prove the linear convergence of SVRG-I which is different from the
convergence analysis in [17]. And then we give the convergence analysis of
SVRG-AS.

Lemma 1 Define

αk := (1− 2η(µ− ηL2))m +
ηL2

µ− ηL2
,

for both SVRG-I and SVRG-AS, we have

E[F (w̃k+1)− F (w∗)] < αk[F (w̃k)− F (w∗)].

Proof Let vt = ∇fit(wt−1)−∇fit(w̃k)+∇F (w̃k) for the k-th epoch of SVRG-I
or SVRG-AS. From Lemma 3 in Appendix, we obtain

E ‖vt‖22 6 4L[F (wt−1)− F (w∗) + F (w̃k)− F (w∗)]. (3.1)
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Now by noticing that Evt = ∇F (wt−1), this leads to

E[F (wt)− F (w∗)]

6 F (wt−1)− F (w∗)− η∇F (wt−1)TE[vt] +
η2L

2
E ‖vt‖2

= F (wt−1)− F (w∗)− η ‖∇F (wt−1)‖22 +
η2L

2
E ‖vt‖2

6 F (wt−1)− F (w∗)− 2µη[F (wt−1)− F (w∗)] + 2η2L2[F (wt−1)− F (w∗) + F (w̃k)− F (w∗)]
= [1− 2η(µ− ηL2)][F (wt−1)− F (w∗)] + 2η2L2[F (w̃k)− F (w∗)],

where the first inequality uses the Lipschitz continuity of ∇F , the second
inequality uses the strong convexity of F and the inequation (3.1).

Noting that w̃k = w0 and w̃k+1 = wm, by recursively applying the above
inequality over t, we have

E[F (w̃k+1)− F (w∗)]

6 [1− 2η(µ− ηL2)]m[F (w̃k)− F (w∗)] + 2η2L2
m−1∑
j=0

[1− 2η(µ− ηL2)][F (w̃k)− F (w∗)]

< [(1− 2η(µ− ηL2))m +
ηL2

µ− ηL2
][F (w̃k)− F (w∗)].

Corollary 1 In SVRG-I, if m and η are chosen such that

α: = (1− 2η(µ− ηL2))m +
ηL2

µ− ηL2
< 1, (3.2)

then SVRG-I converges linearly in expectation:

E[F (w̃k)− F (w∗)] < αk[F (w̃0)− F (w∗)].

Theorem 4 Denote θ1 ∈ (0, 1). In SVRG-AS, if m is chosen such that

mh >
L2

µ2
+

L2

µ2θ1
and m1−h >

θ1µL+ 2L2

2µ2
,

then SVRG-AS has linear convergence in expectation:

E[F (w̃k)− F (w∗)] < α̃k[F (w̃0)− F (w∗)].

Proof Using the strong convexity of function F (w), it is easy to obtain the
upper bound for our proposed stepsize,

Lk =
∑k

i=k−c+1
βi
‖∇F (wi)−∇F (wi−1)‖

‖wi − wi−1‖
>
∑k

i=k−c+1
βiµ = µ,

ηkt =
1

mh · Lk
6

1

mhµ
.
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Similarly, by the Lipschitz continuity of ∇F (w), we can obtain that ηkt is
uniformly lower bounded by 1

/
mhL. Therefore, we have

α̃ 6 (1− 2

mhL
(µ− L2

mhµ
))m +

L2

mhµ2 − L2

6 exp{−2m1−h

L
(µ− L2

mhµ
)} + L2

mhµ2 − L2
.

Let L2

mhµ2−L2 < θ1, we havemh > L2

µ2 +
L2

µ2θ1
. Then we render exp{− 2m1−h

L (µ−
L2

mhµ
)} < 1− θ1, that is

θ1 < 1− exp{−2m1−h

L
(µ− L2

mhµ
)} < 2m1−h

L
(µ− L2

mhµ
).

If h = 1
2 , we have mh > θ1µL+2L2

2µ2 . It is obvious that θ1µL+2L2

2µ2 < L2

µ2 + L2

µ2θ1
.

If h > 1
2 , let θ1 <

2m1−hµ
L − 2L

µ < 2m1−h

L (µ − L2

mhµ
), then m1−h > θ1µL+2L2

2µ2 .
And then, we have

α̃ 6 exp{−2m1−h

L
(µ− L2

mhµ
)} + L2

mhµ2 − L2
< 1− θ1 + θ1 = 1.

Remark 2 In Theorem 4, it is obvious that when θ1 decreases to the neigh-
borhood of 0, mh increases while m1−h decreases. We all know that when m
is too large, the optimization process of SVRG will oscillate, so we choose
h(δ1k + δ2t) > 1

2 , then we can obtain appropriate m.

3.2 The SARAH-AS Method

We describe the SARAH-AS as Algorithm 3.3, it is similiar to SVRG-BB,
except we calculate ηk0 in outer loop to update once for obtaining w1 every
epoch.

Remark 3 We can get rid of the calculation of ηkt in Algorithm 3.3 and only
use ηk0 every epoch for simplicity.

3.2.1 Convergence Analysis of SARAH-AS

We analyze the linear convergence of SARAH-AS (Algorithm 3.3) in this section.
Firstly, we prove the linear convergence of SARAH-I (namely, SARAH with
option I). Then we give the convergence analysis of SARAH-AS.

Under Assumption 1, let us define the optimal solution of (1.1) as w∗, then
strong convexity of F implies that

2µ[F (w)− F (w*)] 6 ‖∇F (w)‖
2
, ∀w ∈ Rd. (3.3)
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Algorithm 3.3 The SARAH-AS Method
Parameters: update frequency m, initial stepsize η1 > 0, w̃0, a constant c, βi > 0, i ∈
{1, . . . , c}, δ1, δ2.
1: for k = 1, 2, . . . do
2: w0 = w̃k−1

3: vk0 = 1
n

∑n
i=1∇fi(w0)

4: if k > 1 then

5: compute and store Λk =

∥∥∥vk0−vk−1
0

∥∥∥
‖w̃k−w̃k−1‖

6: end if
7: compute ηk0 = 1

mh(δ1k)Lk

8: w1 = w0 − ηk0vk0
9: for t = 1, . . . ,m− 1 do
10: compute ηkt as Algorithm 3.1.
11: Randomly pick it ∈ {1, . . . , n}
12: vkt = ∇fit (wt)−∇fit (wt−1) + vkt−1

13: wt+1 = wt − ηkt vkt
14: end for
15: w̃k = wm

16: end for

Lemma 2 Define

σk := (1− µη)m +
ηL2

µ(2− ηL)
, (3.4)

for both SARAH-I and SARAH-AS with η 6 1
L , we have the following inequality

for the k-th epoch:

E[F (w̃k+1)− F (w∗)] 6 σk[F (w̃k)− F (w∗)].

Proof In the k-th epoch of SARAH-I or SARAH-AS, for the t-th inner loop,
we have

E[F (wt)− F (w∗)]

6 E[F (wt−1)− F (w∗)]− ηE[∇F (wt−1)T vkt ] +
Lη2

2
E[
∥∥vkt ∥∥2]

= E[F (wt−1)− F (w∗)]−
η

2
E[‖∇F (wt−1)‖2] +

η

2
E[
∥∥∇F (wt)− vkt ∥∥2]− (

η

2
− Lη2

2
)E[
∥∥vkt ∥∥2]

6 E[F (wt−1)− F (w∗)]− µηE[F (wt−1)− F (w∗)] +
η

2
· ηL

2− ηL
E[‖∇F (w0)‖2]

6 E[F (wt−1)− F (w∗)]− µηE[F (wt−1)− F (w∗)] +
η2L2

2− ηL
E[F (w0)− F (w∗)]

= (1− µη)E[F (wt−1)− F (w∗)] +
η2L2

2− ηL
E[F (w0)− F (w∗)],

where the first inequality and the fourth inequality we applied the Lips-
chitz continuity of ∇F . The second equality follows from the fact aT b =
1
2 [‖a‖

2 + ‖b‖2 − ‖a− b‖2]. The third inequality uses the strong convexity of
F as (3.3) and Lemma 5 in Appendix.
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By recursively applying the above inequality over t, and noting that w̃k = w0

and w̃k+1 = wm, we can obtain

E[F (w̃k+1)− F (w∗)]

6 (1− µη)m[F (w̃k)− F (w∗)] +
η2L2

2− ηL

m−1∑
j=0

(1− µη)j [F (w̃k)− F (w∗)]

6

(
(1− µη)m +

ηL2

µ(2− ηL)

)
[F (w̃k)− F (w∗)]

= σk[F (w̃k)− F (w∗)].
Then we have the linear convergence of SARAH-I.
Corollary 2 In SARAH-I, if m and η 6 1

L are chosen such that

σ := (1− µη)m +
ηL2

µ(2− ηL)
< 1, (3.5)

then SARAH-I converges linearly in expectation:

E[F (w̃k)− F (w∗)] < σk[F (w̃0)− F (w∗)].
.

Theorem 5 Given 0 < θ2 < 1. In SARAH-AS, if m is chosen such that

mh >
L2

2µ2θ2
+

L

2µ
and m1−h >

θ2L

µ
,

then SARAH-AS (Algorithm 3.3) converges linearly in expectation:

E[F (w̃k)− F (w∗)] < σ̃k[F (w̃0)− F (w∗)].
Proof We know that 1

mhL
6 η 6 1

mhµ
, then we have,

σ 6
(
1− µ

mhL

)m
+

L2

mhµ2(2− L
/
mhµ)

6 exp{−m
1−hµ

L
}+ L2

mhµ2(2− L
/
mhµ)

= exp{−m
1−hµ

L
}+ L2

2mhµ2 − Lµ
.

Let exp{−m
1−hµ
L } < 1− θ2, then θ2 < 1− exp{−m

1−hµ
L } < m1−hµ

L , namely,
m1−h > θ2L

µ .

Let L2

2mhµ2−Lµ < θ2, we have mh > L2

2µ2θ2
+ L

2µ . So,

σ 6 exp{− mµ

mhL
}+ L2

2mhµ2 − Lµ
< 1− θ2 + θ2 < 1.

Remark 4 It is observed from Theorem 5 that mh ∼ O(L
2

µ2 ) and m1−h ∼ O(Lµ )
when θ2 is close to 1. To get the smaller m, this suggests that h > 1−h, namely,
the value of function h should be no less than 1

2 .
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(a) SVRG on ijcnn1 (b) SVRG on covtype (c) SVRG on rcv1

(d) SARAH on ijcnn1 (e) SARAH on covtype (f) SARAH on rcv1

Fig. 1: The upper is our adaptive stepsize for SVRG with different h (h1 and
h2), denoted as SVRG-AS(h1) or SVRG-AS(h2), respectively, and SVRG-BB,
SVRG with some constant stepsize. And the under is the same tests on SARAH,
named SARAH-AS(h1) or SARAH-AS(h2).

4 Numerical Experiments

In this section, we present some numerical experiments to demonstrate the
efficacy of SVRG-AS (Algorithm 3.2), SARAH-AS (Algorithm 3.3) and some
SVRG’s variants with our adaptive stepsize for `2-regularized logistic regression
problem with

fi(w) = log(1 + exp(−yixTi w)) +
λ

2
‖w‖2

on datasets covtype, ijcnn1, rcv1 as Table11.

Table 1: Data information

Dataset ijcnn1 covtype rcv1
n 49990 581012 20242
d 22 54 47236

The penalty parameter λ is set to 1/n as is common in practice[11][25]. We
give some specific functions of h as follow

h1(x) =
x

1 + x
or h2(x) = sigmoid(x− 1) x ∈ N+,

1 All datasets are available at https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
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and we exhibit the concrete form of moving average, such as Simple Moving
Average (SMA) and Exponential Moving Average (EMA).

SMA : Lk =
1

c

∑k

i=k−c+1
Λi,

EMA : Lk = ρ[Λk + (1− ρ)Λk−1 + · · ·+ (1− ρ)c−1Λk−c+1] + (1− ρ)cΛk.

Our adaptive stepsize performs well even when only using the current local
estimation of L in experiments.

(a) SVRG on ijcnn1 (b) SVRG on covtype (c) SVRG on rcv1

(d) SARAH on ijcnn1 (e) SARAH on covtype (f) SARAH on rcv1

Fig. 2: This figure show that different moving average for our adaptive stepsize.
The upper shows that how SMA and EMA affect the performance of our
proposed stepsize on SVRG, and the under is on SARAH.

Fig. 1, Fig. 2 and Fig. 3 show numerical results in terms of optimality gap
F (w)−F (w∗) on the datasets, the x-axis denotes the number of epochs. In Fig.
1, we test for different function h: h1 and h2. We choose η = 1 as the initial
stepsize, and choose some constant stepsize for comparison. In all experiments
m = O(n), δ1 = 1, δ2 = 0. And we just use the current local estimation of
L in Fig. 1. The results suggest that h1 is better than h2 both for SVRG
and SARAH, and our proposed stepsize performs better than BB stepsize for
SVRG, even better than best-tuned stepsizes for some dataset.
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Fig. 2 shows that how different moving average strategies affect the perfor-
mance of our adaptive stepsize. We choose the best constant stepsize and h1 for
comparing with SMA and EMA. We make c = 2 and the decay rate ρ = 0.9 for
EMA. Experiments show that there is no major changes for different moving
average, but EMA is better than SMA on most datasets.

In Fig. 3, we do some numerical experiments to demonstrate that our
adaptive stepsize is also suitable for some variants of SVRG, such as Batching
SVRG[25] and S2GD[26]. We set

∣∣Bk∣∣ = 2k for Batching SVRG. In S2GD, we
just set the max inner loop as n, and v = 1

n for the geometric law. And we
compute η in the outer loops for S2GD, namely δ2 = 0, because the calculation
of the number of inner loop needs η. It is obviously that our adaptive stepsize
is effective.

(a) ijcnn1 (b) covtype (c) rcv1

Fig. 3: Comparison of our adaptive stepsize for Batching SVRG and S2GD
with Batching SVRG and S2GD with fixed stepsize on different datasets.

5 Conclusion

In this paper, we propose an adaptive stepsize for stochastic variance reduced
methods, SVRG and SARAH. And this stepsize is based on the local estimation
of Lipschitz constant. Numerical results indicate that our proposed stepsize
works well in practice, and we prove the linear convergence of SVRG-AS and
SARAH-AS, respectively. But we just give a general form of our stepsize, how
to choose the most suitable parameter will be our future work. For example,
the best choice of function of the number of outer and inner loop, and the best
choice of moving average variations.
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A Appendix

Lemma 3 Let vt = ∇fit (wt−1)−∇fit (w̃k) +∇F (w̃k). Conditioned on wt−1, we can take
expectation with respect to it, and obtain:

E ‖vt‖2 = E ‖∇fit (wt−1)−∇fit (w∗)− (∇fit (w̃k)−∇fit (w∗)−∇F (w̃k))‖2

6 2E ‖∇fit (wt−1)−∇fit (w∗)‖
2 + 2E ‖∇fit (w̃k)−∇fit (w∗)−∇F (w̃k)‖2

= 2E ‖∇fit (wt−1)−∇fit (w∗)‖
2 + 2E ‖∇fit (w̃k)−∇fit (w∗)‖

2

6 2E ‖∇fit (wt−1)−∇fit (w∗)‖
2 + 2E ‖∇fit (w̃k)−∇fit (w∗)‖

2

6 4L[F (wt−1)− F (w∗) + F (w̃k)− F (w∗)]

Lemma 4 Suppose that f is convex and its gradient is L-Lipschitz continuous. Then, for
any w,w′ ∈ Rd,

f(w) 6 f(w′) +∇f(w′)T (w − w′) +
L

2

∥∥w − w′∥∥2
f(w) > f(w′) +∇f(w′)T (w − w′) +

1

2L

∥∥∇f(w)−∇f(w′)∥∥2
Lemma 5 If vt defined as 2.6 in SARAH (Algorithm 2.2) with η < 2

L
. Then we have that

for any t > 1,

E[
∥∥∥∇F (wt)− vkt

∥∥∥2] 6 ηL

2− ηL
[E[
∥∥∥vk0∥∥∥2]− E[

∥∥∥vkt ∥∥∥2]] 6 ηL

2− ηL
E[
∥∥∥vk0∥∥∥2]

The proof of Lemma 5 can be found in [11].
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