TENSOR METHODS FOR FINDING APPROXIMATE STATIONARY
POINTS OF CONVEX FUNCTIONS

G.N. GRAPIGLIA* AND YU. NESTEROV'

Abstract. In this paper we consider the problem of finding e-approximate stationary points
of convex functions that are p-times differentiable with v-Holder continuous pth derivatives. We
present tensor methods with and without acceleration. Specifically, we show that the non-accelerated
schemes take at most O (6’1/(1’“’*1)) iterations to reduce the norm of the gradient of the objective
below a given € € (0,1). For accelerated tensor schemes we establish improved complexity bounds
of O (e*<p+”)/KPJ””I)(”*”JFI)]) and O (| log(e)|e’1/<p+”>), when the Holder parameter v € [0,1] is
known. For the case in which v is unknown, we obtain a bound of O (E_(p+1)/[(p+”_1)(p+2)]) for a

universal accelerated scheme. Finally, we also obtain a lower complexity bound of O (6_2/ [3(p+u)—2])
for finding e-approximate stationary points using p-order tensor methods.
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1. Introduction.

1.1. Motivation. In this paper we study tensor methods for unconstrained op-
timization, i.e., methods in which the iterates are obtained by the (approximate)
minimization of models defined from high-order Taylor approximations of the objec-
tive function. This type of methods is not new in the Optimization literature (see,
e.g., [35, 4, 1]). Recently, the interest for tensor methods has been renewed by the
work in [2], where p-order tensor methods were proposed for unconstrained minimiza-
tion of nonconvex functions with Lipschitz continuous pth derivatives. It was shown

that these methods take at most O (e_%l> iterations to find an e-approximate first

order stationary point of the objective, generalizing the bound of O (6_3/ 2), originally
established in [28] for the Cubic Regularization of Newton’s Method (p = 2). After
[2], several high-order methods have been proposed and analyzed for nonconvex op-
timization (see, e.g., [10, 11, 12, 24]), resulting even in worst-case complexity bounds
for the number of iterations that p-order methods need to generate approximate gth
order stationary points [8, 9].

More recently, in [31], p-order tensor methods with and without acceleration were
proposed for unconstrained minimization of convex functions with Lipschitz contin-
uous pth derivatives. As it is usual in Convex Optimization, these methods aim the
generation of a point Z such that f(Z) — f* < e, where f is the objective function,
f* is its optimal value and € > 0 is a given precision. Specifically, it was shown that
the non-accelerated scheme takes at most O(e~/?) iterations to reduce the functional
residual below a given € > 0, while the accelerated scheme takes at most O(e~/(P+1))
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2 Tensor Methods for Finding Approximate Stationary Points

iterations to accomplish the same task. Auxiliary problems in these methods consist
in the minimization of a (p + 1)-regularization of the pth order Taylor approximation
of the objective, which is a multivariate polynomial. A remarkable result shown in
[31] (which distinguish this work from [1]) is that, in the convex case, the auxiliary
problems in tensor methods become convex when the corresponding regularization
parameter is sufficiently large. Since [31], several high-order methods have been pro-
posed for convex optimization (see, e.g., [14, 15, 19, 21]), including near-optimal
methods [5, 16, 22, 32, 33] motivated by the second-order method in [25]. In partic-
ular, in [19], we have adapted and generalized the methods in [17, 18, 31] to handle
convex functions with v-Hoélder continuous pth derivatives. It was shown that the non-
accelerated schemes take at most O(e~'/(PT#~1)) jterations to generate a point with
functional residual smaller than a given e € (0, 1), while the accelerated variants take
only 0(671/ (p“’)) iterations when the parameter v is explicitly used in the scheme.
For the case in which v is not known, we also proposed a universal accelerated scheme
for which we established an iteration complexity bound of O(e=?/l(P+1D(p+r=1])

As anatural development, in this paper we present variants of the p-order methods
(p > 2) proposed in [19] that aim the generation of a point Z such that ||V f(Z)|. <,
for a given threshold e € (0,1). In the context of nonconvex optimization, finding
approximate stationary points is usually the best one can expect from local optimiza-
tion methods. In the context of convex optimization, one motivation to search for
approximate stationary points is the fact that the norm of the gradient may serve as
a measure of feasibility and optimality when one applies the dual approach for solving
constrained convex problems (see, e.g., [30]). Another motivation comes from the in-
exact high-order proximal-point methods, recently proposed in [32, 33], in which the
iterates are computed as approximate stationary points of uniformly convex models.

Specifically, our contributions are the following:

1. We show that the non-accelerated schemes in [19] take at most O (6*1/(1’“”1))
iterations to reduce the norm of the gradient of the objective below a given
e € (0,1), when the objective is convex, and O (e—(P+V)/(P+V—1)) iterations,
when f is nonconvex. These complexity bounds extend our previous results
reported in [17] for regularized Newton methods (case p = 2). Moreover, our
complexity bound for the nonconvex case agrees in order with the bounds
obtained in [24] and [10] for different tensor methods.

2. For accelerated tensor schemes we establish improved complexity bounds of
O (e~ )/ Ip+v=DF+r+D]) 'when the Holder parameter v € [0,1] is known.
This result generalizes the bound of O (6*2/ %) obtained in [30] for the acceler-
ated gradient method (p = v = 1). In contrast, when v is unknown, we prove
a bound of O (e_(p+1)/[(p+”_1)(p+2)]) for a universal accelerated scheme.

3. For the case in which v and the corresponding Holder constant are known, we
propose tensor schemes for the composite minimization problem. In particu-

ptr—1
lar, we prove a bound of O (RPP+V | log, (€)|6_T’+%> iterations, where R is an

upper bound for the initial distance to the optimal set. This result general-
izes the bounds obtained in [30] for first-order and second-order accelerated
schemes combined with a regularization approach (p = 1,2 and v = 1). We

also prove a bound of O (S S | logz(e)\e_l) iterations, where S is an upper

bound for the initial functional residual.
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4. Considering the same class of difficult functions described in [19], we de-
rive a lower complexity bound of O (6’2/ [3(17*”)*2]) iterations (in terms of
the initial distance to the optimal set), and a lower complexity bound of
O (e=2(p+1)/B(r+1)=2) jterations (in terms of the initial functional residual),
for p-order tensor methods to find e-approximate stationary points of convex
functions with v-Holder continuous pth derivatives. These bounds generalize
the corresponding bounds given in [6] for first-order methods (p = v = 1).

The paper is organized as follows. In section 2, we define our problem. In section
3, we present complexity results for tensor schemes without acceleration. In section 4,
we present complexity results for accelerated schemes. In section 5 we analyze tensor
schemes for the composite minimization problem. Finally, in section 6, we establish
lower complexity bounds for tensor methods find e-approximate stationary points of
convex functions under the Hoélder condition. Some auxiliary results are left in the
Appendix.

1.2. Notations and Generalities. Let E be a finite-dimensional real vector
space, and E* be its dual space. We denote by (s, z) the value of the linear functional
s € E* at point x € E. Spaces E and E* are equipped with conjugate Euclidean
Nnorms:

(L1) el = (Be,2)'/%, 2 €E, |s|. = (s,B7's)"/2, s € E".

where B : E — E* is a self-adjoint positive definite operator (B > 0). For a smooth
function f : E — R, denote by V f(x) its gradient, and by V2 f(z) its Hessian evaluated
at point # € E. Then Vf(z) € E* and V2f(x)h € E* for ,h € E.

For any integer p > 1, denote by

D? f(z)[ha,- .., hy]

the directional derivative of function f at x along directions h; € E, ¢ =1,...,p. For
any € dom f and hq, he € E we have

Df(x)[h] = (Vf(z),h1) and D?f(z)[h1, ho] = (V?f(2)h1, ha).

If hy = ... = hy = h € E, we denote D?f(x)[hq,...,hp] by D?f(x)[h]?. Using this
notation, the pth order Taylor approximation of function f at x € E can be written
as follows:

(12 Fo 4 ) = Byl 1)+ o 1P,
where
(1.3 ®,ply) = f(0) + Y 3D @)ly —al', y € B

Since DP f(z)[.] is a symmetric p-linear form, its norm is defined as:

107 f(@)ll = max {|DPf(@)lhe, ..., hpll = llhsll <1, 8=1,...,p}.

It can be shown that (see, e.g., Appendix 1 in [27])
1D? f ()|l = max {|D”f()[A]’] = [|h]] < 1}



4 Tensor Methods for Finding Approximate Stationary Points

Similarly, since DP f(x)[.,..., .] — DPf(y)[.,...,.] is also a symmetric p-linear form
for fixed x,y € E, it follows that

1D? f(z) — DPf(y)ll = max {[DP f(z)[n]" — DP f(y)[A]"] = ||} < 1}

2. Problem Statement. In this paper we consider methods for solving the
following minimization problem

2.1 i

(2.1) min f(z),

where f : E — R is a convex function p-times differentiable. We assume that (2.1)
has at least one optimal solution z* € E. As in [19], the level of smoothness of the
objective f will be characterized by the family of Holder constants

D — 'y
(2.2) H¢p(v) = sup {”D f(x) = DV (y)l }7 0<v<Ll
z,y€k 2 =yl
From (2.2), it can be shown that, for all z,y € E,
Hy (v y
(2.3 1) = )] < 28y —
H: (v o
(2.4 V5 = Vay ). < 2250y — a2,
and
H: (v b
(25) IV215) = V0, ). < R — a2

Given z € E, if Hy ,(v) < 400 and H > Hy ,(v), by (2.3) we have

H 1%
(2.6) fly) < @ p(y) + glly —z||P*, y € E.

This property motivates the use of the following class of models of f around z € E:

(e} H «
(2.7) %;ﬂwzéwwﬂjjw—wﬁ,aemﬂl

Note that, by (2.6), if H > Hy,(v) then f(y) < o) (y) for all y € E.

z,p,H
3. Tensor Schemes Without Acceleration. Let us consider the following
assumption:
H1 H;,(v) < 400 for some v € [0, 1].
Regarding the smoothness parameter v, there are only two possible situations: either
v is known, or v is unknown. In order to cover both cases in a single framework, as
in [19], we shall consider the parameter

(3.1) o= { v, if v is known,

1, if v is unknown.
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Algorithm 1. Tensor Method (Algorithm 2 in [19])

Step 0. Choose zg € E, Hy > 0,6 >0 and € € (0,1). Set o by (3.1) and ¢t := 0.
Step 1. If ||V f(z¢)|l« <€ STOP.

Step 2. Set i := 0.

Step 2.1 Compute an approximate solution xj ; to

(32) min 0., (9)

such that

(3.3) Q) @) < ) and [[VQL L @)l < Ot — e

Step 2.2. If either ||V f(z;;)]. < eor

1 _pto
3.4 — f(zf, V()T
(3.4) flxe) — flz,) > St DI H) = IV f(z)l

holds, set i; := 4 and go to Step 3. Oth_erwise, set ¢ := i+ 1 and go to Step 2.1.
Step 3. Set x11 =z, and Hyy = 27 H,.
Step 4. Set t := ¢+ 1 and go back to Step 1.

REMARK 3.1. If v is unknown, by (3.1) we set « = 1 in Algorithm 1. The
resulting algorithm is a universal scheme that can be viewed as a generalization of the
universal second-order method (6.10) in [17]. Moreover, it is worth mentioning that
for p =3 and a = v, one case use Gradient Methods with Bregman distance [20] to
approzimately solve (3.2) in the sense of (3.3).

For both cases (v known or unknown), Algorithm 1 is a particular instance of
Algorithm 1 in [19] in which M; = 2" H, for all ¢ > 0. Let us define the following
function of e:

H
max 3#17(1/)7 30(p — 1)!} , if v is known,
(3-5) NV(E) = ET 1 1
max < 6, <3Hpr(V)> 4rFv=1 } e ptv—1_ if v is unknown.

The next lemma provides upper bounds on M; and on the number of calls of the
oracle in Algorithm 1.

LEMMA 3.2. Suppose that HI holds. Given € € (0,1), assume that {xt}f:o is a
sequence generated by Algorithm 1 such that

(3.6) IVf(@e)l« >e t=0,...,T.
Then,
(3.7) H, <max{Hy,N,(e)}, fort=0,...,T,

and, consequently,
(3.8) M; = 2" H; < 2max {Hy,N,(€)}, fort=0,...,T—1,

Moreover, the number Or of calls of the oracle after T iterations is bounded as
follows:

(3.9) Or < 2T + log, max { Hy, N, (¢)} — logy Hy.



6 Tensor Methods for Finding Approximate Stationary Points

Proof. Let us prove (3.7) by induction. Clearly it holds for ¢t = 0. Assume that
(3.7) is true for some ¢, 0 < ¢t < T — 1. If v is known, then by (3.1) we have o = v.
Thus, it follows from H1 and Lemma A.2 in [19] that the final value of 2% H; cannot
be bigger than 2max {(3/2)H/ ,(v),30(p — 1)!}, since otherwise we should stop the
line search earlier. Therefore,

1. 3H
Hiq = 52”th < max {fép(y),?)@(p — 1)!} = N,(¢) < max{Hy, N, (¢)},

that is, (3.7) holds for t = ¢t + 1. On the other hand, if v is unknown, we have o = 1.
In view of (3.6), Corollary A.5 [19] and € € (0,1), we must have

P 1—v
. 3H Fr—1 4 Fo—1
29, < 2 max {9, ( f’zp(”)> ’ () ’ } < 2N, (e).
€

Consequently, it follows that
1 .
Hi g = 52“Ht < N,(e) <max{Hy, N,(¢)},

that is, (3.7) holds for ¢t + 1. This completes the induction argument. Using (3.7), for
t=0,...,7—1 we get My =2H;1 < 2max{Hp, N,(e)}. Finally, note that at the
tth iteration of Algorithm 1, the oracle is called i; + 1 times. Since H;y, = 2%~ 1 Hj,
it follows that i; — 1 = logy Hy11 — logy Hy. Thus, by (3.7) we get

T—1 T—1
Or=> (ir+1)=Y_ 2+log, Hyy — log, Hy = 2T + log, Hy — log, Ho
t=0 t=0

< 2T + log, max {Hy, N, (€)} — log, Hy,

and the proof is complete. O
Let us consider the additional assumption:

H2 The level sets of f are bounded, that is, max,c (5 |7 —2*| < Do € (1,400)

for L(xzg) ={x € E : f(x) < f(xo)}, with z¢ being the starting point.

The next theorem gives global convergence rates for Algorithm 1 in terms of the
functional residual.

THEOREM 3.3. Suppose that H1 and H2 are true and let {xt}tTZO be a sequence
generated by Algorithm 1 such that, for t =0,...,T, we have

IVl >e i=0,... 0.
Let m be the first iteration number such that
fl@m) = f(z*) < 4[8(p + YJP** " max {Ho, N, (v)} D™,

and assume that m < T. Then

1
pto
In (p+a71)

and, for allk, m < k <T, we have

(3.10) m<

In max { 1,log,

f(xo) — (") }
2[8(p + 1)1Jr+o~ L max {Ho, N, ()} Dy *°

[24p(p + 1)!JP+*—12max { Hy, N, (€)} DET*
(k —m)p+a—1 ‘

(3.11) fla) = f(27) <



G.N. Grapiglia and Yu. Nesterov 7

Proof. By Lemma 3.2, this result follows from Theorem 3.1 in [19] with M, =
2max {Hy, N,(e)}. O

Now, we can derive global convergence rates for Algorithm 1 in terms of the norm
of the gradient.

THEOREM 3.4. Under the same assumptions of Theorem 3.3, if T = m + 3s for
some s > 1, then

max {H(], NV(E)} .

i} . 288p(p + 1)1Dy 17!
= < _—
312 g = win (V5] <2

Consequently,
(3.13) T < m+ r$[288p(p + 1)! Dyle 771,
with
q T
(Qmax{Ho,Sf’;(y),SQ(p—l)!}>p , if v is known,
/{(IV) — SH, (1) b »
<2 max {HO,F), <f2py> 4T }) , if v is unknown.

Proof. By Theorem 3.3, we have

[24p(p + 1)!JPH*~12max { Hy, N, (¢)} D5
(k — m)pta—1 ’

(3.14) flew) = f(27) <

for all k, m < k <T. In particular, it follows from (3.4) and (3.14) that

24p(p + VP 12max { Hy, N, (¢)} DFT*
0
(2s)p+a—1

2 f(mm-&-Qs) - f(x*)

T-1

= flar) = f@)+ Y (flar) = f(zre))

k=m+2s

> ! T gy
= 8(p+ 1)! | 2max{Ho, N, ()} T '

Therefore,

pto @
(g5 < B0 DIRep(p + 1)1+ (2max (Ho, Ny ()77 DY
ar — 2p+04715p+a

_ (96p)P+e=1370 (p + 1P (2max {Ho, N, (6)}) 71 DY
- (T — m)rta ’

and so (3.12) holds. By assumption, we have g} > €. Thus, by (3.12) we get

2 DD\ Pt
<2( 88p(p + 1) 0)

T—m max {Ho, N, (¢)}

(3.15) — T < m+ [288p(p + 1)!Dy] (2max { Ho, N, (€)}) 7Fo=T ¢~ pva—1,
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Finally, by analyzing separately the cases in which v is known and unknown, it follows
from (3.15) and (3.5) that (3.13) is true. O

REMARK 3.5. Suppose that the objective f in (2.1) is nonconver and bounded
from below by f*. Then, it follows from (3.4) and (3.8) that

1 1 pta—1 pt+a
— > pro=1 ¢t =0,...,T —1.
o) = 1) o ey O
Summing up these inequalities, we get
T 1 pto—1 pta
— f* > — > Pfa—1
f(l'()) f = f(xO) f('rT) = 8(p+ 1)| {2max {H(),Nl,(€>}:| €r

and so, by (3.5), we obtain T < O (e_ Pﬂzl). This bound generalizes the bound of

o (ef%) proved in [17] for p = 2. It agrees in order with the complexity bounds
proved in [24] and [10] for different universal tensor methods.

4. Accelerated Tensor Schemes. The schemes presented here generalize the
procedures described in [30] for p = 1 and p = 2. Specifically, our general scheme
is obtained by adding Step 2 of Algorithm 1 at the end of Algorithm 4 in [19], in
order to relate the functional decrease with the norm of the gradient of f in suitable
points:

Algorithm 2. Adaptive Accelerated Tensor Method

Step 0. Choose 7o € E, Hy,Hy > 0,0 > 0 and € € (0,1). Set « by (3.1) and
define function 1o (z) = p}m |z — zo||PT*. Set vg = 29 = xg, Ag = 0 and ¢ := 0.
Step 1. If min {||Vf(z)|l«, IV f(zt)|l«} < €, STOP.

Step 2. Set i := 0.

Step 2.1. Compute the coeflicient a;; > 0 by solving equation

1 (p—1)! _
ptra \pta—1
Ui T 56D { 2 1, (A +a) '
Step 2.2. Set y; = Aaﬁ and compute y;; = (1 — v,5)@ + V1,0t
t ti
Step 2.3 Compute an approximate solution z,. to mingecg Q@ , such
by Yt,i,P,2 Hy
that
QY @) < fe) and [V @) < Ol — gl
Step 2.4. If either condition ||Vf(xf+1)|\* <eor
1
1 [(p— 1] e
et -t = | BT eI
t

holds, set i; := i and go to Step 3. Otherwise, set i := i+ 1 and go back to Step
2.1.
Step 3. Set Ti41 = I::it and Ht+1 = 2“71[:1,5.
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Step 4. Define ¢y11(2) = ¥u(2) + ar [f(zi41) + (V[ (@141), @ — 2441)] and com-
pute viy1 = argmingeg Y41 ().
Step 5. Set z; = argmin {f(y) : y € {21, z¢441}} and j := 0.
Step 6. Set j := 0.
Step 6.1 Compute an approximate solution z;" ; to mingeg Qit?pw H, (y) such
that

Q) i (&) < f(2) and VO L ) < Ol — ZlPre

Zt,p,27 Hy Z¢,p,27 Hy
Step 6.2 If either ||V f(z;" s <eor

N L + | FEesT
(4.1) (&) = f(z;) = St D2 H,) IV f(z5)

holds, set j; := j and go to Step 7. Otherwise, set j := j + 1 and go to Step 6.1.
Step 7. Set z;41 = z:fjt, Hi 1 =277 H;, t:=t+1 and go to Step 1.

Let us define the following function of e:
(4.2)
(p+v—1)(Hspv)+6(p—-1), if v is known,

AN
max {49(1) — 1) (4Hy p(v))pFv=1 <) } , if v is unknown.

€

Ny(e) =

In Algorithm 2, note that {z;} is independent of {z;}. The next theorem esta-
blishes global convergence rates for the functional residual with respect to {z;}.

THEOREM 4.1. Assume that H1 holds and let the sequence {xt}tT:O be generated
by Algorithm 2 such that, fort =0,...,T we have

(4.3) IVl >e i=0,... 0.
Then,
23p max{ } p+a p+a 1”1. *”era
. - <

fort=2,...,T.
Proof. As in the proof of Lemma 3.2, it follows from (4.3), (4.2) and Lemmas A.6
and A.7 in [19] that

H, < max{f{o,Ny(e)} , t=0,...,T,
which gives

M, = 2, = 2 (2“&) = 2f,,1 < 2max {ﬁo,Ny(e)} L t=0,...,T—1.

Then, (4.4) follows directly from Theorem 4.2 in [19] with M, = 2max {ﬁo, ]\71,(6)}

0
Now we can obtain global convergence rates for Algorithm 2 in terms of the norm
of the gradient.
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THEOREM 4.2. Suppose that H1 holds and let sequences {xt}Z;O and {zt}z;o be
generated by Algorithm 2. Assume that, for t =0,...,T, we have

If T = 2s for some s > 1, then

(pta—1)(pta+l)

-+ 1 pto
4. Y = mi L <O, _pr|pre-1 | P2
46 gp= min VGOl < C@llsn -t |rret | 2
where
pta—1
pta

Cule) = [2647+9) max { o, N, (€) | max {Ho, N, ()} 7757 ",

with N, (€) and N, (¢) defined in (3.5) and (4.2), respectively. Consequently,
(4.7)

T < 2420419 (p41) max {1, Hy, Ho,3p (Hy ,(v) +0(p — 1)!)} lwo—z*|| AT ¢ TR GFD :

if v is known (i.e., « =v), and
(4.8)

T < 242079 (p+1) max {1, Ho, Ho, 4 [(4Hf}p(u))7p+5—1 +0(p— 1)!] }

=

||gjo—x*||%e_m’

if v is unknown (i.e., a =1).
Proof. By Theorem 4.1, we have

2% max {gm NV(€)} (p+ )Pt Hag — a*|Pre

(@9) o) - fa) < Py

for t =2,...,T. On the other hand, as in Lemma 3.2, by (4.5) we get
29t H; < 2max {Ho, N,(e)}, t=0,...,7—1,

where N, (¢) is defined in (3.5). Then, in view of (4.1), it follows that

@410 F0) - 1Gen) 2 5o sy | IV T

for t =0,...,T7 — 1. In particular, f(z:41) < f(2) for t =0,...,T — 1. Moreover, by
the definition of z;, we get f(Z:) < f(z¢41) and f(Z:) < f(z:). Therefore

(4.11) f(z) < f(zy), t=0,...,T,
and

1 1 a1 _pte
(412) Je) = 1) 2 g sy VG I

Now, since T' = 2s, summing up (4.12), we get

23P max {fIO,N,,(e)} (p+ Oé)p+a_1||xo _ |t i} o *
(p—1)!(s — 1)pte > f(xs) = f(x%) > f(2s) = f(27)
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Thus,

(g5)7FeT <

2067+9) max { Fy, N, (¢) b max (o, Ny (6)) 77T (p -+ 170+ [y — [+
(T — 2)ptatl )

and so (4.6) holds. By assumption, we have g% > e. Thus, it follows from (4.6) that

(pta—1)(ptatl)

D —+ 1 :| (p+a)

Cu ¥ ||pta—1
< Culelan oot [ 5

pto
(p+a—1)(p+a+1) pta
o — " [[7%557.

(4.13) =T<2+(p+1) [C”E(e)]

If v is known, by (3.5) and (4.2) we have max {Ny(e), N,,(e)} <3p(Hysp(v)+0(p—1)).
Then,

ptv

max {Ho, ]\7”(6)} max { Hy, Ny(e)}wfi—1 < max {ﬁo, Hy,3p(Hyp(v)+60(p — 1)!)} T
and so

(4.14) Cule) < 20749 max { fo, Ho, 3p (Hy,(v) +0(p ~ 1))} .

Combining (4.13), (4.14) and W < 1, we obtain (4.7). If v is unknown,

it follows from (3.5) and (4.2) that
max { N, (6), N, (€)} < 4[(4H 7, () 7757 + 6(p — 1)1] € 7757

Then,

pt+1

max{ﬁo,Ny(e)} max {HQ,Nl,(E)}% < {max {ffo,HO,él {(4Hf,p(u))zﬂ+75*1 +0(p— 1)!} } 67%} "
and so

(4.15)  Cy(e) < 204749 max {FIO, Ho, 4 [(4Hf,p(y))7p+571 +O(p— 1)!} } €~

Combining (4.13), (4.15) and p(’;ig) < 1, we obtain (4.8). O

REMARK 4.3. When v = 1, bounds (4.7) and (4.8) have the same dependence
on €. However, when v # 1, the bound of O (6_(p+1)/[(p+”_1)(p+2)]) obtained for the
universal scheme (i.e., a = 1) is worse than the bound of © (e=P+)/[(pHr=1)(p+r+1)])
obtained for the non-universal scheme (i.e., « = v). In both cases, these complezity

bounds are better than the bound of O (6_1/(”"”’_1)) proved for Algorithm 1.

5. Composite Minimization. From now on, we will assume that v and Hy,,(v)
are known. In this setting, we can consider the composite minimization problem:

(5.1 min f(2) = f(2) + ¢(a),

where f : E — R is a convex function satisfying H1 (see page 4), and ¢ : E —
R U {+o0} is a simple closed convex function whose effective domain has nonempty
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relative interior, that is, ri(dom ) # 0. We assume that there exists at least one
optimal solution z* € E for (5.1). By (2.3), if H > Hy ,(v) we have

f) <) () +e(y), VyeE.

This motivates the following class of models of f around a fixed point = € E:
(5.2) 0 m W) = A 4 (4) + o).

where Qg’; () is defined in (2.7). The next lemma gives a sufficient condition for

™)

function €, 1 (.) to be convex. Its proof is an adaptation of the proof of Theorem

1in [31].
LEMMA 5.1. Suppose that HI holds for some p > 2. Then, for any x,y € E we
have

Hy (v -
(5.9 V1) = V() + (L2 ol
Moreover, if H> (p — 1)H; ,(v), then function QS’;H( .) is convex for any x € E.

Proof. For any u € E, it follows from (2.5) that
2 R VAR < ||V2 _V2% 2 Hyp(v) ptr=21,,112
(V*£(y) zp(¥)) w,u) < [V f(y) ep W)l ]lull” < (p_z)!lly x| [[ul|.

Since u € E is arbitrary, we get (5.3).
Now, suppose that H > (p — 1)H; ,(v). Then, by (5.3) we have

02 V21(0) = Vs )+ T2E Ly ey

= V20, (y) + lly —2|P* =B

_H
(p—1)
H(pp+v)

<V, ,(y) + o

ly — |28
H , ,
<V, (y) + (p!ny ot ) = 920%) 4 (9).

Therefore, Qi”z)) 1 (y) is convex. O

From Lemma 5.1, if H > (p — 1)H/ ,(v) it follows that Qg’;H( .) is also convex.
In this case, since ri (dom ¢) # (), any solution z* of

(5.4) min 7)1 (v)

satisfies the first-order optimality condition:
(5:5)  0€0QY) (@*) = 00Y) ;@) + dp(a™) = {VOL) 1 (2) | + D).
Therefore, there exists g, (z1) € dp(2T) such that

(5.6) Vo) (@) + gp(at) = 0.
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Instead of solving (5.4) exactly, in our algorithms we consider inexact solutions z+
such that!

(5.7 0% p@h) < F@) and VO 4 @h) + gp(a)lle < 0t — P,
for some g, (z%) € dp(zT) and 6§ > 0. For such points 21, we define
(5.8) Vf@@™) = Vfah) +golah),

with g, (zT) satisfying (5.7). Clearly, we have Vf(zt) € af (z7).
LEMMA 5.2. Suppose that HI holds and let x+ be an approximate solution of
(5.4) such that (5.7) holds for some x € E. If

(5.9) H > max{pH;,(v),36(p — 1)},
then
(5.10) f@) = fat) > — i)

8(p+ 1) Hrrv1
Proof. By (5.8), (2.4), (2.7), (5.7) and (5.9) we have
IVF @) = IV (@) + g (@)
<IVF(a*) = VO p(a)s + [[VEap(at) — VO ().
HIVRY) (@) + g™
H H
(5.11) < [Hep)  H@HV) gl o=t < oprgt — e,
(p—1)! p!

where the last inequality is due to p > 2. On the other hand, by (2.3), (5.2), (5.9),
we have

~ v H y
fat) QW) @) = @ p(at) + f;”nx P ()

H v (H_H B (V)) v
=0y p(a") + Eller A e P LA ()

H— Hf’p(y) H - vap(y)
| |

la = z[[P* < fla?t) ~ l* — =[P

= QSCV;H(95+) -

Note that H > pHy ,(v) > (”#) Hy ,(v). Thus,

H- L H
~ ~ H-—-H p\V v p+1 v
fla) - fla®) 2 B2 ot ! g e
H v
(5.12) SErES] Pl — ]

Finally, combining (5.11) and (5.12), we get (5.10). O
In this composite context, let us consider the following scheme:

LConditions (5.7) have already been used in [21] and are the composite analogue of the conditions

proposed in [2]. It is worth to mention that, for p = 3 and v = 1, the tensor model Q(IV; am(-) has

very nice relative smoothness properties (see [31]) which allow the approximate solution of (5.4) by
Bregman Proximal Gradient Algorithms [23, 3].
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Algorithm 3. Tensor Method for Composite Minimization
Step 0. Choose zp € E and 6 > 0. Set M = max {pHy,(v),30(p—1)!} and
t:=0.

Step 1. Compute an approximate solution z;y; to minyecg Qg:)p w(y) such that

Qgﬂi?p,M(wt—H) < f(z) and ||VQ;’;?p,M(th)Jrggp(ﬂﬂtH)||* < O\l —ay||PTVE,

for some g, (¢41) € Op(x41).
Step 2. Set t :=t¢+ 1 and go back to Step 1.

For p = 3, point x44; at Step 1 can be computed by Algorithm 2 in [20], which is
linearly convergent. As far as we know, the development of efficient algorithms to
approximately solve (5.4)-(5.2) with p > 3 is still an open problem.

THEOREM 5.3. Suppose that H1 holds and that f is bounded from below by f*
Given ¢ € (0,1), assume that {xt}tTZO is a sequence generated by Algorithm 3 such
that ||V f(z)||« > € fort =0,...,T. Then,

ptv

(5.13) T < 8(p+ 1)IMervT (f(xo) _ f~*> R g

Proof. By Lemma 5.2, bound (5.13) follows as in Remark 3.5. O

5.1. Extended Accelerated Scheme. Let us consider the following variant of
Algorithm 2 for composite minimization:

Algorithm 4. Two-Phase Accelerated Tensor Method
Step 0. Choose zp € E, # > 0 and € € (0,1). Define 9o(x) = H%
Set vg = 29 = xg, Ao =0, M =p(Hy,(v)+30(p —1)!) and ¢ := 0.
Step 1. If t > 0 and min{HVf(xt)H*, HVf(zt)H*} < ¢, STOP.
Step 2. Compute the coefficient a; > 0 by solving the equation

[l — 0[P+

1 (p—1) _
pt+v +v—1
R TESY [ A | At

Step 3. Set y = (1 — ve)xy + Yy, with v = ay/[Ay + ay).

Step 4. Compute an approximate solution x;y1 to mingeg Q?(j:’)p’M (z) such that
(5.14)

OV (@) < Fly) and IV (@) +gp (@) || < Ollzers —yelPH
for some g, (z441) € Op(@t41).

Step 5. Define ¢y11(z) = ¢u(z) + a¢ [f(2e41) + (Vf(T111), @ — 2e41) + ()]
and compute v 1 = arg mingeg Yry1(x).

Step 6. Set zZ; = arg min {f(y) Cy € {zt7xt+1}} and j := 0.

Step 7 Compute an approximate solution z;11 to mingeg Qg:,)p, (%) such that
(5.15)

O (zen) < FE) and [V 1 (z1) + 9o (gl < Ollzegn — 2P
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for some g, (2¢41) € 0p(2e41)-
Step 8 Set ¢ :=t+ 1 and go to Step 1.
The next theorem gives the global convergence rate for Algorithm 4 in terms of
the norm of the gradient. Its proof is a direct adaptation of the proof of Theorem 4.2.
THEOREM 5.4. Suppose that H1 holds. Assume that {Zt};:r:o is a sequence gen-
erated by Algorithm 4 such that

(5.16) IVFf(z)|ls >€ t=0,...,T.
If T = 2s for some s > 1, then

U] My — ot !

5.17 = \Y <
(5.17) gr = og}gm IViGol. < (T72)%
Consequently,
ptv
T piv_ M\ TP DGTED
(5.18) T<2+ [24(p+1)] T |z — || P () .
€

Proof. In view of Theorem A.2, we have

. ey 2P M (p + )P |mg — 2t ||P
(5.19) f(ze) = f(z") < (p— DIt — 1)ptv ’

for t =2,...,T. On the other hand, by (5.15) and Lemma 5.2, we have

(5:20) ) = ) 2 o 9 ) 1

fort =0,...,T — 1. Thus, f(z4+1) < f(Z )<m1n{f(xt+1) f(z¢)} and, consequently,
(5.21) F(2) < fla), t=o0,.

and

(5:22)  flz) = Flzin) = IV IFT, t=0 T

8(p+ 1)!M prv=T1
Since T' = 2s, combining (5.19), (5.21) and (5.22), we obtain

23p—1M(p—‘r V)P+u—1||x0 — |t ) - ) -
(p—1D(s—1)pt¥ > f(zs) — f(&™) = f(zs) — f(z7)

T-1
= f(er) — f(a*) + F(z0) = F(2e41)
k=s
(s—1) =

where §r = ming<p<7 ||Vf(2)|«. Therefore,

gy < ZOTIMAT (p 1 g —
gr = (T — 2)ptv+l ’

which gives (5.17). Finally, by (5.16) we have gr > e. Thus, (5.18) follows directly
from (5.17). O
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5.2. Regularization Approach. Now, let us consider the ideal situation in
which v, Hyp,(v) and R > ||zp — 2*| are known. In this case, a complexity bound
with a better dependence on € can be obtained by repeatedly applying an accelerated
algorithm to a suitable regularization of f. Specifically, given § > 0, consider the
regularized problem

(5.23) min Fs(z) = Fs(x) + ¢(x),
for
(5.24) Fs(x) = f(z) + [l — @olPF".

pt+v

LEMMA 5.5. Given z9 € E and v € [0,1], let dpy, : E — R be defined by
dpiv(2) = ||z — 20 ||PT, where ||.| is the Euclidean norm defined in (1.1). Then,

[DPdpyr(z) — DPdprr (y)|| < Cpulle —yll”, Va,y €E,

where Cp,,, = 2IIY_, (v 4 17).

Proof. See [34]. O

As a consequence of the lemma above, we have the following property.

LEMMA 5.6. If HI holds, then the pth derivative of Fs(.) in (5.24) is v-Hélder
continuous with constant Hp, ,(v) = Hy ,(v) + ﬁcp,y.

In view of Lemma 5.6, to solve (5.23) we can use the following instance of Algo-
rithm A (see Appendix A):

Algorithm 5. Accelerated Tensor Method for Problem (5.23)
Step 0. Choose zp € E, # > 0 and € € (0,1). Define function

Po(z) = ﬁ”x — xo|PTV. Set

(5.25) Hs = p(Hp;p +30(p— 1)),

v9 = Tg, Ao = 0 and ¢t := 0.

Step 1. Compute the coefficient a; > 0 by solving equation

1 (p—1)! _
pta _ pta—1
KT [ 77 A

Step 2. Compute y; = (1 — v)x + Yy, with v = ar/[Ar + a4].
Step 3. Compute an approximate solution ;41 to mingeg QE/':))p) (@) such that
Oy ar (1) < Fal) and [V (2rin)+0p(@esn) | < Ollesr—ue PH .

for some g, (z41) € Op(@e41).

Step 4. Define ¢11(x) = ¥u(x) + at [Fs(z141) + (VFs(@141), @ — 2e41) + ()]
and compute vy11 = arg mingeg ¥io1(x).

Step 5. Set t :=t¢+ 1 and go back to Step 1.

Let us consider the following restart procedure based on Algorithm 5.
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Algorithm 6. Accelerated Regularized Tensor Method
Step 0. Choose zg € E, e € (0,1), # > 0 and 6 > 0. Define

24p+1/—2(p + V)p+VH5 p%
5(p—1)! ) ’

(5.26) m=1+ R

for Hs defined in (5.25). SNet Yo = Tg, Uy = Tg and k := 0.
Step 1. If £ > 0 and |V Es(ug)||« < €/2, STOP.
Step 2. By applying Algorithm 5 to problem (5.23), with x

: O
the first m iterates { x;

(()k) = Y, compute

t=0

Step 3. Set yx11 = :rsylf) and compute ug+1; € R™” such that
(5.27)
0 ar(uisn) < Fo(yner) and [V o (upen) g (wnen) | < Ollunr—yasa [

for some g, (ugk+1) € Op(upy1).
Step 4. Set k := k + 1 and go back to Step 1.

THEOREM 5.7. Suppose that HI holds and let {uk}fzo be a sequence gemerated
by Algorithm 6 such that

(5.28) IV Es(ug) || > % k=0,...,T.
Then,

1
32(p + 1) H 7 TRV
ptv

(5.29) T <1+log,
201 (p 4 )BT

Proof. Let o} = argmingeg Fj(z). By Theorem A.2 and (5.26), we have

Fs(yrs1) — Fs(xy) = Fs(xlR) — Fs(x})
29 Hy (p + vl — ot
(p— Dl(m — 1)ptv
52— (p+v—2)
< -
~ 20p+v)

On the other hand, by Lemma 5 in [13] and Lemma 1 in [29], function Fs(.) is
uniformly convex of degree p + v with parameter 2~ (*¥=2) Thus,

(5.30) lyie — 517+

- - §o—(ptv-2)

5.31 F, — Fs(a}) > ——— — x||Ptr.
( ) 5(Yrr1) s(w5) > D+ lye+1 — 25|l

1
Combining (5.30) and (5.31), we obtain ||yx+1 — z5[[PT < §||yk — [P, and so

1\" 1\"
630 -l < (5) ol = () oo -l

Thus, it follows from (5.30) and (5.32) that

N 3 5 "
_ * - - _ X ||pty
(5.33) Fs(yr1) — Fs(xj) < 1 (p ) <2) lzo — 5[
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In view of Lemma 5.2, by (5.27) and (5.25), we get

I ot 1 ~ ptv
(5.34) Fs(yrt1) — Fs(ugs1) > ———————[VEs(ug41) 7.

8(p+ 1)HF™

Then, combining (5.33) and (5.34), it follows that

! 19 B )| 7T < = (1>k e — a3 P+
_— s(Upr1)]| 4 <———— | = To— X .
8(p + 1)!H§+i‘1 " 20tv=l(p+v) \ 2 ’

In particular, for k = T — 1, it follows from (5.28) that

1

oT-1 < 32(p + DIHS ™" l|lwo — mng*”.

2P+V_1(p + y)e%

(5.35)

Since Fs(zf) < Fs(z*), it follows that ||zg — 2%|| < ||lzo — *|| < R. Thus, combining
this with (5.35), we get (5.29). O
COROLLARY 5.8. Suppose that H1 holds and that R > 1. Then, Algorithm 6 with

€

perform at most

p+v—1 p+v—1\ v
(5.37) (@] <log2 (R ; ) (R . ) > .

iterations of Algorithm 5 in order to generate ur such that IV f(ur). <e.
Proof. By Theorem 5.7, we can obtain ||V Fs(ur)||« < €/2 with

1
32(p + 1)\ HF "~ T 5RPHY

2P+V*1(p + I/)G%

(5.38) T <2+ log,

Moreover, it follows from (5.25), (5.36), the definition of Hp, ,(v) in Lemma 5.6,
€€ (0,1) and R > 1 that
0
H(; =D (HF(;,p + 36(]7 - 1)') =p (Hﬂp(l/) + mcpﬂ, + 30(]) - 1)')

B € Cp.v
—) (Hf,p(u) b S L 1)!)

(5.39) <p(Hsp(v)+Cp, +30(p—1)!).

Combining (5.38), (5.39) and (5.36), we have

(5.40) T <2+ log, (32(10 + D! [p(Hyp () + Cp + 30(p — 1)) 77T R> |

220 +v=2) (p 4 )T T

At this point u7, we have

. - 1) € _
(5.41) [V f(ur)|l« < |VFs(ur)|« + mHVdpw(uT)H < 5 +0flur ~ [P+
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Since Fj(.) is uniformly convex of degree p 4+ v with parameter 2-#+*=2) it follows
from (5.34) and (5.33) that

§2—(p+v—-2) ) - _— - S
—————llur = 25| < Fs(ur) = Fs(a5) < Fs(yr) — Fs(3)

1 T-1
[ _ X ||ptY
< 20+v=1(p + 1) <2> |zo — 5| .

ptv

Therefore, |ur — z}|| < ||zo — x|, and so

lur — 2olPH = < [llur — 23] + llof — ol
(5.42) < 27 |mg — P
(5.43) < grtvolgpivsl

Now, combining (5.41), (5.43) and (5.36), we obtain

(5.44) IVitun) <5 +5=¢

The conclusion is obtained by noticing that, for § given in (5.36) we have

_ i 24p+1/72(p + V)p+VH5 o
m=1+ ( 5(p—1)! ) -‘
- 24P =2(p 4+ )PV [p (Hy (V) + Cp + 30(p — 1)1)] P
= ( 6(pf— 1)! > -‘
(5.45)= 1+ (25“2”_2(]3 + V>p+”Rp+”‘:(l[)p (Ii)f!,p(l/) +Cy +30(p— 1)) ) ﬂ

Thus, (5.37) follows from multiplying (5.40) and (5.45). O

Suppose now that S > f(:zzg) — f(x*) is known. In this case, we have the following
variant of Theorem 5.7.

THEOREM 5.9. Suppose that H1 holds and let {uk}zzo be a sequence generated
by Algorithm 6 such that

(5.46) IV Es(u) || > % k=0,...,T.
Then,
T
16(p + 1)IHF ™S
(5.47) T <1 +log, ( Lﬁ
eptv—1
Proof. By (5.35), we have
1
32(p+ DIHF™T )

(5.48) T <1+log,

lzo — 23]/

QT 2P tv=2(p +v)
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Since Fs(.) is uniformly convex of degree p 4+ v with parameter §2~®+=2) we have

0

s _ ok ||pty n o *
2p+u—2(p+y)||$0 z3 [P < Fs(wo) — Fis(x)

= o) = i)~ o~ P
< f(eo) - fa)
< f(eo) - Fla)

(5.49) <S.

Combining (5.48) and (5.49) we get (5.47). O
COROLLARY 5.10. Suppose that H1 holds and that S > 1. Then, Algorithm 6

with
p+v
€
ptv—1

(5.50) 5= [
20ty [20Hr=2(p + 1) S] v

performs at most

ptv—1
(5.51) 0 <log2( o) (S ))
€ ptv €

iterations of Algorithm 5 in order to generate ur such that |V f(ur)]|« < e
Proof. By Theorem 5.9, we can obtain ||V Fs(ur)||« < €/2 with

16(p+ )IHIT S

ptv
eptr—1

(5.52) T <2+ log,

In view of (5.50), e € (0,1) and S > 1, we also have
(5.53) Hs <p(Hppv)+Cp,+30(p—1)).

Thus, from (5.52) and (5.53) it follows that

! )T
(5.54) T <2+log, (16(p+1)'[p(Hf,p(V)+ngy+39(p M 5>.

€ptv—1

At this point ur we have

- - o) € v
IV f(ur)lls < IVEs(ur)l + mHVdpw(uT)H* < 5 +llur — wo[PT

By (5.42) and (5.49),

ptr—1

2p+v—2(p + y)S] ptv

Jur = ol < 20 — et < ot |2

ptrv—1

1 pHv ptr—1
(5.55) = <5) gptv=l [PtV =2(p 4 1) §] v
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Thus, it follows from (5.55), (5.55) and (5.50) that

ptr—1

IV f (u) |+ < §+5P+%2”+”*1 2P 2 (p+v)S] 7T <

|

Finally, by (5.26) and (5.50) we have

94p+v—2 p+u
me—14 (p+v) H5
d(p—1)!
ptrv—1

1 [ (2 )+ o M= 11 77 gt [20402(p 4 1)5) P
B (p—1)!

€

Thus, (5.51) follows by multiplying (5.54) by the upper bound on m given above. O

6. Lower complexity bounds under Hélder condition. In this section we
derive lower complexity bounds for p-order tensor methods applied to the problem
(2.1) in terms of the norm of the gradient of f, where the objective f is convex and
Hj,(v) < 400 for some v € [0,1].

For simplicity, assume that E = R™ and B = I,,. Given an approximation z for
the solution of (2.1), we consider p-order methods that compute trial points of the
form T = Z + h, where the search direction A is the solution of an auxiliary problem
of the form

p
(6.1) min Gaqq(h) =Y D' (@) +]A]",

with @ € RP, v > 0 and ¢ > 1. Denote by I'z #(a, 7, q) the set of all stationary points
of function ¢ ~4(.) and define the linear subspace

(6.2) S¢(z) =Lin (T'z f(a,v,q)|a € RP, v >0,¢g>1).

More specifically, we consider the class of p-order tensor methods characterized by
the following assumption.

Assumption 1. Given zy € R", the method generates a sequence of test points
{Z1} x>0 such that

k

(6.3) Trp4+1 € To + Z S¢(zi), k>0.
=0

Given v € [0,1], we consider the same family of difficult problems discussed in
[19], namely:

k—1 n
1 , . ,
(6.4) fe(z) = - E :|x(z) _ x(z+1)‘17+l/ + Z |I(z)|P+V —zW, 2<k<n.
p v =1 i=k

The next lemma establishes that for each f;(.) we have Hy, ,(v) < +oc.
LEMMA 6.1. Given an integer k € [2,n], the pth derivative of fi(.) is v-Holder
continuous with

24v _ .
(6.5) Hpp(v) =272 12 (p+v — i)
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Proof. See Lemma 5.1 in [19]. O

The next lemma provides additional properties of f(.).

LEMMA 6.2. Given an integer k € [2,n], let function fi(.) be defined by (6.4).
Then, fi(.) has a unique global minimizer x;.. Moreover,

. (p+v-1k . (k+1)2
(6.6) i = YT and ||xk||<7\/§ .

Proof. See Lemma 5.2 in [19]. O

Our goal is to understand the behavior of the tensor methods specified by As-
sumption 1 when applied to the minimization of fi(.) with a suitable k. For that,
let us consider the following subspaces:

Z:{xeR”m(i):O, i:k+1,...7n}, 1<k<n—1.

LEMMA 6.3. For any ¢ > 0 and x € R}, fryq(z) = fiu(z).

Proof. Tt follows directly from (6.4). O

LEMMA 6.4. Let M be a p-order tensor method satisfying Assumption 1. If M
is applied to the minimization of fi(.) (2 < t < n) starting from xo = 0, then the
sequence {x},~o of test points generated by M satisfies

k
Trt1 € ZSft(zi) CRZ_H, 0<k<t-—1.
1=0

Proof. See Lemma 2 in [31]. O

The next lemma gives a lower bound for the norm of the gradient of fi(.) on
suitable points.

LEMMA 6.5. Let k be an integer in the interval [1,t — 1), with t +1 < n. If
z € RY, then [Vy(@)]. > -1

— Vk+1°
Proof. In view of (6.4) we have
(6.7) fr(@) = np1 (Agw) — (€1, ),
where
I &
6.8 J(u) = u® Pty
(6.) o) = i o)
and
1 -1 0 0 0
0 1 -1 ... 0 0
(6.9) Ay = Us 00N ith U= | 2 C | e R
0 I, : . ; ; :
0 0 0 1 -1
0 0 0 0 1
By (6.9) and (6.8), we have
_ (1) _ g+ ptv=2(5() _ 2(+1) — -
@ | |z x | (x x ), i=1,...,t—1.
(Vpso (Az))™ = { |0 [prr=2 (00, i=t,....m
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Since x € RY, it follows that (¥ = 0 for i > k. Therefore,

(VT]IH‘V(Atx))(Z) :07 i:k+17"'7na
which means that Vn,4,(A;z) € RE. Then, from (6.7), we obtain

IV ()12 = 147 Viipsw (Apw) — ex 2 = Jnf, 1Ay — exlZ
k

_ 2 _ a7 [ 1k
_zlenll{k |Bz —e1]|; [WhereB—At ( 0

= |B(B"B)"'B"e; — €]

(6.10) :Z([B(BTB)*IBTel](”—(el)“)) .
1=1
By (6.9), we have
(6.11)
1 0 0 0 0
-1 10 0 0
g N 0 -1 1 ... 00
B<g>eR”Xk, with U = L | e RBHDxE
0 0 0 -1 1
0 0 0 0 1
Consequently,
1
0
(6.12) BTe;=| . | eR"
0
and
2 -1 00 0 0 0
-1 2 -10 ... 0 0 0
(6.13) B"B = Lo Cor | eRFXR

o O
o O
o O
o O .
I
O =
|
— N
|
N —

From (6.13), it can be checked that

1 -

14 B'B)™' = ——BeRM*
(6.14) (BB)" = Be ’
with

= [ il(k+1) —4], ifj >4,
(6.15) By = { Jl(k+1) —1], otherwise.

Now, combining (6.12) and (6.13)—(6.14), we get

_ i E+1)—i .
1 BTR)y BT, = kD=0
(6.16) [( ) 61] P i ..k

23
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Then, it follows from (6.11) and (6.16) that

=1 i=1,
; (k+1) (i-1) | (k+1)—i .
[B(BTB)"'BTe,]"” = S e =200k,
TSR 1=k+1,
0, t=k+2,...,n.
k .
m, ’L—l7
(6.17) ={ “E i=2. kL
0, i=k+2

Finally, by (6.10) and (6.17) we have

. N\ 2
||vft Z ( BTB 1BT61} (%) _ (el)(l))
1 2 k+1 1 2 k+1 1
- <_k+1> +§<_k+l> :; (k+1)?
1
N

and the proof is complete. O
The next theorem establishes a lower bound for the rate of convergence of p-order
tensor methods with respect to the initial functional residual (f(z¢) — f*).
THEOREM 6.6. Let M be a p-order tensor method satisfying Assumption 1.
Assume that for any function f with Hyp(v) < 400 this method ensures the rate of
convergence:

ptvrv—1

H piu — f*) Tt
©18) v V5], < PeTUEI ST sy

where {xy},~, is the sequence generated by method M and f* is the optimal value of
f. Then, for all t > 2 such that t +1 < n we have
(6.19)

pt+rv—1

p+yl} Py
p+v

+v)—2

) v v
k() < Dyt 35 with Dy, = [Q%Hg’;f(m v— i)} o {

Proof. Suppose that method M is applied to minimize function f;(.) with initial
point zg = 0. By Lemma 6.4, we have x;, € R} for all k&, 1 <k <t —1. Thus, from
Lemma 6.5 it follows that

1 1
. i . = i T
(6.20) (i VAl 2 anin | === = =7

Then, combining (6.18), (6.20), Lemma 6.1 and Lemma 6.2 we get

Hfup(y)ﬁ(ft(xo) - )
Rlt) < <het—1 IV filz)l
[ (p+V—i)}m [

3(ptv)—2

< Dpy(t+1) 2007,

ptr—1

p+1/—1 ptv tpti:lt%
p+v
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where constant D,, ,, is given in (6.19). O
3(ptv)—2
REMARK 6.7. Theorem 6.6 gives a lower bound of O (%) 2wtv) ) for the rate

of convergence of tensor methods with respect to the initial functional residual. For
first-order methods in the Lipschitz case (i.e., p=v = 1), we have O (%) This gives
a lower complezity bound of O(e~1) iterations for finding e-stationary points of convex
functions using first-order methods, which coincides with the lower bound (8a) in [6].
Moreover, in view of Corollary 5.10, Algorithm 6 is suboptimal in terms of the initial
residual, with the complexity a complexity gap that increases as p grows.

Now, we obtain a lower bound for the rate of convergence of p-order tensor meth-
ods with respect to the distance ||xg — z*||.

THEOREM 6.8. Let M be a p-order tensor method satisfying Assumption 1.
Assume that for any function f with Hy,(v) < +oo this method ensures the rate of
convergence:

H — xp¥||ptv—1
(6.21) min ||V f(z)]« < £oW)llwo — 2|

L t>2
1<k<t—1 K(t)

)

where {1}~ 15 the sequence generated by method M and x* is a global minimizer
of f. Then, for all t > 2 such that t +1 < n we have

3(ptv)—2 _ptv—1

(6.22)  K(t) < Ly, (t+1) "7 with L,, =27 (3)" "7 I (p+v—i.

Proof. Let us apply method M for minimizing function f;(.) starting from point
zo = 0. By Lemma 6.4, we have zj, € R} for all k, 1 <k <t — 1. Thus, from Lemma
6.5 it follows that

1 1
. i > i —_— = .
(6 23) 1§I]§l§11t171 vat(zk)” = 13%1%?71 \/m \/i

Then, combining (6.21), (6.23), Lemma 6.1 and Lemma 6.2 we get

Hftvp(V)HxO - xr+1||p+l/71 < 2245u
ming<p<i—1 ||V fe(zp)lls

=) (p+ v — i)l [Pt

K(t) <
(t41):
V3

where constant L, ,, is given in (6.22). O

REMARK 6.9. Theorem 6.8 establishes that the lower bound for the rate of conver-
gence of tensor methods in terms of the norm of the gradient is also of O (%) Aetp=2

pt+rv—1
1 3(p+v)—2
(t+1)% < Ly, (t+1)"5

[N

<2 (p+v—1)

For first-order methods in the Lipschitz case (i.e., p =v = 1) we have O (k%) This

gives a lower complexity bound of O(e*%) for finding e-stationary points of convex

functions using first-order methods, which coincides with the lower bound (8b) in [6].

REMARK 6.10. The rate of O (%) 3(p+2u)_2> corresponds to a worst-case complex-

ity bound of O (e~2/B@+=21) jterations necessary to ensure |V f(zy)|s < e. Note
that, for e € (0,1), we have

_____ptv 1 p+1 2
1\ erv=D(p+r+1) 1\ ptv—1 1\ ®=DBp-2) 1)\ 3t+»)—2
- < (- < (- - .
€ € € €
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Thus, by increasing the power of the oracle (i.e., the order p), our non-universal
schemes become nearly optimal. For example, if € = 1076 and p > 4, we have

1 2
(%) =T < () (%) 3t -2

7. Conclusion. In this paper, we presented p-order methods that can find e-
approximate stationary points of convex functions that are p-times differentiable with
v-Holder continuous pth derivatives. For the universal and the non-universal schemes
without acceleration, we established iteration complexity bounds of O (e=/(+v—1))
for finding Z such that |V f(Z)||« < e. For the case in which v is known, we obtain im-
proved complexity bounds of of O (e~ ®@+*)/[(p+v=D(r+r+D]) and O (] log(e)|e~ 1/ P+1))
for the corresponding accelerated schemes. For the case in which v is unknown, we
obtained a bound of O (e_(p+1)/[(”+”_1)(p+2)]) for a universal accelerated scheme.
Similar bounds were also obtained for tensor schemes adapted to the minimization
of composite convex functions. A lower complexity bound of O(e~2/BP+¥)=2l) was
obtained for the referred problem class. Therefore, in practice, our non-universal
schemes become nearly optimal as we increase the order p.

As an additional result, we showed that Algorithm 6 takes at most O (log(e™!))
iterations to find e-stationary points of uniformly convex functions of degree p + v in
the form (5.64). Notice that strongly convex functions are uniformly convex of degree
2. Thus, our result generalizes the known bound of O (log(efl)) obtained for first-
order schemes (p = 1) applied to strongly convex functions with Lipschitz continuous
gradients (v = 1). At this point, it is not clear to us how p-order methods (with p > 2)
behave when the objective functions is strongly convex with v-Hélder continuous pth
derivatives. Neverthless, from the remarks done in [13, p. 6] for p = 2, it appears
that in our case the class of uniformly convex functions of degree p + v is the most
suitable for p-order methods from a physical point of view.
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Appendix A. Accelerated Scheme for Composite Minimization.
To solve problem (5.1), we can apply the following modification of Algorithm 3
n [19]:
Algorithm A. Accelerated Tensor Method for Composite Minimization

Step 0. Choose xg € domp, 6 > 0 and define 9y(x) = H%Hx — xo[P*. Set
M>p+v—1)Hsp)+60(p—1), vg =x9, Ao =0 and ¢ := 0.
Step 1. Compute a; > 0 by solving the equation

y 1 p—1)! e
(A.1) a™ = 2Bp—1) [( M ) ] (Ag +a)Pt

Step 2. Compute y; = (1 — v¢)x¢ + vy with v = ay/[Ar + a4].
Step 3. Compute an approximate solution x;y1 to mingeg €y, p ar(z) such that
(A.2) )

Qe par(@ee1) < flye) and [ VQy, poar (@er1) 490 (@e1) [l < Ollzeer—ge P77

for some g, (2¢41) € Op(xis1).
Step 4. Define ¢y11(x) = ¢(2) + ar [f (e41) + (Vf (@141), 2 — 241) + 9(2)]-
Step 5. Set t :=t¢+ 1 and go to Step 1.

In order to establish a convergence rate for Algorithm B, we will need the following
result.

LEMMA A.1. Suppose that H1 holds and let ™+ be an approzimate solution to
minyep Qi 1), 1 (y) such that

(A.3) Q(V) g(@t) < f(x) and ||VQ“)H( 2 + go(a )| < Ozt — z|PT 1,

z,p,H

for some g,(x) € dp(zt). If H> (p+v —1) (Hyp(v) +0(p—1)!), then

(A4) (Vit)a—at) > 5 [@;{1)'] T

Proof. Denote r = ||z — z||. Then,

Vi) + L)

B 0 = V@) = Ve pat) + VAL (@) + gaa®)]l.

< VHET) = VO p (@)l + V) 1(2F) + gp @)

Hs (v b ~ Hp+v b
(G +0) v 2 vy 4 T2t — o)

which gives

— VAP + “”p* Y) 2V (), 2t a)

Mﬁ(fﬂrv—l).

(A.5) + e
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From (A.5), the rest of the proof follows exactly as in the proof of Lemma A.6 in [19].
0

THEOREM A.2. Suppose that H1 holds and let the sequence {xt}tTZO be generated
by Algorithm B. Then, fort=2,...,T,

: 2o 2P IM (p 4 v)PHY ||z — ||
(A0) Fe) - flony < ZMR I

Proof. For all t > 0, we have

(A.7) U(x) < Auf(z) + |z — o||P™”, Vz €E.

pt+v

Indeed, (A.7) is true for t = 0 because Ag = 0 and Yo (z) = ﬁ“x — xo||PT¥. Suppose
that (A.7) is true for some ¢ > 0. Then,

Yey1(z) = Pi(®) + ag [f(@eg1) +(VF(@i41), 0 — Tig1) + ()]

_ _ 1 _
< Af(x) +acf(r) + p+yllﬂc—x0||1’+” = A1 f(x) + p+uv

lr = 2o [P

Thus, (A.7) follows by induction. Now, let us prove that

(A.8) Aef(ze) < 97 = mindy(z).

Again, using Ag = 0, we see that (A.8) is true for ¢ = 0. Assume that (A.8) is true
for some t > 0. Note that ¢;(.) is uniformly convex of degree p + v with parameter
2-P+v=2)  Thus, by the induction assumption

L 27 (tv=2) N - 92— (p+v—-2) N
Yy(x) > Pf + W"x — [PV > Ay f(zy) + ﬁ”x — v |PT
Consequently,
Vi = Zefélgflw {¥e(2) + ar [f(e11) + (Vf(@441), 7 — 241 + 0(2)]}

- ) A7 9—(ptv—2) oy

= méi?éﬁw{ fe) + =l =l
(A.9) +ai [f(ze41) + (Vf(@e41), 7 — 2001) + ()]}
Since f is convex and differentiable and g, (2¢41) € 0p(x¢41), we have
(A.10) F(@) > f@e1) + (VF(@es1), 2 — Teg1)
and
(A.11) () > p(Tr11) + (9o (Tt41), T — Tpy1).

Using (A.10) and (A.11) in (A.9), it follows that
Y{ ;> min {At+1f($t+1) + (V(@e41), Aswe — Agign)

re€dom ¢
9—(p+v—-2)
o= wlr+}.

(A.12) +a(V (i), o — 2i41) + ot
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Note that Atxt = At+1yt — AVt and At+1xt+1 = Atxt-i-l + AtTi41- Thus, COHlbiIliIlg
(A.12) and Lemma A.1, we obtain

. . . L[(p—1)1)7 T - T
Yi > A f(Tegr) + me%%g(p At+11 v IV f(2eq1)]4
_ 9—(p+v—2) N -
+ay(Vf(xi41), 0 —vg) + 7}) iy lze — ve P V} > Appr f(@e41),

where the last inequality follows from (A.1) exactly as in the proof of Theorem 4.2 in

[17]. Thus, (A.8) also holds for ¢ 4+ 1, which completes the induction argument.
Now, combining (A.7) and (A.8) we have
(A.13) Fw) — Fa*) < 4 | llwo — 2t P+ |
T A lptv

Once again, as in the proof of Theorem 4.2 in [19], it follows from (A.1) that

ptv—1- P+V

(A.14) 4> oL (1> " (-1, vt>2

=23 0-1M | p+v \2

Finally, (A.6) follows directly from (A.13) and (A.14). O
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