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Abstract We consider a linear regression model for which we assume that many
of the observed regressors are irrelevant for the prediction. To avoid overfitting, we
conduct a variable selection and only include the true predictors for the least square
fitting. The best subset selection gained much interest in recent years for addressing
this objective. For this method, a mixed-integer optimization problem is solved, which
finds the optimal subset not larger than a given natural number k concerning the in-
sample error. In practice, a best subset selection is computed for each k, and the ideal
k is then chosen via a validation.

We argue that the notion of the best subset selection might be misaligned with the
statistical intention. Instead, we propose a subset selection formulation based on the
cross-validation loss function. We present a discrete optimization formulation which
fits coefficients to training data and decides to in- or exclude variables to minimize
the cross-validation error. Hence, we do not require a fixed sparsity bound and do not
have to solve successive discrete optimization problems.Moreover, we present bounds
for the regression coefficients, which allows us to construct a tighter mixed-integer
formulation. Finally, we conduct a simulation study and provide evidence that the
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novel mixed-integer formulation provides excellent predictions surpassing the results
of competing state-of-the-art approaches.

Keywords Best Subset Selection · Sparse Regression · Cross-Validation · Mixed-
Integer Quadratic Programming · Bilevel Optimization

1 Introduction

We are considering a linear regression model y = Xβ0 + ε with y ∈ Rn being a
response, X = [ X1 · · · Xp ] ∈ Rn×p being a design matrix and ε ∈ Rn being some
unknown error. In many cases only some of the observed variables X1, . . . ,Xp are
“true” predictors, that is, only a portion of the entries of β0 are non-zero. Applying
an ordinary least squares fitting in this setting would result in overfitting and would
consequently lead to bad predictions. Many applications arise from such sparse re-
gression problems. Bühlmann (2013) gives two examples where finding the “true”
variables is essential:

– Time to flowering:Which genes in the plantArabidopsis thalianamust bemodified
so that the time to flowering is reduced? Here, we are interested in quantifying the
effect of certain genes on the response.

– Causal effects between genes of yeast: The objective is to quantify the effect of a
gene intervention by determining the causal effects between all genes.

Friedman et al. (2001) feature the problem of prostate cancer prediction, where the
objective is to predict the number of antigens based on measured medical charac-
teristics and Schoofs et al. (1997) argue that the sparse regression problem arises in
engineering optimization where function approximation is a regular occurrence. As
such, model selection constitutes amajor part in statistical learning and is an important
element of predictive statistics.

Many approaches proposed over the years build upon the idea to induce sparsity
of the fitted coefficients, i.e., the number of nonzero entries of β ought to be lim-
ited. One of the most prominent method intended to achieve this effect is the Lasso
approach (Tibshirani 1996). Here, in addition to the usual least squares regression a
`1-regularization term is added:

min
β∈Rp

‖Xβ − y‖22 + λ‖β‖1 (LASSO)

where λ > 0 controls the magnitude of the penalty term. The `1-regularization
intends to force coefficients to zero and hence causes β to be sparse. While theoretical
results exists attesting sparsity inducing effects and the correct choice of predictors
(Bühlmann and van deGeer 2011), they require strict assumptions on the designmatrix
X, which are in practice not guaranteed to hold and are computationally difficult to
verify (Tillmann and Pfetsch 2014). If those assumptions do not hold, neither sparsity
nor the selection of correct regressors are assured.

In recent years mixed-integer optimization has taken a bigger role in data science
and machine learning. As such the best subset selection (Konno and Yamamoto 2009;
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Dong et al. 2015; Bertsimas et al. 2016;Miller 1990) has produced significant research
interest. The problem is formulated as the discrete optimization problem

min ‖Xβ − y‖22 + λ‖β‖
2
2

s. t. ‖β‖0 ≤ k,
(BSk ,λ)

where ‖β‖0 B |supp(β)| B |{i ∈ {1, . . . , p} : βi , 0}| and λ ≥ 0. Originally,
the problem does not include a regularization term as written out here. However,
Bertsimas and Copenhaver (2018) argue that regularizations in context of a linear
regression problem can be understood as a robustification, that is, coefficients are
fitted such that they are protected against new unknown settings.Moreover,Mazumder
et al. (2017) present empirical evidence that the inclusion of a regularization term has
positive effects on the predictive quality. Therefore, we extend the original best subset
selection by the `2-regularization but leave the option open to set λ to 0.

Unlike (LASSO) the formulation (BSk ,λ) guarantees that there are no more than k
many nonzero entries in β, and hence, sparsity is ensured. Bertsimas et al. (2016) and
Mazumder et al. (2011) present empirical evidence that solving (BSk ,λ) yields predic-
tions which are superior to those produced by Lasso. One of the earliest mixed-integer
formulations for the best subset selection problem (BSk ,λ) was given by Konno and
Yamamoto (2009). Since then, interest in solving (BSk ,λ) via modern discrete opti-
mizationmethods grew rapidly. Dong et al. (2015) apply the perspective reformulation
to the best subset selection enabling a much stronger relaxation and consequently al-
lowing for the mixed-integer program to be solved faster. Bertsimas et al. (2016)
present a mixed-integer quadratic formulation, a first-order warm start approach and
an extensive study on the statistical quality of the best subset selection. They argue that
discrete optimization methods can play an important role in statistics. They provide
evidence that the critique of discrete optimization being computationally impractical
in fields like statistics is outdated and that proper mixed-integer optimization can be
highly valuable and worthwhile.

1.1 Model selection via (BSk ,λ)

The sparsity bound k is a fixed parameter of (BSk ,λ) and therefore choosing k requires
additional considerations. Let us identify subsets S ⊆ [p] with a regression model,
that is, a subset encodes a variable selection used to predict the response y. Ideally,
we would like to minimize the prediction error PE(S) with respect to the choice of
variables. In light of this, an ideal subset Ŝ ∈ [p] is defined as the subset which
minimizes the expected `2-loss

PE(S) B E
(
‖x0

S β̂(S) − y0‖22

)
, (1)

where x0 is the random vector which encodes a new observation, y0 is the respective
response and β̂(S) are the coefficients fitted to training data which only contains
the variables indexed by S. Unfortunately, the prediction error of a subset does not
correlate wit the objective function of (BSk ,λ). The least squares loss decreases when
k increases and therefore the sparsity level k = p yields the smallest `2-loss. Since
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β0 is sparse by assumption, the `2-loss is not an appropriate metric to select the
best variables. Bertsimas et al. (2016) choose the best model by solving (BSk ,λ) for
every possible k ∈ {1, . . . , p} and then validating the computed variable selection on
a different validation data set. The best performing model is then picked and tested
on a separate test data set (see Algorithm 1). More precisely, the sampled data X
and y is divided into three parts X(1) ∈ Rn1×p , X(2) ∈ Rn2×p , X(3) ∈ Rn3×p and
y(1) ∈ Rn1, y(2) ∈ Rn2, y(3) ∈ Rn3 . For each k ∈ [p] problem (BSk ,λ) is solved with
X(1) and y(1) yielding the optimal solution β̂k . Then, the validation error

‖X(2) β̂k − y(2)‖22 (2)

is determined. At the end k̂ = argmin{k ∈ [p] : ‖X(2) β̂k − y(2)‖22 } is selected and the
test error

‖X(3) β̂k̂ − y(3)‖22 (3)

is calculated to assess the end result. Here, the objective value of (BSk ,λ) is called
the training error while the squared prediction error of a selected set of coefficients
applied to the validation data is called the validation error, i.e., the value (2). Usually,
when the final model is determined the predictive quality is then certified on an
independent test data set. The resulting prediction error is then called test error, i.e.,
the result of (3). See also the book by Friedman et al. (2001) for a detailed and
concise explanation of the model selection process. In the described process the ridge
parameter is ignored. However, usually it is also part of the training and part of the
parameters to validate. Hence, we are looking at a two-dimensional grid of validation
points G B {(k, λ) : k ∈ [p], λ ∈ Λ} where Λ is the finite set of different values of λ.

Input: y ∈ Rn , X ∈ Rn×p
Output: A model S.

1 for (k , λ) ∈ G do
2 Solve (BSk ,λ) on training data and obtain model S;
3 Validate S and update the best model Ŝ;

4 return Ŝ;

Algorithm 1: Schematic process used to select a model in combination with
(BSk ,λ). The optimization problem (BSk ,λ) is solved iteratively for each k.
Each model is then tested on a validation data set and then the model with the
best predictive quality in respect to the validation process is returned.

Validating on separate data X(2) gives us a specific estimate of (1). We can,
however, also apply other estimates of the prediction error (1) like for example a
cross-validation (Friedman et al. 2001), adjusted R2 (Draper and Smith 2014), BIC
(Schwarz 1978) or AIC (Akaike 1974). Such an estimate of PE is denoted by P̂E.

Commonly, when doing variable selection, a finite collection of possible models
S1, . . . ,Sd ⊆ [p] is chosen and then

Ŝ = argmin
S∈{S1 ,...,Sd }

P̂E(S)
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is picked as the model of choice. However, this approach requires a careful selection
of possible subsets from the beginning. In case of the best subset selection we define
the set S B {supp(β̂) : β̂ is an optimal solution for (BSk ,λ), k ∈ [p], λ ∈ Λ} and
choose the best model according to the rule

Ŝ = argmin
S∈S

P̂E(S). (MS)

In other words, the optimal solutions of all possible configurations of (BSk ,λ) form
the set of models to validate.

1.2 Critique of the best subset selection

Given a collection S of models, for each set S ∈ S the coefficients should be fitted
to the data indexed by S in the training stage. However, in case of problem (BSk ,λ)
a subset S is selected with respect to the best training error and not a priori. In
fact, only the sparsity is controlled and selected in the validation process. Hence,
the model selection approach used for the best subset selection does not follow the
model selection procedure described beforehand. The methodology of looking for the
best model solely by training error can be problematic (see for instance Friedman
et al. 2001, pp. 193 - 196) since training error and validation error do not necessarily
correlate with each other. In the context of this work, we would rather like to have
the model selection process happening at the validation stage and the model fitting
process happening at the training stage. The process explained in Algorithm 1 puts
part of the model selection into the training stage, that is, only the sparsity is selected
in the validation stage.

Bertsimas and King (2016) address these problems by adding additional con-
straints to the mixed-integer program based on specific statistical insights. Those con-
straints are meant to exclude solutions, which are considered statistically insignificant
with respect to external selection criteria. However, those metrics are not evaluated in
the mixed-integer model itself but applied and enforced a posteriori, which requires
significant more solver invocations. In comparison, Miyashiro and Takano (2015) use
various information criteria like adjusted R2 (Draper and Smith 2014), BIC (Schwarz
1978) and AIC (Akaike 1974) to select variables. They present a mixed-integer
second-order model, which produces the intended outcome.

1.3 Contribution

Our contributions surrounds a novel formulation for the best subset selection. Instead
of utilizing the training error to choose variables we use the cross-validation as our
objective function. In part, we reflect results from the dissertation by Kreber (2019).
In detail, we present the following results:

– Wepresent aMIQP formulationwhich conducts an in-model cross-validation. Our
program is constrained to only fit coefficients to training data but it can control
which variables to include or exclude. With that, the objective is to minimize the
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validation error determined by a cross-validation. Using the cross-validation as
an estimate for the prediction error enables us to require no further assumptions
on the underlying data. This formulation allows us then to solve the optimization
problem

Ŝ = argmin
S⊆[p]

P̂E(S),

which greatly expands the search space for the best variable selection in compar-
ison to (MS).

– We present an initial formulation using logical constraints. On one hand such
constraints are easy to understand but on the other hand they cause CPLEX to
have trouble finding a solution. Note that, Takano and Miyashiro (2019) indepen-
dently and simultaneously developed a similiar formulation, which uses logical
constraints. Our experience show that in general tight algebraic formulations can
be solved more efficiently by the commercial solvers. Hence, we refrain from us-
ing only logical constraints and develop an algebraic formulation, which requires
additional bounds on several terms. We proceed to present such bounds.

– We conduct a simulation study where we assess the cross-validation subset selec-
tion against the best subset selection (BSk ,λ) and Lasso under several noise and
multicollinearity settings.

1.4 Structure

In Section 2 we consider the validation process behind variable selection. In light
of this, we formulate a mixed-integer quadratic program, which is used to minimize
the validation error over all variable subsets using the cross-validation as an estimate
for the prediction error. For this, we utilize logical constraints in order to construct a
readily understandable program. Afterwards, we proceed to reformulate the program
to only utilize algebraic constraints.

As we require “Big-M” constraints for the formulation we develop the necessary
bounds in Section 3. We utilize bounds for the entries of inverse matrices to arrive at
the desired result.

Subsequently, we conduct a simulation study comparing the best subset selection,
the cross-validation subset selection and Lasso in Section 4. Here, we generate syn-
thetic data with specific noise and multicollinearity setups. Since we know the true
predictors we can assert the variable selection and predictive quality of all approaches.

2 A MINLP formulation for a cross-validation model selection

In this section we are presenting our formulation, which combines variable selection
and model validation in one optimization model. For the model validation we are
using a m-fold cross-validation. In other words we propose a novel MIQP formulation
which is used to solve the problem

min
S⊆[p]

P̂E(S). (MINCV)
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Here, we do not require a predetermined collection S of models, which we wish to
validate. Instead, we select the best cross-validated subset out of all possible subsets.
Assuming that P̂E is a good estimate of the predictive error, we consider a larger model
space than with the best subset selection, and hence we can expect to find solutions
which provide better predictions. We call problem (MINCV) the cross-validation
subset selection.

We first define some notations we are using. The writing Xi denotes the i-th
column of X. The notation Xi j will be used to describe the entry of X which is located
in the i-th row and j-th column. For a subset S = {i1, . . . iq} ⊆ [p] with q ∈ N we will
define

XS B
[
Xi1 Xi2 · · · Xiq

]
,

that is, XS is the sub matrix with columns only indexed by S. For a vector u ∈ Rn we
use the notation uS B (ui1, . . . ,uiq ) to get subview of u indexed by S ⊆ [n]. We write
XT ,∗ to select the rows of X indexed by T ⊆ [n]. For some generic set M ⊆ [n] we
will write M̄ to denote the complement of M with respect to [n]. In order to apply a
cross-validation we partition the index set of observations into m subsets T1, . . . ,Tm.
Let X̄(l) be the matrix XT̄l ,∗

and let X(l) be the matrix XTl ,∗. The same notation is
applied to the response y, i.e., yTl is denoted by y(l) and yT̄l is denoted by ȳ(l).

For some fixed subset S ⊆ [p] the coefficients

β̂(l)(S) = argmin
β∈R|S |

‖X̄(l)
S
β − ȳ(l)‖22 + λ‖β‖

2
2 (4)

are computed for each l ∈ [m]. The cross-validation estimate of the prediction error
is then given by

P̂E(S) =
1
m

m∑
l=1
‖X(l)

S
β̂(l)(S) − y(l)‖22 .

The issue we face with the aforementioned concept of a coherent MIQP is that we
have to ensure strict separation between training and validation, i.e., the coefficients
β̂(l) should strictly be fitted to the training data and must not be able to optimize the
validation error. Therefore, we calibrate the coefficients using the normal equation

NEl
λ(β,S) B (X̄

(l)
S
)TX̄(l)

S
βS + λβS − (X̄(l)S )

T ȳ(l) = 0.

In other words NEl
λ(β,S) = 0 holds if and only if β is an optimal solution of (4).

Note, that it is important that for every S ⊆ [p] the equation system NEl
λ(β,S) = 0

has a unique solution β. Furthermore, rewriting (4) as an algebraic formulation is
important to keep the separation between training and validation intact. For instance,
replacing the `2 regularization with `1 results in the inability to formulate the fitting
process as an algebraic equation, making `1 an impractical regularization choice, as
long as we do not rely on complementary programming techniques.
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We can now formulate (MINCV) as following optimization problem.

min
1
m

m∑
l=1
‖X(l)

S
βl
S − y(l)‖22

s. t. NEl
λ(β
(l),S) = 0 ∀l ∈ [m]

β(l)
S̄
= 0 ∀l ∈ [m]

|S | ≤ k

β(1), . . . , β(m) ∈ Rp,S ⊆ [p]

(P)

Note that |S | ≤ k for some k ∈ N is an extension to (MINCV), in the sense that the
modeler might choose k ∈ N in accordance to some anticipation or assumption about
the sparsity the program should return. In that case, the sparsity can be restricted.
However, in comparison to the best subset selection (BSk ,λ) the sparsity constraint
is not required and could be removed with little influence on the effectiveness of the
program.

Although, (P) is a convenient illustration of the general idea we propose, its
formulation cannot be entered into any of the commonly used MIQP solvers because
of the set-valued decision variable S. Consequently, we present the following MIQP
formulation.

min
1
m

m∑
l=1
‖X(l)β − y(l)‖22

s. t. zi = 1 ⇒ (X̄(l)i )
TX̄(l)β(l) + λβ(l)i = (X̄

(l)
i )

T ȳ(l) ∀i ∈ [p], l ∈ [m]

zi = 0 ⇒ β
(l)
i = 0 ∀i ∈ [p], l ∈ [m]

1T z ≤ k

β(1), . . . , β(m) ∈ Rp, z ∈ {0,1}p

(PInd)

The formulation uses logical constraints, which most solvers can translate to
algebraic constraints. We will later do this translation by ourselves and provide the
necessary bounds required for this. Note that logical constraints can be replaced with
SOS1 constraints. At least with CPLEX, our experience shows that SOS1 constraints
are handled better, and hence they are preferable. However, for simpler exposition we
use logical constraints to better illustrate the idea behind the formulation. First, we
show that both formulations are indeed equivalent.
Theorem 2.1 The formulation (P) is equivalent to (PInd), that is, when considering
z as an indicator vector, i.e., S = {i : zi = 1}, both optimization problems yield the
same optimal solution.

Proof Let (β̂(1), . . . , β̂(m), Ŝ) be an optimal solution of (P) and let ẑ be the indicator
vector of Ŝ, i.e., Ŝ = {i : ẑi = 1} holds. We first show that (β̂(1), . . . , β̂(m), ẑ) is feasible
for (PInd). For any l ∈ [m] we have

XŜ β̂
(l)

Ŝ
=

∑
i∈S

Xi β̂
(l)
i =

p∑
i=1

Xi β̂
(l)
i = Xβ̂(l) (5)
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because β̂(l)i = 0 holds for every i < Ŝ. Since NEl
λ(β̂
(l), Ŝ) = 0 implies

(X̄(l)i )
TX̄(l)

Ŝ
β̂(l)
Ŝ
+ λβ̂

(l)
i − (X̄

(l)
i )

T ȳ(l) = 0

for every i ∈ Ŝ, by (5) we get

(X̄(l)i )
TX̄(l) β̂(l) + λβ̂(l)i − (X̄

(l)
i )

T ȳ(l) = 0

for every i ∈ Ŝ. Therefore, for every i ∈ [p] and every l ∈ [m] the logical constraint
ẑi = 1 ⇒ (X̄(l)i )

TX̄(l) β̂(l) + λβ̂(l)i = (X̄
(l)
i )

T ȳ(l) is satisfied. Furthermore, it is easy to
see that the last two constraints ẑi = 0 ⇒ β̂li = 0 and 1T ẑ ≤ k are satisfied since
β̂
(l)
i = 0 for every i < Ŝ and |Ŝ | ≤ k hold. Additionally, by (5) both objective values

are equal as well. Analogously, for every optimal solution (β̃1, . . . , β̃m, z̃) of (PInd) it
follows that (β̃(1), . . . , β̃(m), S̃) is feasible for (P) and that both solutions provide the
same objective value. Hence, the optimization problems (P) and (PInd) are equivalent.

ut

Since mixed-integer programs utilizing logical constraint are more difficult to
solve than programs with deliberately constructed algebraic constraints, we present
the following Big-M formulation of (PInd).

min
1
m

m∑
l=1

(
(X(l)β(l))TX(l)β(l) − 2(y(l))TX(l)β(l)

)
s. t. −L(l)i zi ≤ β

(l)
i ≤ L(l)i zi

(X̄(l)i )
TX̄(l)β(l) + λβ(l)i ≤ M (l)i (1 − zi) + (X̄(l)i )

T ȳ(l)

(X̄(l)i )
TX̄(l)β(l) + λβ(l)i ≥ −m(l)i (1 − zi) + (X̄(l)i )

T ȳ(l)

(∀i ∈ [p], l ∈ [m])

1T z ≤ k

β(1), . . . , β(m) ∈ Rp, z ∈ {0,1}p

(PBigM)

For sufficiently large constants L(l)i ,m
(l)
i ,M

(l)
i the proposed program is equivalent

to (PInd). The tighter we can choose the model constants, the stronger our formulation
becomes. Therefore, we will propose appropriate bounds in Section 3. In order for the
formulation to be statistically meaningful we have to make some key assumptions on
the data X before considering technical details about the program (PBigM).

2.1 Data preprocessing

Since data preprocessing for (PBigM) is much more technical than it is for the best
subset selection, we explain the data preparation in detail in this section. In order
for the ridge penalization to produce consistent results, we have to standardize all
variables, and hence adapt the validation data as well. Otherwise, the regularization
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terms λ‖β(l)‖22 would influence variables with various magnitudes, which would lead
to undesirable results. The transformations are applied before partitioning the data.
Usually data is standardized in the following way:

– Normalization: each variable is scaled such that the variance is equal to 1.
– Centering: each variable is shifted such that the mean is 0.
– Intercept: a 1 column is added to account for an affine displacement in the data.

Normalization requires no further considerations, andwe simply scale all variables
such that the columns have `2-norm of 1. However, centering the covariates requires a
more deliberate approach. Assume we have some ridge regression model with added
intercept and centered variables

min
β0∈R,β∈Rp

‖1β0 +

p∑
i=1
(Xi − µi1)βi − y‖22 + λ‖β‖

2
2 (6)

with µi = 1
n

∑n
j=1 Xi j being the mean of Xi . By this formulation it is easy to see that

centering a variable already accumulates the intercept. That is, if (β̂0, β̂1, . . . , β̂p) is
an optimal solution for (6), then the vector (β̂0 −

∑p
i=1 µi β̂i, β̂1, . . . , β̂p) is an optimal

solution for

min
β0∈R,β∈Rp

‖1β0 +

p∑
i=1

Xiβi − y‖22 + λ‖β‖
2
2 .

and vice versa. Therefore, adding an intercept already accounts for centering the
variables. However, centering a variable generates implicit intercept, even though the
true model might not have any constant shift. In light of our presented model, the
intercept is handled exactly like the covariates, that is, it can be ex- or included by
the solver. Hence, the former requires a conscious decision by the user while the later
gives the freedom of choice to the algorithm. Since we are interested in presenting
an automated approach to model selection, we add an intercept without centering the
variables.

However, when adding a column of 1’s we do not want to penalize this intercept
by the ridge regression. Thus, it must be excluded from the regularization. This issue
would normally pose no problem, and in fact it doesn’t produce any issues for the
optimization problem (PInd). With an additional intercept column we would simply
reformulate the problem to

min
1
m

m∑
l=1

(( [
1 X(l)

]
β(l)

)T [
1 X(l)

]
β(l) − 2(y(l))T

[
1 X(l)

]
β(l)

)
s. t. zi = 0 ⇒ β

(l)
i = 0 ∀i ∈ [p], l ∈ [m]

z1 = 1 ⇒ 1T [
1 X̄(l)

]
β(l) = 1T ȳ(l) ∀l ∈ [m]

zi = 1 ⇒ (X̄(l)
i−1)

T [
1 X̄(l)

]
β(l) + λβ(l)i = (X̄

(l)
i−1)

T ȳ(l) ∀i ∈ [p] \ {1}, l ∈ [m]

1T z ≤ k

β(1), . . . , β(m) ∈ Rp, z ∈ {0,1}p
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However, it causes some complications when finding bounds for (PBigM). To better
deal with different ridge penalizations we generalize problem (PBigM) to

min
1
m

m∑
l=1

(
(X(l)β(l))TX(l)β(l) − 2(y(l))TX(l)β(l)

)
s. t. −L(l)i zi ≤ β

(l)
i ≤ L(l)i zi

(X̄(l)i )
TX̄(l)β(l) + γiβ(l)i ≤ M (l)i (1 − zi) + (X̄(l)i )

T ȳ(l)

(X̄(l)i )
TX̄(l)β(l) + γiβ(l)i ≥ −m(l)i (1 − zi) + (X̄(l)i )

T ȳ(l)

(∀i ∈ [p], l ∈ [m])

1T z ≤ k

β(1), . . . , β(m) ∈ Rp, z ∈ {0,1}p

(QBigM)

with parameters γ1, . . . , γp ≥ 0. Hence, an added intercept would be a special case of
(QBigM). Furthermore, we denote the diagonal matrix diag(γ1, . . . , γp) by Γ ∈ Rp×p .

In conclusion, we assume that all covariates are normalized and that the validation
data is modified in accordance to the normalization. Furthermore, we assume that the
model accounts for an intercept, i.e., thatX(l)1 = 1 for all l ∈ {1, . . . ,m}with parameter
γ1 = 0.

2.2 Data assumptions

After pre-processing the design matrix X, we have to ensure that the fitted coefficients
β(l) are unique for every combination of selected variables. Otherwise, the solver
would choose each β(l) such that the validation error is minimized. However, this
would lead to a dependence between validation and training, which would most likely
result in overfitting. Thus, from now on we assume that (X̄(l))TX̄(l) + Γ is positive
definite. We can weaken this assumption by requiring that (X̄l

S
)TX̄l

S
+

√
ΓT
SΓS is

positive definite for all S ⊆ [p] with |S | ≤ k. However, then the bounds presented in
the next section would cease to work, andwewould have to fall back to the formulation
(PInd). Therefore, we assume the former.

2.3 Implementation remarks

We noticed that often there are many feasible solutions having objective values very
close to each other. In this case, since the cross-validation is an estimation of the
prediction error, it can happen that a solution is determined to be the best optimal
solution of (QBigM) even though it provides a worse prediction error than other
approximately equal-valued solutions. Hence, experience showed that it is much better
to select the sparsest solution from a pool of nearly identically valued solutions at the
end of the optimization. Intuitively, that means we select a solution from a candidate
pool, which requires the least information and assumptions to produce the prediction.
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With CPLEX this is possible by allowing the solver to store the best solutions
with regard to a defined range in a solution pool, which can be iterated at the end
of the optimization. For the presented problem a tolerance of 0.05 is chosen, i.e.,
solutions which are at most 5% worse (by means of the relative gap) than the best
integer solution are kept in the solution pool.

3 Bounds for the model constants

Most modern MINLP solvers support use of logical constraints like in (PInd) and thus
we could put the formulation directly into a solver and search for a global optimum.
However, the performance difference between MINLPs with logical constraints and
MINLPs with only algebraic constraints can be quite stark, if the “Big-M” constants
are chosen sufficiently tight. Hence, we are enticed to find strong bounds on the
solutions to derive tight model constants.

Finding bounds on the absolute values of the coefficients seem to be central to
this task. Here, the difficulty lies in finding valid bounds for all possible subsets of
variables. Bertsimas et al. (2016) develop analytic bounds for the coefficients for the
subset selection problem. They do not regard a regularization and neither assume full
column rank on the whole data set. Hence, their assumption to derive bounds requires
a variation of diagonal dominance. However, this assumptions is quite restrictive and
is not satisfied in most practical applications. Nevertheless, they also present a data
driven, algorithmic approach to derive bounds. Since we assume to have a unique
solution for each training set, we can derive tighter analytic bounds without any
further requirements.

The section is structured as follows. First, we present a bound for the norm of the
regularized predicted values over all possible subsets. That means, for some design
matrix X with full column rank let us define

β̂(S) B argmin
β∈R|S |

‖XSβ − y‖22 + λ‖β‖
2
2

and the full dimensional vector

β̃(S) B argmin
β∈Rp

‖Xβ − y‖22 + λ‖β‖
2
2

s. t. βS̄ = 0.

Wefind a bound c(X, y, k) such that ‖XS β̂(S)‖22+λ‖ β̂(S)‖
2
2 ≤ c(X, y, k) for all S ⊆ [p]

and |S | ≤ k. This result helps us in the second part of the section to find tighter bounds
for | β̃(S)i | over all possible subsets S. Finally, we derive themodel constants necessary
for the “Big-M” approach in the last part of the section. In the two first parts we are
mostly concerned with one single design matrix X and a consistent ridge scalar and
later apply the results to the various training matrices in the presented formulation.
Hence, most results are also applicable to the ridge regularized best subset selection.
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3.1 Bound on the norm of the regularized predicted value

Let S ⊆ [p] be a valid subset, i.e., its cardinality is less or equal than k and let λ be
positive. We present an upper bound for ‖XS β̂(S)‖22 + λ‖ β̂(S)‖

2
2 only dependent on

X and the required sparsity k. We first prove the following

Lemma 3.1 The identity

‖y‖22 − ‖XS β̂(S)‖22 − λ‖ β̂(S)‖
2
2 = ‖XS β̂(S) − y‖22 + λ‖ β̂(S)‖

2
2 . (7)

holds.

Proof By the KKT conditions, β̂(S) is equivalently an optimal solution of

min
β∈R|S |

[ XS√
λI

]
β −

(
y
0

)2

2
.

Hence, by well-known results (see for example Seber (1977, p. 43)) on least squares
problems the following orthogonality holds( [

XS√
λI

]
β̂(S) −

(
y
0

))T ( [
XS√
λI

]
β̂(S)

)
= 0.

Thus, by using

‖y‖22 − ‖XS β̂(S)‖22 − λ‖ β̂(S)‖
2
2 =

(y0)2

2
−

[ XS√
λI

]
β̂(S)

2

2

and

‖XS β̂(S) − y‖22 + λ‖ β̂(S)‖
2
2 =

[ XS√
λI

]
β̂(S) −

(
y
0

)2

2

the equality (7) follows easily. ut

From this we conclude that a lower bound on ‖XS β̂(S) − y‖22 + λ‖ β̂(S)‖
2
2 can be

transformed to an upper bound for ‖XS β̂(S)‖22 + λ‖ β̂(S)‖
2
2 .

Immediately, a trivial bound could be derived. Since ‖XS β̂(S)− y‖22+λ‖ β̂(S)‖
2
2 ≥

0 holds, we have ‖XS β̂(S)‖22 + λ‖ β̂(S)‖
2
2 ≤ ‖y‖

2
2 . Even though, this bound is easy to

compute we can do better and tighten this further with the following result. Note that
the max[k] operator is defined as the sum over the k largest elements.

Lemma 3.2 Let S be a subset of [p] with |S | ≤ k and let λ > 0. Then, the ridge
regression value is bounded from below by

‖y‖42

‖y‖22 +
1
λ max[k]

{
yTXiXT

i y : i ∈ [p]
} ≤ ‖Xβ̂(S) − y‖22 + λ‖ β̂(S)‖

2
2 .
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Proof Since β̂(S) satisfies XT
SXS β̂(S) + λβ̂(S) = XT

S y, we have β̂(S) = (XT
SXS +

λI)−1XT
S y. Replacing β̂(S) with this term yields

‖XS β̂(S) − y‖22 + λ‖ β̂(S)‖
2
2 = yT y − yTXS

(
XT

SXS + λI
)−1

XT
S y

Using the Sherman-Morrison-Woodbury matrix identity (Meyer 2000) and the de-
composition XSXT

S =
∑

i∈S XiXT
i gives us

yT y − yTXS

(
XT

SXS + λI
)−1

XT
S y = yT

(
I +

1
λ

XSXT
S

)−1
y

= yT

(
I +

1
λ

∑
i∈S

XiXT
i

)−1

y

Since I+ 1
λ

∑
i∈S XiXT

i is symmetric and positive definite we can take the square root
of the matrix in Rp×p . With the Cauchy-Schwarz inequality it follows that

(yT y)2 =
©«yT

(
I +

1
λ

∑
i∈S

XiXT
i

)− 1
2
(
I +

1
λ

∑
i∈S

XiXT
i

) 1
2

y
ª®¬

2

≤ yT

(
I +

1
λ

∑
i∈S

XiXT
i

)−1

y · yT

(
I +

1
λ

∑
i∈S

XiXT
i

)
y.

Thus, by reordering the terms we get

‖y‖42

yT y + 1
λ max[k]

{
yTXiXT

i y : i ∈ [p]
} ≤ ‖y‖42

yT
(
I + 1

λ

∑
i∈S XiXT

i

)
y

≤ yT

(
I +

1
λ

∑
i∈S

XiXT
i

)−1

y

= ‖XS β̂(S) − y‖22 + λ‖ β̂(S)‖
2
2

We can then apply this lemma to the regularized, squared predicted values by using
Equation (7).

Corollary 3.3 Let be λ > 0 and let be S ∈ [p], |S | ≤ k. Then, the inequality

‖XS β̂(S)‖22 +λ‖ β̂(S)‖
2
2 ≤ ‖y‖

2
2 −

‖y‖42

‖y‖22 +
1
λ max[k]

{
yTXiXT

i y : i ∈ [p]
} C c(X, y, k)

holds.
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In the proof of Lemma 3.2 it is possible to derive more computational intense, non-
analytic bounds. Instead of finding a lower estimate by using the Cauchy-Schwartz
inequality one could as well solve the relaxation

min yT

(
I +

1
λ

p∑
i=1

XiXT
i zi

)−1

y

s. t.
p∑
i=1

zi ≤ t

0 ≤ zi ≤ 1

Bertsimas and Van Parys (2017) show that the relaxation can be efficiently solved
as a second-order cone program. With that, paying an additional computational cost
would enable c(X, y, k) to be tightened even more.

3.2 Bound on the absolute regression coefficients

In the previous section, we focused on computing an upper bound on the regularized,
squared predicted values and now extend this work to derive a bound for the absolute
values of the coefficients of a best subset selection ridge regression, i.e., we find an
upper estimate to | β̃(S)i |. To our knowledge most approaches estimating the coeffi-
cients of a subset selection come across the necessity to calculate an upper bound of
(λmin(XT

SXS))
−1, which should be independent of the subset S. In general the Cauchy

Interlacing theorem (see for example Horn and Johnson 2013, pp. 242) can be used
to estimate λmin(XT

SXS) against λmin(XTX). However, if X does not have full column
rank, this estimation yields the trivial bound 0, which is impractical in this setting
since it cannot be inverted. Bertsimas et al. (2016) circumvent this issue by requiring
more restrictive assumptions, which are akin to the diagonal dominance property. Our
approach assumes that XTX+Γ is positive definite, which we require to derive a lower
estimate of the minimal eigenvalue.

In order to derive bounds on the individual entries of β̂(S), we utilize the following
result, which estimates the diagonal entries of the inverse of some positive definite
matrix A.

Proposition 3.4 (Robinson and Wathen (1992)) For a positive definite matrix A ∈
Rm×m assume ρ, τ ∈ R to be chosen such that they satisfy λmax(A) ≤ ρ and 0 < τ ≤
λmin(A). Then, for i ∈ [m] the following bounds hold

i) (A−1)ii ≤
1
4

(
ρ
τ +

τ
ρ + 2

)
· (Aii)

−1 C g1
i (A, τ, ρ)

ii) (A−1)ii ≤
1
τ − (Aii − τ)

2 ·
(
τ
(∑m

k=1 A2
ik
− τAii

))−1
C g2

i (A, τ)

Using the proposition we can prove the following bounds for the absolute values
of the coefficient entries.
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Theorem 3.5 Let be S ⊆ [p] with |S | ≤ k and λ > 0. Then, the two inequalities

| β̃(S)i | ≤
√

c(X, y, k) · g1
i (XTX + λI, λmin(XTX) + λ, λmax(XTX) + λ)

and
| β̃(S)i | ≤

√
c(X, y, k) · g2

i (XTX + λI, λmin(XTX) + λ)

hold.

Proof We first define

W B
(

X
√
λ · I

)
.

Clearly, W has full column rank. Denoting the unit vector with entry 1 at position i
by ei and the pseudoinverse of W by W+, we first note that

| β̃(S)i | = |eiT β̃(S)|

= |ei
TW+Wβ̃(S)|

= |((W+)Tei)
TWβ̃(S)|

≤ ‖(W+)Tei ‖2‖WS β̂(S)‖2

= ‖(W+)Tei ‖2

√
‖XS β̂(S)‖22 + λ‖ β̂(S)‖

2
2

≤

√
((W+)Tei)

T
(W+)Tei · c(X, y, k)

=
√
eiTW+(W+)Tei · c(X, y, k)

=
√
eiT(WTW)+ei · c(X, y, k)

=
√
((WTW)−1)ii · c(X, y, k).

We are going to use the bounds presented in Proposition 3.4 to prove our claim.
Therefore, we determine an appropriate ρ and τ independent of S.

It holds that λmin(WTW) = λmin(XTX + λI) = λmin(XTX) + λ and λmax(WTW) =
λmax(XTX + λI) = λmax(XTX) + λ. Thus, we have τ B λmin(XTX) + λ and ρ B
λmax(XTX) + λ as feasible choices for the bounds presented in Proposition 3.4.

Therefore, we get√
((WTW)−1)ii · c(X, y, k) ≤

√
g1
i

(
XTX + λI, τ, ρ

)
· c(X, y, k)

and √
((WTW)−1)ii · c(X, y, k) ≤

√
g2
i

(
XTX + λI, τ

)
· c(X, y, k)

which proves the original statement. ut

Let us denote the minimum of the two bounds by

gi(A, τ, ρ) B min
{
g1
i (A, τ, ρ), g

2
i (A, τ)

}
.

We use the results to derive the necessary Big-M constants for (QBigM).
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3.3 Model constants

The results presented until now are valid for the best subset selection problem with
a ridge regularization term. However, we would like to apply the results to a more
general setting as presented in (QBigM). To beginwithwe show the connection between
the ordinary best subset selection and the ridge regularized best subset selection. This
will be helpful to reformulate

min
β∈R|S |

‖XSβ − y‖22 + ‖(
√
Γ)Sβ‖

2
2

with possible zero-diagonal-entries in Γ as an ordinary ridge regression problem in
the form

min
β∈R|S |

‖XSβ − y‖22 + r ‖β‖22

with r > 0 and then utilize the bounds proven previously.

Lemma 3.6 Let X = UΣV be the singular value decomposition of X. Assume that
either X has full column rank or that λ > 0. For r ∈ (−∞, λmin(XTX) + λ) denote
Σ̃ B

√
ΣTΣ + λI − rI, X̃ B Σ̃V and ỹ B Σ̃

−1
ΣTUT y. Then, the equations

argmin
β∈R|S |

‖XSβ − y‖22 + λ‖β‖
2
2 = argmin

β∈R|S |
‖X̃Sβ − ỹ‖22 + r ‖β‖22

and

min
β∈R|S |

‖XSβ − y‖22 + λ‖β‖
2
2 = min

β∈R|S |
‖X̃Sβ − ỹ‖22 + r ‖β‖22 + ‖y‖

2
2 − ‖ ỹ‖

2
2

hold for every subset S ⊆ [p].

Proof First note, that Σ̃ is well-defined and non-singular. Since

ΣTΣ = diag(λp(XTX), . . . , λ1(XTX))

holds for the eigenvalues λp(XTX) ≥ · · · ≥ λ1(XTX), the diagonalmatrixΣTΣ+λI−rI
has positive diagonal entries and therefore the square root of ΣTΣ + λI − rI is well-
defined inRp×p . Additionally, since all diagonal entries are positive, Σ̃ is non-singular
as well. Since by assumptionXTX+λI is positive definite, both optimization problems

min
β∈R|S |

‖XSβ − y‖22 + λ‖β‖
2
2, min

β∈R|S |
‖X̃Sβ − ỹ‖22 + r ‖β‖22

are strictly convex and thus have unique solutions, which we denote by β̂1 = (XT
SXS +

λI)−1XT
S y and β̂2 = (X̃T

SX̃S + rI)−1X̃T
S ỹ. Furthermore, it holds that

XT
SXS + λI = VT

SΣ
TΣVS + λI = VT

S (Σ̃
2
− λI + rI)VS + λI = X̃T

SX̃S + rI (8)

and
XT

S y = VT
SΣ

TUT y = VT
SΣ̃Σ̃

−1
ΣTUT y = X̃T

S ỹ.
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Thus, we have β̂1 = (XT
SXS+λI)−1XT

S y = (X̃
T
SX̃S+r I)−1X̃T

S ỹ = β̂2. Furthermore, the
objective values of both optimization problems are equal modulo an additive constant:

‖Xβ̂1 − y‖22 + λ‖ β̂1‖
2
2 =β̂

T
1 XTXβ̂1 + λβ̂

T
1 β̂1 − 2yTXβ̂1 + yT y

=β̂T
1 X̃TX̃β̂1 + r β̂T

1 β̂1 − 2 ỹTX̃β̂1 + yT y

=‖X̃β̂1 − ỹ‖22 + r ‖ β̂1‖
2
2 + yT y − ỹT ỹ,

which proves the lemma. ut

Theorem 3.7 Let be l ∈ [m], let (β(1), . . . , β(m), z) be a feasible solution of (QBigM)
and assume [

X̄(l)
√
Γ

]
= UΣV

to be a singular value decomposition as in Lemma 3.6. Define ρ(l) B λmin((X(l))TX(l)+
Γ) and τ(l) B λmax((X(l))TX(l) + Γ). Furthermore, denote

G(l)i B gi((X̄(l))TX̄(l) + Γ, ρ(l), τ(l))

and

C(l) B c
((
ΣTΣ − r I

) 1
2

V,
(
ΣTΣ − r I

)− 1
2
ΣTUT ȳ(l), k

)
for 0 < r < ρl . Then,

|β(l)i | ≤

√
G(l)i · C

(l) C L(l)i

is a valid inequality for (QBigM).

Proof Let be S B {i : zi = 1} and define

W B
[
X̄(l)
√
Γ

]
, w B

(
ȳ(l)

0

)
.

Since β(l) is feasible, it satisfies

(X̄(l)
S
)TX̄(l)β(l) + Γβ(l) = (X̄(l)

S
)T ȳ(l)

and βS̄ = 0. Hence, β(l)
S

is an optimal solution of

min
β∈R|S |

‖WSβ − w‖22

and because UΣV is a singular value decomposition of W, Lemma 3.6 yields that β(l)
S

is also an optimal solution of

min
β∈R|S |

(ΣTΣ − rI
) 1

2 VSβ −
(
ΣTΣ − rI

)− 1
2
ΣTUT ȳ(l)

2

2
+ r ‖β‖22 . (9)
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Additionally, by (8) it holds that the Gramian matrix H B VT
S

(
ΣTΣ − rI

)
VS + rI,

which comes from the design matrix of (9), is equal to WT
SWS = XT

SXS + Γ. Thus,

gi(H, λmin(H), λmax(H)) = G(l)i

holds. From this and by Proposition 3.5 it follows that the bound

|β(l)i | ≤

√
G(l)i · C

(l)

is valid. ut

Consequently, we can set the model constants L(l)i to
√

G(l)i · C
(l) without altering

the solution set of (QBigM). Now, we consider the constants M l
i and ml

i . They are parts
of the inequalities

(X̄(l)i )
TX̄(l)β(l) + λiβ(l)i ≤ M (l)i (1 − zi) + (X̄(l)i )

T ȳ(l) ∀i ∈ [p], l ∈ [m] (10)

(X̄(l)i )
TX̄(l)β(l) + λiβ(l)i ≥ −m(l)i (1 − zi) + (X̄(l)i )

T ȳ(l) ∀i ∈ [p], l ∈ [m] (11)

of problem (QBigM).

Theorem 3.8 For each l ∈ [m] let C(l) be defined as in Proposition 3.7. Then,

M (l)i =

√(
‖X̄(l)i ‖

2
2 + γi

)
C(l) − (X̄(l))T ȳ(l)

and

m(l)i =

√(
‖X̄(l)i ‖

2
2 + γi

)
C(l) + (X̄(l))T ȳ(l)

are valid constants for (QBigM).

Proof Let (β(1), . . . , β(k), z) be a feasible solution of (QBigM). We find an upper
estimate for |(X̄(l)i )

TX̄(l)β(l) + λiβ(l)i | and consequently derive M (l)i and m(l)i . By the
Cauchy-Schwarz inequality we have that

|(X̄(l)i )
TX̄(l)β(l) + λiβ(l)i | =

�����( X̄(l)i√
γiei

)T [
X̄(l)
√
Γ

]
β(l)

�����
≤

( X̄(l)i√
γiei

)
2

[X̄(l)√Γ ]
β(l)


2

≤

√(
‖X̄(l)i ‖

2
2 + γi

)
C(l)

Accounting for (X̄(l))T ȳ(l) in the inequalities (10) and (11) yields the result. ut
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4 Simulation study

Our simulation study is setup in the following way: we synthetically generate the
design matrix X ∈ Rn×p , sparse coefficients β0 ∈ Rp and noise ε ∈ Rn. Then,
the response y ∈ Rn is computed by y = Xβ0 + ε . In this way, we know the true
coefficients, can try to recover them with various algorithms and compare the results.
Two setup parts emerge from the experiment description. In the first part we are
concerned with how to generate the data and in the second part we determine what
algorithms to use and how to set the corresponding parameters.

4.1 Data generation

We first consider the design of X. In light of this, we analyze the following problem
size:

n = 2000, p = 20, ‖β0‖0 = 5

We draw each row of X i.i.d. from Np(0,Σ) with

– multicoll-none: Σ = I.
– multicoll-1: Σi, j = 0.5 |i−j | for all i, j ∈ [p].

– multicoll-2: Σi, j =

{
1, if i = j,
0.9, if i , j .

We then select coefficients β0 ∈ Rp subject to the sparsity condition for the respective
dimension setting. Non-zero entries of β0 are uniformly drawn from the interval
[1,10]. The placement of the entries are drawn from the uniform distribution. In other
words, we uniformly draw v1, . . . , v5 from the interval [1,10]. We then draw a subset
{s1, . . . , s5} ⊆ [p] and create the coefficients β0 according to the rule

β0
i B

{
vj, if i = sj for some j ∈ {1, . . . ,5},
0, otherwise.

After creating the coefficients we generate the noise ε added to Xβ0, which is drawn
i.i.d from Nn(0, σ2I), withσ2 detailed below. The noise setting is the standard require-
ment usually assumed for least squares regression. In order to measure the severance
of the noise we consider the signal-to-noise ratio (SNR). The SNR describes the pro-
portion of the signal in comparison to the noise. A high SNRmeans there is very little
noise compared to the signal whereas a low SNR describes the effect of a significant
noise interference. The ratio is defined as the quotient of the variance of the predicted
response and the variance of the noise, i.e.,

SNR B
Var(x0β0)

Var(ε)
=
(β0)TΣβ0

σ2 .

In our experiment we consider the values

SNR = 0.3, 1, 3, 6.
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Accordingly, we choose the noise variance σ2 to fit the desired SNR value. In this
sense, low SNR leads to a high noise variance whereas a high SNR leads to a low
noise variance.

4.2 Algorithm setting

We consider different algorithms for the simulation all of which are described in this
work. We are disabling intercept for all methods.

– BS: The best subset selection (BSk ,λ) with ridge parameter λ ≥ 0. The sparsity
level k and the ridge parameter is selected via a cross-validation. The grid for the
ridge parameters is detailed below.

– CVBS: The cross-validation subset selection as proposed in this article with ridge
parameter λ ≥ 0 and 10 folds. The optimal ridge parameter is selected on a grid,
which is detailed below, via a k-fold cross-validation also consisting of 10 folds.
We provide a warm start computed by SparseNet (Mazumder et al. 2011).

– LASSO: The Lasso method due to Tibshirani (1996). We are using the R im-
plementation found in the package glmnet (Friedman et al. 2010). The k-fold
cross-validation used by glmnet utilizes 10 folds and the mean squared error as
the loss function.

The methods BS and CVBS are developed in C++ and called in R. The MIPs
are solved via CPLEX. For the algorithms BS and CVBS we are cross-validating
each ridge parameter on a predefined grid. That is, let G denote the number of
evaluation points on the grid, λ̄ the upper regularization parameter limit and λ

¯
the

lower regularization parameter limit. Then, the ridge parameter grid is constructed by

grid = {e(i−1)· log(λ̄−λ
¯
+1)

G−1 − 1 + λ
¯

: i ∈ [G]}.

In the experiments we choose λ̄ = 10 and λ
¯
= 0. Table 1 shows the algorithm setup.

Algorithm #Repetitions Time limit Reg. grid size

BS 99 720 per (k , µ) 20
CVBS 99 720 per µ 20
LASSO 99 NA 100

Table 1 Algorithmic settings.

4.3 Evaluation setup

Let β̂ be the estimated coefficients and x0 a new observation drawn from Np(0,Σ)
with response y0 = x0β0 + ε0.
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– Model difference: Even if a method produces the correct sparsity, the non-zero
entries could still be placed in deviation from the true model. The metric tells us
how many coefficients are out of place. It is defined by

MDIFF = ‖Isupp(β0) − Isupp(β̂)‖0

where IS denotes the indicator vector representing a set S.
– `2-difference from true coefficients: This metric evaluates how far the estimated

coefficients β̂ deviate from the true coefficients β0 with respect to the `2-norm.

L2DIFF = ‖β0 − β̂‖22

– Relative test error: The metric measures the test error divided by the noise
variance.

RTE =
E(y0 − x0 β̂)2

Var(ε0)

=
E(ε − x0(β0 − β̂))2

Var(ε0)

=
(β0 − β̂)Σ(β0 − β̂) + σ2

σ2

The perfect score is 1 whereas the null score is SNR + 1. The metric is also used
by Hastie et al. (2017) and in some deviation by Bertsimas et al. (2016).

4.4 Hardware

We conducted the experiments on a machine with two Intel Xeon CPU E5-2699 v4
@ 2.20GHz (2 × 44 threads) and a random access memory capacity of 756 GB.

4.5 Simulation results

Predictive quality Wefirst examine the relative test error over all scenarios. According
to Figure 1 we identify the following key observations:

– CVBS produces the lowest prediction errors in most cases.
– LASSO fails to produce competitive results in all cases.
– CVBS and BS produce more consistent results than LASSO, i.e., the prediction
errors produced by them have significant less variance.

The study shows evidence that CVBS produces considerably better predictions
than the competing approaches. Only in the case when noise and multicollinearity are
high, BS yields better predictions than CVBS. Figure 2 shows a detailed comparison
between CVBS and BS. Although both approaches yield good predictions, over all
scenarios the distance between the median of the relative test error of BS and the
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perfect score 1 is about 1.5 times larger than the same statistic for CVBS. That is, we
have

median(RTE(BS)) − 1
median(RTE(CVBS)) − 1

= 1.515418.

Exchanging the median for the mean gives the value of 1.315038. Hence, the relative
difference in prediction quality is still considerable.
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Fig. 1 Comparison of the relative test error between BS (in purple), CVBS (in orange) and LASSO (in
yellow) for all SNR and multicollinearity settings.

It should also be emphasized that the cross-validation subset selection does not
require the solution of p many mixed-integer optimization problems. Instead, we
only have to solve one discrete optimization problem (for each ridge parameter).
Admittedly, the mixed-integer program associated with the cross-validation subset
selection is about m times larger than the program associated with BS, i.e., for every
fold used for the cross-validation we need a new set of variables. Nevertheless, m is
usually a constant (5 or 10) whereas p is part of the input size.

Yet oftentimes BS runs faster due to various improvements and advancements in
recent years (Dong et al. 2015; Bertsimas et al. 2016; Bertsimas and Van Parys 2017;
Atamtürk and Gómez 2018), whereas the proposed method certainly still provides
plenty of untapped potential in terms of efficiency.
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Fig. 2 Detailed comparison of the relative test error between BS (in purple) and CVBS (in yellow) for all
SNR values and multicollinearity settings.

Considering LASSO, we observe that it produces results which have significantly
higher test errors.While LASSO can be solved considerably quicker andmore efficient
than the subset selection methods, the simulation study shows that a loss of predictive
quality is the price for such a computational advantage.
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LASSO (in yellow) for all SNR values and multicollinearity settings.
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Selection accuracy We now want to consider the model difference and the accuracy
of the coefficient estimation. From Figure 3 we can deduce the following observations.
CVBS and LASSO select the variables most accurately. LASSO produces the best
results when there is no multicollinearity whereas CVBS shows a larger error variance
in these scenarios. When multicollinearity is high, LASSO produces significantly
worse selections while CVBS yields the most accurate variable selections in this
setting. It can be observed that in all scenarios the median of the model differences
produced by CVBS is less or equal than the median corresponding to LASSO. In
summary, CVBS yields very accurate variable selections, however in few cases it
outputs less consistent selections than LASSO.
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Fig. 4 Comparison of the `2 coefficient difference between BS (in purple), CVBS (in orange) and
LASSO (in yellow) for all SNR values and multicollinearity settings.

Quality of coefficient estimation Surprisingly, although BS output good predictions
it generates the least accurate variable selections. On the other hand, LASSO yields
good selections but fails to generate low prediction errors. Hence, we also examine the
`2-difference between the true coefficients and the estimated coefficients to get a better
understanding of the previous observations. Figure 4 shows that for multicol-none and
multicol-1 LASSO has difficulties estimating the coefficients, i.e, the `2-difference is
significantly higher compared to the subset selection approaches. The cause for this
effect is that the method underestimates the coefficients by penalizing them with
the `1 regularization, which at the same time is required for the variable selection.
Therefore, to have a better variable selection LASSO has to sacrifice coefficient
quality. CVBS and BS do not have this disadvantage as the coefficient estimation and
variable selection are decoupled. For multicol-2 LASSO produces better estimates
but as we have seen before it also outputs a worse variable selection in this scenario.
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Discussion In summary, CVBS generates the best results in most categories followed
by BS. LASSO, on the other hand, outputs less accurate predictions caused by in-
accurate coefficient estimations. Considering the selection accuracy, LASSO fares
better if no multicollinearity is present, however it generates worse selections in the
case of higher multicollinearity. Here, CVBS produces much more consistent results,
i.e., the selection accuracy is more robust under multicollinearity. The study supports
the initial reasoning that BS is misaligned with the actual statistical intention as it
produces results with higher prediction errors.

5 Conclusion

We considered the problem of variable selection in regression and reviewed two
prominent approaches – the Lasso method and the best subset selection. The best
subset selection has drawn increasing interest in recent years and has become a
popular research topic.

We argued that the notion of the best subset selection has some flaws and
leaves room for improvement. Hence, we proposed a cross-validation subset selection
method. For this approach an estimation of the prediction error is used as the objective
function, making a cardinality constraint obsolete.Moreover, with the cross-validation
subset selection the whole space of subsets is validated, i.e., checked against the es-
timate of the prediction error. In comparison, only the best cardinality-constrained
subsets with respect to the in-sample error are validated with the best subset selection.
Hence, from a theoretical point of view the cross-validation subset selection requires
fewer assumptions about the data and has a concise objective without intermediate
steps.

The first program we proposed was based on logical constraints. However, imple-
menting a program in this form can lead to slow solver performance. Therefore, we
have reformulated the program to only have algebraic constrains and determined the
necessary Big-M constants. For deriving the bounds we relied on the assumption that
the normal equations yield a unique solution due to XTX + Γ being positive definite.

Finally, we asserted the cross-validation subset selection in a simulation study.
We observed that the cross-validation subset selection yields excellent predictions
while requiring a single mixed-integer program to determine the necessary sparsity.
The findings showed that the cross-validation subset selection method produces con-
siderably better predictions than the Lasso method and the best subset selection.
Furthermore, we observed that the proposed method produces the most consistent
variable selections.

It is evident that discrete optimization plays a major role in statistics and data
science and provides novel opportunities for statistics. The proposed cross-validation
subset selection regression shows that the application of mixed-integer optimization
can lead to superior results compared to the state-of-the-art approach Lasso and has
advantages over the best subset selection.
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