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Abstract

DC Programming and DCA have been introduced by Pham Dinh Tao in 1985 and extensively
developed by Le Thi Hoai An and Pham Dinh Tao since 1994. These approaches have been
successfully applied to solving real life problems in their large scale setting. In this paper, we
introduce an alternative DC algorithm for solving partial DC programs of the form

min f(x, y) s.t. (x, y) ∈ Rn ×Rm,

where, f : Rn × Rm → R ∪ {+∞} is a partially DC function, that is, for each x ∈ Rn and each
y ∈ Rm, f(x, ·) and f(·, y) are DC functions in the second variable and the first variable, respectively.
This proposed algorithm is an natural extension of the standard DC algorithm. Furthermore, we
also consider an inexact version of this alternative DC algorithm. The convergence of these proposed
algorithms (both the exact and inexact versions) are investigated. The applications to nonconvex
feasibility problems and to matrix factorization problems are reported.
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1 Introduction

DC programming and DCA (DC Algorithms) have been introduced by Pham Dinh Tao in 1985 and
extensively developed by Le Thi Hoai An and Pham Dinh Tao since 1994. DC programming plays a key
role in nonconvex programming because almost nonconvex programs encountered in practice are DC
programs. Based on local optimality conditions and DC duality, DCA is one of efficient algorithms for
nonconvex programs, especially for nonsmooth ones. Due to its local character it cannot guarantee the
globality of computed solutions for general DC programs. However, we observe that, with a suitable
starting point, it converges quite often to a global one. In practice, DCA was successfully applied to
a lot of different and various nonconvex programs to which it gave almost always global solutions and
proved to be more robust and more efficient than related standard methods, especially in the large-scale
setting. On the other hand, it is worth noting that, with appropriate DC decompositions, DCA permits
to find again standard optimization algorithms for convex and nonconvex programming (see [14], [15],
[22], [23] and references therein). Let Γ0(Rn) denote the convex cone of all lower semicontinuous
proper convex functions on Rn. The vector space of DC functions, DC(Rn) = Γ0(Rn) − Γ0(Rn), is
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quite large to contain almost real life objective functions and is closed under all the operations usually
considered in Optimization.

In this paper, we are interested to the partial DC programs of the form

(P ) min f(x, y) s.t. (x, y) ∈ Rn ×Rm. (1)

Where, f : Rn × Rm → R ∪ {+∞} is a partially DC function in the sense: for each x ∈ Rn and
each y ∈ Rm, f(x, ·) and f(·, y) are DC functions. An important subclass of the class of partially DC
functions is the one of functions f such that there are two extended valued partial convex functions
g(x, y) and h(x, y) such that

f(x, y) = g(x, y)− h(x, y), (x, y) ∈ Rn × Rm.

Here, and in throughout the paper, a convention +∞− (+∞) = +∞ is used. By definition, a function
in the two variable (x, y) ∈ Rn×Rm is said to be partially convex if it is convex in each variable when
the other variable is fixed.

Since a partially convex function is not necessarily convex, this class of partial DC optimization
problems which is broader than usual DC programs, includes many practical optimization models.
Especially, under suitable assumptions, it covers the class of nonconvex and nonsmooth problems of
the form

min f1(x) + f2(y) +H(x, y), s. t. (x, y) ∈ Rn × Rm.

This latter class of problems is studied recenly in [3], [4], [5]. In these works, the approach is based
on the proximal regularization of the Gauss-Seidel scheme, and based on the Kurdyka-Lojasiewicz
inequality, the authors have established the convergent results for the considered methods. However,
an inconvenience of that approach is that, one has to solve a nonconvex subproblem at each iterative
step.

In this work, we propose an altenative DC algorithm for solving partial DC programs (P ) . The
terminology ”alternative DCA” means that at each step, we apply the DCA alternatively for solving
DC problems when the other variable is fixed. We also consider an inexact version of this algorithm
by using approximate subdifferentials. We show that these algorithms (both the exact version and
the inexact one) establish the interesting convergence.

The rest of the paper is organized as follows. In the next preliminary section, we recall the basis
notions and results from Nonsmooth Analysis and Convex Analysis as well. Some new results on
the relationship between subdifferentials and partial subdifferentials are given; a brief presentation
on DCA and DC programming is reported, and some basis facts on subanalytic sets and functions
are recalled. In Section 3, we introduce an alternative DC algorithm and its inexact version, and
establish the convergence results as the convergence of subsequences; the convergence of the whole
sequence under the Lojasiewicz inequality and under the Kurdyka-Lojasiewicz inequality. In Section
4, we consider generalized partial DC programs and propose a generalized version of the alternative
DC algorithm for solving this program. We show that the convergence results in Section 3 remain valid
for this generalized version. We present in the final section the applications to nonconvex feasibility
and matrix factorization problems.
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2 Preliminaries

2.1 Fréchet and limiting subdifferentials of lower semicontinuous functions

Let us recall some notions from Convex Analysis and Nonsmooth Analysis, which will be needed
thereafter (see, e.g., [20], [24], [25]). In the sequel, the space Rn is equipped with the canonical inner
product 〈·〉. Its dual space is identified with Rn itself. S(Rn) denotes the set of lower semicontinuous
functions f : Rn → R ∪ {+∞}. The open ball with the center x ∈ Rn and radius ε > 0 is denoted by
B(x, ε); while the unit ball (i.e., the ball with the center at the origin and unit radius) is denoted by
B. A function f : Rn → R∪{+∞} is called ρ−convex for some ρ(f) ≥ 0, if for all x, y ∈ Rn, λ ∈ [0, 1]
one has

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)− ρ

2
λ(1− λ)‖x− y‖2.

The supremum of all ρ ≥ 0 such that the above inequality is verified is called the convex modulus of
f, which is denoted by ρ(f).

The subdifferential of a convex function f ∈ S(Rn) at x ∈ Dom f is defined by

∂f(x) = {x∗ ∈ Rn : 〈x∗, y − x〉 ≤ f(y)− f(x) ∀y ∈ Rn}.

We set ∂f(x) = ∅ if x /∈ Dom f. The ε−subdifferential with respect to a given ε > 0 is defined by

∂εf(x) = {x∗ ∈ Rn : 〈x∗, y − x〉 ≤ f(y)− f(x) + ε ∀y ∈ Rn},

and ∂εf(x) = ∅ if x /∈ Dom f.

Note that for any ε ≥ 0, one has the following relation between the approximative subdifferentials
of a convex function f and its conjugate f∗ :

x∗ ∈ ∂εf(x) ⇐⇒ x ∈ ∂εf∗(x∗). (2)

For a function f : Rn → R∪ {+∞} be a lower semicontinuous real extended valued function. The
Fréchet subdifferential of f at x ∈ Dom f is defined by

∂F f(x) =

{
x∗ ∈ Rn : lim inf

h→0

f(x+ h)− f(x)− 〈x∗, h〉
‖h‖

≥ 0

}
.

For x /∈ Dom f, we set ∂F f(x) = ∅. The limiting subdifferential of f at x ∈ Rn is

∂̂f(x) = {x∗ ∈ Rn : ∃(xk, f(xk))→ (x, f(x)), x∗k ∈ ∂F f(xk)) with (x∗k)→ x∗ as k →∞}.

It is worth to mention that ∂F f(x) is not necessarily closed, althought ∂̂f(x) is closed, for any
x ∈ Rn. A point x0 ∈ Rn is called a Fréchet (limiting) critical point for the function f, if 0 ∈ ∂F f(x)
(0 ∈ ∂̂f(x0), respectively).

When f is a convex function , then the Fréchet subdifferential and the limiting subdifferential
coincide with the subdifferential in the sense of Convex Analysis. Moreover, if f is a DC function, i.e.,
f := g − h, where g, h is convex functions, then

∂F f(x) ⊆ ∂f(x) ⊆ ∂g(x)− ∂h(x)
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wherever h is continuous at x. Especially, if h is differentiable at x, then one has the equality:

∂F f(x) = ∂̂f(x) = ∂g(x)−∇h(x).

The limiting subdifferential enjoys the following sum rule:
For two lower semicontnuous functions f, g : Rn → R ∪ {+∞} such that either f or g is locally

Lipchitz at x̄ ∈ Dom f ∩Dom g, one has

∂̂(f + g)(x) ⊆ ∂̂f(x̄) + ∂̂g(x̄).

Let f : Rn × Rm → R ∪ {+∞} be a function in the two variables x ∈ Rn and y ∈ Rm. Denote
by ∂Fx f(x, y), ∂Fy f(x, y), the partial Fréchet subdifferential of f with respect to the variables x, y,
respectively. It is obvious that

∂F f(x, y) ⊆ ∂Fx f(x, y)× ∂Fy f(x, y).

The following lemma gives a sufficient condition to guarantee the inverse inclusion.

Lemma 2.1 Let f : Rn × Rm → R ∪ {+∞} be a function in the two variables x ∈ Rn and y ∈ Rm
and let (x̄, ȳ) ∈ Dom f be given. If for x∗ ∈ ∂Fx f(x̄, ȳ), the following condition is satisfied: for any
ε > 0, there exists δ > 0 such that

〈x∗, x− x̄〉 ≤ f(x, y)− f(x̄, y) + ε‖x− x̄‖, ∀(x, y) ∈ B(x, δ)×B(ȳ, δ), (3)

then one has
{x∗} × ∂Fy f(x, y) ⊆ ∂F f(x, y).

As a result, if f(x, y) is of the form

f(x, y) = f1(x) + f2(y) +Q(x, y), (x, y) ∈ Rn × Rm,

where, Q is a continuously differentiable at (x̄, ȳ) ∈ Dom f, then

∂F f(x̄, ȳ) = ∂Fx f(x̄, ȳ)× ∂Fy f(x̄, ȳ).

Proof. It is straightforward from the definition of the Fréchet subdifferential. �

A function f : Rn × Rm → R ∪ {+∞} is said to be partially convex if for each x ∈ Rn and each
y ∈ Rm, the functions f(x, ·) and f(·, y) are convex.

Corollary 2.1 Suppose that f : Rn × Rm → R ∪ {+∞} be a partially convex function in the two
variables x ∈ Rn and y ∈ Rm and that, for (x̄, ȳ) ∈ Dom f, the partial subdifferential ∂xf(x̄, y) is
lower semicontinuous with respect to the variable y at ȳ, in the sense: for any ε > 0, there is δ > 0
such that

∂xf(x̄, ȳ) ⊆ ∂xf(x̄, y) + εBRn ∀y ∈ B(ȳ, δ).

Then one has
∂F f(x̄, ȳ) = ∂xf(x̄, ȳ)× ∂yf(x̄, ȳ).
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Proof. Let ε > 0, and let δ > 0 such that

∂xf(x̄, ȳ) ⊆ ∂xf(x̄, y) + εBRn ∀y ∈ B(ȳ, δ).

Then, for any x∗ ∈ ∂Fx f(x̄, ȳ) = ∂Fx f(x̄, ȳ),

x∗ ∈ ∂xf(x̄, y) + εBRn ∀y ∈ B(ȳ, δ).

Hence,
〈x∗, x− x̄〉 ≤ f(x, y)− f(x̄, y) + +ε‖x− x̄‖, ∀(x, y) ∈ B(x, δ)×B(ȳ, δ),

and the conclusion follows from Lemma 2.1. �

The next lemma gives the relationship between the Fréchet/limiting subdifferential and the partial
subdifferentials of a partially convex function, by using directional derivatives.

Lemma 2.2 Let g : Rn ×Rm → R ∪ {+∞} be a lower semicontinuous partially convex function. Let
(x̄, ȳ) ∈ Dom g be given. Then the followings hold.

(i) ∂F g(x̄, ȳ) ⊆ ∂xg(x̄, ȳ)× ∂yg(x̄, ȳ).

(ii) If for each x ∈ Rn and y ∈ Rm, the functions g(x, ·), g(·, y) are continuous at x̄, ȳ, respectively,
then

∂̂g(x̄, ȳ) ⊆ ∂xg(x̄, ȳ)× ∂yg(x̄, ȳ).

Moreover, the equality is valid if in addition, either g′x((x̄, y), u) is uniformly lower semicontin-
uous in the variable y for u ∈ BRn or g′y((x, ȳ), v) is uniformly lower semicontinuous in the
variable x for v ∈ BRm , and in this case, one has

∂F g(x̄, ȳ) = ∂̂g(x̄, ȳ) = ∂xg(x̄, ȳ)× ∂yg(x̄, ȳ).

Proof. The inclusion (i) is obvious from definition. For (ii), let (x∗, y∗) ∈ ∂̂g(x̄, ȳ). By the definition,
there exist sequences (xk, yk) → (x̄, ȳ) with g(xk, yk) → (x̄, ȳ); (x∗k, y

∗
k) ∈ ∂F g(xk, yk) such that

(x∗k, y
∗
k)→ (x∗, y∗). Thanks to (i), x∗k ∈ ∂xg(xk, yk) and y∗k ∈ ∂yg(xk, yk). Hence,

〈x∗k, x− xk〉 ≤ g(x, yk)− g(xk, yk) for all x ∈ Rn;

〈y∗k, y − yk〉 ≤ g(xk, y)− g(xk, yk) for all y ∈ Rm.

Since g(x, ·), g(·, y) are continuous at x̄, ȳ, respectively, by letting k →∞ in the two inequalities, one
obtains

〈x∗, x− x̄〉 ≤ g(x, ȳ)− g(x̄, ȳ) for all x ∈ Rn;

〈y∗, y − ȳ〉 ≤ g(x̄, y)− g(x̄, ȳ) for all y ∈ Rm.

That is (x∗, y∗) ∈ ∂xg(x̄, ȳ),×∂yg(x̄, ȳ).

Assume now that, for instance, g′x((x̄, y), u) is uniformly lower semicontinuous in the variable y for
u ∈ BRn . Then, for any ε > 0, there is δ > 0 such that

g′x((x̄, y), u) ≥ g′x((x̄, ȳ), u)− ε ∀y ∈ B(ȳ, δ), ∀u ∈ BRn .
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By the positive homogeneousness of g′x((x̄, y), u), in the variable u, one has

g′x((x̄, y), x− x̄) ≥ g′x((x̄, ȳ), x− x̄)− ε‖x− x̄‖ ∀y ∈ B(ȳ, δ), ∀x ∈ Rn.

Let (x∗, y∗) ∈ ∂xg(x̄, ȳ)× ∂yg(x̄, ȳ) be given. For y ∈ B(ȳ, δ) and x ∈ Rn, one has

g(x, y)− g(x̄, ȳ) = [g(x, y)− g(x̄, y)] + [g(x̄, y)− g(x̄, ȳ)]
≥ g′x((x̄, y), x− x̄) + 〈y∗, y − ȳ〉
≥ g′x((x̄, ȳ), x− x̄)− ε‖x− x̄‖+ 〈y∗, y − ȳ〉
≥ 〈x∗, x− x̄〉+ 〈y∗, y − ȳ〉 − ε‖x− x̄‖.

Therefore,
(x∗, y∗) ∈ ∂F g(x̄, ȳ) ⊆ ∂g(x̄, ȳ),

which completes the proof of the lemma. �

A relationship between the sudifferentials and the partial subdifferentials of partially DC functions
is reported in the following lemma.

Lemma 2.3 Let g, h : Rn×Rm → R∪{+∞} be lower semicontinuous partially convex functions. Let

f(x, y) := g(x, y)− h(x, y), (x, y) ∈ Rn × Rm.

For given (x̄, ȳ) ∈ Rn × Rm, suppose that g(·, y), g(x, ·) are continuous at x̄, ȳ, respectively, and h is
locally Lipschitz around (x̄, ȳ) ∈ Rn × Rm. Then one has

∂F f(x̄, ȳ) ⊆ ∂̂f(x̄, ȳ) ⊆ (∂xg(x̄, ȳ)− ∂xh(x̄, ȳ))× (∂yg(x̄, ȳ)− ∂yh(x̄, ȳ)).

Moreover, the equalities hold when h is continuously differentiable at (x̄, ȳ) and the either g′x((x̄, y), u)
is uniformly lower semicontinuous in the variable y for u ∈ BRn or g′y((x, ȳ), v) is uniformly lower
semicontinuous in the variable x for v ∈ BRm .

Proof. Since h is locally Lipschitz, by the sum rule for the limiting subdifferential, one has

∂̂f(x̄, ȳ) ⊆ ∂̂g(x̄, ȳ) + ∂̂(−h)(x̄, ȳ)

By Lemma 2.2,
∂̂g(x̄, ȳ) ⊆ ∂xg(x̄, ȳ)× ∂yg(x̄, ȳ).

Therefore, it suffices to show that

∂̂(−h)(x̄, ȳ) ⊆ −∂xh(x̄, ȳ)× ∂yh(x̄, ȳ).

Indeed, let (x∗, y∗k) ∈ ∂̂(−h)(x̄, ȳ). Then there are sequences (xk, yk)→ (x̄, ȳ); (x∗k, y
∗
k) ∈ ∂F (−h)(xk, yk)

such that (x∗k, y
∗
k)→ (x∗, y∗). By the definition of the Fréchet subdifferential, for each index k, for any

ε > 0, there is δ > 0 such that

〈x∗k, u〉+ 〈y∗k, v〉 ≤ −h(xk + u, yk + v) + h(xk, yk) + ε(‖u‖+ ‖v‖) ∀(u, v) ∈ δBRn×Rm .

It implies that
〈x∗k, u〉 ≤ −h(xk + u, yk) + h(xk, yk) + ε‖u‖ ∀u ∈ δBRn ;
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〈y∗k, v〉 ≤ −h(xk, yk + v) + h(xk, yk) + ε‖v‖ ∀v ∈ δRm.
For any d ∈ Rn, when t is sufficiently small such as t‖d‖ ≤ δ, one has

〈x∗k,−td〉 ≤ −h(xk − td, yk) + h(xk, yk) + εt‖d‖.

Thanks to the convexity of h, one has

h(xk, yk)− h(xk − td, yk) ≤ h(xk + td)− h(xk, yk).

By taking this into account of the preceding relation, one derives that for for d ∈ Rn, when t > 0 is
sufficiently small,

〈x∗k,−d〉 ≤
h(xk + td, yk)− h(xk, yk)

t
+ ε‖d‖,

which implies

〈−x∗k, d〉 ≤ h′x((xk, yk), d) + ε‖d‖ ≤ h(xk + d, yk)− h(xk, yk) + ε‖d‖.

Here, the second inequality follows from the convexity of h(·, yk), which guarantees

h′x((xk, yk), d) ≤ h(xk + d, yk)− h(xk, yk).

By letting k →∞, and as ε > 0 is arbitrary, one obtains

〈−x∗, d〉 ≤ h(x̄+ d, ȳ)− h(x̄, ȳ) for all d ∈ Rn.

That is, −x∗ ∈ ∂xh(x̄, ȳ). Similarly, one also obtains −y∗ ∈ ∂yh(x̄, ȳ).

When h is continuously differentiable at (x̄, ȳ), then

∂̂f(x̄, ȳ) = ∂g(x̄, ȳ)−∇h(x̄, ȳ).

The conclusion follows directly from Lemma 2.2 (ii). �

Recall also that the Clarke subdifferential of a locally Lipschitz f : Rn → R∪{+∞} at x is defined
by

∂◦f(x) = {x∗ ∈ Rn : 〈x∗, d〉 ≤ f◦(x, d) ∀d ∈ Rn}.
Where, f◦(x, d) is the Clarke generalized directional derivative defined by

f◦(x, d) = lim sup
z→x,t↓0

f(z + td)− f(z)

t
.

The following well-known properties are useful in the sequel.

(i) If f is locally Lipschitz around x, then ∂0f(x) = co∂̂f(x), which coincides with the subdifferential
in Convex Analysis when f is a convex function.

(ii) If f := g− h; g is a continuous convex function and h is a differentiable convex function around
x ∈ Rn,, then

∂◦f(x) = ∂̂f(x) = ∂F f(x) = ∂g(x)−∇h(x).

(ii) If f := g− h; g is a differentiable convex function and h is a continuous convex function around
x ∈ Rn, then

∂◦f(x) = ∇g(x)− ∂h(x).

If 0 ∈ ∂◦f(x), then we say that a point x ∈ Dom f is a Clarke critical point of f.

7



2.2 Subanalytic functions and Lojasiewicz inequality

We briefly recall the notion of subanalytic functions (see [18], [19]).

Definition 2.1 (i) A subset C of Rn is said to be semianalytic if each point of Rn, there exists a
neighborhood V such that C ∩ V is of the following form:

C ∩ V =

p⋃
i=1

q⋂
j=1

{x ∈ V : fij(x) = 0, gij(x) > 0},

where fij , gij : V → R (1 ≤ i ≤ p, 1 ≤ j ≤ q ) are real-analytic functions.
(ii) A subset C of Rn is called subanalytic if each point of Rn, there exists a neighborhood V such

that
C ∩ V = {x ∈ Rn : ∃y ∈ Rm, (x, y) ∈ D},

where D is a bounded seminalytic subset of Rn × Rm with m ≥ 1.
(iii) A function f : Rn → R ∪ {+∞} is said to be subanalytic if its graph gph f is a subanalytic

subset of Rn × R.

It is obvious that the class of subanalytic sets (resp. functions) contains all analytic sets (resp.
functions). Let us list some of the elementary properties of subanalytic sets and subanalytic functions
(see, e.g., [10], [18], [26]):

(i) Subanalytic sets are closed under locally finite union and intersection. The complement of a
subanalytic set is subanalytic.

(ii) The closure, the interior, the boundary of a subanalytic set are subanalytic.

(iii) A closed C ⊆ Rn is subanalytic iff its indicator function χC , defined by χC(x) = 0 if x ∈ C and
+∞ otherwise, is subanalytic.

(iv) Given a subanalytic set C, the distance function dC(x) := infz∈C ‖x−z‖ is a subanalytic function.

(v) Let f, g : X → R be continuous subanalytic functions, where X ⊆ Rn is a subanalytic set. Then
the sum f + g is subanalytic if f maps bounded sets on bounded sets, or if both two functions
are bounded from below.

(vi) Let X ⊆ Rn, T ⊆ Rm be subanalytic sets, where T is compact. If f : X×T → R is a continuous
subanalytic function, then g(x) := mint∈T f(x, t) is continuous subanalytic.

(vii) Let X ⊆ Rn be subanalytic set and let f, g : X → R be subanalytic functions. Then, f + g is
subanalytic if f maps bounded sets on bounded sets, or both two functions are bounded from
below.

The following proposition gives the subanalyticity of the conjugate of a convex function.

Proposition 2.1 If f : Rn → R ∪ {+∞} is a lower semicontinuous subanalytic strongly convex
function then its conjugate f∗ is a C1,1 (the class of functions whose derivative is Lipschitz) subanalytic
convex function.
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Proof. It is well-known that the conjugate of a lower semicontinuous strongly convex function is of
the class C1,1. Let us prove that f∗ is subanalytic. Let ρ > 0 is the modulus of the strong convexity
of f. Take ρ1 ∈ (0, ρ) and set h(x) := f(x) − ρ1

2 ‖x‖
2, x ∈ Rn. Then h is a strongly convex function.

One has, by the definition of the conjugate

f∗(x) = − infy∈Rn{f(y)− 〈x, y〉} = − infy∈Rn{h(y) + ρ1
2 ‖y‖

2 − 〈x, y〉}

= − infy∈Rn{h(y) + ρ1
2 ‖x/ρ1 − y‖2}+ 1

2‖x‖
2 = −ϕ(x) +

ρ
−1/2
1
2 ‖x‖

2,

where,

ϕ(x) = inf
y∈Rn
{h(y) +

ρ1

2
‖x/ρ1 − y‖2}, x ∈ Rn.

According to Proposition 2.9 in ([7]), the function ϕ is subanalytic. Thus f∗ is subanalytic. �

The class of subanalytic functions possesses a nice property called the Lojasiewicz (gradient)
inequality. This inequality has been established by Lojasiewicz ([18] for differentiable subanalytic
functions, and then it is generalized by Bolte-Daniliidis-Lewis ([7]), to nonsmooth analytic functions.
Let us recall the nonsmooth version of the important inequality, which is useful in our convergence
analysis of algorithm.

Theorem 2.1 (Theorem 3.1, [7]) Let f : Rn → R ∪ {+∞} be a subanalytic function such that its
domain Dom f is closed and f |Dom f is continuous and let x0 is a critical point of f. Then there exist
θ ∈ [0, 1), L > 0 and a neighborhood V of x0 such that the following inequality holds.

|f(x)− f(x0)|θ ≤ L‖x∗‖ for all x ∈ V, x∗ ∈ ∂F f(x),

where a convention 00 = 1 is used.

The number θ in the theorem is called a Lojasiewicz exponent of the critical point x0.

A general version of the Lojasiewicz inequality established by Kyrdyka [?] that is called ”Kurdyka-
Lojasiewicz inequality” is satisfies for definable functions on o-minimal structures. This general in-
equality was also developped for nonsmooth functions by Bolte et al [9]. We will recall it in Section
3.

2.3 Brief presentation on DC programming and DC algorithm

We consider now a standard d.c. program, that is, an optimization problem of the form:

(P) α = inf{f(x) := g(x)− h(x) : x ∈ Rn}

where g, h belong to Γ0(Rn), the class of lower semicontinuous proper convex functions on Rn. The
function f is called a DC function on Rn. Remark that the closed convex constraint set C is incor-
porated in the first convex DC component g with the help of its indicator function χC (χC (x) := 0
if x ∈ C,+∞ otherwise). Recall the natural convention +∞− (+∞) = +∞ and that α ∈ R implies
dom g := {x ∈ Rn : g(x) < +∞} ⊂ dom h. The dual problem of (P is defined by

(D) α = inf{h∗(y)− g∗(y) : y ∈ Rn}.
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where g∗, h∗ are the conjugate functions of g, h, respectively, i.e.,

g∗(y) := sup{〈x, y〉 − g(x) : x ∈ Rn}.

A point x∗ ∈ Rn (resp. y∗ ∈ Rn) is called a weak critical point of d.c problem (P) if 0 ∈
∂g(x∗) ∩ ∂h(x∗) (resp. 0 ∈ ∂g∗(y∗) ∩ ∂h∗(y∗).

For a d.c. optimization problem with a set constraint:

inf{f(x) : x ∈ C},

where f is a d.c. function and C ⊆ Rn is a nonempty convex set, we can equivalently transform it
into a standard d.c. program by using the indicator function of C as follow.

inf{f(x) + χC(x) : x ∈ Rn}.

Note that if f is a subanalytic function and C is a subanalytic set then so is the function f + χC .

In the convex approach to DC programming, the DCA, based on local optimality and DC duality.
The DCA consists in the construction of the two sequences {xk} and {yk} (candidates for being primal
and dual solutions, respectively) that we improve at each iteration (thus, the sequences {g(xk)−h(xk)}
and {h∗(yk)− g∗(yk)} are decreasing) in an appropriate way such that their corresponding limits x∞

and y∞ satisfy local optimality conditions (see, e.g., [14], [15], [22], [23]).

DC Algorithm (DCA) (simplified form) consists of constructing the two sequences {xk} and {yk},
starting a given x0 ∈ Dom g by setting

(DCA) yk ∈ ∂h(xk); xk+1 ∈ ∂g∗(yk).

3 Partial DC programming and alternative DC algorithm

Consider a partial DC program of the form:

(PDCP ) inf{f(x, y) = g(x, y)− h(x, y) : (x, y) ∈ Rn × Rm}.

Where, g, h : Rn × Rm → R ∪ {+∞} are lower semicontinuous partial convex functions. Such the
function f is called a partially DC function. A subset C ∈ Rn × Rm is said to be partially convex if
for each x ∈ Rn and each y ∈ Rm, the following sets are convex:

Cx = {y ∈ Rm : (x, y) ∈ C}; Cy = {x ∈ Rn : (x, y) ∈ C}.

Obviously, if C is convex then it is also partially convex, and C is a partially convex set iff its indicator
function χC is a partially convex function. By the help of indicator functions, we can equivalently
transform a partial DC program with a set constraint:

inf{f(x, y) : (x, y) ∈ C},

where f : Rn × Rm → R ∪ {+∞} is a partial DC function and C ⊆ Rn × Rm is a partial convex set,
into a partial DC optimization problem (PDCP) as follows.

inf{f(x, y) + χC(x, y) : (x, y) ∈ Rn × Rm}.
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Definition 3.1 A point (x, y) ∈ Rn×Rm is said to be a weak critical point of the partial DC program
(PDCP) if

0Rn ∈ ∂xg(x, y) ∩ ∂xh(x, y) and 0Rm ∈ ∂yg(x, y) ∩ ∂yh(x, y)

According to Lemma 2.3, a Fréchet critical point is a weak critical point. When h is of C1 class around
x and g satisfies the assumptions of Lemma 2.2, then a weak critical point is a (Fréchet) critical point.

The alternative DC algorithm we propose here for solving (PDCP) consists of alternately construct-
ing the two sequences {(xk, yk)} {(x∗k, y∗k)} starting (x0, y0) ∈ Dom g. The terminology ”alternative
DCA” means that at each step, we apply DCA alternatively for solving a DC program in variables x
and y. The basis of the algorithm is described as follows.

ADCA: Alternative DC Algorithm

1. Initialization: Given (x0, y0) ∈ Dom g.

2. For k = 0, 1, ..., generating the sequences {(xk, yk)} and {(x∗k, y∗k)} by

• Compute x∗k ∈ ∂xh(xk, yk).

• Compute xk+1 ∈ ∂xg∗(·, yk)(x∗k); i.e., xk+1 is a solution of the convex program

min{g(x, yk)− 〈x, x∗k〉 : x ∈ Rn}. (4)

• Compute y∗k ∈ ∂yh(xk+1, yk).

• Compute yk+1 ∈ ∂yg∗(xk+1, ·)(y∗k) by solving the convex program

min{g(xk+1, y)− 〈y∗k, y〉 : y ∈ Rm}. (5)

3. If stopping criterion is met, then stop and we have (xk+1, yk+1) is the computed solution, oth-
erwise, set k = k + 1 and go to Step 2.

Output (xk, yk) and f(xk, yk) as the best known solution and objective function value.

Due to the inexactness of practical computations, more general, we consider an inexact version of
(ADCA) as follows. Recall that xε ∈ Rn is an ε−solution of the problem inf{f(x) : x ∈ Rn}, for
some ε > 0 if

f(xε) ≤ f(x) + ε for all x ∈ Rn.

IADCA: Inexact Alternative DC Algorithm

1. Initialization: Given (x0, y0) ∈ Dom g and ε0 ≥ 0.

2. For k = 0, 1, ..., update εk ≥ 0 and generating the sequences {(xk, yk)} and {(x∗k, y∗k)} by

• Compute x∗k ∈ ∂εkx h(xk, yk).

• Compute xk+1 ∈ ∂εkx g∗(·, yk)(x∗k); i.e., xk+1 is an εk−solution of the convex program

min{g(x, yk)− 〈x, x∗k〉 : x ∈ Rn}. (6)
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• Compute y∗k ∈ ∂εky h(xk+1, yk).

• Compute yk+1 ∈ ∂εky g∗(xk+1, ·)(y∗k) by searching an εk−solution the convex program

min{g(xk+1, y)− 〈y∗k, y〉 : y ∈ Rm}. (7)

3. If stopping criterion is met, then stop and we have (xk+1, yk+1) is the computed solution, oth-
erwise, set k = k + 1 and go to Step 2.

3.1 Convergence Analysis of PDCA

Let g, h : Rn ×Rm → R ∪ {+∞} be lower semicontinuous partially convex functions. For eachx ∈ Rn
and y ∈ Rm, denote by ρ(g, y), ρ(g, x) and ρ(h, x), ρ(h, y) the convex modulus of g(·, y), g(·, y), g(·, y),
g(·, y), respectively. For x ∈ Rn, y ∈ Rm, set

ρ(y) := ρ(g, y) + ρ(h, y) and ρ(x) := ρ(g, x) + ρ(h, x).

Let us Consider the partial DC program (PDCP). Firstly, we establish some lemmata which are needed
in the proof of the convergence results.

Lemma 3.1 Let ϕ : Rn → R ∪ {+∞} be a lower semicontinuous convex function and ε > 0. For
∈ Dom ϕ and x∗ ∈ ∂εϕ(x), there exists z ∈ B̄(x,

√
ε) such that

x∗ ∈ ∂ϕ(z) +
√
εBRn .

Proof. By the definition,
〈x∗, y − x〉 ≤ ϕ(y)− ϕ(x) + ε, ∀y ∈ Rn,

equivalently,
g(x)− 〈x∗, x〉 ≤ g(y)− 〈x∗, y〉+ ε, ∀y ∈ Rn.

By applying the Ekeland variational principle ([11]) to the function y 7→ g(y) − 〈x∗, y〉, we find
z ∈ B̄(x,

√
ε) such that

g(z)− 〈x∗, z〉 ≤ g(y)− 〈x∗, y〉+
√
ε‖y − z‖, ∀y ∈ Rn.

Therefore,
x∗ ∈ ∂(g +

√
ε‖ · −z‖)(z) = ∂ϕ(z) +

√
εBRn .

�

Lemma 3.2 Let ϕ : Rn → R ∪ {+∞} be a ρ−convex function. For any ε ≥ 0, t ∈ (0, 1) and any
x∗ ∈ ∂εϕ(x), x ∈ Dom ϕ, one has

〈x∗, z − x〉 ≤ ϕ(z)− ϕ(x)− ρ(1− t)
2

‖z − x‖2 + ε/t ∀z ∈ Rn.

Proof. As x∗ ∈ ∂εϕ(x), one has

〈x∗, z − x〉 ≤ ϕ(z)− ϕ(x) + ε ∀z ∈ Rn.
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For z ∈ Rn and t ∈ (0, 1),

ϕ(x+ t(z − x)) ≤ tϕ(z) + (1− t)ϕ(x)− ρt(1− t)
2

‖z − x‖2.

By taking x+ t(z − x) into account of z in the first relation, and in using this iequality, one obtains

〈x∗, z − x〉 ≤ ϕ(z)− ϕ(x)− ρ(1− t)
2

‖z − x‖2 + ε/t.

. �

The following lemma is crucial to establish the convergence of (ADCA).

Lemma 3.3 Let {wk} := {(xk, yk)} be a sequence generated by (IADCA), with respect to a updated
sequence {εk} with εk ≥ 0 for all k ≥ 0..

(i) For every k = 0, 1, ..., one has

ρ(yk)

4
‖xk+1 − xk‖2 +

ρ(xk+1)

4
‖yk+1 − yk‖2 ≤ f(xk+1, yk+1)− f(xk, yk) + 8εk.

As a result, for the exact algorithm ADCA, i.e., εk = 0 for all k ≥ 0, then the sequence
{f(xk, yk)} is nonincreasing.

(ii) If
∑∞

k=1 εk <∞ and

lim inf
k→∞

min{ρ(yk), ρ(xk)} > 0 and lim inf
k→∞

f(xk, yk) > −∞,

then
∞∑
k=1

‖wk − wk+1‖2 < +∞, and therefore lim
k→∞

‖wk − wk+1‖ = 0.

Proof. (i). As x∗k ∈ ∂εkx h(xk, yk), by using Lemma 3.2 with t = 1/2, one has

〈x∗k, xk+1 − xk〉 ≤ h(xk+1, yk)− h(xk, yk)−
ρ(h, yk)

4
‖xk+1 − xk‖2 + 2εk. (8)

Since xk+1 ∈ ∂εkg∗(·, yk)(x∗k), equivalently, x∗k ∈ ∂εkx g(xk+1, yk), one also has

〈x∗k, xk − xk+1〉 ≤ g(xk, yk)− g(xk+1, yk)−
ρ(g, yk)

4
‖xk+1 − xk‖2 + 2εk. (9)

By adding inequalities (8) and (9), one obtains

ρ(yk)

4
‖xk+1 − xk‖2 ≤ f(xk, yk)− f(xk+1, yk) + 4εk. (10)

Similarly, one has

〈y∗k, yk+1 − yk〉 ≤ h(xk+1, yk+1)− h(xk+1, yk)−
ρ(h, xk+1)

4
‖yk+1 − yk‖2 + 2εk,
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and

〈y∗k, yk − yk+1〉 ≤ g(xk+1, yk)− g(xk+1, yk+1)− ρ(g, xk+1)

4
‖yk+1 − yk‖2 + 2εk,

which imply
ρ(xk+1)

4
‖yk+1 − yk‖2 ≤ f(xk+1, yk)− f(xk+1, yk+1) + 4εk. (11)

By adding (10) and (11), one obtains (i).

(ii). By the assumption, there is an index k0 ≥ 0 such that for some ρ > 0,

min{ρ(xk), ρ(yk)} ≥ ρ > 0 for all k ≥ k0.

Then, according to part (i), one has

ρ
4

∑∞
k=k0

‖wk+1 − wk‖2 ≤
∑∞

k=k0

(
ρ(yk)

4 ‖xk+1 − xk‖2 +
ρ(xk+1)

4 ‖yk+1 − yk‖2
)

≤ f(xk0 , yk0)− lim infk→∞ f(xk, yk) + 8
∑∞

k=k0
εk < +∞.

Thus (ii) is proved. �

By making use of this lemma, we establish the following convergence result.

Theorem 3.1 Consider problem (PDCP). Assume that f : Rn × Rm → R ∪ {+∞} is lower semi-
continuous and g, h : Rn × Rm → R ∪ {+∞} are lower semicontinuous partially convex functions
and that for each x ∈ Rn, y ∈ Rm, the function g(·, y); h(·, y) and g(x, ·); h(x, ·) are continuous. Let
{wk} := {(xk, yk)} be a sequence generated by (IADCA), with respect to a updated sequence {εk} with
εk ≥ 0 for all k ≥ 0 such that

∞∑
k=0

εk < +∞ and lim inf
k→∞

min{ρ(yk), ρ(xk)} > 0.

Then for any subsequence {wkl} := {(xkl , ykl)} of {wk}, converging to w̄ = (x̄, ȳ) such that {(x∗kl , x
∗
kl

)}
is bounded, the point w̄ is a weak critical point of problem (PDCP).

Proof. Let {wkl} := {(xkl , ykl)} of {wk} such that it converges to w̄ = (x̄, ȳ) and {w∗kl} := {(x∗kl , x
∗
kl

)}
is bounded. Without loss of generality, assume that the sequence {w∗k} converges to w∗. By the lower
semicontinuity of f , there is an index l0 such that

f(xkl , ykl) > f(x̄, ȳ)− 1 ∀l ≥ l0.

For any k ≥ 0, pick an index l ≥ l0 such that k ≤ kl. Thanks to Lemma 3.3 (i), one has

f(xk, yk) ≥ f(xkl , ykl)− 8

kl−1∑
i=k

εi ≥ f(x̄, ȳ)− 8

∞∑
i=0

εi − 1.

Thus lim infk→∞ f(xk, yk) > −∞. By virtue of Lemma 3.3 (ii), one obtains limk→∞ ‖wk+1 −wk‖ = 0.
Therefore, liml→∞wkl = liml→∞wkl+1 = w̄.

As x∗kl ∈ ∂
εk
x h(xkl , ykl),

〈x∗kl , x− xkl〉 ≤ h(x, ykl)− h(xkl , ykl) + εkl for all x ∈ Rn.
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By letting l → ∞, since limk→∞ εk = 0; lim inf l→∞ h(xkl , ykl) ≥ h(x̄, ȳ) as well as liml→∞ h(x, ykl) =
h(x, ȳ), for each x ∈ Rn, one obtains

〈x∗, x− x̄〉 ≤ h(x, ȳ)− h(x̄, ȳ) ∀x ∈ Rn,

that is, x∗ ∈ ∂xh(x̄, ȳ). Next, since xkl+1 ∈ ∂
εkl
x g∗(·, ykl)(x∗kl), equivalently,

〈x∗kl , x− xkl+1〉 ≤ g(x, ykl)− g(xkl+1, ykl) + εkl for all x ∈ Rn.

As before, let l→∞ to obtain x∗ ∈ ∂xg(x̄, ȳ), that shows

x∗ ∈ ∂xg(x̄, ȳ) ∩ ∂xh(x̄, ȳ)

Similarly, we also derive
y∗ ∈ ∂yg(x̄, ȳ) ∩ ∂yh(x̄, ȳ).

That is, w̄ is a weak critical point of (PDCP). �

Next, we establish the convergence results of the whole sequence {xk} generated by ADCA and
by IADCA when the cost function is subanalytic. The proof of the following convergence theorems
are based on the nonsmooth version of the Lojasiewicz inequality (Theorem 3.1, [7]), inspired by
Lojasiewicz [18] and Attouch- Bolte [2]. We make use of the following assumptions:

(A1) The function g is differentiable with locally Lipschitz drivative, and for each (x, y) ∈ Dom f,
the partial subdifferentials ∂xh(u, ·), ∂yh(·, v) are locally Lipschitz uniformly in u, v, respectively
around (x, y) on Dom h, that is, for each (x, y) ∈ Rn × Rm, there exist κ, δ > 0 such that

∂xh(u, v1) ⊆ ∂xh(u, v2) + κ‖v1 − v2‖BRn ∀(u, v1), (u, v2) ∈ Dom h ∩B((x, y), δ); (12)

∂yh(u1, v) ⊆ ∂yh(u2, v) + κ‖u1 − u2‖BRm ∀(u1, v), (u2, v) ∈ Dom h ∩B((x, y), δ). (13)

(A2) The function h is differentiable with locally Lipschitz deriative, and for each (x, y) ∈ Dom f,
∂xg(u, ·), ∂yg(·, v) are locally Lipschitz uniformly in u, v, respectively around (x, y) on Dom g.

Obviously, (A1) is satisfied if g is differentiable with locally Lipschitz drivative and h is of the form

h(x, y) := h1(x) + h2(y) +Q(x, y), (x, y) ∈ Rm × Rn,

where, Q is continuously differentiable with locally Lipschitz derivative. And so (A2) is satisfied when
h is differentiable with locally Lipschitz drivative; g is

g(x, y) := g1(x) + g2(y) +Q(x, y), (x, y) ∈ Rm × Rn.

Note that if (A1) is satisfied , then the assumption of Corollary 2.1 is fulfilled for the function h
at all (x, y) ∈ Dom f, therefore, one has, for (x, y) ∈ Dom f,

∂F (−f)(x, y) = ∂xh(x, y)× ∂yh(x, y)−∇g(x, y). (14)
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Similarly, if (A2) is satisfied , then the assumption of Corollary 2.1 is fulfilled for the function g, and
one has, for (x, y) ∈ Dom f,

∂F f(x, y) = ∂xg(x, y)× ∂yg(x, y)−∇h(x, y). (15)

For w0 ∈ Rn × Rm and a sequence of positives {εk}, set

C(w0, {εk}) =

{
w̄ ∈ Rm × Rn : w̄ is a limit point of a sequence generated by IDCA

from the starting point w0, with respect to {εk}

}
.

Theorem 3.2 Let us consider partial DC problem (PDCP). Let (x0, y0) ∈ Dom f be given. Let
the sequences {wk} = {(xk, yk)} and {w∗k} = {(x∗k, y∗k)} are generated by IADCA . Suppose that the
following assumptions are satisfied:

(i) The function f : Rn × Rm → R ∪ {+∞} is subanalytic, and Dom f is closed; f |Dom f is locally
Lipschitz.

(ii) The function g, h : Rn×Rm → R∪{+∞} are lower semicontinuous partially convex; and either
(A1) or (A2) is satisfied.

(iii) There exists a sequence {rk} of positive reals such that C(w0, {rk}) is bounded.

Then there exists a sequence {βk} of positive reals such that for all sequences {xk} generated by IADCA
from the starting point w0 with respect to an updated sequence {εk} satisfying

lim inf
k→∞

min{ρ(xk), ρ(yk)} > ρ > 0; (16)

0 ≤ εk ≤ min
{
rk, βk‖wk − wk−1‖2

}
, k = 1, 2, ..., (17)

Then, the sequence {wk} converges to a (weak) critical point (PDCP). Moreover, under (A1) this weak
limit point is a Clarke critical point, and under (A2), it is a Fréchet critical point.

Proof. Consider the closure hull C̄(w0, {rk}) of C(w0, {rk}). Then, C̄(w0, {rk}) is compact. According
to the Lojasiewicz inequality, applied for the subanalytic functions f and −f , by shrinking ε(x) if
necessary, for each w ∈ C̄(w0, {rk}), we can find L(w) > 0; θ(w) ∈ [0, 1) such that

|f(u)− f(w)|θ(w) ≤ L(w)‖u∗‖ for all u ∈ B(w, ε(w)); u∗ ∈ ∂F f(u) ∪ ∂F (−f)(u). (18)

By the compactness of C̄(w0, {rk}), there exist z1, z2, ..., zp ∈ C̄(w0, {rk}) such that C̄(w0, {rk}) ⊆⋃p
i=1B(zi, ε(zi)/2). Set

ε := min{ε(zi)/2 : i = 1, ..., p}, θ = max{θ(zi) : i = 1, ..., p},

and L = max{L(zi) : i = 1, ..., p}. Let w ∈ C̄(w0, {rk}). There is some zi, such that w ∈ B(zi, ε(zi)/2).
Moreover, we can find δw ∈ (0, ε) such that |f(u)− f(w)| < 1 for u ∈ Dom f ∩B(w, δw) and

|f(u)− f(w)| ≤ |f(u)− f(zi)| for all u ∈ B(w, δw).
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Since B(w, δw) ⊆ B(zi, ε(zi)), from (18), one derives

|f(u)− f(w)|θ ≤ |f(u)− f(w)|θ(zi) ≤ |f(u)− f(zi)|θ(zi)
≤ L‖u∗‖ for all u ∈ B(w, δw); u∗ ∈ ∂F f(u) ∪ ∂F (−f)(u).

(19)

Let {βk} be a sequence of positives such that
∑∞

k=0 β
θ/2
k <∞. Let {εk} and {xk} generated by IADCA

such that (16) and (17) are satisfied. According to Lemma 3.3, when k is sufficiently large, one has

ρ

4
‖wk − wk+1‖2 ≤ f(wk)− f(wk+1) + 8εk. (20)

Without loss of generality, assume that βk < ρk/64 and (20) holds for all k = 0, 1, .... By the way,∑∞
k=0 εk <∞, and {wk} is bounded. Furthermore, under (A1) or (A2), according to Lemma 3.1, the

sequence {w∗k} is also bounded. By virtue of Lemma 3.3,
∑∞

k=0 ‖wk − wk+1‖2 < ∞, and each limit
point of {wk} is a weak critical point of (PDCP). Pick a subsequence {wkl} of {wk} such that {f(wkl)}
is convergent. For k sufficiently large, and for indices l1, l2 such that kl1 < k < kl2 , by (20), one has

f(wkl1 )− f(xk) =

k−1∑
j=kl1

[f(wj)− f(wj+1] ≥ ρ

4

k−1∑
j=kl1

‖wj − wj+1‖2 − 8

k−1∑
j=kl1

εj ;

f(wk)− f(wkl2 ) =

kl2−1∑
j=k

[f(wj)− f(wj+1] ≥ ρ

4

kl2−1∑
j=k

‖wj − wj+1‖2 − 8

kl2−1∑
j=k

εj .

These inequality together the convergence of
∑∞

k=0 ‖wk−wk+1‖2 and
∑∞

k=0 εk yield the convergence of
the whole sequence {f(wk)}. Without loss of generality, assume that limk→∞ f(wk) = 0. Moreover,for
k = 0, 1, ..., one has

f(wk+1) + 8εk+1 ≤ f(wk+1) +
ρ

4
‖wk − wk+1‖2 ≤ f(wk) + 8εk.

That is, the sequence {f(wk) + 8εk} is a decreasing sequence, and therefore,

f(wk) + 8εk ≥ 0, for all k = 0, 1, ....

Denote by C the set of all limit points of {wk}. By assumption, {wk} is bounded, then obviously C is
a compact set, and moreover C ⊆ C̄(w0, {rk}). Let us consider the following cases.

Case 1. (A1) is verified. By assumptions, for each w ∈ C, pick κw, δw > 0 such that

‖∇g(w′)−∇g(w′′)‖ ≤ κw‖w′ − w′′‖ ∀w′, w′′ ∈ B(w, δw);

|f(w′)− f(w′′)| ≤ κw‖w′ − w′′‖ ∀w′, w′′ ∈ B(w, δw) ∩Dom f ;

∂xh(u, v1) ⊆ ∂xh(u, v2) + κw‖v1 − v2‖BRn ∀(u, v1), (u, v2) ∈ B(w, δw) ∩Dom f ;

∂yh(u1, v) ⊆ ∂yh(u2, v) + κw‖u1 − u2‖BRm ∀(u1, v), (u2, v) ∈ B(w, δw) ∩Dom f.

By virtue of (19), assume that for the same δw as above, one has

|f(w′)|θ ≤ L‖w∗‖ for all w′ ∈ B(w, δw); u∗ ∈ ∂F f(w′) ∪ ∂F (−f)(w′).
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By the compactness of C, we derive easily that there are some δ > 0 and κ > 0 such that

|f(w)|θ ≤ L‖w∗‖ for all w ∈ Rn × Rm with dC(w) < δ, w∗ ∈ ∂F f(u) ∪ ∂F (−f)(u), (21)

and

‖∇g(w′)−∇g(w′′)‖ ≤ κ‖w′ − w′′‖ ∀w′, w′′ ∈ B(w, δw) with dC(w
′) < δ, ‖w′ − w′′‖ < δ; (22)

|f(w′)− f(w′′)| ≤ κ‖w′ − w′′‖ ∀w′, w′′ ∈ Dom f with dC(w
′) < δ, ‖w′ − w′′‖ < δ; (23)

∂xh(u, v1) ⊆ ∂xh(u, v2)+κ‖v1−v2‖BRn ∀(u, v1), (u, v2) ∈ Dom f with dC((u, v1)) < δ, ‖v1−v2‖ < δ;
(24)

∂yh(u1, v) ⊆ ∂yh(u2, v)+κ‖u1−u2‖BRm ∀(u1, v), (u2, v) ∈ Dom f with dC((u1, v)) < δ, ‖u1−u2‖ < δ.
(25)

Let an index k0 such that

dC(wk) < δ/4; ‖wk − wk+1‖ < δ/4 and ε
1/2
k < δ/4 ∀k ≥ k0.

Let k ≥ k0 be arbitrary. Since

x∗k ∈ ∂εkx h(xk, yk) ∩ ∂εkx g(xk+1, yk),

Lemma 3.1 yields the existence of uk ∈ B̄(xk,
√
εk) and of u′k ∈ B̄(xk+1,

√
εk) such that

x∗k ∈ ∂xh(uk, yk) +
√
εkBRn ; (26)

x∗k ∈ ∇xg(u′k, yk) +
√
εkBRn ⊆ ∇xg(uk, yk) + (κ‖uk − u′k‖+

√
εk)BRn

⊆ ∇xg(uk, yk) + (κ‖xk − xk+1‖+ (2κ+ 1)
√
εk)BRn .

(27)

Similarly, as
y∗k ∈ ∂εky h(xk+1, yk) ∩ ∂εkx g(xk+1, yk+1),

there exist vk ∈ B̄(yk,
√
εk) and of v′k ∈ B̄(yk+1,

√
εk) such that

y∗k ∈ ∂yh(xk+1, vk) +
√
εkBRm ; (28)

y∗k ∈ ∇yg(xk+1, v
′
k) +

√
εkBRm ⊆ ∇yg(xk+1, vk) + (κ‖vk − v′k‖+

√
εk)BRm

⊆ ∇yg(xk+1, vk) + (κ‖yk − yk+1‖+ (2κ+ 1)
√
εk)BRn .

(29)

Note that (A1) guarantees that the assumption of Corollary 2.1 is satisfied for the functtion h (at
points under consideration). Hence,

∂F (−f)(uk, vk) = (∂xh(uk, vk)−∇xg(uk, vk))×(∂yh(uk, vk)−∇yg(uk, vk)) = ∂xf(uk, vk)×∂yf(uk, vk).
(30)

From (26) and (28), by (A2), one has

(x∗k, y
∗
k) ∈ ∂h(uk, vk) + (κ(‖yk − vk‖+ ‖uk − xk+1‖) + 2

√
εk)BRn×Rm

⊆ ∂h(uk, vk) + (κ‖wk − wk+1‖+ (2κ+ 2)
√
εk)BRn×Rm .

From (27) and (29),

(x∗k, y
∗
k) ∈ ∇g(uk, vk) + (κ(‖yk − vk‖+ ‖uk − xk+1‖+ ‖wk − wk+1‖) + 2

√
εk)BRn×Rm

⊆ ∇g(uk, vk) + (2κ‖wk − wk+1‖+ (4κ+ 2)
√
εk)BRn×Rm .
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The latter inclusions together relation (30) imply that there exists (u∗k, v
∗
k) ∈ ∂F (−f)(uk, vk) such that

‖(u∗k, v∗k)‖ ≤ 3κ‖wk − wk+1‖+ (6κ+ 3)
√
εk. (31)

Hence, by (21),
|f(uk, vk)|θ ≤ L[3κ‖wk − wk+1‖+ (6κ+ 3)

√
εk]. (32)

Then, (23) yields

0 ≤ (f(xk, yk) + 8εk)
θ ≤ (|f(uk, vk)|+ 2κ

√
εk + 8εk)

θ

≤ |f(uk, vk)|θ + (2κ)θε
θ/2
k + (8εk)

θ

≤ 3Lκ‖wk − wk+1‖+ αk.

(33)

Where, αk := L(6κ + 3)ε
1/2
k + (2κ)θε

θ/2
k + (8εk)

θ. By the definition of {εk} and the boundedness of
{xk}, then

∑∞
k=0 αk <∞.

Set γk = f(wk)+8εk, k = 0, 1, .... By using the concavity of the function t ∈ R 7→ t1−θ on (0,+∞),
from relation (20) and the preceding inequality, one derives that

γ1−θ
k − γ1−θ

k+1 ≥ (1− θ)γ−θk (γk − γk+1) ≥ (1− θ)[ρ‖wk − wk+1‖2/4− 8εk+1]

3L‖wk − wk+1‖+ αk
. (34)

As
0 ≤ εk+1 ≤ βk‖wk − wk+1‖2 ≤ ρ‖wk − wk+1‖2/64,

it follows that
‖wk − wk+1‖2

‖wk − wk+1‖+ αk
3Lκ

≤ 24Lκ

ρ(1− θ)
(γ1−θ
k − γ1−θ

k+1).

By using the inequality

b ≤ b2

a
+ a/4, a > 0, b ≥ 0,

one obtains
‖wk − wk+1‖ ≤ ‖wk−wk+1‖2

‖wk−wk+1‖+
αk
3Lκ

+ 1
4‖wk − wk+1‖+ αk

12Lκ

≤ 24Lκ
ρ(1−θ)(γ1−θ

k − γ1−θ
k+1) + 1

4‖wk − wk+1‖+ αk
12Lκ ,

which follows that

‖wk − wk+1‖ ≤
32Lκ

ρ(1− θ)
(γ1−θ
k − γ1−θ

k+1) +
αk

9Lκ
.

Therefore,
∞∑

k=k0

‖wk − wk+1‖ ≤
32Lκ

ρ(1− θ)
γ1−θ
k0

+
1

9Lκ

∞∑
k=k0

αk <∞.

Thus, the sequence {wk} converges to an unique limit point.

Case 2. (A2) is satisfied. Similarly to Case 1, we can find δ > 0 and κ > 0 such that

|f(w)|θ ≤ L‖w∗‖ for all w ∈ Rn × Rm with dC(w) < δ, w∗ ∈ ∂F f(u), (35)

and

‖∇h(w′)−∇h(w′′)‖ ≤ κ‖w′ − w′′‖ ∀w′, w′′ ∈ B(w, δw) with dC(w
′) < δ, ‖w′ − w′′‖ < δ; (36)
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|f(w′)− f(w′′) ≤ κ‖w′ − w′′‖ ∀w′, w′′ ∈ Dom f with dC(w
′) < δ, ‖w′ − w′′‖ < δ; (37)

∂xg(u, v1) ⊆ ∂xg(u, v2)+κ‖v1−v2‖BRn ∀(u, v1), (u, v2) ∈ Dom f with dC((u, v1)) < δ, ‖v1−v2‖ < δ;
(38)

∂yg(u1, v) ⊆ ∂gh(u2, v)+κ‖u1−u2‖BRm ∀(u1, v), (u2, v) ∈ Dom f with dC((u1, v)) < δ, ‖u1−u2‖ < δ.
(39)

Pick k0 such that

dC(wk−1) < δ/4; ‖wk − wk−1‖ < δ/4 and ε
1/2
k−1 < δ/4 ∀k ≥ k0.

Consider indices k ≥ k0. As

x∗k−1 ∈ ∂εkx h(xk−1, yk−1) ∩ ∂εkx g(xk, yk−1);

y∗k−1 ∈ ∂εky h(xk, yk−1) ∩ ∂εkx g(xk, yk),

By following the same arguments as in Case 1, but exchanging the roles of g and h, we can find
(uk, vk) ∈ B̄(xk,

√
εk−1)× B̄(yk,

√
εk−1), (u∗k, v

∗
k) ∈ ∂F f(uk, vk) such that

‖(u∗k, v∗k)‖ ≤ 3κ‖wk − wk−1‖+ (6κ+ 3)
√
εk−1. (40)

And therefore,
|f(uk, vk)|θ ≤ L[3κ‖wk − wk−1‖+ (6κ+ 3)

√
εk−1]. (41)

Then, (37) yields

0 ≤ (f(xk, yk) + 8εk)
θ ≤ (|f(uk, vk)|+ 2κ

√
εk−1 + 8εk)

θ

≤ |f(uk, vk)|θ + (2κ)θε
θ/2
k−1 + (8εk)

θ

≤ 3Lκ‖wk − wk−1‖+ α′k.

(42)

Here, α′k := L(6κ + 3)ε
1/2
k−1 + (2κ)θε

θ/2
k−1 + (8εk)

θ, and so
∑∞

k=1 α
′
k < ∞. With γk = f(wk) + 8εk,

k = 0, 1, ... as in Case 1, one has

γ1−θ
k − γ1−θ

k+1 ≥ (1− θ)γ−θk (γk − γk+1) ≥ (1− θ)[ρ‖wk − wk+1‖2/4− 8εk+1]

3Lκ‖wk − wk−1‖+ α′k
, (43)

‖wk − wk+1‖2

‖wk − wk−1‖+
α′k

3Lκ

≤ 24Lκ

ρ(1− θ)
(γ1−θ
k − γ1−θ

k+1).

By using again the inequality b ≤ b2

a + a/4, for a > 0, b ≥ 0, one derives

‖wk − wk+1‖ ≤ ‖wk−wk+1‖2
‖wk−wk−1‖+

αk
3Lκ

+ 1
4‖wk − wk+1‖+ αk

12Lκ

≤ 12Lκ
ρ(1−θ)(γ1−θ

k − γ1−θ
k+1) + 1

4‖wk − wk−1‖+
α′k

12Lκ ,

which follows that

‖wk − wk+1‖ ≤
32Lκ

1− θ
(γ
ρ(1−θ)
k − γ1−θ

k+1) +
αk

9Lκ
.

Therefore, by summing these inequalities for k = k0 to arbitrary N, and then letting N → ∞, on
obtains

∞∑
k=k0

‖wk − wk+1‖ ≤
1

3
‖wk0 − wk0−1‖+

32Lκ

ρ(1− θ)
γ1−θ
k0

+
1

9Lκ

∞∑
k=k0

α′k <∞.
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This implies that the sequence {xk} is convergent. The proof is completed. �

For the exact alternative DC algorithm ADCA, to obtain the convergence result, we need only a
weaker assumption that guarantees the Lojasiewicz inequality for f : f |Dom f is continuous, instead
of f |Dom f is locally Lipschitz. The proof of the convergence theorem for ADCA is completely
similar although so much simpler to the one of the preceding theorem. Furtheremore, we establish the
convergent rates of the sequence {wk} generated by ADCA.

Theorem 3.3 Let us consider partial DC problem (PDCP). Let (x0, y0) ∈ Dom f be given. Let
the sequences {wk} = {(xk, yk)} and {w∗k} = {(x∗k, y∗k)} are generated by ADCA . Suppose that the
following assumptions are satisfied:

(i) The function f : Rn × Rm → R ∪ {+∞} is subanalytic, and Dom f is closed; f |Dom f is
continuous.

(ii) The function g, h : Rn×Rm → R∪{+∞} are lower semicontinuous partially convex; and either
(A1) or (A2) is satisfied.

(iii) The sequence {wk} is bounded.

If
lim inf
k→∞

min{ρ(xk), ρ(yk)} > ρ > 0, (44)

then the sequence {wk} converges to a (Clarke) critical point (PDCP). Moreover, under (A2), this
critical point is a Fréchet critical point. Moreover, if w∞ is the limit point of {wk} with a Lojasiewicz
exponent θ ∈ [0, 1). Then there exists constants τ1, τ2 > 0 such that when k is sufficiently large, one
has

‖wk − w∞‖ ≤
∞∑
j=k

‖wj − wj + 1‖ ≤ τ1‖wk − wk−1‖+ τ2‖wk − wk−1‖
1−θ
θ . (45)

As a result, one has

• If θ ∈ (1/2, 1) then ‖wk − w∞‖ ≤ ck
1−θ
1−2θ for some c > 0.

• If θ ∈ (0, 1/2] then ‖wk − w∞‖ ≤ cqk for some c > 0; q ∈ (0, 1).

• If θ = 0 then {wk} is convergent in a finite number of steps.

Proof. For κ, L, θ, δ, k0 with respect to each cases 1 and 2 as in the preceding theorem, we follow the
same arguments, but here we work with the subdifferential instead of ε−subdifferential. Let k ≥ k0

be arbitrary. Set γk = f(xk); rk =
∑∞

j=k ‖wj − wj+1‖, k ≥ k0.

Case 1. The relation
x∗k = ∇xg(xk+1, yk) ∈ ∂xh(xk, yk)

implies that

x∗k −∇xg(xk, yk) ∈ ∂Fx (−f)(xk, yk); ‖x∗k −∇xg(xk, yk)‖ ≤ κ‖xk − xk+1‖.

The relation
y∗k = ∇xg(xk+1, yk+1) ∈ ∂yh(xk+1, yk),
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together with (A1) imply

y∗k −∇yg(xk, yk) ∈ ∂yh(xk, yk)−∇yg(xk, yk) + κ‖xk − xk+1‖
= ∂Fy (−f)(xk, yk) + κ‖xk − xk+1‖;

and
‖y∗k −∇yg(xk, yk)‖ = ‖∇yg(xk+1, yk+1)−∇yg(xk, yk)‖ ≤ κ‖wk − wk+1‖.

Hence, there is w∗k ∈ ∂F (−f)(wk) = ∂Fx (−f)(wk)× ∂Fy (−f)(wk) such that

‖w∗k‖ ≤ 3κ‖wk − wk+1‖.

Therefore,
f(wk)

θ ≤ 3Lκ‖wk − wk+1‖.

As in the proof of Theorem 3.2, one has

‖wk − wk+1‖ ≤
32Lκ

ρ(1− θ)
(γ1−θ
k − γ1−θ

k+1),

which follows that

rk =
∞∑
j=k

‖wj − wj+1‖ ≤
32Lκ

ρ(1− θ)
γ1−θ
k ≤ 32.3(1−θ)/θ(Lκ)1/θ

ρ(1− θ)
‖wk − wk+1‖(1−θ)/θ.

Case 2. Similarly, one derives that there exists w∗k ∈ ∂F f(wk) such that

‖w∗k‖ ≤ 3κ‖wk − wk−1‖,

and therefore,
f(wk)

θ ≤ 3Lκ‖wk − wk−1‖;

‖wk − wk+1‖ ≤≤
32Lκ

ρ(1− θ)
(γ1−θ
k − γ1−θ

k+1) +
1

4
‖wk − wk−1‖.

Hence,

rk ≤ rk+‖wk−wk−1‖
4 + 32Lκ

ρ(1−θ)γ
1−θ
k

≤ rk+‖wk−wk−1‖
4 + 32.3(1−θ)/θ(Lκ)1/θ

ρ(1−θ) ‖wk − wk−1‖(1−θ)/θ.

It follows that

rk ≤
‖xk − xk−1‖

3
+

128.3(1−θ)/θ(Lκ)1/θ

3ρ(1− θ)
‖wk − wk−1‖(1−θ)/θ.

Thus (45) is proved, and the sequence {wk} converges to some w∞.

Since limk→∞ ‖wk−wk+1‖ = 0, then without loss of generality, we can assume that ‖wk−wk+1‖ < 1
for all k = 0, 1, .... By setting τ = τ1 + τ2 in (45), one has

• If θ ∈ (1/2, 1], then rk ≤ τ(rk−1 − rk)
1−θ
θ . Hence, by the concavity of the function t 7→ t

1−2θ
1−θ on

(0,+∞),

r
1−2θ
1−θ
k − r

1−2θ
1−θ
k−1 ≥

1− 2θ

1− θ
r
−θ
1−θ
k (rk − rk−1) ≥ 2θ − 1

1− θ)τ
.
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Thus,

r
1−2θ
1−θ
k = r

1−2θ
1−θ

0 +

k∑
j=1

(
r

1−2θ
1−θ
k − r

1−2θ
1−θ
k−1

)
≥ r

1−2θ
1−θ

0 +
2θ − 1

1− θ)τ
k.

Consequently, rk ≤ ck
1−θ
1−2θ , for some c > 0.

• If θ ∈ (0, 1/2], then rk ≤ τ(rk−1 − rk), k = 1.2, .... Therefore, rk ≤ τ
τ+1rk−1. It follows that

rk ≤ cqk, where, q = τ/(τ + 1); c = r0.

• If θ = 0 then ‖wk − wk+1‖ ≥ 1/L for wk 6= wk+1 with k sufficiently large. From the inequality

f(wk)− f(wk+1) ≥ ρ

4
‖xk − xk+1‖2 ≥ ρ

4L2

for wk 6= wk+1, we derive that (ADCA) terminates after a finite number of iteration steps.

�

With very similar arguments, next we will show that the convergence result for ADCA remains
valid for a more general class of functions for which the Kurdyka-Lojasiewicz inequality is satisfied.
First we recall this important inequality. Denote by M the class of continuous concave functions
ϕ : [0,+∞)→ [0,+∞) verifying:

• ϕ(0) = 0 and ϕ is continuously differentiable on (0,+∞).

• ϕ′(t) > 0 for all t > 0.

Recall that a lower semicontinuous function f : Rn → R ∪ {+∞} is said to verify the Kurdyka-
Lojasiewicz inequality around x̄ ∈ Dom f if there exist a function ϕ ∈M and δ > 0 such that

(KLI) ϕ′(f(x)− f(x̄))‖x∗‖ ≥ 1, ∀x ∈ B(x̄, δ) with f(x)− f(x̄) ∈ (0, δ), x∗ ∈ ∂f(x).

This remarkable inequality is a nonsmooth version of the Kurdyka-Lojasiewicz inequality ([13]). Due to
the original works by Lojasiewicz [17], [19], then Kurdyka [13], and the recent extentions to nonsmooth
functions by Bolts et al [7], [9], the class of functions verifying the Kurdyka-Lojasiewicz inequality is
very ample, for example, it consists of semi-algebraic, subanalytic, and log-exp (see, e.g., [13], [7], [?]
and references therein).

Theorem 3.4 Consider partial DC problem (PDCP). Let (x0, y0) ∈ Dom f be given. Let the se-
quences {wk} = {(xk, yk)} and {w∗k} = {(x∗k, y∗k)} are generated by ADCA . Suppose that The sequence
{wk} is bounded. Then the sequence {f(wk)} is decreasing and therefore it converges to some c ∈ R.
Suppose further that the following assumptions are satisfied:

(i) Dom f is closed; f |Dom f is continuous, and the function |f−c| verifies (KLI) at all limit points
of {wk}.

(ii) The function g, h : Rn×Rm → R∪{+∞} are lower semicontinuous partially convex; and either
(A1) or (A2) is satisfied.
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If
lim inf
k→∞

min{ρ(xk), ρ(yk)} > ρ > 0, (46)

then the sequence {wk} converges to a (Clarke) critical point (PDCP). Moreover, under (A2), this
critical point is a Fréchet critical point.

Sketch of the proof. The decreasing property of the sequence {f(wk)} follows immediately from Lemma
3.3. Without loss of generality, assume c = 0, and also, according to that lemma, we can assume that

ρ

2
‖wk − wk+1‖2 ≤ f(wk)− f(wk+1), k = 0, 1, ....

Recall that C denotes the set of limit points of {f(wk)}. Then C is compact. For the case 1 where
(A1) is satisfied, by the compactness of C, we can derives κ, δ > 0 and a function ϕ ∈M such that

‖∇g(w′)−∇g(w′′)‖ ≤ κ‖w′ − w′′‖ ∀w′, w′′ ∈ B(w, δw) with dC(w
′) < δ, ‖w′ − w′′‖ < δ;

ϕ′(|f(w)|)‖w∗‖ ≥ 1 ∀w′, w′′ ∈ Dom f with dC(w) < δ, f(w) ∈ (−δ, δ), w∗ ∈ ∂|f |(w);

∂xh(u, v1) ⊆ ∂xh(u, v2)+κ‖v1−v2‖BRn ∀(u, v1), (u, v2) ∈ Dom f with dC((u, v1)) < δ, ‖v1−v2‖ < δ;

∂yh(u1, v) ⊆ ∂yh(u2, v)+κ‖u1−u2‖BRm ∀(u1, v), (u2, v) ∈ Dom f with dC((u1, v)) < δ, ‖u1−u2‖ < δ.

As in the proof of Theorem 3.3, by noting that ∂|f |(w) = ∂(−f)(w) for f(w) < 0, when k is sufficiently
large, there is some w∗ ∈ ∂(−f)(wk) such that

‖w∗‖ ≤ 3κ‖wk − wk+1‖,

following

ϕ′(f(wk)) ≥
1

3κ‖wk − wk+1‖
.

Hence, by making use of the concavity of ϕ, one derives that

‖wk − wk+1‖ ≤
2

3ρκ
[ϕ(f(wk))− ϕ(f(wk+1)],

and the convergence of {wk} is followed. Similarly to the case (A2), when k is sufficiently large, one
has

ϕ′(f(wk)) ≥
1

3κ‖wk − wk−1‖
,

which implies that
‖wk − wk+1‖2

‖wk − wk−1‖
≤ 2

3ρκ
[ϕ(f(wk))− ϕ(f(wk+1))].

This relation yields the convergence of the sequence {wk} as in the proof of the preceding theorems.�

Observe from the proof, In the case of (A2), instead of the assumption: |f − c| satisfies (KLI), we
need only (KLI) for f at limit points.
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4 Generalized partial DC programming

Consider generalized partial DC programs of the following form:

(GPDCP ) min{f(x, y) : (x, y) ∈ Rn × Rm}.

Where, f : Rn × Rm → R ∪ {+∞} is a proper lower semicontinuous functions such that for each
y ∈ Rn, f(·, y) is a DC function on Rm, and for each y ∈ Rn, f(·, y) is a DC function on Rm, and their
decompositions are available:

f(x, y) := gy(x)− hy(x), x ∈ Rn, gy, hy ∈ Γ0(Rn); (47)

f(x, y) := gx(y)− hx(y), x ∈ Rn, gx, hx ∈ Γ0(Rm). (48)

We make use of the following hypothesis:

(H) For each (x̄, ȳ) ∈ Dom f , gy(x̄), hy(x̄) as continuous functions in the variable y on ȳ, and
gx(ȳ), hx(ȳ) as continuous functions in the variable x at x̄. Let us introduce the notion of weak critical
points for (GPDCP), which is an extension of the one for (PDCP).

Definition 4.1 A point (x, y) ∈ Rn × Rm is said to be a weak critical point of (GPDCP) if

∂gy(x) ∩ ∂hy(x) 6= ∅ and ∂gx(y) ∩ ∂hx(y) 6= ∅.

Obviously, a Fréchet/limiting/Clarke critical point is a weak critical point. The following lemmata
gives some sufficient conditions under which a weak critical point is a Fréchet/Clarke critical point.

Lemma 4.1 Let f be a generalized partial DC function defined by (47), (48), and let (x̄, ȳ) ∈ Dom f.
Suppose the following two conditions are satisfied

(i) The subdifferential ∂gy(x̄) regarded as a multifunction in y is lower semicontinuous at ȳ in the
sense: for any ε > 0, there is δ > 0 such that

∂gȳ(x) ⊆ ∂gy(x̄) + ε, ∀y ∈ B(ȳ, δ).

(ii) There is δ > 0 such that the function hy is differentiable on B(x̄, δ) for y near ȳ, and ∇hy(x),
regarded as a function in the two variable x, y is continuous at (x̄, ȳ).

Then one has
∂F f(x̄, ȳ) = ∂Fx f(x̄, ȳ)× ∂Fx f(x̄, ȳ).

As a result, if (x̄, ȳ) is a weak critical point of (GPDCP) and hx̄ is differentiable at ȳ., then it is a
Fréchet critical point of (GPDCP).

Proof. It suffices to show that

∂Fx f(x̄, ȳ)× ∂Fx f(x̄, ȳ) ⊆ ∂F f(x̄, ȳ).

Let (x∗, y∗) ∈ ∂Fx f(x̄, ȳ)× ∂Fx f(x̄, ȳ). By the asumptions, for ε > 0, there is δ > 0 such that

∂gȳ(x) ⊆ ∂gy(x̄) + ε, ∀y ∈ B(ȳ, δ);

25



‖∇hy(x)−∇hȳ(x̄)‖ < ε, ∀(x, y) ∈ B((x̄, ȳ), δ),

As
x∗ ∈ ∂Fx (x̄, ȳ) = ∂gȳ(x̄)−∇hȳ(x̄),

then, for y ∈ B(ȳ, δ), one has

x∗ +∇hy(x̄) = [x∗ +∇hȳ(x̄)] + [∇hy(x̄)−∇hȳ(x̄)]
⊆ ∂gȳ(x̄) + εBRn ⊆ ∂gy(x̄) + 2εBRn .

Hence,

〈x∗, x− x̄〉 ≤ gy(x)− gy(x̄)− 〈∇hy(x̄), x− x̄〉+ 2ε‖x− x̄‖, ∀x ∈ Rn, y ∈ B(ȳ, δ). (49)

Since y∗ ∈ ∂Fy f(x̄, ȳ) we can assume that for the same δ > 0 as before, one has

〈y∗, y − ȳ〉 ≤ f(x̄, y)− f(x̄, ȳ) + ε‖y − ȳ‖, ∀y ∈ B(ȳ, δ). (50)

Let (x, y) ∈ B((x̄, ȳ), δ). By the mean value theorem, applied to the function hy, there exists z ∈ [x, x̄]
such that

hy(x)− hy(x̄) = 〈∇hy(z), x− x̄〉.

It implies that
|hy(x)− hy(x̄)− 〈∇hy(x̄), x− x̄〉| ≤ ε‖x− x̄‖.

By combinning this relation and (49), one obtains

〈x∗, x− x̄〉 ≤ gy(x)− gy(x̄)− (hy(x)− hy(x̄)) + 3ε‖x− x̄‖
= f(x, y)− f(x̄, y) + 3ε‖x− x̄‖.

By adding this inequality and (50),

〈x∗, x− x̄〉+ 〈y∗, y − ȳ〉 ≤ f(x, y)− f(x̄, ȳ) + 3ε‖x− x̄‖+ ε‖y − ȳ‖.

Thus (x∗, y∗) ∈ ∂F f(x̄, ȳ).

If hx̄ is diffentiable at ȳ and (x̄, ȳ) is a weak critical point of (GPDCP) , then

(0, 0) ∈ (∂gȳ(x̄)−∇hȳ(x̄))× (∂gx̄(ȳ)−∇hx̄(ȳ)) = ∂Fx f(x̄, ȳ)× ∂Fy f(x̄, ȳ) = ∂F f(x̄, ȳ).

That is, (x̄, ȳ) is a Fréchet critical point of f. �

Lemma 4.2 Let f be a generalized partially DC function defined by (47), (48), and let (x̄, ȳ) ∈ Dom f.
Suppose that f is locally Lipschitz around (x̄, ȳ) and that the following two conditions are satisfied

(i) ∂hy(x̄) regarded as a multifunction in y is lower semicontinuous at ȳ.

(ii) There is δ > 0 such that the function gy is differentiable on B(x̄, δ) for y near ȳ, and ∇gy(x),
regarded as a function in the two variable x, y is continuous at (x̄, ȳ).

If (x̄, ȳ) is a weak critical point of (GPDCP) and gx̄ is differentiable at ȳ., then this point is a Clarke
critical point of (GPDCP).
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Proof. We see that the assumptions (i), (ii) guarantees that the function (−f) satisfies all assumptions
of Lemma 4.1 where the roles of gy, hy and of gx, hx are exchanged, respectively. Hence,

(∂hȳ(x̄)−∇gȳ(x̄))× (∂hx̄(ȳ)−∇gx̄(ȳ)) = ∂x(−f)(x̄, ȳ)× ∂Fy (−f)(x̄, ȳ) = ∂F (−f)(x̄, ȳ).

Since
∂F (−f)(x̄, ȳ) ⊆ ∂0(−f)(x̄, ȳ) = −∂f(x̄, ȳ),

one obtains
(∂gȳ(x̄)−∇hȳ(x̄))× (∂gx̄(ȳ)−∇hx̄(ȳ)) ⊆ ∂0f(x̄, ȳ),

and the conclusion follows. �

We propose the generalized versions of ADCA and of IADCA for solving (GPDCP) as follows.

GADCA: Generalized Alternative DC Algorithm

1. Initialization: Given (x0, y0) ∈ Dom f.

2. For k = 0, 1, ..., generating the sequences {(xk, yk)} and {(x∗k, y∗k)} by

• Compute x∗k ∈ ∂hyk(xk).

• Compute xk+1 ∈ ∂g∗yk(x∗k); i.e., xk+1 is a solution of the convex program

min{gyk(x)− 〈x, x∗k〉 : x ∈ Rn}. (51)

• Compute y∗k ∈ ∂hxk+1
(yk).

• Compute yk+1 ∈ ∂yg∗xk+1
(y∗k) by solving the convex program

min{gxk+1
(y)− 〈y∗k, y〉 : y ∈ Rm}. (52)

3. If stopping criterion is met, then stop and we have (xk+1, yk+1) is the computed solution, oth-
erwise, set k = k + 1 and go to Step 2.

Output (xk, yk) and f(xk, yk) as the best known solution and objective function value.

GIADCA: Generalized Inexact Alternative DC Algorithm

1. Initialization: Given (x0, y0) ∈ Dom f and ε0 ≥ 0.

2. For k = 0, 1, ..., update εk ≥ 0 and generating the sequences {(xk, yk)} and {(x∗k, y∗k)} by

• Compute x∗k ∈ ∂εkhxk(yk).

• Compute xk+1 ∈ ∂εkg∗yk(x∗k); i.e., xk+1 is an εk−solution of the convex program

min{gyk(x)− 〈x, x∗k〉 : x ∈ Rn}. (53)

• Compute y∗k ∈ ∂εkhxk+1(yk).

• Compute yk+1 ∈ ∂εkg∗xk+1
(y∗k) by searching an εk−solution the convex program

min{g(xk+1, y)− 〈y∗k, y〉 : y ∈ Rm}. (54)
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3. If stopping criterion is met, then stop and we have (xk+1, yk+1) is the computed solution, oth-
erwise, set k = k + 1 and go to Step 2.

For (x, y) ∈ Rn × Rm, denote by

ρx = ρ(gx) + ρ(hx), ρy = ρ(gy) + ρ(hy).

Note that if gy(x) (or gx, hx, hy) is continuous in variable y, for each x ∈ Rn, then for any sequences
{(xk, yk)} converging to (x∞, y∞), and {x∗k} ⊆ Rn with x∗k ∈ ∂gyk(xk); x

∗
k → x∗ as k → ∞, one has

x∗ ∈ ∂gy∞(x∞).

By this remark, under hypothesis (H), the convergence result of Theorem 34 stated for (GIADCA)
also holds.

Theorem 4.1 Consider problem (GPDCP). Assume that hypothesis (H) is satisfied. Let {wk} :=
{(xk, yk)} be a sequence generated by (GIADCA), with respect to a updated sequence {εk} with εk ≥ 0
for all k ≥ 0 such that

∞∑
k=0

εk < +∞ and lim inf
k→∞

min{ρ(yk), ρ(xk)} > 0.

Then for any subsequence {wkl} := {(xkl , ykl)} of {wk}, converging to w̄ = (x̄, ȳ) such that {(x∗kl , x
∗
kl

)}
is bounded, the point w̄ is a weak critical point of problem (GPDCP).

Still, instead of assumptions (A1), (A2), we make use of the following general versions (GA1) and
(GA2), under which the convergences of (GIACDA) and (GADCA) when the objective function f is
assumed to be subnanalytic (or more general, to verify (KLI)) remain valid.

(GA1) The functions gx, gy are differentiable such that ∇gy(x), ∇gx(y) are locally Lipschitz in the
joint variable (x, y), and for each x̄ ∈ Rn, ȳ ∈ Rm, the multifunction ∂hy(x̄), ∂hx(ȳ) are locally
Lipschitz in variables y, x, respectively.

(GA2) The functions hx, hy are differentiable such that ∇hy(x), ∇hx(y) are locally Lipschitz in the
joint variable (x, y), and for each x̄ ∈ Rn, ȳ ∈ Rm, the multifunction ∂gy(x̄), ∂gx(ȳ) are locally
Lipschitz in variables y, x, respectively.

Remark 4.1 In Theorems 3.2, 3.3, and 3.4, we make use of (H) and (GA1), (GA2), instead of (A1),
(A2), respectively, then these theorems remain valid for (GPDCP).

5 Applications

5.1 Nonconvex Feasibility Problems

We consider the problem of finding a point in the intersection of sets which is not necessarily convex.
This common problem plays an important role in many diverse areas of Mathamatics and Physis. Let
C1, C2 ⊆ Rn be nonempty closed subsets of Rn. The feasible problem for two sets is stated by

(FP ) Finding a point x ∈ C1 ∩ C2.
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For convex feasibility problems, i.e., the sets under consideration are convex, there are many theoretical
results as well as algorithms aspects in the literature. For details, the reader is referred to the exellent
review paper [6] by Bauschke-Borwein, and the references given therein. The best celebrated algorithm
for solving this convex feasibility problem is the alternating projection algorithm due to Von Neumann.
Recently, some extended variants of this method of alternating projection to nonconvex problems have
been investigated in [3], [4].

We will show that the ( nonconvex) feasibility problem (FP) can be reformulated equivalently as a
partial DC program (PDCP), and therefore the algorithm ADCA can be worked. For given α1, α2 > 0,
regarded as penalized parameters, problem (FP) is transformed to the following optimization problem:

min{f(x, y) := α1d
2
C1

(x) + α2d
2
C2

(y) + ‖x− y‖2 : (x, y) ∈ Rn × Rn}. (55)

Note that
d2
C1

(x) = minu∈C1 ‖x− u‖2 = ‖x‖2 + minu∈C1 [−2〈x, u〉+ ‖u‖2
= ‖x‖2 −maxu∈C1 [2〈x, u〉 − ‖u‖2],

is a DC function, and so is the function

d2
C2

(y) = ‖y‖2 −max
v∈C2

[2〈y, v〉 − ‖v‖2].

Hence, f(x, y) is a DC function (therefore, a partial DC function) by the decomposition:

f(x, y) = g(x, y)− h(x, y), (x, y) ∈ Rn,

g(x, y) := α1‖x‖2 + α2‖y‖2 + ‖x− y‖2;

h(x, y) := α1 max
u∈C1

[2〈x, u〉 − ‖u‖2] + α2 max
v∈C2

[2〈y, v〉 − ‖v‖2].

Denote by PC1 , PC2 , the (multi-valued) projection operators on C1, C2, rspectively. That is,

PC1(x) = argmin{‖x− u‖2 : u ∈ C1}; PC2(y) = argmin{‖y − v‖2 : v ∈ C2}, (x, y) ∈ Rn × Rn.

One has, from the subdifferential formula for supremum functions in Convex Analysis,

∂xh(x, y) = 2α1coPC1(x), ∂yh(x, y) = 2α2coPC2(y), (x, y) ∈ Rn × Rn.

Where, ”co” stands for the convex hull (of a set). By checking directly, It is easy to see that for
y ∈ Rn, x∗ ∈ Rn,

∂xg
∗(·, y)(x∗) =

{
2y + x∗

2(α1 + 1)

}
,

and similarly, for x ∈ Rn, y∗ ∈ Rn,

∂yg
∗(x, ·)(y∗) =

{
2x+ y∗

2(α2 + 1)

}
.

Algorithm ADCA applied to problem (55) is the following.

ACDA-FP

1. Initialization: Select a starting point (x0, y0) ∈ Rn × Rn.
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2. For k = 0, 1, ..., a sequence {(xk, yk)} is generated by

2.1. Compute

uk ∈ PC1(xk), xk+1 =
yk + α1uk
α1 + 1

.

2.2. Compute

vk ∈ PC2(yk), yk+1 =
xk+1 + α2vk
α2 + 1

.

Remark 5.1 The algorithm above invokes the projections on (noncovex) sets which is generally
difficult in practical computations. If there are residual functions r1(x), r2(y) with respect to C1, C2,
respectively, which are asummed to be DC functions such that

d2
C1

(x) ≤ r1(x), d2
C2

(y) ≤ r2(y), for all x, y ∈ Rn,

x ∈ C1 iff r1(x) = 0; y ∈ C2 iff r2(y) = 0,

then problem (FP) can be transformed to the following

min{f(x, y) := α1r1(x) + α2r2(y) + ‖x− y‖2 : (x, y) ∈ Rn × Rn}. (56)

This problem is a DC program (therefore, a partial DC program). By making use of suitable DC
decompositions of r1, r2, the partial DC algorithm can be applied.

5.2 Matrix Factorization Problems

We consider in this subsection an application of the partial DC programming to matrix factorization
problems. This class of matrix factorization problems plays a crucial role in data mining as well as in
diverse applications. Let m,n, p be given positive integers with p ≤ min{m,n}, and let A ∈ Rm×n be
a given matrix. Denote by

Rm×p+ := {X ∈ Rm×p : X ≥ 0}; Rp×n+ := {Y ∈ Rp×n : Y ≥ 0}.

Let C1 ⊆ Rm×p+ and C2 ⊆ Rp×n+ be given two nonempty closed sets. By the optimization approach, a
nonnegative matrix factorization problem is formulated as a optimization problem of the form

(MF ) min{d(A,XY ) : X ∈ C1, Y ∈ C2}.

Where, d : Rm×n×Rm×n → R+ define a gap of the approximation A by XY, verifying d(U, V ) = 0 iff
U = V.

Let R1 : Rm×p → R+ and R2 : Rp×n → R+ be residual functions of C1, C2, respectively. That is,

X ∈ Rm×p, R1(X) = 0 iff X ∈ C1;

Y ∈ Rp×n, R2(Y ) = 0 iff Y ∈ C2.

By using the penalization approach, we consider the following penalized problem of (MF):

(PMF ) min{f(X,Y ) := α1R1(X) + α2R2(Y ) + d(A,XY ) : X ∈ Rm×p, Y ∈ Rp×n}.
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Where, α1, α2 > 0 are penalty parameters. Under suitable conditions on functions R1, R2 and d, it
is possible to formulate (PMF) as partial DC programs, or generalized partial DC programs. For
instance, when R1, R2 and d(A, ·) are DC functions, then f(X,Y ) is a partial DC function. Indeed,
consider the DC decompositions of R1, R2, d(A, ·) :

R1(X) = g1(X)− h1(X), X ∈ Rm×p, g1, h1 are convex on Rm×p;

R2(Y ) = g2(Y )− h2(Y ), Y ∈ Rp×n, g2, h2 are convex on Rp×n

and
d(A,U) = d1(U)− d2(U), U ∈ Rm×n, d1, d2 are convex on Rm×n.

By setting
g(X,Y ) := g1(X) + g2(Y ) + d1(XY ), X ∈ Rm×p, Y ∈ Rp×n;

h(X,Y ) := g1(X) + g2(Y ) + d2(XY ), X ∈ Rm×p, Y ∈ Rp×n,

then obviously, g, h is partial convex functions, and therefore

f(X,Y ) = g(X,Y )− h(X,Y ), X ∈ Rm×p, Y ∈ Rp×n

is a partial DC function.

We illustrate this by considering the case where the gap function d is defined by

d(U, V ) := ‖U − V ‖2F , U, V ∈ Rm×n,

where, the Frobenius norm ‖ · ‖F is defined for any matrix M, by

‖M‖F :=
√

Trace(MTM).

Taking the residual fuctions: R1(X) = d2
C1

(X), R2(Y ) = d2
C2

(Y ), consider the following problem:

min{f(X,Y ) := α1d
2
C1

(X) + α2d
2
C2

(Y ) + ‖A−XY ‖2F : X ∈ Rm×p, Y ∈ Rp×n}. (57)

By setting
g(X,Y ) := α1‖X‖2F + α2‖Y ‖2F + ‖A−XY ‖2F ;

h(X,Y ) := α1 max
U∈C1

[2〈X,U〉 − ‖U‖2F ] + α2 max
V ∈C2

[2〈Y, V 〉 − ‖V ‖2F ],

problem (57) is rewritten as the partial DC program:

min{f(X,Y ) := g(X,Y )− h(X,Y ) : X ∈ Rm×p, Y ∈ Rp×n}. (58)

For X ∈ Rm×p, Y ∈ Rp×n, one has

∂Xh(X,Y ) = 2α1coPC1(X), ∂Y h(X,Y ) = 2α2coPC2(Y ). (59)

For U ∈ Rm×p, Y ∈ Rp×n, the solution of the convex optimization problem

min{G(X,Y )− 〈X,U〉 : X ∈ Rm×p}
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is determined by by ∇Xg(X,Y ) = U, equivalently,

2α1X + 2(XY −A)Y T = U,

which gives
X = (2AY T + U)(2α1Ip + 2Y Y T )−1, (60)

here, Ip stands for the identity matrix of p order. Similarly, for V ∈ Rp×n, X ∈ Rm×p, the solution of
the convex program

min{G(X,Y )− 〈Y, V 〉 : Y ∈ Rp×n}

is
Y = (2α2Ip + 2XTX)−1(2XTA+ V ). (61)

By making use of (59), (60) and (61), one derives the following algorithm ADCA for solving (58):

ACDA1-FM

1. Initialization: Select a starting point (X0, Y0) ∈ Rm×p × Rp×n.

2. For k = 0, 1, ..., a sequence {(Xk, Yk)} is generated by

2.1. Compute
Uk ∈ PC1(Xk), Xk+1 = (AY T

k + α1Uk)(α1Ip + YkY
T
k )−1.

2.2. Compute
Vk ∈ PC2(Yk), Yk+1 = (α2Ip +XT

k+1Xk+1)−1(XT
k+1A+ Vk).

We consider an other partial DC decomposition for problem (57). By setting Q(X,Y ) = ‖A−XY ‖2F ,
the partial derivatives of Q :

X 7→ ∇XQ(X,Y ) = 2(XY −A)Y T , Y 7→ ∇YQ(X,Y ) = 2XT (XY −A),

are Lipschitz with modulus LY = 2‖Y Y T ‖F , LX = 2‖XTX‖F , respectively. Therefore, the functions

X 7→ LY ‖X‖2F −Q(X,Y ) and Y 7→ LX‖Y ‖2F −Q(X,Y )

are convex functions, for each Y ∈ Rp×n, each X ∈ Rm×p, respectively. By this, for each Y ∈ Rp×n,
the function f(·, Y ) admets the following DC decomposition:

f(X,Y ) = GY (X)−HY (X), X ∈ Rm×p, (62)

here,
GY (X) = (α1 + LY )‖X‖2F + α2d

2
C2

(Y );

HY (X) = α1 max
U∈C1

[2〈X,U〉 − ‖U‖2F ] + LY ‖X‖2F −Q(X,Y )

are convex functions on Rm×p. And for each X ∈ Rm×p, the function f(X, ·) has the DC decomposition:

f(X,Y ) = GX(Y )−HX(Y ), X ∈ Rm×p, (63)
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here,
GX(Y ) = (α2 + LX)‖Y ‖2F + α1d

2
C1

(X);

HX(Y ) = α2 max
V ∈C2

[2〈Y, V 〉 − ‖V ‖2F ] + LX‖Y ‖2F −Q(X,Y )

are convex functions on Rp×n.

For X ∈ Rm×p, Y ∈ Rp×n, one has

∂HY (X) = 2α1coPC1(X) + 2LYX − 2(XY −A)Y T ;

∂HX(Y ) = 2α2coPC2(Y ) + 2LXY −XT (XY −A).

For U ∈ Rm×p, Y ∈ Rp×n, the solution of the convex optimization problem

min{GY (X)− 〈X,U〉 : X ∈ Rm×p}

is given by

X =
U

2(α1 + LY )
.

And for V ∈ Rp×n, X ∈ Rm×p, the solution of the convex program

min{G(X,Y )− 〈Y, V 〉 : Y ∈ Rp×n}

is

Y =
V

2(α2 + LX)
.

Hence, the algorithm GADCA for solving (58) is given as follows.

ACDA2-FM

1. Initialization: Select a starting point (X0, Y0) ∈ Rm×p × Rp×n.

2. For k = 0, 1, ..., a sequence {(Xk, Yk)} is generated by

2.1. Compute

Uk ∈ PC1(Xk), Xk+1 =
α1Uk + LYkXk − (XkYk −A)Y T

k

α1 + LYk
.

2.2. Compute

Vk ∈ PC2(Yk), Yk+1 =
α2Vk + LXk+1

Yk −XT
k+1(Xk+1Yk −A)

α2 + LXk+1

.
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