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Abstract

When generating multi-row intersection cuts for Mixed-Integer Linear Optimization prob-
lems, an important practical question is deciding which intersection cuts to use. Even when
restricted to cuts that are facet-defining for the corner relaxation, the number of potential
candidates is still very large, specially for instances of large size. In this paper, we intro-
duce a subset of intersection cuts based on the infinity norm that is very small, works for
relaxations having arbitrary number of rows, and, unlike many subclasses studied in the
literature, that takes into account the entire data from the simplex tableau. We describe an
algorithm for generating these inequalities and run extensive computational experiments in
order to evaluate their practical effectiveness in real-world instances. We conclude that this
subset of inequalities yields, in terms of gap closure, around 50% of the benefits of using
all valid inequalities for the corner relaxation simultaneously, but at a small fraction of the

computational cost, and with a very small number of cuts.

Keywords Mixed-Integer Linear Programming (MIP) - Intersection Cuts - Cutting Planes

1 Introduction

Cutting planes are one of the main techniques currently used to solve large-scale Mixed-Integer

Linear Optimization problems (MIPs). One strategy for obtaining general-purpose cuts is to
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consider inequalities that are valid for the continuous corner relazation of a simplex tableau,

given by

m .
x:erZr]sj

j=1
r ez
s € R,

where f € Q" \ {0} and r!,...,7™ € Q" \ {0}. For simplicity, we assume throughout this
work that cone(r!,...,7™) = R™. In this relaxation,  and s correspond, respectively, to the
basic and non-basic variables, while f corresponds to the right-hand side of the tableau. The
corner relaxation was first introduced by Gomory [9] in the late 1960s and, following Andersen,
Louveaux, Weismantel and Wolsey [1], has received considerable attention in more recent years
(see [5] for a survey). It is well known that valid inequalities for (C) can be constructed from
lattice-free sets — convex sets that do not contain any integer points in their interior. More
precisely, if B C R" is a lattice-free set containing f in its interior, and if ¢ is the gauge function
of B — f, then the inequality

> w(rl)s; > 1, (1)

j=1

is valid for (C). This approach of producing cutting planes for the continuous corner relaxation
through lattice-free sets was first introduced by Balas [2], and cuts obtained in such way are
usually called intersection cuts. When generating cutting planes for MIPs, we are typically
interested in inequalities from (C) that cut off the fractional basic solution associated with the
tableau, given by (z,s) = (f,0). It can be easily verified, however, that any intersection cut
generated as described above satisfies this requirement. Even when restricted to intersection
cuts that induce facets of (C), the number of suitable cuts is still very large, specially for
instances of large size. An important question, therefore, is to decide which intersection cuts
from (C) to use in a practical cutting-plane algorithm. Various factors must be considered,
including not only the speed in which these cuts can be generated, but also the total number
of cuts ultimately selected to be added to the linear relaxation of the MIP. In the following, we
present some cut selection strategies that have been proposed in the literature, as well as their
impact on solving real-world MIPs.

In the first extensive computational experiments on the impact of using multi-row inter-
section cuts, Espinoza [8] considers intersection cuts generated from three simple families of
bounded, maximal lattice-free polyhedra. The lattice-free sets considered have fixed shape,
and, in particular, do not change according to the values r/. The impact of each family of
cuts, for a different number of tableau rows, was measured individually on instances from MI-
PLIB 3.0 and MIPLIB 2003. The cuts improved both the LP bound obtained at the root node

of the branch-and-bound tree, as well as the total running time of the algorithm. The best



configurations, compared against CPLEX 11.0 defaults, increased the gap closed at the root
node by 2.5 percentage points and reduced the overall running time by 5%. Interestingly, the
family of intersection cuts that presented the best results was never facet-defining for (C). The
paper concludes that even simple subclasses of intersection cuts from (C) can have positive
impact on the performance of branch-and-cut algorithms, and points to identifying additional
important subclasses of such cuts, along with good computational implementation choices, as
an interesting research question.

Musalem [13] focuses on generating multi-row intersection cuts 77's > 1 that minimize the
1-norm and the 2-norm of the vector w. The problem of finding these cuts is modeled as a MIP
and solved using column generation. Computational experiments are conducted on instances
from MIPLIB 3.0, and the results are compared against the split cut separator implemented by
Balas and Saxena [3]. Results are negative, as the 1-norm cut separator was only able to close
34% of the integrality gap at the root node, on average, under a two-hour time limit, while the
split cut separator is able to close 86% of the gap, under a 10-hour time limit. Yamangil [15]
also performs computational experiments on cuts minimizing the 1-norm, for relaxations with
2 to 5 rows. Compared against CPLEX defaults, these cuts closed, on average, 60% of the
integrality gap at the root node, while CPLEX closed 52%.

Dey, Lodi, Tramontani and Wolsey [6, 7] focus on the specific case where (C) is a two-row
relaxation. They evaluate the impact of cuts generated from maximal lattice-free triangles and
from two-row splits, compared against, and in conjunction with, Gomory Mixed-Integer (GMI)
cuts. Because the number of suitable triangles, even when restricted to facet-defining ones, is
very large, they develop a heuristic procedure to select a small, but effective subset of triangles.
Experiments are conducted both on a set of randomly generated instances and on a subset of
MIPLIB 3.0 instances. While both families of two-row intersection cuts, used together, proved
useful for all sets of instances, most of the improvement for real-world instances came from
two-row split cuts.

Basu, Bonami, Cornuéjols and Margot [4] also focus on the two-row case. They generate
cuts from relaxations where one component of f is integral and the other is fractional. This
typically occurs when (C) comes from a tableau whose basis is degenerate. They measure the
impact of a restricted subset of lattice-free triangles, carefully chosen so that the separation and
trivial lifting procedure can be done through simple closed formulas. To measure the strength
of these cuts, they use the method diving towards a feasible solution, described by Margot [12].
The conclusion is that the family of two-row cuts tested is not competitive with GMI cuts.

Louveaux and Poirrier [10] also focus on the two-row case, but instead of considering lattice-
free sets with specific shapes, they develop an exact separator that, given a point (Z, 5), either
finds an intersection cut from (C) that cuts off this point, or proves that no such intersection
cut exists. In this way, they can evaluate the impact of using all facet-defining intersection cuts
for (C) simultaneously, without explicitly enumerating them. By using techniques to reduce the

complexity of the polar set of (C), they are able to obtain a method that works well in practice,



despite having no guarantee of polynomial running time. They conclude that the gap closed by
two-row cuts, on top of single-row cuts, is considerable, although much of that closure can be
achieved from split cuts. In later experiments, Louveaux, Poirrier and Salvagnin [11] develop
another exact separator that, although much slower than the former, can separate over several
variations of (C), and can handle relaxations with arbitrary numbers of rows.

Following the direction proposed by Espinoza [8], our goal in this paper is to identify addi-
tional subclasses of intersection cuts generated from (C) that can be easily computed in practice
and that, when used as cutting planes for solving MIPs, provide benefits comparable to using all
the facet-defining inequalities for (C). While many strategies have been proposed for two-row
relaxations and triangles, other subclasses of intersection cuts, specially for relaxations with
more than two rows, have received much less attention.

In this paper, we introduce a new subset of intersection cuts from (C), based on the infinity
norm, which has many interesting properties. First, it is very small, with exactly one cut per
continuous multi-row relaxation. Its cuts are minimal, which implies that they are individ-
ually undominated. Unlike the classes introduced by [6, 7] and [4], it works for relaxations
with an arbitrary number of rows, and unlike the subclasses introduced by [8], it takes into ac-
count the coefficients r7 of the variables s;. Finally, these cuts have an interesting geometrical
interpretation, which we exploit in order to compute them more efficiently.

We start in Section 2, by giving a precise definition of these cuts and proving some of
their basic properties. In Section 3 we describe an algorithm for generating them. Finally, in
Section 4, we run extensive computational experiments to evaluate their strength. We conclude
that these cuts yield on average, in terms of gap closure, about 50% of the benefits of using
an exact separator, but at a small fraction of the computational cost, and with a significantly

smaller number of cuts.

2 Definition of infinity cuts

In this paper, we assume that relaxation (C) has at least one feasible solution, in which case it

can be proved that every valid inequality that cuts off the point (f,0) can be written as

m
> misi > 1,
i=1

where 71, ..., Ty, > 0. Since the variables s; are non-negative, we are generally interested in cuts
that have small 7; coefficients. A natural idea, therefore, is to consider cuts that minimize ||7||
for different norms. Musalem [13] and Yamangil [15] performed computational experiments with
cuts minimizing the 1-norm and the 2-norm. Here, we study intersection cuts that minimize

the infinity norm.



Given a vector m € R™, we recall that the infinity norm of 7 is given by

|7 |looc = max{|m1],..., |mm|}

Since this norm only takes into account the coefficient with largest magnitude, cuts that min-
imize it, in a sense, try to assign, with equal priority, good coeflicients to all the variables.
Next, we describe a simple geometric way of obtaining a cut that minimizes the infinity norm.

Consider the inequality

m
Zesi >1, (2)
i=1

where € > 0.
Using the framework of intersection cuts, we can prove that inequality (2) is valid for (C)

by verifying that a certain convex set is lattice-free, as the next lemma shows.

Lemma 1. For every € > 0, the conver set

B(e) = conv ({f}u {f+iri ti€ {1,...,m}}> :
is a lattice-free set if and only if (2) is valid for (C).

Proof. Let 1 be the gauge function of B(e) — f. We recall that, by definition,
w(r):inf{€>0:2+f€B(E)} Vr e Q".

For every i € {1,...,m}, since f + 11’ € B(e), then ¢(r’) < e. From the theory of intersection
cuts, we know that S/ (r')s; > 1 is a valid inequality for (C). Since this inequality is at
least as strong as (2), we conclude that (2) is also a valid inequality for (C). The converse

follows from similar arguments. O
Indeed, if we pick the smallest e such that (2) is valid, then (C) minimizes the infinity norm.

Proposition 2. Let €* be the smallest € such that (2) is valid for (C). Then Y ;v e*s; > 1 is

an intersection cut for (C) with smallest infinity norm.

Proof. Let >, m;s; > 1 be an intersection cut with smallest infinity norm. Let € := ||7||oc =
max{~my,...,Tm}. Then note that > i, es; > 1 is also valid for (C), thus ¢* < e. But also,
since the infinity norm of the coefficients of Y ;" | e*s; > 1 is €, we get €* > e. O

From the Lemma 1 and from the fact that f ¢ Z", it is clear that, for a large enough ¢,
the set B(e) is lattice-free, and therefore (2) is valid. One strategy for obtaining a cut that
minimizes the infinity norm, therefore, is to start with a very large value of € and slowly decrease
it, while making sure that the set B(e) is lattice-free. We stop when an integer point touches

the boundary of B(e) since, for any larger e, B(e) is not lattice-free. Although a cut that
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Figure 1: Example of infinity cut for a two-row relaxation with 5 rays.

minimizes the infinity norm can be easily obtained in this way, we note that such cut is not
necessarily minimal, and, in most cases, can be further strengthened. This is illustrated in the

next example.

Example 3. Consider the continuous relaxation

The set B (%) is illustrated in Figure 1a. Since this set is lattice-free and the point x = (1,1)

belongs to its boundary, we conclude that

2 +2 +2 +2 +2 -1
—s1+-S2+ 83+ -S4+ -8
351 T 392 T oS3t ST 385 =

is an intersection cut that minimizes the infinity norm. Note, however, that this cut is not

minimal. Indeed, it is dominated by the cut

1 +2 +2 +1 +1 > 1
551 382 353 24T 5% =

which can be obtained from the lattice-free set illustrated in Figure 1c.

As the previous example illustrates, although the cuts obtained using the previous strategy



minimize the infinity norm, they are not necessarily minimal. In the following, we present a
more restricted subset of cuts that are both minimal and that minimize the infinity norm. We
start with the definition of a tight ray. Intuitively, a ray r is tight in a cut if its cut coefficient

cannot be decreased without generating an invalid inequality.

Definition 4. Given an inequality Y7, m;s; > 1 that is valid for (C) and a ray r*, where
k€ {1,...,m}, we say that r* is tight with respect to this inequality if, for any 7 < T, the
inequality

m

Z']Tisi + TSk > 1

i=1

i#k

is not valid for (C).

Next, we present the precise definition of the subset of cuts we will study in this paper. The
definition is recursive, and leads naturally to an algorithm for obtaining these cuts. The idea is
to decrease the cut coefficients of all the variables simultaneously, until some rays become tight
and their coefficients cannot be decreased any further. The coefficients for these tight rays are
then fixed, and the remaining coefficients are then lowered simultaneously. The process repeats,

until all the rays become tight.
Definition 5.
(i) The inequality
m
Zasi >1 (4)
i=1
is an infinity cut (level 1) if € > 0 is the smallest number such that (4) is valid.
(ii) Suppose

m
Zﬂ'isi Z 1 (5)
i=1

is an infinity cut (level k), for some k € {1,2,...} and somen € RY'. LetT C {1,...,m}
be the set of indices i such that r' is tight with respect to (5), and let N = {1,..., m}\ T

be the set of the remaining indices. The inequality

Zﬂ'iSi + Z ES; > 1 (6)

i€T iEN
is an infinity cut (level k+ 1) if € > 0 is the smallest number such that (6) is valid.

Figure 1 shows the infinity cuts (levels 1, 2 and 3) for the relaxation in Example 3. The
next proposition shows that the infinity cut (level m) is indeed minimal, in the sense that no

coefficient can be made individually stronger without generating an invalid cut.

Proposition 6. If Y ;" m;is; > 1 is an infinity cut (level m), then this inequality is minimal.



Proof. It can be easily proved by induction that at least k rays are tight with respect to the
infinity cut (level k), for any k € {1,...,m}. It follows that all the rays are tight with respect

to the infinity cut (level m), and therefore the cut is minimal. O

We end this section with the observation that, from Definition 5, it is also clear that the
infinity cut (level m) is unique for each continuous corner relaxation. This subset of intersection

cuts, therefore, is very small, which makes it attractive computationally.

3 Computation of infinity cuts

In this section, we present an algorithm for computing the infinity cut (level m) for a given finite
continuous multi-row relaxation. As in the previous section, we take a geometric approach, and
focus on scaling up a certain lattice-free set.

First observe that, if (6) is an infinity cut (level k), then it can also be written as

m
Z max{,Bi, 8}8@ > 1, (7)
=1

for some f1,...,Bmn > 0. Indeed, one valid choice of § is 8; = m; for every i € T, and 5; = 0 for

every ¢ € N. This form is more convenient than (6) since we do not need to deal with the sets T’
and N; all we need to characterize the cut are the values ;. Similarly to the previous section,
we can prove that (7) is a valid inequality by verifying that a certain convex set is lattice-free,

as shown by the next lemma.

Lemma 7. For every e > 0 and B1,...,Bm > 0, if the conver set

B(e,ﬁ)zconv({f}u{f+ ri:ie{l,...,m}}>

1
max{e, 3;}
is lattice-free, then inequality (7) is valid for (C).

Proof. Similar to the proof of Lemma 1. O

A brief outline of the algorithm is as follows. First, all the variables (3; are set to zero. Then,
the algorithm tries to find the smallest number ¢ > 0 such that B(e, ) is lattice-free. At this
point, inequality (7) corresponds to the desired infinity cut. Next, for every ray 7' that has
become tight with respect to (7), the algorithm updates f; to . The process then repeats, and
the algorithm tries to find, once again, the smallest £ > 0 such that B(e, ) is lattice-free. The
algorithm stops after m iterations, since it is guaranteed, by then, that every ray has become

tight. We illustrate the algorithm by a small example, before presenting its precise description.

Example 8. Consider the continuous relaxation presented in Example 3. The algorithm starts

by settings [ to (0,0,0,0,0). Figure 2a shows the set B(e, ) for values ¢ = %, %, % Note that,

as we decrease €, the set B(e, ) grows. It is clear that, for any e < %, the point (1,1) belongs



(a)e>2 (b) 2>e>3 (c)

N
=

Figure 2: Example of B(e, 3) for different values of €

to the interior of B(g, 3), therefore the desired € for the first iteration is % The algorithm then

sets By and B3 to %, and continues to decrease €. Figure 2b shows B(e, ) for values e = %, %, %

Note that, even as ¢ decreases, the vertices corresponding to rays r2 and r> remain fized. Since

any € < % causes the point (0,1) to fall in the interior of B(e,3), the desired € for the second
1
5.
B(e, ) for values ¢ = %, %, %. Since (0,0) belongs to the interior of B(e, ) for any e < i, the
desired € for the third iteration is %. The algorithm sets B4 to %. In the following iterations,

iteration s The algorithm sets 51 and fBs to % and continues decreasing €. Figure 2c shows

the set B(e, B) is lattice-free for any choice of €, and no new rays become tight. The algorithm
terminates then with 8 = (%, %, %, %, %), which gives us the coefficients for the infinity cut (level

5).

A precise description of our method is presented in Algorithm 9. The algorithm relies on
a function BOUND, which, given x € Z" and (1,..., 8, > 0, either returns the largest €, > 0
such that B(e,, ) contains z, given that this number exists, or returns zero in case it does
not. In the following, we prove that INFINITYCUT correctly computes the infinity cut (level
m). First, we prove a technical lemma which shows that, at the end of each iteration of the

loop in line 3, the value of the variable ¥ decreases.

Lemma 10. Ife!,... ™ are defined as in Algorithm 9, then

el >e2. . >em

Proof. Let k € {2,...,m}. Suppose, by contradiction, that e¥=! < £*. Since e¥~1 > 0, we
must have e¥ > 0. This implies that e¥ = & = Bounp(¥~1,..., k=1 1), for some z € Z™.
By the definition of BOUND, this implies z € B(e¥, f_l,...,ﬁln“fl). Next, we prove that



Algorithm 9

1: function INFINITYCUT

2 BY « 0, for every i € {1,...,m}

3 for k€ {1,...,m} do

4 ek 0

5: for x € Z™ do

6 ek « Bounp(gi!, ..., gkt 1)

7 ek« max{ek, ek

8 TF < {ie{1,...,m}:r"is tight for 7, max{sF~' cF}s; > 1}
9: BF « max{pF~1 ¥}, for every i € T*
10: ﬂf(—ﬁffl, for every i € {1,...,m}\ T*
11: return 87%, ..., 5"

B(eF, f_l, o, BN = B(eR, f_Q, ..., BF=2). Indeed,

B(€k7 5_17"'75’51_1)

1 i "
~ con <{f} U {f e T }>
1 i —
— conv ({f} U {f + max{ék,Ek_ly/Bf_l}T }iGTk_l U {f + maX{ek,ﬁf—Q}r }ie{l,...,m}\Tk'—l)

1 i "
= conv ({f} U {f + WT }i=1>

= B(e", B2, .., B2,

This implies that z € B(e*, f*Q, ..., BE=2). Therefore, if e¥~!1 = Bounn( f*Q, o BE2 ),
then we must have =1 > ¢*. On the other hand, we know that =1 > ¢¥=1. A contradiction.
O

Theorem 11. Ifk € {1,...,m} and if BF,...,BE and €* are defined as in Algorithm 9, then
the inequality

S max{g F s > 1 ®
=1

is the infinity cut (level k).
Proof. First, we prove that the result holds at the end of the first iteration. In this case,
equation (8) is given by

m m

> max{py,e'}si =) e's; > 1.

i=1 i=1

By Lemma 7, in order to prove that this inequality is valid, it is sufficient to show that B(e?, %)
is lattice-free. Let z € Z™ be an arbitrary lattice point and let ¢ = Bounp(3°, z). We prove
that x is not in the interior of B(e!, 3°). If L = 0, then there does not exist £ > 0 such that

10



r € B(&,4%). In particular, z ¢ B(e!, 3°), and we are done. Suppose, on the other hand, that
el > 0. By definition of BOUND, we known that B(el, 3°) does not contain z in its interior.
Also, from the description of the algorithm, we have ¢! > el. Therefore, B(e!, 5%) does not
contain z in its interior either. Since the choice of & was arbitrary, we conclude that B(et, 59)
is lattice-free. Now we prove that €' is as small as possible. If ¢! = 0, there is nothing to
prove. If ¢! > 0, then, by the description of the algorithm, there exists € Z" such that
el = ¢l = Bounn(B°,z). By definition of BOUND, for any & such that 0 < & < ¢!, the set

B(&, 8% contains x in its interior. Therefore, ¢!

cannot be decreased without generating an
invalid cut.

Now let k € {2,...,m} and suppose that

imax{ﬁf‘z,ek_l}si >1 9)

i=1

is the infinity cut (level k£ — 1). We prove that

m

Zmax{ﬁffl,ek}si >1 (10)

i=1
is the infinity cut (level k). By Lemma 10, ¢* > ¢**+1. Consider a ray 7 such that i € T*~!. By
definition, 5,5“_1 = max{ﬁf‘{ ek=11, which implies that max{@k_l, ekl = max{ﬁf_Q, gh=1 gk} =
max{ﬁfﬂ, ek}, Suppose, on the other hand, that r? is such that i ¢ T%~!. Since the set of tight
rays only increases after each iteration, i ¢ T, ..., 7% 2 and we have ﬁf‘l = 0. Therefore,

max{fF 1 ek} = eF. Equation (10) can be rewritten as

m
> max{BF2 " s, 4 > ks > 1. (11)
ieTk—1 i=1
igTh—1

This form matches item (ii) of Definition 5. More precisely, notice that the coefficients corre-
sponding to the tight rays T%~! have been kept unchanged when going from (9) to (11). Also,
all the coefficients for the remaining rays are equal to some ¥ € R, . It remains to show that

(11) is valid and that ¥ cannot be made any smaller. The proof is similar to the base case. [J

Before we continue, we make a small modification to Algorithm 9 in order to make it finite.
Note that the algorithm currently never terminates because of the loop in Line 5. If £F is
initialized to a very small but strictly positive constant 7, instead of zero, then this loop can
be rewritten as

for z € Z" N B(ek, gF1)

Since B(Ek, Bk_l) is bounded, there are a finite number of lattice points contained in it, and
the loop now terminates in finite time. Another advantage is that, whenever €* gets updated

inside of the loop, the set B (Ek, ﬁk_l) shrinks, causing the loop to terminate earlier. We note

11
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Figure 3: Examples for BOUND

that this modification does change the output of the algorithm, and causes the algorithm to
produce a slightly weaker cut whenever the infinity cut for the relaxation turns out to be a
split. However, we can choose the constant 77 to be small enough, so that the practical impact
is negligible. In our experiments, this constant was set to 1073.

Next, we present an algorithm for evaluating the function BounD. With our modification,
this function now behaves as follows. Given z € Z" and fSy,...,8" > 0, if there exists € > n
such that B(e, ) contains z, the function returns the largest such e. If no such e exists, the
function returns 1. An outline of the algorithm is as follows. We start by setting ¢ = n and
verifying whether B(f3,¢) contains z in its interior. If so, there must exist a subset of linearly

independent rays r1, ..., 7%, where s < n, such that  belongs to the relative interior of the set

S(Tily...,'/“isaﬁilw..761'375) = conv ({f}u{f‘i’nm{lgﬁ}rz] 1J € {L"'vs}}) :

Note that this set was obtained from B(f,¢) by dropping some of the rays 7!, and therefore
has a simpler structure. The algorithm then computes € such that x belongs to the boundary
of this simplified set, which can be done easily. Next, the algorithm verifies whether z still
belongs to the interior of the original set B(f3, ), and, if so, the process repeats. The algorithm
stops when z is no longer in the interior of B(e, ). We show the execution of this algorithm

in a small example.

Example 12. Consider, once again, the continuous relaxation presented in Fxample 3. Let § =
(0,0,0,0,0),x = (1,1) and suppose that we want to compute BOUND(B, x). The algorithm starts
by setting € to some very smalln. The set B(e, ) is shown in Figure 3a. Clearly, x belongs to
the interior of B(e, ). Notice that x also belongs to the relative interior of S(rt,r3, By, B3, €)

for any e < % The algorithm then sets € to % and verifies that x still belongs to the interior

12



of B(e, B), as shown in Figure 3b. Furthermore, x belongs to the interior of S(r%,r3, B2, B3, €)
for any e < % After setting € to %, it can be verified that x no longer belongs to the interior of
B(e, ), and the algorithm stops.

A precise description of BOUND is given in Algorithm 13. In order to find the desired subset
of linearly independent rays 7', ..., 7%, or to prove that no such subset exists, BOUND calls
the function FINDVIOLATEDCONE, which is described precisely in Algorithm 14, and in order
to find e such that = belongs to the boundary of S(r,... ri gt ... B ¢), BOUND calls the
function CONEBOUND, which is described precisely in Algorithm 15. In the following, we prove

that these algorithms indeed work as intended. We start with FINDVIOLATEDCONE.

Algorithm 13

1: function BOUND(f4, ..., Bm, x)

2 £

3 loop

4: Q@ < FINDVIOLATEDCONE(f1, - . . , Bm, &, X)

5: if @ =0 then

6 break

7 else

8 Let Q = {i1,...,is}, where B;; > ... > ;.

9 ¢ + max{e, CONEBOUND(r®,... 7% B, ..., B, 7)}
return ¢

Algorithm 14

1: function FINDVIOLATEDCONE(Sy, . .., Bm, €, )
2: Let A* be an optimal basic feasible solution for

m
minimize E Aj

j=1
subject to z = f+z A
! BEAP ey nie
A >0
3: if 32724 A} > 1 then return ()
4: else return {i € {1,...,m}: A > 0}
Proposition 16. Let € > 0. If FINDVIOLATEDCONE returns a non-empty set {iy,...,is} C
{1,...,m}, then
(i) rit,..., 7% are linearly independent
(i) x belongs to the relative interior of S(r't,... . v% Bi,...,Bi.,€)
If FINDVIOLATEDCONE returns (), then no subset {i1,...,is} C {1,...,m} satisfies (i) and

(ii).

13



Algorithm 15
1: function CoNEBOUND(q!, ..., ¢%, B, ..., 3% x)
2: Let A € R® such that = = f + 35 | \i¢*
3: fort=0tos—1do

1=t B
4: Let gt sz—_]_lﬁl
Dimtr1 Ai
5: if ¢ > (141 then return ¢,
return 0
Proof. Suppose FINDVIOLATEDCONE returns a non-empty subset {i1,...,is} C {1,...,m},

and let \* be defined as in the algorithm. Property (i) follows immediately from the fact that
A* is a basic feasible solution. Now we prove that x belongs to the relative interior of S :=
S(riv,...,r% Bi, ..., Bi.,€). If we denote by v/ the point f + mﬂ, for j € {1,...,m},
then the vertices of S are f,v*t,... v'. It suffices to prove that x is a strict convex combination
of these vertices. Recall that 377", A; < 1. Since each A7 > 0, this also implies A} < 1, for

every j € {1,...,m}. Furthermore, if we define A\§ =1 — 377", A7, then 0 > Aj > 1. We have

*

IR j :
=1 +]Z:1 max{s,ﬂj}TJ

Zf—i-Z)\;‘j (Uij —f)
j=1
= A AL L AL

We conclude that (ii) is satisfied.

Now suppose FINDVIOLATEDCONE returns the empty set. In this case, 3 7", A; > 1. Fur-
thermore, assume by contradiction that there exists a non-empty set {i1,...,is} C {1,...,m}
satisfying (i) and (ii). Let the points v/ be as defined previously. We know that there exist
0> Ao, iy, -+, A, > 1 such that

T = Xof + A0+ N0
)\Q—I—)\il—i-...—l—)\iS:l.

Let A\; =0 for every j € {1,...,m} \ {i1,...,%s}. It is not hard to verify that
r=f+ f: I rd.
= max{e, 3;}
Therefore, A\1,..., A, is a feasible solution to the LP in the algorithm. Furthermore, Z;’;l Aj =

1- <1< Z;”:l Aj. This implies that A* is not an optimal solution, a contradiction. We
conclude that no subset {i1,...,is} C {1,...,m} satisfying (i) and (ii) exists. O

Next, we focus on the function CONEBOUND. First, we present a technical lemma that
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(a) Computation of g (b) Computation of &;

Figure 4: Illustration for CONEBOUND

justifies the formula for ¢; appearing in the algorithm. Then, we prove that CONEBOUND finds

the correct answer.

Lemma 17. Let x € Z", let B1,...,Bs € R such that 1 > ... > Bs >0, let ¢*,...,¢° € R™ be
linearly independent vectors such that x belongs to the relative interior of f + cone(q!, ..., q%),
and let A\1,..., s >0 such that x = f + 35, \i¢*. Lett € {0,...,5 — 1}, and define

1= NG

et = S
i=t+1 Ai

If B1,...,8: >0 and g, > 0, then g, is the largest € € R such that

ceom(ufre ) ol ) )0

Proof. Let v' = f + iqi fori € {1,...,t} and v' = f + éq" fori € {t+1,...,s}. We prove
that z is a convex combination of v!, ... v®. This implies that = € Si(e;), and it is easy to see

that, for any € > &;, we have = ¢ Sy(¢). To prove this claim, let

Aif;  forie {1,...,t}
Yi =
Nieg  forie{t+1,...,s}.

By hypothesis, we have A\1,...,As > 0 and (1, ..., B, e > 0. This implies that v1,...,% > 0.

Furthermore, the sum of 71, ...,y equals one, since

i=t+1 i=1

s t s t t
D= Aibite | D A= Abi+1-D Aifi=1.
i=1 i=1 i=1
It only remains to prove that x = 3°7_; y;0'. We have:

s ) s t 1 . s 1 . s )
Z;%‘UZ = z;%'f + z; )\iﬁigql + ) )\igt;tql =f+> Mg
1= 1= 1=

v i=t+1 =1
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Proposition 18. Let f,z,51,...,8s and q*,...,q° be defined as in Lemma 17. If there exists
e > 0 such that x belongs to the relative interior of S(q*,...,q° B1,...,Bs,€) := S(¢), then
CONEBOUND returns the largest ¢ € R such that © € S(g). Otherwise, CONEBOUND returns

ZET0.

Proof. Suppose there exists € > 0 such that x belongs to the interior of S(€). First, we prove that
there exists e > (¢ such that z € S(e*). If £ > [, there is nothing to prove, so suppose £ < .
Since s < ... < (31, this implies S(&) = S(f5s). Therefore, = belongs to the interior of S(f;).
It is not hard to see that, for a very small § > 0, we still have x € S(8s + #). Therefore, there
exists €* > (5 such that x € S(Bs + 6). Furthermore, we may assume that £* is the maximum
value satisfying this property. Indeed, if such maximum does not exist, then x € S(¢) for every
€ > &*, which implies f = z, a contradiction. Next, we prove that CONEBOUND returns €*. Let
Bo = oo. There exists k € {0,...,s — 1} such that fy41 < &* < B. By Lemma 17, we know
that ¢ = g,. We prove that CONEBOUND returns ¢;. Since € = &* > [i11, it is sufficient
to show that the loop does not finish before considering ;. That is, that CONEBOUND does
not return eg,...,€x_1. Suppose, by contradiction, that CONEBOUND returns ¢;, for some
l €{0,...,k—1}. Then ¢ > [Bi41 > Br > €*. Furthermore, x € S(g;), contradicting the
maximality of €*. We conclude that the algorithm returns &*.

Now, suppose that CONEBOUND returns a non-zero value. Clearly, the returned value must
be ey, for some k € {0,...,s — 1}. Furthermore, x € S(gx) and e > Bry1 > fs. Let € = %
It is not hard to see that £ > 0 and that x belongs to the interior of S(&). We conclude that
there exists € > 0 such that z belongs to the interior of S(e).

O

We end this section with a proof of correctness for the function BOuND.

Proposition 19. Let x € Z™, let 51,...,8m > 0 and let n > 0. If there exists € > n such that
x belongs to the interior of B(B1,...,Bm,e) =: B(e), then BOUND returns the largest ¢ > n
such that x € B(e). Otherwise, BOUND returns 7.

Proof. First, suppose there does not exist € > n such that x belongs to the interior of B(g).
Then, clearly, = does not belong to the interior of B(n) and, by Proposition 16, the function
FINDVIOLATEDCONE returns the empty set. The loop then breaks during the first iteration.
Therefore, BOUND returns 7.

Now suppose there exists € > 1 such that x belongs to the interior of B(e). Since B(e) C
B(n), then z also belongs to the interior of B(n). This implies that the value €* returned by
BOUND equals the value returned by CONEBOUND, for some subset of rays r’t,...,r%. By
Proposition 18, we have x € B(¢*). Now suppose, by contradiction, that there exists & > &*
such that x € B(£). This implies that = belongs to the interior of B(e*), a contradiction. We
conclude that ¢* is the largest € > 7 such that « € B(e). O
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4 Computational experiments

In order to evaluate the strength of infinity cuts, we implemented a cut generator and tested it
with problems from the MIPLIB. Our main performance indicator was the integrality gap closed
at the root node of the branch-and-bound tree. We compared our cuts against Gomory Mixed-
Integer (GMI) cuts, and also against an exact separator for continuous multi-row intersection
cuts implemented by Louveaux, Poirrier and Salvagnin [11]. Our main goal was to determine
how close to the maximum theoretical gap closure would infinity cuts bring us. Another side
goal was to evaluate the efficiency our cut generator.

The cut generator was implemented in C and compiled with GNU GCC 5.4.0. The generator
makes use of IBM ILOG CPLEX 12.7.0 as an LP/MIP solver. The complete source code has
been made available online [14]. We conducted our experiments on an Intel Xeon E5-2630v2
2.6 GHz with 64GB of memory, with a time limit of 15 CPU minutes.

4.1 Generating infinity cuts from the tableau

When generating a multi-row intersection cut from the simplex tableau, the first step is to
select a suitable combination of tableau rows that will be used to derive the cut. Suppose that

the simplex tableau is given by

xz-—i-zaijxj:bi, 1€ B
JEN

where z;, for ¢ € B, are the basic variables, and x;, for j € N, are the non-basic variables. In
principle, any subset of tableau rows I C B can be used, as long as two conditions are satisfied:
first, only rows corresponding to integral basic variables are selected; and second, at least one
row with a fractional right-hand side is included in the subset. In practice, however, the number
of subsets satisfying these two conditions is excessively large for all but very small instances.
Our cut generator, therefore, filtered down the list of row subsets even further, as described
next.

As a first step, the rows of the simplex tableau were sorted according to the fractionality of
-3

where b; is the fractional part of b;. In this way, rows having right-hand sides closer to % received

their right-hand side. More specifically, the rows were sorted increasingly according to

higher priority, while rows having right-sides closer to 0 or 1 were given lower priority. Then,
only 300 tableau rows with the most fractional right-hand sides were kept, while the remaining
rows were discarded.

Next, for each pair of remaining tableau rows, we computed how similar their support was.
More specifically, given two tableau rows ), + 3 ;cn GpjT; = bp and T +3_ ey GqjTj = by, their

affinity is given by the formula

2 x |{j :ap; # 0 and ag; # 0}|
AFFINITY 5 = P i a
FFINITY (p, q) H{j : apj # 0} + {7 : ag; # 0}].
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Note that, for every pair of tableau rows, this formula returns one if a, and a, have exactly the
same support and zero if their supports are completely disjoint. This heuristic was also used
by Louveaux, Poirrier and Salvagnin [11]. Pairs of tableau rows with affinity less than a certain
threshold were considered incompatible. The generator derived one infinity cut for each subset
of tableau rows containing only pairwise compatible rows.

After selecting a subset I = {i1,...,ix} C B to generate the cut, another issue was to decide
what set of rays to use when generating the infinity cut. On one hand, we wanted the set of
rays to be as close as possible to the original columns of the simplex tableau. On the other
hand, the running time of the algorithm described in the previous section is highly sensitive on
the number of rays. For instances having a large number of variables, it proved to be too slow
to be useful in practice. Our separator, therefore, performed the following heuristic filtering to
reduce the number of rays considered. For each non-basic variable z;, a ray rl = (a;j 1 € B)
was created. Rays having zeros in all components were discarded. Then, for each pair of rays
that were very similar to each other, only one was kept. More specifically, for every pair of rays
ri 72, we computed ||r! — 72||, and, whenever this value was smaller than a certain threshold,
one of these rays was discarded. The threshold was initially set to infinity and then progressively

decreased until at most 100 rays were selected.

4.2 Cut generating procedure

Our cut generator performed the following steps. First, the linear relaxation of the problem
was solved, and a certain basic solution with value zyp was obtained. The optimal simplex
tableau was stored. Although this LP relaxation was later strengthened with additional con-
straints (cuts) and solved again, only this first optimal simplex tableau was used to generate all
subsequent cutting planes. We thus obtain only rank-1 cuts. Next, one GMI cut was generated
from each suitable tableau row, and added to the relaxation. The relaxation was solved again,
and a certain solution with value zgns;r was found. Then, one infinity cut was generated at a
time, for each suitable subset of tableau rows, as described in the previous subsection. If the
infinity cut did not cut the current basic optimal solution, the cut was discarded. Otherwise, the
infinity cut was added to the relaxation, the relaxation was solved once again, and the current
basic solution was updated. At the end of the procedure, a new solution with value z;yr was
obtained. Finally, we also ran, independently from our generator, the exact separator of [11] for
continuous multi-row cuts (i.e., disregarding the integrality of nonbasic variables), and obtained
a solution with value zgxacr. Note that the latter separator (i) considers all suitable pairs of
rows, and (ii) runs multiple round of rank-1 cuts until none can be found, whereas (i) infinity
cuts were generated only for the heuristic selection of multirow models described above, and (ii)
only one infinity cut exists for each such multirow model. On the other hand, because different
bases would yield slightly different results, we were careful to use the same original basis for all
cut generators.

The set of instances was the MIPLIB 3.0, which contains 65 instances coming from real-
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world applications. We chose this version of the MIPLIB so that the slower exact separator
could produce more reliable bounds. Out of the 65 instances, we eliminated those that were
infeasible, that had no known optimal solution, or whose LP relaxation had the same objective
value as the original problem. Three instances were also eliminated because of their size. For

each of the remaining 56 instances, we computed:

e G-GMI, the gap closed by the inclusion of GMI cuts:

2GMI — ZLP
G-GMI = “GMI — “LP
20PT — ZLP

e G-INF, the gap closed by the inclusion of infinity cuts, in addition to the GMI cuts:

ZINF — ZLP
G-INF = ZINE Z #LP
ZOPT — ZLP

e G-EXACT, the gap closed by using the exact separator for continuous multi-row cuts:

G-EXACT = ZEXACT = ZLP’
20PT — ZLP

« REL, a relative measure of strength, in terms of gap closure, when compared to the exact

separator, given precisely by:

ZINF — 2GMI

REL = .
ZEXACT — 2GMI

o T-TIME, the total CPU running time spent by the infinity cut generator (min:sec),

e C-TIME, the CPU running time that the infinity cut generator, on average, took to

generate a single cut, in milliseconds,

e N-CUTS, the number of infinity cuts added to the relaxation.

We note that the number of calls to the cut generator is given by % (after putting

both in the same time unit), though that number may be slightly off due to rounding of either
T-TIME or C-TIME.

4.3 Results and discussion

Table 1 shows the computational results for infinity cuts generated from two rows of the simplex
tableau. We show both the strength of non-lifted infinity cuts, where no attempt was made
to strengthen the coefficients of the non-basic variables, and for lifted infinity cuts, where
the coefficients for the integral non-basic variables were strengthened using the trivial lifting
procedure. Remark that, in theory, only non-lifted infinity cuts are directly comparable to the

results we present with the exact separator, since lifted cuts are valid for a stronger multirow
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model. However, we provide results with lifting enabled, because the trivial lifting is relatively
fast to compute, and would be a natural next step in practice.

For the set of 56 instances processed, the average gap closed by GMI cuts, by non-lifted
infinity cuts, by lifted infinity cuts, and by the exact separator was, respectively, 29.0%, 31.3%,
31.8% and 33.9%. Therefore, in terms of gap closure, non-lifted infinity cuts provided, on
average, 47.8% of the benefits of adding the entire class of continuous 2-row intersection cuts,
while lifted infinity cuts provided, on average 57.8%.

The total CPU running time necessary to generate the non-lifted infinity cuts was on average
very low, at 20 seconds, while the median was below 1 second. After lifting, the average running
time increased to 2 minutes and 27 seconds. In comparison, the average running time for the
exact separator was 1 hour and 26 minutes, with many instances reaching the time limit of 4
hours. Because of this time limit, the infinity cut generator was able to obtain a better gap
closure than the exact separator in several instances. The infinity cut generator added, on
average, 5.6 non-lifted cuts and 7.4 lifted cuts per instance. In comparison, the exact separator
added, on average 42 cuts per instance.

For 21 out of the 56 instances processed, the exact separator was not able to improve upon
the gap closed by the GMI cuts, while the non-lifted infinity cuts were not able to improve
upon the gap for 32 instances. We note however that, for these instances, the total running
time to generate these cuts was only 22 seconds and the number of cuts added was only 0.3,
on average. Therefore, even for instances where non-lifted infinity cuts were not helpful, they
would also probably not significantly affect the total running time of the branch-and-bound
algorithm. Lifted infinity cuts were not able to improve the gap for 25 instances. The total
running time for these instances was 3 minutes and 26 seconds, while the number of added cuts
was 0.5, on average.

The experiments show that, while generating each cut individually is not an expensive
procedure, most of the time is spent trying to find a good candidate set of tableau rows to use.
This is evidenced if one inspects the total number of attempted cuts (%) and the actual
number of cuts generated (N-CUTS).

We also ran computational experiments for lifted and non-lifted infinity cuts from 3 rows
of the simplex tableau. Table 2 shows these results. Here, we compare against the exact
separator for continuous 3-row intersection cuts. For the set of 56 instances processed, the
average gap closed by GMI, by non-lifted infinity cuts, by lifted infinity cuts, and by the exact
separator was, respectively, 29.0%, 32.2%, 32.7% and 36.1%. Non-lifted infinity cuts provided,
on average, 44.9% of the benefits of the exact separator, while lifted infinity cuts provided
52.2%. This suggests that the relative strength of infinity cuts is preserved for relaxations with
more rows.

The total CPU running time per instance was 3 minutes and 52 seconds for the non-lifted
infinity cuts, and 6 minutes and 6 seconds for the lifted ones, on average. In comparison, the

exact separator spent 2 hours and 27 minutes, on average. The infinity cut generator added,
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on average, 7.8 non-lifted cuts and 10.0 lifted cuts — numbers considerably lower than the 103

cuts added on average by the exact separator.

5 Conclusion

In this paper, we introduced a new subset of multi-row intersection cuts based on the infinity
norm. This subset is very small, which makes it attractive computationally, and its cuts are
minimal, meaning that they are individually undominated. Unlike the other classes of multi-
row intersection cuts in the literature, our cuts work for relaxations with arbitrary numbers of
rows and they take into account the columns of the simplex tableau. We developed a geometric
algorithm to generate them and ran computational experiments to evaluate their impact when
used as cutting planes for solving real-world instances. We concluded that this subset of valid
inequalities yields, in terms of gap closure, around 50% of the benefits of using all the valid
inequalities for the continuous multi-row relaxation, but at a small fraction of the computational
cost, and with a significantly smaller number of cuts.

We highlight two main directions for future work. First, we observed that our cut gener-
ator does not necessarily produce maximal lattice-free sets. While this has no effect on the
coefficients of the continuous non-basic variables, it does negatively impact the coefficients for
the integral non-basic variables (obtained through lifting). It would be interesting to have a
practical algorithm for converting non-maximal lattice-free sets into maximal ones. Secondly,
in Section 4, we described several heuristics for selecting a subset of rows that would be used to
generate infinity cuts. This was not the main focus of this work, but it was clearly what made
the running time of the code increase significantly. Thus, better ways to pick such subsets of

rows are needed.
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