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Abstract We analyze an inner approximation scheme for probability maximization. The approach was proposed
in Fabidn, Csizm&s, Drenyovszki, Van Ackooij, Vajnai, Kovdcs, Szdntai (2018) Probability maximization by
inner approximation, Acta Polytechnica Hungarica 15:105-125, as an analogue of a classic dual approach in the
handling of probabilistic constraints.

Even a basic implementation of the maximization scheme proved usable and endured noise in gradient
computations without any special effort. Moreover the speed of convergence was not affected by approximate
computation of test points. This robustness was then explained in an idealized setting, considering a glob-
ally well-conditioned objective function. Here we work out convergence proofs for a logconcave distribution,
specifically, for a normal distribution.

The main result of the present paper is that the procedure gains traction as an optimal solution is ap-
proached.

Keywords Convex optimization, stochastic optimization, probabilistic problems, cutting-plane method

1 Introduction

Let F(z) denote an n-dimensional nondegenerate standard normal distribution function. Due to logconcavity
of the normal distribution, the probabilistic function ¢(z) = —log F(z) is convex. We discuss a probability
maximization problem in the form

min ¢(Tx) subject to Az <b, (1)

where vectors are € € IR™, b € IR", and the matrices T and A are of sizes n x m and r x m, respectively.

Our scheme builds an inner approximation of the epigraph of ¢(z), based on function evaluations in certain
test points. A master problem is formulated using this approximation. Further test points are selected in the
course of the procedure, with a view of gradually improving the optimum of the master problem. This is
analogous to the well-known dual approach in the handling of probabilistic constraints of the form

Tz e Ly={z|F(2) >2p} (2)

where p > 0 is a prescribed probability. The classic dual approach applies an inner approximation of the level
set L. The approach has been initiated by Prékopa (1990), and the inner approximation was first applied to a
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probabilistic constraint by Prékopa, Vizvéari, and Badics (1998). In Dentcheva, Prékopa, and Ruszczynski (2000),
a cone generation scheme was developed for the continual improvement of the approximation. In this scheme,
new test points are found by minimizing a tractable function over the level set £,. Since this minimization
entails a substantial computational effort, the master part of the decomposition framework should succeed with
as few test points as possible. Efficient solution methods were developed by Dentcheva, Lai, and Ruszczyniski
(2004) and Dentcheva and Martinez (2013), approximating the original distribution by a discrete one and
applying regularization to the master problem. More recently, van Ackooij, Berge, de Oliveira, and Sagastizabal
(2017) employed a special bundle-type method for the solution of the master problem, based on the on-demand
accuracy approach of de Oliveira and Sagastizdbal (2014).

In the classic scheme for probabilistic constraints, finding a new test point amounts to minimization over
the level set £p. In contrast, a new approximation point in Fébidn et al (2018) was found by unconstrained
minimization, with considerably less computational effort. In the computational study of that paper, the uncon-
strained problems were solved by a simple gradient descent method. — Of course the probability maximization
problem (1) is easier than the handling of a probabilistic constraint (2). A Newton-type scheme for the handling
of the latter was proposed in Fébidn, Csizmds, Drenyovszki, Vajnai, Kovédcs, and Széntai (2019). It requires
the approximate solution of a short sequence of problems of the former type. (Initial problems in this sequence
are solved with a large stopping tolerance, and the accuracy is gradually increased.)

Typically, gradient computations of probabilistic functions require a far greater effort than function evalua-
tions. Computing a single non-zero component of a gradient vector will involve an effort comparable to that of
computing a function value. (An alternative means of alleviating the difficulty of gradient computation in case
of multivariate normal distribution has recently been proposed by Hantoute, Henrion, and Pérez-Aros (2018).)

In comparison with the outer approximation approach widely used in probabilistic programming, we mention
that it requires a sophisticated implementation to deal with noise in gradient computation. Even a fairly accurate
gradient may result in a cut cutting into the level set. In contrast, inner approximation results in a model
that is easy to validate. A procedure that employs an inner approximation of the epigraph will endure noise
in gradient computation without any special effort, provided function values are evaluated with appropriate
accuracy. (Inherent stability of the model enables the application of randomized methods of simple structure.
Such methods have been worked out in Fabidn et al (2019).)

In the computational study of Fabian et al (2018), the speed of the convergence was not affected by
approximate computation of test points. The number of the necessary test points did not increase significantly
when we performed just a single line search in each gradient descent method. This robustness was then explained
in an idealized setting, considering a globally well-conditioned objective function f(z), with the following
characteristics.

Assumption 1 The function f(z) is twice continuously differentiable, and real numbers a,w (0 < a < w) ewxist such
that

ol = Vif(z) < wI (z e R").

Here VZf(z) is the Hesstan matriz, I is the identity matriz, and the relation U XV between matrices means that
V — U is positive semidefinite.

In this paper we work out convergence proofs for a probabilistic function ¢(z) derived from a logconcave
distribution, specifically, from a normal distribution. Section 2 contains problem and model formulation, under
mild additional assumptions. In Section 3, we discuss theoretical efficiency of the line search in finding new test
points. We apply a local version of Assumption 1.

From a dual viewpoint, the epigraph approximation scheme is a cutting-plane method. We discuss this in
Section 4, and give a theoretical convergence proof of the scheme. In Section 5, we show that the procedure
gains traction as an optimal solution is approached. Finally, Section 6 contains comments from a practical
perspective.
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2 Problem and model formulation

We assume that the feasible domain of the probability maximization problem (1) is not empty, and is contained
inthe box ¥ ={x € IR™| —-1<z; <1(j=1,...,m)}. Exploiting the monotonicity of the objective function,
problem (1) can be written as

min ¢(z) subjectto z—-Tx <0, Az—b<0, €. (3)

Assumption 2 A significantly high probability can be achieved in the probability mazximization problem. Specifically,
a feasible point 2 is known such that F(z) > 0.5.

A further speciality of the normal distribution function is the existence of a bounded box Z outside which
the probability weight can be ignored. For the sake simplicity, we assume that this box has the form Z = {z €
R"| -1<2z<1(j=1,...,n)}. Including the constraint z € Z in (3) results in the approximating problem

min ¢(z) subjectto z—-Tx <0, Az—b<0, z€ Z, z€ X. 4)

As observed in Fébidn et al (2019), the difference between the respective optima of problems (3) and (4) is
insignificant.
The bound z € Z in (4) allows regularization of the objective function, in the form of

6(2) = ~log F(2) + £z (5)

with some p > 0. Substituting this regularized objective in (4) makes no significant variation in the objective
value of z € Z, provided p is small enough. On the other hand, the regularizing term improves the condition of
the objective and ensures that the conjugate function ¢*(.) is finite valued. In this paper, we are going to work
with this regularized objective, with an appropriately set p.

Splitting the variables z, we transform (4) into the equivalent form

min ¢(z) subjectto z—2' =0, 2 —Tx <0, Az —-b<0, 2/ € Z, x € X. (6)

Problem (6) has an optimal solution because the feasible domain is nonempty and bounded.
We relax the constraints z — 2’ = 0; 2z — T < 0 and Az — b < 0 by introducing respective multiplier
vectors —u € IR"; —v € IR",—v >0 and —y € IR", —y > 0. The Lagrangian is

L(z,z @, —u,—v,—y) = é(z) — uwz+ul2 — T2 +0 T — yT Az +yTb. (7
The relaxed problem falls apart into three separate minimization problems:

. T . T _/ . T T T
- - T-y"4A) b. 8
n}zln{qb(z) u z} + Inin (u—v) 2z + min ('U y T+ y (8)

The first minimum is by definition the negative of the conjugate function value ¢*(u). Due to the special form
of the box Z, the second minimum is —||u — v|[1. The third minimum can be computed in a similar manner,
and the optimum of the relaxed problem is

6" (W)~ u— vl - [T7v— ATy| +b7. 9)
Introducing the function

v(u) := —v??zlgo{ —lu -1 - HTTU — ATyH1 +bly } (u e R"), (10)

the Lagrangian dual of (6) can be written as

— - = —mi * . 11
ax {—6"(w) —v(w) } = —min ¢* (w) + v(w) (1)
According to the theory of convex duality, this problem has an optimal solution. — For a recent treatise on

Lagrangian duality, see, e.g., Chapter 4 in the book Ruszczynski (2006).
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Let z* be a partial optimal solution of the primal problem (6). This z* is unique due to the strict convexity
of the regularized objective function ¢(z). The objective function is also smooth, hence its conjugate is strictly

convex (see Theorem 26.1 in Rockafellar (1970)). Hence the dual problem (11) has a unique optimal solution

u*.

Observation 3 We have
’u* = V(j)(z*) (12)

Proof. Let us extend z* to be an optimal solution (z*, 2", 2*) of the primal problem (6). Given u*, let v*, y*
denote an optimal solution of the supremum problem in (10). Then ((2*, 2", &*), (—u*, —v*,—y*)) is a saddle
point of the Lagrangian (7). Hence the Karush—-Kuhn-Tucker conditions for the optimality of (z*, 2", z*) in
(6) hold with Lagrange multipliers (—u*, —v*, —y*), and (12) is part of the Karush—-Kuhn—Tucker conditions.
— Proofs of the cited statements can be found, e.g. in Ruszczyniski (2006), Theorems 4.9, 4.7 and 3.34. O

2.1 Polyhedral models

Suppose we have evaluated the function ¢(z) at points z; (¢ = 0,1,...,k); we introduce the notation ¢; = ¢(z;)
for respective objective values. An inner approximation of ¢(.) is

k
¢r(2z) =min - Xig;
i=0
such that (13)

Aiz0(=0,....k), > X=1 3 \z;=2z

If =z ¢ Conv(zo, ..., 2L), then let ¢;(2) := +oo. A polyhedral model of the equivalent problems (4)-(6) is
min ¢g(z) subjectto z—Tx <0, Az —b<0, z€ Z, z € X. (14)

We assume that (14) is feasible, i.e., its optimum is finite. This can be ensured by proper selection of the initial
20,. .., 2} points. The convex conjugate of ¢ (2) is

* _ T, _ ..
On(u) = max {u’ 2 — o} (15)
As ¢%(.) is a cutting-plane model of ¢*(.), the following problem is a polyhedral model of problem (11):

Jnax {—7(u) — v(u)} = —min 6 (u) +v(w) (16)

At the same time, (16) is the linear programming dual of (14).

Let z denote a partial optimal solution of the primal model problem (14), and let w denote an optimal
solution of the dual model problem (16) — existing due to our assumption concerning the feasibility of (14).
The following observation was proved in Fabidn et al (2018).

Observation 4 We have ¢ (Z) + ¢ (u) = w!'z and hence u € ¢y (Z).
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2.2 Initialization and successive improvement of the models

In F4bidn et al (2018), we initialized the model function (13) with n + 1 points (n being the dimension of the
distribution). The 'most positive’ vertex of Z was selected as zo, and z1, ..., 2, were respective points from the
edges adjoining zg. In this paper we follow this way of initialization, further adding the vector of Assumption
2, as Znp4+1 = z.

The probability maximization problem can be solved by a column generation procedure. New approximation
points are found by unconstrained maximization. Specifically, let w denote a partial dual optimal solution of the
current model problem (14). A new approximation point zj; is found by maximizing the function ulz—¢(z)
(this expression represents the reduced cost of z in the context of the simplex method). In Fabidn et al (2018),
we proposed approximate solutions of the column generation subproblems, always performing a single line
search starting from the partial optimal solution Z of the current model problem.

Looking at the column-generation approach from a dual viewpoint we can see a cutting-plane method. This
relationship between the primal and dual approaches is well known, see, e.g., Frangioni (2002, 2018), but it
is immediately apparent in the present case: (16) is clearly a cutting-plane model of (11). Let @ denote the
optimal solution of the current model problem, we construct an approximate support function to the objective
at w. In case of v(u), an exact support function can be computed through the solution of a linear programming
problem. In case of ¢} (u), we construct an approximate support function in the form

O (u) :=uT2 — ¢(2), (17)

with an appropriate vector z’. We have £'(u) < ¢*(u) for any u by the definition of ¢*(u). We wish to construct
¢'(u) whose graph cuts deeply into the epigraph of the model function ¢} (u). Depth of cut being measured at
w, this is achieved by approximately maximizing alz— #(z). Adding the appropriate 2z’ vector as zy, 1 to the
test points means, from a dual point of view, adding the cut ¢, ; (u) > ul'z' — ¢(2') in the next model function
(15).

2.3 Bounds on optimal solutions

Our first aim is to construct a compact set that contains respective partial optimal solutions z of each successive
dual model problem (14). — An obvious choice would be the box Z. But, for reasons that will become apparent
shortly, we need a set well inside Z.

As we include 2z of Assumption 2 among the initial test points of the model function, the following set
contains all appropriate z vectors:

Oz= ({TxlzeX} +N) N {zecR"|F(z) 205}, (18)

where N denotes the negative (closed) orthant in IR"™. Moreover we have z* € Oz with partial optimal solution
z* of the primal problem (4). The set Oz is obviously compact.

We are now going to construct a compact set that contains respective optimal solutions w of each successive
dual model problem (16). To this end, we are going to use Observation 4.

The model function (13) is initialized in the manner sketched in the previous section. Le., the 'most positive’
vertex of Z is selected as zgp, and zi,...,z, are respective points from the edges adjoining zg. Let S =
Conv(zo,...,zn) denote the convex hull of these n + 1 test points. As the box Z can be extended arbitrarily,
we may assume not only that Oz C S holds, but even that

0Oz C Sy holds with some 71 € (0,1), (19)

where S;; denotes the simplex obtained by shrinking S towards its barycenter, the ratio of decrease being 1 to
n. In what follows, we work with a fixed value n satisfying (19).
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Observation 5 Assume that the model functions have been initialized in such a way that (19) holds.
Then there exists a finite upper bound 'y, such that

|lu|| < I'u holds for any u € O¢y(2) (2 € Oz),

with any of the successive model functions ¢y (z).
Moreover, with the true objective function, we have |[Vé(2)|| < I'u (z € Oz) as well.

I include detailed proof in the appendix, section A.1.

3 Finding new test points

Let z and mw be partial optimal solutions of the current primal and dual model problem, respectively. In
the column generation scheme, the next test point zp,; = 2’ is obtained by approximate maximization of
=T

u' z — ¢(2).

3.1 On the efficiency of line search

As motivation, let us first consider an idealized setting, with a globally well-conditioned function f : IR™ — IR.
By globally well-conditioned, I mean that Assumption 1 holds.

The following well-known theorem can be found e.g., in Chapter 8.6 of Luenberger and Ye (2008). (Ruszczyriski
(2006) in Chapter 5.3.5, Theorem 5.7 presents a slightly different form.)

Theorem 6 Let Assumption 1 hold. We minimize f(z) over IR™ using a steepest descent method, starting from a
point 2°. Let z',...,27,. .. denote the iterates obtained by applying ezact line search at each step. Then we have

1)< (-2 )7, =

where F = minz f(z).

Our column generation subproblem consists in approximately minimizing the function f(z) = ¢(z) — ul 2.
We actually perform a single line search from z in the opposite direction of the gradient g = Vf(z) = V¢(z) —w.
We have ||g|| < 2I'uv by Observation 5. Hence any line search is performed on a ray of the form

{z—tg|t>0} where %z € Oz, |g| <2@u. (21)

Due to the regularizing term in the objective (5), all eigenvalues of the Hessians are increased by p, hence
V2¢(z) = pI (z € IR™) holds. Though there exists no finite upper bound on the eigenvalues, it turns out that
a local version of Assumption 1 is sufficient.

Given z € IR", let w(z) denote the largest eigenvalue of V2 f(z). Continuity of this function is a straight
consequence of a theorem of Ostrowski that I cite as Theorem 15 in Appendix B. Since the set Oz is compact,
it follows that

2= sup w(z)
z2c0z
is finite. With this, let
O={z-tg|z€0z, |gl|l<2@u, tc[0,1/2]}.
This again is a compact set, hence
2 = sup w(z)
zcO

is again finite. As O D Oz, it follows that 2 > 1.
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Proposition 7 With 2z’ found by the line search, we have
F(Z)=-F < Q-p/)]f(=-F], (22)
where F = ming f(z).

In words, (22) means that the vector z’ has a significant reduced cost in the master problem (14), hence we
may expect a significant improvement from including z’ as a new column. The proof will be an adaptation of
that of Theorem 6, as related in Chapter 8.6 of Luenberger and Ye (2008). We restrict our investigation to O.
Proof of Observation 7. Due to the above construction, we have Z—tg € O for ¢ such that 0 < ¢t < 1/£2. Hence
V2¢(z) < 21 holds for z = Z — tg with these t values. It follows that

_ - 1, 29 _7_
f(z-tg) < f(z) —tg g+ 5t°gg (0<t<1/9)
holds (a consequence of Taylor’s theorem). We consider the respective minima in ¢ € IR separately of the two

sides. The right-hand side is a quadratic expression, yielding minimum at ¢t = 1/§2. (Note that 1/2 < 1/$2.) It
follows that

. S _ 1 _ 2
—tg) < - — |l91*.
min f (z—tg) < f(2) - 5 lgll (23)
From V2¢(z) = pI (z € IR™), it follows in a similar manner that
@2 f@+g (z-2)+ Lz (zeR") (24)

The right-hand side expression is a quadratic function of z, which yields its minimum at z =2z — %?. Hence

F2 1) - 5 lal® (25)

The proof is concluded by simple transformations of (23) and (25). The improving column 2’ is found by solving
the minimization problem in the left-hand side of (23). Subtracting F from both sides of (23), and applying
(25) to underestimate ||g||%, we get (22). |

3.2 Bounding improving columns

We always find an improving column by performing a single line search. Though exact optimal solutions of the
column generation subproblems are never actually computed, we’ll need a common bound that is independent
of the master problem’s iteration count.

Observation 8 Let 2° denote the exact optimal solution of the current column generation subproblem maxz {ETZ —
¢(2)}, where W denotes a partial dual optimal solution of the current model problem (14).
There exists a common finite bound on the norms ||2°|| of the successive optimal columns.

I include a proof in the appendix, section A.2.

4 An approximate cutting-plane method

As mentioned before, the column generation scheme from a dual point of view results in a cutting-plane method.
In this section, we interpret special features of our column generation method from a dual point of view.
Introducing the function d(u) := ¢*(u) + v(u), the dual problem (11) can be solved in the form
in d(w). 2
Join, d(u) (26)
The kth model function is di(u) := ¢} (u)+v(u), with ¢} (u) defined in (15). The corresponding model problem

1S

Join dy,(w). (27)



8 Csaba I. Fabian

Moreover let
Ou = {uGIRn|||u||§Fu}- (28)

with I'y of Observation 5. This is a compact ball that contains respective optimal solutions @ of each of the
successive model problems (27), as well as the optimal solution uw* of the convex problem (26).

We perform a cutting-plane method, as sketched in section 2.2. Let w denote the optimal solution of the
current model problem, we construct an approximate support function to the objective at m. In case of v(u),
an exact support function can be computed through the solution of a linear programming problem. In case of
¢*(u), we construct an approximate support function in the form of (17) that I copy here for convenience:

O (u) =u’2 — ¢(2)). (29)

The appropriate z’ vector is obtained by approximately maximizing alz— ¢(z), namely, by performing a single
line search starting from Zz. (In the present dual viewpoint, Z is obtained as a partial dual solution of the
current model problem.) Adding the appropriate 2’ vector as zp,; to the test points means adding the cut
¢ r1(u) > ¢ (u) in the next model function (15).

Translating Proposition 7 to the present setting, we get

Corollary 9 The support function (29), constructed by the above rule, satisfies
‘@) > o' — (1-0)] @) - o) |, (30)

with a constant 6 (0 < 8 < 1) independent of the iteration count k.

In words, (30) means that the new cut will significantly improve the model function value at the current
iterate w. — Improvement is measured in terms of the true function value ¢*(w) and the current model function
value @7 (@).

Proof of Corollary 9. We start with formulating (22) in terms of ¢(z) and ¢*(u). By the definition f(z) =
#(z) —u! z, we have F = —¢*(@). Let moreover 6 = p/12 with 2 defined in section 3.1. Substituting these, we
get

o*@) +o(z) — a2 < (1-0)[¢" @ +0(z) —u'z ). (31)
A simple transformation results in
(@) = ¢*(@) — (1-0)] ¢* @) +o(z) 'z |. (32)

By Observation 4, we have @! Z = ¢} (@) + ¢ (Z). Substituting this in the bracketed expression, and taking into
account ¢(z) < ¢p(2) (2 € R™), we get ¢*(w) + 6(2) —u' 2 < ¢*(u) — ¢} (@), directly yielding (30). ]

4.1 Convergence

A more detailed notation will be needed, including indexing of the iterates and support functions. Let @1, ..., g
denote the known iterates. Let ¢;(u) (: = 1,...,k) denote approximate support functions at the respective
iterates. These take the form ¢;(u) = £;(u) + £/(u), where £;(u) is an approximate support function to ¢*(u),
and ¢; (u) is an exact support function to v(u), at w;.

The model function dg(u) is the upper cover of the support functions ¢;(u) (i = 1,...,k), and the next
iterate uwy 1 is a minimizer of dj(u). We then construct an approximate support function ;. (u) at Ty 1.
Due to the exactness of the v-part, the inequality (30) of Corollary 9 is inherited with the same constant 6:

£k+1(ﬂk+1) > 6d(ﬂk+1) + (170)dk(ik+l)- (33)

Theorem 10 Assume that there exists a compact set Oy, that contains all the iterates wy. Assume moreover that
there exists a constant 6 > 0 such that all the approzimate supporting functions satisfy (33).
Then the approximate cutting plane method generates a sequence of models and points satisfying

k—o00

k—o0

where Dy, and D are the minima of di(u) and d(w), respectively.
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A nice elementary proof of the convergence of the exact cutting plane method can be found in Ruszczyniski
(2006), Theorem 7.7. The following proof uses some of the ideas presented there. To handle inexactness, I'll
need a well-known though strong theorem from convex analysis. Using that, the proof becomes surprisingly
simple.

Proof of Theorem 10. We have di(u) < da(u) <--- < d(u) (u € IR"), hence

doo(u) = kli_}r{.lo dy, (u) (ueR")

exists and is finite. doo(u) is a convex function and the sequence of the model functions converges uniformly
on the compact set Oy — see, e.g., Theorem 10.8 in Rockafellar’s book Rockafellar (1970).

We have Dy, = minyern» di(u) = di(Ugy1). Moreover, let Doo = mingyecrn» doo(u). These are finite and
Dy < Do < D. With any index k, we have

dk(@k11) = Dk < Doo < doo(Upt1)- (35)

Let us now take into account the uniform convergence of the sequence of the model functions. Given € > 0,
there exist a finite number K. such that |d(u) — doo(w)| < € holds for k > K¢, u € Oy. Specifically, this holds
with w = @y, 1, showing that the difference between the left-hand side and the right-hand side of (35) is small
for large enough k. It follows that

lim Dk = Do = lim doo(ﬂkJrl). (36)

k—oco k—o0

Now let (uy,,1) be a convergent subsequence of (Tgy1), and let @ := lim;_, o Uy, 1. We have
d(@g,+1) — d(w) as i — oo, (37)

due to the continuity of d(u).
With any index k, we have doo (TWgy1) > €i11(Ugks1). Taking into account (33), we get

doo(Wg+1) > 0d(@p41) + (1 —0) Dy. (38)

Here we have doo(Wgy1) = Doo and Dy — Do as k — oo, according to (36). As for the remaining expression
d(uy,1), we have (37). Taking limits in (38), we get Doo > d(w). But d(u) > D > Do by definition. It follows
that d(u) = D = Doo holds.

The proof can be completed in an indirect fashion. Assume that (34) does not hold, i.e., there exists some
¢ > 0 and a subsequence (@y; ) such that |d(uy;) — D| > e for every j. But due to the compactness of the domain
Ou, there exists a convergent subsequence of (Ekj ), which is a contradiction with the argument above. O

Using the terminology of section 2, partial optimal solutions of the true problem (4) and its dual (11) are
denoted by z* and u*, respectively.

Corollary 11 We have wj, — u* and z), — 2.

Proof. Strict convexity of ¢*(u) results in strict convexity of d(u). The latter, combined with the second
statement of Theorem 10, yields u; — u*.

Using the terminology of section 2, —Dj, is the maximum of the linear programming dual problem (16)
which in turn equals the minimum of the linear programming problem (14), the latter minimum being ¢y (Zg+1)-
Similarly, —D is the maximum of the convex dual problem (11) which in turn equals the minimum of the convex
problem (4), the latter minimum being ¢(z*). Hence the statement Dy — D of Theorem 10 translates to primal
setting in the form

Oi(Zrr1) = ¢(27). (39)

As ¢ (z) is an upper approximation of ¢(z), we have ¢y (Zxr1) > ¢(Zpr1) > ¢(2*) for every k. Taking into
account (39), we get ¢(Zp41) = ¢(2*). Strict convexity of ¢(z) then yields z — z*. O
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5 Gaining traction

For k = 1,2,..., in accordance with former notation, Z; denotes a partial optimal solution of the (k — 1)th
primal model problem, and @, denotes an optimal solution of the (k — 1)th dual model problem.

In the column generation scheme, an improving column is found by approximate minimization of the function
fe(z) = ¢(z) — @l z. Specifically, z}, denotes the point found by performing a single line search from @, in the
opposite direction of g, = V f%(Zk).

For technical reasons, some further notation is needed. Let 2z}, be the exact minimizer of the function fi(z).
(This is never computed in the course of the column generation scheme.)

Observation 12 We have ||g]| = 0 and 2z}, — 2*.

Proof. As for g;,, we have

Gkl = IVo(Zk) — il = IVE(Z) — Vo(2") +u” — ]| < [Vo(Zk) — V(") + " -l

The statement ||g,|| — 0 follows from Corollary 11, and ¢(z) being continuously differentiable.

By definition, 2§ is the minimizer of fj,(z) = ¢(z) — us 2, hence V¢(23) = @y, According to Observation 8,
the norms ||z7|| can be bounded by a bound independent of k. Hence there exists a convergent subsequence,
let zj, — Z. Since ¢(2) is continuously differentiable, and @ — u*, it follows that V¢(2) = u*.

By Observation 3, we have u* = V¢(z*), hence V¢(Z) = V¢(z*). From the strict convexity of ¢(z), it
follows that z = z*. It means that the sequence (z},) has a single accumulation point z*. O

In the following discussion I assume that ¢(z) is well-conditioned in z*, namely, o*/w* > 0 holds, where
w* and o* denotes the smallest and the largest eigenvalue, respectively, of the Hessian matrix V2¢(z*).

Let a(z) and w(z) denote the smallest and the largest eigenvalue, respectively, of the Hessian matrix
V2¢(z) as a function of z € IR™. Continuity of both functions follows from a theorem of Ostrowski that I cite in
Appendix B. (This theorem was already applied in section 3.1 to establish continuity of the largest eigenvalue.)
It follows that ¢(z) is well-conditioned on a neighbourhood of z*. Specifically, there exists a ball B, around z*
with radius » > 0, such that

arl < V2¢(z) < wrl (z€Br)  holds with ay/w, > 0. (40)
As the sequences in Corollary 11 and Observation 12 converge, the line search gains traction.

Theorem 13 Let (40) hold on a ball By, drawn around z* with radius v > 0. In each iteration k, we perform a
single line search starting from the current Zy. Let z?c denote the vector found by this line search.
There exists a natural number K, such that

fi (2) = Fr < (1 —awfwr) [ fr (k) — Fi ] holds with each k > K, (41)
where F, = ming fi(z).

Here (41) means that the vector 2}, has a substantial reduced cost in the (k — 1)th master problem, hence
we may expect a substantial improvement from including z’ as a new column. The proof will be an adaptation
of that of Theorem 6, as related in Chapter 8.6 of Luenberger and Ye (2008). It turns out that we only need
V2¢(z) < wrl for z = %}, — tg,, such that 0 <t < 1 . Moreover, V2¢(z) = a,I is only needed for z € [z}, 2}
Proof of Theorem 13. According to Observatlon 12 there exists a natural number K, such that

1 ° .
I1Zr — 2" < 57" gz S 5 Twr, and |z — 2" <r holds with each k > K. (42)
In the remaining part of the proof, we consider a fixed k > K,. For the sake of simplicity, we are going to omit
the lower index k.
Due to the first and the second assumption in (42), we have z — tg;, € By for t € [0, 1/wr]. Let T = 1/wy.
Hence V?¢(z) < wyI holds for z = Z;, — tg)k with ¢ € [0, T]. It follows that

fx Zr—tay) < fr(Zx) — tGLgr + — St'gigr (0<t<T)
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holds (a consequence of Taylor’s theorem). We consider the respective minima in ¢ € IR separately of the two
sides. The right-hand side is a quadratic expression, yielding minimum at ¢t = 1/w, € [0, T]. It follows that

. L _ 1,
_ < - .
min f (Zr —tgr) < fr (Zk) o, gl (43)

Coming to lower bounds, we have [Zj, 27] C By according to the first and the third assumption in (42). From
V2¢(z) = arI (z € [Z, 2°]), it follows by Taylor’s theorem that

Te(2R) = fu(@) + 9k (25 - 2) + G |12k - =l (44)

The left-hand side is Fj, by definition. A lower estimate of the right-hand side is obtained by taking its minimum
in z7. The minimum is easily computed as the right-hand side expression is a quadratic function of z},. We get

_ 1
Fr > fr(Zk) — EHQkHQ- (45)

The proof is concluded by simple transformations of (43) and (45). The improving column 2} is found by
solving the minimization problem in the left-hand side of (43). Subtracting Fj from both sides of (23), and
applying (45) to underestimate ||g||?, we get (41). ]

6 Discussion

In Section 5, we assumed that the objective function is well-conditioned in the optimal solution, i.e., a* /w* > 0
holds with the smallest and largest eigenvalue, respectively, of the Hessian matrix V2q5(z*). Let me make a case
for this assumption by a simple illustration. Figure 1 shows contour lines of a two-dimensional standard normal
distribution function, where the covariance between the marginals is 0.5. The contour lines tend to be straight
as we move away from the diagonal z; = z2. Given a probability maximization problem of the form (1), an
optimal solution can be located on the curved part of a contour line, i.e., 'near’ the diagonal. The two Figures
2 depict the smaller and the larger eigenvalue, respectively, of the Hessian matrix V?[—log F(z)] as a function
of z. In the respective areas not shaded, the smaller eigenvalue is above le — 5, and the larger eigenvalue is
below 1.6. The function is well-conditioned on the area in which optimal solutions typically belong.

Fig. 1 Contour lines of a two-dimensional normal distribution function F(z).

The column generation procedure sketched in Section 2.2 can be viewed as a simplex method applied to
a linear programming problem having infinitely many columns. Observing this procedure from a dual view-
point, we also described it as a cutting-plane method. Though the drawbacks of simplex and cutting-plane
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Fig. 2 Contour lines of the smaller and the larger eigenvalue, respectively, of V2[—log F(z)] as a function of z, for a two-
dimensional normal distribution function F(z).

methods are well-known, they perform fairly well in most of the practical cases (even intriguingly well in
many cases). Concerning the simplex method, Borgwardt (1987) and Spielman and Teng (2004) made substan-
tial contributions to bridging the gap between practical effectiveness and theoretical complexity. Concerning
the cutting-plane method, Dempster and Merkovsky (1995) present a geometrically convergent version for a
continuously differentiable, strictly convex case.

In (5), we regularized the probabilistic objective function by adding the term §||z||2 with an appropriately
fixed p > 0. From a practical point of view, it makes sense to start with a large p, and decrease it gradually as
the optimal solution is approached.

A Technical proofs

A.1 Bounding the subgradients of the model functions

Before proving Observation 5, we need some preliminary observations.
It is easily seen that the shrunk simplex S, of (19) can be obtained in the form

ST, = { Xn:Aizi

1=0

D=1, N> : (1—77)}~ (46)
= n+1

Due to n < 1, the common lower bound of the weights is positive.
Let R := {o € R"| |lg|]| = 1} denote the unit sphere.

Lemma 14 There exists a positive constant A such that

T
max zi—z) > A
022, Q ( i ) >

holds for any z € Sp and g € R.

Proof. Let z =37 ; A\jz; be the representation according to (46). We have
n
> xiel(zi—2z) =0, (47)
i=0

because Y X\;(z; — z) = 0 holds by the definition of the weights ;.
As the simplex S is non-degenerate, we cannot have gT(zi — z) = 0 for all . Moreover, as the weights \; are all positive,
no negative @7 (z; — z) is zeroed out in (47). Hence there exists i such that @7 (z; — z) > 0. It means that the function

T
— P —
(0,2) onax e (zi — 2)
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is positive-valued on the compact set R x Sy. Since the function is also continuous, it obtains its infimum by Weierstrass’
extreme value theorem. Let A > 0 denote the minimum. O

Proof of Observation 5. Given z € Oz, we have z € S;, according to (19).

Let ¢ denote the current model function value at z. Moreover, let u be a subgradient of the current model function at z.
We put it in the form v = tg with some ¢t > 0 and g € R, and will find a bound on t = ||u]|.

By the definition of the subgradient, we get

toT (zi—2) < ¢i—¢  (i=0,...,n), (48)

where ¢; denotes the objective value at z;.
In the right-hand sides, we have

¢ > ¢(z) > min ¢(2). (49)

ZES,

The latter minimum exists and is finite as the objective function is continuous and S, is compact. Hence all the right-hand
sides in (48) are bounded from above by maxg<;<n ¢i — minzes, #(2).

According to Lemma 14, we have o7 (z; — z) > A for some i. It gives the upper bound

I'y = % ( max ¢; — znégln ¢(z)) .

0<i<n

The statement with the true objective function, |V¢(2)|| < I'u (z € Sp), can be proved in a similar manner. m]

A.2 Bounding improving columns

Proof of Observation 8. A partial optimal solution Z of the current model problem serves as a starting solution for the
column generation subproblem. Hence we have

u'z - ¢(z) < u'z° - ¢(2°). (50)

We use the regularized objective (5). In the left-hand side of (50), we have ¢(Z) < 1+ § |IZ||?, taking into account
F(Z) > 0.5. In the right-hand side of (50), we have ¢(z°) > %HZOHQ. It follows that

a'z-1-Lz)° < a0 - 202
2 2
Applying the Cauchy-Bunyakovsky-Schwarz inequality in both sides we get
= P =2 — P 2
—llilizl =1 =S 1=Z1° < f=lll=® = S1=°)1°

We have ||T|| < I'y by Observation 5. Moreover, we have Z € Oz. The latter being a compact set, there exists a finite I’z such
that ||Z|| < I'z. Hence we get

~Lulz =1- 1% < Dull=*l| = D)1=

This results in the existence of a finite upper bound on ||z°]|. O

B On the convergence of eigenvalues

The following theorem is due to Ostrowski. (I learned it from the textbook Szidarovszky (1974) that cited it in Chapter 7.4.)

Theorem 15 (from Appendix K in Ostrowski (1960)) Given matrices A, B € IR"*™ having components a;; and by; (1 <
i,j < m), respectively, let

1
M:Hili'x{'aijl’lbij‘} and §= mizj‘aij,bm'
For any eigenvalue X of A, there exists an eigenvalue p of B such that

A —p| < (n+2)Mst/™.
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