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Abstract 

In this paper, a reformulation that was proposed for a knapsack problem has been extended to single and bi-objective 

linear integer programs. A further reformulation by adding an upper bound constraint for a knapsack problem is also 

proposed and extended to the bi-objective case. These reformulations significantly reduce the number of branch and 

bound iterations with respect to these models. Numerical illustrations have been presented and computational 

experiments have been carried out to compare the behaviour before and after the reformulation. For this purpose, Tora 

software was used. 

 

Keywords- Reformulation, Branch and bound, General linear integer programs, Knapsack problem, Bi-objective models, 

Non-dominated point set. 

 

 

 

1. Introduction 
Many applications in real-life problems require integer restricted variables in a linear program. 

Many approaches have been developed to reduce computational effort and time required to get to 

the optimal solution. Some of the well-known approaches for integer programming problems are 
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by Kelley (1960), Mitten (1970), Taha (2003), Kumar et al. (2010), Kumar and Munapo (2012). 

For larger integer programs, see the column generation procedure by Barnhart et al. (2018). 

 

One of the well-known integer linear programming problem in discrete optimization is a knapsack 

problem, which has also been attempted by several researchers in Kellerer et al. (2004), Taha 

(2003), Della Croce et al. (2017) and real-life applications have been discussed in Winston and 

Goldberg (2004). A few well-known methods that have been used to solve the knapsack problem 

are based on dynamic algorithm (Chebil and Khemakhem, 2015), greedy algorithms (Chu and 

Beasley, 1998) and the branch and bound concept by Davis et al. (1971). For other approaches to 

a knapsack model, see Dudziński and Walukiewicz (1987), and Haristakeva and Shrestha (2005). 

 

The standard branch and bound algorithm have been improved by using the concept branch and cut 

algorithm (Padberg and Rinaldi, 1991), which is a combination of the ideas from branch and bound 

and Gomory cutting plane (Kelley, 1960). Branch and Price (Barnhart et al., 2000) is another 

improvement in the branch and bound approach for solving the knapsack problem. 

 

Instead of modifying these existing methods to solve a knapsack problem, Munapo and Kumar 

(2016) suggested a reformulation of the knapsack model itself. This reformulation resulted in a 

significant reduction in the number of sub-problems used by the standard branch and bound 

approach to reach the optimal solution. 

 

In this paper, the knapsack reformulation by Munapo and Kumar (2016) has been applied to single 

and bi-objective general linear integer programs (LIP). Furthermore, the knapsack model is slightly 

modified resulting in further reduction in branch and bound iterations. These reformulations 

resulted in: 

 Additional constraints and variables yet significantly reduce the number of branch and 

bound iterations. 

 The modification with respect to the knapsack model adds only one extra constraint that is 

identified by a few simple steps discussed in the paper. 

 The computational experiments indicate significant savings in the number of sub-problems 

required by branch and bound algorithm to verify the optimal solution. 

 The efficiency of these new ideas have been investigated by implementing them to solve a 

few bi-objective models. The 𝜖 - constraint method (Chankong and Haimes, 2008) has been 

used to solve the bi-objective models before and after the reformulation. Numerical 

examples have been used to demonstrate the enhancement. 

 

This paper attempts to: 

(i) Extend the reformulation for the knapsack model by Munapo and Kumar (2016) to the 

general linear integer programming model. 

(ii) Propose a new modification by adding an upper-bound constraint for the knapsack 

model. 

(iii) Extend the above two ideas for a few bi-objective models. 

 

 

The paper has been organized as follows: In Section 2, the preliminaries have been presented. In 

Section 3, the original knapsack reformulation by Munapo and Kumar (2016) is briefly explained. 

In Section 4, the knapsack reformulation by Munapo and Kumar (2016) has been extended for a 

general linear integer program. The proposed new modification for the knapsack problem has been 
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discussed in Section 5. The above two modifications have been applied to bi-objective models in 

Section 6. Finally, the paper has been concluded in Section 7. 

 

2. Formulation of General Integer and Knapsack Problem 
A mathematical model of a general linear integer problem is given by (1): 

 

 𝑧 = max{∑ 𝑐𝑗𝑥𝑗
𝑛
𝑗=1 }      (1) 

 Subject to  
∑ 𝑎𝑖𝑗𝑥𝑗

𝑛
𝑗=1 ≤ 𝑏𝑖          (𝑖 = 1,2, … , 𝑚)   

 

 𝑎𝑖𝑗 𝑏𝑖, 𝑐𝑗  ≥ 0  and integer.  

 

Here 𝑎𝑖𝑗 , 𝑏𝑖 𝑎𝑛𝑑 𝑐𝑗 are positive constants and 𝑥𝑗 is an integer restricted variable, 𝑗 = 1,2, … , 𝑛. 

The knapsack problem is a special case of (1) with a single constraint as given in (2) 

 

 𝑧 = min{∑ 𝑐𝑗𝑥𝑗
𝑛
𝑗=1 }      (2) 

 Subject to  
∑ 𝑎𝑗𝑥𝑗

𝑛
𝑗=1 ≥ 𝑏             

 

      

Again 𝑎𝑗, 𝑏  𝑎𝑛𝑑 𝑐𝑗 are positive constants and 𝑥𝑗 ≥ 0 is an integer restricted variable, 𝑗 =

1,2, … , 𝑛. 

 

In a given LP model, since variables can be easily renamed, and constraints can be rearranged, for 

convenience of presentation and without any loss of generality, it is assumed that the 1st constraint 

in (1) satisfies the condition: 

 

 𝑎11 <  𝑎12 < ⋯ <  𝑎1𝑛    
 

   (3) 

A more general case of (3) can be as given by (4): 

 

 𝑎11 ≤  𝑎12 ≤ ⋯ ≤  𝑎1𝑛   
 

   (4) 

which is also considered in this paper. 

 

Similarly, for convenience of presentation, it has been assumed that the knapsack constraint in (2) 

also satisfies the condition 

 𝑎1 <  𝑎2 < ⋯ <  𝑎𝑛      (5) 

 

3. The Knapsack Reformulation by Munapo and Kumar (2016) 

3.1 The Reformulation  
Munapo and Kumar (2016) converted 𝑎 (1𝑋𝑛) Knapsack model into 𝑎 ((𝑛 +  1)𝑋(2𝑛)) model 

with the following substitutions: 

𝑎1
∗ = 𝑎1, 𝑎2

∗ = 𝑎2 − 𝑎1, 𝑎3
∗ = 𝑎3 − 𝑎2, . . . , 𝑎𝑛

∗ = 𝑎𝑛 − 𝑎𝑛−1. 
 

The original knapsack constraint in (2) can be expressed as: 

𝑎1
∗𝑦1 + 𝑎2

∗𝑦2+. . . +𝑎𝑛
∗ 𝑦𝑛 ≥  𝑏. 
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Here, 𝑦1, 𝑦2, . . . , 𝑦𝑛 are new integer restricted variables given by: 

 

𝑎1
∗(𝑥1 +  𝑥2+. . . + 𝑥𝑛) = 𝑎1

∗𝑦1 

𝑎2
∗(𝑥2+. . . + 𝑥𝑛) = 𝑎2

∗𝑦2 

⋮ 
𝑎𝑛

∗ ( 𝑥𝑛) = 𝑎𝑛
∗ 𝑦𝑛. 

 

Thus, the reformulation model of (2) will become: 

 

 𝑧 = min{∑ 𝑐𝑗𝑥𝑗
𝑛
𝑗=1 }     (6) 

 

Subject to  

𝑎1
∗𝑦1 + 𝑎2

∗𝑦2+. . . +𝑎𝑛
∗ 𝑦𝑛 ≥  𝑏 

𝑎1
∗(𝑥1 +  𝑥2+. . . + 𝑥𝑛) = 𝑎1

∗𝑦1 

𝑎2
∗(𝑥2+ . . . + 𝑥𝑛) = 𝑎2

∗𝑦2 

⋮ 
𝑎𝑛

∗ ( 𝑥𝑛) = 𝑎𝑛
∗ 𝑦𝑛. 

 

 

The quantities 𝑎𝑗
∗, 𝑐𝑗, 𝑏 are positive integer constants, 𝑦𝑗  are integer restricted variables, and 𝑥𝑗  ≥

 0, 𝑗 =  1,2, . . . , 𝑛. 
 

3.2 Characteristic of the Model (6) 
From the model (6), following observations are immediate: 

(1) Dimension of the given knapsack problem after the reformulation changes from (1 ×  𝑛) 

to ((𝑛 +  1)  ×  2𝑛). 

(2) Since the relationship between the given variables 𝑥𝑗 and the new variables 𝑦𝑗  is in a 

canonical form, therefore if 𝑦𝑗   are integer restricted values, 𝑥𝑗 must also take only integer 

values without imposing any integer restriction on them. 

(3) The above property, in spite of increase in the dimension of the knapsack problem, is 

reducing the number of the branch and bound iterations. It is this relationship, we wish to 

explore for the general linear integer program (1) and other related models. 

 

4. The Proposed Reformulation for a General Linear Integer Program 

4.1 Consideration of a LIP Model  
The main idea of the knapsack reformulation by Munapo and Kumar (2016) is extended to a general 

linear integer programming model. Let us reconsider the general LIP model (1), where without any 

loss of generality, we assumed that the first constraint satisfies the condition (3). After 

implementing the reformulation in the 1st constraint, the model (1) becomes: 

 

 𝑧 = max{∑ 𝑐𝑗𝑥𝑗
𝑛
𝑗=1 }   (7) 

 Subject to 

 𝑎11
∗ 𝑦1 + 𝑎12

∗ 𝑦2+. . . +𝑎1𝑛
∗ 𝑦𝑛 ≤  𝑏1 

𝑎11
∗ (𝑥1 +  𝑥2+. . . + 𝑥𝑛) = 𝑎11

∗ 𝑦1 

𝑎12
∗ (𝑥2+ . . . + 𝑥𝑛) = 𝑎12

∗ 𝑦2 

⋮ 
𝑎1𝑛

∗ ( 𝑥𝑛) = 𝑎1𝑛
∗ 𝑦𝑛 

∑ 𝑎𝑖𝑗𝑥𝑗
𝑛
𝑗=1 ≤  𝑏𝑖 ,      𝑖 = 2, . . . , 𝑚.  
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Here 𝑎𝑖𝑗
∗ , 𝑐𝑗, 𝑏𝑖   are positive integer constants with 𝑥𝑗 real and 𝑦𝑗 integer restricted variables,  𝑗 =

 1,2, . . . , 𝑛. 
 

Later, the case when 𝑎11  ≤  𝑎12  ≤ . . . ≤  𝑎1𝑛 has also been considered. A numerical example is 

presented for each case. 

 

4.2 Numerical Illustrations 

Numerical Example 1 
Model (8) is a trivial example with 5 variables where the condition (3) is satisfied by the first 

constraint. 

 

 max{19𝑥1 + 9𝑥2 + 4𝑥3 + 11𝑥4 + 13𝑥5   }      (8) 

 Subject to  
7𝑥1 + 9𝑥2 + 10𝑥3 + 15𝑥4 + 18𝑥5 ≤ 99  

17𝑥1 + 10𝑥2 + 14𝑥3 + 8𝑥4 + 11𝑥5 ≤ 125  
𝑥𝑗 ≥ 0 and integers, 𝑗 = 1,2,3,4,5 

 

 

The first constraint in (8) is replaced by: 

 

7𝑦1  +  2𝑦2  + 𝑦3  +  5𝑦4  +  3𝑦5  ≤  99 
7(𝑥1  + 𝑥2  +  𝑥3  +  𝑥4  +  𝑥5)  =  7𝑦1 

2(𝑥2  + 𝑥3  +  𝑥4  +  𝑥5)  =  2𝑦2 
1(𝑥3  +  𝑥4  +  𝑥5)  =  1𝑦3 

5(𝑥4  +  𝑥5)  =  5𝑦4 
3(𝑥5)  =  3𝑦5 

where 𝑥𝑗 ≥  0 and 𝑦𝑗  ≥  0 and integer for j = 1,2,3,4,5. 

 

The mathematical model (8) will become as (9): 

 

  max{19𝑥1 + 9𝑥2 + 4𝑥3 + 11𝑥4 + 13𝑥5   }   (9) 

 Subject to 

7𝑦1  +  2𝑦2  +  𝑦3  +  5𝑦4  +  3𝑦5  ≤  99 
     17𝑥1 + 10𝑥2 + 14𝑥3 + 8𝑥4 + 11𝑥5 ≤ 125  

7(𝑥1  +  𝑥2  +  𝑥3  +  𝑥4  +  𝑥5)  =  7𝑦1 
2(𝑥2  +  𝑥3  +  𝑥4  +  𝑥5)  =  2𝑦2 

1(𝑥3  +  𝑥4  +  𝑥5)  =  1𝑦3 
5(𝑥4  +  𝑥5)  =  5𝑦4 

3(𝑥5)  =  3𝑦5 
 

𝑥𝑗 ≥ 0 , 𝑦𝑗  ≥  0 and integers  for j = 1,2,3,4,5. 

 

 

• The models (8) and (9) were solved using the Tora software and it was noted that (8) required 81 

sup-problems to get to the optimal solution while the model (9) required only 15 sup-problems. 

 

• The second constraint also satisfies the condition (3) with respect to variables  𝑥4, 𝑥2 , 𝑥5, 𝑥3  and 

𝑥1  since 𝑎24 (=  8)  ≤  𝑎22(=  10)  ≤  𝑎25(=  11)  ≤  𝑎23(=  14)  ≤  𝑎21(=  17). 
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It was noted that when the second constraint in model (8) was subject to similar transformation 

instead of constraint (1) and solved by Tora software, it required 27 sup-problems to reach to the 

optimal solution. 

 

• Although, the integer restriction on 𝑦𝑗 variables automatically result in integer values of 

𝑥𝑗 variables, however, if integer restrictions are imposed on both  𝑥𝑗 and  𝑦𝑗 then the number of sub 

problems required by Tora software increases to 56 sup-problems. 

 

Numerical Example 2 
This is a slight modification of (8) to illustrate the condition (4). 

 

  max{19𝑥1 + 9𝑥2 + 4𝑥3 + 11𝑥4 + 13𝑥5   }  (10) 

 Subject to 

9𝑥1 + 10𝑥2 + 10𝑥3 + 15𝑥4 + 18𝑥5 ≤ 99  
17𝑥1 + 10𝑥2 + 14𝑥3 + 8𝑥4 + 11𝑥5 ≤ 125  

𝑥𝑗 ≥ 0 and integers, 𝑗 = 1,2,3,4,5 

 

 

It may be noted that in the first constraint, coefficient of variables 𝑥2 and 𝑥3 are equal to 10. This 

will make a few minor changes in the reformulated model as given by (11): 

 

 max{19𝑥1 + 9𝑥2 + 4𝑥3 + 11𝑥4 + 13𝑥5   }   
 

(11) 

 Subject to   
9𝑦1  + 𝑦2  +  5𝑦3  +  3𝑦4  ≤  99 

     17𝑥1 + 10𝑥2 + 14𝑥3 + 8𝑥4 + 11𝑥5 ≤ 125  
9(𝑥1  +  𝑥2  +  𝑥3  +  𝑥4  +  𝑥5)  =  9𝑦1 

(𝑥2  +  𝑥3  +  𝑥4  +  𝑥5)  =  𝑦2 
5(𝑥4  +  𝑥5)  =  5𝑦3 

3(𝑥5)  =  3𝑦4 

 
𝑥𝑗 ≥ 0 , 𝑗 = 1,4,5 and 2  or  𝑗 = 1,4,5 and 3, 

𝑦𝑗  ≥  0 and integers  for j = 1,2,3,4. 

 

 

Since the coefficients of 𝑥2, 𝑥3 were equal, it has resulted in reduction in one of the 𝑦𝑗   variable and 

instead increased integer requirements on one of the 𝑥𝑗 variables that is either 𝑥2 or 𝑥3. 

 

Once again, model (10) required 56 sub-problem while model (11) required 12 sub-problems only. 

 

 

 

4.3 The Computational Experiments 
The efficiency of the proposed reformulation using Tora software (Taha, 2003) was investigated 

on different sized randomly generated instances up to 20 variables. Larger than 20 variables became 

time consuming as only manual input is possible in Tora software, see Table 1. 
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Table 1. Comparison with respect to the number of sub-problems before and after the reformulation using 

the branch and bound on Tora software 
 

Problem Optimal solution Before Ref. After Ref. % Reduction 

Instance1(5) 141 81 15 81.5 

Instance2(5) 116 29 3 89.6 

Instance3(5) 187 142 22 84.5 

Instance4(10) 483 39 9 76.9 

Instance5(10) 132 71 2 97.2 

Instance6(10) 185 237 19 91.9 

Instance7(15) 292 73 16 78.08 

Instance8(15) 378 143 27 81.1 

Instance9(20) 1288 230 38 83.5 

Instance10(20) 1637 436 45 89.7 

 

 

5. A New Modification by Adding an Upper Bound Constraint for the Knapsack 

Model 

5.1 The Proposed Modification of the Knapsack Model 
The main idea behind the modification is to identify a variable 𝑗 that gives the minimum value of 

the objective function 𝑧 denoted by 𝑧𝑗 and add the corresponding condition as an upper bound 

constraint to the given knapsack model. This variable can be identified using the following steps: 

 

(1) ∗ From the given problem (2) the number of integer variables is a known integer value let 

it be denoted by n. 

∗ Assign j = 1 

∗ Find 𝑏

𝑎𝑗
= 𝑘𝑗 where 𝑘𝑗 is the next integer value and find 𝑧𝑗 = 𝑐𝑗𝑘𝑗. 

(2) Put j = j + 1 

(3) If j < n   find 𝑧𝑗 otherwise go to step 4. 

(4) Find the min {𝑧1, 𝑧2, . . . , 𝑧𝑛} and let the minimum be denoted by 𝑧𝑟 

(5) Substitute 𝑥𝑟 =  𝑘𝑟 − �̅�𝑟  in (2) then we get: 

 

 𝑧 = 𝑚𝑖𝑛{𝑐1𝑥1 + 𝑐2𝑥2. . . +𝑐𝑟−1𝑥𝑟−1 − 𝑐𝑟 �̅�𝑟 + 𝑐𝑟+1𝑥𝑟+1 +. . . +𝑐𝑛𝑥𝑛 + 𝑐𝑟𝑘𝑟}    (12) 

 Subject to 

 

𝑎1𝑥1 + 𝑎2𝑥2. . . +𝑎𝑟−1𝑥𝑟−1 − 𝑎𝑟 �̅�𝑟 + 𝑎𝑟+1𝑥𝑟+1 +. . . +𝑎𝑛𝑥𝑛 + 𝑎𝑟𝑥𝑟 ≥ 𝑏 − 𝑎𝑟𝑐𝑟 

𝑥𝑗 ≥ 0 and integer, 𝑗 ≠ 𝑟, j = 1,2, . . . m, 𝑘𝑟 ≥ �̅�𝑟 ≥ 0 and integer. 

 

 

 

 

Numerical Example 3 
Once again, a trivial example with 5 variables, which is the same that was used by Munapo and 

Kumar (2016) is considered since it satisfies condition (5). 
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 𝑧 = min{20𝑥1 + 8𝑥2 + 3𝑥3 + 5𝑥4 + 33𝑥5}    (13) 

 Subject to 

  29𝑥1 + 20𝑥2 + 18𝑥3 + 24𝑥4 + 12𝑥5 ≥ 679 

𝑥𝑗 ≥ 0 and integer, 𝑗 = 1,2,3,4,5 

 

 

Using the simple steps as explained in Section (5.1) 

 

(1) n = 5 

(2) The range of each variables is given by 𝑥1: [0 −  24],  𝑥2 = [0 − 34],  𝑥3 = [0 − 38],  
𝑥4 = [0 − 29] , x5 = [0 − 57]. 

(3) This gives: 𝑍1 = 480, 𝑍2= 272, 𝑍3= 114, 𝑍4 = 145, 𝑍5= 684. 

(4) The minimum value 𝑍3 = 114, which means 𝑥3 is replaced by this substitution 

 𝑥3= 38 −�̅�3   

 
(14) 

   

(5) Substitute (14) in problem (13) we get 

 

  min{20𝑥1 + 8𝑥2 − 3�̅�3 + 5𝑥4 + 33𝑥5 + 114 }   
 

(15) 

 Subject to  
29𝑥1  +  20𝑥2 −  18 �̅�3  +  24𝑥4  +  12𝑥5  ≥ −5  

𝑥𝑗 ≥ 0 , and integers  for j = 1,2,4,5. 

0 ≤ �̅�3 ≤ 38, and integers.   
 

 

Solving problem (13) using the branch and bound on Tora requires 291 sup-problems to get the 

optimal solution while problem (15) requires only 5 sup-problems. It is a significant reduction in 

the number of sup-problems. 

 

According to the reformulation by Munapo and Kumar (2016), problem (13) will become as follow: 

 

  min{20𝑥1 + 8𝑥2 + 3𝑥3 + 5𝑥4 + 33𝑥5   }   
 

(16) 

 Subject to  
12𝑥1  +  6𝑥2  + 2𝑥3  +  4𝑥4  +  5𝑥5  ≥ 679 
12(𝑥1  +  𝑥2  +  𝑥3  + 𝑥4  + 𝑥5)  =  12𝑦1 

6(𝑥1 + 𝑥2  + 𝑥3  +  𝑥4)  =  6𝑦2 
2(𝑥1 + 𝑥2 + 𝑥4 )  =  2𝑦3 

4(𝑥1 + 𝑥4 )  =  4𝑦4 
3(𝑥5)  =  3𝑦5 

 

 

Problem (16) requires 37 sub-problem to get the optimal solution while Problem (15) requires only 

5. As a result, the proposed modification in the knapsack model outperformed the previous 

reformation by Munapo and Kumar (2016). 

 

5.2 The Computational Experiments 
The efficiency of the proposed approach was investigated using Tora software (Taha, 2003) on 

different sized randomly generated instances up to 50 variables. Table 2 shows comparison with 
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respect to the number of sup-problems that were required by the branch and bound before and after 

the reformulation. 

 

 
Table 2. Comparison with respect to the number of sub-problems before and after the reformulation using 

the branch and bound on Tora software. 
 

Problem Optimal solution Before Ref. After Ref. % Reduction 

KP5 114 291 5 98.2 

KP10 122 17 2 88.2 

KP15 538 95 37 61.05 

KP20 1328 835 39 95.3 

KP25 1155 133 3 97.7 

KP30 3450 47 13 72.3 

KP35 10824 617 289 53.2 

KP40 15172 393 35 91.09 

KP45 15225 381 41 89.2 

KP50 29387 107 79 26.2 

 

 

Result in Tables 1 and 2 are shown in Figures 1 and 2, respectively 

 

 

 
Figures 1 and Figure 2. Comparison with respect to before and after the reformulation 

 

 

 

The above reformulations can also be applied to bi-objective and multi-objective models as many 

methods scalarize and convert the problem into single-objective. In Section 6 we illustrate the use 

of above reformulations on a bi-objective model. 
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6. Consideration of Bi-Objective Models 

6.1 Reformation Models With Respect to Bi-Objective General Linear Integer 

Program 
A mathematical model of a bi-objective linear integer programming problem is given by: 

 

 𝑧 = 𝑚𝑎𝑥{𝑧1(𝑥), 𝑧2(𝑥)}   (17) 

 Subject to  𝑥 ∈ 𝑋   
 

 

where 𝑧1(𝑥) and 𝑧2(𝑥) represent the two linear objective functions. Here X represents the feasible 

set in the decision space and Y represents the feasible set in the criterion space such that 𝑥𝑗 ∈ 𝑍 for 

all 𝑗 =  1,2, . . . , 𝑛, where n is the number of variables. 

 

Definition 6.1. A feasible solution 𝑥∗ ∈  𝑋 in the decision space is called an efficient solution if 

there is no 𝑥 ∈  𝑋 such that 𝑧𝑖(𝑥)  ≤  𝑧𝑖(𝑥∗) for each 𝑖 and 𝑧𝑖(𝑥)  <  𝑧𝑖(𝑥∗) for at least one 𝑖. The 

image 𝑧(𝑥∗) of efficient point 𝑥∗, in the criterion space, is called non-dominated point. Let 𝑋𝐸, 𝑌𝑁 

denote the set of all efficient solution and non-dominated points, respectively. 

 

The effectiveness of the proposed reformulation was tested for the bi-objective general linear 

integer program given by example 4. 

 

Numerical Example 4 
Consider the following bi-objective general linear integer problem in (18). For comparison problem 

(18) is solved before and after reformulation using the 𝜖 - constraint method. 

 

Part 1 (Before the Reformulation) 
 

 max  𝑧1 = 𝑥1 − 𝑥2 + 𝑥3 + 𝑥4 + 5𝑥5  
max  𝑧2 = 𝑥1 + 2𝑥2 + 3𝑥3 + 2𝑥4 + 2𝑥5    

(18) 

 Subject to   
     𝑥1 + 2𝑥2 + 3𝑥3 + 3𝑥4 + 6𝑥5 ≤ 25  

14𝑥1 + 6𝑥2 + 𝑥3 + 6𝑥4 + 2𝑥5 ≤ 60 

𝑥1 + 5𝑥2 + 10𝑥3 + 3𝑥4 + 6𝑥5 ≤ 30 

10𝑥1 + 3𝑥2 + 𝑥3 + 5𝑥4 + 7𝑥5 ≤ 50 

𝑥𝑗 ≥ 0 and integer 𝑗 = 1,2,3,4,5. 
 

 

Scalarise the bi-objective problem (18) using 𝑤1 =  𝑤2 =  1, so it can be written as 𝑧3  =  𝑧1  +
 𝑧2 as shown in (19) 

 

 max  𝑧3 = 2𝑥1 + 𝑥2 + 4𝑥3 + 3𝑥4 + 7𝑥5  (19) 

 Subject to   
     𝑥1 + 2𝑥2 + 3𝑥3 + 3𝑥4 + 6𝑥5 ≤ 25  

14𝑥1 + 6𝑥2 + 𝑥3 + 6𝑥4 + 2𝑥5 ≤ 60 

𝑥1 + 5𝑥2 + 10𝑥3 + 3𝑥4 + 6𝑥5 ≤ 30 

10𝑥1 + 3𝑥2 + 𝑥3 + 5𝑥4 + 7𝑥5 ≤ 50 

𝑥𝑗 ≥ 0  and integer 𝑗 = 1,2,3,4,5. 
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The lower and upper bound with respect to  𝑧2  =  10 and 20, respectively. Then the problem (19) 

was solved with an additional constraint that is 𝑧2  ≥  10,  as shown in (20): 

 

 max  𝑧3 = 2𝑥1 + 𝑥2 + 4𝑥3 + 3𝑥4 + 7𝑥5  (20) 

 Subject to   
     𝑥1 + 2𝑥2 + 3𝑥3 + 3𝑥4 + 6𝑥5 ≤ 25  

14𝑥1 + 6𝑥2 + 𝑥3 + 6𝑥4 + 2𝑥5 ≤ 60 

𝑥1 + 5𝑥2 + 10𝑥3 + 3𝑥4 + 6𝑥5 ≤ 30 

10𝑥1 + 3𝑥2 + 𝑥3 + 5𝑥4 + 7𝑥5 ≤ 50 

𝑥1 + 2𝑥2 + 3𝑥3 + 2𝑥4 + 2𝑥5 ≥ 10 

𝑥𝑗 ≥ 0 and integer 𝑗 = 1,2,3,4,5. 
 

 

Solving (20) resulted in the first non-dominated point (25, 10) at iteration 2. 

 

Increase the right-hand side of the additional constraint in (20) to 11 as in problem (21). It resulted 

in the second non-dominated point (22, 12) at iteration 7. 

 

 max  𝑧3 = 2𝑥1 + 𝑥2 + 4𝑥3 + 3𝑥4 + 7𝑥5     (21) 

 Subject to   
𝑥1 + 2𝑥2 + 3𝑥3 + 3𝑥4 + 6𝑥5 ≤ 25  
14𝑥1 + 6𝑥2 + 𝑥3 + 6𝑥4 + 2𝑥5 ≤ 60 

𝑥1 + 5𝑥2 + 10𝑥3 + 3𝑥4 + 6𝑥5 ≤ 30 

10𝑥1 + 3𝑥2 + 𝑥3 + 5𝑥4 + 7𝑥5 ≤ 50 

𝑥1 + 2𝑥2 + 3𝑥3 + 2𝑥4 + 2𝑥5 ≥ 11 

𝑥𝑗 ≥ 0 and integer  𝑗 = 1,2,3,4,5. 

 

 

Continue the process by increasing the right-hand side of the additional constraint until one reaches 

the upper bound 20. The whole set of 6 non-dominated points were obtained and 37 sub-problems 

were solved. 

 

Part 2 (After the Reformulation) 
The same problem (19) was reformulated and the two objectives were scalarised as in (21). It gave 

(22).  

 

 max  𝑧3 = 2𝑥1 + 𝑥2 + 4𝑥3 + 3𝑥4 + 7𝑥5  (22) 

 Subject to 

1𝑦1  +  1𝑦2  +  𝑦3  +  3𝑦4  ≤  25 
14𝑥1 + 6𝑥2 + 𝑥3 + 6𝑥4 + 2𝑥5 ≤ 60 

𝑥1 + 5𝑥2 + 10𝑥3 + 3𝑥4 + 6𝑥5 ≤ 30 

10𝑥1 + 3𝑥2 + 𝑥3 + 5𝑥4 + 7𝑥5 ≤ 50 

1(𝑥1  +  𝑥2  +  𝑥3  +  𝑥4  +  𝑥5) =  1 𝑦1 
1 (𝑥2  +  𝑥3  +  𝑥4  +  𝑥5)  =  1 𝑦2 

1( 𝑥3  +  𝑥4  +  𝑥5)  =  1 𝑦3 
3( 𝑥5)  =  3 𝑦4 

 
𝑥𝑗 ≥ 0 , 𝑗 = 1,2,5 and 3  or  𝑗 = 1,2,5 and 4, 

   𝑦𝑗  ≥  0 and integers  for j = 1,2,3,4. 
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Following the same steps as were used in the solution before the reformulation, the whole set of 

non-dominated points were obtained by solving 30 sub-problems. 

 

6.2 Consideration of the Bi-Objective Knapsack Model 

Numerical Example 5 
This numerical example explains the upper bound constraint idea to solve the knapsack problem. 

 

 max  𝑧1 = 20𝑥1 + 18𝑥2 + 10𝑥3 + 9𝑥4  
max  𝑧2 = 11𝑥1 + 8𝑥2 + 12𝑥3 + 20𝑥4    

(23) 

 Subject to 

19𝑥1 + 8𝑥2 + 3𝑥3 + 10𝑥4 ≤ 168  
𝑥𝑗 ≥ 0 and integer , 𝑗 = 1,2,3,4. 

 

 

Part 1 (Before the Reformulation) 
The given two objectives can be scalarised into single-objective by using 𝑤1  =  𝑤2  =  1. Problem 

(23) can be written as 𝑧3  =  𝑧1  +  𝑧2 as in (24) 

 

 max  𝑧3 = 31𝑥1 + 26𝑥2 + 22𝑥3 + 29𝑥4  (24) 

 Subject to 

     19𝑥1 + 8𝑥2 + 3𝑥3 + 10𝑥4 ≤ 168  
𝑥𝑗 ≥ 0 and integer , 𝑗 = 1,2,3,4. 

 

 

The lower bound for 𝑧2 =  99.   The problem (24) with additional constraint that is 𝑧2  ≥  99 is 

solved, the optimal solution is 180 giving the first non-dominated point that is (180, 99). 

 

The process is continued by increasing the right-hand side of the additional constraint until the 

upper bound is reached.  The whole set of non-dominated points required 493 sub-problems. 

 

Part 2 (After the Reformulation)  
 min  𝑧3 = −3�̅�1 + 26𝑥2 + 22𝑥3 + 29𝑥4  (25) 

 Subject to   
    - 19�̅�1 + 8𝑥2 + 3𝑥3 + 10𝑥4 ≥ −3  

11�̅�1 + 8𝑥2 + 3𝑥3 + 10𝑥4 ≥ −1 

�̅�1 ≤ 9  
𝑥𝑗 ≥ 0  and integer , 𝑗 = 1,2,3,4. 

 

 

After scalarize problem (23) and adding the upper bound constraint, as was discussed in Section 

(5.1), the whole set of non-dominated points for problem (25) were obtained by solving 378 sub-

problem as against 493. For a recent approach to a bi-objective knapsack model, see Al-Rabeeah 

et al. (2019). 

 

7. Conclusion 
A knapsack reformulation has been applied to a general linear integer programming models with 

significant reduction in the number of sub-problems required by the branch and bound when using 

the Tora software. A numerical illustration has been given and tested on several randomly generated 

problems of different sizes. An upper bound constraint has been added to the knapsack model that 

resulted in reduction of sub-problems requirement. These two ideas have been illustrated on a bi-



International Journal of Mathematical, Engineering and Management Sciences                                      

Vol. 4, No. 5, 1140–1153, 2019 

https://dx.doi.org/10.33889/IJMEMS.2019.4.5-090 

1152 

objective general linear integer program and a knapsack model. Future studies will investigate 

concepts discussed in this paper and applied to bi-objective mix-integer models, see Al-Hasani et 

al. (2018). 
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