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Abstract The mathematical program with switching constraints (MPSC), which is re-
cently introduced, is a difficult class of optimization problems since standard constraint
qualifications are very likely to fail at local minimizers. MPSC arises from the discretiza-
tion of optimal control problems with switching constraints which appears frequently in
the field of control. Due to the failure of standard constraint qualifications, it is reasonable
to propose some constraint qualifications for local minimizers to satisfy some station-
arity conditions that are generally weaker than Karush-Kuhn-Tucker stationarity such
as Mordukhovich (M-) stationarity. First we propose the weakest constraint qualifica-
tion for M-stationarity of MPSC to hold at local minimizers. Then we extend some weak
verifiable constraint qualifications for nonlinear programming to allow the existence of
switching constraints, which are all strictly weaker than MPSC linear independence con-
straint qualification and /or MPSC Mangasarian-Fromovitz constraint qualification used

in the literature. We show that these newly introduced constraint qualifications are suffi-
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cient for local minimizers to be M-stationary. Finally, the relations among MPSC tailored

constraint qualifications are discussed.
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1 Introduction

Very recently, the mathematical program with switching constraints (MPSC) is intro-
duced to investigate the discretization of optimal control problems with switching con-
straints (Clason et al., 2016 (Gugat, [2010; |Hante & Sager| 2013; Wang & Yan, |2016) in
Mehlitz| (2019b)). Moreover, MPSC can be used to reformulate either-or-constrained pro-
gramming problems (Dempe & Schreier,[2007). The constraint structure of MPSC is high-
ly related with the mathematical program with complementarity constraints (MPEC)
that has been widely studied (Lin & Fukushima) [2005; Luo et al.,[1996a|b; Outrata) (1999;
Shim et al., [2013) and the mathematical program with vanishing constraints (MPVC)
(Achtziger & Kanzow, 2008; [[zmailov & Solodov, 2009; Hoheisel et al., 2010; |Hoheisel,
2009; Mishra et al., 2016). In [Mehlitz| (2019b), it was shown that the standard constraint
qualifications are very likely to fail at local minimizers. This means that local minimizers
of MPSC may not be KKT points. Some alternative stationarities such as Mordukhovich
(M-) and strong (S-) stationarities are proposed in Mehlitz (2019b). Moreover, the stan-
dard linear independence constraint qualification (LICQ), Mangasarian-Fromovitz con-
straint qualification (MFCQ), Abadie constraint qualification (ACQ), and Guignard con-
straint qualification (GCQ) are extended to allow the existence of switching constraints.
More recently, based on the theoretical findings in Mehlitz| (2019b), a relaxation method
for solving MPSC was proposed in Kanzow et al.| (2018) and second-order optimality
conditions for MPSC were investigated in [Mehlitz|(2019a).

In this paper, we first investigate sufficient and necessary conditions for M-stationarity
of MPSC to hold. We then extend some weak verifiable constraint qualifications for

nonlinear programming to MPSC such as constant rank constraint qualification (CRC-
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Q)(Janin|, [1984), relaxed constant rank constraint qualification (RCRCQ) (Minchenko &
Stakhovski, [2011), constant positive linear dependent condition (CPLD)(Qi & Wei, [2000),
relaxed constant positive linear dependent condition (RCPLD) (Andreani et al., [2012),
and quasi-normality and pseudo-normality (Bertsekas & Ozdaglar, 2002). These newly
introduced constraint qualifications are called MPSC tailored constraint qualifications,
which are all strictly weaker than MPSC LICQ and MPSC MFCQ used in|Mehlitz|(2019b).
We show that all these introduced MPSC tailored constraint qualifications are sufficient
for local minimizers of MPSC to be M-stationary. Finally, we discuss the relations among
MPSC tailored constraint qualifications.

The paper is organized as follows. Section 2 contains some background materials.
In Section 3 we give necessary and sufficient conditions for Bouligand (B-) stationarity
and M-stationarity of MPSC, and show that B-stationarity is strictly stronger than M-
stationarity. In Section 4, we introduce some new MPSC tailored constraint qualifications

and discuss the relations among them.

2 Preliminaries

The notation used in the paper is standard as in the literature. We denote by || - || the
Euclidean norm and denote by B;5(z) := {z € R" : ||z — z|| < ¢} the open ball centered at
x with radius 6 > 0. For a differentiable function ¢ : R” — R™ and a vector x € R",

ko a* stand for

Vo¢(z) denotes the transposed Jacobian of ¢ at x. Moreover, we let =
x¥ € (2 for each k and 2% — 2* as k — oo and let clf2 denote the closure of a set (2.
In what follows, we review some basic concepts and results in variational analysis,

which will be used later on.

Definition 2.1 (Rockafellar & Wets| 1998) The polar cone of a cone K is a closed and
convex cone defined by K° := {d : d"z < 0 for each z € K'}. The tangent cone of a set {2
at x* € clf?is a closed cone defined by

To(x™):={d:d= klim tr(x® — 2*) with tp > 0and 2% — 2*}.
—00

The regular normal cone of a set {2 at 2* € clf?2 is a closed and convex cone defined by

J\A/}z(a:*) = To(xz*)°. The limiting normal cone of a set 2 at z* € clf? is a closed cone
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defined by
No(@*):={d:d= klim d* with d* € N (") and 2* — ¢ 2*}.
—00

The MPSC considered in this paper is of this form

@
h](x) = 0? ] = 1a "'ap7
Gt(x)Ht(x) = 0? t= 17 '7la
where all functions f, g1,...,Gm, h1,...,hp, G1,..., G, H1, ..., H:R" — R are assumed

to be continuously differentiable. For brevity, welet g = (g1,...,9m) ", h = (h1,...,hp) T,
G = (Gy,...,G))",and H = (Hy,...,H;)". Let X denote the feasible region of problem
(I). The last ! constraints in X force either G;(z) or Hy(x) to be zero. We callz € X a
degenerate feasible point if there exists to such that Gy, (x) = Hy,(x) = 0. For such de-
generate feasible points, the standard LICQ and MFCQ fail (Mehlitz, 2019b, Lemma 4.1).
Moreover, the tangent cone to X at a degenerate feasible point is generally nonconvex
but the linearized tangent cone is convex. Thus, the standard ACQ also fails at a degen-
erate feasible point; see details in Section 3. These facts make problem (1) different from
standard nonlinear programming problems.
In order to facilitate the notation, we define some index sets which depend on a fea-

sible point z* € X"

Ih={1,....p}, Z¢ = {i € {1,...,m} : gi(z*) = 0},

TG = {tc {1,...,1} : Gi(z*) = O A Hy(x*) # 0},

TH ={te{1,...,1} : Gi(a*) # 0 A Hy(z*) = 0},

IGH = {te{1,...,1} : G¢(x*) = 0 A Hy(z*) = 0}.
Note that {Z¢, ZH TG} is a disjoint partition of {1,...,}. The MPSC Lagrangian func-
tion of problem (1)) is defined by

Lapsc(@, A, p,pv) = f(x) + g(@) "X+ h(z)Tp+ G(a) "+ H(z) v

We note that problem (1) can be rewritten as an optimization problem with a geometric

constraint:

min f(x) s.t. F(z) € A, ()
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where

(9(@), hlz), (@), A= (=o00,0]™ x {0}F x &,

and

lb(l") = (Gl(x)v Hl(z)7 cee aGl(x)a [_Il(x))T ) §= {(av b) € R?: ab= 0}
We call the nonconvex cone S the switching cone. By direct calculation, we have the
following results (Mehlitz} [2019Db).

Proposition 2.1 For any (a,b) € S, we have that

{0} xRifa=0,b+#0

Rx{0Vifa#0,b=0p, Ns(ab):=
S ifa=0,b=0

R x {0} if a = 0,b# 0
{0} xRifa#0,b=0
{(0,0)} ifa=0,b=0

Ts(a,b) :=

)

R x {0} ifa=0,b%0
{0} xRifa#0,b=0
S ifa=0b=0

Ns(a,b) := 3)

The linearized cone of X" at z* is defined by

Lypsc(x®) :={d: VF(x*)"d € Tp(F(z*))}.

By Proposition the linearized cone £psc(z*) can be directly calculated as an ex-
plicit form

Vgi(z*)Td <0 iy

Vhi(z*)Td =0 ie1h

Lypsc(z®) d: VGi(z*)Td=0 ieI¢
VH;(z*)Td=0 icTH
VGi(z*)Td-VH;(z*)"d=01i¢cICH

Let P(ZE) be the set of all disjoint bipartitions of ZE#, i.e.,

P(ZEH) := {(B1,B2) : B1 U B2 = IEH, By N Bo = (0}
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For any given (81, 82) € P(ZEH), we define a standard nonlinear programming problem

as follows
min f(z)
sit. gi(z) <0, i=1,....,m,
NLP (84, B2) hi(z) =0, j=1,..,p, 4)

Gr(z) =0, k€ IE U By,

Hi(z) =0, keIl Up,.
We let X4, 5,y denote the feasible region of the above problem. We say that NLP (1, 32)
is a branch of problem (1)) since it is easy to verify that locally around z*, the union of
X(g, p,) over (B1,82) € P(ZEH) is exactly the feasible set X. Then one easily has the
following results(Mehlitz, 2019b, Lemma 5.1).

Lemma 2.1 Let x* € X. Then the following formulas hold true:

Tx(z") = U Tx(81,8:) (")
(B1,B2)€P(ZSGH)

Lypsc(z™) = U Lxp,8:)(@7),
(B1,B2)EP(ZZH)

where L g, p,)(x*) is the linearized cone of problem (@) defined by
Vgi(z*)Td <0 ieT{

’ (=) 4 Vhi(z*)Td=0 iecIh
X(B1,82)\ T ) = :
o i{E*)Td:OZ’EIEUBl

VG
VHl(l‘*)Td =01€ If U 62

3 Stationarities

In this section, we first define the prime and dual stationarities of problem (I). We then

investigate sufficient and necessary conditions for stationarities of problem (T).

Definition 3.1 Let 2* € X'. We say that z* is a Bouligand (B-) stationary point of problem

iff
V@) Td>0, Vd e Lypsc(z®).
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We next give some dual stationarities of problem (1) as given in Mehlitz (2019b).

Definition 3.2 Let 2* € X. We say that z* is weakly stationary (W-stationary) to problem
iff there exists (A, p, 1, v) € R™ x RP x R! x R! such that

vaMPSC(x*7 )‘7 1292 V) = 07

®)
A>0, g(z*)"A=0, u; =0,i€TH v; =0, i € IC.

We say that z* is M-stationary to problem (1) iff there exists (A, p, 1, ) € R™ xRP x Rl x R!
satisfying (5) and

We say that * is S-stationary to (1) iff there exists (A, p, 1, ) € R™xRP xR! x R! satisfying

() and

pi =0andv; =0, i € IGH, 7)

By Proposition we can restate the B-, M-, and S-stationarities in the following

compact forms.

Proposition 3.1 Let * € X. We have the following results.
(i) The B-stationarity is equivalent to 0 € V f(x*) + Ly psc(x*)°.
(ii) The M-stationarity is equivalent to 0 € V f(z*) + VF(z* )N (F(x*))

~

) .
(iii) The S-stationarity is equivalent to 0 € V f(x*) + VF (z*)Na(F(z*)).

3.1 Necessary and sufficient conditions for B-/M-stationarity

In this subsection, we investigate necessary and sufficient conditions for B-stationarity
and M-stationarity, respectively. We point out that although Theorems 3.1 and 3.2 in|Guo
& Lin|(2013) are obtained for MPEC, their proofs are not dependent of the characteriza-
tion of X. Thus, Theorems 3.1 and 3.2 in|Guo & Lin|(2013) are valid for any set X. Then,

we immediately have the following two results.

Proposition 3.2 If * € X is a local minimizer of min,e x 6(x), where 6 is a smooth function,
and the following MPSC GCQ holds:

Tx(2*)° = Lyupsc(r™)?,
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then x* must be a B-stationary point. Conversely, if «* € X is B-stationary to mingcx () for
any smooth function 6 with x* being a locally optimal solution, then MPSC GCQ holds at x*.
Proposition implies that MPSC GCQ is the weakest constraint qualification for

B-stationarity of MPSC to hold at local minimizers.

Proposition 3.3 Suppose that «* € X is a local minimizer for min,c x 6(x), where 0 is a smooth

function, and

T (2")? © VE(z")Na(F(27)). )
Then x* must be an M-stationary point. Conversely, if ©* € X is M-stationary to min,ex 6(z)
for any smooth function § with x* being a locally optimal solution, then (8) holds.

From Proposition it is easy to see that (8) is the weakest constraint qualification
for M-stationarity of MPSC to hold at local minimizers. For simplicity, we call condition
MPSC MCQ.

We next investigate the relation between B-stationarity and M-stationarity, i.e., the

relation between MPSC GCQ and MPSC MCQ.
Theorem 3.1 B-stationarity (resp. MPSC GCQ) implies M-stationarity (resp. MPSC MCQ).

Proof For any d € Tx(z*)°, by Rockafellar & Wets| (1998, Theorem 6.11), there exists a
smooth function ¢ such that —V(2*) = d and argmin,cy ¢(z) = {z*}. Since MPSC

GCQ s valid at 2*, we have —Vp(z*) € Ly psc(x*), ie.,
—Ve(z*)'p<0, Vp € Lypsc(z). )

We next show that d € VF(z*)Na(F(z*)). For any partition (51, 82) € P(ZEH), from
Lemma we have Ly g, 5,)(z*) € Lypsc(x*). Combining this with @) implies that

Vo) 'p>0, Vpe Ly, ,p)(T"). (10)
This means that p = 0 is a minimizer of the linear programming problem
min, Vo(z*)Tp
s.t. Vgi(z*)Tp<0, i €T,
Vhi(z*)Tp=0, i €Il (1)
VGi(z*)Tp=0, i € IE U,
VH;(z*)"p=0, i € ZH U fs.
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Then there exist \; > 0 (i € ZY), p; (i € I"), n; (i € ZE U By), 0; (i € TH U Bo) such that

Vo(z™) + Z AiVgi(x™) + Z piVhi(z*) + Z n;VGi(z")

€T i€Zh 1€ZGUB,
+ > G:VH(a") =0. (12)
i€THUB,
By letting
’IhiEIfU,Bl, OiEBl,
Wi = Vi =
0 i€ fs, 0; i € I U By,

we can rewrite (12)) as

—Vo(x*) = Z AiVgi(x*) + Z piVhi(z*) + Z wiVG,i(z*)

i€ ieTh i€IGUIGH

i€THUIGH
satisfying 11,1, = 0 for each i € ZEH. By the explicit expression of Ny (F(z*)), we have

thatd = —Vo(z*) € VF(z* )N, (F(z*)). 0

For standard nonlinear programs with equality and inequality constraints, both B-
stationarity and M-stationarity are KKT stationarity. The following example illustrates

that B-stationarity is strictly stronger than M-stationarity.
Example 3.1 Consider an MPSC problem
min rq + x9 s.t. x9 — x% =0, 122 =0.

It is easy to see that the unique feasible point 2* = (0, 0) is the unique optimal solution.

By direct calculation, we have that

de =0
di €R

Lapsc(z*) =< (di,dy) " : and VF (25 )N (F(z*)) = R%

Thus, z* is an M-stationary point but it is not a B-stationary point since

(1,1)-(0,—1)T <0, and (0,-1)" € Lypsc(z®).
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4 Constraint Qualifications

We first review the existing MPSC tailored constraint qualifications for MPSC which are
all given in Mehlitz|(2019b). Then we extend weak verifiable constraint qualifications for

nonlinear programming to MPSC.

Definition 4.1 Let 2* € X. (a) We say that MPSC LICQ holds at z* iff the family of

gradients

i€Td,reI¢ UICH
Vgi(z*),Vh;(z"), VG, (%), VH(z") :
jeIhteTH uIGH

is linearly independent.

(b) We say that MPSC MFCQ holds at z* iff there is no nonzero {, p, i, v} such that

VeLmpsc(z™, A, p, p,v) =0,
A>0,g9(x)TA=0,
pwi=0,icTH v, =0,icIC.
(c) We say that MPSC NNAMCQ holds at z* iff there is no nonzero {\, p, i, v} such
that
VaLupsc(@®, A p,p,v) =0,
A>0,9(z)"A=0,
pi=0,ieTH, v, =0,ieIC,
wivi = 0,4 € IGH,

(d) We say that MPSC ACQ holds at z* iff Tx(z*) = Larpsc(z*).
It is not hard to derive the following relationships:

MPSC LICQ = MPSC MFCQ = MPSC NNAMCQ
= MPSC ACQ = MPSC GCQ.

Moreover, in |[Mehlitz| (2019b)), it has been shown that all these constraint qualifications
are sufficient for M-stationarity of MPSC to hold at local minimizers. From our result
Theorem[3.2] one can easily have that all these constraint qualifications are even sufficient

for B-stationarity (better than M-stationarity) of MPSC to hold at local minimizers.
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4.1 New verifiable constraint qualifications for M-stationarity

For standard nonlinear programming, the verifiable classical constraint qualifications in
the literature are LICQ, Slater’s CQ, and MFCQ. Moreover, it is well known that if all
constraint functions are affine, then the KKT condition holds at local minimizers with-
out requiring constraint qualifications. Quite a few weaker verifiable constraint quali-
fications have been introduced in the literature. Some relaxed versions of LICQ have
been introduced such as CRCQ and RCRCQ. Some relaxed versions of MFCQ have al-
so proposed such as CPLD, RCPLD, pseudo-normality, and quasi-normality. All these
mentioned constraint qualifications have been extended to allow the existence of com-
plementarity constraints, ensuring M-stationarity of MPEC holds at local minimizers (Ye
& Zhang) 2014; Kanzow & Schwartz, 2010; Kanzow et al} 2018} |Guo & Lin} 2013} |Guo
et al., 2013a). In the following, we extend the weak verifiable constraint qualifications for

nonlinear programming to allow the existence of switching constraints.

Definition 4.2 Let z* € X. (a) We say that MPSC CRCQ holds at z* iff there exists § > 0
such that forany I, C Z¢, Iy C I", I3 € I¢ U IGH, and I, C I UZEH, the family of

gradients
{Vg7($>,v}l](l’),VGT(I’),VHt($) 1 S Il,j S 12,7’ S Ig,t S 14}

has the same rank for each = € Bs(z*).
(b) We say that MPSC RCRCQ holds at z* iff there exists § > 0 such that for any
I, CZ¢ and I3, I, C ZCH, the family of gradients

{Vgi(x),Vh;(x), VG, (x), VHy(x) i € [1,j € I",r € LUTY t € LUTT}

has the same rank for each = € Bs(z*).
(c) We say that MPSC CPLD holds at z* iff for any I; C Z¢, I, C Z", I3 C I¢ UZGH,
and I, € ZF U ¢, whenever there exist {), p, i1, v} not all zero, with \; > 0 for each

i € I, and p;v; = 0 for each i € Z¢H, such that

D NVt + Y piVhi(@t) + > e VGr(zt) + > VH(x*) =0, (14)

i€l JEIs rels tely
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there exists 6 > 0 such that, for any = € Bs(z*), the vectors {Vg;(z) : i € I}, {Vh;(x) :
j €I}, {VG,(z):r € I3}, {VH(x) : t € I} are linearly dependent.

(d) Letz* € Xand I, C Z", I, C Z€, Is C T be index sets such that G(x*; I1, I», I3) is
a basis for span G(z*; 7", 7¢ TH). We say that MPSC RCPLD holds at z* iff there exists

bt I Rt 3

6 > 0 such that
— G(z;Z",Z¢ ,IF) has the same rank for each = € Bs(z*);
— for each Iy C ¢, I5, Is € ZCH, if there exist {\, p, i, v} not all zero, with \; > 0 for
each i € I, and p;v; = 0 for each i € Z¢H, such that

> NVt + Y piVhi(e) + > peVGi(aY)

i€y jel relaUls

+ Y. wVH(z*) =0, (15)

telsUlg
then for any = € B;s(z*), the vectors {Vg;(z) : i € I}, {Vh;(z) : j € 1}, {VG,(x) :
r eI, Uls}, {VHi(x) :t € I3U I} are linearly dependent.

Here G(x; I, I, I3) is a set of gradients defined by
g(l‘ 11712,13 = {Vh ( ) VGT(x),VHt(x) 1 j € L,rel)te 13}

(e) We say that MPSC pseudo-normality hold at z* iff there is no nonzero {\, p, i, v}

such that
—ZAVQz( )+ZPth( )+Z/~LZVG( )+ZVZVH( ) =0
—)\ >OforzeIfZ,)\—Oforng*,uZ—OforzeIH v;i =0fori e I¢, and piv; =0

fori ¢ Z*GH;

— there exists a sequence {z*} — 2* such that for each k,

m P l l
> Nigi(@®) + ) pihi(a®) + > pGia*) + Y viHi(a*) > 0
i=1 i=1 i—1 o

(f) We say that MPEC quasi-normality holds at =* iff there is no nonzero {\, p, i, v}
such that

m

- > AiVgi(z )+szvh( )+Z/~LzVG( )+ ZI/lVH( *)=0;

i=1 =1 i=1
-\ >OforzeIf,)\ =0fori g Z¢, py=0fori e IH,v; = 0 fori € ¢, and p;v; = 0

fori € IfH;
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— there exists a sequence {z*} — z* such that for each k,

Ai > 0= Nigi(z®) >0, p; #0= p;Gi(a") >0,
pi 0= pihi(2%) >0, v; # 0= v;H;(z%) > 0.

Following from Definitions [4.1] and it is easy to see that MPSC NNAMCQ im-
plies MPSC CPLD and MPSC pseudo-normality, MPSC CRCQ implies MPSC RCRCQ,
MPSC CPLD implies MPSC RCPLD, and MPSC pseudo-normality implies MPSC quasi-
normality.

In what follows, we discuss the relations among these MPSC tailored constraint qual-

ifications mentioned in Section 4.

Theorem 4.1 Suppose that MPSC RCRCQ holds at «* € X. Then MPSC ACQ is also valid at

*

xT.

Proof For any given partition (81, 2) € P(ZEH), consider NLP (81, B2) as given in (d).
Since MPSC RCRCQ holds at z*, it is easy to see that RCRCQ holds at z* for NLP (51, 82).
It then follows from Minchenko & Stakhovskil (2011, Lemma 6 ) that

Tx(81,62) (@) = Lx(py,6) (@)

Then by the arbitrariness of (31, 32) € P(ZEH) and Lemma one can easily obtain that
Tx(z*) = Lypsc(x*), e, MPSC Abadie CQ holds at z*. a

Theorem 4.2 MPSC CRCQ (resp. MPSC RCRCQ) implies MPSC CPLD (resp. MPSC RC-
PLD).

Proof (i) Let MPSC CRCQ hold at z*. We will show that MPSC CPLD holds at z*. Let
ILCT!, I, CTIh, I3 CIC UZEH  and Iy € TH UTZEH. Assume that there exist {\, p, p, v}
not all zero, with \; > 0 for each i € I, and y;v; = 0 for each i € Z¢H, such that

Z AiVgi(z*) + Z p; Vh;(x™) + Z wrVG. (%) + Z ' VH(z*) =0.

ieh jE rels tely
This means that the vectors {Vg;(z*), Vh;(z*), VG, (2*),VH(z*) : ¢ € I,j € Ib,r €
I3,t € I} are linearly dependent. Since MPSC CRCQ holds at z* € X, it is easy to verify
that there exists § > 0 such that the vectors

{ng(l'),Vh](lf),VGr(l‘),VHt(l‘) 11 € I1,j S IQ,’I" S Ig,t S 14}
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k_>x*

are linearly dependent for each z € Bs(«*). Otherwise we can find a sequence z
such that the vectors {Vy;(x), Vh;(z), VG, (x), VH(x) : i € I,j € Is,r € I3,t € I4} has
bigger rank at z* than at z*, contracting MPSC CRCQ. Thus, MPSC CPLD holds at z*.

(ii) Let MPSC RCRCQ holds at z*. We will show that MPSC RCPLD holds at z*. The
first claim in MPSC RCPLD follows by setting I; = I3 = I, = () in the definition of MPSC
RCRCQ.

Let I, C ", I, C IC, Is C T be index sets such that G(z*, I1, I», I3) is a basis for
span G(x*, " TG TH). Let I, C T, I5, Is C Z¢H be such that there exist {\, p, i1, v} not

all zero, with \; > 0 for each i € Iy and p;v; = 0 for each i € ¢, such that
Z AiVgi(x*) + Z p;Vhj(xz*) + Z 1 VG (%) + Z ' VHi(z*) =0.
1€ly jel relaUls telsUlg

This means that the vectors
{Vgi(z),Vhj(z),VGr(2z),VHe(x) 1t € Iy,j € I1,r € IsU Iz, € Is U I3} (16)

are linearly dependent at z*. It is easy to see that the set G(z*; I1, I3, I3) can generate the
set G(z*; ", 7¢, ) in a neighborhood of z*. Thus, using MPSC RCRCQ at z*, we can

have that the set of gradients in has the same rank in some neighborhood B;(z*) of

x*. Then this set must be linearly dependent for any = € Bs(z*). The proof is complete.00

We next consider the relation between MPSC quasi-normality and MPSC MCQ. To
this end, we give a Fritz John type stationarity for problem (I) whose proof scheme fol-
lows from [Bertsekas & Ozdaglar| (2002, Proposition 1), Kanzow & Schwartz (2010, Theo-
rem 3.1), or/Guo et al.|(2013b| Theorem 3.1).

Lemma 4.1 Let x* be a local minimizer of problem (I). Then there exist vectors {a, A, p, pi, v}

such that
m D 1

(i) aVf(z*)+ 3 AiVgi(z*) + 3 piVhi(z*) + 3 i VGi(a*)

i=1 i=1 i=1
+ Xl: v;VH;(z*) = 0;
(i) a >0, N\, >0fori €T, N\, =0fori ¢ T, p; = Ofo;:ile IH,v; = 0fori € IC, and
piv; = 0 for i c 164,

(iii) o, \, p, p, v are not all equal to zero;
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(iv) if A\, p, i, v are not all equal to zero, then there is a sequence {z*} — x* such that for all

keN,

A >0§gi(1‘k) >0, u,#OéuZG,(xk) >0,
Proof Let * be a local minimizer of problem (1), y* := G(z*), and v* := H(z*). For each

k € N, we consider the following optimization problem
. k 9  k 9 K 2
min Fi (2, ,2) = f(2) + 5 | max{0, (@)} |2 + S |() | + D1G(x) —y
k 1 * * *
+§||H(:v)—2H2+5H(x,y,z)—(x Y,z )”2 s.t. (x,y,z) €e2ncC.

where € := R" x S' and 2 := {(z,9,2) : ||(z,y,2) — (z*,y*,2%)||?> < €}. Here e > 0 is
such that z* is the global minimizer of minimizing f(z) over X N B.(z*).

Since the set 2N C is compact and Fj(z, y, z) is continuous, the problem above has at
least one optimal solution, say (z*, y*, z¥). We next show that (2%, y*, 2%) — (z*,y*, 2*) as
k — oo. Due to the optimality of (2%, y*, 2¥), we have that Fy (2%, y*, 2*) < Fj.(z*,y*, 2*) =
f(z*) forallk € N, ie.,

k k k
Fa*) + 3l max{0, g(«*)}|1* + 5|Ih(9c’“)||2 + §IIG(9£'“) —y"|?
k 1 * ok % *
+5HH($'“) — 2|7 + gll(x’“,y’“,zk) — (", y", 29)|° < fla¥), ke N (17)

Since {f(z*)} is bounded due to the compactness of £2 N C, it follows from the above

inequality that

lim max{0,g(z*)} =0, lim h(z*) =0,
k—o0

k—o0

lim G(z*) —¢y* =0, lim H(z") - 2F =o0.

k—o0 k—o0

Let (z, ¥, Z) be an arbitrary accumulation point of {(z*,y*, 2*)}. Then from (17), it follows
that

F@) + @52~ @y, P < F).

Note that f(z*) < f(z) by the local optimality of z*. This and the above inequality
imply that (7,7, 2) = (z*,y*,2*). Thus the whole sequence {(z*,y*, 2*)} converges to

(x*,y*,z*) as k — oc.
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Without loss of generality, we may assume that (z*,y*, 2*) is an interior point of 2

for all £ € N. By Fermat’s rule, it follows that
—VE(a*,y*, ") € No(a®,yF, %), ke N (18)
By Proposition the regular normal cone ./\A/c (x*, y¥, 2¥) can be written as

0 & ER (G =0if 28 #£0

No(at, gt 2 = [ € |+ &=0.G eRifyf #0 : (19)
¢ & =0,6=0ifyf =0,2F =0

Combining (I8) with (19), it is easy to derive that for k € N,

M)+ kmax{0, gi(«*)} Vg (@ +Zkh ) + (zF — 2%)
1=1
l l
+ D k(Gi(a®) — yf)VGi(a®) + Y k(Hi(ab) — 2f)VH;(2%) = 0, (20)
=1 1=1
and
k(Gi(zh) —yf) = f—yz if yi #0,
R(Hi(a¥) = 2f) = 2F — 2 if 2F #0, @1
k(Gi(a®) —yf) = yF —yi if yf = 2F =0,
k(H;(zF) — 2F) = 2F - if yF=2F=0.
Let
o i= (1+ [ max{0, g(«*)HI? + k()] + K(G(a*) - 4*)]

e - )",

1 k max{0, g(x*)} kh(z®)
k._ k._ ’ k.
al =< A T
ko K(GEN) —yY) p  k(H(EY) - 2N
N

Itis easy to see that ||(a, ¥, p*, u¥, v*)|| = 1 forall k € N. We may assume that (a, A, p, i, v) #
0 is an accumulation point of (a*, \¥, p*, /¥ v*). Dividing (20) by o* and taking limits on
both sides of (20) yield that

avVf(x +ZAVgZ +ZpZVh +ZMNG JrZVlVH

1=1
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It is easy to see that @« > 0 and A > 0. Moreover, by the definition of A and the
continuity of the function g, we have that \; = 0 for each ¢ ¢ Z7. When i € TH, then
y;r = Gi(z*) # 0 and thus yF # 0 for all k sufficient large. Then by and the fact that
y* — y* as k — oo, we have that

k

RGN b gy
=l T =l

=0,icTH.

ZGH, at least one of

In the same way, we can show that v; = 0 for all 7 € ZC. Fori €
the following three cases occurs: (a) When there exist infinitely many k such that y* #
0, zF = 0: in this case, we can similarly show that ;; = 0. (b) When there exist infinitely
many k such that y¥ = 0, zF # 0: we can similarly show that v; = 0. (c) When there exist

infinitely many k such that y* = 0, 2F = 0: it follows from (21) that

. k(Gi(@®) =y Y-y
=] AT O Jdi) Ji o Ji
Hi= 0% ok Koo Ok 0,
o k(H(2F)—2F) -
vi = lim_ 5 = gm = =0

In sum, we have shown that y;1; = 0 for any i € 761,
We now show condition (iv). Assume that (), p, i, v) # 0. By the definition of \¥ and

p", it is easy to see that for all k sufficiently large,

Ai>0= M > 0= gi(2") >0,

pi # 0= pipf > 0= pihi(z") > 0.

For any u; # 0, it follows that p;uf > 0 or equivalently y;(G;(z*) — y¥) > 0 for all &
sufficiently large. When y; # 0, we have that y* = 0 for all k sufficiently large. Other-
wise if there exists a subsequence of {y¥} not equal to 0, then y; = 0 follows from (20)
immediately. Thus, p;G;(z%) > 0 for all k sufficiently large when p; # 0. By symmetry,
we can also show that v; H;(z*) > 0 for all k sufficiently large when v; # 0. The proof is

complete. O

The following theorem follows from Lemma {4.1/immedjiately.

Theorem 4.3 If MPSC quasi-normality holds at «* € X, then MPSC MCQ holds at x* as well.
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Proof For any d € Tx(x*)?, it suffices to show that d € VF(a*)N(F(z*)). Since d €
Tx(z*)°, it follows from [Rockafellar & Wets| (1998, Theorem 6.11) that there exists a s-
mooth function ¢ that achieves a minimizer relative to X at z* with —V(z*) = d. Then
by Lemma there exist vectors {¢, A, p, 11, v} satisfying (i)-(iv) in Lemmawith func-
tion ¢ in place of function f. Since MPSC quasi-normality holds at z*, it is easy to see that
a # 0. This implies that 2* is an M-stationary point of minimizing ¢ over X'. By Proposi-
tion[3.1) we have that 0 € V(z*)+VF (2% )N, (F(z*)). Thus, d € VF(z*)Na(F(z*)). The

proof is complete. o

In the rest of this section, we investigate the relation between MPSC RCPLD and MP-
SC MCQ. To this end, we recall alemma which can be seen as a corollary of Carathéodory’s

lemma (Andreani et al., 2012).

Lemma4.2 Let 0 # x = Zm?’ a;v;, where {vy, ..., vy} is linearly independent and «; # 0
foralli = m+1,...,m+p. Then thereexist 7 C {m+1,... , m+p}anda;, i € {1,..., mUJ,
suchthatx =3,y 10 @ivi With a;a; > 0 forevery i € J and {v; 10 € {1,...,m}UJ}

is linearly independent.
Theorem 4.4 If MPSC RCPLD holds at z* € X, then MPSC MCQ holds at x*.

Proof For any d € Tx(z*)°, by Rockafellar & Wets| (1998, Theorem 6.11), it follows that
there exists a smooth function ¢ such that —Vy(z*) = d and arg min,cx ¢(z) = {z*}. In
the same way as the proof of Lemma we have that there exists a sequence (2%, y*, z¥)
converging to (z*, y*, z*) such that (20) and (2I) hold with function ¢ in place of function

f. By a simple arrangement, we have

&+ Z AEVgi(2%) + Z VR (%) + Z viVGi(a¥) + Z v VH;(x (22)

i=1

where
A= Emax{0, gi (")}, p¥ = khy(2"),
uf = k(Gi(a®) —yf) - (yf—yf) v = k(Hi(a®) = 2) = (2 = 2)),

l
e .= V() + (2F — 2* +Z —yVGi(x )Z(z — 2" )VH,(z").
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By (2I), one can easily have (u¥,vf) € Ns(yF,zF) for all i = 1,...,1. For the sake of

convenience, we denote

77 = {i € {1,....,m} : g;(z*) = 0},

I¢ = {i e {1,..,1} : Gi(z*) = 0 A H;(2%) # 0},
TH = {ie{1,..,1} : Gi(z*) # 0 A Hi(2F) = 0},
IEH = {i € {1,...,1} : Gi(a¥) = O A Hi(aF) = 0}.

It is obvious that Z& C I,? and T C I,f for each k sufficiently large. Denote supp (a) :=
{i : a; # 0}. It then follows from (22) that

0=¢+ > NVg@h) + ) phVhiab) + Y w6, (a
1Esupp (A*) JEIN rezé
+ Z VPV H,(2%) + Z aveNti)
teTH reZG\ISUZSH Nsupp (uk)
+ > VIV Hy (). (23)

teZ\THUZGH Nsupp (vF)

If there exists a subsequence such that ¥ = 0. Then d = kli}rrolo Vo(xF) = 0 and hence
d € VF(x*)N4(F(z*)). Thus, without loss of generality, we assume that £¥ = 0 for all
k.Let I, C I, I, Cc IC¢, and I3 C T be index sets such that G(z*, I, I, I3) is a basis
for span G(z*, 7", 7¢,IH). Then G (2%, I, I», I3) is linearly independent for k sufficiently
large. Since MPSC RCPLD holds at z*, by the definition, there is a constant § > 0 such
that the rank of G(x,Z",7¢, ZH) is constant for each = € Bs(z*). Thus G(z*, I, I, I3) is a

basis for span G(z*, 7" ¢ TH) for all k sufficiently large. Then it follows from Lemma

[4.2] that there exist I} C supp (\*), IF € ZE\IE UZEHT nsupp (u*), IF € TH\TH UZEH N
supp (v*), and {\*, p¥ ¥ ¥} such that

0=2"+ )" NVgi(a®) + > pivh,(*) + ) mrve, (o)

16]1” jel rels

+ ) OFVH () + Y pEVG,(aF) + > o VH () (24)

tels relk telk

and the vectors {Vg;(z*) : i € If}, {Vh;(a¥) : j € L}, {VG,(z%) : r € L UIE},
{VH;(z*) : t € I3 U I} are linearly independent for all k sufficiently large. From the

implementation process and Lemmal4.2} we also have A > 0 forall i € Z} and (i}, v¥) €
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Ns(yk,zF) for all i = 1,...,1. Without any loss of generality, we assume that I} = I,
I¥ = I, and I} = Is. Then the vectors

{Vgi(z®) i € 11}, {Vh;(«") : j € 1}, {VG,.(z¥) :r € LU},

{VH(z") : t € I3 U I} are linearly independent. (25)

It is not hord to get that I, C Z¢, I C I", and I5,Is C ZIEH by ZE U TH U IGH =
IF UTH UZFH . Define

My, :=max{\,ph, nk vf i€ Iy,j € i,r € LU Is,t € I3 U Ig}.

If there exists a subsequence such that M), — oo, then we may take a subsequence such
thatforanyi e Iy, j € I1,r € [y UIs, t € I3U Ig,

(AF, 25y, vf)

Mk ()\*aﬁ]aﬂrth) as k — oo.

Dividing (24) by M}, and taking limits yield

S NVgi(at) 4+ ) pVhi(at) + Y VG (at) + Y 7 VH(2*)

i€y jel rels tels

+ > VG (x*)+ > U VH(x*) = 0.

rels telg

Moreover, we also have \! > O foralli € I, and the fact that (¥, 7¥) € Ns(yF, 2F) implies
(uf,vF) € Ns (yZ ,2}) from the outer semi-continuity of limiting normal cones. The last
two facts and (25) give a contradiction with MPSC RCPLD. Hence {M;} is bounded.
Taking limits for a suitable subsequence such that for any i € Iy, j € I1, r € I U I5,
te IsUlg,

(N5 2 i o) = (L 05, iy 77) - as k> oo,
it follows from (24) that

—Ve(a") = Y ANVai(a*) + Y pjVhi(a®) + Y grVG,(x%)

i€ly Jjel rels

+ Y FVH () + > prVG(at) + > i VH(x¥).

tels rels telg
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This prove that «* is an M-stationary point of minimizing ¢ over X'. By Proposition
it follows that 0 € V(z*) + VF (z*)N(F(z*)). Thus,

d € VF(z* )Ny (F(z*)).
The proof is complete. a

Finally, we summarize the relations among the constraint qualifications for MPSC in

Fig. 1.
[MPSC Linear CQH MPSC CRCQ HMPSC RCRCQH MPSC ACQ }

' N '
MPSC LICQ MPSC CPLD HMPSC RCPLD} { MPSC GCQ }
- J -

e M) ( e
MPSC MFCQ MPSC NNAMCQ} [ MPSC MCQ } B-stationarity
N / N J
/ xﬁ
{MPSC pseudo-normality MPSC quasi—normality} M-stationarity
-

Fig.1 Relations among various CQs
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