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Abstract

We study new generalizations of the classical capacitated lot-sizing problem with concave
production (or transportation), holding, and subcontracting cost functions in which the total
production (or transportation) capacity in each time period is the summation of capacities of
a subset of n available modules (machines or vehicles) of different capacities. We refer to this
problem as Multi-module Capacitated Lot-Sizing Problem without or with Subcontracting,
and denote it by MCLS or MCLS-S, respectively. These are NP-hard problems if n is a
part of the input and polynomially solvable for n = 1. In this paper, we address an open
question: Does there exist a polynomial time exact algorithm for solving the MCLS or MCLS-
S with fixed n ≥ 2?. We present exact fixed-parameter tractable (polynomial) algorithms
that solve MCLS and MCLS-S in O(T 2n+3) time for a given n ≥ 2. We also present exact
algorithms for two-generalizations of the MCLS and MCLS-S: (a) a lot-sizing problem with
piecewise concave production cost functions (denoted by LS-PC-S) that takes O(T 2m+3)
time, where m is the number of breakpoints in these functions, and (b) two-echelon MCLS
that takes O(T 4n+4) time. We perform computational experiments to evaluate the efficiency
of our algorithms for MCLS and LS-PC-S and their parallel computing implementation, in
comparison to Gurobi 9.1. The results of these experiments show that our algorithms are
computationally efficient and stable. Furthermore, our algorithm for MCLS-S also addresses
another open question related to the existence of a polynomial time algorithm for optimizing
a linear function over n-mixing set (a generalization of the well-known 1-mixing set).

Keywords: multi-module capacitated lot-sizing; piecewise concave production cost; two-echelon
capacitated lot-sizing; subcontracting costs; n-mixing set; fixed-parameter tractable algorithms.

1 Introduction

With the rise in incorporation of data analytics in business decision making, there has been an in-

creasing interest to efficiently coordinate transportation, production, subcontracting, and inven-

tory planning. Capacitated lot-sizing problem (CLSP) is one of the most widely studied problems

in operations management as its objective is to provide a transportation/production/procurement,

inventory, and subcontracting plan for a given planning horizon such that demand for each time

period is satisfied, and the overall cost, which includes setup, transportation (or production),

holding, and subcontracting costs, is minimum. This problem has applications in numerous areas

such as manufacturing, retailing, transportation, power systems, telecommunication, biomass lo-

gistics, and many more (Pochet and Wolsey 2006, Voss and Woodruff 2006). In most of the

1



CLSP literature, it is assumed that there is only one machine (or vehicle) with fixed capacity in

each period. As a result, the production (or transportation) capacity in each time period is a

binary multiple of the fixed available capacity. The capacity of the machine can remain constant

(Florian and Klein 1971) or vary with time (Florian et al. 1980), thereby leading to lot-sizing

problem with constant or varying capacity, respectively. We refer to these families of CLSP

as single-module capacitated lot-sizing problems (SCLS). Though SCLS with varying capacity

provides the flexibility of having a machine with different (fixed) capacity in each time period,

it requires that the capacities of the machine are known a priori for the entire planning horizon.

Moreover, even for known capacities, this problem is NP-hard. On the other hand, SCLS with

constant capacity is polynomially solvable, but it restricts the production planning using only

one machine of same capacity over the entire planning horizon.

In today’s competitive world, transportation and manufacturing companies often have multiple

(n) vehicles and machines, respectively, of different capacities that are available in each time

period. Therefore, in the more realistic setting, production (or transportation) planning requires

deciding which subset of these machines (or vehicles) are to be utilized in each time period.

This implies that the total production capacity in each time period is the summation of binary

multiples of n different capacities. We refer to this generalization of SCLS as multi-module

capacitated lot-sizing (MCLS) problem (Sanjeevi and Kianfar 2012, Bansal and Kianfar 2015)

and denote MCLS with an uncapacitated subcontracting (or outsourcing) option by MCLS-S.

The modules can represent machines, vehicles, or suppliers of different capacities in the context

of production, transportation, or procurement, respectively.

1.1 MCLS-S: Problem Definition, Motivation, and Applications
Given a planning horizon T := {1, . . . , T}, a set of n machines (denoted by N := {1, . . . , n})

with time invariant capacities C1, . . . , Cn, such that C1 ≤ C2 ≤ . . . ≤ Cn (w.l.o.g.), and demand

dt of a retailer for period t ∈ T , the MCLS-S is defined as follows:

Minimize
T∑
t=1

(
pit(x

i
t) + ht(st) + gt(zt) +

n∑
i=1

qity
i
t

)
(1a)

s.t. st−1 +
n∑

i=1

xit + zt = dt + st, t ∈ T , (1b)

xit ≤ Ciy
i
t, t ∈ T , i ∈ N (1c)

xt =
∑
i∈N

xit ≤
∑
i∈N

Ciy
i
t, t ∈ T , (1d)

yt ∈ {0, 1}n, xt, st, zt ≥ 0, t ∈ T , (1e)
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where xit is the amount produced on machine i ∈ N in period t ∈ T , st is the inventory at the

end of period t ∈ T , zt is the subcontracting quantity in period t, and yit is a binary variable

which determines whether the machine (or module) i of capacity Ci is utilized in period t or not.

For each module i ∈ N , a setup cost of qit is incurred if yit = 1 for t ∈ T . We assume that the

production cost functions pit(·) associated with machine i ∈ N , the holding cost function ht(·),

and the subcontracting cost function gt(·) for period t ∈ T are concave. Also, initial inventory

s0 is assumed to be zero without loss of generality (Florian and Klein 1971). Constraints (1b)

are the classical inventory (or flow) balance constraints. Constraints (1c)-(1d) ensure that the

production capacity in each time period is the summation of binary multiple of n different

capacities, i.e., summation of capacities of a subset of {C1, . . . , Cn}. The MCLS (or MCLS-S

without subcontracting) is equivalent to (1) with zt = 0 and gt(zt) = 0 for all t ∈ T . It is

important to note that the SCLS with constant capacity in each period, i.e., MCLS-S with

n = 1, and SCLS with variable capacity in each period (Florian et al. 1980), i.e., MCLS-S with

n = T and yit = 0 for all i ̸= t, are special cases of the MCLS-S. Note that the MCLS-S with n

capacities is equivalent to MCLS with n + 1 capacities where Cn+1 =
∑T

j=1 dj and setup costs

qn+1
t = 0 for all t ∈ T . However, solving MCLS-S using algorithm for MCLS is not efficient

(discussed later in the paper).

Interestingly, the MCLS and MCLS-S are NP-hard even for T = 1, if n is a part of the input,

because they reduce to a knapsack problem. However, for n = 1, the MCLS and MCLS-S are

solved in O(T 4) time by Florian and Klein (1971) and in O(T 5) time by Atamtürk and Hochbaum

(2001), respectively. This leads to an open question: Does there exist a polynomial time exact

algorithm for solving MCLS or MCLS-S with fixed n ≥ 2? Observe that the formulation (1) is

a mixed-binary program with nT binary variables and therefore, even for fixed n ≥ 2, it is not

trivial that the MCLS-S is polynomially solvable because the number binary variables is not fixed

(Lenstra 1983). In this paper, we address this open question, which also helps in showcasing

the existence of a polynomial time algorithm for optimizing a linear cost functions defined

over a multi-constrained continuous mixed integer knapsack set: the n-mixing set studied by

(Sanjeevi and Kianfar 2012, Bansal and Kianfar 2017) which generalizes the 1-mixing set studied

by Günlük and Pochet (2001). Moreover, it creates pathways for polyhedral analysis of other

mixed integer sets, such as continuous multi-mixing set (Bansal and Kianfar 2014, 2015, 2017)

and its extensions. (Refer to Section 3.7 for more details.)

Practical Applications of MCLS-S. In addition to the aforementioned applications in production
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planning and inventory management, MCLS-S is applicable in various different settings of the

supply chain industry. One such setting involves a retailer and n different suppliers each with

a capacity of Ci, i ∈ {1, . . . , n}, in each time period. In this setting, the setup costs are

analogous to the fixed ordering costs associated to each supplier, and the retailer has to decide

the amount to be ordered in each time period from each supplier such that the demands are

met and the overall ordering (fixed and transportation) and holding costs are minimized. As

discussed before, the MCLS-S is also applicable for a supply chain involving a supplier with

multiple vehicles of different capacities and a retailer (or a warehouse of the supplier). The

MCLS-S also has applications in power generation and storage management using renewable

resources. In particular, renewable energy is often stored in batteries and these charged batteries

of different storage capacities are in turn used to satisfy consumers’ demand in each time period

of a planning horizon. In this setting, the decisions are: (a) which batteries to activate and

(b) how much energy to supply from each of these batteries, and production cost functions

are analogous to linear recharging cost functions (Pandžić et al. 2015, Xu et al. 2017). Other

applications involving the presence of multiple capacities include offshore natural gas pipeline

systems (Brimberg et al. 2003), regional wastewater systems (Jarvis et al. 1978), cloud computing

and data storage centers (Joch 2013).

1.2 Two Generalizations of MCLS-(S)

In this paper, we also present exact algorithms for two generalizations of the MCLS-(S), which

are defined as follows.

(A) Lot-sizing problem with piecewise concave production costs and subcontracting (LS-PC-S).

The MCLS-S can be reformulated as a lot-sizing problem with piecewise concave production cost

functions having finite (m) number of time invariant breakpoints (see Section 3.6 for details).

We denote this generalization of MCLS-S by LS-PC-S, which is formulated as:

Minimize

{ T∑
t=1

(
p̄t(xt) + ht(st)

)∣∣∣∣st−1 + xt = dt + st, t ∈ T , s0 = 0, xt, st ≥ 0, t ∈ T
}
, (2)

where the production cost function p̄t(·) is a piecewise concave function with m time invariant

breakpoints bi−1 < bi for i ∈ 1, . . . ,m + 1 where b0 = 0 and bm+1 = ∞. Notice that there are

m + 1 cost segments in the production cost function with m breakpoints where the rightmost

cost segment going from bm to bm+1 = ∞ corresponds to subcontracting costs in this paper.

However, if the option of subcontracting does not exist, LS-PC-S reduces to LS-PC, where the

production cost function still has m breakpoints with bm+1 = bm but only m cost segments.
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The LS-PC-S is equivalent to MCLS without constraints (1c), and with p̄t(·) as production cost

function. Refer to Section 2 for other special cases of LS-PC-S studied in the literature.

(B) Two-echelon MCLS (2E-MCLS). We generalize MCLS by considering an integrated supply

chain model where in addition to planning the production and inventory at the manufacturing

shop (i.e., first echelon), we also decide the amount to be transported to a retailer (i.e., second

echelon) with known demand dt, t ∈ T , and the inventory at the retailer’s end during each period

of the planning horizon. The network flow representation of 2E-MCLS is given in Figure 1, where

node (e, t) represents echelon e ∈ {1, 2} and time period t ∈ T of the planning horizon. Decision

variable x1,it for i ∈ N = {1, . . . , n} denotes the amount produced in period t ∈ T using machine

i of capacity Ci, and x2t denotes the amount transported from the first echelon to the second

echelon during period t ∈ T . The amount of inventory held at the end of period t in first and

second echelons are denoted by s1t and s2t , respectively.

Production (First) Echelon

Retailer (Second) Echelon

(1, 1)

∑
i∈N

x1,i
1

(1, 2)

∑
i∈N

x1,i
2

· · · (1, t)

∑
i∈N

x1,i
t

· · · (1, T )

∑
i∈N

x1,i
T

s10 s11 s12 s1t−1 s1t s1T−1 s1T

(2, 1) (2, 2) (2, t) (2, T )· · · · · ·

x2
1 x2

2 x2
t x2

T

s20 s21 s22 s2t−1 s2t s2T−1 s2T

d1 d2 dt dT

Figure 1: Network Flow Representation of the 2E-MCLS

Mathematically, the 2E-MCLS is formulated as follows:

Minimize
T∑
t=1

( n∑
i=1

(
p1,it (x1,it ) + q1,it y1,it

)
+ p2t (x

2
t ) + q2t y

2
t +

2∑
e=1

het (s
e
t )

)
(3a)

s.t. s1t−1 +
n∑

i=1

x1,it = s1t + x2t , t ∈ T , (3b)

s2t−1 + x2t = dt + s2t , t ∈ T , (3c)

x1,it ≤ Ciy
1,i
t , t ∈ T , i ∈ N , (3d)

x2t ≤My2t , t ∈ T , (3e)

y1,it , y2t ∈ {0, 1}, x1,it , x2t , s
e
t ≥ 0, t ∈ T , e ∈ {1, 2}, (3f)
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where p1,it (·), p2t (·) and het (·) for e ∈ {1, 2} denote the production, transportation, and holding

cost functions, respectively, which are assumed to be concave. Parameter q1,it is the cost to

setup machine i at the first echelon in period t, and q2t is the setup cost for transportation

from the first echelon to the second echelon. Constraints (3b) and (3c) are the flow-balance

constraints corresponding to the first and the second echelons. According to Constraints (3d),

the total production in each period is the sum of binary multiples of n different capacities as

binary variable y1,it is equal to 1 if x1,it > 0, and zero otherwise. Likewise, binary variable y2t

in constraint (3e) is equal to 1 if x2t > 0 and thereby leading to uncapacitated transportation

as M is a large number. The 2E-MCLS with n = 1 reduces to the two echelon single-module

capacitated lot-sizing problem (or 2E-SCLS), studied by van Hoesel et al. (2005). Note that

when p2t = q2t = s2t = 0 for all t ∈ T , 2E-MCLS reduces to MCLS with machine dependent

production cost functions.

1.3 Contributions of This Paper
The contributions of this paper are as follows.

(i) For a given n ∈ Z+, we develop dynamic programming (DP) algorithms to solve MCLS

and MCLS-S to optimality in O(T 2n+3) time. These algorithms belong to the class of

fixed-parameter tractable algorithms (Downey and Fellows 2012, Flum and Grohe 2006)

because for fixed n, these are polynomial algorithms for MCLS and MCLS-S. Note that

solving MCLS-S using the DP algorithm for MCLS yields a worst-case time complexity

of O(T 2n+5). To the best of our knowledge, these are the first dynamic programming

algorithms that directly solve MCLS and MCLS-S with a fixed n ≥ 2. The novelty of

the proposed DP algorithm for MCLS-(S) is in designing state and stage variables, and

recursive equations along with the idea of fractional production levels. Moreover, Gurobi

9.1 could not solve 21 out of the 50 MCLS instances within the time limit of 2000 seconds

whereas the DP algorithm solved all these unsolved instances in less than 161 seconds

and 47 seconds on average. Additionally, for the remaining 29 unsolved instances, our

algorithm took 43 seconds and Gurobi took 484 seconds, on average.

(ii) Using the algorithm for MCLS-S, we address the existence of a polynomial time algorithm

for optimizing a linear function over n-mixing set, i.e.,

Pn,T :=

{
(η, σ) ∈ R+ × ZnT

+ : η +
∑
i∈N

Ciσ
i
t ≥ d1t for t ∈ T

}
, (4)
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for fixed n ∈ Z+. Günlük and Pochet (2001) provided the convex hull description of

P1,T (i.e., 1-mixing set). Miller and Wolsey (2003) presented a compact tight extended

formulation for P1,T , thereby showcasing the existence of a polynomial time algorithm for

optimizing a linear function over the 1-mixing set. However, for n ≥ 2, only a few families

of facet-defining inequalities for Pn,T are known in the literature (refer to Section 3.7 for

details). Even for any fixed n ≥ 2, the convex hull description, a compact tight extended

formulation, or a polynomial time optimization algorithm for Pn,T are not known in the

literature.

(iii) We also present a computationally efficient algorithm for LS-PC-S, which is a generalization

of MCLS-S and an important problem in its own right as it subsumes various other classes

of lot-sizing problems. In comparison to the first and the only known DP algorithm for

this problem by Koca et al. (2014), the new DP algorithm explores a significantly reduced

search space using a reduced number of state variables and thereby leading to different

recursive equations. As a result, the latter is 16 and 10 times (on average) faster than

the former and Gurobi 9.1 for solving the LS-PC-S instances. To provide insights, we

solve a numerical example in Appendix E, and observe that the former computes 4352

function values, in comparison to 100 function values computed by the latter. For detailed

comparison, please refer to the recursive equations in Appendix E and Section 4.

(iv) For fixed n ∈ Z+, we propose the first DP algorithm for 2E-MCLS that takes O(T 4n+4)

time, thereby generalizing DP algorithms of van Hoesel et al. (2005) for 2E-MCLS with

n = 1 and of Zangwill (1969) for 2E-MCLS with n = 1 and C1 = ∞ (or a large number).

In Table 1, we summarize the worst-case time complexities of exact algorithms for MCLS,

MCLS-S, LS-PC-S, and 2E-MCLS. We use MCLS-(S) to denote MCLS and MCLS-S together.

Problem Worst-Case Complexity Contributors

MCLS with n = 1 O(T 4) Florian and Klein (1971)

MCLS-S with n = 1 O(T 5) Atamtürk and Hochbaum (2001)

MCLS-(S) with fixed n ≥ 2 O(T 2n+3) This Paper

LS-PC-S, i.e., MCLS-S with n = 1, C1 = ∞,
O(T 2m+3) Koca et al. (2014); This Paperand piecewise concave production costs

2E-MCLS with n = 1 O(T 7) van Hoesel et al. (2005)

2E-MCLS with fixed n ≥ 2 O(T 4n+4) This Paper

Table 1: Worst-case complexity of algorithms for MCLS, MCLS-S, and their special cases

Remark 1. The MCLS-S problem with n capacities can be reformulated as the LS-PC-S problem
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where the breakpoints of the production functions are determined by taking all possible binary

combinations of the n available capacities. As a result, aforementioned solution approach for

LS-PC-S solves the MCLS-S in O(T 2n+1+1) time (see Section 3.6 for more details). This implies

that in order to solve the MCLS-S with 5, 10, or 20 vehicles of different capacities, this approach

takes O(T 65), O(T 2049), or O(T 2097153) time, respectively, in comparison to O(T 13), O(T 23), or

O(T 43) time taken by solving it using our algorithm for MCLS-S. Likewise, a special case of the

MCLS-S problem with linear production cost functions can be reformulated as LS-PC-S problem

with piecewise linear production cost functions having 2n−1 breakpoints. Using the DP algorithm

of Ou (2017), this reformulation can be solved in O(T 2n+1 log T ) time, i.e., for n = 20, it takes

O(T 1048577 log T ) time.

Below we provide a list of acronyms of variants of MCLS and MCLS-S discussed in this paper:

ULSP: Uncapacitated lot-sizing problem (Wagner and Whitin 1958, Aggarwal and Park 1993).

SCLS: Single-module capacitated lot-sizing problem.

SCLS-CC: SCLS with constant capacities (Florian and Klein 1971).

SCLS-CC-S: SCLS-CC with an option of subcontracting (Atamtürk and Hochbaum 2001).

LS-PC-S: Lot-sizing problem with piecewise concave production costs, (Koca et al. 2014).

Organization of the rest of the paper. In Section 2, we discuss special cases and variants

of MCLS-S,LS-PC-S, and 2E-MCLS studied in the literature. We present DP algorithms to

solve MCLS-(S) LS-PC-S, and 2E-MCLS in Sections 3, 4, and 5 respectively, and derive their

worst-case time complexities. In Section 3, we also showcase how the DP algorithm for MCLS-

S is applicable for optimizing a linear cost function over n-mixing set, and present LS-PC-S

reformulation of MCLS-S along with the computational complexity of solving this reformula-

tion using an algorithm for LS-PC-S. In Section 6, we report the results of our computational

experiments for MCLS-S and LS-PC-S instances. In Section 7, we provide concluding remarks.

2 Literature Review
We review the lot-sizing problems which are closely related to MCLS-(S), LS-PC-S, and 2E-

MCLS, in particular, uncapacitated, constant capacitated, constant batch, multi-mode, and

two-echelon capacitated lot-sizing problems. We also discuss about lot-sizing problems with

subcontracting and/or piecewise concave production cost functions. For extensive literature

review on single-item lot-sizing problems, reader can refer to the survey papers by Brahimi

et al. (2006, 2017).
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Uncapacitated Lot-Sizing Problem (ULSP). Wagner and Whitin (1958) studied the un-

capacitated version of the MCLS, i.e. MCLS with n = 1 and C1 = ∞, with linear production

and holding cost functions, and provided an O(T 2) dynamic programming exact algorithm for

it. Wagelmans et al. (1992) studied the ULSP with and without non-speculative costs, and

presented an O(T ) and O(T log T ) time algorithms for them, respectively. Van Hoesel et al.

(1994) studied the discrete lot-sizing problem where only a fixed setup cost and holding cost is

incurred every time period, and they presented a dynamic programming algorithm to solve it.

Later, Aggarwal and Park (1993) studied the same problems with and without non-speculative

costs and presented algorithms to solve it in O(T ) and O(T log T ) time, respectively. Veinott

(1963) showed that the ULSP with concave production and holding cost functions can be solved

in O(T 2) time.

ULSP with Piecewise Concave Production Cost Functions (denoted by LS-PC-S).

Federgruen and Lee (1990) introduced an O(T 4) time DP algorithm for the ULSP with piecewise

linear (with one time invariant breakpoint) production cost functions and linear holding cost

functions. In contrast, Chan et al. (2002) proved that the ULSP with piecewise linear production

cost functions, where the number of breakpoints is arbitrary over time, is NP-hard. Several

authors have considered lot-sizing problems with step-wise or staircase cost structures. For

example, Li et al. (2012) studied ULSP with all-units discount, i.e. slopes of the cost segments

(which is essentially the per unit production cost) are in a decreasing order, and they presented an

O(Tm+3) time DP algorithm to solve it, where m is the number of time invariant breakpoints in

the piecewise linear production cost functions. Archetti et al. (2014) developed an O(m2T 3) time

algorithm for ULSP with a special case of all-unit discount costs in which the production cost

function has alternate flat and increasing cost sections such that all breakpoints are equispaced

and the slopes of increasing cost sections are in a decreasing order.

Atamtürk and Hochbaum (2001) studied the ULSP with piecewise production cost function with

one time invariant breakpoint and two concave cost segments. In other words, they studied LS-

PC-S with m = 1, and introduced a DP algorithm that runs in O(T 5) time to solve it. It should

be noted that all aforementioned problems are special cases of LS-PC-S. For a given number of

time invariant breakpoints, Koca et al. (2014) developed the first polynomial O(T 2m+3) time

DP algorithm that solves LS-PC-S to optimality. Recently, Ou (2017) used a specific range

minimum query data structure within the algorithm of Koca et al. (2014) for solving LS-PC-S

with linear holding cost function and piecewise linear production cost function in O(Tm+2 log T )
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time. There is no computational result known for this algorithm. Several other special cases of

LS-PC-S have been studied in the literature; reader can refer to Koca et al. (2014) for details.

Single-Module Capacitated Lot-Sizing Problem with Constant Capacity (SCLS-

CC). The SCLS where the production capacity is constant over time, i.e., MCLS with n = 1,

is a generalization of ULSP and a special case of LS-PC-S with m = 1 and no subcontracting.

Florian and Klein (1971) presented a DP algorithm, which runs in O(T 4) time, for the SCLS-CC

with concave production and holding cost functions. Van Hoesel and Wagelmans (1996) and

Ou (2012) studied the foregoing problem with linear holding cost functions and gave algorithms

that run in O(T 3) time. As mentioned before, Atamtürk and Hochbaum (2001) developed an

O(T 5) time DP algorithm to solve LS-PC-S with m = 1, which is equivalent to SCLS-CC with

an additional option of subcontracting (SCLS-CC-S) i.e. MCLS-S with n = 1. Specifically, in

LS-PC-S with m = 1, the first cost segment corresponds to regular production cost function,

the second segment corresponds to subcontracting cost, and breakpoint represents capacity of

the machine.

Multi-Module Capacitated Lot-Sizing Problem (MCLS). Florian et al. (1980) and Bitran

and Yanasse (1982) independently proved that MCLS with n = T and yit = 0 for all i ̸= t,

i.e., if the capacities in each time period over the planning horizon are arbitrary, is NP-hard

in general. Florian et al. (1980) presented a pseudo-polynomial time algorithm to solve this

problem in O(DTCT ) time, where DT =
∑T

t=1 dt is the total demand and CT =
∑T

t=1Ct is the

total capacity of the planning horizon. Pochet (1988) analyzed the polyhedral structure of the

feasible region of this problem and developed valid inequalities for it. Shaw and Wagelmans

(1998) studied a generalization of this problem where the production cost function is piecewise

linear with mt breakpoints in each time period. They provided a pseudo-polynomial algorithm

that runs in O(DTMT ) where MT =
∑T

t=1mt. Akbalik and Rapine (2013) studied a multi-

mode replenishment problem where multiple batches of same capacity can be ordered in any

given time period, but the capacities are time-variant. For linear cost functions, the authors

proved that the foregoing problem and its several special cases are NP-hard. Several heuristics

based on Lagrangian relaxation or column generation approach have been developed to solve

the multi-item versions of MCLS with n = T and yit = 0 for all i ̸= t, and we refer the reader to

Karimi et al. (2003) for more details.

Additionally, polyhedral structure of variants of MCLS with linear cost functions have been

studied where the production capacity in each time period is the sum of some integer multiples

10



of capacities with different sizes, i.e. MCLS with yit ∈ Z+ instead of yit ∈ {0, 1}, for t ∈ T

and j ∈ N . This class of lot-sizing problems has been referred to multi-mode/batch/module

capacitated lot-sizing problems (we denote it by iMCLS). Pochet and Wolsey (1993) presented

an O(T 3) DP algorithm and so-called (k, l, S, I) valid inequalities for the lot-sizing problem with

multiple batches of a single capacity, each incurring a setup cost, i.e., iMCLS with n = 1. San-

jeevi and Kianfar (2012) and Bansal and Kianfar (2015) presented generalizations of (k, l, S, I)

inequalities for iMCLS without backlogging and iMCLS with backlogging, respectively. Bansal

(2019) presented the conditions under which the aforementioned inequalities are facet-defining.

Conforti and Wolsey (2008) presented an extended formulation for a special case of iMCLS with

n = 2 where the capacities are divisible, i.e., capacity C1 is an integer multiple of capacity C2.

Recently, Kulkarni and Bansal (2020) studied MCLS with backlogging and multiple items, but

assumed that the production capacity xt =
∑

i∈N Ciy
i
t for t ∈ T . They presented an O(Tn+1)

time algorithm for single-item version, thereby generalizing an algorithm of Van Vyve (2007)

for n = 1. They also utilized this algorithm within a Lagrangian decomposition framework to

solve the multi-item version of this problem.

Akbalik et al. (2017) also studied a variant of SCLS-CC-S (referred to as lot-sizing problem

with batch ordering and capacity reservation contracts or LS-BCR) where R batches of a single

capacity can be produced in-house and the rest of the batches can be subcontracted. This

problem is also equivalent to iMCLS with n = 2 where C1 = C2 = C, y1t ≤ R, y2t is unrestricted,

and production cost functions are linear. Observe that LS-BCR is a special case of iMCLS with

n = 2 and divisible capacities studied by Conforti and Wolsey (2008) where y1t ≤ R for all t ∈ T .

For R = 1 and y2t ≤ 1, LS-BCR reduces to MCLS with n = 2, C1 = C2 = C, and linear cost

functions. Akbalik et al. (2017) studied special cases of LS-BCR with time varying capacities

and proved that they are generalizations of SCLS with time varying capacities and therefore,

they are NP-hard. They also presented a pseudo-polynomial time algorithm that solves LS-BCR

with time varying capacities.

Ekşioğlu (2009) studied a variant of iMCLS with linear holding costs and additional constraints

xit ≤ (
∑T

j=t dj)ȳ
i
t for i ∈ N , t ∈ T where ȳit ∈ {0, 1} incurs a machine specific time invariant

cost of Ki when ȳ
i
t = 1. In addition, it is assumed that the production and replenishment costs

are stationary, i.e. pit(x
i
t) = pixit and qit = qi for all i ∈ N and t ∈ T . They refer to this

problem as an uncapacitated economic lot-sizing with multi-mode replenishment and provide a

reformulation to derive a stronger lower bound in comparison to linear programming relaxation.
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For a special case with zero replenishment cost, i.e., qi = 0 for all i ∈ N , they utilize ‘Zero

Inventory Ordering Property’ by Wagner and Whitin (1958) to solve this special case in O(nT 2)

time. Ou and Feng (2019) studied a variant of the iMCLS with n = 1 and y1t ≤ M , where M

is an input parameter. In addition to the conventional production, setup, and holding costs,

a capacity adjustment cost V(y1t−1, y
1
t ) is considered and it is assumed that the cost function

values V(y1t−1, y
1
t ) are given for all feasible values of y1t−1 and y1t for t ∈ T . They provided an

O(M2T 4) time algorithm that solves the foregoing problem.

Two-Echelon Lot-Sizing Problems. Zangwill (1969) developed O(T 4) time algorithm for

solving 2E-MCLS with n = 1 and C1 = ∞, i.e., uncapacitated production. van Hoesel et al.

(2005) presented an O(T 7) time DP algorithm that solves 2E-MCLS with n = 1. Kaminsky

and Simchi-Levi (2003) studied a special case of three echelon serial supply chain where two

of the echelons represent production and the middle echelon represents transportation. They

showed that when the costs are assumed to be non-speculative and linear, the problem can be

solved in O(T 8) time. Hwang et al. (2013) introduced a new approach of using basis paths

to solve 2E-MCLS with n = 1 in O(T 8) time. They also proved that this approach solves a

generalization of L-echelon MCLS with n = 1 in O(LT 8) time. Later, Hwang et al. (2016)

studied 2E-MCLS with n = 1 with general concave production and holding costs and provided

an O(T 6) time algorithm. Zhang et al. (2012) presented an O(T 4) time algorithm to solve 2E-

MCLS with n = 1, C1 = ∞, and intermediate demand, i.e., demand in each period at both

first and second echelons. Recently, Zhao and Zhang (2020) studied 2E-MCLS with n = 1 and

intermediate demands. We refer the reader to a survey paper by Brahimi et al. (2017) that

covers several other special cases of the problem 2E-MCLS with n production capacities and

concave production and holding costs. In this paper, we assume the demand in the first echelon

to be zero. To the best of our knowledge, 2E-MCLS has not been studied explicitly in the

literature.

3 Exact Algorithms for MCLS and MCLS-S
In this section, we analyze the structure of optimal solution of MCLS-(S) problem and present

a DP algorithm to exactly solve MCLS, which we then extend to solve MCLS-S. We also prove

that for a given n, these algorithms take polynomial O(T 2n+3) time. Below we first define the

concepts of regeneration interval, semi-regeneration interval, and fractional period for MCLS-(S).

Definition 1 (Regeneration Interval). For a given k and l, 1 ≤ k ≤ l ≤ T , an interval

12



[k, l] := {k, k + 1, . . . , l − 1, l} is called a regeneration interval if and only if sk−1 = sl = 0 and

st > 0 for all t = k, . . . , l − 1.

Definition 2 (Semi-Regeneration Interval). For a given k ∈ {1, . . . , T}, an interval [k, T ] is

called a semi-regeneration interval if and only if sk−1 = 0 and st > 0 for t = k, . . . , T .

Definition 3 (Fractional Period for MCLS). For MCLS, a period is called a fractional period

if exactly one machine is not producing at full capacity. In other words, period t is a fractional

period if 0 < xjt < Cj for some j ∈ N , and xit ∈ {0, Ci} for i ∈ N \ {j}

Definition 4 (Fractional Period for MCLS-S). For MCLS-S, a period t is a fractional period if

one of the following conditions is satisfied:

(a) 0 < xjt < Cj for some j ∈ N , xit ∈ {0, Ci} for i ∈ N \ {j}, and zt = 0;

(b) xit ∈ {0, Ci} for all i ∈ N , and zt > 0.

Theorem 1. There exists an optimal solution to MCLS-(S) which comprises of: (a) a series of

regeneration intervals, each having at most one fractional period, that span the interval [1, T ′]

for some 0 ≤ T ′ ≤ T , and (b) a semi-regeneration interval [T ′ + 1, T ] with st > 0 for all

T ′ + 1 ≤ t ≤ T which has no fractional period.

Proof. Refer to Appendix A.

Our DP algorithm for MCLS with fixed n ∈ Z+ comprises of the following two phases:

(I) Consider all regeneration and semi-regeneration intervals [k, l] where 1 ≤ k ≤ l ≤ T and

compute the optimal costs αkl for these intervals.

(II) Construct a directed acyclic graphG = (V,E) where V = (1, . . . , T+1) and E = {(k, l+1) :

1 ≤ k ≤ l ≤ T}, assign the cost αkl to arc (k, l + 1), and find the least cost route from

node 1 to T + 1.

Since phase II can be performed using any shortest path algorithm (Cormen et al. 2009), for

the remaining of this section, we mainly focus on phase I, that is, computing αkl, the minimum

cost of planning the production for an interval [k, l]. To do so, we leverage the structure of the

optimal solution to the MCLS provided in Theorem 1 and compute the following:

1. Minimum cost for satisfying the demands in each period of the regeneration or semi-

regeneration interval [k, l] with no fractional period (Section 3.1);

2. All possible fractional production levels in the regeneration interval [k, l] (Section 3.2);
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3. Minimum cost for satisfying the demands in each period of regeneration interval [k, l] with

at most one fractional period (Section 3.3).

We define ei as a unit vector of size n in which only the ith element is one and the rest are

zero. Let τ ∈ Zn
+ be a vector of τ ′is where τi is the number of times machine i of capacity Ci

has been set up. We define dkt as the cumulative demand from period k up to period t, i.e.,

dkt =
∑t

j=k dj for t ≥ k.

3.1 Minimum cost with no fractional period
In this section, we compute the minimum cost of satisfying the demands in the regeneration

interval [k, l] where 1 ≤ k ≤ l ≤ T and semi-regeneration interval [k, T ] where 1 ≤ k ≤ T .

For t ∈ {k, . . . , l}, let Gk(t, τ, 0) be a function that denotes the value of minimum cost solution

for periods k up to t during which machine i ∈ {1, . . . , n} runs τi times at full capacity and

no fractional production takes place. The zero in Gk(t, τ, 0) implies that there is no fractional

production during interval [k, t]. Thus, the total amount produced between period k and t is∑n
i=1 τiCi. It is important to note that if

∑n
i=1 τiCi ≤ dkt for t ≤ l−1, then st cannot be strictly

positive and in such case, we set the value of function Gk(t, τ, 0) to infinity. Likewise, in case
n∑

i=1

τiCi ̸= dkl for l ≤ T − 1, we set Gk(l, τ, 0) = ∞ because in the regeneration interval [k, l],

either demand is not satisfied or the inventory at the end of period l is positive. However, for

l = T , it is not necessary for the ending inventory sT to be zero (Theorem 1). Thus, we set

Gk(l, τ, 0) = ∞ if
∑n

i=1 τiCi < dkl for l = T . Also, since there are only t−k+1 periods available

between k and t, machine i can run in at most t− k+ 1 periods. Thus, if τi > t− k+ 1 for any

i ∈ N , we set Gk(t, τ, 0) = ∞ as the corresponding production schedule is infeasible. We also

define Gk(k − 1, τ, 0) = 0 if τi = 0 for all i ∈ N and Gk(k − 1, τ, 0) = ∞ otherwise.

In order to ensure that there is no fractional period in the (semi)-regeneration interval [k, l],

our goal is to find the minimum among two choices at every time period t ∈ {k, . . . , l}: ei-

ther not to produce at all, or to produce by running any nonempty subset of the n available

machines at full capacity. If we choose to set up some subset S ⊆ N of the n available ma-

chines during time period t, then the value of function Gk(t, τ, 0) is obtained by taking the

sum of the function value at (t − 1, τ −
∑

i∈S ei, 0), the cost of setting up the set S of ma-

chines and producing at their full capacity, and the holding costs at the end of period t, i.e.,

Gk(t, τ, 0) = Gk(t − 1, τ −
∑

i∈S ei, 0) +
∑

i∈S

(
pit(Ci) + qit

)
+ ht

(∑n
i=1 τiCi − dkt

)
, and then

minimizing this summation over all possible subsets S of N . If we choose not to produce any-
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thing, then S = ∅. By incorporating these observations, we derive the forward recursion (5) to

compute Gk(t, τ, 0) for all possible values of τ and t ∈ {k, . . . , l}. For a given t and τ , Gk(t, τ, 0)

can be computed in constant time because the number of all possible subsets of {1, . . . , n} is

constant for a fixed n. Note that 0 ≤ τi ≤ T for all i ∈ N and thus the total number of possible

τ vectors are O(Tn). Since there are O(T ) time periods within an interval [k, l], all values of

Gk(t, τ, 0) can be computed in O(Tn+1) time.

Gk(t, τ, 0) =



∞,

if τi > t− k + 1 for any i ∈ N

or

n∑
i=1

τiCi ≤ dkt for t ≤ l − 1, or

n∑
i=1

τiCi ̸= dkl for t = l ≤ T − 1,

or

n∑
i=1

τiCi < dkt for t = l = T

min
S⊆N

{
Gk(t− 1, τ −

∑
i∈S

ei, 0) +
∑
i∈S

(
pit(Ci) + qit

)
+ ht

( n∑
i=1

τiCi − dkt

)}
, otherwise.

(5)

3.2 Calculating possible fractional production levels
We define τmax ∈ Zn

+ as a vector of τmax
i ’s where τmax

i is the maximum number of times machine

i can be set up in the interval [k, l]. Clearly, τmax
i = min{T, ⌊dkl/Ci⌋} for i = 1, . . . , n. We also

define Γ :=

{
τ ∈ Zn

+ : 0 < dkl −
∑n

i=1 τiCi < Cn, and dkl −
∑n

i=1 τiCi /∈ {C1, . . . , Cn−1}
}
.

Then, the set of all possible fractional production levels in a regeneration interval [k, l] is given

by F :=

{
fu : fu = dkl −

n∑
i=1

τui Ci for all τ
u ∈ Γ

}
. For a given τu ∈ Γ, we can compute the

fractional production level in constant time and since τui ≤ τmax
i ≤ T , there are O(Tn) possible

τu vectors in Γ. Hence, we find all possible fractional production levels in O(Tn) time.

3.3 Minimum cost with at most one fractional period
Next, we compute the value of minimum cost for satisfying demands in a regeneration interval

[k, l] with at most one fractional period. For each fractional production level fu ∈ F , we define

vfu ∈ N such that fu < Cvfu
to denote the machine on which the fractional production can

occur. For each fractional production level fu ∈ F (computed in the previous section) and

t ∈ {k, . . . , l}, let function Gu
k(t, τ, 1) denote the value of minimum cost solution for periods k

up to t during which machine i ∈ N runs τi times at full capacity, and the fractional production

takes place at most once. We set Gu
k(t, τ, 1) = ∞ for the following infeasible production schedule

cases: (a) τi > t − k + 1 as the maximum number of times machine i can run from period k

through t is t − k + 1; (b)
∑n

i=1 τiCi + fu ≤ dkt, that is, demand up to period t ≤ l − 1

is not satisfied (since backlogging is not allowed) and st > 0 for all t ∈ {k, . . . , l − 1}; and
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(c)
∑n

i=1 τiCi + fu ̸= dkl for t = l, since sl ̸= 0 which contradicts the definition of regeneration

interval. In case the fractional production level is zero, Gu
k(t, τ, 1) = Gk(t, τ, 0).

Now, in order to ensure that the fractional production fu occurs at most once throughout

the regeneration interval [k, l], our goal is to find the minimum among three possible choices

at every time period t ∈ {k, . . . , l}: (i) choose not to produce at all, (ii) setup some nonempty

subset of n machines and run them to produce only at full capacity, and (iii) run some machines

at full capacity and one machine at less than its capacity (fractional production). If we choose to

run a subset S ⊆ N among n available machines at full capacity, then the value of the function

Gu
k(t, τ, 1) is calculated by aggregating the function value at

(
t − 1, τ −

∑
i∈S ei

)
, the cost of

running the set S of machines at full capacity, and the holding costs at the end of period t, i.e.,

Gu
k(t − 1, τ −

∑
i∈S ei, 1) +

∑
i∈S

(
pit(Ci) + qit

)
+ ht

(∑n
i=1 τiCi + fu − dkt

)
, and then taking

minimum of the foregoing expression among all possible subsets S of N . Notice that when

S = ∅, we choose not to produce anything in period t.

However, as per case (iii), if we choose to setup a nonempty subset S ⊆ N \ {vfu} of the n− 1

machines such that we produce the fractional production fu in period t on machine with capacity

Cvfu
and run the remaining machines at full capacity, then the value of the function Gu

k(t, τ, 1)

will be equal to the minimum, among all possible subsets S, of the sum of the value of minimum

cost for satisfying demands in the interval [k, t − 1] with no fractional period during which

machine i runs τi − 1 times for i ∈ S and τi times, otherwise, i.e. Gk(t− 1, τ −
∑

i∈S ei, 0), the

cost of setting up the set S of machines among n− 1 available machines, the cost of producing

on set S of machines at full capacity and producing fu on machine vfu , and the cost of holding

inventory at the end of period t, i.e.

Gk

(
t− 1, τ −

∑
i∈S
ei, 0

)
+

(∑
i∈S
qit + q

vfu
t

)
+

(∑
i∈S
pit(Ci) + p

vfu
t (fu)

)
+ ht

( n∑
i=1

τiCi + fu − dkt

)
.

Using these observations, we again derive a forward recursion (6) to compute the values of

Gu
k(t, τ, 1) for all t ∈ {k, . . . , l}, τ ∈ Zn

+, and fu ∈ F . Recall from Section 3.2 that the total

number of fractional production levels are O(Tn). Also, for a given regeneration interval [k, l],

since 0 ≤ τi ≤ T for all i ∈ N and k ≤ t ≤ l, the total number of possible τ vectors and time

periods are O(Tn) and O(T ), respectively. Moreover, for a given t ∈ {k, . . . , l}, τ ∈ Zn
+, and

fu ∈ F , Gu
k(t, τ, 1) can be computed in O(2n) time which is essentially constant time since n is

assumed to be fixed. Therefore, it takes O(T 2n+1) time to compute Gu
k(t, τ, 1) for all possible

values of t, τ , and fu.
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Gu
k(t, τ, 1) =



∞,

if τi > t− k + 1 for any i ∈ N or

n∑
i=1

τi + 1 ≥ n(t− k + 1) (6a)

or

n∑
i=1

τiCi + fu ≤ dkt for t ≤ l − 1 (6b)

or

n∑
i=1

τiCi + fu ̸= dkl for t = l (6c)

Gk(t, τ, 0), if dkl −
∑n

i=1 τ
u
i Ci = 0 (6d)

min

{
min
S⊆N

{
Gu

k(t− 1, τ −
∑
i∈S

ei, 1) +
∑
i∈S

(
pit(Ci) + qit

)

+ht

( n∑
i=1

τiCi + fu − dkt

)}
,

(6e)

min
S⊆N\{vfu}

vfu∈N

{
Gk(t− 1, τ −

∑
i∈S

ei, 0) +
∑
i∈S

(
pit(Ci) + qit

)

+p
vfu
t (fu) + q

vfu
t + ht

( n∑
i=1

τiCi + fu − dkt

)}} , otherwise. (6f)

3.4 Extension to MCLS-S
In this section, we modify the aforementioned recursive equations for MCLS to compute the

minimum cost of a regeneration interval [k, l] for MCLS-S. Note that computing the minimum

cost without fractional period for MCLS-S is same as for MCLS (discussed in Section 3.1). In

MCLS-S, we treat the amount subcontracted as a fractional production and since there is no

capacity constraint on the amount that can be subcontracted, the fractional production levels

can be greater than Cn. Therefore, to compute the possible fractional production levels, we

redefine the set Γ as Γ′ :=

{
τ ∈ Zn

+ : dkl−
∑n

i=1 τiCi > 0, and dkl−
∑n

i=1 τiCi /∈ {C1, . . . , Cn}
}
.

Also, the set F (set of all possible fractional production levels) is redefined as F ′ :=

{
fu :

fu = dkl −
n∑

i=1

τui Ci for all τ
u ∈ Γ′

}
. In order to compute the minimum cost with fractional

period for MCLS-S, recursive equation (6) has to be modified to incorporate the subcontracting

option. Specifically, in each fractional period t, we can either produce the fractional quantity

(fu) ‘in-house’ or subcontract it. Let Qt(fu) be the cost incurred to produce/subcontract the

fractional quantity fu in period t which is equal to

Qt(fu) =


min

(
p
vfu
t (fu) + q

vfu
t , gt(fu)

)
, if 0 < fu < Cn

gt(fu), if fu > Cn or vfu ∈ S.

If vfu ∈ S and p
vfu
t (fu) + q

vfu
t < gt(fu), we also set Qt(fu) to gt(fu), since full production
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and fractional production cannot be performed on the same machine in the same time period.

This leads to the following modified forward recursion to compute the values of Gu
k (t, τ, 1),

t ∈ {k, . . . , l}, τ ∈ Zn
+, and fu ∈ F ′, for MCLS-S:

Gu
k(t, τ, 1) =



(6a), (6b), (6c), (6d)

min

{
(6e),

min
S⊆N ,

vfu∈Nu

{
Gk(t− 1, τ −

∑
i∈S

ei, 0) +
∑
i∈S

(
pit(Ci) + qit

)

+Qt(fu) + ht

( n∑
i=1

τiCi + fu − dkt

)}} , otherwise,

(7)

where Nu := {vfu ∈ N : fu < Cvfu
} is a subset of machines whose capacity is greater than or

equal to the fractional production fu.

3.5 Optimal solution and complexity analysis
After computing the minimum costs with at most one fractional period for all possible fractional

production levels, we find the overall minimum cost αkl for each interval [k, l] as follows:

αkl =


min
τu∈Γ

{Gu
k(l, τ

u, 1)} for 1 ≤ k ≤ l < T,

min

{
min
τu∈Γ

{Gu
k(l, τ

u, 1)}, min
τ∈{0,...,T}n

{Gk(l, τ, 0)}
}

for 1 ≤ k ≤ l = T.

Note that the above equation computes αkl for MCLS. In order to compute the minimum cost

αkl for MCLS-S, we just replace Γ with Γ′, and incorporate the modifications discussed in Section

3.4. Once we compute these minimum costs for all possible intervals [k, l] with 1 ≤ k ≤ l ≤ T ,

the overall problem can be solved using phase (II) as described at the beginning of this section.

We denote our DP algorithm for MCLS and MCLS-S by DP-MCLS and DP-MCLS-S, respectively,

and for convenience, we denote both of these algorithms collectively by DP-MCLS-(S).

Theorem 2. Algorithm DP-MCLS-(S) solves the multi-capacitated lot-sizing problem with con-

cave production, holding, and subcontracting cost functions, i.e., MCLS-(S) in O(T 2n+3) time,

where T is the number of time periods in the planning horizon and n is the number of machines.

Proof. Refer to Appendix B.

Remark 2. Note that MCLS with n = 1 reduces to CLSP. For this special case, our algorithm

runs in O(T 4) time because of the following reasons. For each regeneration interval [k, l], Steps

1 and 3 take O(T 2) time. However, in the case of CLSP, there is only one fractional production
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level possible, i.e. F =

{
dkl − ⌊dklC1

⌋
}
. Hence, Step 2 runs in constant time. As a result αkl

is computed in O(T 2) time for each regeneration interval [k, l]. Since there are O(T 2) possible

regeneration intervals, DP-MCLS solves CLSP in O(T 4) time which is same as the running time

of the algorithm developed by Florian and Klein (1971).

3.6 LS-PC-S Reformulation of MCLS-S
The MCLS-S problem with n capacities can be reformulated as the LS-PC-S problem where

the breakpoints of the production cost functions are determined by taking all possible binary

combinations of the n available capacities. Depending on the value of capacities, the number

of breakpoints (m) can vary from n to 2n − 1. This implies that solving the MCLS-S problem

using aforementioned DP algorithms for LS-PC-S will take between O(T 2n+3) to O(T 2n+1+1)

time. On the other hand, as discussed above, our DP algorithm for the MCLS-S problem

(presented in Section 3) always takes O(T 2n+3) time. Notice that the number of breakpoints

(m) is same as the number of capacities (n), i.e. m = n, only when the size of all the capacities

is same, i.e., Ci = C for i = 1, . . . , n. This means that for solving MCLS-S where all the

capacities are equal, the algorithms for the LS-PC-S reformulation of MCLS-S take O(T 2n+3)

time. Apart from this special case, our algorithm for MCLS-S always outperforms the algorithms

for its LS-PC-S reformulation. Similarly, a special case of MCLS-S with linear cost functions

can be reformulated as LS-PC-S with piecewise linear transportation cost function with 2n − 1

breakpoints. As a result, the algorithm of Ou (2017) takes O(T 2n+1 log T ) time to solve this

special case of MCLS-S, in comparison to O(T 2n+3) time algorithm.

3.7 Optimization Over Structured Mixed Integer Sets using MCLS-S

We showcase how the algorithms presented for MCLS-S address the existence of polynomial

time algorithms for optimization over a multi-constrained continuous mixed integer knapsack

set: n-mixing set introduced by Sanjeevi and Kianfar (2012), i.e.,

Pn,T :=

{
(η, σ) ∈ R+ × ZnT

+ : η +
∑
i∈N

Ciσ
i
t ≥ d1t for t ∈ T

}
. (8)

Günlük and Pochet (2001) provided the convex hull description of P1,T (i.e., mixing set). Miller

and Wolsey (2003) also provided a tight extended formulation for P1,T and proved that

conv

(
P1,T

⋂ {
0 ≤ σ1t − σ1t−1 ≤ 1 for all t

})
= conv(P1,T )

⋂ {
0 ≤ σ1t − σ1t−1 ≤ 1 forall t

}
.

Sanjeevi and Kianfar (2012) and Bansal and Kianfar (2015) provided facet-defining inequalities

for Pn,T when the capacities {Ci}i∈N satisfy so-called “n-step MIR” conditions. For Pn,T and
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general capacities {Ci}i∈N , Bansal and Kianfar (2017) also derived another class of facet-defining

inequalities. However, even for fixed n ≥ 2, the convex hull description of Pn,T is not known

so-far. Also, it is unknown in the literature whether the following problem P with fixed n ≥ 2

can be solved in polynomial time or not:

min

{
c1η +

∑
t∈T

∑
i∈N

ci2,tσ
i
t : (η, σ) ∈ Pn,T ∩

{
0 ≤ σit − σit−1 ≤ 1 for i ∈ N , t ∈ T

}}
(P)

where c1, c
i
2,t ∈ R. Let z1 = η, zt = 0 for t = 2, . . . , T , and yit = σit − σit−1, for t ∈ T and i ∈ N .

Notice that zt ∈ R+, and y
i
t ∈ {0, 1}. By substituting,

η =
t∑

j=1

zj , σit =
t∑

j=1

yit, (9)

in problem (P), we obtain the following reformulation:

Minimize c1z1 +
∑
t∈T

∑
i∈N

(
ci2,t

t∑
j=1

yij

)
(10a)

s.t.
t∑

j=1

zj +
∑
i∈N

Ci

t∑
j=1

yij ≥
t∑

j=1

dj , t ∈ T , (10b)

yt ∈ {0, 1}n, zt ≥ 0, t ∈ T . (10c)

Upon adding non-negative surplus variables {st}t∈T to constraints (10b) we get

t∑
j=1

zj +
∑
i∈N

Ci

t∑
j=1

yij =

t∑
j=1

dj + st.

We can now subtract the constraint (10b) for period t− 1 from the constraint (10b) for period

t to obtain zt +
∑

i∈N Ciy
i
t = dt + st − st−1. Also, we let xit = Ciy

i
t for i ∈ N and t ∈ T and

rearrange cost coefficients to obtain the following reformulation of problem (P):

Minimize c1z1 +
∑
t∈T

∑
i∈N

ĉi2,ty
i
t (11a)

s.t. zt +
∑
i∈N

xit + st−1 = dt + st, t ∈ T , (11b)

∑
i∈N

xit =
∑
i∈N

Ciy
i
t, t ∈ T (11c)

yt ∈ {0, 1}n, xit, zt ≥ 0, t ∈ T , (11d)

where zt = 0 for t = 2, . . . , T .

Notice that the above reformulation is a special case of the problem MCLS-S where cost functions

are linear, only full capacitated production is allowed in-house, and subcontracting is allowed
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only in the first time period. We can solve this problem by slightly modifying the algorithm for

solving MCLS-S. More specifically, for each regeneration interval [1, l] for l ∈ T , we compute the

minimum costs without a fractional period using the recursive equation (5). We then compute

the set F ′ of all possible fractional production levels within the regeneration interval [1, l] as

discussed in Section 3.4. Since fractional quantity can neither be produced in-house nor be

subcontracted during any period t ≥ 2, we set the value of cost function Qt(fu) to infinity

for t ≥ 2. Moreover, for t = 1, since the fractional quantity must be subcontracted, we set

Q1(fu) = c1fu for all fu ∈ F ′ and Nu = ∅. Finally, we compute the minimum cost with a

fractional period for the regeneration interval [1, l] using the recursive equation (7). Here, we

denote the overall optimal cost of a regeneration interval [1, l] by α1
1,l which can be computed

using the expression for αkl in Section 3.5.

Note that within the optimal solution, in addition to the regeneration interval [1, l] for some

l ∈ T , there will also be a subsequent semi-regeneration interval [l + 1, T ] where no fractional

production takes place. Therefore, we also need to compute the minimum cost of satisfying

the demands without a fractional period for the interval [l + 1, T ] for every l ∈ {0, . . . , T − 1}.

For each semi-regeneration interval [l+1, T ], we compute Gl+1(t, τ, 0) for t ∈ {l+1, . . . , T} and

τ ∈ {0, . . . , T} using the recursive equation (5). The overall optimal cost of the semi-regeneration

interval can be computed by finding the minimum of Gl+1(T, τ, 0) over all possible τ vectors.

We denote the optimal cost of semi-regeneration interval [l + 1, T ] by α0
l+1,T .

Finally, the overall optimal cost of the problem (P) is equal to min
{
α1
1,l+α

0
l+1,T : l ∈ {0, . . . , T}

}
where α1

1,0 = α0
T+1,T = 0. Interestingly, since we need to consider only O(T ) possible intervals

across the planning horizon, the running time of this modified algorithm is O(T 2n+2). This

implies that an optimal solution {x∗t , yi∗t , s∗t , z∗t }t∈T obtained upon solving the aforementioned

modified algorithm for MCLS-S can be utilized along with (9) to compute an optimal solution

(η∗, {σi∗t }i∈N ,t∈T ) for problem (P) with fixed n, in polynomial time.

4 New Exact Algorithm for LS-PC-S Problem
In this section, we present a new DP algorithm for the LS-PC-S that explores a reduced search

space using recursive equations with reduced number of state variables, thereby leading to

93.75% reduction in the run time of the first and the only known DP algorithm (Koca et al.

2014) for this problem. Moreover, this approach takes only 10% of the time taken by Gurobi to

solve binary formulation of LS-PC-S by Croxton et al. (2003).
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Definition 5 (Fractional Period for LS-PC-S). For LS-PC-S, a period is called a fractional pe-

riod if the amount produced in that period is not equal to any of the breakpoints of the production

cost function. In other words, period t ∈ T is a fractional period if xt /∈
{
b0, b1, . . . , bm

}
.

Theorem 3 (Koca et al. (2014)). There exists an optimal solution to the LS-PC-(S) which

comprises of: (a) a series of regeneration intervals, each having at most one fractional period,

that span the interval [1, T ′] for some 0 ≤ T ′ ≤ T , and (b) a semi-regeneration interval [T ′+1, T ]

with no fractional period.

For a given m ∈ Z+, we present a DP algorithm for LS-PC-S which also comprises of two

phases, i.e., first computing optimal costs ηkl for all (semi)-regeneration intervals [k, l] where

1 ≤ k ≤ l ≤ T , and then finding the least cost route from node 1 to T + 1 in a directed acyclic

graph G = (V,E) where V = (1, . . . , T + 1) and E = {(k, l + 1) : 1 ≤ k ≤ l ≤ T}, with the cost

ηkl assigned to arc (k, l + 1). Again, we take advantage of the structure of the optimal solution

of the LS-PC-S provided in Theorem 2 to compute the following:

1. Minimum costs for satisfying the demands in each period of (semi)-regeneration interval

[k, l] with no fractional period;

2. All possible fractional production levels in the regeneration interval [k, l];

3. Minimum costs for satisfying the demands in each period of regeneration interval [k, l]

with at most one fractional period.

Observe that though the aforementioned steps look similar to our DP algorithm for MCLS-S,

the computation of ηkl for LS-PC-S and associated recursive functions are completely different

(recall that LS-PC-S subsumes MCLS-S). We define ēi as a unit vector of size m in which only

the ith element is one and the rest are zero. Let µ ∈ Zm
+ be a vector of µi’s where µi is the

number of times production takes place at a level bi for i ∈ {1, . . . ,m}. For t ∈ {k, . . . , l},

let Gk(t, µ, 0) be a function that denotes the value of minimum cost solution for periods k up

to t during which production of bi, i ∈ {1, . . . ,m}, units occurs µi times, and no fractional

production takes place. The computation of Gk(t, µ, 0) using our algorithm is similar to the DP

algorithm of Koca et al. (2014), except that µi ∈ {0, . . . ,min{T, ⌊dkl/bi⌋}} for i ∈ {1, . . . ,m} in

the former case, whereas µi ∈ {0, . . . , T} for i ∈ {1, . . . ,m} in the latter.

In the ensuing sections, we present Steps 2 and 3 of our DP algorithm using the new concept of

fractional production levels. More specifically, in Koca et al. (2014), recursive function implicitly

compute the fractional production levels using additional state variables π ∈ Zm which denotes

22



the amount to be produced in future (see function Gk(t, µ, π, 1) in Appendix E for details). In

contrast, our algorithm takes advantage of the observation that the fractional production levels

are solely dependent on the values of breakpoints and the total demand in the regeneration

interval and not on the future production. Therefore, we do not keep track of possible future

production amounts as it is not necessary in our algorithm, but is a key requirement in the

algorithm by Koca et al. (2014) for LS-PC-S. This results in a reduction of search space (see an

example in Appendix E) and state variables in the recursive equations (see Section 4.2).

4.1 Calculating possible fractional production levels
We define µmax ∈ Zm

+ as a vector of µmax
i ’s where µmax

i is the maximum number of times

production at a level bi can be done in the interval [k, l]. Clearly, µmax
i = min{T, ⌊dkl/bi⌋}

for i = 1, . . . ,m, where dkl =
∑l

j=k dj . We also define Π :=

{
µ ∈ Zm

+ : dkl −
∑m

i=1 µibi >

0, and dkl −
∑m

i=1 µibi /∈ {b1, . . . , bm}
}
. The set of all possible fractional production levels in

a regeneration interval [k, l] is given by F :=

{
fr : fr = dkl −

m∑
i=1

µri bi for all µ
r ∈ Π

}
. For

a given µr ∈ Π, we can compute the fractional production level in constant time and since

µri ≤ µmax
i ≤ T , there are O(Tm) possible vectors of µr. This implies we can find all possible

fractional production levels in O(Tm) time.

4.2 Minimum cost with at most one fractional period
Next, we compute the value of minimum cost for satisfying demands in a regeneration interval

[k, l] with at most one fractional period. Again, we consider only regeneration intervals because

in Step 1, the optimal costs of all semi-regeneration intervals with no fractional period have

already been computed. For each fractional production level fr ∈ F and t ∈ {k, . . . , l}, let

function Gr
k(t, µ, 1) denote the value of minimum cost solution for periods k up to t during which

bi, for i = {1, . . . ,m}, units are produced in µi time periods, and the fractional production takes

place at most once. We set Gr
k(t, µ, 1) = ∞ whenever

∑m
i=1 µi > t − k or

∑m
i=1 µibi + fr ≤ dkt

for t ≤ l − 1, or
∑m

i=1 µibi + fr ̸= dkl for t = l. It should be noted that if fractional production

level is zero, the function Gr
k(t, µ, 1) is equal to Gk(t, µ, 0), as there is no fractional production.

Now, in order to ensure that the fractional production fr occurs at most once throughout the

regeneration interval [k, l], our goal is to find the minimum among three possible choices at every

time period t ∈ {k, . . . , l}: (i) choose not to produce at all, (ii) produce up to bi units for any

i ∈ {1, . . . ,m}, and (iii) produce at a fractional production level.
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If we choose to produce nothing in period t, the optimal value of the function Gr
k(t, µ, 1) will

be equal to the optimal value of the function at time period t− 1 plus the holding costs at the

end of time period t, i.e., Gr
k(t, µ, 1) = Gr

k(t− 1, µ, 1) + ht

(∑m
i=1 µibi + fr − dkt

)
. On the other

hand, if we choose to produce up to bi units, i = {1, . . . ,m}, during period t, then the value

of the function Gr
k(t, µ, 1) will be equal to the sum of function value at t − 1 and µ − ēi, the

cost of producing bi units in period t which would be p̄t(bi), and the holding costs at the end of

period t, i.e., Gr
k(t, µ, 1) = Gr

k(t− 1, µ− ēi, 1)+ p̄t(bi) + ht

(∑m
i=1 µibi + fr − dkt

)
. Lastly, as per

choice (iii), if we choose to produce at fractional production level fr ∈ F in period t, the value

of the function Gr
k(t, µ, 1) will be equal to the sum of the value of minimum cost for satisfying

demands in the interval [k, t− 1] with no fractional period at t− 1 and µ, i.e. Gk(t− 1, µ, 0), the

cost of producing fr units which would be p̄t(fr), and the holding cost at the end of period t,

i.e. Gr
k(t, µ, 1) = Gk(t− 1, µ, 0) + p̄t(fr) + ht

(∑m
i=1 µibi + fr − dkt

)
. In a nutshell, we compute

the values of Gr
k(t, µ, 1) for all t ∈ {k, . . . , l}, µ ∈ Zm

+ , and fr ∈ F using the following forward

recursion:

Gr
k(t, µ, 1) =



∞,
if

m∑
i=1

µi + 1 ≥ (t− k + 1)

or
m∑
i=1

µibi + fr ≤ dkt for t ≤ l − 1, or
m∑
i=1

µibi + fr ̸= dkl for t = l

Gk(t, µ, 0), if dkl −
∑m

i=1 µibi = 0

min



Gr
k(t− 1, µ, 1) + ht

(∑m
i=1 µibi + fr − dkt

)
Gk(t− 1, µ, 0) + p̄t(fr) + ht

(∑m
i=1 µibi + fr − dkt

)
min

i∈{1,...,m}

{
Gr
k(t− 1, µ− ēi, 1) + p̄t(bi) + ht

( m∑
i=1

µibi + fr − dkt

)} ,otherwise.

4.3 Optimal solution and complexity analysis
After computing the minimum costs with at most one fractional period for all possible fractional

production levels, we find the overall minimum cost ηkl for the interval [k, l] using

ηkl =


min
µr∈Π

{Gr
k(l, µ

r, 1)}, for 1 ≤ k ≤ l < T,

min

{
min
µr∈Π

{Gr
k(l, µ

r, 1), min
µ∈{0,...,T}m

{Gk(l, µ, 0)}
}
, for 1 ≤ k ≤ l = T.

Once we compute these minimum costs for all possible intervals [k, l] with 1 ≤ k ≤ l ≤ T , the

overall problem is solved by constructing a directed acyclic graph as described at the beginning
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of this section and finding a least cost route from node 1 to T + 1. We denote this new DP

algorithm for LS-PC-S by New-DP-LSPCS.

Theorem 4. Algorithm New-DP-LSPCS solves the lot-sizing problem with piecewise concave pro-

duction cost functions and concave holding and subcontracting cost functions in O(T 2m+3) time,

where T is the number of time periods in the planning horizon and m is the number of breakpoints

in the production cost function.

Proof. Refer to Appendix C.

Remark 3. (Parallel Computing Implementation) Observe that a salient feature of the design

of our algorithms for LS-PC-S and MCLS-(S) is that it allows parallel computing implementa-

tion with respect to the fractional production levels. More specifically, the recursive equations to

compute the minimum costs for a given fractional production level is independent of the recur-

sive equations for a different fractional production level. Therefore, these computations can be

performed in parallel. This results in improving the performance of the proposed algorithm by

5.6 times on average (refer to Section 6 for more details). Note that the design of algorithm

by Koca et al. (2014) for LS-PC-S does not allow such parallel implementation because of the

implicit computation of the fractional production levels.

5 New Exact Algorithm for 2E-MCLS Problem

In this section, we present a dynamic programming algorithm for the two-echelon lot-sizing

problem with multiple production capacities in each time period, defined by (3). The initial

and final inventories in each of the echelons are assumed to be zero i.e. se0 = 0 and seT = 0 for

e ∈ {1, 2} as considered widely in the literature (van Hoesel et al. 2005, Florian and Klein 1971,

Zangwill 1969). We first present some properties of an optimal solution of 2E-MCLS using the

following definitions. Recall that we refer to time period t ∈ T in echelon e ∈ {1, 2} as “node

(e, t)” (as shown in Figure 1).

Definition 6. Subplan [a1, a2, b1, b2] is a collection of nodes (1, a1), . . . , (1, b1), (2, a2), . . . , (2, b2),

where 1 ≤ a1 ≤ a2 ≤ b1 ≤ b2 ≤ T and ae, be ∈ T for e ∈ {1, 2}, such that s1a1−1 = 0, s2a2−1 = 0,

s1b1 = 0, s2b2 = 0, and at most one among s1a1 , . . . , s
1
b1−1, s

2
a2 , . . . , s

2
b2−1 is equal to zero. Fur-

thermore, Subplan [a1, a2, b1, b2] and Subplan [b1 + 1, b2 + 1, c1, c2] are referred to as consecutive

subplans.
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Definition 7 (Fractional Period for 2E-MCLS). A period t is a fractional period if 0 < x1,jt < Cj

for some j ∈ N , and x1,it ∈ {0, Ci} for i ∈ N \ {j}.

Proposition 1. There exists an optimal solution to the problem 2E-MCLS that comprises of a

series of consecutive subplans where within each Subplan[a1, a2, b1, b2]: (A) there is at most one

fractional period, and (B) the cumulative transportation quantity from period a2 up to period

t ∈ {a2, . . . , b2} is either equal to total production in periods t̂1, . . . , t, i.e.,
∑t

j=t̂1

∑n
i=1 x

1,i
j , for

some t̂1 ∈ {a1, . . . , t} or dt,t̂2 for some t̂2 ∈ {t, b2}.

Proof. Akin to the network flow representation of MCLS in Figure 2, we can represent 2E-MCLS

with n capacitated flow arc going from the source node to node (1, t) for each t ∈ T . Then, (A)

follows from the free arc property by Ahuja et al. (1988), and the proof for (B) is same as the

proof of Proposition 2.3 of van Hoesel et al. (2005) for 2E-MCLS with n = 1.

5.1 Computing optimal cost of a given subplan

We harness the above proposition by first computing the minimum cost of planning the produc-

tion and transportation schedule for each Subplan [a1, a2, b1, b2] within the planning horizon.

For notational convenience, we denote [a1, a2, b1, b2] by ϕ.

Definition 8. Similar to MCLS, we define a set of fractional production levels Fϕ := {fu =

da2,b2 −
∑n

i=1 τ
u
i Ci for all τu ∈ Π}, where Π = {τu : 0 < da2,b2 −

∑n
i=1 τ

u
i Ci < Cn and da2,b2 −∑n

i=1 τ
u
i Ci /∈ {C1, . . . , Cn−1}}.

Definition 9. Let Yt be a set of possible cumulative transportation quantity from period a2 to

period t in the subplan. Since transportation from the first echelon to the second echelon can only

occur between periods a2 and b1, Yt = {0} for a1 ≤ t < a2, and Yt = {da2,b2} for b1 ≤ t ≤ b2. In

contrast, for t ∈ {a2, . . . , b1 − 1}, Yt = Y 1
t ∪ Y 2

t ∪ Y 3
t where

Y 1
t = {dt,t, . . . , dt,b2}, Y 2

t =

{ n∑
i=1

µiCi : µi ∈ {0, . . . , τui } for all i ∈ N , τu ∈ Π

}
, and

Y 3
t =

{ n∑
i=1

µiCi + fu : fu = da2,b2 −
n∑

i=1

τui Ci and µi ∈ {0, . . . , τui } for all i ∈ N , τu ∈ Π

}
.

Minimum cost with no fractional period. We now define a function F ϕ(t, τ, 0, γt) which

computes the minimum cost of producing
∑n

i=1 τiCi units from period a1 to period t ∈ {a1, . . . , b2}

and transporting γt units from periods a2 upto t. Note that γt ∈ Yt for t ∈ {a1, . . . , b2} such
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that γt ≥ da2,t (demand must be met) and γt ≤
∑n

i=1 τiCi (cannot transport more than what

has been produced). Therefore, if the foregoing conditions do not hold, we set the value of

the cost function to infinity. In addition to this, we also set the value of the function to in-

finity for the following infeasible cases: (i)
∑n

i=1 τiCi ≤ da2,t since the demand is not satisfied,

(ii) τi > t− a1 + 1 for i ∈ N , and (iii) γt ∈ Y 3
t as we do not consider fractional production.

In period t, we have two choices for production: (a) choose not to produce at all, or (b) setup

some nonempty subset of n machines and run them to produce only at full capacity. In addition,

we have two choices for transportation in the period t: (a) choose not to transport at all, i.e., γt =

γt−1, or (b) transport γt−γt−1 > 0 units where γt−1 ∈ Yt−1, which costs p2t (γt−γt−1)+q
2
t . Also,

inventory at the end of period t in the first echelon and second echelon is equal to
∑n

i=1 τiCi−γt

and γt − da2,t, respectively. If we choose to produce on some subset S ∈ N of machines at full

capacity, and transport strictly positive γt − γt−1 units for some γt−1 ∈ Yt−1 during period t,

the value of the cost function F ϕ(t, τ, 0, γt) in this case is equal to the sum of the following: (a)

value of the cost function F ϕ(t − 1, τ −
∑

i∈S ei, 0, γt−1), (b) Cost of setting up and producing

on the set S of machines at full capacity, i.e.
∑

i∈S

(
p1,it (Ci) + qit

)
, (c) Cost of transporting

γt−1 ∈ Yt−1 units, i.e. p2t (γt−γt−1)+ q
2
t , and (d) the holding costs incurred in both the echelons

at then end of period t, i.e. h1t (
∑n

i=1 τiCi − γt) + h2t (γt − da2,t). Based on the aforementioned

observations, we provide the following recursive equation for a given subplan ϕ that computes

F ϕ(t, τ, 0, γt) for all t ∈ {a1, . . . , b2}, τi ∈ {0, . . . , τmax
i } for i ∈ N , and γt ∈ Yt:

Fϕ(t, τ, 0, γt) =



∞,

if τi > t− a1 + 1 for any i ∈ {1, . . . , n}

or

n∑
i=1

τiCi ≤ da2,t for t ≤ b1 − 1, or

n∑
i=1

τiCi ̸= da2,b2 for t = l ≤ T − 1,

or

n∑
i=1

τiCi < da2,t for t = l and l = T

or γt ∈ Y 3
t for t ∈ {a1, . . . , b2} or γt >

n∑
i=1

τiCi for t ∈ {a1, . . . , b2}

min
S⊆N



Fϕ(t− 1, τ −
∑
i∈S

ei, 0, γt) +
∑
i∈S

(
p1,it (Ci) + qit

)
+h1

t (
∑n

i=1 τiCi − γt) + h2
t (γt − da2,t)

min
γt−1∈Yt−1:
γt−1<γt

{
Fϕ(t− 1, τ −

∑
i∈S

ei, 0, γt−1) +
∑
i∈S

(
p1,it (Ci) + qit

)

+p2t (γt − γt−1) + q2t + h1
t (
∑n

i=1 τiCi − γt) + h2
t (γt − da2,t)

}
, otherwise.

(12)
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Minimum cost with a fractional period. Given a fractional production level fu ∈ Fϕ,

we now define F ϕ
u (t, τ, 1, γt) as a cost function that computes the minimum cost of producing∑n

i=1 τiCi+f
u units from periods a1 through t, and transporting γt units from periods a2 through

t. The argument ‘1’ in the cost function denotes that the fractional production has occurred

between periods a1 up to t. Let Nu be the set of indices of machines on which fractional quantity

fu can be produced, i.e. Nu := {i ∈ N : fu < Ci}. Also, let vfu ∈ Nu denote the index of the

machine on which fu units can be produced. Similar to MCLS, in each time period t within

the subplan, we can either (a) choose not to produce at all, or (b) produce on some subset S

of the n available machines at full capacity, or (c) produce fu units in period t on machine vfu

and utilize a subset S ⊆ N \ {vfu} of the n− 1 machines at full capacity. In addition to these

first echelon choices, in any given period t, we can also choose to either not transport at all, or

transport γt − γt−1 > 0 units for some γt−1 ∈ Yt−1. The overall inventory costs incurred during

period t is equal to ∆t = h1t (
∑n

i=1 τiCi+ fu− γt)+h2t (γt− da2,t) where
∑n

i=1 τiCi+ fu− γt and

γt − da2,t is the inventory at the end of period t in first and second echelon, respectively. Based

on the discussion above, we present a forward recursive equation to compute F ϕ
u (t, τ, 1, γt) for

all fu ∈ Fϕ, t ∈ {a1, . . . , b2}, τi ∈ {0, . . . , τmax
i } for i ∈ N , and γt ∈ Yt:

Fϕ
u (t, τ, 1, γt) =



∞,

if τi > t− a1 + 1 for any i ∈ {1, . . . , n} (13a)

or

n∑
i=1

τiCi + fu ≤ da2,t for t < b1, (13b)

or

n∑
i=1

τiCi + fu ̸= da2,b2 for t ≥ b1, (13c)

or γt >

n∑
i=1

τiCi + fu for t ∈ {a1, . . . , b2} (13d)

min

{
min
S⊆N

{
Fϕ
u (t− 1, τ −

∑
i∈S

ei, 1, γt) +
∑
i∈S

(
p1,it (Ci) + qit

)
+∆t

}
, (13e)

min
vfu∈Nu

S⊆N\{vfu}

{
Fϕ(t− 1, τ −

∑
i∈S

ei, 0, γt) +
∑

i∈S∪{vfu}

(
p1,it (Ci) + qit

)
+∆t

}
, (13f)

min
S⊆N

γt−1∈Yt−1:
γt−1<γt

{
Fϕ
u (t− 1, τ −

∑
i∈S

ei, 1, γt−1) +
∑
i∈S

(
p1,it (Ci) + qit

)

+p2t (γt − γt−1) + q2t +∆t

}
,

(13g)

min
vfu∈Nu

S⊆N\{vfu}
γt−1∈Yt−1:
γt−1<γt

{
Fϕ(t− 1, τ −

∑
i∈S

ei, 0, γt−1) +
∑

i∈S∪{vfu}

(
p1,it (Ci) + qit

)

+p2t (γt − γt−1) + q2t +∆t

}}
, otherwise.

(13h)
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In this recursive equation, (13e) denotes the cases where we choose to produce on a subset

S ⊆ N of machines at full capacity, and (13f) denotes the cases where we choose to produce

fu on machine vfu for some vfu ∈ Nu and produce on some subset S ⊆ N \ {vfu} of machines

at full capacity. In (13e)-(13f), we assume that nothing is transported in period t. In contrast,

(13g) and (13h) denote the foregoing cases where we also choose to transport γt − γt−1 > 0

units in period t. The overall optimal cost ψ([a1, a2, b1, b2]) of subplan ϕ = [a1, a2, b1, b2] can be

computed using the following expression:

ψ([a1, a2, b1, b2]) = min

{
min
τu∈Π

F ϕ
u (b2, τ

u, 1, da2,b2), min
τ∈{0,...,T}n

F ϕ(b2, τ, 0, da2,b2)

}
.

5.2 Computing overall optimal cost for 2E-MCLS

Upon computing the optimal costs for all possible subplan within the planning horizon, we find

an optimal series of consecutive subplans that spans the planning horizon in both echelon using

a shortest path algorithm. Specifically, we construct a directed acyclic graph where nodes are

labeled in pairs of (a1, a2) for a1, a2 ∈ T and edges between the nodes are added with minimum

costs of subplans as edge weights. We define a function OPT (a1, a2) that computes the overall

optimal cost of planning the production schedules from periods a1, . . . , T and transportation

schedules from periods a2, . . . , T where a1 ≤ a2, such that s1a1−1 = 0 and s2a2−1 = 0. We can

then apply following backward recursion to compute OPT (a1, a2) for all a1, a2 ∈ T :

OPT (a1, a2) = min
b1,b2∈T

a2≤b1≤b2

{
OPT (b1 + 1, b2 + 1) + ψ([a1, a2, b1, b2])

}
,

where OPT (T + 1, T + 1) = 0. The overall optimal solution of 2E-MCLS can be obtained

by computing the value of OPT (1, 1) which essentially provides the optimal cost of scheduling

production and transportation from periods 1 to T . We denote the algorithm to solve 2E-MCLS

problem by DP-2E-MCLS.

Remark 4. Observe that computing optimal costs for Subplan [1, a2, b1, b2] also yields optimal

costs of Subplan [a1, a2, b1, b2] for all a1 ∈ {1, . . . , a2}, as a byproduct. Therefore, instead of

computing optimal cost for all O(T 4) subplans ϕ = [a1, a2, b1, b2] where 1 ≤ a1 ≤ a2 ≤ b1 ≤

b2 ≤ T , we only need to compute the optimal cost for O(T 3) subplans ϕ = [1, a2, b1, b2] where

1 ≤ a2 ≤ b1 ≤ b2 ≤ T .

Theorem 5. Algorithm DP-2E-MCLS provides an optimal solution for an instance of 2E-MCLS

in O(T 4n+4) time, where T is the number of time periods in the planning horizon and n is the

number of machines in each time period.
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Proof. To compute optimal cost for a given subplan ϕ = [a1, a2, b1, b2] where 1 ≤ a1 ≤ a2 ≤

b1 ≤ b2 ≤ T , DP-2E-MCLS performs the following steps:

(i) It computes minimum costs without a fractional period i.e. F ϕ(t, τ, 0, γt) for all t ∈

{a1, . . . , b2}, 0 ≤ τ ≤ T for i ∈ N , and γt ∈ Yt. For given t, τ , and γt, F
ϕ(t, τ, 0, γt)

can be computed in O(Tn) time. Observe that there are O(T 2n+1) possible permutations

of t, τ , and γt since there are O(T ) possible time periods within a subplan, O(Tn) pos-

sible τ vectors, and O(Tn) possible values of γt. As a result, all minimum costs without

fractional period can be computed in O(T 3n+1) time.

(ii) There are O(Tn) possible fractional production levels Fϕ for a given subplan, and comput-

ing each fractional production level fu takes O(1) time.

(iii) It also computes F ϕ
u (t, τ, 1, γt) for each fu ∈ Fϕ, t, τ , and γt. Similar to minimum costs

without fractional period, F ϕ
u (t, τ, 1, γt) for given f

u ∈ Fϕ, t, τ , and γt can be computed in

O(Tn) time. Since there are O(T ) periods in a subplan, O(Tn) possible τ vectors, O(Tn)

possible values of γt, and O(Tn) possible fractional production levels, all the minimum cost

function values can be computed in O(T 4n+1) time.

Since optimal costs for only O(T 3) subplans in the planning horizon have to be computed

(Remark 4), DP-2E-MCLS algorithm takes O(T 4n+4) time which is polynomial if n is fixed.

Remark 5. Note that 2E-MCLS with n = 1 reduces to 2E-SCLS which was studied by Van Hoe-

sel and Wagelmans (1996). For this special case, DP-2E-MCLS takes O(T 7) time and is same as

the algorithm developed by Van Hoesel and Wagelmans (1996). When n = 1, there is exactly

one fractional production level for a given subplan ϕ i.e. |Fϕ| = 1, and therefore F ϕ(t, τ, 0, γt)

and F ϕ
u (t, τ, 1, γt) for all t, τ , and γt can be computed in O(T 4) time. Since we compute the

optimal costs for O(T 3) subplans, the overall running time of 2E-MCLS with n = 1 is O(T 7).

Remark 6. In this paper, our aim is to provide a fixed parameter tractable algorithm to solve the

2E-MCLS problem with fixed n ≥ 2. As per our knowledge, no computational results are known

even for algorithm by van Hoesel et al. (2005) for 2E-MCLS with n = 1. Conducting extensive

computational evaluation of various approaches known for two-echelon lot-sizing problems (van

Hoesel et al. 2005, Hwang et al. 2013, 2016, Zhao and Zhang 2020) is a potential future research

direction.
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6 Computational Experiments

In this section, we evaluate the computational efficiency of our algorithms and their parallel

computing implementations to solve MCLS and LS-PC instances, in comparison to the known

algorithm(s) in the literature and state-of-the-art solver. The experiments were performed on

a workstation with Intel Xeon E5-1660 processor and 32GB RAM. We implemented all DP

algorithms using Python 2.7 and used Gurobi 9.1 with its default setting which incorporates

parallel computing using all eight cores of the processor. In the rest of the section, we refer to

our algorithm for MCLS and LS-PC as DP-MCLS and New-DP-LSPC, respectively, and refer to

the algorithm developed by Koca et al. (2014) as Old-DP-LSPC. In Tables 2-7, the value of the

objective function at optimality is reported in column labeled as OPT, and the columns labeled

as Gurobi 9.1, Old-DP-LSPC, New-DP-LSPC, and DP-MCLS provide the time taken (in seconds) to

solve MCLS instances using these algorithms or solver. Since we consider linear production and

holding cost functions for our experiments, we also implement a MIP formulation for LS-PC

(Croxton et al. 2003) using Gurobi 9.1.

The columns labeled as No-PI and With-PI report the solution time for our DP algorithms

without and with parallel computing implementation, respectively. We use CNS to notify that

the corresponding instance was not solved within the time limit of 2000 seconds. In Figures 3-6,

we present charts to compare time taken (in seconds) by Gurobi and DP-MCLS/New-DP-LSPC with

PI. For MCLS, we display solution times of all 5 instances of two selected instance categories

denoted by (T,C1, . . . , Cn). Similarly, for LS-PC, we display solution times of 5 instances over

two instance categories denoted by (T, b1, . . . , bm). Each bar in the figures corresponds to an

instance of a given instance category and they are ordered in the same way as done in the

corresponding tables. The vertical arrow over certain bars denotes CNS. The newly generated

instances will be available at https://github.com/Bansal-ORGroup/MCLS-LSPC-Data.

6.1 Experiments for MCLS with two or three machines in a period
For MCLS with n = 2, we consider six sets of (T,C1, C2) such that the number of time periods

in the planning horizon T ∈ {40, 50, 60} has two sets of capacities associated to it; see column

labeled as (C1, C2) in Table 2. For MCLS with n = 3, we consider four sets of (T,C1, C2, C3)

where the number of time periods in the planning horizon is equal to 40 and C1, C2, and C3

are the capacities in each period. For each set of (T,C1, . . . , Cn), we generate five instances

where for time period t ∈ T , demand dt, setup cost q1t of machine 1 with capacity C1, setup cost
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q2t of machine 2 with capacity C2, and setup cost q3t for machine 3 of capacity C3 (for MCLS

with n = 3) are obtained as follows. Our instance generation process is motivated from Koca

et al. (2014). For LS-PC instances in Koca et al. (2014), the demand in each time period is

random integer drawn from Uniform[400, 500] for LS-PC with m = 2, and from Uniform[500,

600] for LS-PC with m = 3. For MCLS instances, the demand in each period is random integer

drawn from Uniform[400, 600], thereby providing more variation in the demand values over

the planning horizon. Likewise, Koca et al. (2014) considered time invariant set of fixed costs

(β1, . . . , βm) is equal to (3000, 6000) for LS-PC with m = 2 and (3000, 6000, 9000) for LS-PC

with m = 3. We generate MCLS instances with time varying setup costs where for each time

period t ∈ T , q1t , q
2
t , and q3t are random integer drawn from Uniform[2850, 3150] (mean =

3000), Uniform[5850, 6150] (mean = 6000), Uniform[8850, 9150] (mean = 9000). In addition,

the production cost pt, t ∈ T , is a random number drawn from Uniform[0.5, 1.0], and the

holding cost ht = 0.05 for all t ∈ T .

In Tables 2 and 3, the values of capacities (C1, . . . , Cn) were selected by using a trial and error

approach during pre-testing such that the capacities are not divisible and the instances are not

infeasible. Moreover, we consider capacities such that on average, q1t /C1, q
2
t /C2, and q3t /C3

(ratio of average setup cost and capacity of a machine) are comparable. Note that since q1t , q
2
t ,

and q3t are time varying and randomly drawn, we get a rich variety of instances where in a given

time period t, qit/Ci can be either less than, equal to, or greater than qjt /Cj for i ̸= j.

6.1.1 Computational results for MCLS with n = 2.

Based on the computational results reported in Table 2, we make the following observations:

(i) The DP-MCLS algorithm solved each instance in less than 531 seconds and 177 seconds on

average, even without parallel implementation. On the other hand, Old-DP-LSPC could

not solve any instance with 60 and 80 time periods within the time limit and likewise,

New-DP-LSPC could not solve any instances with 80 time periods within the time limit.

Moreover, for the remaining instances, DP-MCLS without parallel implementation is faster

than Old-DP-LSPC, New-DP-LSPC without parallel implementation, and New-DP-LSPC with

parallel implementation by 25, 9, and 1.5 times (on average). The parallel computing

implementation of DP-MCLS further reduces the solution time by around 6 times on average.

(ii) The parallel implementation of DP-MCLS algorithm performs significantly better than Gurobi

9.1. The latter could not solve 11 out of the 30 instances within the time limit and solved
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the remaining instances in 437 seconds on average, while the former solved each instance

in less than 89 seconds and 30 seconds on average. For each set (T,C1, C2), the solution

times of our algorithms are highly stable and consistent among all five instances, whereas

the variation in Gurobi’s solution times is significantly high (ranging from 28 seconds to

more than 2000 seconds); see Figure 3.

Table 2: Computational Results for MCLS with n = 2

T (C1, C2) Instance OPT Gurobi 9.1 Old-DP-LSPC
New-DP-LSPC DP-MCLS

No-PI With-PI No-PI With-PI

40 (670, 1280) 1 105776.2 51.73 758.42 225.14 36.88 28.62 4.66

2 102923.9 242.67 759.22 228.7 35.37 27.36 4.46

3 103685.4 75.81 761.97 222.54 36.54 27.3 4.45

4 109564.4 319.15 757.44 227.99 36.61 29.88 5.16

5 102607.9 92.84 760.08 228.1 37.53 29.82 4.96

(850, 1590) 1 84732.38 CNS 402.75 100.1 16.36 16.14 3.63

2 84731.35 764.95 409.2 99.03 17.26 16.74 3.73

3 88749.14 CNS 405.76 103.64 16.01 17.69 3.88

4 84815.14 28.02 406.33 102.33 17.8 16.81 3.74

5 84755.59 206 405.02 99.75 17.47 16.71 3.72

60 (960, 1970) 1 109912.4 176.79 CNS 784.65 131.38 96.05 15.64

2 112890.9 898.16 CNS 781.85 128.84 95.83 15.6

3 113122.8 177.82 CNS 779.47 127.99 96.15 15.65

4 113003.9 322.16 CNS 782.13 128.42 97.66 15.9

5 113014.8 CNS CNS 780.62 130.18 95.84 15.6

(870, 1590) 1 122124.1 596.98 CNS 1433.25 253.34 145.22 23.64

2 124339.7 CNS CNS 1421.58 255.06 144.31 23.5

3 125196.7 256.95 CNS 1430.52 246.72 142.37 23.18

4 125655.1 1037.23 CNS 1439.01 256.29 146.95 23.93

5 119757.9 CNS CNS 1425.38 254.05 147.87 24.08

80 (960, 1970) 1 153922.4 CNS CNS CNS CNS 527.12 85.82

2 151669.2 CNS CNS CNS CNS 529.91 84.28

3 153344.7 CNS CNS CNS CNS 524.73 85.44

4 157264.5 CNS CNS CNS CNS 530.58 88.39

5 152732.9 CNS CNS CNS CNS 527.39 85.87

(1310, 2570) 1 119716.1 770.55 CNS CNS CNS 250.32 41.77

2 119763.4 CNS CNS CNS CNS 251.88 41.01

3 120956 351.14 CNS CNS CNS 252.11 41.05

4 120552 1553.41 CNS CNS CNS 247.36 42.27

5 120038.4 382.82 CNS CNS CNS 250.31 40.75

6.1.2 Computational results for MCLS with n = 3.

From the computational results presented in Table 3 for MCLS with n = 3, we observe that

Old-DP-LSPC and New-DP-LSPC with and without parallel implementation could not solve LS-

PC reformulation of any MCLS instance within the time limit. Likewise, Gurobi with its default

setting could not solve mixed integer programming formulation of 50% of the instances within

2000 seconds and solved the remaining 50% of the instances using its default parallel implemen-

tation in 570 seconds on average. The DP-MCLS algorithm solved all instances in 390 seconds

(on average) without parallel implementation and 73 seconds (on average) with parallel imple-

mentation. For each set (C1, C2, C3), Gurobi’s solution times among five instances range from

13.7 seconds to more than 2000 seconds as opposed to stable solution times of DP-MCLS; refer

to Figure 4.
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Table 3: Computational Results for MCLS with n = 3 and 40 time periods

(C1, C2, C3) Instance OPT Gurobi 9.1 Old-DP-LSPC
New-DP-LSPC DP-MCLS

No-PI With-PI No-PI With-PI

(970, 1950,2810) 1 75340.11 CNS CNS CNS CNS 173.81 35.21

2 75504.95 CNS CNS CNS CNS 177.58 34.92

3 75460.09 1417.5 CNS CNS CNS 172.26 37.33

4 76050.1 CNS CNS CNS CNS 173.06 34.18

5 76032.55 CNS CNS CNS CNS 175.19 35.4

(790, 1650, 2410) 1 86187.6 CNS CNS CNS CNS 336.54 51.29

2 85017.72 13.7 CNS CNS CNS 331.94 49.68

3 87299.93 1381.8 CNS CNS CNS 330.68 53.44

4 87738.2 CNS CNS CNS CNS 335.15 50.16

5 87134.51 827.1 CNS CNS CNS 334.77 51.39

(670, 1280,1970) 1 94971.26 365.9 CNS CNS CNS 726.61 155.79

2 92043.93 CNS CNS CNS CNS 723.96 160.36

3 92786.66 95.7 CNS CNS CNS 720.17 154.27

4 89009.17 CNS CNS CNS CNS 731.66 156.85

5 91492.86 972.1 CNS CNS CNS 725.17 154.61

(860, 1650, 2590) 1 84201.9 CNS CNS CNS CNS 324.86 47.62

2 85163.32 14.1 CNS CNS CNS 325.73 47.38

3 84273.62 532.0 CNS CNS CNS 328.64 49.95

4 81205.9 89.0 CNS CNS CNS 325.19 51.37

5 81779.04 CNS CNS CNS CNS 331.28 50.92

6.2 Computational Experiments on LS-PC instances
We compare the time taken by New-DP-LSPC to solve LS-PC instances having m = 2 and m = 3

breakpoints with the solution times of Gurobi 9.1 and Old-DP-LSPC. In addition to performing

our experiments on instances considered in Koca et al. (2014), we also generate new LS-PC

instances with more number of time periods and conducted experiments on them as well.

6.2.1 Computational results for LS-PC instances from Koca et al. (2014).

For LS-PC with m = 2, Koca et al. (2014) consider 50 time periods in the planning horizon and

three sets of breakpoints (b1, b2), three sets of per unit production costs (γ1, γ2), and three sets

of fixed costs (β1, β2); refer to the first three columns in Table 4 for details. For LS-PC with

m = 3, they consider 20 time periods in the planning horizon, two sets of breakpoints (b1, b2, b3),

two sets of fixed costs (β1, β2, β3), and seven sets of per unit production costs (γ1, γ2, γ3); refer

to the first three columns in Table 5 for details. In these instances, all input parameters, except

demand, are time invariant. From Tables 4 and 5, we make the following observations:

(i) For LS-PC instances with m = 2 (Table 4), the average time taken by Old-DP-LSPC,

New-DP-LSPC without parallel implementation, and New-DP-LSPC with parallel implemen-

tation are 116 seconds, 30 seconds, and 6.5 seconds, respectively. Similarly, for LS-PC

instances with m = 3 (Table 5), the average time taken by Old-DP-LSPC, New-DP-LSPC

without parallel implementation, and New-DP-LSPC with parallel implementation are 17

seconds, 6.7 seconds, and 3.1 seconds, respectively. In a nutshell, New-DP-LSPC with par-

allel implementation is on average 13 times faster than Old-DP-LSPC.
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Table 4: Computational Results for LS-PC with m = 2 and 50 periods (Instances from Koca et al. (2014))

β1, β2 (γ1, γ2) (b1, b2) OPT Gurobi 9.1 Old-DP-LSPC
New-DP-LSPC

No-PI With-PI

(3000, 6000) (0, 0) (800, 1600) 87726.95 25.4 138.66 37.3 7.15

(900, 1800) 76313.5 29.6 113.44 28.74 6.44

(1000, 2000) 69943.85 CNS 100.31 23.01 5.01

(1, 0.5) (800, 1600) 99990.3 11.4 138.26 36.84 7.12

(900, 1800) 89026 3.7 111.51 28.93 6.39

(1000, 2000) 82695.05 864.8 92.66 23.58 5.83

(1, 1) (800, 1600) 110190.95 32.5 141.26 37.53 7.72

(900, 1800) 98777.5 34.2 114.73 28.18 6.14

(1000, 2000) 92407.85 CNS 94.08 23.7 5.31

(3000, 4000) (0, 0) (800, 1600) 60537.6 80.6 143.04 35.71 7.09

(900, 1800) 53348.5 11.6 112.82 28.91 6.59

(1000, 2000) 49035.55 12.7 93.73 23.81 5.18

(1, 0.5) (800, 1600) 71990.3 38.6 139.16 37.77 6.55

(900, 1800) 64862.85 3.3 112.1 28.08 6.16

(1000, 2000) 60695.05 5.5 92.33 23.77 5.48

(1, 1) (800, 1600) 83001.6 5.7 139.92 37.99 7.02

(900, 1800) 75812.5 3.9 114.62 28.12 6.49

(1000, 2000) 71499.55 11.7 93.45 22.98 6.07

(3000, 7500) (0, 0) (800, 1600) 87726.95 4.8 138.37 37.66 7.46

(900, 1800) 76313.5 1.3 112.57 28.44 6.5

(1000, 2000) 69943.85 387.7 93.43 23.37 5.99

(1, 0.5) (800, 1600) 110190.95 5.8 138.23 37.36 7.11

(900, 1800) 98777.5 5.5 115.35 28.13 6.91

(1000, 2000) 92407.85 67.3 92.68 23 5.1

(1, 1) (800, 1600) 110190.95 10.7 138.88 36.04 6.33

(900, 1800) 98777.5 2.8 112.33 28.19 5.29

(1000, 2000) 92407.85 1.4 93.06 23.88 6.18

(ii) For LS-PC with m = 2, it can be observed from Table 4 that Gurobi was unable to solve 2

out of 27 instances, and for solving the remaining 25 instances, Gurobi took 66.5 seconds

on an average. Whereas, New-DP-LSPC without and with parallel implementation solved all

instances in 30 seconds and 6.3 seconds (on average), respectively. For LS-PC with m = 3

(Table 5), the average solution times of Gurobi, New-DP-LSPC No-PI, and New-DP-LSPC

With-PI are 118, 6.8, and 3.1 seconds, respectively. The standard deviations in the solution

times of Gurobi, New-DP-LSPC without parallel implementation and New-DP-LSPC with

parallel implementation are 248, 5.6 and 0.7 seconds, respectively, for LS-PC instances

with m = 2, and 156, 1.8 and 0.5 seconds for LS-PC instances with m = 3.

(iii) For LS-PC with m = 2, out of the 27 instances, Gurobi outperforms New-DP-LSPC With-

PI 10 times and New-DP-LSPC outperforms Gurobi 17 times. Similarly, for LS-PC with

m = 3, out of the 28 instances, Gurobi outperforms New-DP-LSPC With-PI only 7 times

and New-DP-LSPC outperforms Gurobi 21 times.
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Table 5: Computational Results for LS-PC with m = 3 and 20 periods (Instances from Koca et al. (2014))

(b1, b2, b3) β1, β2, β3 (γ1, γ2, γ3) Gurobi 9.1 Old-DP-LSPC
New-DP-LSPC

No-PI With-PI

(500, 1000, 1500) (3000, 6000, 9000) (0, 0, 0) 41.9 19.66 8.91 3.27

(1.3, 1.5, 1.8) 50.6 19.91 9.02 3.25

(1.3, 1.8, 1.5) 115.1 19.3 8.97 3.79

(1.5, 1.3, 1.8) 26.7 19.93 9.01 3.31

(1.5, 1.8, 1.3) 32.4 19.75 8.87 3.29

(1.8, 1.3, 1.5) 12.2 19.32 9.12 3.59

(1.8, 1.5, 1.3) 727.6 19.37 8.99 3.07

3000, 3500, 5000) (0, 0, 0) 30.4 19.48 8.72 3.75

(1.3, 1.5, 1.8) 136.3 19.49 8.26 3.64

(1.3, 1.8, 1.5) 2.6 19.28 8.29 3.55

(1.5, 1.3, 1.8) 7.9 20.16 8.24 3.7

(1.5, 1.8, 1.3) 3.2 19.21 7.93 3.61

(1.8, 1.3, 1.5) 292.0 19.19 8.27 3.88

(1.8, 1.5, 1.3) 10.2 19.74 7.88 3.28

(600, 1200, 1800) (3000, 6000, 9000) (0, 0, 0) 1156.2 14.15 5.05 2.59

(1.3, 1.5, 1.8) 43.4 14.08 5.08 2.74

(1.3, 1.8, 1.5) 2.8 14.07 4.96 2.63

(1.5, 1.3, 1.8) 16.9 14.02 4.96 2.86

(1.5, 1.8, 1.3) 266.8 14.01 4.97 2.47

(1.8, 1.3, 1.5) 122.0 14.06 5.09 2.56

(1.8, 1.5, 1.3) 207.9 14.04 5.06 2.7

3000, 3500, 5000) (0, 0, 0) 3.4 14.12 5.01 2.69

(1.3, 1.5, 1.8) 2.4 14.54 5.01 2.64

(1.3, 1.8, 1.5) 1.5 13.99 5 2.55

(1.5, 1.3, 1.8) 0.7 14.34 5.18 2.45

(1.5, 1.8, 1.3) 0.9 13.8 5.22 2.58

(1.8, 1.3, 1.5) 3.1 14.03 5.07 2.81

(1.8, 1.5, 1.3) 1.8 14.59 5.1 2.84

6.2.2 Computational results for new LS-PC instances.

For LS-PC with two breakpoints (m = 2), we consider four sets of (T, b1, b2) such that the number

of periods in the planning horizon T ∈ {50, 75} has two sets of breakpoints (b1, b2) associated

to it; see columns labeled as T and (b1, b2) in Table 6. For each set of (T, b1, b2), we solve five

instances where for each period t ∈ T , demand dt, fixed costs β1t and β2t are random integers

drawn from Uniform[400, 600], Uniform[2850, 3150] and Uniform[5850, 6150], respectively. For

each t ∈ T , variable costs γ1t and γ2t are random numbers drawn from Uniform[0.5, 1.0], and

holding cost ht is 0.05.

For LS-PC with three breakpoints (m = 3), we consider 40 time periods in the planning

horizon, and four different sets of breakpoints (b1, b2, b3): (970, 1950, 2810), (790, 1650, 2410),

(670, 1280, 1970), and (860, 1650, 2590). Parameter β3t for t ∈ T is a random integer drawn from

Uniform[8850, 9150] and parameter γ3t is a random number drawn from Uniform[0.5, 1.0]. The

remaining input parameters are generated in the same way as done in the case of LS-PC with

m = 2. Similar to MCLS instances, the generation of new LS-PC instances is motivated from

instances of Koca et al. (2014). We report the results of the experiments for LS-PC with m = 2
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and LS-PC with m = 3 in Tables 6 and 7, respectively, and make the following observations.

Table 6: Computational Results for LS-PC with m = 2

T (b1, b2) Instance OPT Gurobi 9.1 Old-DP-LSPC
New-DP-LSPC

No-PI With-PI

50 (800, 1600) 1 103801.9 42.3 168.14 39.71 7.21

2 101954.3 126.9 158.38 37.68 7.83

3 100903.2 91.5 159.83 37.65 7.1

4 101574 11.2 162.56 39.02 8.08

5 101762.9 57.5 161.5 37.13 7.44

(1310, 2570) 1 76681.88 169.3 84.99 26.6 5.87

2 76464.41 112.2 86.93 25.27 6.12

3 76101.56 31.9 79.77 26.04 6.04

4 77388.97 76.3 81.38 26.98 6.17

5 77948.03 42.2 81.83 24.07 5.63

75 (1310, 2570) 1 101181.6 87.9 697.56 198.5 38.04

2 103614.1 1627.2 690.51 196.11 40.88

3 102503.5 CNS 701.19 201.7 38.61

4 103992.1 466.8 711.15 199.35 39.4

5 102477.8 563.5 707.63 200.82 38.29

(1790, 3470) 1 94168.54 34.8 372.8 101.33 19.72

2 93047.57 43.0 375.04 101.58 20.1

3 94013.08 244.7 370.32 103.62 21.77

4 93807.6 538.5 377.93 102.77 19.28

5 93491.1 119.3 380.13 101.19 19.26

Table 7: Computational Results for LS-PC with m = 3 and 40 periods

(b1, b2, b3) Instance OPT Gurobi 9.1 Old-DP-LSPC
New-DP-LSPC

No-PI With-PI

(970, 1950, 2810) 1 79067.31 27.29 376.22 144.54 28.33

2 78821.4 CNS 378.58 143.1 29

3 80363.27 CNS 376.04 141.09 27.16

4 78050.1 712.63 377.5 145.48 29.46

5 79032.55 620.53 378.35 145.03 29.81

(790, 1650, 2410) 1 86421.45 CNS 702.66 245.16 49.97

2 86554.3 1021.9 701.16 248.55 47.39

3 86366.94 77.47 699.02 244.94 48.46

4 86587.29 1364.79 704.67 243.08 47.94

5 86801.06 CNS 702.81 244.11 51.71

(670, 1280, 1970) 1 102733.3 314.63 1322.73 545.63 107.76

2 103079.2 CNS 1317.66 541.87 105.04

3 102767.9 104.43 1319.21 544.52 106.55

4 102591.7 393.55 1331.59 542.59 108.18

5 102740.9 1181.22 1328.25 540.56 105.78

(860, 1650, 2590) 1 87461.06 CNS 481.45 186.69 38.25

2 87163.32 CNS 485.38 185.21 36.24

3 87273.62 CNS 484.77 186.54 38.5

4 87204 217.41 480.17 187.31 34.58

5 87279.04 CNS 481.2 185 36.2

For solving LS-PC instances with m = 2, Gurobi was unable to solve one out of the 20 instances

within the time limit of 2000 seconds. For the remaining 19 instances, Gurobi and Old-DP-LSPC

took 236 and 330 seconds, respectively, on an average, whereas New-DP-LSPC took 91 seconds

even without parallel implementation and 18 seconds with parallel implementation. For LS-PC

with m = 3, Old-DP-LSPC took about 721 seconds on an average to solve all the instances
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whereas, New-DP-LSPC without and with parallel implementation took around 279 seconds and

55 seconds, respectively. For LS-PC withm = 3, Gurobi was unable to solve 45% of the instances

within the time limit of 2000 seconds and for the remaining 55% of the instances, average time

taken by it is about 548 seconds. The standard deviations in the solution times of Gurobi and

New-DP-LSPC with parallel implementation are 426 seconds and 0.95 seconds, respectively (see

Figures 5 and 6).

7 Conclusion
We developed dynamic programming (DP) based exact algorithms to solve multi-module capac-

itated lot-sizing problem (MCLS) and MCLS with subcontracting (MCLS-S) where each time

period has n modules (machines or vehicles) of different capacities, and cost functions are con-

cave. These algorithms take O(T 2n+3) time, which is polynomial for fixed n ≥ 2. As a result, we

addressed an open question on existence of a polynomial time algorithm for solving MCLS-(S)

with fixed n ≥ 2. These DP algorithms generalize the results of Florian and Klein (1971) for

MCLS with n = 1 and Atamtürk and Hochbaum (2001) for MCLS-S with n = 1. We also

demonstrated how the algorithm for MCLS-S can be utilized to optimize a linear cost function

over the n-mixing set (a generalization of well-known 1-mixing set), in polynomial time for a

fixed n ≥ 2. Based on the results of our computational experiments for MCLS, it is evident that

this DP algorithm is computationally efficient and stable, in comparison to Gurobi.

Additionally, we presented a new DP algorithm to solve a generalization of MCLS-S where the

production cost functions are piecewise concave with m time invariant breakpoints (denoted

by LS-PC-S). This approach explores a reduced solution space using a reduced number of state

variables, and thereby took only 6.25% (on average) of the solution time taken by a DP algorithm

of Koca et al. (2014). We also presented an exact algorithm to solve another generalization of

MCLS, referred to as two-echelon multi-module capacitated lot-sizing problem (2E-MCLS), that

takes O(T 4n+4) time for given n ≥ 1. This approach generalizes DP algorithms of van Hoesel

et al. (2005) for 2E-MCLS with n = 1.
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Appendices

A Proof for Theorem 1
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Figure 2: MCLS as a minimum cost network flow problem

Observe that MCLS can be represented as a fixed charge minimum cost network flow problem

as shown in Figure 2. It is well known that when the cost functions are concave, the free arc

network of the optimal solution is acyclic (Ahuja et al. 1988). A free arc is any arc in a network

that carries a positive flow less that its full capacity, and a free arc network is an undirected

network obtained after removing all the arcs that are not free. Using this result, we can easily

prove by contradiction that there exists at most one fractional period within each regeneration

interval of the optimal solution.
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B Proof of Theorem 2: Complexity of Algorithm DP-MCLS-(S)

Proof. We first analyze the time complexity of the DP algorithm for computing αkl for an interval

[k, l]. As we know, for calculating αkl, we need to perform three major steps: computing the

minimum costs without fractional period (Section 3.1), finding all possible fractional production

levels (Section 3.2), and computing the minimum costs with at most one fractional period

(Section 3.3 / Section 3.4). The first step which is computing Gk(t, τ, 0) for all t and τ takes

O(Tn+1) time because of the following reasons. Assuming that Gk(k − 1, τ, 0) = 0 if τi = 0

for all i = 1, . . . , n and Gk(k − 1, τ, 0) = ∞ otherwise, we successively compute Gk(k, τ, 0),

Gk(k+1, τ, 0), . . ., Gk(l, τ, 0), for all τ ∈ Zn
+ where τi ≤ t−k+1 ≤ T . For each (t, τ), Gk(t, τ, 0)

can be computed in O(2n) time because the maximum number of subsets S ⊆ {1, . . . , n} is

O(2n) and Gk(t − 1, τ, 0) has already been computed for all possible values of τ . There can

be O(Tn+1) different possible permutations of τ ∈ Zn
+ and t as τi ≤ t − k + 1 ≤ T for i ∈ N

and 1 ≤ k ≤ t ≤ l ≤ T . Hence the overall running time of this step of the algorithm is

O(Tn+1 × 2n) which is equal to O(Tn+1) for fixed n. The second step takes O(Tn) time since

there are O(Tn) possible τu vectors in Γ and in the third step, for each fractional production fu,

computing Gu
k(t, τ, 1) for all t and τ also takes O(Tn+1) time (similar to the first step). Since

there could be O(Tn) possible fractional production levels, computing Gu
k(t, τ, 1) for all (fu, t, τ)

takes O(T 2n+1) time. This implies that αkl can be computed in O(T 2n+1) time. As there are

O(T 2) possible intervals and minimum cost of each interval can be computed in O(T 2n+1) time,

the directed graph in phase (II) can be constructed in O(T 2n+3) time. Since this dominates

the time required to solve the shortest path problem, i.e. O(T 2), the overall complexity of

DP-MCLS-(S) is O(T 2n+3).

C Proof of Theorem 4: Complexity of New-DP-LSPCS

Proof. We first analyze the time complexity of the DP algorithm for computing ηkl for an

interval [k, l]. As we know, for calculating ηkl, we need to perform three major steps: computing

the minimum costs without fractional period, finding all possible fractional production levels

(Section 4.1), and computing the minimum costs with at most one fractional period (Section

4.2). The first step which is computing Gk(t, µ, 0) for all t and µ takes O(Tm+1) time because

there can be O(Tm+1) different possible permutations of µ ∈ Zm
+ and t as µi ≤ t − k + 1 ≤ T

for i ∈ {1, . . . ,m} and t ≤ l ≤ T , and for each (t, µ), Gk(t, µ, 0) can be computed in constant
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time. The second step takes O(Tm) time since there are O(Tm) possible µr vectors in Π and in

the third step, for each fractional production fr, computing Gr
k(t, µ, 1) for all t and µ also takes

O(Tm+1) time. Since there could be O(Tm) possible fractional production levels, computing

Gr
k(t, µ, 1) for all (fr, t, τ) takes O(T 2m+1) time. This implies that ηkl can be computed in

O(T 2m+1) time. As there are O(T 2) possible intervals and minimum cost of each interval can be

computed in O(T 2m+1) time, the directed graph can be constructed in O(T 2m+3) time. Since

this dominates the time required to solve the shortest path problem, i.e. O(T 2), the overall

complexity of New-DP-LSPCS is O(T 2m+3).

D Example of DP-MCLS

Example D.1. Consider an instance of MCLS with n = 2, three time periods, C1 = 6, C2 = 9

and demand d = [4, 7, 6], setup costs q1 = [19, 23, 20] and q2 = [28, 35, 31], production costs

p = [1, 2, 1], and holding cost ht = 1 for all t ∈ {1, 2, 3}.

We compute the optimal cost for a regeneration interval [1, 3] i.e. α13, as follows.

Step 1: Minimum cost without fractional production. We first compute the minimum

cost without the fractional period (see section 3.1). We calculate the values of Gk(t, τ1, τ2, 0)

for k = 1, t = 1, . . . , 3, τ1 ∈ {0, . . . , τmax
1 }, and τ2 ∈ {0, . . . , τmax

2 }. Note that τmax
i =

min{T, ⌊dkl/Ci⌋} for i = 1, 2, and dkt =
∑t

j=k dj . Therefore, τmax
1 = 2 and τmax

2 = 1. More-

over, holding costs at the end of every period t ∈ {k, . . . , l} is equal to htst where ht = 1 and

st = τ1C1 + τ2C2 − dkt. Using the recursive equation in Section 3.1, we get

G1(1, 0, 0, 0) = G1(0, 1, 0, 0) = G1(0, 0, 1, 0) = G1(0, 1, 1, 0) = ∞ (Infeasible cases);

G1(1, 1, 0, 0) = min


G1(0, 1, 0, 0) + h1s1,

G1(0, 0, 0, 0) + p1C1 + q11 + h1s1

= min


∞,

0 + (1× 6) + 19 + (1× 2)

= 27;

G1(1, 0, 1, 0) = min


G1(0, 0, 1, 0) + h1s1,

G1(0, 0, 0, 0) + p1C2 + q21 + h1s1

= min


∞,

0 + (1× 9) + 28 + (1× 5)

= 42;

45



G1(1, 1, 1, 0) =min



G1(0, 1, 1, 0) + h1s1 = ∞,

G1(0, 0, 1, 0) + p1C1 + q11 + h1s1 = ∞,

G1(0, 1, 0, 0) + p1C2 + q21 + h1s1 = ∞,

G1(0, 0, 0, 0) + p1(C1 + C2) + q11 + q21 + h1s1 = 73

= 73;

G1(2, 0, 0, 0) = G1(2, 1, 0, 0) = G1(2, 0, 1, 0) = G1(2, 3, 0, 0) = ∞ (Infeasible cases);

G1(2, 1, 1, 0) =min



G1(1, 1, 1, 0) + h2s2 = 77,

G1(1, 0, 1, 0) + p2C1 + q12 + h2s2 = 42 + 35 + 4 = 81,

G1(1, 1, 0, 0) + p2C2 + q22 + h2s2 = 27 + 53 + 4 = 84,

G1(1, 0, 0, 0) + p2C1 + q12 + p2C2 + q22 + h2s2 = ∞

= 77.

Similarly, G1(2, 2, 0, 0) = 66, and G1(3, 1, 1, 0) = G1(3, 2, 0, 0) = G1(3, 0, 1, 0) = ∞. Below we

discuss the computation of G1(2, 1, 1, 0) and the calculations for other function values followed

the similar process. According to the recursive equation in Section 3.1, we have four choices in

period t = 2:

(a) To produce nothing: In this case the value of the functionG1(2, 1, 1, 0) is equal toG1(1, 1, 1, 0) =

73 plus the holding costs (h2s2 = 4).

(b) To produce on machine of capacity C1 at full capacity: In this case the value of the function

G1(2, 1, 1, 0) is equal to the sum of G1(1, 0, 1, 0) = 42, cost of producing on machine 1 at

full capacity, i.e., p2C1 + q12 = 35, and the holding costs (h2s2 = 4).

(c) To produce on machine of capacity C2 at full capacity: In this case the value of the function

G1(2, 1, 1, 0) is equal to the sum of G1(1, 1, 0, 0) = 25, cost of producing on machine 2 at

full capacity (p2C2 + q22 = 53), and the holding costs (= h2s2 = 4), which is equal to 84.

(d) To produce on both machines at full capacity: In this case the value of the functionG1(2, 1, 1, 0)

is equal to the sum of G1(1, 0, 0, 0) = ∞, cost of producing on machines 1 and 2 at full ca-

pacity, i.e., p2(C1 + C2) + q12 + q22 = 88, and the holding costs (h2s2 = 4), which is equal to

infinity.

All possible fractional production levels: Using steps in Section 3.2, we compute all possible

fractional production levels in the regeneration interval [1, 3]. Note that τmax
1 = 2 and τmax

2 =

1. Set Γ := {(1, 1), (2, 0), (0, 1)} is a set of pairs of (τ1, τ2) that could lead to a fractional

production level. For each (τv1 , τ
v
2 ) ∈ Γ, we compute the values of fractional production levels
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fv = dkl − τv1C1 − τv2C2, i.e.,

f1 =
3∑

t=1

dt − C1 − C2 = 2; f2 =
3∑

t=1

dt − 2× C1 − 0× C2 = 5; f3 =
3∑

t=1

dt − 0× C1 − C2 = 8.

Therefore, the set of fractional production levels F = {2, 5, 8}.

Minimum Cost with fractional production: We now demonstrate how to compute the

values of minimum costs with at most one fractional period in the regeneration interval. We

compute the values of Gv
k(t, τ1.τ2, 1) for where k = 1, t = 1, . . . , 3, τi ∈ {0, . . . , τmax

i } for i = 1, 2,

and v = 1 (i.e. for f1 = 2). Holding costs incurred at the end of every period t ∈ {k, . . . , l} is

equal to htst where ht = 1 and st = τ1C1 + τ2C2 + fv − dkt. According to recursive equation

provided in section 3.3, we get

G1
1(1, 0, 0, 0) = G1(1, 0, 0, 1) = G1

1(1, 1, 1, 1) = G1(2, 0, 0, 1) = G1
1(2, 1, 0, 1) = ∞ (Infeasible

cases);

G1
1(1, 1, 0, 1) =min



G1
1(0, 1, 0, 1) + h1s1 = ∞,

G1
1(0, 0, 0, 1) + p1C1 + q11 + h1s1 = ∞,

G1(0, 1, 0, 0) + p1f
1 + q11 + h1s1 = ∞,

G1(0, 0, 0, 0) + p1(C1 + f1) + q11 + q21 + h1s1 = 59

= 59;

G1
1(1, 0, 1, 1) =min



G1
1(0, 0, 1, 1) + h1s1 = ∞,

G1
1(0, 0, 0, 1) + p1C2 + q21 + h1s1 = ∞,

G1(0, 0, 1, 0) + p1f
1 + q11 + h1s1 = ∞,

G1(0, 0, 0, 0) + p1(C2 + f1) + q11 + q21 + h1s1 = 65

= 65;

G1
1(2, 0, 1, 1) =min



G1
1(1, 0, 1, 1) + h2s2 = 65,

G1
1(1, 0, 0, 1) + p2C2 + q22 + h2s2 = ∞,

G1(1, 0, 1, 0) + p2f
1 + q12 + h2s2 = 69,

G1(1, 0, 0, 0) + p2(C2 + f1) + q12 + q22 + h2s2 = ∞

= 65;
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G1
1(2, 1, 1, 1) =min



G1
1(1, 1, 1, 1) + h2s2 = ∞,

G1
1(1, 0, 1, 1) + p2C1 + q12 + h2s2 = 65 + 35 + 6 = 106,

G1
1(1, 1, 0, 1) + p2C2 + q22 + h2s2 = 59 + 53 + 6 = 118,

G1
1(1, 0, 0, 1) + p2(C1 + C2) + q12 + q22 + h2s2 = ∞,

G1(1, 1, 1, 0) + p2f
1 + q12 + h2s2 = 73 + 27 + 6 = 106,

G1(1, 1, 0, 0) + p2(f
1 + C2) + q12 + q22 + h2s2 = 27 + 80 + 6 = 113,

G1(1, 0, 1, 0) + p2(f
1 + C1) + q12 + q22 + h2s2 = 42 + 74 + 6 = 122

= 106;

G1
1(3, 1, 1, 1) =min



G1
1(2, 1, 1, 1) + h3s3 = ∞,

G1
1(2, 0, 1, 1) + p3C1 + q13 + h3s3 = 65 + 26 + 0 = 91,

G1
1(2, 1, 0, 1) + p3C2 + q23 + h3s3 = ∞,

G1
1(2, 0, 0, 1) + p3(C1 + C2) + q13 + q23 + h3s3 = ∞,

G1(2, 1, 1, 0) + p3f
1 + q13 + h3s3 = 77 + 22 + 0 = 99,

G1(2, 1, 0, 0) + p3(f
1 + C2) + q13 + q23 + h3s3 = ∞,

G1(2, 0, 1, 0) + p3(f
1 + C1) + q13 + q23 + h3s3 = ∞

= 91.

In a similar fashion, we compute the minimum costs with at most one fractional period for

fractional production levels f2 = 5 and f3 = 8. Upon calculations, we obtain the values of

G2
1(3, 2, 0, 1) and G

3
1(3, 0, 1, 1). Finally, the overall optimal cost α13 can be computed by taking

the minimum among G1
1(3, 1, 1, 1), G

2
1(3, 2, 0, 1), and G

3
1(3, 0, 1, 1).

We now explain computation of G1
1(2, 1, 1, 1). In period t = 2, we have the following choices.

(a) To not produce at all: In this case the function value ofG1
1(2, 1, 1, 1) is equal toG

1
1(1, 1, 1, 1) =

∞ plus the holding costs (h2s2 = 6).

(b) To produce on a subset of machines at full capacity: If we choose to produce on machine

1 of capacity C1 at full capacity in time period t = 2, then G1
1(2, 1, 1, 1) = G1

1(1, 0, 1, 1) +

p2C1 + q12 + h2s2 = 106 where p2C1 + q12 is the cost of producing on machine 1 in period 2

at full capacity, and hs2 is the holding cost incurred in period 2. Likewise, if we produce

only on machine 2 at full capacity, G1
1(2, 1, 1, 1) = G1

1(1, 1, 0, 1) + p2C2 + q22 + h2s2 = 118.

We can also produce on both machines at full capacity in period 2, in which case the value

of G1
1(2, 1, 1, 1) = G1

1(1, 0, 0, 1) + p2(C1 + C2) + q12 + q22 + h2s2 = ∞ because G1
1(1, 0, 0, 1) is
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an infeasible case.

(c) To produce the fractional production and/or one of the machines at full capacity: If we

choose to produce only the fractional production in period 2, the value of G1
1(2, 1, 1, 1) is

equal to the sum of G1(1, 1, 1, 0), the cost of producing f1 units on machine 1 (p2f
1 + q12),

and the holding costs (h2s2 = 6) which is equal to 106. We also have a choice of producing

on machine 1 or machine 2 at full capacity along with the fractional production, in which

case the value of G1
1(2, 1, 1, 1) is equal to G1(1, 1, 0, 0) + p2(f

1 + C2) + q12 + q22 + h2s2 and

G1(1, 0, 1, 0) + p2(f
1 + C1) + q12 + q22 + h2s2 for machine 2 and machine 1, respectively.

E Comparison with DP algorithm of Koca et al. (2014)

We first briefly present the algorithm developed by Koca et al. (2014) (denoted by Old-DP-LSPCS)

and discuss about the steps that differentiates their algorithm from New-DP-LSPCS. The outline

of Old-DP-LSPCS is same as ours, i.e., it is comprised of two phases: computing optimal costs

ηkl for all possible (semi)-regeneration intervals [k, l] where 1 ≤ k ≤ l ≤ T and finding the

overall optimal solution using any shortest path algorithm. However, to compute ηkl for an

interval [k, l], Old-DP-LSPCS consists of two main steps where it computes: (1) Minimum costs

for satisfying demands in each period of the (semi)-regeneration interval with no fractional pe-

riod, and (2) Minimum costs for satisfying demands in each period of the regeneration interval

with a fractional period. Only the first step of Old-DP-LSPCS is similar to the first step of our

algorithm discussed in Section 4.1.

The key difference between Old-DP-LSPCS and New-DP-LSPCS is in the ways to compute the min-

imum costs for satisfying the demand in a regeneration interval [k, l] with at most one fractional

period; in Section 4.3 we discussed how New-DP-LSPCS computes it. In this section we present

the recursive equation from Old-DP-LSPCS to demonstrate the difference with New-DP-LSPCS.

We keep the notations similar to our algorithm so that readers can easily compare both algo-

rithms. Koca et al. (2014) introduced a recursive function Gk(t, µ, π, 1) to compute minimum

cost of satisfying the demand from period k up to t during which production of exactly bi units

has occurred µi times from period k through t, production of exactly bi units occurs πi times

from period t+1 through l, and a fractional production of ρkl(µ, π) takes place once during the

interval [k, t]. The forward recursion used in Koca et al. (2014) to compute the minimum cost

with one fractional period is as follows:
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Gk(t, µ, π, 1) =



∞,

if

m∑
i=1

µi + 1 ≥ (t− k + 1), or

m∑
i=1

πi > l − t, or ρkl(µ, π) ∈ {0, b1, . . . , bm},

or

m∑
i=1

µibi + ρkl(µ, π) ≤ dkt for t < l, or

m∑
i=1

µibi + ρkl(µ, π) ̸= dkl for t = l,

min



Gk(t− 1, µ, π, 1) + ht

(∑m
i=1 µibi + ρkl(µ, π)− dkt

)
Gk(t− 1, µ, 0) + p̄t(ρkl(µ, π)) + ht

(∑m
i=1 µibi + ρkl(µ, π)− dkt

)
min

i∈{1,...,m}

{
Gk(t− 1, µ− ēi, π + ēi, 1) + p̄t(bi)+

ht

(∑m
i=1 µibi + ρkl(µ, π)− dkt

)}
, otherwise.

where ρkl(µ, π) = dkl−
∑m

i=1 µibi−
∑m

i=1 πibi is a function that represents a fractional production

level during time period t and is dependent on µ and π, where µ is same as it is in New-DP-LSPCS

and π is an m-sized vector comprising of πi’s, where each πi denotes the number of times

production of exactly bi units has occurred from period t+ 1 through l.

Notice that the function Gk(t, µ, π, 1) includes the computation of the fractional production

levels using additional argument π ∈ Zm which denotes the amount to be produced in future. In

contrast, New-DP-LSPCS takes advantage of the observation that the fractional production levels

are solely dependent on the values of breakpoints and the total demand in the regeneration

interval and not on the future production. Upon comparing both the algorithms, one would

notice that we do not keep track of possible future production amounts as it is not necessary

in our algorithm, but is a key requirement in the algorithm by Koca et al. (2014) for LS-PC-S.

More specifically, recall that in Section 4.1, New-DP-LSPCS computes fractional production levels

separately and then, for each fractional production level f r, it computes the minimum cost of

satisfying the demand from period k up to t during which production of exactly bi units has

occurred µi times from period k through t, using the recursive function Gr
k(t, µ, 1) defined in

Section 4.2. Another advantage of computing the fractional production levels beforehand is that

it reduces the solution search space and allows parallelization of the algorithm. Because of the

foregoing differences, our algorithm explores reduced solution space in differently, in comparison

to the algorithm by Koca et al. (2014), and is computationally efficient.

We demonstrate using an example the difference between the number of value function com-

putations carried out using the new DP algorithm for LS-PC-S, i.e. New-DP-LSPCS, and the
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algorithm developed by Koca et al. (2014), i.e. Old-DP-LSPCS. For better perspective, we con-

sider the same example as we did to showcase the computations for MCLS with n = 2. However,

we now solve this problem as an LS-PC with m = 3.

Example E.1. Consider an instance of LS-PC with m = 3 and three time periods where the

values of breakpoints are b1 = 6, b2 = 9, and b3 = 15. Moreover, demand d = [4, 7, 6], fixed costs

q1 = [19, 23, 20], q2 = [28, 35, 31], and q3 = [47, 58, 51], production costs p = [1, 2, 1], and holding

costs ht = 1 for all t ∈ {1, 2, 3}. We compute the optimal cost for a regeneration interval [1, 3]

i.e. η13, using New-DP-LSPCS and Old-DP-LSPCS.

Calculations using New-DP-LSPCS. For the sake of this example, we consider a regenera-

tion interval [1, 3] where the total demand to be satisfied is equal to 17. Note that µmax
1 =

min{3, ⌊17/6⌋} = 2, µmax
2 = min{3, ⌊17/9⌋} = 1, and µmax

3 = min{3, ⌊17/15⌋} = 1.

Step 1. Minimum Costs without a fractional production. We calculate the values

of G1(t, µ1, µ2, µ3, 0) for t ∈ {0, 1, . . . , 3}, µ1 ∈ {0, . . . , µmax
1 }, µ2 ∈ {0, . . . , µmax

2 }, and µ3 ∈

{0, . . . , µmax
3 }. Holding costs at the end of every period t ∈ {k, . . . , l} is equal to htst where

ht = 1 and st = µ1b1 + µ2b2 + µ3b3 − d1t. Using the recursive equation provided in Koca et al.

(2014) to compute minimum costs without a fractional period, we get the following values of

the cost function:

• G1(0, 1, 0, 0, 0) = G1(0, 0, 1, 0, 0) = G1(0, 0, 0, 1, 0) = G1(1, 0, 0, 0, 0) = ∞;

• G1(0, 0, 0, 0, 0) = 0; G1(1, 1, 0, 0, 0) = 27; G1(1, 0, 1, 0, 0) = 42;

• G1(1, 0, 0, 1, 0) = 73; G1(2, 0, 0, 1, 0) = 77; G1(2, 2, 0, 0, 0) = 66;

• G1(2, 0, 0, 0, 0) = G1(2, 1, 0, 0, 0) = G1(2, 0, 1, 0, 0) = ∞;

• G1(2, 1, 1, 0, 0) =min


G1(1, 0, 1, 0, 0) + p2b

1 + q12 + h2s2 = 81,

G1(1, 1, 0, 0, 0) + p2b
2 + q22 + h2s2 = 84

= 81;

• G1(3, 1, 0, 0, 0) = G1(3, 0, 1, 0, 0) = G1(3, 0, 0, 1, 0) = G1(3, 2, 0, 0, 0) = ∞.

Since µi is bounded by µmax
i for i ∈ {1, . . . ,m} and there are 4 time periods (including period 0),

the total number of function values computed is equal to 4×
∏ 3

i=1
(µmax

i + 1) = 48.

Step 2. Computing all possible fractional production levels. We now compute the
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possible fractional production levels in the regeneration interval [1, 3] as discussed in Section 4.1:

f1 =
3∑

t=1

dt − b1 − b2 = 2; f2 =
3∑

t=1

dt − 2b1 = 5;

f3 =
3∑

t=1

dt − b2 = 8; f4 =
3∑

t=1

dt − b3 = 2; f5 =
3∑

t=1

dt − b1 = 11.

Clearly, set F = {2, 5, 8, 2, 11} and the computational efforts to derive this set are negligible.

There are five possible fractional production levels and each fractional quantity has an integer

multiple of the breakpoints (i.e. µr) associated with it. For example, for f1 = 2, the vector of

integer multiples µ1 is equal to (1, 1, 0).

Step 3. Minimum Costs with a fractional period. We now demonstrate how to compute

the values of minimum costs with at most one fractional period in the regeneration interval. We

calculate the values of Gr
1(t, µ1, µ2, µ3, 0) for t ∈ {0, 1, . . . , 3}, µ1 ∈ {0, . . . , µr1}, µ2 ∈ {0, . . . , µr2},

and µ3 ∈ {0, . . . , µr3}. Holding costs at the end of every period t ∈ {k, . . . , l} is again equal to

htst where ht = 1 and st = µ1b1+µ2b2+µ3b3−d1t. Using the recursive equation in Section 4.2,

we get the following values of the cost function for f1 = 2:

G1
1(0, 1, 0, 0, 1) = G1

1(0, 0, 1, 0, 1) = G1
1(0, 0, 0, 1, 1) = G1

1(1, 0, 0, 0, 1) = ∞;

G1
1(2, 0, 1, 0, 1) =min


G1
1(1, 0, 0, 0, 1) + p2b

2 + q22 + h2s2 = ∞,

G1(1, 0, 1, 0, 0) + p2f
1 + q12 + h2s2 = 69

= 69;

G1
1(3, 1, 1, 0, 1) =min


G1
1(2, 1, 0, 0, 1) + p3b

2 + q23 + h3s3 = ∞,

G1
1(2, 0, 1, 0, 1) + p3b

1 + q13 + h3s3 = 103,

G1(2, 1, 1, 0, 0) + p3f
1 + q12 + h3s3 = 103

= 103.

Likewise we compute the values of cost functions for the remaining fractional production levels.

The number of value function computations required to calculate these values is equal to

|F|∑
r=1

4×
∏ 3

i=1
(µri + 1) = 52.

Therefore, the total number of function values calculations for computing the minimum cost of

a regeneration interval [1, 3] is 100,

Calculations using Old-DP-LSPCS: We now solve the same problem using Old-DP-LSPCS de-

veloped by Koca et al. (2014). Our objective is to show the effectiveness of computing the frac-

tional productions levels beforehand. As discussed before, computing ηkl using Old-DP-LSPCS

comprises of two steps and we show some of the calculations below:
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Step 1: Minimum costs without fractional period. This step is very similar to Step 1 of

New-DP-LSPCS and hence to avoid repetition, we skip the calculations for minimum costs without

fractional period. Essentially we compute the values of G1(t, µ1, µ2, µ3, 0) for t = 0, 1, . . . , 3,

µ1 ∈ {0, . . . , 3}, µ2 ∈ {0, . . . , 3}, and µ3 ∈ {0, . . . , 3}. It should be noted that for i ∈ {1, . . . ,m},

µi is bounded by T , as opposed to being bounded by min(T, µmax
i ) in case of New-DP-LSPCS. As

the result, the total number of function value calculations performed during this step is equal

to 4× 4× 4× 4 = 256 (in comparison to 48 in Step 1 of New-DP-LSPC).

Step 2: Minimum costs with fractional period. Using the recursive equation of Koca

et al. (2014), we compute the values of Gk(t, µ1, µ2, µ3, π1, π2, 1), where k = 1, µi ∈ {0, . . . , T}

for i ∈ {1, . . . ,m}, πi ∈ {0, . . . , 3} for i ∈ {1, 2}, and t ∈ {0, . . . , 3}:

• G1(0, 0, 0, 0, 0, 0, 1) = G1(0, 1, 0, 0, 0, 0, 1) = G1(0, 0, 1, 0, 0, 0, 1) = ∞;

• G1(1, 1, 1, 0, 0, 0, 1) = G1(1, 1, 0, 0, 0, 1, 1) = G1(1, 0, 0, 0, 1, 1, 1) = G1(1, 0, 1, 0, 1, 0, 1) = ∞;

• G1(0, 0, 0, 0, 0, 0, 1) = 65;

• G1(2, 1, 0, 0, 0, 0, 1) =min


G1(1, 0, 0, 0, 1, 0, 1) + p2b

1 + q12 + h2s2 = 106,

G1(1, 1, 0, 0, 0) + p213(µ, π) + q22 + h2s2 = 113

= 106;

• G1(2, 0, 1, 0, 1, 0, 1) =min


G1(1, 0, 0, 0, 1, 1, 1) + p2b

2 + q22 + h2s2 = ∞,

G1(1, 0, 1, 0, 0) + p213(µ, π) + q12 + h2s2 = 69

= 69;

• G1(3, 1, 1, 0, 0, 0, 1) =min


G1(2, 1, 0, 0, 0, 1, 1) + p3b

2 + q23 + h3s3 = ∞,

G1(2, 0, 1, 0, 1, 0, 1) + p3b
1 + q13 + h3s3 = 95,

G1(2, 1, 1, 0, 0) + p313(µ, π) + q12 + h3s3 = 108

= 95.

Note that we compute the values of cost functions for all possible values of (t, µ1, µ2, µ3, π1, π2)

where each of them can have T + 1 = 4 possible values. As a result, the number of function

value calculations for computing minimum costs with fractional period is equal 46 = 4096, in

comparison to 52 in Step 3 of New-DP-LSPCS.
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Figures

Instance Category 1: (80, 960, 1970) Instance Category 2: (80, 1310, 2570)

Gurobi 9.1 DP-MCLS with PI Unsolved in 2000 seconds

Figure 3: Gurobi versus DP-MCLS with PI for MCLS with n = 2: Solution Time Variations (from Table 2)

Instance Category 1: (40, 670, 1280, 1970) Instance Category 2: (40, 860, 1650, 2590)

Gurobi 9.1 DP-MCLS with PI Unsolved in 2000 seconds

Figure 4: Gurobi versus DP-MCLS with PI for MCLS with n = 3: Solution Time Variations (from Table 3)
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Instance Category 1: (75, 1310, 2570) Instance Category 2: (75, 1790, 3470)

Gurobi 9.1 New-DP-LSPC with PI Unsolved in 2000 seconds

Figure 5: Gurobi versus New-DP-LSPC with PI for LS-PC with m = 2: Solution Time Variations (from Table 6)

Instance Category 1: (40, 670, 1280, 1970) Instance Category 2: (40, 860, 1650, 2590)

Gurobi 9.1 New-DP-LSPC with PI Unsolved in 2000 seconds

Figure 6: Gurobi versus New-DP-LSPC with PI for LS-PC with m = 3: Solution Time Variations (from Table 7)
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