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Abstract

We study a single-server appointment scheduling problem with a fixed sequence of appoint-
ments, for which we must determine the arrival time for each appointment. We specifically
examine two stochastic models. In the first model, we assume that all appointees show up at
the scheduled arrival times yet their service durations are random. In the second model, we
assume that appointees have random no-show behaviors and their service durations are random
given that they show up at the appointments. In both models, we assume that the probability
distribution of the uncertain parameters is unknown but can be partially observed via a set of
historical data, which we view as independent samples drawn from the unknown distribution.
In view of the distributional ambiguity, we propose a data-driven distributionally robust opti-
mization (DRO) approach to determine an appointment schedule such that the worst-case (i.e.,
maximum) expectation of the system total cost is minimized. A key feature of this approach
is that the optimal value and the set of optimal schedules thus obtained provably converge
to those of the “true” model, i.e., the stochastic appointment scheduling model with regard
to the true probability distribution of the uncertain parameters. While our DRO models are
computationally intractable in general, we reformulate them to copositive programs, which are
amenable to tractable semidefinite programming problems with high-quality approximations.
Furthermore, under some mild conditions, we recast these models as polynomial-sized linear
programs. Through an extensive numerical study, we demonstrate that our approach yields
better out-of-sample performance than two state-of-the-art methods.

Keywords: Appointment scheduling; random no-shows; distributionally robust optimization;
ambiguity set; Wasserstein metric; copositive programming

1 Introduction

Since the pioneering work of Bailey [3], appointment systems have been extensively studied in
many customer service industries with the aim of increasing resource utilization, matching supply
and demand, and smoothing customer flows. The core operational activity in many appointment
systems is to schedule arrival times for appointments to minimize the system total cost associated
with appointment waiting, as well as the server’s idleness and overtime. Serving as a central

modeling component in a wide range of applications, appointment scheduling (AS) has been applied
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in outpatient scheduling [28, 39, 41, 43], surgery planning [22], call-center staffing [34], and cloud
computing server operations [59]. In this paper, we study a single-server AS problem where the
number and sequence of the appointments are fixed. The main decision in this problem is to
schedule the arrival time for each appointment, which helps design the scheduling template of the
appointment system.

There are several sources of variability that make AS problems challenging to solve, including
random service durations, random appointee no-shows, unpunctuality, and emergency interrup-
tions. In this study, we focus on random service durations and random appointee no-shows. Due
to random service durations, an appointment can complete before or after the scheduled start-
ing time of the subsequent appointment and result in the server’s idleness or the waiting of the
subsequent appointment, respectively. In addition, if the last appointment is completed after the
pre-determined time limit, then the server has to work overtime, which is often costly and unpleas-
ant for service providers. Random appointee no-shows arise in many appointment systems, e.g.,
outpatient clinics. No-shows often results in idleness of resources (e.g., equipment and personnel)
and so the loss of opportunities for serving other appointments. In fact, it has been reported that
random no-shows have more impact on the performance of an appointment system than random
durations (see, e.g., [39]). Hence, it is recommended that we adapt AS models to the anticipated
no-show behaviors [18].

In the literature, stochastic programming (SP) [42, 58] approaches are often proposed to tackle
AS problems given that the true distribution of the service durations and no-shows is fully known [7,
25, 33]. While SP exhibits superior modeling power, it has two inherent shortcomings. First,
SP suffers from the notorious curse of dimensionality. Indeed, the computation of expectations
necessitates the evaluation of multi-dimensional integrals, which is in general intractable. Second,
it is challenging and sometimes impossible to accurately estimate the true distribution. For example,
the raw data of the uncertain parameters can typically be explained by many strikingly different
distributions. Using a biased estimate of the distribution, the SP approach can yield overfitted
decisions, which display an optimistic bias and can lead to post-decision disappointment. For
example, if one simply uses the empirical distribution based on the raw data, the obtained solution
often results in unpleasant out-of-sample performance.

In view of the distributional ambiguity, one can construct a so-called ambiguity set to contain
all possible distributions that may govern the generation of the observed data samples. With the
ambiguity set, one can formulate a distributionally robust optimization (DRO) problem with the
goal of minimizing the worst-case (i.e., maximum) expected system total cost of the appointment
system, where the expectations are taken with respect to the distributions from the ambiguity
set. The majority of DRO approaches considered in the literature are based on moment ambiguity
sets, which consist of all distributions sharing certain moments, e.g., the first and second moments.
Although a moment ambiguity set often leads to a tractable optimization problem [10, 40, 43, 51],
it typically does not converge to the true distribution even in the situation where more data can be

obtained. This gives rise to the central questions of this study: Is there an alternative DRO approach



that extracts more information of the underlying true distribution from available (possibly small-
size) historical data? If such an approach exists, is the resulting AS model solvable in polynomial
time?

In this paper, we endeavor to give affirmative answers to these two research questions. In
particular, we propose to construct the ambiguity set using a Wasserstein ball centered at the
empirical distribution based on the historical data [26, 54, 61]. Accordingly, we consider two
Wasserstein-based distributionally robust appointment scheduling (W-DRAS) models. In the first
model, we examine the situation where all appointees show up at their scheduled starting times but
their service durations are random. In the second model, we incorporate both random no-shows
and random service durations of the appointees (if they show up). Results of the modern measure
concentration theory guarantee that the Wasserstein ball has asymptotic consistency, which ensures
that the optimal value as well as the optimal solutions of the W-DRAS models converge to their
SP counterparts with regard to the true distribution, as the data size tends to infinity. While
the resulting optimization problems are, in general, intractable, we reformulate them to copositive
programs, which admit tractable semidefinite programs that have high-quality approximations.
Furthermore, under some mild conditions, we reformulate the W-DRAS problems to polynomial-

sized linear programs, which can be efficiently solved by many off-the-shelf optimization solvers.

1.1 Literature review

Various methodologies have been applied to formulate and solve the AS problem, including queueing
theory (see, e.g., [12]), approximation algorithm (see, e.g., [41]), and optimization. We refer the
readers to [1, 17, 18, 33] for comprehensive summaries of these studies. In this section, we conduct
a brief literature review on the most relevant literature to the proposed approach.

The SP models of the AS problem assume that the probability distribution of the uncertain
parameters is fully known and seek a schedule to minimize the expectation of the system total cost.
Begen and Queyranne [5] show for the first time that the AS problem, where the random service
durations follow a joint discrete probability distribution, could be solved in polynomial time under
some mild conditions. Ge et al. [30] extend the result of [5] to the case where the cost is modeled
as piecewise linear convex functions of the waiting time and idleness.

When it comes to general probability distributions, exact calculation of the multi-dimensional
integral poses computational challenges. To this end, sample average approximation (SAA) meth-
ods are often used to approximately solve AS problems. Denton and Gupta [22] formulate the AS
problem as a two-stage stochastic linear program and propose a sequential bounding approach to
determine upper bounds on the optimal value. In a more recent work, Begen et. al. [4] propose a
sampling-based approach, whereby one can construct an empirical distribution over a set of his-
torical data and quantify the related computation complexity to obtain a near-optimal solution in
terms of sample size. However, SAA approaches often lead to optimistic bias, which motivates us
to consider a DRO approach in this paper.

Modeling the no-show behavior in appointment scheduling systems is even more challenging



due to the discrete nature of the no-show parameters. For example, the no-show of an appointee is
often modeled by a Bernoulli random variable which equals one if the appointee shows up and zero
if the appointee does not show up. Ho and Lau [39] take a first step to develop a heuristic approach
that suggests to double book the first two appointments and subsequently schedule the remaining
appointments. Following the work in [39], a number of more advanced yet more sophisticated
approximation and heuristic approaches have been proposed to address the random no-show issue
in various settings [19, 22, 25, 37, 45].

In reality, it is often difficult to fit the true distribution of the service durations and no-shows
for various reasons, e.g., lack of sufficient data [49] and the existence of correlations [18]. Robust
approaches have been proposed to address this challenge based on partial information of the dis-
tribution. In particular, the classical robust optimization approach (see, e.g., [52, 55]) models the
uncertain parameters based only on an uncertainty set (e.g., the support or a confidence set of the
uncertainty). Differently, the DRO approach employs an ambiguity set that incorporates a family
of distributions. We refer the readers to the classical works [9, 21, 26, 31, 56] and references therein
for general DRO models and solution approaches. Closely related to this research are the following
papers. Kong et el. [43] propose a DRO model over a cross-moment ambiguity set consisting of all
distributions with common mean and covariance of the random service durations. They recast this
model as a copositive program and solve its semidefinite approximation to obtain upper bounds
on the optimal value. Differently, Mak et el. [51] consider a marginal-moment ambiguity set con-
sisting of all distributions with common marginal moments up to a finite order. They recast the
corresponding DRO model as a semidefinite program for general marginal-moment ambiguity sets
and, in particular, a second-order cone program for the mean-variance ambiguity set and a linear
program for the mean-support ambiguity set. Recently, Jiang et el. [40] study a mean-support
ambiguity set for both random no-shows and service durations. As the no-show parameters are
discrete, they propose an integer programming reformulation and develop a decomposition algo-
rithm to solve the resulting mixed integer programs. Kong et el. [44] consider a cross-moment
ambiguity set with decision-dependent no-shows, i.e., the first and second moments of the no-shows
depend on the appointment arrival times. They propose a copositive programming reformulation
for the corresponding DRO model and develop an algorithm to search for an optimal schedule
by iteratively solving a series of semidefinite programs. In contrast to the aforementioned work
that consider moment ambiguity sets, we propose a Wasserstein-based ambiguity set that enjoys
asymptotic consistency (see Section 4 for a demonstration based on a finite data size).

The sequence of the appointments is assumed to be fixed in this paper. In the literature,
determining the best sequence of appointments for a set of heterogeneous appointments is an
interesting topic; see [23, 33, 38, 50, 51]. In some situations, appointment systems are allowed
to overbook a time slot with multiple appointments. To this end, [46, 48, 63| propose various
approaches to provide optimal overbooking policies. Multiple-server AS has also been considered

in the literature; see for example [64].



1.2 Owur contributions

We highlight the main contributions of this paper as follows.

1.

We propose a data-driven DRO approach for the AS problem with random service durations and
random no-shows over Wasserstein balls. To the best of our knowledge, this is the first DRO

approach applied to the AS problem that enjoys the asymptotic consistency.

. We make technical contribution to the DRO literature. The W-DRAS model with random

service durations is a two-stage DRO problem with random right-hand sides. When we further
incorporate the no-shows, randomness arises from both the right-hand sides and the objective
coefficients. While two-stage DRO problems are in general NP-hard (see [8]), we recast both W-
DRAS models as copositive programs, which are amenable to tractable semidefinite programming
approximations. More importantly, under mild conditions, we recast both W-DRAS models as
convex programs that are solvable in polynomial time. In particular, if the Wasserstein ball is
characterized by an £,-norm, we show that W-DRAS admits a linear programming reformulation

when p = 1 and a second-order conic reformulation when p > 1 and p is rational.

We derive probability distributions that attain the worst-case expected total cost in the W-DRAS
models. These distributions can be applied to stress test an appointment schedule generated
from any decision-making processes. In addition, when we interpret W-DRAS as a two-person
game between the AS scheduler and the nature, these distributions provide interesting insights

on how the nature plays against a given appointment schedule.

. We demonstrate the effectiveness of our approach over diverse test instances. In particular,

our approach yields (i) near-optimal appointment schedules even with a small data size and (ii)
better out-of-sample performance than two state-of-the-art methods, even when the distribution
is misspecified. This demonstrates that the W-DRAS approach is effective in AS systems (i)

with scarce data and/or (ii) in a quickly varying environment.

1.3 Paper structure and notation

The remainder of the paper is organized as follows. We study the W-DRAS problem with random

service durations in Section 2 and extend the model to incorporate both random no-shows and

random service durations in Section 3. We test the effectiveness of our approach over diverse test

instances in Section 4. Finally, we conclude and discuss future research directions in Section 5. We

relegate all technical proofs to the Appendix.

Notation: For any m € N, we define [m] as the set of running indices {1,...,m}. For i, € N, we

let [¢, j]z represent the set of running indices {i,i + 1,...,j}. We use boldface notation to denote

vectors. In particular, we denote by e the vector of all ones and by e; the i-th standard basis vector.

Finally, we denote by S™ the set of all symmetric matrices in R™*".



2 Random Service Durations

In this section, we study the W-DRAS model with random service durations. We describe the
model, including the Wasserstein ambiguity set, in Section 2.1 and reformulate it as a copositive
program in Section 2.2. In Section 2.3, we recast the model as tractable convex programs under a

rectangularity condition.

2.1 W-DRAS model and Wasserstein ambiguity set

We consider n appointments and determine a time allowance s;, or equivalently an arrival time,

for each appointment i € [n]. We require that all appointments are scheduled to arrive by a fixed

end-of-the-day time limit 7", which gives rise to the following feasible region for s := (s1,...,5,) ' :
n
S::{SG]R”:.SZO, ZsigT}.
i=1

As each appointment ¢ takes up a random service duration u;, one or multiple of the following
three scenarios can happen: (i) an appointment cannot start on time due to a delay of completion
of the previous appointment, (ii) the server is idle and waiting for the next appointment due
to an early completion of the current appointment, and (iii) the server cannot finish serving all
the appointments by T'. Specifically, if we let w; represent the waiting time of appointment i, v;
represent the server’s idleness after serving appointment ¢, and w,, 1 represent the server’s overtime
beyond T, then we can recursively express the waiting times, as well as the server’s idleness and

overtime by w; = 0 and
w; = max {0, Ui—1 + Wi—1 — 82‘—1}7 vj—1 = max {0, Si—1 — Uj—1 — wi—l} (1)

for all ¢ € [2,n + 1]z. Note that w; = 0 because the first appointment always starts on time.
To evaluate the performance of the appointment schedule s, we denote the unit costs of waiting,
idleness, and overtime by ¢ € R, d € R’}, and C' € Ry respectively. In addition, we assume that
dit1—d; < ¢;yq for all i € [n—1]. This assumption is standard in the literature (see, e.g., [22, 30, 43,
51]). If an appointment system fails to satisfy this assumption, the server would (intentionally) keep
idle and make appointee i 4+ 1 wait after completing all previous appointments, which is unrealistic
in practice. Under this assumption, w := (wy,...,wy11)" and v := (v1,...,v,)" can be obtained

from the following linear program:
n
f(s,u):= rlrvng > (ciw; 4+ divy) + Cwptq
V=1
S.t. w; —vi_1 = U1+ wi—1—Si—1 Vi€ [2,71 -+ I]Z (2)
’wZO7 w1:O, '0207



where u := (ug,...,u,)" and f(s,u) represents the system total cost, which is evaluated by a
weighted sum of the waiting times, idleness, and overtime under schedule s and service durations
u. If the probability distribution of w, denoted by P, is fully known, classical stochastic AS

approaches seek a schedule that minimizes the expected system total cost, i.e.,

Z* = minEg, [f(s,u)]. (3)

In this paper, we assume that P,, is unknown and belongs to a Wasserstein ambiguity set. Specif-
ically, suppose that two probability distributions @Q; and Q9 are defined over a common support
set U C R™ and, with p > 1, || - ||, represents the p-norm on R™. Then, the Wasserstein distance
dp(Q1,Q2) between Q; and Q2 is the minimum transportation cost of moving from Q; to Q2, under

the premise that the cost of moving from u; to uy amounts to ||u; — uz||,. Mathematically,

1/p
d = 'llf E U1 — U p
p(@17@2) < c 1( 1.Q2) H[H 1 2”1)])

where random vectors w1 and uy follow Q1 and Qg respectively, and P(Q, Q2) represents the set
of all joint distributions of (w1, us) with marginals Q; and Q.

In addition, we assume that P, is only observed via a finite set of N i.i.d. samples, denoted
as {u!,... Jaly }. For example, these samples can come from the historical data of the service

durations u. Then, we consider the following p-Wasserstein ambiguity set
Dy(BY, €) == {@u ePU) : dy(Qy, PY) < E}’

where P(U) represents the set of all probability distributions on U, @ﬁ represents the empirical

distribution of u based on the N i.i.d. samples, i.e., @ﬁ] = % Zjvzl 054, and € > 0 represents the

radius of the ambiguity set. We seek a schedule that minimizes the expected total cost with regard

to the worst-case distribution in the p-Wasserstein ambiguity set, i.e., we solve the following DRO

problem:

Z(N,¢):=min  sup Eq., [f(s, u)]. (W-DRAS)
°CS QueD, (B o)

Many data-driven applications desire asymptotic consistency. In particular, an appointment sched-
uler may desire that, as the sample size N increases to infinity, A (N, €) tends to Z*, which is the
optimal value of the “true” model (3), i.e., the model with perfect knowledge of P,,. Accordingly, an
optimal appointment schedule obtained from (W-DRAS) tends to the optimal schedule obtained
from (3). In addition, if Z(N, €) > Z* almost surely, then (W-DRAS) provides a safe (upper
bound) guarantee on the expected total cost with any finite data size N. We close this section by
formally establishing the asymptotic consistency and the finite-data guarantee of (W-DRAS). To

this end, we make the following assumption on the support set U.

Assumption 1. The support set U is nonempty, compact, and convex.



This assumption is mild and it holds in most practical situations. The following concentration

inequality on the p-Wasserstein ambiguity set is adapted from [29].

Lemma 1 (Adapted from Theorem 2 in [29]). Suppose that Assumption 1 holds. Then there exist

nonnegative constants ¢y and ca such that, for all N > 1 and § € (0,min{1,c1}),
PY {dp(Pu, BY) < en(8)} 218,
where ]P’fy represents the product measure of N copies of Py, and

1
log(qﬁ‘l)} ]

n(s) = |8

Lemma 1 assures that the p-Wasserstein ambiguity set incorporates the true distribution P,
with high confidence. This leads to the following two theorems, whose proofs rely on [26] and are

provided in the Appendix for completeness.

Theorem 1 (Asymptotic consistency, adapted from Theorem 3.6 in [26]). Suppose that Assump-
tion 1 holds. Consider a sequence of confidence levels {Bn}nen such that > N_; v < 0o and
limpy 00 en(By) = 0, and let S(N, ex(Bn)) represent an optimal solution to (W-DRAS) with the
ambiguity set Dp(@g, en(Bn)). Then, P -almost surely we have 2(]\7, en(BN)) = Z* as N — .
In addition, any accumulation point of {S(N, en(BN))}Nen is an optimal solution of (3) Py -almost
surely.

Theorem 2 (Finite-data guarantee, adapted from Theorem 3.5 in [26]). For any 8 € (0,1), let

8(N, en(B)) represent an optimal solution of (W-DRAS) with the ambiguity set Dp(PLY, en(B)).
Then, PN {Ep, [f(8(N, en(B)), w)] < Z(N, ex(8))} > 1 - B.

The radius e () suggested in the above theoretical results is often conservative, i.e., the actual
radius € that achieves the (1 — /3) confidence of Dp(@ﬁf , €) may be much smaller than ex(3). In
this paper, we calibrate the radius of the p-Wasserstein ambiguity set by using the cross validation
method. This yields encouraging convergence results and out-of-sample performance of (W-DRAS)
(see the detail in Section 4).

Problem (W-DRAS) is generically difficult to solve as it involves infinitely many probability
distributions. In the following two subsections, we shall recast (W-DRAS) as a (deterministic and
finite) copositive program and identify conditions under which we have more tractable reformula-

tions.

'For example, we can set By = exp{—VN}.



2.2 Copositive programming reformulations

In this section, we propose a copositive reformulation for (W-DRAS). As the first step, we represent
f(s,u) by the following dual problem of (2):

f(s,u) = max 3 (u; — i)y, (4)

yey =1

where dual variables y are associated with the first constraint in (2) and the polyhedral feasible

set YV is described as

-y < d; Vi€ [n]
YVi=qyeR": y1—y;<¢ Vie]2nz p. (5)

The strong duality between (2) and (4) holds because ) is nonempty and compact, as summarized

in the following lemma.
Lemma 2. ) is nonempty and compact.

Second, to obtain a copositive reformulation, we consider the inner maximization problem of
(W-DRAS)
sup  Eqg, [£(s,w)] (6)

QueDp(PY, )

for fixed s € S. In the following proposition, we present an equivalent dual formulation of (6) via

duality theory.

Proposition 1. The optimal value of formulation (6) equals that of the following formulation:

1 N
g 520
7j=1
st sup {f(s,w) = plu—@|p} <6; VjeN] (7)
uec

p>0, 0 cRY.

While this dual formulation is in the format of a classical robust optimization problem, it is
inherently difficult. Indeed, reformulating the semi-infinite constraint (7) entails solving N non-
convex optimization problems (note that both f(s,u) and ||u — 4’|} are convex in ), which are in
general computationally intractable. The presence of the norm ||- ||} with a general p > 1 introduces
additional computational difficulties.

In this section, we propose to use copositive programming reformulation techniques to tackle

the intractable constraint for the cases of p = 1,2. For ease of exposition, we define sets ]-"f for all



j € [N] and F» by using U and ):
.7-"{ ::{ (u"‘,u‘,y)ERixRixR”:u"‘—u‘+ﬁj€U,yey },

]:2::{(u7y)e]R”xR": uceld, ye)y }a

and then construct their perspective sets IC{ and Ko respectively:
IC{ = closure({(t,u+,u_,y) S(ut/tuT /ty/t) € }'{, t> 0}), (8)

Ko = closure({(t, w,y) : (u/t,y/t) € Fa, t > 0}), (9)

where closure(KC) denotes the closure of the set K. In fact, IC{ and Ky are closed and convex cones
by Assumption 1. Furthermore, for a closed and convex cone K, we define COP(K) as the set of
all copositive matrices with respect to K, i.e., COP(K) := {M eS":x' Mz >0Vxe IC}. The
dual cone of COP(K) is denoted by CP(K), which is the set of all completely positive matrices with
respect to K. We refer the reader to [13, 14, 16, 24] for a thorough discussion about copositive
programming.

Now, we are ready to present the copositive programming reformulation of (W-DRAS) for the
cases of p = 1,2 in the definition of Dp(@g ,€). For fixed p and s, define

0 —1pe’ —ipel 1w —s)T
—5pe 0 0 ir
Hjl(pv 8) = % 21 VJG[NL
—5pe 0 0 —51
S@i-s) 4T <0
—pll@|* p(@’)" —gs'
H:(p, s):= | ptf —pI 31 | VjelN],

1 1
where I € S” and e € R" denote by the identity matrix and all-ones vector respectively.

Theorem 3. Suppose that Assumption 1 holds. Then, when p = 1, (W-DRAS) yields the same

optimal value and the same set of optimal solutions as the following linear conic program:

~

1 N
Z(N,e)=1inf ep+— > B;
szl

s.t. peR, BeRY (10)
Bieie] —H}(p, s) € COP(K]) Vj € [N]
p>0, s€S§,

where ey represents the first standard basis vector in R3"+1.

In addition, when p = 2, (W-DRAS) yields the same optimal value and the same set of optimal

10



solutions as the following linear conic program:

Z(N, e) =inf €2p+ = JZV: B
N &
s.t. peR, BeRN (11)
Bjere] —H?(p, s) € COP(Ky) Vj € [N]
p>0, se8,

where ey represents the first standard basis in R?"t1,

Remark 1. The copositive programming reformulations in (10) and (11) are amenable to semidef-
inite programming solution schemes. Specifically, there exists a hierarchy of increasingly tight
semidefinite-based inner approximations that converge to COP(K) for a general closed and con-
vex cone KC [11, 20, 47, 53, 62]. Replacing the cone COP(K) with these inner approzimations gives
rise to conservative semidefinite programs that can be solved using standard off-the-shelf solvers
(such as MOSEK [2] and SDPTS3 [60]).

2.3 Tractable reformulations

In this subsection, we consider a setting that admits tractable reformulations of (W-DRAS) for
general p > 1. In particular, we recast problem (W-DRAS) as a linear program when p = 1 and
as a second-order cone program when p > 1 and p is rational. To this end, we make the following

assumption on the support set U.

Assumption 2 (Rectangular support of service durations). Assume that U is defined as
U::{uER":uLguguU},
for 0 <uf <u! < oo forallien].

Assumption 2 is mild because any compact ¢/ C R’ can be relaxed to be rectangular. In
addition, the asymptotic consistency and the finite-data guarantee of (W-DRAS) (i.e., Theorems
1-2) hold valid under Assumption 2. We note that rectangular ¢ does not imply that {u; };c|, are
probabilistically independent. First, following Proposition 1, we rewrite (W-DRAS) as

~ 1 N )

Z(N,e)= inf ep+ — > sup{f(s, u)—p|u—a’|}

(N0 = inf e 3 s { (s w) — ol W) .
s.t. p>0,s€S8.

Recall that formulation (12) is potentially prohibitive to compute because it entails solving N non-
convex optimization problems, in which f(s, u) — p|lu — @/|[5 is neither convex nor concave in u.
Fortunately, Assumption 2 enables us to recast these problems as linear programs for fixed p and

s, as summarized in the following proposition.

11



Proposition 2. Suppose that Assumption 2 holds. Given p > 1, p >0, and s € S, we denote

ws(p:5) 1= sup { f (s, w) = pllu— @[}
u

Then, we have

n n+1 [min{{n}

wj(p,8) = max S DDz | tre (13a)

k=1 {=k i=k
i n+l
st Y > t=1 Vi€ n (13b)
k=1 =i
tke >0 Vke|[n], Vle[kn+1]z. (13¢)
In formulation (13a)—(13c), zie; is defined as zy; = —8iTi + SUP, Loy, <, Ui{miewi — plu; — af P} for

all j € [N], i € [n], and ¢ € [i,n + 1]z, where

_ - yy .
g = { de+ 2 4—iz1¢q fi€[n] and L €li,n]z (13)

C+3i—incg fi€n]andl=n+1

Proposition 2 contrasts with the general computational tractability of two-stage DRO with
right-hand side uncertainty (note that random variables w appear in the right-hand side of the
linear program (2) that defines (W-DRAS)). In general, evaluating the objective function value of
(W-DRAS) with a fized appointment schedule s entails solving an exponential-size convex program
(see Remark 5.5 in [26]). In contrast, Proposition 2 indicates that (W-DRAS) can be solved in
polynomial time to find an optimal s. Indeed, (W-DRAS) is a convex program because the function
w;(p, 8) is jointly convex in p and s. Additionally, Proposition 2 implies that the epigraph of w;(p, s),
denoted as E := {(0,p,s) : 6 > w;(p,s)}, can be separated in polynomial time. That is, given a
point (0, p, 3) € R"*2, one can either verify that (§, p, 3) € E or generate a hyperplane that separates
(9_, p, 8) from E in polynomial time. Then, following the equivalence between separation and convex
optimization established in the seminal work [32], we conclude that (W-DRAS) can be solved in
polynomial time. This contrast in computational tractability arises because we study a particular
DRO model in appointment scheduling and we take advantage of the structure of (W-DRAS).

We proceed to consider special p values. In particular, the following theorem recasts (W-DRAS)
as a linear program and a second-order cone program for p = 1 and p = 2, respectively. In both
cases, the solution of (W-DRAS) does not reply on specialized algorithms (such as separation) and
can be obtained via off-the-shelf solvers (such as Gurobi and CPLEX).

Theorem 4. Suppose that Assumption 2 holds. Then, when p = 1, (W-DRAS) yields the same
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optimal value and the same set of optimal solutions as the following linear program.:

. 1 N n
min €P+N22%j

P8,Y,Z j=1i=1
min{¢{,n} min{¢,n}
s.t. Yo=Y Zke Vi€ [n], VL€ [i,n+ 1]z, Vj € [N]
k=i k=i Y
vig + miesi + b —@lp > meut Vi n], Vee[in+1g, Vien] (14
Zigj + TieSi > mg@? Vie [n], Vi e [2,n+ 1]2, Vi€ [N]
Zigj + mesi + |[uf — @l |p > mpuf Vi€ n], VL€ [i,n+1]z, Vj e [N]
p>0, seSs.

In addition, when p = 2, (W-DRAS) yields the same optimal value and the same set of optimal

solutions as the following second-order cone program:

9 1 N n
min €p+ — i
p,S,"/,Z,ﬂ,'I' p Nj; Z; fyzj
min{¢,n} min{¢,n}
s.t. YoM=Y ke Vi€ [n], VL€ [i,n+ 1]z, Vj € [N]
k=i k=i
—(Ag — Uf)ﬂf@ — Tty > mgﬁﬁ Vi€ [n], NS [Z,?’L+ I]Z, Vi€ [N]
T T <4 p Vie[n], VEE[i,n+ 1]z, Vi€ [N]
Tigg — P 2
p>0, ses.

We note that both reformulations (14) and (15) involve O(Nn?) decision variables and O(Nn?)
constraints. More generally, we show that (W-DRAS) admits a second-order conic reformulation
for all p > 1, as long as p is rational. But as p typically takes integer values (e.g., p = 1,2) in
real-world applications, we relegate this more general result to Theorem 10 in the Appendix.

In addition to tractable computation of an optimal appointment schedule, Theorem 4 suggests
an approach to stress testing any appointment schedule s € S. Specifically, the following theorem
derives a worst-case probability distribution Q}, of the random service durations w that attains
SUDG, ep, (BN o) Eg, [f(5,u)]. This distribution can be applied, for example, to assess the quality of

an appointment schedule generated by any decision-making processes.?

Theorem 5. For fixred 8 € S and € > 0, sup  Eq,[f(5,u)] equals the optimal value of the
QuE’Dl(@Y:G)

2 Although the derivation of worst-case distributions in Theorem 5 is based on the formulation when p = 1, similar
conclusions can be obtained for the case when p > 1 and p is rational.
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following linear program:

1 N n nitl L o U o 7 N
max 20 33 me | (uF - @)ay + (W —@)riy + (3 paey ) (@ - )
y20 Nj:1 i=1 f=i k=1
1 N n ntl . I U ~j
s. t. N Z Z ' [(ui —uy)qig; + (u; —Ui)nej} <€
j=1i=1 l=i
n+l i (16)

prej =1 Vie[n], Vje[N]
=1

~
Il

-

X

M~

Prej — Qi —1ieg 20 Vi€ [n], VLE [i,n+1]z, Vj € [N]

B
Il
—

Pie; >0, qiej >0, ryg; >0 Vie[n], VL€ [i,n+1]z, Vje[N]

Let {pZejv Birj» T;}j} be an optimal solution of (16) and define
i n+l
T = {t € {0,132 NNy =1, Vi€ [n+ 1]} .
k=1 (=i

Then, there exists a distribution P1 on T such that Pi{ty, = 1} = Pjej for all j € [N], k € [n+1],
and ¢ € [k,n + 1]z. Furthermore, define the probability distribution

1 - :
QZ = N Z Z ]Pf‘,{t = T}(suj(f)7

j=17eT

where, for all i € [n] and j € [N],

n+1 i * L _=J * U_ =J
. o g (u” —u; re . (u: —u:
uwl(T) = Tre | ie; and wip; =W + ity ( ! ) + Y ( ! ’),
(2 J J (3 7 * 7 *
(=i \k=1 Zk:1 Diy; Zk:1 Dl

where we adopt an extended arithmetic given by 0/0 = 0. Then, Q}, belongs to the Wasserstein
ambiguity set D1(PY, €) and Egylf(s,u)] = sup  Eq,[f(5,u)].
QueD1(PF ¢)

Remark 2. Intuitively, the (W-DRAS) model can be viewed as a two-person game between the
AS scheduler and the nature, who picks a Qj, that mazimizes the expected total cost after the
schedule s is determined. Theorem 5 gives us a clear picture on how the nature makes its pick.
Specifically, Qy, is a mizture of N distributions, with each pertaining to a data sample. That is,
Qy, = (1/N) Zjvzl QL. where Ql, := ZTGT}P’i{t = T}0yi(r) for all j € [N]. Note that T is the
collection of all possible partitions of the set [n+ 1] into sub-intervals. Hence, what the nature does
under QJ, is to: (i) randomly pick a partition T € T following distribution IP’{ and (ii) for each
i € [n], ifi belongs to the sub-interval [k, l)z (i.e., if Tre = 1 with k <1 < {) then the i appointment

has a service duration w;;.

Remark 3. In the situation where the radius of the Wasserstein ball is set to zero, the worst-case

distribution Qy, reduces to the empirical distribution. Indeed, setting e = 0 enforces all qo; and ry;
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to be zero in (16). It follows that u;; = af and so ul(T) = ﬂz for all T € T. Therefore, we have
N
QZ = % ijl 517]‘

3 Random No-Shows and Service Durations

In many AS systems, appointments have random no-shows, i.e., the appointee cancels her appoint-
ment too late such that the scheduler cannot make a substitute. In such a situation, the approach
studied in Section 2 is no longer applicable. In Section 3.1, we extend (W-DRAS) and the Wasser-
stein ambiguity set to incorporate both random no-shows and service durations. We reformulate
this extended model as copositive programs in Section 3.2 and as tractable convex programs under

a mild condition in Section 3.3.

3.1 Extended model for random no-shows

We model the random no-show of appointment ¢ by using a Bernoulli random variable \; such that
A; = 1 if appointee i shows up and \; = 0 otherwise. We denote the support of A by A C {0,1}". If
A ={0,1}" then it includes all possible scenarios of no-shows. Unfortunately, it has been observed
(e.g., in [40]) that such a A often results in poor out-of-sample performance. Intuitively, this is
because the set {0, 1}" includes many unlikely scenarios (e.g., a majority of appointees do not show
up), rendering the resulting schedule over-conservative. In this paper, we propose to consider a less

conservative, budget-constrained support set

A= {Ae{o,l}":zn:(l—)\i)gl(},

=1

where the integer parameter K € [n] denotes the “budget” of no-shows and controls the conser-
vativeness of A. Intuitively, A contains only scenarios with no more than K no-shows out of the
n appointments. For example, if K = 0 then all n appointees show up for their appointments,
yielding the least conservative support set; and if K = n then A = {0,1}", yielding the most
conservative case. The parameter K can be determined based on the scheduler’s knowledge, risk
attitude, and/or the historical data of no-shows (see (18) below).

Observing that an AS system spends no time on a no-show appointment, we let gt := (p11, ..., fin) "
represent the actual service durations of appointments and, for ease of exposition, let & :== (", A7) T.

Then, under a rectangularity condition, we define the support set of £ as
== {(p,,A) ER" x A: ubd; < i <uVN Vi€ [n]}.

We note that the constraint ul'\; < p; < uy\; ensures that (i) if \; = 1 (i.e., if appointee i shows
up) then p; € [u},uwy] and (ii) if A\; = 0 (i.e., if appointee i does not show up) then p; = 0 (i.e.,
the actual service duration is zero). Under the standard assumption that d;11 — d; < ¢;41 for all

i € [n — 1] (see Section 2.1 for elaboration of this assumption), the total cost of the appointment
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system for given s and &£ can be obtained from the following linear program:

n
g(s, &) := 13111]1 > (cidiw; + divg) + Cwpyr
v
St wi —vim1 = pi—1 Fwis1 —sio1 Vi€ [2,n+ 1]z (17)

w>0, w; =0, v>0.

Here, the cost of waiting time ¢;\;w; is modeled from the perspective of appointments, i.e., this
cost is waived if appointee i does not show up. In addition, we note that the variables w do not
explicitly appear in the above definitions of = and g¢(s,&). In this section, we interpret u; as the
service duration if appointee i shows up, i.e., u are conditional random variables depending on A.
As a result, u may not even be observable when no-shows take place, while & are always observable,
for example, from the historical data of service durations and no-shows. Similar to Section 2, we
assume that we observe a finite set of N i.i.d. samples of €, denoted as {El, e ,EN }. Then, we

consider the following p-Wasserstein ambiguity set
Dy(BY, ) := {@5 EPE): dp(Qe, PY) < 6} ,

where I/P\’év represents the empirical distribution of & based on the N i.i.d. samples, i.e., @év =
% Zjvzl 6@. Additionally, we can determine K, the budget of no-shows in A, based on these

samples. For example, we can set

n
K := max 1-X)%. 18
w020} a9
With the above Wasserstein ambiguity set, we formulate the following DRO model to seek
a schedule that minimizes the expected total cost with regard to the worst-case distribution in

Dp(IP’éV , €): R
Zu(N, @) i=min  sup  Fglg(s, &) (W-NS)

*5° QeeDy(BY )

We close this section by noting that similar asymptotic consistency and finite-data guarantee as in
Section 2 (see Theorems 1-2) also hold for (W-NS). In particular, as the data size N increases to
infinity, 2Ns (N, €) converges to the optimal value of the stochastic AS model, where perfect infor-
mation of the probability distribution of € is known. Accordingly, a (W-NS) optimal appointment
schedule converges to the optimal schedule obtained from this stochastic model. In addition, with
high confidence, (W-NS) provides an upper bound on the optimal value of the stochastic model

with any finite data size N. We skip the formal statement of these two results to avoid repetition.
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3.2 Copositive programming reformulations

In this section, we propose a copositive reformulation for (W-NS). As the first step, we represent

g(s, &) by the following dual linear program of (17):

CR = max i — Si)Y; 19
o(5.6) = max 3= sy (19)
where dual variables y are associated with the first constraint in (17) and the polyhedral feasible
set V() is described as

—Yi <d; Vie [n]
YA)=CyeR": y 1 —y; <)\ Vie(2,n]z

The strong duality between (17) and (19) holds because V() is nonempty and compact for any
A € A. We formally state this fact in the following lemma and omit its proof due to its similarity
to that of Lemma 2.

Lemma 3. For any A € A, Y(X) is nonempty, compact, and conver.

Second, we derive a deterministic formulation to compute the worst-case expectation in (W-NS),
SUPg, ep, B, o Eq,[g(s, §)], for fixed s € S. We state this formulation in the following proposition
and omit the proof due to the similarity to that of Proposition 1.

Proposition 3. For fized s € S, sup  Eq.lg(s, &)] equals the optimal value of the following
Q&eDP(@JE\IvG)
formulation:

N
1 ~
inf P - - — &P 2
inf €’p+ Njg_l 2161153 {9(3, £ —rllE—¢ Hp} (20)
s.t. p>0.

The deterministic formulation in Proposition 3 is computationally intractable particularly due
to the maximization problem in the objective function (20). As compared to its counterpart in
Section 2 (see (7)), the problem in (20) involves both binary decision variables A and continuous
decision variables p, which significantly increases the computational difficulty. Nevertheless, in the
following theorem we derive a copositive reformulation of (W-NS) for p € {1,2}. Similarly, we
define the sets FZ , for all j € [N] and Fyso:

Ns,1
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pteRY, po e}%ﬁ,)ﬁem, AT eR}, yeR”
0<AT—A"+XN <e AT <e, A <e

n o~ -

S [-0r -+ <K

1=

u

—_

J — + ,,— \t )\ 5n . ~ .
'FNS,l =T e AT AT y) R (/\j__)‘i_—i_)‘g)gﬂj_ui_""ﬁg Vi€ [n] )

L
uE =+ < ul (N =N+ X) Vi€ [n]
yn < C, —yi <d; Vi€ |[n]

yio1 —yi < (AT = A7 +X{) Vi€ [2,n]z

peER™ XeR™, ye YN
Fusz =4 (A y) eR™: Y (1-XN) <K, 0<A<e

=1

ur i < pi <ufh; Vi€ [n]

9

and then construct their perspective sets ICI]\AI&1 and Kygs 2 respectively:
ICf;IS’1 = closure({(t, T AT AT y) (T AT ATty t) € .7:1{;371, t> O}),

Kxs2 := closure({(t,p,,)\,y) C(p/t, At y/t) € Frso, t> 0})

Now, we are ready to present copositive programming reformulations of (W-NS) for the cases

of p=1,2. For ease of exposition, we define

0 —spe’ —gpe’  —gpe’ —jpel §(A —s)T
—1pe 0 0 0 0 I
1 1
1 —5pe 0 0 0 0 —51
Gj(p73) = % X )
—3pe 0 0 0 0 0
—3pe 0 0 0 0 0
_%(uj—s) 31 —3I 0 0 0 |
- 1 r.qT - 1 AT S - 9. AT - 1 AT -1 r.AT
of o 0l |1 1|0 of |0 0l |1 1|0
oo 0 0| |0 of o ol [0 0| [0
0 1 0 1|0 oo 1|of |0 L|o| |0
Ji = —= —= , M = —= ——
e; | |e; 2 le;l |0 210 |e; 0 0 2101 10 20| |0
0 0 0 0 €; €; €; 0 0 €;
0] [0] 0] [0] 0] [0] (0] 0] 0] (0] 0] [0]
—p(lEl1* + I 11P) pia]  pAf —5sT
1
2 P —pI 0 3
Gj(p7s) = . 2 )
PA; 0 —pI 0
1 1
—23 iI 0
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T T T

0 1 1 0
0 0 0 0
Ni = — 1 — 1
e | |e; e;| |0 210 |es
0 0 0 0 0 0

Theorem 6. When p =1, (W-NS) yields the same optimal value and the same optimal solutions

for the following copositive program:

~ 1 N
Zys(N. €)= inf ep+—> B
s.t. peR, P e RN pc RN
Brere] + 3 M+ 3 0idi = Gi(p, ) € COP(Ks,) Vi€ [N]

p>0, seS8.

(21)

In addition, when p = 2, (W-NS) yields the same optimal value and the same optimal solutions for

the following copositive program:

. 1 N
Nj:1
s.t. peR, BeRN, ¢p e RN
6j€161r + Z wZ]NZ — G?(p, S) € CO,P(ICNS,Q) Vje€ [N]

i=1
p>0, seS8.

(22)

3.3 Tractable reformulations

In this subsection, we consider a setting that admits a tractable reformulation of (W-NS) for general
p > 1. Different from Section 2 that considers random service durations only, (W-NS) incorporates
no-shows and the accompanying Bernoulli random variables. To address the amplified computa-
tional challenge, we adopt a different approach based on dynamic programming and network flow
techniques. This leads to a (polynomial-size) linear programming reformulation of (W-NS) when
p =1 and a (polynomial-size) second-order cone programming reformulation when p > 1 and p is
rational. To this end, we make the following assumption on the costs of waiting and idleness of the

AS system.

Assumption 3 (Homogeneous Costs). The costs of appointment waiting and server idleness are

homogeneous, i.e., co:=c1 =ca=---Cp and dg :=d; = do = --- = d,.

Assumption 3 is non-stringent because (1) the server idleness is always associated with the
same server, and (2) although the waiting times are associated with different appointments, the
scheduler should consider a homogeneous cost to ensure fairness among all appointments. Under
this assumption, we can assume ¢y = 1 without loss of generality.

We first recast and identify an optimality condition (OC) of the maximization problem supgcz {g(s, £)—
pll€ — EJHg} in formulation (20).
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Proposition 4. Denote wi(p, s) = supgcz {9(s, &) — pll§ - ngg} and suppose that Assumptions
2-8 hold. Then, for allp>1, j€[N], p>0, and s € S,

Wlps) = sup { fim,yn}, (23)
1

AEA, yeY(N)

1=

where
fij(Xiyi) = sup {yi(ui —si) = plui — AP = plhi = N !p} (24)
ul X <pi<ulX;
for all i € [n]. In addition, without loss of optimality, variables A and y satisfy the following
optimality condition:
Yo = C ory, = —dy
yi = —do or yi = yit1+ Nip1 Vi € [n—1] (0C)
Y € Vs Vi € [n],

where Y; := [—do, —do +n — i]z U[C,C +n —i]z.

(OC) shrinks the search space of problem (23) from a union of polytope to a finite set of points.
Specifically, for each i € [n], variable y; has 2(n — i 4+ 1) possible choices because ); consists of
2(n —1i+ 1) elements. More importantly, given the value of y;+1, y; can take only two values: —dy
or yi+1 + Ait1. This allows us to recast wi(p, s) as a dynamic program (DP), that is, we solve (23)
by sequentially determining (A1, y1), (A2, y2), and so on. To this end, for each i € [n], we define the
state of this DP as (\;,%:) € [0, K]z x Vi, where A; := 3%, (1 — A) records the total number of

no-shows among the first i appointments?, and define the value function of this DP through

ViiAnsyn) = 0 V(An,yn) €10, K]z X Y,

Vicnj(Ri-1,wi-1) = sup fig(Nicn — N+ Lya) + Vij(Ai, 1)
AisYi

st Ae {1+ 1), i€ {—do, yir1 — (Nic1 — A+ 1)}
Vie [2,n]z, V(Ai—1,yi-1) €10, K]z X Vi1

It follows that w}(p, 8) = sup(x, y,)eqo,13x L1 (1 — A, 1) + Vij(Aa,u) )

To provide more intuition, we map the states and state transitions of this DP onto an n-layer net-
work. Inlayer i, Vi € [n], we construct a set £(i) of nodes with £(2) := {(X\i, yi) : i € [0, K]z, yi € Vi}.
In addition, we construct directed arcs between two consecutive layers in the network. For ¢ €
[2,n]z, there is an arc from node (\;_1,v;—1) € £(i — 1) tonode (\;, ;) € L(3)if \; € {Ni—1, \i_1+1}
and y; € {—do, yi1 — (Mi_1 — A\; + 1)}. Finally, we construct a (dummy) starting node S and a
(dummy) ending node E, as well as arcs from S to all nodes (\1,%1) € £(1) with A\; € {0,1} and
from all nodes in £(n) to E. We depict an example of this network in Figure 1. It can be observed

that each feasible solution of the DP corresponds to an S-E path in the network, and vice versa.

3Note_‘chat M =1-Xand \; = \i—1 — \; + 1 for all i € [2,n]z. In addition, although \; € [0, min{i, K}]z, we
consider \; € [0, K]z in this DP for notational brevity.
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Figure 1: An Example of the Network (G, &) with n = 2 and K = 1. The nodes in layers 1 and 2
are arranged along the coordinates £(1) and £(2), respectively.

This indicates that, by associating appropriate length to each arc, solving the longest-path prob-
lem in the network produces an optimal solution to the DP. We summarize this observation in the

following proposition.

Proposition 5. Suppose that Assumptions 2-3 hold and consider a directed network (G,&) such

that G = U?:l L(i)U{S,E} and € = {((Ni=1,¥i-1), (Ni,u:)) € L(i—1) x L(i) : 5\1 € {5\1;1,5\1',1 +
1}, yi € {—do, yi1 — (/_}z'—l — A+ D}, i€ 2,0z U{(S, (A,m)) 0 A€ {0,1}, (A,m) €

LUWIU{((Asyn)s E): (Anyyn) € L(n)}. For each arc (k,£) € &, let gy represent its length such
that

f1;(1 = A1, 1) if k=8 and £ = (M, y1)
grej = 4 fiiQica =i+ 1 i) i k= (N1, 9i1) and £ = (Xi i) fori € [2,n]z
0 if ¢ =E,

where fi;(-,-) is defined in (24). Then, we have

W;(P, 5) = max Z Gk ke (25a)
(k,0)€EE
1 ifk=S
st Y ame— Y. k=30 ifk#£SE Vkeg (25b)
o:(k,0)€E 0:(0,k)EE 1 ifk=E
zZe > 0 V(k,f) e €. (25C)
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We note that |G| = O(Kn?) and |€] = O(Kn?). This indicates that o’ "(p, 8) can be computed
in polynomial time by solving the linear program (25a)—(25c). Following the equivalence between
separation and convex optimization (see [32]), Proposition 5 implies that (W-NS) can be solved in
polynomial time to find an optimal appointment schedule under both random no-shows and service
durations.

As a generalization of Theorem 4, the following theorem recasts (W-NS) as a linear program
and a second-order cone program for p = 1 and p = 2, respectively. Similar second-order conic

reformulations can be obtained for any rational p > 1.

Theorem 7. Suppose that Assumptions 2-3 hold and define

E:={(50€e€: =Ly}, &:={S0ecE: =(0m)},
E={(k,0)c&: k= N_1,yi-1),L = iyyi), and N = \i_1 + 1} Vi € [2,n]z,
E={k,0) €& k=Ni—1,¥i-1),L = Niyyi), and \j = N1} Vi € [2,1n]z,
and Eg:={(k,0) € E: {=E}.

Then, when p = 1, (W-NS) yields the same optimal value and the same set of optimal appointment

schedules as the following linear program.:

N
. 1 i

min €p+N;<O‘S_O‘E>

s.t. a‘;—aZZO V(ké)e&; Vj e [N]

] '+ M)p>0 Vieln], V(k L) €& Vje[N]

o, — )+ yisi +

ai—ag—i—yisz 1—)\‘7+u2—u)p>uyz

Vi€ [n], V(k,¢) €&l

(]
+ (

al —aod +yisi + (1= MN)p > iy, Ve
+ (

ai—a2+yisz 1— )\]—i-u —M)p>uyZ
p>0, ses.
In addition, when p = 2, (W-NS) yields the same optimal value and the same set of optimal

appointment schedules as the following second-order cone program:

s.t. ak—az>0 V(k,0) € & Vj € [N]
of—of +yisi+ (@2 +X) p 20 Vie ], (kO e &, VeV

o — o) +yisi + (1= N)p — gre; — (] — ub)Bhe; — (uf — @) By > By
Vien], V(k () €€l Vie[N]
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< Pkej +/) Vie [’I’L], V(k},f) € 52-17 \V/] € [N]
2

ﬁlézj _ﬂlgzj‘Fyi
Pkej — P
p>0, seS8.

We note that both reformulations in Theorem 7 involve O(KNn?) decision variables and
O(KNn?) constraints. We further derive a worst-case probability distribution Qg of the ran-
dom no-shows and service durations that attains SUPg, ep, BY ) Eq,[9(5,€)]. This distribution can

be applied to stress test an appointment schedule generated from any decision-making processes.

Theorem 8. For fited s € S and € > 0, sup  Eq, [9(8,€)] equals the optimal value of the
Qe€D1(PY )
following linear program:

n

N
1 L _ ~j _ U _ _
max o Z:l Z; Z ((ui — 8i)qrej + (1] — 5i)wrej + (uf — Si)wj) - Z SiPktj

O7p7q7w7r

(k,0)eE} (k.0)€eY
(27a)
1 o g .
5. . sz[ (B! + Xpee + ) ((1 = X ]~ ) die
j=1i=1 L(k,0)e€? (k,0) e}
+ (1= X we + (1—X?+U?—ﬂ?)rkej>] <e (27b)
Z DPkej + Z Qkéj + Wkej + Tk@j Z Dk
0:(k,£)€ED :(k,0)eEr £:(0,k)eE0
1 ifk=S )
— Z (qzkj—i-wgkj-f-?”gkj):{ 0 fk‘ Vkeé’\(ﬁ(n)UE), Vje[N] (27c)
0:(0 k)€ fk#S
OkEj — Z pas— > (g +wey +rens) =0 Yk € L(n), Vj € [N] (27d)
:(0,k)€EO £:(0,k)eE
Z opgj =1 Vj € [N] (27¢)
k:(k,E)eée
Oktjs Pktj> Qrej, Wkejs The; >0 YV (k,€) € €, Vj € [N], (27f)
where E0 = UM &Y and E' = UL &L Let {OZEJ'?pZej?q;ejawsz7TZej} be an optimal solution

of the above linear program and define P = {z € {0,1}¢l : (25b)}. Then, for all j € [N],
there exists a distribution PL on P such that (i) PL{zpe = 1} = Dhg; for all (k,€) € &Y and (ii)
P];{zkg =1} = Qopj + Whg; + They Jor all (k,0) € E'. Furthermore, define the probability distribution

N
0= L3S Be — e

j=1¢eP
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where, for all i € [n] and j € [N],

* L ~J * U_+~J
qkzj(“i - 1) Tkej(“i - 1t;)
* * * * * * °
Qe T Whej T Thoi ooy T Wiej + T

gzj(C): Z Cee(0,0)+ Z Cee(prej, 1) and Hkéj:ﬁz+

(k,0)eg? (k0)eed

Here we adopt an extended arithmetic given by 0/0 = 0. Then, Qf belongs to the Wasserstein
ambiguity set Dl(@é\[, €) and Eq; l9(s.§)] = sup  Eq.lg(5,€)].
Qgebl(ﬂvé\’,e)

Remark 4. Once again, we can view the (W-NS) model as a two-person game between the
AS scheduler and the nature. Theorem 8 provides an intuitive interpretation of how the na-
ture picks the worst-case distribution Qg Specifically, @2 is a mizture of N distributions, i.e.,
Q; = (1/N) Zjvzl Q. where each Q¢ := Y ccpP2{z = (}gi(¢) pertains to the j*" data sample.
Note that P consists of all the S-E paths in the network (G,£). Hence, what the nature does under
Qé is to: (i) randomly pick an S-E path ¢ € P following distribution PL and (i) for each i € [n], if
the i™ arc of the path belongs to SZ-O (i.e., if (k,0) € 520) then appointment i does not show up and
accordingly the service duration equals zero; and if this arc belongs to E} then appointment i shows

up and lasts for pye; long.

4 Numerical Experiments

In this section, we demonstrate the effectiveness of the proposed approach via numerical exper-
iments. Throughout these experiments, we adopt 1-Wasserstein ambiguity sets, i.e., p = 1. All
computations are conducted on an 8-core 2.3 GHz Linux PC with 16 GB RAM. We implement the

experiments in Python 2.7.12 and solve the linear programming problems by using Gurobi 8.0.1.

4.1 Random service durations

We begin with the (W-DRAS) model discussed in Section 2, where all appointments show up and
the service durations are random. We consider n = 10 appointments and the unit waiting, idleness,
and overtime costs are set tobe ¢y =--- =cj9=2,dy =+ =dig = 1, and C = 20, respectively.
Additionally, we consider each of the following three distributions to generate the data in our

experiments:

LN: The service duration u; of each appointment ¢ independently follows a lognormal distribution
with mean p; and standard deviation o;, which are uniformly sampled from the intervals
[0.9,1.1] and [0.1,0.9], respectively.

UB: Each appointment ¢ has a random service duration u; = 23;, where ; independently follows
the (U-shaped) beta distribution B(0.5,0.5).

NG: Each appointment ¢ has a random service duration u; = ¢+-y;, where ¢ > 0 follows a truncated
normal distribution N(1,0.5%) and +; independently follows the gamma distribution I'(c, 1/c)

with a uniformly sampled from the interval [0.5, 1]. This is to mimic a situation in which the
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service duration is influenced by both the service provider (modeled by the shared random

variable ¢) and the appointment characteristics (modeled by each individual ;).

It can be observed that the mean value of the service duration equals 1 in LN and UB, and is larger
than 2 in NG. Accordingly, we set the time limit 7" = 15 in the LN and UB instances, and set
T = 30 in the NG instances. Finally, we set u” and u" such that for all i € [n]:

ut = min {2} and Y := max{w’
' jem{ 3 ' je[m{ o

where {u’ }jvzl are the generated data sets.

4.1.1 Calibration of the Wasserstein ball radius

Our first experiment is to investigate the impact of the Wasserstein ball radius € on the out-of-
sample performance of the (W-DRAS) optimal solution, denoted by s(e, N), with respect to the

data size N. Specifically, we evaluate the out-of-sample performance by computing

B, | £ (316 V), w).

where P,pprox represents an empirical distribution over a set of 100,000 samples independently
drawn from the true distribution P,. In addition, we consider a discrete set of values €} :=
{0.01,0.02,--- ,01,---,1,--- ,10} for the selection of €. For each € € (), we randomly sample
30 data sets of size N € {5,50,500} from each of the three distributions LN, UB, and NG. We
solve an instance of the model (W-DRAS) via its LP reformulation (14) for each of the generated
data sets and each of the candidate Wasserstein radius e.

Figure 2 visualizes the impact of € on the out-of-sample performance of s(e, N), which are
derived over the data sets generated from distribution LN. Specifically, Figure 2 illustrates the
tubes between the 20th and 80th percentiles (shaded areas) and the mean values (solid lines) of
the out-of-sample performance Z(s(e, N)) as a function of e. The percentiles and mean values are
estimated over the 30 independent simulation runs. We observe that the out-of-sample performance
improves up to a critical € value and then deteriorates. Hence, there exists a Wasserstein radius €pegt
such that the corresponding optimal distributionally robust solutions have the lowest (i.e., best)
out-of-sample performance. We note that same trends are observed from the data sets generated
by distributions UB and NG.

In practice, however, a large data set is usually unavailable to construct Papprox and thus seeking
€best Dy computing the out-of-sample performance is not viable. In this paper, we implement a cross
validation method that mimics the above out-of-sample evaluation procedure to approximate €pegt
based on the N in-sample data. More specifically, we randomly partition the data {@’ }jvzl into
two parts: a training data set consisting of 0.8 N data and a validation data set consisting of the
remaining 0.2N data. Using only the training data, we solve (W-DRAS) to obtain optimal solutions
5(€,0.8N) for each € € Q. Then, we evaluate these solutions by computing Ep, , [f(5(€,0.8N), u)],
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Figure 2: Out-of-sample performance as a function of the Wasserstein radius €. The data sets are
generated from distribution LN. Sample size: N =5 (left), N = 50 (middle), and N = 500 (right).
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Figure 3: Out-of-sample performance of optimal W-DRAS, CM, and SAA appointment schedules
as a function of data size N

where Py o is the empirical distribution based only on the validation data, and we set ?l])\gst to any
e that minimizes this quantity, i.e., €., € arg min o {Ep,,[f(8(e,0.8N),u)]}. Finally, we repeat
this procedure for 30 random partitions and set € to the average of the ?l])\gst obtained from these

30 partitions.

4.1.2 Out-of-sample performance

We compare the out-of-sample performance of the (W-DRAS) approach with that of a cross-
moment (CM) distributionally robust approach, in which the ambiguity set is characterized by the
mean, variance, and correlation information [43]. This moment information is estimated from the
data samples {@/ }évzl We obtain optimal appointment schedules of the CM approach by solving
the semidefinite programming approximations; see details in [43]. In addition, we compare with
a sample average approximation (SAA) approach that solves model (3) with P, replaced by the
empirical distribution (1/N) Z;Vﬂ dzi. We generate data sets of size N € {5, 10,50, 100, 500, 1000}
from each of the distributions LN, UB, and NG. For each of the generated data sets, we solve an
instance of (W-DRAS) with an € set in the cross validation method, an instance of CM approach,
and an instance of SAA approach.

Figure 3 displays the tubes between the 20th and 80th percentiles (shaded areas) and the mean
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values (solid lines) of the out-of-sample performance as a function of the sample size N. The
percentiles and mean values are estimated over 30 independent simulation runs. Note that the
out-of-sample performance presented in Figure 3 are estimated by using the optimal solutions that
minimize the W-DRAS, CM, and SAA problems, respectively. The horizontal dashed line represents
Z*, the optimal value of the stochastic appointment scheduling model (3), in which P,, is replaced
with an empirical distribution based on 10,000 scenarios.* From Figure 3, we observe that the
out-of-sample performance of W-DRAS and SAA converge to Z*, while that of CM does not. This
is consistent with the theoretical results in Theorem 1, confirming that the (W-DRAS) approach
enjoys the asymptotic consistency. In contrast, the CM approach relies on the first two moments

of the service durations and so the asymptotic consistency cannot be guaranteed in general.
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Figure 4: Out-of-sample performance of the W-DRAS and SAA optimal appointment schedules
with small data sizes

In addition, we compare the out-of-sample performance of the W-DRAS and SAA approaches
in Figure 4. From this figure, we observe that W-DRAS (slightly) outperforms SAA. Intuitively,
this demonstrates that W-DRAS is capable to effectively learn distributional information even from
a very limited amount of data (e.g., when N =5 or 10). As a consequence, the proposed W-DRAS
approach is particularly effective in AS systems with scarce service duration data.

Figure 5 displays the reliability of the three approaches, which is the empirical probability of the
event that the optimal values of W-DRAS, CM, and SAA exceed the out-of-sample performance of
the corresponding optimal solutions. The empirical probability is estimated over 30 independent
simulation runs. From Figure 5, we observe that the reliability of W-DRAS and CM is consistently
higher than that of SAA under all tested data sizes and across all tested generating distributions.
For example, the reliability of CM increases to 100% once N exceeds 30, and that of W-DRAS
is higher than 70% in most instances. In contrast, the reliability of SAA is generally lower than
50%, unless when N becomes large (e.g., N > 500). This is consistent with the theoretical results
in Theorem 2, confirming that (W-DRAS) can provide a safe (upper bound) guarantee on the

expected total cost even with a small data size.

4Note that, for the convenience of making comparisons, we shifted the vertical coordinate of all points downwards
by Z* in Figure 3. As a consequence, the horizontal dashed line for Z* appears with zero vertical coordinate, and
a point with vertical coordinate 1, for example, represents an out-of-sample average cost higher than Z* by 1 unit.
We applied similar shifting operation in Figures 4, 6, 7Ta—7f, and 8.
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Figure 6: Out-of-sample performance of the optimal W-DRAS, CM, and SAA appointment sched-
ules under misspecified distributions

4.1.3 Misspecified distributions

Another situation of interest is when the distribution of service durations in an AS system quickly
varies due to, e.g., changes in service provider and/or appointee mix. As a consequence, the data we
rely on to produce the appointment schedule may follow a misspecified distribution, i.e., one that is
different from the true distribution. We conduct an experiment to examine the performance of the
optimal W-DRAS, CM, and SAA appointment schedules by using data generated from a different
distribution. Specifically, we use the same types of distributions as those generating the N in-
sample data, but increase or decrease their parameters by 0% with o uniformly sampled from [5, 10].
Figure 6 shows the performance of these appointment schedules under misspecified distributions.
We observe that the W-DRAS and SAA approaches still outperform the CM approach even under
misspecified distributions. In addition, the W-DRAS approach still (slightly) outperforms the SAA
approach when the data size is small. This demonstrates that the proposed W-DRAS approach is

particularly effective in AS systems in quickly varying environments.

4.2 Random no-shows and service durations

We conduct numerical experiments to test the (W-NS) model discussed in Section 3, where both

no-shows and service durations are random. We consider the same distributions (LN, UB, and NG)
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Figure 7: Out-of-sample performance and reliability of the optimal W-NS, MM, and SAA appoint-
ment schedules as a function of data size IV

for the service durations as in Section 4.1. Meanwhile, we employ a Bernoulli distribution with

parameter 0.4 for no-shows (i.e., each appointment does not show up with a probability of 0.4). In

addition, we implement the same cross-validation method to calibrate the Wasserstein ball radius.

We compare the out-of-sample performance of our W-NS approach with a marginal-moment

(MM) distributionally robust approach, which characterizes the ambiguity set based on the mean

and support information of the random no-shows and service durations (see [40]). In addition, as

in Section 4.1, we compare with the simple SAA approach.

We report the experiment results in Figure 7. In particular, Figures 7a—7c visualize the out-of-

sample performance of optimal W-NS, MM, and SAA appointment schedules. From these figures,

we observe that the out-of-sample performance of W-NS and SAA converge to the optimal value of
the stochastic schedule model, while that of MM does not. This confirms that the (W-NS) approach

enjoys the asymptotic consistency. In contrast, the MM approach does not have such convergence
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Figure 8: Out-of-sample performance of the optimal W-NS, MM, and SAA appointment schedules
under misspecified distributions

guarantee because its ambiguity set relies only on the mean and support information. Figures 7d-
7f report the out-of-sample performance of the W-NS and SAA approaches when the data size is
small. From these figures, we observe that W-NS outperforms SAA. Intuitively, this demonstrates
that W-NS is capable of learning the distributional information even from a limited amount of data
(e.g., when N < 20). As a consequence, the proposed W-NS approach is particularly effective in
AS systems with scarce no-show and service duration data. Figures 7g—7i report the reliability of
the three approaches. These figures once again confirm our observations in Section 4.1 that the
W-NS approach can provide a safe (upper bound) guarantee on the expected total cost even with
a small data size.

We also conduct an experiment to examine out-of-sample performance of the optimal W-NS,
MM, and SAA appointment schedules under misspecified distributions. This is particularly moti-
vated by a situation where the no-show behaviors depend on the appointment schedule (see [44]).
In that case, if we ignore the impact of the schedule and model the random no-shows by using a
schedule-independent ambiguity set, then the true, schedule-dependent distribution may not belong
with the ambiguity set. In this experiment, we use the same types of distributions as those gen-
erating the N in-sample data, but increase or decrease their parameters by ¢% with ¢ uniformly
sampled from [5, 10]. Figure 8 shows the performance of the W-NS, MM, and SAA appointment
schedules under misspecified distributions. We observe that, once again, the W-NS and SAA ap-
proaches outperform the MM approach even under misspecified distributions. In addition, the
W-NS approach still outperforms SAA when the data size is small. Finally, we observe that the
out-of-sample performance of both W-NS and SAA quickly improve (i.e., tend to the optimal value
of the true model) as the data size increases. This demonstrates that the proposed W-NS ap-
proach remains effective in AS systems under misspecified distributions, and the cost of ignoring

the appointment dependency is limited.
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5 Conclusions

In this paper, we studied a distributionally robust appointment scheduling problem over Wasserstein
ambiguity sets. We proposed two models, with the first considering random service durations only
and the second considering both random no-shows and service durations. We showed that both
models can be recast as tractable convex programs under mild conditions on (i) support set of
the uncertainties and (ii) penalty costs of the waiting time and server idleness. Through extensive
numerical experiments, we demonstrated that the proposed approaches enjoy both asymptotic
consistency and finite-data guarantees, and are particularly suitable for the AS systems with scarce

data or in quickly varying environments.
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Appendix

Proof of Lemma 1

We review (a part of) Theorem 2 in [29] that is directly related to our discussion.

Theorem 9 (Adapted from Theorem 2 in [29]). Let P € P(R"™) and p > 0, and assume that there
exist o > p and v > 0 such that [, exp{v||lu||s}dP(u) < co. Then for all N > 1 and € € (0,00),

pV {dp(IP’, PV > 61/7’} < a(N,&)1qecry + (N, ),

where
exp{—cNe*} ifp>mn/2

a(N,e) =C< exp{—cN(e/log(2+1/€))?} if p=mn/2 and b(N,e) = Cexp{—cNea/p}1{6>1}.
exp{—cNe"/P} ifpe[l,n/2)

The positive constants C' and ¢ depend only on p, n, a, and ~y.

Proof of Lemma 1. First, for any o > p and v > 0, Ep, [exp{7|lu|;}] < oo because the support
set U is bounded by Assumption 1. It follows from Theorem 9 that P {dp(Pu,I@ﬁ] ) > €l/p } <
a(N,€)1ie<1y +b(N,¢) for all N > 1 and € > 0.

Second, we discuss the following two cases based on the value of e.

(1) If0 < e < 1, then 0 < e[log(2+1/€)]> > [log(3)]?. It follows that (e/log(2 + 1/€))? >
€3 /[log(3)]? and exp{—cN(e/log(2 + 1/¢))?} < exp{—cNe*/[log(3)]?}. Then,

exp{—cNe*} if p>n/2
a(N,) £ C{ exp{—cNe/log3)?} ifp=n/2 < Cexp {[logfg)]zzvemax{w}} |
exp{—cNe"/P} if pe[l,n/2)

where the second inequality is because log(3) > 1 and €¢” decreases as x increases with e € (0, 1].
(2) If € > 1, then we set o = max{3p,n} > p. It follows that b(N, ) < Cexp{—cNem@{3.n/p}},

Summarizing the above two cases and letting ¢; = C' and ¢y = ¢/[log(3)]?, we have
quy {dp(Puvﬁg) > 61/p} <cjexp {—CgNémaX{B’"/p}}

for all N > 1 and € > 0. Equating the right-hand side of the above inequality to 5§ and solving
for €!/7 yields PN {d,(Py, @Y) > en(B)} < B, where en () is defined in the statement of Lemma 1.
This completes the proof. ]

Proof of Theorem 1

We first prove the following three lemmas.
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Lemma 4. The function f(s,u) is bounded on S x U. Additionally, f(s,u) is jointly convex in s
and u.

Proof. First, by the dual formulation of liner program (2), we represent f(s,u) = maxyey(u—s)Ty,
where ) is defined in (5). It follows that f(s,w) is bounded on S x U because (i) Y is nonempty
and bounded by Lemma 2, (ii) S is bounded by definition, and (iii) &/ is bounded by Assumption
1.

Second, f(s,u) is jointly convex in s and u because it is represented as the maximum of linear

functions of s and wu. O

Lemma 5. Let p > 1. Then, the function f(s,u) is continuous on & x U. Additionally, for any
fizred s € S, f(s,u) is Lipschitz continuous in w with Lipschitz constant L := maxyey |y|lq < 00,
where q is such that % + % =1.

Proof. First, as f(s,u) = maxycy(u — s) Ty and Y is polyhedral, nonempty, and bounded (see (5)
and Lemma 2), f(s,u) can be represented as the maximum of a finite number of linear functions
of s and w. It follows that f(s,w) is continuous on S x U.

Second, pick any s € S and u', u? € Y. Then,

fls.ul) = f(s,u?) = max(u' —s) 'y —max(u® —s) 'y
< mac{(u! )Ty - (W~ )Ty}

= maxy ' (u' —u?)

yey
< ma [yl f[u” — 7],
= Lfu’ — o7,

where the second inequality follows from the Holder’s inequality. We note that L < oo because
Y is bounded and |y||, is continuous in y. Similarly, we can show that f(s,u?) — f(s,u!) <
L Hul - uQHP. Hence, |f(s,u') — f(s,u?)| < L||lu! - u2Hp for any s € S and u!, u? € U, which
completes the proof. ]

Lemma 6 (Adapted from Lemma 3.7 in [26]). Let p > 1. Consider a sequence of confidence levels
{BNn}nen such that Y X_ Bn < 00 and imyn_,o0 en(Bn) = 0. Additionally, let {@IJ}NeN represent
a sequence of probability distributions with each @ﬁf € Dp(@g, en(BN)). Then, impy_ o0 di(Py, @3]) =
0 Py -almost surely.

Proof. First, as QY € Dp(I/F\’g ,en(Bn)), by the triangular inequality we have dp, (P, QM) < dp(Py, PN+
ay(BY, QY) < dy(Pu, BY) + ex(By). By Lemma 1, we have P {d,(Py,, BY) < en(8y) } > 1 - By

and so

BY {dy(Pu, @) < 2en(8x)} > 1 .
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But as ) x_; Bn < 0o, the Borel-Cantelli Lemma implies that P32 {d, (P, @JJ) < 2en(BN) eventually } =
1. In addition, as imy_,o en(Bn) = 0, we have Impy o0 dp(Py, @5) = 0 P¢P-almost surely.

Second, by the Jensen’s inequality we have

1/p
Fn Q) = (it Ellue - el
EeP (Pu,QY)
py 1/p
2 {( inf H[H’lﬁp—’lﬂ@”é]) }
EP(Po, QL)
= di(Pu, Q).
It follows that imy e di (P, QY) = 0 PS-almost surely. O

Theorem 1 follows from Lemmas 4-6.

Proof of Theorem 1. By Assumption 1 and Lemmas 4-6, all conditions of Theorem 3.6 in [26] are

satisfied. Therefore, the conclusions of Theorem 1 hold valid. O

Proof of Theorem 2

Proof. By Assumption 1 and Lemma 1, all conditions of Theorem 3.5 in [26] are satisfied. Therefore,

the conclusion of Theorem 2 holds valid. O

Proof of Lemma 2

Proof. First, 0 € Y because ¢ > 0, d > 0, and C > 0. It follows that ) is nonempty. Next, ) is
closed as it is polyhedral. Finally, —d,, < y, < C implies that y,—1 < y, + ¢, < C + ¢, and so
—dp-1 < yYn_1 < C + ¢,. Similarly, we have —d; < y; < C + Z iv1¢j forall i € [n —2]. This
implies that ) is bounded and completes the proof. ]

Proof of Proposition 1

Proof. First, by the definition of Wasserstein distance, Q,, € D (]P’ ,€) implies that there exists
a joint distribution IT of (u,@) with marginals Q, and PN, such that Er [|u — ulb] < €. As
PN = + Zévzl dgi, there exist conditional distributions {Qu}je[N] such that IT = %Eé\le Ql,
where each 7, represents the distribution of u conditional on that @ = w’. It follows that problem

(6) can be recast as

R N ,
Z(s) = sup % > f(s, u) Q) (du)
j=1Ju
N
st 25 [ - @ Ql(du) < (28)
N i3 Ju

QL ePU) Vje[N].
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Second, by a standard duality argument and letting p > 0 be the Lagrangian dual multiplier, we
write the dual of (28) as:

N
N 1 , ,
3 p . _ 37 ||P J
Ze) =t sw ot [ (1o w) - ol - @) @hlau) (292)
Quep(u) ]Z].
1 < .
= inf p+ NZSEB {£(s, u) = pllu—a|b}, (29b)

j=1"

where equality (29a) follows from the strong duality result for the moment problems (see Proposition
3.4 in [57], Theorem 1 in [35], and Lemma 7 in [36]) and equality (29b) follows from the fact that
P(U) contains all the Dirac distributions supported on U. Finally, reformulation (7) is obtained by

introducing an auxiliary variable §; to represent each supremum in (29b). O

Proof of Theorem 3

We first establish three technical lemmas. Consider the following quadratic program:

sup ' Qox
st. ejx=1, €k (30)
z'Qx=0 Vicn],

where Q; € S¥ Vi =0,...,n. Its copositive programming relaxation (see [13, 15]) reads:
sup Qpe X
s.t. ee] e X =1, X € CP(K) (31)

Qie X =0 Vie]ln],

where K is a nonempty, closed and convex cone. Defining £ := {w cK:efx= 1}, we review the

following result.

Lemma 7 ([15], Corollary 8.4, Theorem 8.3). Suppose that L is nonempty and bounded. Then,
(81) is equivalent to (30), i.e., i) the optimal value of (31) is equal to that of (30); i) if X* is an
optimal solution for (31), then X*e; is in the convex hull of optimal solutions for (30).

By the conic programming duality, the dual of (31) is the following linear program over the

cone of copositive matrices with respect to K:

inf ﬂj
s.t. Bjere] + 3 1iQi — Qo € COP(K) (32)
i=1
6]' e R, ¢ € R™.

We now showcase that strong duality holds between (31) and (32) in the lemma below.
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Lemma 8. Suppose that L is noempty and bounded. Then, strong duality holds between (31) and
(82), i.e., the optimal value of (31) equals that of (32).

Proof. We prove the statement by showing that the dual problem (32) admits a Slater point. To

this end, we seek for a scalar ; such that the following relation holds:
(t.27) (Biere] — Qo) (t.a") =Bt — (L@ )Q(t.2") " >0 (33)

for all non-zero vector (t,z) € K.

We first show that t =0 =— x = 0. We prove the statement by using the contradiction
argument. Suppose that t = 0 but & # 0. Choose (1,&') € K. Then for any non-negative scalar
A >0, we have z(\) := (1,&') + A\(0,&) € K because K is a closed and convex cone. As \ can be
arbitrarily large while & # 0, we conclude that £ is unbounded, contradicting the statement.

Therefore, it suffices to consider the case of ¢ > 0. We then can divide the expression in (33)

by t2, which requires us to show the following equivalent relation:

B~ (1,(@/)1)Qo(1,(&/t)7) >0

for all (t,2) € K and t > 0. Then, the boundedness of £ implies that there exists a constant ﬁ]*
such that g5 > (1, (z/t)")Qo(1, (.afs/t)T)T for all (1,(z/t)") € L. The claim thus follows since the
point 3; = 3} constitutes a Slater point for the problem (32). O

Proof of Theorem 3. Using the result from Proposition 1, for any given s € S, we can compute
the worst-case expectation value by solving a standard robust optimization problem shown in (7),
where each of the semi-infinite constraints entails a non-convex program. Then, for any fixed

(s,p,05) € R" x R x R, we consider the j-th constraint separately:

sup (f(s u) = pllu—a@|[p) < ;. (34)
ue

First if p = 1, then the maximization problem on the left-hand side of (34) can be reformulated as

sup (ut —u" +ul —s)Ty —pe’ (ut +u")

. 35
s.t. (ut,u™, y) e F. (35)
Letting = := [t, (u™) T, (u™)T,y"]" € R3* we rewrite (35) as
sup H]1 (p, s) ez’
s.t. eje] exx! =1 (36)

:EEIC{.

By Lemma 7, (36) can be reformulated as a linear program over the cone of completely positive
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matrices:
sup H}(p, s)e X

s.t. ee] e X =1 (37)
X e CP(K)).

If Assumption 1 holds, then the set {x € IC{ : e] x = 1} is nonempty and bounded. Therefore by

Lemma 8, the optimal value of (37) is equal to that of its dual problem, shown as:

inf Bj (38)
s.t. B €R, Bjere] — HY(p, s) € COP(K)).
Then, the constraint (34) is satisfied if and only if there exists #; such that
<0,
. ; ()
Bjeie; — Hj(p, s) € COP(K1).
Using the same argument for all N constraints yields the finite constraint system
<0, Vje|N

Bjeie] — H}(p, s) € COP(K{) Vje [N].

Replacing the semi-finite constraints in (7) with the constraint system in (40), removing the vari-
ables 0;, and making s as the decision variables, we end up with a copositive programming refor-
mulation (10) for (W-DRAS).

Second if p = 2, then the maximization problem on the left-hand side of (34) can be written as

sup (u—s)'y —pllu—u’|3

(41)
s.t. (u,y) € Fo.
Letting « := (t, u', y") T, we rewrite (41) as
sup Hyz(p, s)exx'
s.t. eje] exx! =1 (42)
T € IC%.

Using a similar argument, we can reformulate (W-DRAS) to the copositive program in (11) for the

case of p = 2. O

Proof of Proposition 2

Proof. Given p > 0 and s € S, the problem for computing w;(p, s) can be rewritten as follows:

wi(p.s) = sup {sup{Zwi—si)yi}—p||u—af‘|§} (432)

ueld |(yey 5
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= sup sup {Z( — $i)Vi pZ\uZ—u |p} (43b)

ucel yey 1
n .
= sup sup Z[(u — 8i)Yi — plui — ﬂp} (43c)
yey ueld | ;5
n .
= sup Z [—siyi + sup {yzuZ plui — ! |p}] . (43d)
yey i=1 L<u <u

In the maximization problem (43d), the objective function is convex in variables y because p > 1.
Hence, it suffices to consider the extreme points of polytope Y to obtain w;(p, s). In what follows,
we apply a similar exposition to the proof of Proposition 2 in [51]. In particular, we show that
each extreme point of ) corresponds to a partition of the set {1,...,n + 1} into intervals in the
form of [k, ¢|z for some k,¢ € [n+ 1]. To this end, we remark that for any extreme point y of
Y, either y, = —d, or y, = C should hold (see [65, 66]). Moreover, for i = 2,...,n, we have
(yi—1 + di—1)(yi — yi—1 + ¢;) = 0, which indicates that either y;_1 = —d;_1 or y;_1 = y; + ¢; for all
i =2,...,n. In the latter case, the value of y;_1 is uniquely determined by ;. Recursively applying
this fact, we obtain the following findings. For any i € [n], let £ € [i,n + 1]z represent the smallest
index such that y, = —dy (for notation convenience, we let ¢,4+1 := 0, dp+1 := —C, and yp,4+1 := C,
so that yp4+1 = —dpy1), then y; = yp + Z§:i+1 Cq, 1.€., y; = my, which is defined in (13d).

This gives rise to a one-to-one correspondence between an extreme point y and a partition of
{1,...,n+ 1} into intervals in the form of [k, |z, and y; = my if i € [k, ]z for some k, ¢ € [n + 1].
Therefore, formulation (43d) is equivalent to finding an optimal partition of the set {1,...,n+ 1}.
To this end, for any k& < ¢, we define a binary variable ¢, such that ¢y = 1 if any only if [k, {]z is a
component of the partition of {1,...,n+ 1}. The set {tx € {0,1},Vk € [n+ 1],V € [k,n+ 1]z}
represents a partition of {1,...,n + 1} if and only if

i n+1
Zztkg =1 Vie [’I’L+ 1].
k=1 ¢=i
Recall that 2(,41)(nt1); = 0 and 2i; = —8;Ti + SUP, Loy, < UiTicui — plu; — ﬁi|p} Then, for all

k€ n+1] and £ € [k,n + 1]z, we have when ¢, = 1

‘ ¢
Z [—Sz‘yi sup {yzuz — plui — ﬁf\p}} = Z Zilg -
i=k

i=k L <ul<u

Hence, we can obtain w;(p, s) by solving the following binary integer program:

n+1ln+1 14
o EE ()

k=1 /=k \i=k
i n+1
s.t. ZZW =1 Vie[n+1]
k=1 /=1
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tre € {0,1} Vken+1], VI [k,n+1]z.

Furthermore, we note that the constraint matrix of this formulation is totally unimodular (see,
e.g., [27]). Hence, without loss of optimality we relax the binary restrictions to ¢y > 0 for all
k€ [n+1] and £ € [k,n + 1]z. In addition, as 2(,41)(nt1); = 0, we can drop decision variable

t(n+1)(n+1)j to obtain

n n+1 [min{{n}

wi(p,s) = max ZZ Z Zitj | Tke

k=1 {=k i=k

i n+1
st > Y =1 Vi€ |n (44a)
k=1 ¢=i
> tinin) <1 (44b)
k=1

tke >0 Yk e [n], VI € [k,n+1]z.

But letting ¢ = n in constraint (44a) yields 1 = "), Z?;% the = Dope1thn + Dopei th(nt1) =
> k=1 tk(nt1), Which implies constraint (44b). Dropping the redundant constraint (44b) leads to
the linear programming reformulation (13a)-(13c) of (W-DRAS). O

Proof of Theorem 4 and Extension to the Rational p > 1

Proof. First, if p =1 then

Zigj = — 8Ty +  sup  {meu; — plu; — ai|}
ul <u;<uY

= max{(u; — s;)mie — pluy — ﬂZL (ﬁZ — si)mie, (uy — si)mig — pluy — |}

for all j € [N], i € [n], and ¢ € [i,n + 1]z. Taking the dual of the linear program (13a)—(13c) in
Proposition 2 yields

n
wj(p,s) = min 3
TE =1
min{¢,n} min{¢,n}
s.t. Z Yij > Z Zkej Vie [n], NS [Ln + 1]2
k=t =i

zieg > (uf — s3)mi0 — Jup — 175\,0 Vie[n],Veei,n+1]z
I — si)mu Vien],VLe[i,n+1]z

zigy > (@
zieg > (uf — s))mig — |uy’ —ul|p Vie[n], Ve li,n+1]z,

where dual variables 7;; are associated with primal constraints (13b). The proof is completed by

substituting w;(p, 8) = sup {f(s, w) — plu —@’||}} in formulation (12).
ucl
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Second, if p = 2 then

— 8iTi¢ +

Zityg =
— 8T +

— SiTi +

+ (mie + Biyj — Bioy) (wi

— 8T +

sup {ﬂ'iéui — p(u; — ﬁf)Z}
ul<u;<uY
inf  sup {mgui — p(u; — ﬂf)2 + ZLKJ(UZ —uy) + ﬁl%](uf — ul)}

L U .
51'@]':51‘@]'20 Uj

1 U QU L AL L U\
inf sup{uz‘ i0j — Ui Bi(j + (7m0 + Bz’z]' — Mj)ui
12»:5%~20 U
(2% by
— ) — p(u; — ) }
2
-~ (mie + By — Biy;)
hj?géjzo {Uz BZZ‘] uz /B’LEJ + (ﬂ-zf + ﬂ@ﬁj ,L[])'LLZ + 4p

for all j € [N], i € [n], and ¢ € [i,n + 1]z. Taking the dual of the linear program (13a)—(13c) in

Proposition 2 yields

wj(p,s) =

We represent the last

n
728 =1
min{{,n} min{¢,n}
s.t. Vij = 2kt Vie[n],VLeE [i,n+1]z
k=i k=i
Zilj + TieS; — (uf - ﬁ{) ilj
—(@] — uk)BY; — riey > mill] Vi€ [n],VLE [i,n+ 1]z
o+BL . —BY )?
Ti0j ZW Vi€ [n],VLE [i,n+1]z.

constraint in the following second-order conic form:

U
ilj

Tip + BZL@ -

Tigg — P

<ryj+p Vien],Vlei,n+1]z.

2

The proof is completed by substituting w;j(p,s) = sup {f(s, u) — pllu — @’||3} in formulation
ucld

(12).

O

We extend Theorem 4 and derive a second-order cone reformulation of (W-DRAS) for any

rational p > 1. To this end, we define ¢ := p/(p — 1), q1,¢2 € N such that ¢ = ¢1/¢2 and ¢1 > ¢o,

M := [logs q1], and g3 := 2 — ¢;. We summarize the reformulation in the following theorem and

note that it involves O(N?nq;) variables and O(N?nq;) constraints.

Theorem 10. Suppose that Assumption 2 holds and p > 1 is rational. Then, (W-DRAS) yields

the same optimal value and the same set of optimal solutions as the following second-order cone
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program:

min €pp + % Z Z Yij

] 1li=
min{¢,n} mln{é n}
s.t. Yo > > Zke Vi€ n], VL€ [i,n+ 1]z, Vj€[N]
k=i JH'
Zigj + TieSi — Mj + u z[j
az( zZ] fﬁj) (pl e -p q)riéj >0 Vie [n]> Ve [%n"i_ 1]2, VJ € [N]
O = 1y VEk € g, Vie[n], VL€ [i,n+1]z, Vje [N]
ol = p Vkelp+1qlz Vieln], VL€ |i,n+1]
Vj € [N]
gpllgkj = ajp; + oy, Vk e [qp+1,2M])y, Vie[n], VL E [i,n+ 1]z,
Vj € [N]
[2(a?. + ab,.
o Zé”) < @3 + P Vien), Veelin+1lz Vi€ N
L M1~ Pyi2
[ 2g0iej Dk 0 g
w O < Pndopt) F Py Ym € [M 1], Yh € [2M7m), Vi € [n],
| Pm(2k—1) ~ Pm(2k) ] ||,
Vi€ [i,n+1]z, Vj€[N]
p>0,s€8, ¢ >0 Vm e [M], Vk € [2M=m+1] Vi € [n],
Veeli,n+ 1]z, Vj € [N].
Proof. As p > 1, we have
Zigj = — ST+ sup {sz’—ﬂmi—ﬂﬂp}

u%guiguy

= —gmye+ inf sup{mguZ pv?
lgjvgzg] U5, V5

>0

L
azf 'Lé] =

+ Bioj (wi’ — wi) + Bip;(ui — uy)

+ ajp; (vi u1+u)+a§ej(vi+ui—ﬁg)}

_ o . L QL ~j/ U L P U L )
= — 5Ty + me SUP{ 0 — i Bivj + U (py — aigg) — poy + (gp; + ;)i
ul7vl

U
i0j ’lBiZj

L U
Q%520

+ (Tie + Big; — Biej — Qiej + igj)u

J

. ~j - 1-
= —smg+  inf {UZU f — i Big; + @l (agp; — i) + (0T = pT)p T (a wﬂL%@)q}

zZ]’ zlj

aié]’ zZ] 20

L L
s.t. mie + /815] - aiﬁj — aifj + ai@j =0

for all j € [N], i € [n], and £ € [i,n + 1]z.

Taking the dual of the linear program (13a)—(13c) in
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Proposition 2 yields

n
w;j(p,s) = min Zl%'j

rr?in{f,n} min{¢,n}
s.t. Yo = > Zke Vie[n], Ve i,n+1]z
k=i k=i
Zitj + MigSi = U i Bigj + ui Biy;
—ﬁg(af@-—f@-) (p'= 7 —p ry; >0 Vien], VOE [i,n+1]z, Vje€[N]
Titj 2 pl_q( Qipj + O[M]) Vie [n]a Ve [Z,TL+ 1]Za

where dual variables 7;; are associated with primal constraints (13b). In addition, we rewrite the

last constraint in the above formulation as

1/q 1
gy + Qigy STy pla=n/a
1
2

U L U L U L
& Oyt oGy < [mg- cerigg pooe p (gt i) - (g + Qi)
h,_/\m,—/
q2 q1—q2 q3

1
1 1 2M
& aly+aly < (@G ) ™

| /\

where cpMJ,'C are defined by cpﬁj = ry; for all k € [go], gpiij = p for all k& € [¢g2 + 1,q1]z, and
cpi% = aw] w] for all k& € [q1 + 1,2M]z. Based on a seminal work on second-order conic
representability (see Example 11 in Section 3.3 of [6]), the last inequality holds if and only if
there exist {¢' > 0:m € [2, Mz, k € [2M+1-™]} such that ga +1 p < \/4,0z ]% N4 o m(an) for all

m € [M — 1] and k € [2M~™]. This requirement can be represented in the followmg second-order

conic form:
2902@' Dk 0] 7
m—+ ilg il]
ilj ilj S Prnk—1) T Pr(2ny-
Pm(2k—1) ~ Pm(2k) | ||,

The proof is completed by substituting w;(p,s) = sup {f(s, u) — pllu — @/[[5} in formulation
ueld
(12). 0
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Proof of Theorem 5

Proof. First, for fixed s € S and € > 0, the dual problem of formulation (14) is

&=
(=]
=
2
£

sup
QEDI (@57 E)

N n ntl ~j
= max > > > [(UZL = 8)aiej + (uf — 8i)riej + (U] — gi)wifj]
p,q, ", w ]:1 i=1 =3
N n n+l o i
RN [(UZ —uf)Giej + (uf — ] )rigj| < e

3
I

Le
<
I
A
~
I
I

M-~

prej = % Vi€ [n], Vj€[N]

~
Il
-
X
Il
—_

M-T

DPkej = Qiej + Wigj + Tigj Vie [n], Vi e [i, n + 1]Z, Vje€ [N]

=
Il
—

Piej >0, gioj >0, 1305 > 0, wig; >0 Vi€ [n], VOE[i,n+ 1]z, Vj € [N],

where dual variables prej, qirj, wiej, and r; are associated with the constraints in (14). The
strong duality holds because the dual feasible region is non-empty (e.g., we canAset Pitm+1); = 1/N,
Vj € [N], all other py; to be zero, all ¢;¢; and 745 to be zero, and all w;g; to be Y} prej). Replacing
{piej, Gie rie;» wie;} with {{piej, Gie; riej, wie;} and substituting variables wig; with >, prey —
iej — Ti¢j yields formulation (16).

Second, to see the existence of IP’{ for all j € [N], we note that the constraint matrix defining
set T is totally unimodular. Hence, conv(T) = {t € [0,1](*+D(+2)/2 . s~ Sty — 1) Vi e
[n + 1]} and so p} = [pf,; : k € [n+1],£ € [k,n + 1]z] € conv(T). It follows that there exists a
finite number of points t',..., ¢/ € T and weights A!,... A € [0, 1] such that

I I
p; = ) Nt Y N=1
=1 =1

Hence, the distribution IF’{ constructed by setting IP’{{t =t} = )\’ for all i € [I] fulfills the claim.
Third, to prove that Q}, € D; (@5, €), we note that u;; € [u},u}]. Indeed, on the one hand, if

22:1 ngj =0 thgn qi*gj = ri*gj = 0 by formulation (16): Thus, by the extended arithmetics 0/0 = 0
we have uj,; = 4] € [uf,u;]. On the other hand, if > _, pj,; > 0 then

1771

i o * * * *
e — (Zkl Dkej — Q05 — Wj) W4 ( o ub 4 it WU
il — i " i i " i i x 7"
> k=1 Diej > k=1 Diej > k=1 Diej

L
7

we define a joint probability distribution Qg ,, ¢ of (@, u,t) through Qg .+ = % Ejvzl YoreT ]P’i {t=
T }04i ui(r),+- Note that the projection of Qg ¢ on u is Qy,. It follows that

It follows that we; is a convex combination of ﬂf » uy, and u; and so uj,; € [u;,u/]. In addition,

177

G(QLBY) = inf_ Enfu— il
IeP(Qy Pr)
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< Eqgus [||u — 'E||1] (45a)

n
= ZEQa,u t [|ul Ul”
=1
i=1 j=17eT =i \k=1
n 1 N n+1 1 ) '
= <N> > > Bt =1} iy — ﬂf‘ (45¢)
i=1 j=1 t=i k=1 T€T:
Tee=1
n 1 N n+1 7 ‘
=2 <N> > ( p%-) Uity — U (45d)
i=1 J=1 (=i \k=1
-3 (1) D8 (S ) [ T
- N ke ; -
i=1 N j=1 ¢=i \k=1 > k=1 Pl k=1 Pletj
n 1 N n+1 _
< 3 (3) 3 [t ot = 2] vt o — 2
i=1 j=1 =i
1 N n n+l ' 4
= ¥ 220> [ai (@ —uk) vty (v -3 < (450)
j=1i=1 =i

where inequality (45a) is because the projection of Qg+ on w and 4 are Qj, and ]IADfY , respectively,

equality (45b) follows from the definition of Qg , ¢, equality (45c) is because, for each 7 € 7 and

i € [n], there is one and only one pair of indices (k,¢) € [i] x [i,n + 1]z such that 75y = 1, equality
(45d) is because 2767— P {t =T} = P]{tkg = 1} = pjy;, and the inequality in (45e) follows from
TkZ*

the first constraint in formulation (16).

Finally, we have

sup  Eg,[f(s,u)] > Eqy[f(5,u)] (46a)

QueD1(BY, o)
= Eqy i(ui — Si
s {0

n n+l 3
= EQL [I?E@])_( {Z Z Ztkﬂﬂ'zé - Sl }] (46b)
(=

1 i k=1
1

i
n n+ 7
= Eqy . [Z > tremie (u; — Si)] (46¢)
i=1 =i k=1
n n+l ¢

% Z Z ]Pﬂ {t T} Z Z Z tkéﬂ'zf Uiy — 71‘)

j=17eT i=1 (=i k=1
n n+l 1

N
%Z Z Z Z Z Pi{t = 7 }tremie(uie; — 5i)

j=11i=1 ¢=i k=17T€T
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1 N
== Z ' Z P{t = T }mie(wie; — 5;)

7j=114i=1 ¢=i k=1 T7€T:
Tre=1
1 N n n+l 7
=N > Piej | mie(tiej — 5i) (46d)
j=11i=1 =i \k=1
N n n+l i * L ~j —j
1 * N qiéj(ui B uz) zf](u U )
NaSaS (kl > k=1 Phej S 1 Dl
= s Eo,lf(s w) (460)

where inequality (46a) is because Q,, € D; (@Y ,€), equality (46b) is because T consists of all extreme
points of polytope ), inequality (46¢) is because we replace the maximization over variables t with

a distribution of ¢, equality (46d) is because Z.,.GT Pt{t =1}=P {tkg = 1} = pjy;, and equality

Tke=
(46e) is because supy, . B ) EQu [f(5,u)] equals the optimal value of formulation (16). This
completes the proof. ]

Proof of Theorem 6

Proof. If p = 1, we rewrite the maximization problem embedded in (20) for any j € [N] as

sup (1 — )"y — pllw— B} — pllA = NI}

- (47)
s.t. (u,A) €2,y €Y,

where we use the dual formulation (19) of g(s,€) and the fact that & = [, AT]T.
Then, (47) can be reformulated to

sup  (ut —p” + 1 —s)Ty —pel (ut +p7) —peT (AT + A7)
st (uF uT AN AT y) € Fl (48)
AT e {0,1}", XA~ € {0,1}™.

Note that A\ € {0,1} < (A\[)? = \. Therefore, these binary constraints can be enforced by
using 2n quadratic equality constraints. Letting x := [t, (u™) ", (™) ", (AT, (A7), (v) "], we
rewrite (48) as

sup Gjl- (p, s)exx’

s.t. eje] exx! =1
M;exx" =0 Vi€ [n] (49)
Jiexx' =0 Vic[n]

a:EICNsl,
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which, by Lemma 7, can be reformulated as the following copositive program

sup G}(p, s)e X

s. t. elelTonl
M;eX =0 Vic|[n] (50)
JieX =0 Vic[n]
XECP(’CJNM)

It can be easily verified that {x € Ko iela = 1} is nonempty and bounded. Therefore, by

Ns,1
Lemma 8, the optimal value of (50) is equal to that of its dual problem:

inf B,
s.t. Bj €R, ¥ €R, ¢ e RVi€ [n] (51)
n n
Bieie] + EwijMi + Zl ¢ijdi — GL(p, 5) € COP(Klg ).
= i=
Using the same argument for all N maximization problems yields the copositive programming

reformulation in (21) for (W-NS).
Second, if p = 2, then the maximization problem embedded in (20) for any j € [N] as

sup (1 —8)Ty — pllu — @[3 — pllx — M]3

- (52)
s.t. (1, A) €2,y € Y(A),
which can be reformulated to
sup G?(p, s)exx'
s.t. eje] exx! =1, ¢ € /CNS2 (53)

Niexx' =0 Vi€ [n],

where « := (t, ", AT,y ) 7. Using a similar argument, we can reformulate (W-NS) to the coposi-

tive program in (22) for the case of p = 2. O]

Proof of Proposition 4

Proof. First, we rewrite wj(p, s) as follows:

syi} = Pl (T AT)T Ej\g}

wi(p,s) = sup sup {
(NEE | yeY(N)

= sup sup
(WA)EE yeV(A i 1
n

= sup {Z sup {Zyz i — plui — ﬁgp—p|/\i—X{|P}} (54b)

AEA, yeY(A) i=1 U L, <,uz<u i

Mszm:

— 1) — plus — P — pl\i — )\Z|p)} (hda)
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n

= sup {Z Jig (A, yi)} ; (54c)
AEA, yeY(N) =1

where equality (54b) is because, for fixed A and y, the objective function in (54a) is separable in

the index ¢ and in each u;.

Second, for any fixed A € A, Y | fij(N\i,y:) is convex in y. It follows that there exists an
optimal y* to problem (54c) such that y* lies in an extreme point of the polytope Y(X). Hence,
without loss of optimality, variables y satisfy the first two conditions in (OC), i.e., y, = C or
Yn = —do, and y; = —dg or y; = yi+1 + Ai+1 for all i € [n—1]. As a result, y, € {—do} U{C} = V.
As yp—1 = —dp or Yn—1 = Yn + An, we have y,_1 € {—dp, —dp+1} U{C,C+ 1} because \,, € {0,1}.
Backward recursion of this analysis yields that y; € Y; for all i € [n], which is the final condition
in (OC). This completes the proof. O

Proof of Proposition 5

Proof. By construction, there exists a one-to-one mapping between a (A,y) € A x Y(A) and an
S—E path of the network (G, £). In addition, the length of the S—E path generating (X, y) coincides
with > fij(Xi, yi) by definition of ggg;. Therefore, the optimal value of problem (54c), and so
w;-(p, s), equals the length of the longest path in the network (G,€), i.e., the optimal value of
problem (25a)—(25c¢). O

Proof of Theorem 7

Proof. First, when p = 1, we have f;;(\j,yi) = sup {yz(uZ — 8;) — plpi — ﬂf| —plhi — )\f\}
ul X <pi<uP N

for all i € [n] and j € [N]. As \; € {0,1},
—YiSi — Pﬁg - ng ifA=0

Pl =4 masc{ i = s0) = p(@] — ) = (1 = X, ws@] = 50) — p(1 = X)), -
o~ 1 i = 1.
)

yiluf — i) = p(uf = i) = p(1 = N

Second, taking the dual of the linear program (25a)—(25c¢) yields

Wi(p, 8) = min of - of
o

s.t. ai — ag > grej V(K ) €€,

where dual variables ai, k € G are associated with primal constraints (25b). By definition, gre; = 0
if (k,¢) € &. In addition, for all i € [n] and j € [N], if (k,£) € 2 then gre; = f£i;(0,y;); and if
(k,0) € & then gre; = fij(1, ;). It follows that

J J

(o 5) = min of —a
ol
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st. ol —a) >0 Y(k,0) € &
af, — a > —yisi — (R +A])p Vi€ [n], V(k,0) €&
af —af > —yisi — (1= X + @il —ub)p + uby;
ai - ozg > —yis; — (1 — A])p+,uzy2 Vie[n], V(k,0) € &L
of —af > —yisi — (1= M +uf — l)p+uly;

The claimed reformulation follows from substituting w’(p, s) back into formulation (20) with the

above linear program representation.

Third, when p = 2, we have fi;(\;,y;) = sup {yz’(ui —53) — p(pi — ﬁ?)Q —p(Xi — X{)Q}
uE A <pi<uP A

for all i € [n] and j € [N]. Hence, if A; = 0 then f;;(0,y;) = —y;s; — p(ﬁi)2 — p/):g; and if \; =1
then

fii (1, i)

= sup {yz‘(ﬂi —si) = plps — fi)* = p(1 - Xg)Q}
ub <pi<ul

= f (i — s3) — plus — 12)2 — p(1— X)) + " + BY(uY — 55
L. Et%{y(u si) = plps = 157)" = p(L = X)) + 8" (ni — wy) + 67 (uff u)} (55)

. L _ U\2 ) N
- 6L2(§?£U20{(yz +B4p F) + i1} — si) +6L( ub) + BY(uY _//J’\z) (1 — )\f)}
- 5L>012£>0 {0+ i@ = si) + Bl — ) + 8"} — 7)) — p(1 = X)) |
'”ﬁL T Sp+p
2

where the strong (Lagrangian) duality holds in equality (55) because the primal formulation is
strictly feasible. It follows that
! = i I _ ol
Hooo) = i, bk
s.t. ai — a? >0 Y(k,0) €&

ai —ozz > —y;8; — ((Aj)Q +Xj) p Vie [n], VY (k,0) € &

V

al —af > —yisi — (1= X)p+ e + (1) u; ) B + (uf )51:@ +yifil

Vie[n], ¥ (k() €&}

Brej — Biej T i
Prej — P

<rreg+p Vi€ ], V(k () €&
2

The claimed reformulation follows from substituting wj(p, s) back into formulation (20) with the

above second-order conic program representation. The proof is completed. ]
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Proof of Theorem 8

Proof. First, for fixed s € S and € > 0, the dual problem of formulation (26) is

N n
max > >yl Y ((ulL — 5i)are; + (A — Si)wpey + (uff — §i)7°iej) — > Sipkg

07p7q7w”rl

i=li=l | (k.oee! (k) cED
zz[ S @ W+ Y <(1—Af+ﬁi—U$)kaj
J=11=1 L(k,l)e&? (ko)eE}

(1 — )\ )wkg] (1 — }\\i + Ugj - ﬁi)T‘k@>] S €

Z Prej + Z (qrej + wirej + Trej) Z DPekj

0:(k,0)€EO 0:(k,0)€ET 0:(0,k)€E0

+ ifk=s ,
- Z (szj+wgkj+rgkj)—{ N Vke &\ (L(n)UE), Vj € [N]

£:(0k)eE? 0 ifk#S
okej — Y Do — Y. (qokj + wes +reng) =0 Yk € L(n), Vj € [N]
0:(0,])EEO C(0R)eE
1 .
Z OkEj = 77 Vj € [N]
k:(k,E)EEE

Oktj> Pkej, Qktj> Wkej, They >0 Y (k,£) € €, Vj € [N],

where dual variables ok, Drej, Qrej, Wkej, and 15 are associated with the constraints in (26).
The strong duality holds because the primal feasible region is non-empty. Indeed, if needed, we
can always increase the values of ai for some j € [N] and k € G to satisfy the constraints in
(26) (note that this can be done arbitrarily because there are no directed cycles in the network
(G,€)). Replacing {ogej, Prejs Qrej, Whej, Thej b With %{Okgj,pkgj,quj,wkgj,Tkgj} yields formulation
(27a)—(271).

Second, to see the existence of }P’i for all j € [IN], we note that the set P is defined through con-
straints (25b), which are network balance constraints and so yield a totally unimodular constraint
matrix. Hence, conv(P) = {z € [0,1]I€] : (25b)}. As constraints (27¢)—(27f) possess the structure
of network balance constraints with respect to [pj,n;, oj] = [pzej : (k,0) € &% (q,’;ej + Wiy ‘H'sz) :
(k,0) € &Y Opg; ¢+ (K, €) € &, we have [p}, n}, 0}] € conv(P). It follows that there exists a finite
number of points z',..., 2! € P and weights ',...,6" € [0,1] such that

1 I
p;,m;, 05 = 'z, 0" =1.
FARVERS

i=1 i=1

Hence, the distribution P constructed by setting IP)J;{Z = 2'} = ¢ for all i € [I] fulfills the claim.
Third, to prove that Q¢ € Dy (@?, €), we note that uge; € [uf, ul] whenever (k,¢) € &!. Indeed,
on the one hand, if qggj + wzzj + r;gj = 0 then qugj = kaj = 0 because q,jgj,w;ej,r;gj > 0.
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Thus, by the extended arithmetics 0/0 = 0 we have puy,; = ﬁi € [uy,uy]. On the other hand, if
Qo + Whej + Te; > 0 then

* * *
wr, . . qrp: ry,.
ke —~ ) ke
Mke.]: * +w*]+r* Mz+ * _’_w*J _’_r* U?‘i_ * +w*] +,,,,* u'lU
Akp; kej T Tkej Akp; ke T Tkej Akp; kej T Thej

It follows that ¢, is a convex combination of /i ,u u;, and v and so g, € [u, u/]. In addition,
N )

we define a joint probability distribution Q§,§7z of (E, &, z) through Qag,z = % ijl dep PL{z =

C}égjvﬁj(C%C' Note that the projection of Qg,g,z on £ is QE It follows that

dl(QE)I/P\)éV)
—  inf Eq[|¢— €]

eP(QE,PY)

< Eq, . [I1€—é&lh] (56a)

n
= Z Qe | (s = sl + 1\ = Adl]

= ( )ZZW{Z—C}[ ST Ge@ M)+ D Cuellpme — Al +1-N) | (56b)

j=1¢eP (k,0)e€? (k0)ee}

- ( ) 1[2 > Bl =ChE N

(k,0)€EQ CEP:(re=1

+ > > Pz = (e - ﬁ{+1—§{)]

€€} (EP:(e=1

S8

|G (wF — i) + 7y (W — 7)) ~i
+ (quj + TUZZJ + Tij) i ! i . +1-— A'Z (56C)
(k,0)e€! hej T Wiej + Thes

p&j(ﬁg + Xg)
(K, Z)ego

n N
1
< 3(5) 2| X sto@ 3
i=1 =1 L(k,0)eg?
(B —ub) +rp, (WY — ) N
+ (quj—I_wZZj—i_TZZj)( — pw +jr R
(k,0)eE} Thej + Wigj + Thy
1 n N » N
S S R S (it ot 1T
i=1 j=1 L(k,£)e€? (k,0)eE}

ity (1= X))+ rig =i +1-3) | < ¢ (56d)
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where inequality (56a) is because the projections of Qg £z OO & and E are Qg and @é\[ , respectively,

equality (56b) follows from the definition of @E o equality (56¢) follows from the facts that, for

all j € [N], Y cepi,,—1 P2{z = ¢} = pjy; whenever (k,0) € &% and Y .cp.., 1 Pi{z = ¢} =
Qpj + Whej + Te; Whenever (k, () € € 1 and the inequality in (56d) follows from constraint (27b).

Finally, we have

sup  Eg.[g(s,£)]
Qe€D1 (P €)

Eg;lg(s. )

s Eon )]

EQEEZ [Zyi(ﬂi_si)]
N n
= Jbzzpi{Z:C}Z[ > Grewi (0

j=1¢eP (k,0)cED

v

= *

v

Z Cre Vi (Mej — gi)]
(k0)eE}

1 L&
53Dy
7=1 =1 L(k,0)e€? CEP:(re=1 (k

Z Phe;j(—yiSi)

J=114=1 L(k,6)e€?

S Pifr=CHws)+ Y

L)} CEP:(re=1

(57a)

(57b)

(57¢)

Z PL{z = CYyi(ure; — Si)]

(57e)

gy uE =) el =)
- (ae + whes + Thep)ui | AL+ =2 o S——s | (67d)
(e Gooj + Whei T The;  Qroy T Whej T Thej
1 N n
_ ~ U -
=N Zzyz Z PhejSi + Z (qkéj = 8i) + wie; (1] — 5i) + 1wy — Si))]
Jj=l1i=1 (k,0)eg? (k,0)eg}
= Sup EQE [g(é, s)L
@gepl( ,€)

where inequality (57a) is because Qi € Dl(@é\f ,€), inequality (57b) is because we replace the

maximization over variables y with a distribution of y pushed forward by the random path z,

equality (57c) follows from the definition of Q%

, equality (57d) follows from the facts that, for

£,z .
all j € [N], 3cepc,,—1 P2 {z = ¢} = Piy; whenever (k,£) € % and 3 .cp.,,—1 Pi{z = ¢} =
re; + Whe; + The; Whenever (k, () € &L, and equality (57e) is because SUPQ, e, (BY )EQg[ 9(8,¢)]
equals the optimal value of formulation (27a)—(27f). This completes the proof. O
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