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Abstract We propose a new algorithm for solving multistage stochastic mixed
integer linear programming (MILP) problems with complete continuous re-
course. In a similar way to cutting plane methods, we construct nonlinear
Lipschitz cuts to build lower approximations for the non-convex cost-to-go
functions. An example of such a class of cuts are those derived using Aug-
mented Lagrangian Duality for MILPs. The family of Lipschitz cuts we use
is MILP representable, so that the introduction of these cuts does not change
the class of the original stochastic optimization problem.

We illustrate the application of this algorithm on two case studies, com-
paring our approach with the convex relaxation of the problems, for which we
can apply SDDP, and for a discretized approximation, applying SDDiP.
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1 Introduction

Non-convex stochastic programming problems arise naturally in models that
consider binary or integer variables, since such variables allow the representa-
tion of a wide variety of constraints at the cost of inducing non-convex feasible
sets. Applications such as unit commitment [38], [11], [22], [1], optimal invest-
ment decisions [37], [8], and power system operational planning [7], [40], [19]
have driven the development of new algorithms for problems that do not �t
into the convex optimization framework.

For convex stochastic optimization problems, the theory and algorithms
available are well-established, as can be seen for instance in reference books
such as [4] and [35]. If there are not too many scenarios, one can consider the
deterministic equivalent formulation, which includes all decision variables in a
single convex optimization problem, that will be solved for optimality using a
standard o�-the-shelf solver. However, as the number of scenarios increases, the
problem becomes too hard to solve in this fashion, and it is therefore necessary
to develop special-purpose algorithms, usually based on decomposition, that
leverage the special problem structure of stochastic optimization problems.
Examples of such methods for multi-stage optimization are the Nested cutting
plane algorithm [16], and Progressive Hedging [33].

These algorithms still require storing all parameters associated to each node
of the scenario tree, which becomes prohibitive for larger planning horizons
even with a modest number of scenarios per stage. The SDDP algorithm [31]
and its variants are able to take advantage of structured stochastic processes,
such as stagewise independent processes or Markovian processes, [36], [15].
This family of methods provides converging algorithms for multi-stage stochas-
tic convex programs [14], including the case of risk-averse models [17].

Without convexity, the situation becomes more di�cult. First, the de-
terministic equivalent becomes much harder to solve, shrinking the range of
amenable problems for this approach. As for decomposition algorithms, they
are less immediate, since several results rely on duality arguments which are
not available in non-convex settings, or need much more complex objects such
as subadditive dual functions for MILPs [2], [42], [20]. Algorithms such as Pro-
gressive Hedging [39], [24]; Lagrangian relaxation [6], [30], [5], [40]; and Branch
and Cut [23] have been reported to produce good solutions for some classes of
multistage stochastic MILP problems.

The development of the MIDAS [32] and the SDDiP [43] algorithms has
pushed the limits of multi-stage stochastic optimization problems, proposing
new methods for constructing lower bounds of value functions, which can be
used in the nested form of dynamic programming. The MIDAS algorithm uses
step functions to approximate monotone non-convex cost-to-go functions. The
SDDiP algorithm relies on convex underapproximations, which are shown to
be su�cient for convergence thanks to the binary discretization of the state
variables and the tightness property of the Lagrangian cuts at binary states.
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The aim of this paper is two-fold. First, we prove the convergence of a
new algorithm for mixed integer multistage stochastic programming problems,
which does not discretize the state variables, nor assumes monotonicity of the
value functions. The second is to propose the use of non-linear, non-convex
cuts in stochastic programming to capture non-convexities in the future cost
function. Inspired by the exactness results from [13], we build non-convex
underapproximations of the expected cost-to-go function, whose basic pieces
are augmented Lagrangian cuts. They can be calculated from augmented La-
grangian duality, which has been shown in [13] to be exact for mixed-integer
linear problems when the augmentation function is, for example, the L1-norm.
If the original problem already had pure binary state variables, then, as it was
shown in [43], Lagrangian cuts are already tight, and we can use them in our
algorithm by setting the non-linear term of the augmented Lagrangian to zero.

As we will see, even a countable number of augmented Lagrangian cuts can-
not describe exactly the value function of a mixed-integer linear program, even
when that function is continuous. However, the L1 cuts have su�cient struc-
ture for our purposes, in two very important ways: �rst, they are Lipschitz
functions, which still yield global estimates from local behaviour, although
slightly weaker than linear bounds that are available when functions are con-
vex. The Lipschitz estimates will be crucial for our convergence arguments,
and the resulting algorithm is therefore called Stochastic Lipschitz Dynamic
Programming (SLDP).

Second, it is possible to represent such L1 cuts using binary variables and
a system of linear equalities and inequalities. Therefore, we do not leave the
class of mixed-integer linear problems when incorporating L1-augmented La-
grangian cuts in each node/stage of the stochastic problem. Under some hy-
pothesis for continuous recourse of each stage, it is possible to prove that the
expected cost-to-go functions of stochastic mixed-integer linear problems are
Lipschitz, and therefore our algorithm can be applied directly.

We have organized this paper as follows: the next section motivates the
SLDP algorithm with a study of Lipschitz optimal value functions and a
decomposition algorithm for deterministic Lipschitz optimization. Then, we
present in section 3 the SLDP algorithm for both the full-tree and sampled
scenario cases, and prove their convergence. Finally, we illustrate our results
with a case study in section 4.

The authors would like to thank the anonymous reviewers for their sug-
gestions and corrections to the manuscript.

2 Lipschitz value functions

Our SLDP algorithm uses Lipschitz cuts to approximate the cost-to-go func-
tion of a stochastic MILP in a similar fashion to the nested cutting planes
algorithm for stochastic linear programs [34]. That is, we also compute lower
approximations that iteratively improve the cost-to-go approximation in a
neighborhood of the optimal solution.
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The purpose of this section is to motivate the use of Lipschitz cuts for
nonconvex functions, especially for optimal value functions of mixed integer
problems. We start with the de�nition and basic properties of Lipschitz func-
tions and introduce special Lipschitz cuts called reverse norm cuts. Then, we
give in subsection 2.2 a convergence proof of an algorithm for Lipschitz opti-
mization that employs reverse norm cuts. The idea of reverse norm cuts also
appears in Global Lipschitz Optimization (GLO), see [27], [28] and more re-
cently in [26]. However, our aim is not to develop a new algorithm for GLO
but to explain the reverse norm cut algorithm and establish some results to
extend it for stochastic multistage MILP programs.

In order to do so, we show in section 2.3 that MILP value functions can
indeed be Lipschitz continuous. The essential requirement is that there is con-
tinuous recourse for any integer solution of the MILP problem, so that the
value function does not become discontinuous.

Finally, we recall the de�nition of Augmented Lagrangian duality and the
exactness results in [13] in subsection 2.4, and argue how they can be used to
construct augmented Lagrangian cuts in place of the reverse norm cuts. This
provides a uni�ed framework, generalizing both nonlinear reverse norm cuts,
from subsection 2.1, and the linear Lagrangian cuts, see [40] for the continuous
and [43] for binary setting.

2.1 Lipschitz functions and reverse norm cuts

Let us recall the de�nition and some results for Lipschitz functions. We say
that f : Rd → R is a Lipschitz function with constant L > 0 if for all x, y ∈ Rd
we have |f(x)− f(y)| ≤ L‖x− y‖. Note that the linear function f(x) = a>x is
Lipschitz with constant L = ‖a‖∗, where ‖ · ‖∗ indicates the dual norm. Let f1
and f2 be Lipschitz functions with constants L1 and L2, respectively. It can
be shown that

� the maximum and minimum of f1 and f2 are Lipschitz functions with
constant max{L1, L2}; and

� the sum of f1 and f2 is a Lipschitz function with constant L1 + L2.

Consider now an example of a non-convex Lipschitz function. Let f be the
piecewise linear function de�ned on [0, 3] by

f(x) =


x : 0 ≤ x ≤ 1,

1 : 1 ≤ x ≤ 2,

3− x : 2 ≤ x ≤ 3,

see �gure 1 for an illustration. Note that f can be written as the minimum
of linear functions, f(x) = min{x, 1, 3 − x}, so f is a Lipschitz function with
constant L = 1. It can also be seen from �gure 1 that the tightest lower convex
approximation g for f over [0, 3] is the zero function. This implies that there
will always be a gap between linear cuts and the original function f , since the
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1 2 3 x

1

f(x)

Fig. 1 Piecewise linear Lipschitz function.

best they could do is reproduce the convex relaxation g. In other words, there
is no way to use lower linear cuts to close the gap with f , which motivates the
introduction of reverse norm cuts.

De�nition 1 A reverse norm cut for a function f , centered at x and with
parameter ρ, is the function

Cρ,x(x) = f(x)− ρ · ‖x− x‖.

Note that Cρ,x(x) is a Lipschitz function with constant ρ, and if C1(x) and
C2(x) are reverse norm cuts with parameters ρ1 and ρ2 then max{C1, C2}(x)
is a Lipschitz function with constant max{ρ1, ρ2}.

Suppose that f is a Lipschitz function with constant L. If ρ is greater than
or equal to L, then all functions Cρ,x(x) are valid reverse norm cuts, for any
center point x. Indeed,

Cρ,x(x) = f(x)− f(x) + f(x)− ρ · ‖x− x‖
≤ f(x) + L · ‖x− x‖ − ρ‖x− x‖
≤ f(x), (1)

for all x ∈ Rd.
A fundamental di�erence between reverse norm cuts and cutting planes

is that, in general, one cannot guarantee that a piecewise linear Lipschitz
function f can always be represented as the maximum of a �nite number of
reverse norm cuts. Indeed, as can be seen in �gure 2a, one would need all
reverse norm cuts centered at every x ∈ [1, 2] to represent the non-convex
function f(x).

Sometimes, it is possible to obtain a reverse norm cut centered at a point x
with Lipschitz constant ρ less than L, but such reverse norm cut may not be
a lower approximation elsewhere if translated in the domain. In �gure 2b, we
show a tighter cut with ρ = 2/3 centered at x = 1.5, but this lower ρ cannot
be used for any other point in the domain of f . If the constant ρ is greater
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1 2 3 x

1

f(x)

C(x)

(a) Reverse norm cut with ρ = 1.

1 2 3 x

1

f(x)

C(x)

(b) Reverse norm cut with ρ = 2/3.

Fig. 2 Example of reverse norm cuts for a Lipschitz function.

than L, the corresponding reverse norm cut is a lower approximation of f if
centered at any point x by the same deduction made in (1).

Finally, observe that if the function f is not Lipschitz then reverse norm
cuts may need arbitrarily large parameters, depending on their center point.
Indeed, let g(x) be the fractional-part function:

g(x) = x− bxc = min
y∈Z,y≤x

x− y,

which is both piecewise linear and the optimal value function of a MILP, see
�gures 3a and 3b. As the point x approaches 1, the opening of the reverse norm

1 x

1

g(x)

0 0.5

C(x)

(a) Reverse norm cut with ρ = 1.

1 x

1

g(x)

0 0.9

C(x)

(b) Reverse norm cut with ρ = 9.

Fig. 3 Example of reverse norm cuts for a non-Lipschitz function.

cuts centered at x goes to zero, so their corresponding Lipschitz constant L
must go to in�nity.

2.2 Optimization with reverse norm cuts

To develop the intuition for the SLDP method that will be presented in sec-
tion 3, we introduce the reverse cut method for a deterministic problem and
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its convergence proof. We hope that this simpler setting helps the reader un-
derstand some of the basic mechanisms of the proof without the notational
burden of the general stochastic multistage setting.

The deterministic optimization problem that will be investigated is

ν = min
x

f(x) + g(x)

s.t. x ∈ X, (2)

where f(x) is a `simple' function and g(x) is a `complex' one, so while it is
relatively cheap to optimize f , we only assume that it is possible to evaluate g
at given points. For example, this can be the stage problem in the nested
decomposition of a multistage problem, where f is the immediate cost and g
the expected cost-to-go function.

Assume that g(x) is a Lipschitz function with constant L and X is a com-
pact subset of Rd. The reverse cut method, presented in Algorithm 1, similarly
to decomposition methods, iteratively approaches g(x) by reverse norm cuts
centered at points obtained along the iterations of the algorithm. Those points
are solutions of an approximated optimization problem obtained from (2),
where g(x) is replaced by the current Lipschitz approximation gk(x).

Algorithm 1 Reverse cut method

Input: lower bound g1 ≡M , cut constant ρ ≥ L, and stopping tolerance ε ≥ 0.
Output: optimal solution xk ∈ X and optimal value νk approximations, and Lipschitz
lower estimate gk.

Set initial iteration k = 1 and go to step 1.

1: Solve the following problem:

νk = min
x

f(x) + gk(x)

s.t. x ∈ X,
(3)

and take an optimal solution xk ∈ argminx∈X f(x) + gk(x).

2: Evaluate g(xk). Stop if g(xk)− gk(xk) ≤ ε. Otherwise, go to step 3.
3: Update the Lipschitz approximation, adding a reverse norm cut at xk:

gk+1(x) = max
{
gk(x), g(xk)− ρ · ‖x− xk‖

}
.

Set k := k + 1, and go to step 1.

The Lipschitz approximation gk+1(·) is the maximum between the reverse
norm cut centered at xk and the previous approximation gk(·):

gk+1(x) = max
{
gk(x), g(xk)− ρ · ‖x− xk‖

}
.

By induction, all gk(·) are Lipschitz functions with constant ρ, since it is the
maximum of reverse norm cuts with that constant.

With this observation in mind, we will prove the convergence of Algo-
rithm 1. The compactness assumption of X is used only to ensure the existence
of a cluster point for the sequence of trial points {xk}k∈N.
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Lemma 1 Suppose Algorithm 1 generates an in�nite sequence of trial points {xk}k∈N.
Let x∗ ∈ X be any cluster point of this sequence, and let K be the indices of a

subsequence that converges to x∗. Then {gk(xk)}k∈K converges to g(x∗):

lim
k∈K

gk(xk) = g(x∗).

Proof We will bound |g(x∗)−gk(xk)| by the distance between the subsequence
{xk}k∈K and the cluster point x∗. Using the triangular inequality and the
Lipschitz de�nition, we get∣∣g(x∗)− gk(xk)∣∣ ≤ ∣∣g(x∗)− g(xk)∣∣+ ∣∣g(xk)− gk(xk)∣∣

≤ L · ‖x∗ − xk‖+
∣∣g(xk)− gk(xk)∣∣. (4)

Since xk converges to x∗ along k ∈ K, we only need to prove that the
lower bounds gk will get arbitrarily close to g at the trial points, before it is
updated. By construction of the reverse cut method, gk(xk) is less than or
equal to g(xk), so we only need upper bounds. Let j be the index just before
k in the subsequence K. Since gk is ρ-Lipschitz,

gk(xk) ≥ gk(xj)− ρ · ‖xk − xj‖.

But also by construction, gk(xj) = g(xj), so subtracting the equation above
from g(xk) and applying once again the Lipschitz hypothesis on g we obtain:

g(xk)− gk(xk) ≤ g(xk)− g(xj) + ρ · ‖xk − xj‖
≤ L · ‖xk − xj‖+ ρ · ‖xk − xj‖. (5)

By replacing (5) in (4) and taking the limit over K, we conclude that the
sequence {gk(xk)}k∈K converges to g(x∗). ut

From the convergence result above, we now separate the analysis of the
cases where ε is strictly positive and zero respectively in Corollary 1 and
Theorem 1 below.

Corollary 1 For any stopping tolerance ε > 0, Algorithm 1 stops in a �nite

number of iterations with an ε-optimal solution for (2).

Proof From inequality (5) in the proof of Lemma 1 and compactness of X,
Algorithm 1 will stop in a �nite number of iterations if the stopping tolerance ε
is strictly positive. Using the fact that xk ∈ X is a feasible solution to (2) and
optimal solution to (3) such that g(xk)− gk(xk) ≤ ε, where that gk is a lower
estimate for g, we have the following inequalities:

νk ≤ ν ≤ f(xk) + g(xk) ≤ f(xk) + gk(xk) + [g(xk)− gk(xk)] ≤ νk + ε,

which means that f(xk) + g(xk) is bounded between ν and ν + ε. ut



Stochastic Lipschitz Dynamic Programming 9

Theorem 1 Consider the stopping tolerance ε equal to zero. Then, Algo-

rithm 1 stops with an optimal solution in a �nite number of iterations or

it generates a sequence of optimal value approximations {νk}k∈N that con-

verges to the optimal value ν of problem (2) and every cluster point x∗ of the
sequence {xk}k∈N is a minimizer of (2).

Proof Suppose that Algorithm 1 stops after a �nite number of iterations. Using
the same argument of Corollary 1, we obtain that the last trial point xk is the
optimal solution to (2).

Now, suppose that Algorithm 1 never reaches the stopping condition, so
we know from Lemma 1 that the sequence {gk(xk)}k∈K converges to g(x∗).
Moreover, xk is a feasible solution to the main problem (2) and optimal solution
to the approximate problem (3). Since gk is a lower estimate for g, we obtain
the following relationships:

f(xk) + g(xk) ≥ ν ≥ νk = f(xk) + gk(xk). (6)

Taking the limit over K on both sides of (6), and by continuity of f and g, we
obtain:

f(x∗) + g(x∗) ≥ ν ≥ lim
k∈K

νk = f(x∗) + g(x∗),

which shows that all inequalities above are equalities, and therefore x∗ is an
optimal solution to (2).

Going back to the full sequence, we recall that the sequence of objective
functions {f(x) + gk(x)}k∈N is monotone nondecreasing, so the sequence of
optimal values {νk}k∈N is also monotone and nondecreasing, which implies
that {νk}k∈N also converges to ν. ut

Observe that the proof of Lemma 1, Corollary 1 and Theorem 1 use only
two properties of the reverse-norm cuts. Besides their Lipschitz character, they
are exact at trial points, that is, Cx(x) = g(x). Therefore, any other way of
producing uniformly Lipschitz tight cuts for g yields a convergent Lipschitz
cut method for optimizing f + g.

One such method for constructing tight Lipschitz cuts comes from aug-
mented Lagrangian duality, which can be used for example if g is the value
function of an optimization problem. Before explaining this in subsection 2.4,
we characterize in the next section a subclass of MILPs whose value functions
are Lipschitz.

2.3 MILPs with Lipschitz value functions

As we have seen, the Lipschitz property of the function g was an important
piece in the proof of convergence of the reverse-norm method. It will also be
fundamental in the analysis of the SLDP algorithm, which we employ to solve
stochastic multi-stage optimization problems. In general, the optimal value
function of a MILP need not be Lipschitz, already for simple mixed-integer
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linear problems. Therefore, we present in this section a su�cient condition
that guarantees Lipschitz continuity for the optimal value function of MILPs.

First, we show that the optimal value function for a Lipschitz objective
over a family of polyhedra is still Lipschitz. Then, by enumerating the poly-
hedra over the realizations of integer variables, we will arrive at the complete

continuous recourse (CCR) condition that ensures the optimal value function
of a Lipschitz function over a family of mixed-integer domains is Lipschitz.
These results are very similar to the cases of optimal value functions of linear
problems and mixed-integer linear problems; in those cases, the objective func-
tion is linear, and not a general Lipschitz function, but the proofs are closely
related.

Consider the parameterized optimization problem

ν(b) = minx f(x)
s.t. (x, b) ∈ P (7)

for a Lipschitz function f and a polyhedron P . In order to analyze the func-
tion ν(b), we have to understand the e�ect of the variations on the feasible
set P (b) = {x | (x, b) ∈ P } with respect to the parameter b, and compound
this e�ect with the Lipschitz function f . For the �rst part, the Ho�man Lemma
below provides the answer, bounding the distance between two non-empty
polyhedra P (b) and P (b∗) by a term proportional to the norm ‖b− b∗‖. This
result resembles a version for sets of the Lipschitz continuity de�nition.

Lemma 2 (Ho�man lemma [35]) Let S(b) be a polyhedron parameterized

by the right-hand side vector b ∈ Rm of a given linear system, that is, S(b) =
{x ∈ Rd | Ax ≤ b}. Let b∗ ∈ Rm be a vector such that S(b∗) is nonempty.

Then, there exists r > 0 depending only on A such that

S(b) ⊆ S(b∗) + r · ‖b− b∗‖ ·∆,

where ∆ is the unit ball, i.e., ∆ = {ε ∈ Rd | ‖ε‖ ≤ 1}.

With this, we can guarantee that the optimal value function of a minimiza-
tion problem of a Lipschitz function over a given polyhedron is also Lipschitz
in its essential domain.

Theorem 2 (Lipschitz cost-to-go functions) Consider a polyhedron P in

Rd+m, and a Lipschitz continuous function f with constant L. Let ν be the

optimal value function de�ned by

ν(b) = min f(x)
s.t. (x, b) ∈ P, (8)

and assume that there is one value of b such that ν(b) is �nite.
Then, the essential domain of ν, dom(ν), is a polyhedron, and the func-

tion ν restricted to dom(ν) is Lipschitz continuous with constant L · r̃, where r̃
is a constant that depends only on P .
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Proof First, we prove that dom(ν) is a polyhedron. Recall that dom(ν) is the
set of vectors b ∈ Rm for which the problem (8) is feasible, that is, dom(ν) ={
b ∈ Rm

∣∣ ∃x ∈ Rd; (x, b) ∈ P, f(x) < +∞
}
. Since f is continuous, f does not

assume +∞ anywhere, so dom(ν) is the projection of P over the component b:

dom(ν) = projb(P ).

As the image of a polyhedron by a linear map is also a polyhedron, we conclude
that dom(ν) is a polyhedron in Rm.

Now, we need to prove that ν is Lipschitz continuous over dom(ν). Denote
by Wx + Tb ≤ h the linear constraint that de�nes P , that is, P = {(x, b) ∈
Rd+m |Wx+Tb ≤ h}, and let S(u) be the set given by the linear systemWx ≤
u. Now, let b1 and b2 be two points in the domain of ν. Taking a feasible point
(x1, b1) ∈ P for the problem de�ned by b1, and applying the Ho�man Lemma
for u := h− Tb2, we get that there is a feasible point (x2, b2) ∈ P such that

‖x2 − x1‖ ≤ r‖(h− Tb2)− (h− Tb1)‖ ≤ r‖T‖ · ‖b2 − b1‖.

Therefore, by the Lipschitz hypothesis on f ,

ν(b2) ≤ f(x2) ≤ f(x1) + Lr‖T‖ · ‖b2 − b1‖.

Taking the in�mum over x1 ∈ P (b1), we see that ν(b2) ≤ ν(b1) + Lr‖T‖ ·
‖b2 − b1‖. If ν(b2) is a point where ν is �nite, this shows that ν(b1) > −∞, so
ν never assumes the value −∞.

Finally, by symmetry, we obtain |ν(b2)− ν(b1)| ≤ Lr‖T‖ · ‖b2 − b1‖, which
is the Lipschitz condition for ν. ut

To handle the mixed-integer case, we split the optimization variable x =
(y, z) over the integer z and continuous variables y to obtain

ν(b) = min
z

min
y∈P (b,z)

f(y, z). (9)

Since each function νz(b) = miny∈P (b,z) f(y, z) is Lipschitz continuous on its
domain by Theorem 2 above, we only need to understand their minimum. The
main di�culty is that the domains of each νz may be di�erent.

Indeed, we illustrate in �gures 4a and 4b an example of a discontinuous
optimal value function induced by the problem of minimizing a linear objec-
tive function over the union of two polyhedra. In this particular example, the
feasible set is the intersection between the blue dashed line and the union of
both vertical and horizontal rectangles, while the objective function is a linear
function that decreases as the solution candidate moves to the left. We show in
�gures 4a and 4b the optimal solution of this problem for two di�erent right-
hand side parameters, which control the height of the dashed line. As that
parameter changes, the dashed line moves up or down, and the optimal solu-
tion changes abruptly as soon as a point in the horizontal rectangle becomes
feasible, as occurs in �gure 4b. This shows that the optimal value function is
discontinuous, so it cannot be Lipschitz continuous.
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x1

x2

a>x = b

x∗

−c

(a) Optimal solution with given b.

x1

x2

a>x = b

x∗

−c

(b) Discontinuous e�ect in b.

Fig. 4 Minimum over union of polyhedra can be discontinous.

On the other hand, we know that we can represent this MILP problem
using only one binary variable, and if we �x the binary solution z to 0 or 1
the corresponding optimal value functions ν0(b) and ν1(b) of the continuous
variable problem are Lipschitz continuous by Theorem 2. Since the optimal
value function of the MILP problem ν(b) is the minimum of ν0(b) and ν1(b),
our intuition says that ν(b) should be Lipschitz continuous as well. However,
ν0(b) and ν1(b) are not Lipschitz continuous in the entire space, only in their

domains, so we can only guarantee that ν(b) is Lipschitz in the intersection
of the domains dom(ν0) ∩ dom(ν1), see �gure 5 for an illustration. Without
loss of generality, we can assume that the angular coe�cient a2 of the dashed
line a1x1 + a2x2 = b is equal to 1, and this allows us to interpret the domain
of νi as the interval de�ned by all the intersections of the dashed line with the
x2-axis, for i = 1, 2.

x1

x2

dom(ν0)

x1

x2

dom(ν1)

dom(ν)

⋂2
i=1 dom(νi)

Fig. 5 Domain intersection.
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Therefore, in order to guarantee the Lipschitz condition for the optimal
value function, we assume that all functions νz(b) are de�ned for all b ∈ Rm.
This is called the Complete Continuous Recourse (CCR) condition since, for
all integer z, there exists a feasible continuous y such that (y, z, b) ∈ P , com-
pare [43, De�nition 1].

If there are a �nite number of feasible z's, say if the z's are binary variables,
and the problem satis�es the CCR condition, then ν(b) = minz νz(b) is a
Lipschitz function over the entire Rm, as desired.

If, however, the set of feasible z's is in�nite, and the in�mum over z does
not degenerate to −∞, the in�mum remains a Lipschitz function in Rm, but
this in�mum may not be attained. Indeed, if problem (9) satis�es the CCR
condition and ν(b) is �nite everywhere then each function νz(b) is Lipschitz
continuous with the same constant L, by Theorem 2, and for any b1, b2 ∈ Rm
we have that

ν(b1)− ν(b2) = inf
w,z∈Zk

[νw(b1)− νz(b2)]

≤ inf
w=z

w,z∈Zk

[νw(b1)− νz(b2)]

≤ νz(b1)− νz(b2) ≤ L · ‖b1 − b2‖, ∀z ∈ Zk.

By exchanging the arguments b1 and b2 and repeating the same steps, we
conclude that ν(·) is Lipschitz continuous with constant L.

If the Lipschitz function f in (9) is MILP-representable with rational co-
e�cients, such as the expected cost-to-go function of a stochastic MILP with
rational data, and the polyhedron P is rational, then Meyer's theorem [29,9]
ensures that the in�mum in z is attained.

When one cannot guarantee the CCR condition, it is possible to approxi-

mate the stochastic optimization problem by an appropriate relaxation. This
can be done, for example, by adding continuous variables t and penalizing

them, so that the problem becomes

νi(b) = min
y,t

f(y) +M‖t‖1
s.t. (y, b− t) ∈ Pi.

(10)

This is similar in spirit to the suggestion in [43]; it provides a Lipschitz relax-
ation of the original function νi, which is de�ned by construction over all of
Rm. The larger the constantM , the closer this relaxation will be to the original
problem, but also the larger the Lipschitz constant L of the value function will
become. Therefore, one must choose also a larger cut constant ρ, which might
slow down the convergence of the reverse cut method, as suggested by the
presence of the Lipschitz constants L and ρ in equation 5 for the convergence
in the deterministic case.
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2.4 Augmented Lagrangian cuts

We start recalling the de�nition of augmented Lagrangian duality for mixed-
integer optimization problems. Let

g(b) = minx∈X c>x
s.t. Ax = b

(11)

be a parameterized linear problem, where X describes the mixed-integer con-
straints.

De�nition 2 Given an augmenting function ψ, which is non-negative and
satis�es ψ(0) = 0, the augmented Lagrangian for problem (11) is given by

gAL(b;λ, ρ) = min
x∈X

c>x− λ>(Ax− b) + ρ · ψ(Ax− b). (12)

Since any feasible solution to the original optimization problem (11) re-
mains feasible with the same objective value for the augmented Lagrangian (12),
we see that, for any b, λ and ρ ≥ 0,

gAL(b;λ, ρ) ≤ g(b). (13)

Moreover, on the MILP setting, we have exact duality [13, Theorem 4, p. 381]
if the augmenting function ψ is a norm. More precisely:

Theorem 3 If the set X is a rational polyhedron with integer constraints, if

the problem data A, b0 and c are rational and if for the given b0 the problem

is feasible with bounded value g(b0), then there is a �nite ρ∗ such that

sup
λ
gAL(b0;λ, ρ

∗) = g(b0).

In addition, one can choose a �nite Lagrange multiplier λ∗ that attains the

supremum.

This motivates the introduction of augmented Lagrangian cuts using norms
as the augmentation function. Indeed, expanding the de�nition of gAL in the
weak duality equation (13), we get for any b:

g(b) ≥ gAL(b;λ, ρ)
= min
x∈X

c>x− λ>(Ax− b) + ρ‖Ax− b‖

= min
x∈X

c>x− λ>(Ax− b0 + b0 − b) + ρ‖Ax− b0 + b0 − b‖.

By the triangular inequality,

‖Ax− b‖ ≥ ‖Ax− b0‖ − ‖b− b0‖,
so that

g(b) ≥ min
x∈X

c>x− λ>(Ax− b0) + λ>(b0 − b) + ρ‖Ax− b0‖ − ρ‖b0 − b‖

= gAL(b0;λ, ρ) + λ>(b0 − b)− ρ‖b0 − b‖.
Therefore, calculating the augmented Lagrangian at b0 provides a lower Lips-
chitz estimate for g(b):
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De�nition 3 If g is the optimal value function for a MILP, and given b0, λ
and ρ > 0, the augmented Lagrangian cut centered at b0 is the function

ALCb0,λ,ρ(b) := gAL(b0;λ, ρ) + λ>(b0 − b)− ρ‖b0 − b‖.

Moreover, the exactness result above shows that there exists a su�ciently
large ρ and appropriate λ for which gAL(b0;λ, ρ) = g(b0), so the cut is tight at
b0. However, this proof stills leaves open the question of whether the family of
such cuts is uniformly Lipschitz, since as seen in the fractional-part example
in �gure 3 one might need arbitrarily large ρ near discontinuities of the value
function.

The Lipschitz setting that we assume for the value function allows us to
bypass this di�culty: choosing ρ = Lip(g) and λ = 0 produces a valid and
tight cut, so this provides an absolute upper bound on the needed ρ for exact
augmented Lagrangian duality.

2.5 Representability of Augmented Lagrangian cuts

Using Augmented Lagrangian cuts instead of reverse-norm cuts as done in sec-
tion 2.2 allows for additional �exibility. In both cases, each subproblem solved
is, in principle, a nonlinear, non convex and non di�erentiable optimization
problem, which can be computationally intractable even for a small number of
iterations. However, if the norm ‖ ·‖ is the `1 or `∞ norm, and the domain of b
is compact, for example a box [−M,M ]n, then the reverse norm function −‖·‖
is mixed-integer linear representable. Indeed, the function −‖b‖1 = −∑n

i=1 |bi|
is not convex, but it can described as the optimal value of the following MILP
problem

−‖b‖1 = min
γ,y,z

γ

s.t. −∑n
i=1(y

+
i + y−i ) ≤ γ,

y+i − y−i = bi, i = 1, . . . , n,

0 ≤ y+i ≤ zi ·Mi, i = 1, . . . , n,

0 ≤ y−i ≤ (1− zi) ·Mi, i = 1, . . . , n,

y ∈ Rn, γ ∈ R, z ∈ {0, 1}n.

(14)

We can represent −‖b‖∞ analogously if we replace the inequality

−∑n
i=1(y

+
i + y−i ) ≤ γ

by the set of constraints

−(y+i + y−i ) ≤ γ for all i = 1, . . . , n.

Additionally, the epigraph of the minus `p-norm, −‖b‖p, is strongly non-
convex [25] if p is di�erent from 1 or ∞. Moreover, according to the midpoint
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lemma from [25], the reverse `p-norm function is not mixed-integer convex rep-
resentable, that is, it is impossible to represent the epigraph of −‖b‖p using a
�nite number of binary variables and convex constraints if p is not equal to 1
or∞. Therefore, these norms are the natural ones for using in Stochastic mul-
tistage mixed-integer optimization, since their use does not change the class
of problems we are dealing with.

3 The Stochastic Lipschitz Dynamic Programming algorithm

In this section, we present the Stochastic Lipschitz Dynamic Programming
(SLDP) algorithm for the multistage case in two di�erent approaches: the
full scenario and the sampled scenario case. In the full scenario approach, all
the nodes are visited in the forward and backward steps, and Lipschitz cuts
are added for every expected cost-to-go function. In contrast, in the sampled
scenario approach, just the sampled scenarios are visited in the forward and
backward steps, and Lipschitz cuts are added only for the expected cost-to-go
functions of the sampled nodes. We prove convergence to an optimal policy
for the full scenario case, and we introduce an additional procedure in the
sampled scenario case to ensure convergence towards an ε-optimal policy.

3.1 Multistage setting and Lipschitz continuity of cost-to-go functions

For dealing with the stochastic multistage setting, we �x some notation for
describing the scenario tree. LetN be the set of nodes, where 1 is the root node,
and a : N\{1} → N is the ancestor function that associates each node n except
the root to its ancestor node a(n) ∈ N . We also de�ne the set S(n) of successor
nodes as the set of nodes with ancestor n, that is, S(n) = {m ∈ N | a(m) = n},
and for each successor m there is a transition probability denoted by qnm from
node n to m. From 1 and S, we de�ne the stage t(n) of a node n ∈ N: the
root node belongs to stage 1, and inductively the nodes in S(n) belong to the
stage t(n) + 1. The set of all nodes in stage τ is denoted by Nτ .

In the dynamic programming formulation of stochastic optimization, we
have a state variable xn and a mixed integer control variable yn, ranging over
a feasible set Xn and incurring an immediate cost fn(xn, yn). As it is standard,
we introduce a copy variable zn that carries the information from the previous
state, so that the cost-to-go and expected cost-to-go functions Qn(·) and Qn(·)
of each node n ∈ N\{1} satisfy the following recursive relationship:

Qn(xa(n)) = min
xn,yn,zn

fn(xn, yn) +Qn(xn)

s.t. (xn, yn, zn) ∈ Xn,
zn = xa(n),

(15)

Qn(xn) =

{
0 if S(n) = ∅,∑
m∈S(n) qnm ·Qm(xn) otherwise.

(16)



Stochastic Lipschitz Dynamic Programming 17

The nodes n without successor are called leaf nodes of the tree, and they
correspond to the last decision to be taken in the planning horizon. Also,
observe that the root node 1 ∈ N does not have an ancestor, so we can still
de�ne Q1(x1) by (16), but its stage problem (15) should be written as

Q1 = min
x1,y1

f1(x1, y1) +Q1(x1)

s.t. (x1, y1) ∈ X1.

However, in order to avoid having to single out this special case, we slightly
abuse notation by �xing 0 = a(1), x0 = 0, and extend X1 to a further dimen-
sion z1.

From our discussion in the previous section, we assume that fn is Lipschitz
continuous with constant Ln and that Xn satis�es the complete continuous re-
course condition. Under those hypothesis, both the cost-to-go functions Qn(·),
and the expected cost-to-go functions Qn(·) are Lipschitz continuous.

Proposition 1 (Stochastic multistage mixed-integer programs) Con-

sider the stochastic multistage optimization program de�ned by (15) and sup-

pose that for every node n ∈ N the cost-to-go function Qn is not equal to −∞
in any point, i.e., Qn(·) > −∞, and the CCR condition holds for the feasible

set Xn. Then, the expected cost-to-go function Qn(·) is Lipschitz continuous

in Rdn with Lipschitz constant at most

L̃n =

{
0 , if S(n) = ∅,∑
m∈S(n) qnm ·

(
Lm + L̃m

)
· rm , otherwise

(17)

where rm is a constant that depends only on Xm.

Proof We proceed by backward induction on the scenario tree. For the leaf
nodes, the statement holds by de�nition, since Qn is identically zero.

So, suppose this result holds for all successor nodes m ∈ S(n), and let's
prove that it also holds for node n. By the induction hypothesis, the expected
cost-to-go functions Qm are Lipschitz with constant L̃m, and from Theorem 2

each Qm is Lipschitz with constant (Lm+ L̃m) · rm, where Lm is the Lipschitz
constant of the objective function fm and rm is a constant from the Ho�man
Lemma (Lemma 2, page 10) that only depends on Xm. Since the expected
value of Lipschitz functions is also Lipschitz with constant equal to the ex-
pected value constant, the induction step is proved. ut

Since problem (15) for each node admits the Lipschitz decomposable struc-
ture of (2), one could imagine using the reverse-norm method of Algorithm 1,
or augmented Lagrangian cuts, to approximate its solution. However, in the
multistage case we lack one fundamental property we used, namely that we
can compute exactly the `complex' function g(x), which in this case is Qn(xn).
Indeed, we are only able to produce lower approximations for it, and the next
sections will deal with the necessary estimates to prove convergence under this
weaker hypothesis.
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3.2 Approximating the value functions

Before we present the SLDP algorithm, we need to introduce some notation
for the approximations along the iterations of the algorithm. We start with a
notation for Lipschitz cuts:

De�nition 4 For any function g, we denote by LC a Lipschitz cut for g, that
is, LC is a Lipschitz function that is a global lower bound for g.

They are a natural generalization of both reverse-norm cuts and augmented
Lagrangian cuts introduced in the previous section, and our convergence re-
sults are valid for whichever family of Lipschitz cuts used.

As usual, we denote by Q
k

n(xn) the expected cost-to-go approximation
induced by Lipschitz cuts at iteration k. These will be the analogs of the ap-
proximations gk of the Lipschitz function g from Lemma 1. For the purpose of

convergence analysis, we consider the approximationsQkn(xa(n)) andQ
k

n(xa(n))
of the cost-to-go and expected cost-to-go functions at iteration k de�ned below:

Qkn(xa(n)) = min
xn,yn,zn

fn(xn, yn) +Q
k

n(xn)

s.t. (xn, yn, zn) ∈ Xn,
zn = xa(n),

(18)

Q
k

n(xn) =

{
0 if S(n) = ∅,∑
m∈S(n) qnm ·Qkm(xn) otherwise

(19)

We assume we are given, for the �rst iteration, a Lipschitz lower approxima-

tion Q
1

n of the expected cost-to-go function Qn for each node n in the tree.
In practice, the �rst expected cost-to-go approximations are identically zero,
since costs are usually non-negative.

To update the expected cost-to-go approximation Q
k

n of iteration k at a

given point xkn, we calculate a Lipschitz cut LC
k

n that satis�esLC
k

n(x
k
n) = Q

k+1

n (xkn)

LC
k

n(xn) ≤ Q
k+1

n (xn), ∀xn,
(20)

where the Lipschitz constant of LC
k

n is upper bounded by ρn, for all the it-
erations k. Then, we de�ne the expected cost-to-go approximation of itera-
tion k + 1 as

Q
k+1

n (xn) := max
{
Q
k

n(xn), LC
k

n(xn)
}
. (21)

Note that we have used Q
k+1

n (xkn) instead of Q
k

n(x
k
n) in the cut update (20)

because the Lipschitz cuts of the SLDP algorithm are updated from the last

to the �rst stage, so all expected cost-to-go approximations Q
k

m(xm) of the

successor nodes m of n are updated to Q
k+1

m (xm) before the computation of
the optimal value (18) with state xa(m) = xkn.
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Given the scenario decomposition for evaluating Q
k+1

n (xkn) indicated by
equation (19), it is possible to obtain a Lipschitz cut for each Qk+1

m at the
same state xkn. Using Lipschitz cuts that satisfy conditions analogous to (20),
that is, LCkm(xkn) = Qk+1

m (xkn)

LCkm(xn) ≤ Qk+1
m (xn), ∀xn,

(22)

it follows that their average LC
k

n :=
∑
m∈S(n) qnm · LCkm will satisfy (20).

Given this level of generality, the exact details of the algorithm will depend
on the method used for calculating the Lipschitz cuts LCn. For concreteness,
the reader could keep in mind the reverse-norm setting, that is, where the

Lipschitz cut LC
k

n is given by evaluating each Qk+1
m at the incoming state xkn,

then forming the average

vkn := Q
k+1

n (xkn) =
∑

m∈S(n)
qnm ·Qk+1

m (xkn),

and �nally setting

LC
k

n(xn) := vkn − ρn
∥∥xn − xkn∥∥

for an appropriate penalty constant ρn.
Another example of Lipschitz cuts that can be used are Augmented La-

grangian cuts, because the cost-to-go functions Qkm for each scenario are op-
timal value functions given by (18). We present a further discussion around
these cuts in 4.1.

There are some important comments about the concepts introduced so far.

First, we note that the sequence {Qk

n}k∈Z+
is a non-decreasing sequence of

functions, and since it belongs to the objective function of (18), we conclude
that the sequence of cost-to-go function approximations {Qkn}k∈Z+ is also non-

decreasing. Therefore, the expected cost-to-go approximation Q
k

n(xn) de�ned
in (19) is a weighted average of non-decreasing functions Qkm, so the corre-

sponding sequence {Qkn}k∈Z+
is also non-decreasing.

Second, the functionQ
k

n plays an important role in the convergence analysis

of the SLDP since the cuts of (21) are tight for Q
k+1

n (xn) at the forward
solution xkn. From equations (18) and (19), the quality of the expected cost-to-

go approximation Q
k

n of a given node n ∈ N depends on the quality of those
approximations at the successor nodes m ∈ S(n). This explains the reason of
computing Lipschitz cuts from the last to �rst stage.

We will prove convergence of the full scenario (resp. sampled scenario)
SLDP algorithm by proving that the sequence of feasible policies

(
xkn
)
n∈N pro-

duced by the algorithm converges to an optimal (ε-optimal) policy
(
x∗n
)
n∈N .

As in Lemma 1, we show that Q
k+1

n (xkn) converges to (an ε-approximation
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of) Qn(x
∗
n) where Qn is the true expected cost-to-go function (16). In the

examples of section 4, we will see that both expected cost-to-go approxima-

tions Q
k

n and Q
k

n approximate the true expected cost-to-go function Qn in
a neighborhood of the optimal (ε-optimal) policy solution x∗n, however those
approximations are usually poor elsewhere.

As we mentioned at the end of the reverse-norm method, it is an impor-
tant requirement for the convergence that the Lipschitz cuts have a uniformly

bounded Lipschitz constant. That's why we ask that all cuts LC
k

n are con-
structed with Lipschitz constant at most ρn, so we can ensure, for all xn:

Q
k+1

n (xn) ≥ Q
k

n(xn) (23)

Q
k+1

n (xn) ≥ Q
k+1

n (xkn)− ρn · ‖xn − xkn‖, (24)

where inequality (23) follows from the de�nition of the expected cost-to-go ap-

proximation Q
k+1

n (·), and inequality (24) follows from Q
k+1

n being a Lipschitz
function with constant ρn and the tightness from (20). Proposition 1 ensures
that we can take ρn as any constant greater than or equal to the Lipschitz
constant L̃n de�ned on (17).

By the de�nition of cost-to-go and expected cost-to-go approximations,
they form a monotone sequence of valid lower bounds for the true expected
cost-to-go functions:

Lemma 3 Consider the stochastic multistage MILP program (15) satisfying

the CCR condition, and let Q
1

n be the initial lower bounds for the expected cost-

to-go functions Qn. Then Q
k

n and Q
k

n, the expected cost-to-go approximations

of (21) and (19), satisfy

Q
k

n ≤ Qn and Q
k

n ≤ Qn (25)

for every node n ∈ N and iteration k ∈ Z+.

Moreover, if the initial lower bounds are compatible, that is, if Q
1

n ≤ Q
1

n

for all nodes n, then it also holds that

Q
k

n ≤ Q
k

n (26)

for all further iterations k.

Remark 1 Since Q
1

n depends on the approximations Q
1

m for all successor nodes

m ∈ S(n), it could happen that a valid lower bound Q
1

n for the true value

function Qn were larger than Q
1

n.
Even if the compatibility of the initial lower bounds is not a requirement,

it is a common situation. For example, if all costs are non-negative, a typical

initial lower bound Q
1

n is the zero function, and since therefore Q
1

n ≥ 0 the
condition is immediately satis�ed.
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Proof We proceed by induction on k and backward induction on the tree. The
base case for k = 1 holds by hypothesis, since for every node n ∈ N we have

Q
1

n ≤ Qn. Moreover, the equations in (25) hold for the leaf nodes, because

Q
k

n, Q
k

n and Qn are identically zero.

We now prove that, ifQ
k

n ≤ Qn, then bothQ
k+1

n andQ
k+1

n will also be valid
lower bounds for Qn. By backwards induction on the tree, we can assume that

at all successor nodes m ∈ S(n) it already holds that Q
k+1

m ≤ Qm. Plugging

into equation (18) yields Qk+1
m ≤ Qm, and averaging shows Q

k+1

n ≤ Qn, which
is the second inequality in (25).

For the inequality concerning Q
k+1

n , by the construction of Q
k+1

n in (21),

it is enough to show that LC
k

n ≤ Qn. Now, from equation (20), we obtain

LC
k

n ≤ Q
k+1

n , which we have just shown to be a lower bound to Qn, so this
�nishes the induction step.

If moreover we have the compatibility property that Q
1

n ≤ Q
1

n, then it can

be combined, again by induction, with the inequality LC
k

n ≤ Q
k+1

n obtained

above to show that Q
k+1

n ≤ Qk+1

n as desired. ut

Throughout this paper we assume the CCR condition for the true stochastic
multistage mixed-integer program (15). Additionally, we also require the set
of feasible policy's states projxXn to be compact, and we name the resulting
assumption as the Compact State Complete Continuous Recourse (CS-CCR)
condition.

3.3 Full scenario approach

The SLDP algorithm for the full scenario approach is analogous to the Nested
Cutting Plane algorithm [16], but with Lipschitz cuts instead of linear cuts.

As described in Algorithm 2, starting from a valid lower bound Q
1

n for all
cost-to-go functions, an upper bound ρn for their Lipschitz constants, and a
method for calculating uniformly Lipschitz tight cuts, it improves the lower
bounds near the candidate optimal solutions of each iteration k. Thus, in
the forward step, the full scenario SLDP algorithm solves the optimization
problems (18) from the root to the leaves, that is, in ascending order of stages,
and obtains feasible state and control variables (xkn, y

k
n, z

k
n) ∈ Xn for each node

of the scenario tree. Then, in the backward step, it updates from the leaves

to the root the expected cost-to-go approximation Q
k

n, building Lipschitz cuts
centered at the states obtained in the forward step and using formula (21).

We have not provided a stopping criterion for Algorithm 2. Although in
the full scenario case we could have chosen a criterion equivalent to the one
in Algorithm 1, in the sampled case one would need to compute the optimal
solution at every node of the scenario tree to have a deterministic upper bound
for the optimal policy, which is unrealistic. So, we preferred to emphasize the
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Algorithm 2 Full scenario SLDP

Input: lower bound Q
1
n ≤ Qn, cut constant ρn ≥ L̃n, and a method for producing

Lipschitz cuts LC satisfying (20).

Output: policy (x, y, z) ∈ X and expected cost-to-go approximations {Qk
n}n∈N .

Set initial iteration k = 1 and go to step 1

1: Forward step: set n = 1, xk0 = 0. For each t from 1 to T − 1, and for each n ∈ Nt do:
(a) Solve the problem (18) corresponding to Qk

n(x
k
a(n)

) and obtain (xkn, y
k
n, z

k
n):

min
xn,yn,zn

fn(xn, yn) +Q
k
n(xn)

s.t. (xn, yn, zn) ∈ Xn,
zn = xk

a(n)
;

2: Backward step: For each t from T − 1 to 1, and for each n ∈ Nt do:
(a) Solve the children subproblems for m ∈ S(n):

Qk+1
m (xkn) = min

xm,ym,zm
fm(xm, ym) +Q

k+1
m (xm)

s.t. (xm, ym, zm) ∈ Xm,
zm = xkn;

(b) Calculate a ρn-Lipschitz cut LCk
n for Q

k+1
n =

∑
m∈S(n)Q

k+1
m , centered at xkn and

satisfying (20);

(c) Update Q
k+1
n = max

{
Q

k
n, LC

k
n

}
.

3: Increase k by 1, and go to step 1.

similarities between the full and sampled scenario cases. and present their
convergence results only in asymptotic form.

In order to simplify the notation and improve readability, we will assume
that a variable x or a vector (x, y, z) that do not have the subscript n is the
vector composed by the corresponding variables or vectors for all nodes:

� x := (xn)n∈N ;

� (x, y, z) :=
(
(xn, yn, zn)

)
n∈N

.

We refer to (x, y, z) as a policy and x as the policy's states, and we denote by X
the set of feasible policies and by projxX the projection of X in the policy's
states.

By analogy with the proof of the (deterministic) reverse-norm method in
Lemma 1 and Theorem 1, we start proving that the expected cost-to-go ap-

proximation Q
k

n approximates the true expected cost-to-go function Qn in a
neighborhood of any cluster state induced by the forward step.

Lemma 4 Let x∗ ∈ projx X be a cluster point of the sequence of policy states {xk}k∈N
generated by the forward step of Algorithm 2, and let K be the indices of a sub-

sequence that converges to x∗. Then {Qk

n(x
k
n)}k∈K converges to Qn(x

∗
n),

lim
k∈K

Q
k

n(x
k
n) = Qn(x

∗
n), (27)

for every node n ∈ N .
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Proof Let {(xk, yk, zk)}k∈N be the sequence of policies obtained in the forward
step of algorithm 2. By the compactness assumption of projxXn, the set of fea-
sible policy states projxX is also compact, so there is a subsequence of {xk}k∈N
that converges to a cluster point x∗ ∈ projx X. Denote by K the indices of this
subsequence, that is, lim

k∈K
xk = x∗. We will show that equation (27) holds by

backward induction on the tree. It trivially holds for the leaf nodes, since both
functions Qn and Qn are identically zero, by hypothesis.

Now, suppose that equation (27) holds for every successor node m ∈ S(n).
From Lemma 3, we have an upper bound:

Qn(x
k
n) ≥ Q

k

n(x
k
n),

which, by continuity of Qn, yields:

Qn(x
∗
n) ≥ lim supQ

k

n(x
k
n). (28)

So we only need to prove that the lower approximations are large enough.
As in Lemma 1, we denote by j the index in K immediately before k. By

monotonicity of the approximations, Q
k

n is larger than all of the Lipschitz cuts
constructed, in particular the one at iteration j. Therefore, by inequality (24)

Q
k

n(x
k
n) ≥ Q

j+1

n (xkn) ≥ Q
j+1

n (xjn)− ρn ·
∥∥xjn − xkn∥∥.

Note that, di�erently from Lemma 1, we don't obtain the exact expected cost-

to-go function Qn, but only its approximation Q
j+1

n . That's why our proof

splits in two parts: one bounding the di�erence between Q
j

n and Q
k

n, and the

other bounding the di�erence between Qn and Q
j

n. Let's complete the �rst one,

which we already started. Since Q
j

n is an increasing sequence, Q
j

n ≤ Q
j+1

n , and
we obtain

Q
k

n(x
k
n) ≥ Q

j

n(x
j
n)− ρn ·

∥∥xjn − xkn∥∥. (29)

To show that Qn and Q
j

n are close, we use their de�nitions in (19) and (16):

Q
j

n(x
j
n)−Qn(xjn) =

∑
m∈S(n)

qnm ·
[
Qjm(xjn)−Qm(xjn)

]
≥

∑
m∈S(n)

qnm ·
[
Q
j

m(xjm)−Qm(xjm)
]
, (30)

where the inequality follows because (xjm, y
j
m, z

j
m) are optimal solutions to (18)

and feasible solutions to (15) for eachm ∈ S(n). Taking (29) and (30) together
and rearranging terms we get

Q
k

n(x
k
n) ≥ Qn(xjn)− ρn ·

∥∥xjn − xkn∥∥− ∑
m∈S(n)

qnm ·
[
Qm(xjm)−Q

j

m(xjm)
]
.
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Now, take the limit as k goes to ∞, which also makes j grow to ∞, and
both xk and xj converge to x∗. Since the expected cost-to-go function Qn is
continuous, we obtain:

lim infQ
k

n(x
k
n) ≥ Qn(x∗n)

because both residual terms vanish in the limit, the second one going to zero by
our induction hypothesis. Together with the upper bound from equation (28),
this shows that the limit exists and concludes our proof. ut

As a consequence of Lemma 4, the expected cost-to-go approximation Q
k

n

also approximates the true expected cost-to-go function Qn in a neighbor-
hood of any cluster point of the sequence of feasible policy's states induced by
the forward step of the full scenario SLDP. Using the argument that leads to
inequality (30) in the proof of Lemma 4 we get that the cost-to-go approxima-
tion Qkn also approximates the true cost-to-go function Qn in a neighborhood
of any cluster policy state. That is, the following limits also hold:

lim
k∈K

Q
k

n(x
k
n) = Qn(x

∗
n),

lim
k∈K

Qkn(x
k
a(n)) = Qn(x

∗
a(n)),

for any convergent subsequence {xk}k∈K of policy states induced by the for-
ward step of the SLDP algorithm, and x∗ ∈ projxX the corresponding limit
point.

Theorem 4 Suppose the stochastic optimization problem in (15)-(16) satis-

�es the Complete Continuous Recourse hypothesis, and �x a method for pro-

ducing uniformly Lipschitz cuts satisfying (20). Then, the sequence of lower

bounds {Qk1}k∈N induced by the SLDP algorithm 2 converges to the optimal

value Q1 of the true stochastic multistage problem, and every cluster point of

the sequence of feasible policies {(xk, yk, zk)}k∈N generated by the forward step

of Algorithm 2 is an optimal policy.

In particular, the augmented Lagrangian cuts from section 2.4 are tight,

and the CCR hypothesis ensures a uniform Lipschitz constant at each node,

so Algorithm 2 converges.

Proof Let {(xk, yk, zk)}k∈N be the sequence of feasible policies generated by
the full scenario SLDP algorithm 2. Let K be the set of indices of a convergent
subsequence of policy states {xk}k∈N, and let x∗ be the corresponding limit
point, which exists by compactness of projxX. As for equation (30), at the
root node we have

0 ≤ Q1 −Qk1 ≤
[
f1(x

k
1 , y

k
1 ) +Q1(x

k
1)
]
−
[
f1(x

k
1 , y

k
1 ) +Q

k

1(x
k
1)
]
,

= Q1(x
k
1)−Q

k

1(x
k
1),

because (xk1 , y
k
1 , z

k
1 ) is a feasible solution to the optimization problem whose

optimal value is Q1 and optimal solution to that whose optimal value is Qk1 .
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Using Lemma 4, we conclude the convergence of the subsequence {Qk1}k∈K
toQ1. Since the whole sequence {Qk1}k∈N is non-decreasing, we get convergence
to Q1.

Now, suppose that there is a cluster point (x, y, z) of the sequence of fea-
sible policies {(xk, yk, zk)}k∈N, and denote also by K the set of indices of the
corresponding subsequence. In order to prove that (x, y, z) is an optimal policy,
we need to show that its components are optimal solutions to the optimization
problem of each node n ∈ N whose optimal value is Qn(xa(n)). We will proceed
by forward induction on the tree. Indeed, we have just shown that (x1, y1, z1)
is an optimal solution at the root node. Now, assume that this result holds
for the ancestor node a(n). Using the same argument as before, we have the
following inequalities:

f(xkn, y
k
n) +Q

k

n(x
k
n) = Qkn(x

k
a(n)) ≤ Qn(xka(n)) ≤ f(xkn, ykn) +Qn(x

k
n).

So, taking the limit over K on both sides of the inequality and using Lemma 4,
we conclude that (xn, yn, xa(n)) is an optimal solution of the optimization
problem whose optimal value is Qn(xa(n)). ut

3.4 Sampled tree approach

In multistage stochastic programming problems with a reasonable number of
stages, it is computationally intractable to visit every node of the scenario tree.
So, one needs to sample paths on the scenario tree and iteratively approximate
the expected cost-to-go functions at each stage to obtain a �reasonable� solu-
tion. In this paper, we focus on the sampling scheme of one random path per
forward iteration, but its conversion to more general schemes is straightfor-
ward.

We emphasize that a path on the scenario tree is chosen at random, so a
node n may not belong to the path of some forward step iterations. Let Jn be
the set of iterations k of the Sampled-SLDP for which the path of the forward
step contains the node n. Note that Jn is a random set, since it depends on
each experiment ω ∈ Ω, and the probability of node n being drawn an in�nite
number of times equals one, i.e.,

P({ω ∈ Ω | #Jn(ω) = +∞}) = 1,

by the Borel-Cantelli Lemma. We will assume a realization of the sampling
where this is the case, to avoid repeating �with probability one� in what follows.

Also, observe that the collection of sets {Jm | m ∈ S(n)} induced by the
successor nodes covers Jn, that is

Jn =
⋃

m∈S(n)
Jm,

since a path that contains a node n also contains some successor node m. In
the deterministic case, the set of iterations Jn equals Z+ for every node n,
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since all nodes are visited in the forward step. In the analysis of the Sampled-
SLDP algorithm, we need to refer to optimal solutions of nodes that do not
belong to a given forward path, even if in practice they are not computed.
We still use the same notation (xkn, y

k
n, z

k
n) to refer to an optimal solution of

node n and iteration k.

Following the same organization of the previous sections, we would like to
prove that for each node n there is a subset Kn of Jn such that the following
limit holds:

lim
k∈Kn

Q
k

n(x
k
n) = Qn(x

∗
n), (31)

where {xkn}k∈Kn
is a subsequence of policy states converging to a limit point x∗n.

However, the main obstacle of this lemma is the induction step, since we need

to control the di�erence between Qn(x
k
n) and Q

k

n(x
k
n) using inequality (30) or

some variation, as in the proof of Lemma 4. Inequality (30) directly is not
suitable for the proof, because there we implicitly used that Km equals Kn for
every successor node m to be able to use the induction hypothesis (31).

In order to ensure convergence of the Sampled-SLDP algorithm, we con-
sider an additional step to stabilize the policy states obtained in the forward
step. Instead of computing Lipschitz cuts at every new forward solution xkn, we
check if the new feasible point is more than δ > 0 away from all previous for-
ward solutions x1n, . . . , x

k−1
n . If this is the case, then we update the expected

cost-to-go function Q
k

n(·) with the Lipschitz cut centered at the new policy
state xkn; otherwise we improve it at the closest previous forward solution xjn,
see Algorithm 3. Note that after a �nite number of iterations the forward
incoming state xkn becomes trapped in a �nite number of possibilities, since
node n will be visited an in�nite number of times and the set of feasible policy
states projxXn is compact.

We also assume that the Lipschitz cut LC
k

n depends only on the expected

cost-to-go functionQ
k

n(·) and the center point xkn, that is, the Lipschitz cut LC
k

n

is a function of Q
k

n(·) and xkn only.

We show in Lemma 5 that the expected cost-to-go approximation Q
k

n con-
verges in a �nite number of iterations to a Lipschitz function Un, which is an
ε-approximation of the true expected cost-to-go function Qn at any cluster
point x∗n.

Lemma 5 With probability one, the sequence of expected cost-to-go approx-

imations {Qk

n}k∈N generated by Algorithm 3 converges to a Lipschitz func-

tion Un with constant L̃n after a �nite number of iterations. Moreover, the

following relationships hold for every node n of the tree:

lim
k∈Kn

Q
k

n(x
k
n) = Un(x

∗
n), (32)

0 ≤ Qn(x∗n)− Un(x
∗
n) ≤ (L̃+ ρ) · δ · (T − t(n)), (33)
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Algorithm 3 Sampled SLDP

Input: lower bound Q
1
n ≤ Qn, cut constant ρn ≥ L̃n.

Output: policy (x, y, z) ∈ X and expected cost-to-go {Qk
n}n∈N approximations.

Set initial iteration k = 1 and go to step 1

1: Forward step: set n = 1, xk0 = 0. While S(n) 6= ∅ do:
(a) Solve the problem corresponding to Qk

n(x
k
a(n)

) and obtain (u∗n, y
∗
n, z
∗
n):

min
un,yn,zn

fn(un, yn) +Q
k
n(un)

s.t. (un, yn, zn) ∈ Xn,
zn = xk

a(n)
;

(b) Compute the minimum ∆k
n = min

j=1,...,k−1
‖u∗n − xjn‖, and denote by i the minimizer

index. If ∆k
n < δ then set xkn = xin, else set x

k
n = u∗n;

(c) Sample m ∈ S(n), and set n = m;
2: Backward step: Start with the particular node n of the end of step 1. While n is not the

root 1, do:
(a) Solve the children subproblems for m ∈ S(n):

Qk+1
m (xkn) = min

xm,ym,zm
fm(xm, ym) +Q

k+1
m (xm)

s.t. (xm, ym, zm) ∈ Xm,
zm = xkn;

(b) Calculate a ρn-Lipschitz cut LCk
n for Q

k+1
n =

∑
m∈S(n)Q

k+1
m , centered at xkn and

satisfying (20);

(c) Update Q
k+1
n = max

{
Q

k
n, LC

k
n

}
.

(d) Keep Q
k+1
n′ = Q

k
n′ for nodes n′ ∈ Nt(n) such that n′ 6= n;

(e) Set n = a(n).
3: Increase k by 1 and go to step 1.

where Kn is a subset of indices from Jn such that the sequence of policy

states {xkn}k∈Kn
converges, x∗n is the corresponding limit point, L̃ is the max-

imum Lipschitz constant L̃n and ρ is the maximum penalty constant ρn over

all nodes n ∈ N .

Proof We start proving the �nite convergence ofQ
k

n to Un, and the limit in (32)
by backward induction on the tree. In the last stage this result is trivial since

both functions Q
k

n and Qn are identically zero.

Let n be a node such that the limit in (32) holds for every successor node
m ∈ S(n). Recall that the updating rule of the Lipschitz cut has the form:

Q
k+1

n = max
{
Q
k

n, LC
k

n

}
.

where the cut LC
k

n is tight at xkn for the expected cost-to-go approxima-

tion Q
k+1

n , which is the weighted average of the cost-to-go approximations Qkm
over the successor nodes m ∈ S(n). By the induction hypothesis, after a �nite
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number of iterations we obtain

Qkm(xn) = min
xm,ym,zm

fm(xm, ym) + Um(xm)

s.t. (xm, ym, zm) ∈ Xm,
zn = xn.

(34)

In other words, both the cost-to-go Qkm and the expected cost-to-go Q
k

n ap-
proximations stabilize after a �nite number of iterations, so denote by Um
and Un the corresponding limits, respectively. Since the number of di�erent

incoming states xkn is also �nite and the Lipschitz cut LC
k

n just depends on Un
and xkn, this implies that the number of di�erent possible reverse norm cuts

to update Q
k

n is also �nite. Then, Q
k

n converges to a function Un in a �nite
number of iterations.

Now, let's prove inequality (33) by backward induction on the tree. It is
trivial at the leaf nodes, so suppose inequality (33) holds for every successor
nodem ∈ S(n). Since there is a �nite number of di�erent possible policy states
at the node n, the sequence {xkn}k∈Kn

converges to x∗n in a �nite number of
iterations, which means that a stabilized Lipschitz cut centered at x∗n is also
considered in the expected cost-to-go limit Un. In particular, we can take limits
in (24) and get:

Un(x
∗
n)− ρn · ‖xn − x∗n‖ ≤ Un(xn),

which leads to the following bounds for the di�erence between Un and the true
cost-to-go function Qn:

0 ≤ Qn(x∗n)− Un(x
∗
n) ≤ Qn(x∗n)− Un(x∗n)

=
∑

m∈S(n)
qnm · [Qm(x∗n)− Um(x∗n)] . (35)

Now, we have the crucial part of the argument. Because the expected cost-to-
go approximations of all nodes stabilize, every incoming state of any successor
node m ∈ S(n) equals x∗n after a large number of iterations. Then, the optimal
solution of node m with input state x∗n is equal to um, which is less than δ
away from the �nal state x∗m of node m, by the design of the Sampled-SLDP
algorithm. Then, we obtain the following inequalities:

Qm(x∗n)− Um(x∗n) ≤ Qm(um)− Um(um)

≤ L̃ · ‖um − x∗m‖+Qm(x∗m)− Um(um)

≤ Qm(x∗m)− Um(x∗m) + (L̃+ ρ) · ‖um − x∗m‖

where the �rst inequality results from um being the optimal policy's state of
nodem with input state x∗n, and the following ones from the Lipschitz property
of Qm and Um, respectively. By our induction hypothesis,

Qm(x∗m)− Um(x∗m) ≤ (L̃+ ρ) · δ · (T − t(m)),
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and since t(m) = t(n) + 1 we get

Qm(x∗n)− Um(x∗n) ≤ (L̃+ ρ) · δ · (T − t(n)). (36)

because um and x∗m are at most δ far away from each other. So, the upper
bound (36) together with equation (35) concludes the induction step. ut
Theorem 5 With probability 1, the sequence of lower bounds {Qk1}k∈N gen-

erated by Algorithm 3 converges in a �nite number of iterations to an ε-
approximation of the true optimal value Q1, where ε = (L̃ + ρ) · δ · (T − 1),
and every cluster point of the sequence of feasible policies {(xk, yk, zk)}k∈N
generated by the forward step of Algorithm 3 is an ε-optimal policy.

Proof This is a straightforward result of Lemma 5, using the same reasoning
as in Theorem 4. ut

4 Examples

In this section, we will present two applications of the SLDP algorithm for
stochastic optimization. The �rst is a simple example of a 1-dimensional dy-
namics with discrete control. Due to its symmetry and relative simplicity, it
is possible to evaluate the cost-to-go functions, so that we can understand the
behavior of the algorithm in its di�erent forms. The second one is the capaci-
tated lot-sizing problem inspired from [41], which was suggested to the authors
by Nils Löhndorf, who also provided us with the data for the instance we use
in section 4.3.

4.1 Implementation details

The non-convex cuts used in our SLDP implementation are represented as
inequalities of the form

α ≥ v + λ>(x− xk)− ρ · ‖x− xk‖,
where λ = 0 for the reverse-norm cuts (see De�nition 1), but is needed for the
augmented Lagrangian cuts described in Section 2.4. To incorporate them in
the stage problems, this requires choosing a norm, and a MILP formulation of
this constraint. As discussed in Section 2.5, this is possible for the L1 norm,
which we used for the experiments below.

Observe that this formulation includes a binary variable (and two continu-
ous variables), per dimension of x, for each new non-convex cut we introduce,
cf equation (14). This makes each iteration of the SLDP algorithm much more
expensive than previous ones.

In the dynamic programming setting for SLDP, the Augmented Lagrangian
cuts are given by

LC
k

n =
∑

m∈S(n)
qnm · LCkm (37)
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where cuts LCkm are calculated for each scenario m ∈ S(n) by solving the
corresponding Augmented Lagrangian problem for the functions Qk+1

m :

vkm := max
λk
m,ρ

k
m

AL(Qk+1
m )(xkn;λ

k
m, ρ

k
m) (38)

AL(Qk+1
m )(xkn;λ

k
m, ρ

k
m) := min

xm,ym,zm
fm(xm, ym) +Q

k+1

m (xm)

−λkm>(zm − xkn) + ρkm · ‖zm − xkn‖
s.t. (xm, ym, zm) ∈ Xm,

(39)

and then setting

LCkm(xn) := vkm + λkm
>(xn − xkn)− ρkm · ‖xn − xkn‖

with the optimal multipliers.

Observe that the coe�cients for LC
k

n can be obtained by simply taking the
mean with respect to qnm:

LC
k

n(xn) = vkn + λ
k

n
>(zm − xn)− ρkn · ‖zm − xn‖,

where

vkn =
∑

m∈S(n)
qnm · vkm; λ

k

n =
∑

m∈S(n)
qnm · λkm; ρkn =

∑
m∈S(n)

qnm · ρkm

One practical implementation of the SLDP method uses augmented La-
grangian cuts, and increases ρkm progressively in (38). Since by construction
the augmented Lagrangian cuts are valid, if ρkm is not large enough then the
cuts might not be tight, but they might �ll faster the non-convex regions of
the cost-to-go function. As ρkm will eventually become larger than the (true)
Lipschitz constant of the cost-to-go functions, the algorithm still converges.

Also, in analogy to Strengthened Benders cuts, it is possible to �x both
the Lagrange multiplier and the augmenting term in (38), and solve the re-
sulting augmented Lagrangian relaxation. This again yields a valid cut, which
we call strengthened augmented Benders cut when the Lagrange multiplier is
calculated via the linear relaxation of the nodal problem.

All results below were obtained using Julia-0.6.3 [3] and the Julia packages
SDDP.jl [12] and SDDiP.jl [21], besides our own Julia implementation for both
Lipschitz and strengthened augmented Benders cuts [10], extending SDDP.jl.
The computations were performed on an computer with a Intel(R) Core(TM)
i7-8550U CPU and 8Gb RAM memory.
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4.2 A 1-dimensional control problem

We consider the following multistage control problem:

min E
[
T∑
t=1

βt−1|xt|
]

s.t. xt = xt−1 + ct + ξt
ct ∈ {±1}

The state variable xt is 1-dimensional, as the discrete control ct = ±1, and
the uncertainty ξt. The objective is to minimize the expected displacement
away from zero, subject to a decay factor β, over the planning horizon T . We
�x T = 8, β = 0.9, x0 = 2, and at each stage t we consider 10 independent
scenarios symmetrically sampled around 0.

We will compare the performance and the policy generated by several meth-
ods: a convex approximation using Strengthened Benders cuts (shortened as
SB), the original SLDP algorithm using reverse-norm cuts (SLDP RN), a mod-
i�ed SLDP algorithm using ALD cuts with increasing augmentation ρ and Ben-
ders Lagrange multipliers (SLDP ALD), and the SDDiP algorithm [43], using
two discretization steps: 0.1 and 0.01. The resulting discretized problems for
SDDiP don't have complete continuous recourse, since the state cannot absorb
the noise below the discretization level, and we only have a discrete control,
so we also add a slack variable and penalize it in the objective function. The
original problem, with continuous state, doesn't need adjustments.

We present in Table 1 the lower bounds, the estimated upper bounds using
policy simulations and the computation times after 100 iterations for each
method.

SB SLDP RN SLDP ALD SDDiP 0.1 SDDiP 0.01
LB 1.167 3.073 3.085 3.420 2.370
UB 3.453 3.320 3.313 3.823 3.490

time (s) 12 558 605 1994 3317

Table 1 Results for an 8-stage non-convex problem

The convex approximations stall at a very low lower bound, while the non-
convex methods all have better estimates, but they also need signi�cantly more
computation time. The SLDP approximations have a very similar performance
� the ALD method requiring slightly more time. SDDiP has a relatively good
performance with step 0.1, but not with 0.01. Observe that the higher lower
bound for SDDiP with step 0.1 also comes with a higher upper bound, which
is due to the addition of the penalization term and a loose state discretization.
When the discretization step is the smaller 0.01, the upper bounds of the
simulation agree more closely with the other cases, but we spend 66% more in
computation time, and the lower bounds are much further away.

As we can see in �gure 6, the future cost functions are nonconvex at all
time stages, essentially driven by the discontinuous control ct: the immediate
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cost is min{|u− 1|, |u+ 1|}, where u = xt−1 + ξt. However, the future cost
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Fig. 6 Expected cost-to-go functions

functions built by the convex Strengthened Benders cuts can't pierce into
the nonconvexities, and become �at over [−1, 1], as depicted in �gure 7. This
explains why the convex approximations perform so poorly in this case.

The Lipschitz cuts, on the other hand, are indeed able to yield a better
approximation of the problem, and approximate the expected cost-to-go func-
tions inside their nonconvexities. The same happens with the value function
obtained by SDDiP. In �gure 8, we show a comparison of the expected cost-to-
go functions thus constructed, using reverse-norm cuts, augmented Lagrangian
cuts, SDDiP, and the actual future cost function.

One particular feature of this example is that the future cost functions are
continuous in the original variables xt, but since the control is ct ∈ {−1, 1},
the stage problems lack the continuous recourse property. For this reason,
when one takes the SDDiP discretization of the state variable, one must also
include a slack term to the state dynamics. This increases the costs overall,
and explains why the value functions estimated with the �coarse� discretization
with ε = 0.1 are higher than the true expected cost-to-go functions Qt. The
lower bounds Qt obtained with the ��ne� discretization with ε = 0.01, on the
other hand, �detach� much faster from the respective Qt as we move back in
the stages of the tree.

Finally, we compare in �gure 9 the evolution of the lower bounds, both
as iterations and time increase. There, we see that both methods for SLDP
were essentially equivalent, maybe except at the beginning, where the ALD's
ρ was probably too small to yield good enough cuts. However, as iterations
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Fig. 7 Convex approximations of the expected cost-to-go functions, built with Strengthened
Benders cuts

progressed, and ρ was large enough, the algorithm quickly reached a compa-
rable lower bound. We also include a curve for the time taken per iteration,
to highlight the rapid increase in time for the SLDP algorithm, even in a 1-
dimensional problem. This same phenomenon happens for SDDiP, on a much
smaller scale, but it already starts out with a signi�cantly larger iteration time.

4.3 The Capacitated Lot Sizing Problem (CLSP)

The Capacitated Lot Sizing Problem [41] consists of determining the operation
of a machine for the production of n types of products over T stages. If we
decide to produce Pt,i units of the i-th product at a given stage t, it is necessary
to setup the machine for this purpose at that stage t. The binary vectors St ∈
{0, 1}n represent whether the machine is setup or not for each product type
at stage t. The constraint Pt ≤ M · St models the necessity of setup for the
production variables.

The overall production and setup time within stage t must remain below
a maximum time limit, which is represented by the constraint

∑M
i=1 aiPt,i +

riSt,i ≤ K, where ai is the time per production for product number i, and ri
the time required to setup the machine for producing it (which we implicitly
assume is independent of the previous con�guration of the machine, and must
be done for each stage).

We denote by Lt the lost sales at stage t, that is, the failure to meet
the demand dt ∈ Rn+ for such products. The objective in this problem is to
minimize the overall setup, inventory and lost sales costs within the planning
horizon T , that is, we minimize the function

∑T
t=1

∑n
i=1 ci·St,i+ui·It,i+bi·Lt,i.
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Fig. 8 Non-convex approximations of the expected cost-to-go functions

We denote by It the inventory at stage t, and assume that it has maximum
capacity I. The state equations are given by the inventory balance constraint
It −Lt = It−1 + Pt − dt, which is the only constraint that relates variables of
a given stage t with the ones of stage t− 1.

In this setting, the only uncertainty we consider is the demand dt ∈ Rn+
for such products. For a risk-neutral planning, the objective function becomes

Ed
[∑T

t=1

∑n
i=1 ci · St,i + ui · It,i + bi · Lt,i

]
. Below, we present the Stochastic
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Capacitated Lot Sizing Problem in the dynamic programming form:

Qt(It−1,dt) = min
∑n
i=1 ci · St,i + ui · It,i + bi · Lt,i +Qt+1(It)

s.t. It − Lt = It−1 + Pt − dt,
Pt ≤M · St,∑n
i=1 aiPt,i + riSt,i ≤ K,

0 ≤ It ≤ I, Pt, Lt ≥ 0, St ∈ {0, 1}n.

Qt+1(It) =

{
Ed[Qt+1(It,dt+1)], if t < T ,

0 if t = T ,

for all t = 1, . . . , T . We assume that the demand {dt}Tt=1 follows a stagewise
independent process.

For our example case, we consider the capacitated lot-sizing problem de-
scribed in the appendix of [41], which consists of 3 products. Then, we modi�ed
it so that the demand for each product in each stage was multiplied by a log-
normal random variable; the stagewise independent tree consisted then of 20
scenarios at each stage. For more than the original 4 stages, we extended the
average demand periodically, but used di�erent scenarios.

In Table 2, we present the run times and lower bounds of several methods
employed to solve the Stochastic Capacitated Lot Sizing Problem. For two,
three and four stages, the problem is su�ciently small that we are able to
directly submit the Deterministic Equivalent formulation as a single MILP to
Gurobi [18].
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The decomposition algorithms we considered were the following: �rst, using
Strengthened Benders cuts for SDDP; second, using Lagrangian and Strength-
ened Benders cuts for SDDiP, discretizing the state space; third, using Aug-
mented Lagrangian Lipschitz cuts and Strengthened Benders cuts for SLDP.
All decomposition algorithms used Gurobi as their internal LP/MILP solver,
and were used from T = 2 up to T = 7 stages. For stopping criterion, we used
200 cuts for both SDDP, SDDiP and SLDP.

The discretization precision for the SDDiP algorithm was ε = 1.0, which is
a reasonable value given that the inventory state variable can in principle range
from 0 to 600 units in our instance. The performance of the SLDP algorithm
depends on the estimation of the Augmented Lagrangian penalty term ρ; for
this experiment, we used a bisection procedure to �nd the smallest ρ for a
given angular coe�cient π (coming from the LP relaxation and the evaluation
point x0) that still yields a cut with zero duality gap. This is done to obtain the
largest possible Lipschitz cut, so we get the greatest lower bound improvement
at each iteration.

The Deterministic Equivalent formulation gives us a benchmark for the
performance of the SDDiP and SLDP in small instances. As the size of the
planning horizon increases, the size of the Deterministic Equivalent formula-
tion increases exponentially, so this becomes impractical for planning horizons
larger than T = 4. The Gurobi solver time limit is 2.4K seconds (40 minutes)
and the only case it �nds an optimal solution is for the two stage case.

Table 2 Results for the Lot Sizing problem

Planning Horizon (T) 2 3 4 5 6 7

Det. Equiv. LB 553.121* 1.077K 1.530K NA NA NA
SB LB 382.264 838.273 1.105K 1.439K 2.015K 2.278K
SDDiP LB 488.475 918.183 1.242K 1.570K 2.070K 2.373K
SLDP LB 544.780 1.022K 1.420K 1.850K 2.401K 2.769K

∆SDDiP LB (above SB) 106.2 79.9 137.0 131.0 55.0 95.0
∆SLDP LB (above SB) 162.5 183.7 315.0 411.0 386.0 491.0

Det. Equiv. time (s) 0* 2.4K 2.4K NA NA NA
SB time (s) 8.0 20.0 27.4 42.2 64.4 74.8
SDDiP time (s) 223.0 6.4K 12.2K 15.4K 17.1K 21.6K
SLDP time (s) 184.1 4.7K 8.5K 10.1K 13.6K 17.4K

SLDP/SDDiP time ratio 0.82 0.73 0.69 0.65 0.79 0.80

The �rst thing we note in Table 2 is that, although the pure Strengthened
Benders algorithm is much faster than the SDDiP and SLDP algorithms, the
lower bound it certi�es is, as expected, always smaller the lower bounds ob-
tained by both algorithms. We emphasize this di�erence in the rows ∆SDDiP
LB and ∆SLDP LB, which show the di�erence between the corresponding
algorithm lower bound and the lower bound given by the pure Strengthened
Benders method. We see that the lower bound improvement of the SLDP algo-
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rithm is consistently greater than the corresponding improvement of SDDiP,
and achieved within a shorter time.

Also, as expected, the deterministic equivalent formulation has the best
overall performance for few stages, which in this setting means no more than 5,
but it is impractical for the multistage setting with a moderate number of
stages due to the combinatorial explosion of the problem dimension as the
planning horizon increases.

To investigate how the SB, SDDiP and SLDP algorithms perform for even
larger planning horizons, we show in table 3 their results for 10, 13, 16 and 19
stages. As the planning horizon increases, the improvement of the lower bound
obtained by the SDDiP algorithm over the pure Strengthened Benders method
shrinks, although the costs are expected to increase. On the other hand, the
SLDP algorithm is able to keep a reasonable improvement, while keeping its
computational time smaller than that of the SDDiP algorithm.

Table 3 Results for 10, 13, 16 and 19 stages

Planning Horizon (T) 10 13 16 19

SB LB 3.346K 4.441K 5.704K 6.917K
SDDiP LB 3.367K 4.497K 5.714K 6.917K
SLDP LB 3.936K 5.301K 6.540K 7.882K

∆SDDiP LB (above SB) 21.0 56.0 10.0 0.0
∆SLDP LB (above SB) 590.0 860.0 836.0 965.0

SB time (s) 139.3 183.7 224.8 275.5
SDDiP time (s) 29.5K 39.5K 39.0K 39.3K
SLDP time (s) 14.0K 19.3K 27.7K 33.2K

SLDP/SDDiP time ratio 0.47 0.49 0.71 0.84

This case study shows that SLDP, through its use of non-convex cuts, is a
practical alternative to SDDiP, providing better lower bounds, with compara-
ble times, for multistage stochastic integer problems.

5 Conclusion

In this paper, we proposed a new algorithm for solving stochastic multistage
MILP programming problems, called Stochastic Lipschitz Dynamic Program-
ming (SLDP). Its major contribution is the inclusion of nonlinear cuts to
iteratively underapproximate nonconvex Lipschitz cost-to-go functions. We
explored two such families of cuts: (a) the ones induced by reverse-norm pe-
nalizations; and (b) augmented Lagrangian cuts, built from norm-augmented
Lagrangian duality.

Assuming the Compact State Complete Continuous Recourse conditions,
we proved convergence of the algorithm in the full scenario setting. In the sam-
pled case, we provided an approximation method to reach ε-optimal policies
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in �nite time. Besides asymptotic convergence in the general Stochastic Multi-
stage Lipschitz case, it would be interesting to prove a �nite convergence result
for Stochastic MILPs in the sampled case by further exploring the structure
of the value functions in each stage.

Our experiments suggest that, at least for small-dimensional problems, the
performance of the SLDP algorithm is reasonable.
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