ON THE ASYMPTOTIC CONVERGENCE AND ACCELERATION
OF GRADIENT METHODS*
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Abstract. We consider the asymptotic behavior of a family of gradient methods, which include
the steepest descent and minimal gradient methods as special instances. It is proved that each
method in the family will asymptotically zigzag between two directions. Asymptotic convergence
results of the objective value, gradient norm, and stepsize are presented as well. To accelerate the
family of gradient methods, we further exploit spectral properties of stepsizes to break the zigzagging
pattern. In particular, a new stepsize is derived by imposing finite termination on minimizing two-
dimensional strictly convex quadratic function. It is shown that, for the general quadratic function,
the proposed stepsize asymptotically converges to the reciprocal of the largest eigenvalue of the
Hessian. Furthermore, based on this spectral property, we propose a periodic gradient method by
incorporating the Barzilai-Borwein method. Numerical comparisons with some recent successful
gradient methods show that our new method is very promising.
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1. Introduction. The gradient method is well-known for solving the following
unconstrained optimization

1.1 i

(1.1) min f(),

where f : R®™ — R is continuously differentiable, especially when the dimension n is
large. In particular, at k-th iteration gradient methods update the iterates by

(1.2) Tht1 = Tk — OkGk,

where g = V f(zx) and ag > 0 is the stepsize determined by the method.
One simplest nontrivial nonlinear instance of (1.1) is the quadratic optimization

. _ 1 g T
(1.3) min f(z) = 5% Az —b 'z,

where b € R® and A € R™*" is symmetric and positive definite. Solving (1.3) effi-
ciently is usually a pre-requisite for a method to be generalized to solve more general
optimization. In addition, by Taylor’s expansion, a general smooth function can be
approximated by a quadratic function near the minimizer. So, the local convergence
behaviors of gradient methods are often reflected by solving (1.3). Hence, in this
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paper, we focus on studying the convergence behaviors and propose efficient gradient
methods for solving (1.3) efficiently.

In [4], Cauchy proposed the steepest descent (SD) method that solves (1.3) by
using the exact stepsize

9r 9k
gr Agr

(1.4) apP = argmin f(z), — agy) =

Although ag D minimizes f along the steepest descent direction, the SD method often
performs poorly in practice and has linear converge rate [1, 18] as

flawe) = f* _ (k—1\?
(1:5) Flan) — J* S(Hl) ’

where f* is the optimal function value of (1.3) and k = A, /A1 is the condition number
of A with Ay and \,, being the smallest and largest eigenvalues of A, respectively.
Thus, if « is large, the SD method may converge very slowly. In addition, Akaike [1]
proved that the gradients will asymptotically alternate between two directions in the
subspace spanned by the two eigenvectors corresponding to A\; and \,. So, the SD
method often has zigzag phenomenon near the solution. In [18], Forsythe generalized
Akaike’s results to the so-called optimum s-gradient method and Pronzato et al. [27]
further generalized the results to the so-called P-gradient methods in the Hilbert
space. Recently, by employing Akaike’s results, Nocedal et al. [26] presented some
insights for asymptotic behaviors of the SD method on function values, stepsizes and
gradient norms.

Contrary to the SD method, the minimal gradient (MG) method [10] computes
its stepsize by minimizing the gradient norm,

gr Agi
gy A%g;,

(1.6) o = argmin gz — agy)|| =

It is widely accepted that the MG method can also perform poorly and has similar
asymptotic behavior as the SD method, i.e., it will asymptotically zigzag in a two-
dimensional subspace. In [32], the authors provide some interesting analyses on o/k\/f G
for minimizing two-dimensional quadratics. However, rigorous asymptotic conver-
gence results of the MG method for minimizing general quadratic function are very
limit in literature.

In order to avoid the zigzagging pattern, it is useful to determine the stepsize
without using the exact stepsize because it would yield a gradient perpendicular to
the current one. Barzilai and Borwein [2] proposed the following two novel stepsizes:

T T
Sp_15k—1 Skp—1Yk—1
k—1 k—1
(1.7) Pl == —— and o= 71—,
Sp_1Yk—1 Yi_1Yk—1

where sx_1 = 2 — xk—1 and yg—1 = gr — gk—1. The BB method (1.7) performs quite
well in practice, though it generates a nonmonotone sequence of objective values.
Due to its simplicity and efficiency, the BB method has been widely studied [6, 7,
8, 17, 28] and extended to general problems and various applications, see [3, 22, 23,
24, 25, 29]. Another line of research to break the zigzagging pattern and accelerate
the convergence is occasionally applying short stepsizes that approximate 1/\, to
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eliminate the corresponding component of the gradient. One seminal work is due to
Yuan [30, 31], who derived the following stepsize:

2

2 .
! ! ( Ll ) 4 Aol
afhy T agr offl T 7)) T @fPllgeil?

Dai and Yuan [11] further suggested a new gradient method with

(1.8) o) =

(1.9) Ve a),  otherwise.

DY { agP)if mod(k,4)< 2

The DY method (1.9) is a monotone method and appears very competitive with the

nonmonotone BB method. Recently, by employing the results in [1, 26], De Asmundis

et al. [12] show that the stepsize o) converges to 1/\, if the SD method is applied

to problem (1.3). This spectral property is the key to break the zigzagging pattern.
In [9], Dai and Yang developed the asymptotic optimal gradient (AOPT) method

whose stepsize is given by

1.10 QAOPT _ g )
(1-10) ¢ 1Age]

Unlike the DY method, the AOPT method only has one stepsize. In addition, they
show that aAOP T asymptotically converges to ~—=2s—, which is in some sense an opti-
mal stepsize since it minimizes || — aA|| over a1[9 1() ]. However, the AOPT method
also asymptotically alternates between two directions. To accelerate the AOPT meth-
od, Huang et al. [21] derived a new stepsize that converges to 1/A,, during the AOPT
iterates and further suggested a gradient method to exploit spectral properties of the
stepsizes. For the latest developments of exploiting spectral properties to accelerate
gradient methods, see [12, 13, 14, 20, 21].

In this paper, we present the analysis on the asymptotic behaviors of gradien-
t methods and the techniques for breaking the zigzagging pattern. For a uniform
analysis, we consider the following stepsize

gr ¥ (A)gi

1.11 =2k VB
(L11) T (A)Ag,

where U is a real analytic function on [A1, A,] and can be expressed by Laurent series

o0

U(z) = Z cz®, e €R,

k=—o0

such that 0 < Y22 ¢x2® < 400 for all 2z € [\, \,]. Apparently, ay, is a family of
stepsizes that would give a family of gradient methods. When ¥(A) = A* for some
nonnegative integer u, we get the following stepsize

T Au
9 A" gk
1.12 ap = = ———.
(1.12) BT gl Avtig,
The a;? and a}¢ simply correspond to the cases u = 0 and u = 1, respectively.
We will present theoretical analysis on the asymptotic convergence on the family
of gradient methods whose stepsize can be written in the form (1.11), which provides
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justifications for the zigzag behaviors of all these gradient methods including the SD
and MG methods. In particular, we show that each method in the family (1.11) will
asymptotically alternate between two directions associated with the two eigenvectors
corresponding to A\; and \,. Moreover, we analyze the asymptotic behaviors of the
objective value, gradient norm, and stepsize. It is shown that, when W(A) # I, the

two sequences {%;1} and {ﬁ%ﬁ} may converge at different speeds, while the

Asy, A
odd and even subsequences { Aziﬁ } and {%} converge at the same rate, where

Ay = f(zx) — f*. Similar property is also possessed by the gradient norm sequence.
In addition, we show each method in (1.11) has the same worst asymptotic rate.

In order to accelerate the gradient methods (1.11), we investigate techniques
for breaking the zigzagging pattern. We derive a new stepsize aj based on finite
termination for minimizing two-dimensional strictly convex quadratic function. For
the n-dimensional case, we prove that & converges to 1/)\,, when gradient methods
(1.11) are applied to problem (1.3). Furthermore, based on this spectral property, we
propose a periodic gradient method, which, in a periodic mode, alternately uses the
BB stepsize, stepsize (1.11) and our new stepsize &. Numerical comparisons of the
proposed method with the BB [2], DY [11], ABBmin2 [19], and SDC [12] methods
show that the new gradient method is very efficient. Our theoretical results also
significantly improve and generalize those in [1, 26], where only the SD method (i.e.,
U(A) = I) is considered. We point out that [27] does not analyze the asymptotic
behaviors of the objective value, gradient norm, and stepsize, though (1.11) is similar
to the P-gradient methods in [27]. Moreover, we develop techniques for accelerating
these zigzag methods with simpler analysis. Notice that a;?op T can not be written
in the form (1.11). Thus, our results are not applicable to the AOPT method. On
the other hand, the analysis of the AOPT method presented in [9] can not be applied
directly to the family of methods (1.11).

The paper is organized as follows. In Section 2, we analyze the asymptotic behav-
iors of the family of gradient methods (1.11). In Section 3, we accelerate the gradient
methods (1.11) by developing techniques to break its zigzagging pattern and propose
a new periodic gradient method. Numerical experiments are presented in Section 4.
Finally, some conclusions and discussions are made in Section 5.

2. Asymptotic behavior of the family (1.11). In this section, we present a
uniform analysis on the asymptotic behavior of the family of gradient methods (1.11)
for general n-dimensional strictly convex quadratics.

Let {\1, A2, -+, Ay} be the eigenvalues of A, and {1, &s, ..., &, } be the associated
orthonormal eigenvectors. Noting that the gradient method is invariant under trans-
lations and rotations when applying to a quadratic function. For theoretical analysis,
we can assume without loss of generality that

(21) A:diag{)\l,)\g,-~- ,)\n}, D<A < X< <Ay
Denoting the components of g along the eigenvectors &; by ,ug), i=1,...,n,lie.,
n .
(22) o= nk.
i=1
The above decomposition of gradient g together with the update rule (1.2) gives that
k n
(2.3) Jk+1 = gk — aiAgr = H(I —ajA)g = Z,u,(;j_lfz‘a
j=1 i=1
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where
k
(2.4) u,g) = (1 —aph)p H (1—ojA
=1

Defining the vector ¢, = (q,(:)) with

()2
(2.5) g
A

and

26) %:i:dmmmzzgwmﬂﬁ
ar g A)g YT ()

we can have from (2.4), (2.5) and (2.6) that

(N — ) %qy @
zuuwm“

In addition, by the definition of g, we know that q,(j) > 0 for all 7 and

S =1, vV k>1.
=1

Before establishing the asymptotic convergence of the family of gradient methods
(1.11), we first give some lemmas on the properties of the sequence {gx}.

LEMMA 2.1. Suppose p € R™ satisfies (i) p») >0 for alli =1,2,...,n; (i) there
exist at least two i's with p® > 0; and (iii) i, p) = 1. Define T : R™ — R be the
following transformation:

(2.7) QI(ciJ)rl =

@ _ i =)t
where
(2.9) +(p) = S T () Aip®)

2im YA

Then we have

(2.10) O(Tp) > ©(p),
where
(2.11) o(p) = it TO) —v(p)*pY

2 YA

In addition, (2.10) holds with equality if and only if there are two indices, say i1 and
in, such that p =0 for alli ¢ {i1,i2} and

(2.12) Y(Tp) +v(p) = Xiy + Ais-
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Proof. 1t follows from the definition of Tp that
>iy T (i = A(Tp)*(Tp)™
Dz ( i)(Tp)®

X0 )( +(Tp)* (A — ()
(2.13) s ( STh e p() '

Let us define two vectors w = (w;) € R™ and z = (%) € R" by

w; = /(N (Ni = 7(Tp))(Ai —(p)) vV

O(Tp) =

and
zZi = ‘I/()\z) p(i)~

Then, we have from the Cauchy-Schwarz inequality that

[l 2[1* = (Z‘P Tp))*(\i —(p ))QP“)) (Z‘M&)p‘“)

i=1

2
(2.14) > (w'2)” = <Z YA\ = A(Tp)) (N — v(p))p(")> :

Using the definition of v(p), we can obtain that
Z TN = (Tp) (A — v()p® =Y TN (A — (p)*p"

(2.15)

(+(p) = ¥(Tp)) Zw () =0,

which together with (2.14) gives
(Z\P T5)P (=20 >>2p<i>> (Z w»p@)
, 2
(2.16) > (Z () (A — 7(p))2p(i)> :

Then, the inequality (2.10) follows immediately.
The equality in (2.14) holds if and only if

(2.17) TN = (Tp) i — () VPO = CVIN)VPD, i=1,...,n

for some nonzero scalar C. Clearly, (2.17) holds when p = 0. Suppose that there
exist two indices i; and iy such that p(1), p(#2) > 0. It follows from (2.17) that

So, by the assumption (2.1), we have
Xiy £ Xiy = 7(Tp) +7(p),

which again with assumption (2.1) imply that (2.17) holds if and only if p has only
two nonzero components and (2.12) holds. d
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LEMMA 2.2. Let p, € R™ satisfy the conditions of Lemma 2.1 and T be the trans-

formation (2.8). If p. has only two nonzero components pgfl) and p(”), we have
) W2( )\, giz)
(2.18) (Tp.)) = (‘()/\zz)p —
D2\, )ps ) + U2 (N, )i
: w20\, )i
(2.19) (Tp.)'™) = (i() - (i)
\112 ()\zl)p* ! + \112 ()\12 )p* 2
(2.20) (T2p.) ) = pl'™, (T2p,)() = i),
and
(221) ’V(p*) + ’Y(TP*) = /\i1 + )\i27

where the function v is defined in (2.9). Moreover, p, = Tp, if and only if

p(il) _ \Ij()‘lé) (i2) __ \II()\il)

(2.22) TOuw) + Y0u) T U0n) +U(0)

and px

Proof. By the definition of v(p), we have

\11()‘11 ))‘npyl) + \IJ()‘Zz))\upgz)
()P + T (g, )pl)

(2.23) V(ps) =

)

which indicates that

Oy = Xa) p) = TP Ny = Ay
12 *

>\il - ’Y(p*) = s =
\Il(/\u)pi“) + WA, )pgﬂ \I]O‘u)p* i) + W(Ai, )ps (=)

Then, it follows from the definition of transformation 7' that
(Wi )i
(W) 4 (W ()2l

\112()‘12 )pim)
W2 (g, )Pt + W2 (A, )pl)

(Tp*>(il) =

This gives (2.18). (2.19) can be proved similarly. By (2.18) and (2.19), we have

2 . N (\i,)(Tp )(zz)
T2 = G T + P T

D2(\, )02 (A, )l
W2(0 )02 (A, )Pl + W2(, ) W2 (A, )l

P (ir).

(11) + p(lz)

(T?p.)(2) follows similarly. This proves (2.20).



8 Y. Huang, Y-H, Dai, X-W, Liu and H. ZHANG

Again by (2.18), (2.19) and the definition of function v in (2.9), we have

)‘i1lp()‘i2> (i2) +)‘12\I/</\11) (v

(2.24) V(Tps) = ; :
T )P+ WA, )l

Then, the equality (2.21) follows from (2.23) and (2.24). For (2.22), let

p(il) — \112()‘22)175}2)
W2\, )Pt + w2 (A, )pl?)

(i1)

Rearranging terms and using p. @

+p) =1, we have
V() (p5))? = 02 () (02,

which implies that ‘
WP = (AP,

This together with the fact p{™ + p{?) = 1 yields (2.22). 0

LEMMA 2.3. Let p € R™ satisfy the conditions of Lemma 2.1 and T be the trans-
formation (2.8). Then, there exists a p. satisfying

(2.25) lim T%p = p, and klirglo T2+ p = Tp,,

k—o0

where p, and Tp, have only two nonzero components satisfying

(2.26) o 1) =1 D — 0 i £y,

(2.27) (Tp.) ™) + (Tp.)™ =1, (Tp.)D =0, i#iy,io,

for some i1,i2 € {1,...,n}. Hence, (2.18), (2.19), (2.20) and (2.21) hold.

Proof. Let pg = T% = p and pp = Tpr_1 = T*py. Obviously, for all k& > 0,
pr satisfies (i) and (iii) of Lemma 2.1. Let 4y, = min{i € N : péi) > 0} and
imax = max{i € N : p{’) > 0}, where N’ = {1,...,n}. From the definition of 7, we
i < V(D) < A Thus, by the definition of T, we have p(i"‘i“) > 0 and

> 0. Then, by induction, for all & > 0, py satisfies (ii) of Lemma 2.1. So, by
Lemma 2.1, {@(pk)} is a monotonically increasing sequence. Since A\; < v(p) < Ay,
we have ()\i —v(p))? < (An — A1)2. Hence, we have from the definition of © that
O(pr) < (An — A1)2. Thus, {O(pk)} is convergent. Let O, = limy_,o, O(py) > 0.
Denote the set of all limit points of {p;} by P, with cardinality |P,|. Since {py}
is bounded, |P,| > 1. For any subsequence {py, } converging to some p, € P, we have

know \;
p(znnx)

Imax *

lim O(px;) = O(p.) and lim O(Tpy;) = O(Tpx),

]—)OO ]—)OO

by the continuity of © and T'. Notice px,11 = T'py,, we have O, = O(p.) = O(T'p.).
Since py, satisfies (i)-(iii) of Lemma 2.1 for all £ > 0, p, must satisfy (i) and (iii).
If p. has only one positive component, we have O(p,) = 0 which contradicts ©(p,) =

O, > 0. Hence, by Lemma 2 1, Lemma 2.2 and O(p,) = O(Tp.), p« has only two

(i2)

nonzero components, say p* ) and ps 2/, and their values are uniquely determined by
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the indices i1, i3 and the eigenvalues A;; and A;,. This implies | P,| < co. Furthermore,
by Lemma 2.2, for any p. € P., Tp. is given by (2.18) and (2.19), and Tp. € Pi.

We now show that |P.| < 2 by way of contradiction. Suppose |P.| > 3. For any
px € Py and Tp, € P, denote d; and d; to be the distance from p, to P, \ {p.} and
from T'p. to P.\ {Tp.}, respectively. Since 3 < |P,| < 0o, we have d; > 0, d2 > 0 and
there exists an infinite subsequence {py, } such that

Pk; = Px, and  prp1 = Tpr, — Tps,

but pg,42 ¢ B(p*,%é) U B(Tp*,%é), where ¢ = min{dy,d2} and B(p.,r) = {p :
llp — p«|| < r}. However, by (2.20) we have T?p, = p.. Hence, by continuity of T,

. . . 2
lim pp; 12 = lUm Tpg;1 = lim Tpy; = pu,
j—o0 j—ro0 o0

which contradicts the choice of py, 1o ¢ B (p*, % ) Thus, {pr} has at most two limit
points p, and T'p., and both have only two nonzero components.

Now, we assume that p, is a limit point of {pox}. Since T?p, = p., all subse-
quences of {po;,} have the same limit point, i.e., pox = T%*p — p.. Similarly, we have
T?+1p — Tp,. Then, (2.26) and (2.27) follow directly from the analysis. 0

Based on the above analysis, we can show that each gradient method in (1.11)
will asymptotically reduces its search in a two-dimensional subspace spanned by the
two eigenvectors & and &,,.

THEOREM 2.4. Assume that the starting point xo has the property that

(2.28) WE A0 and 93¢, # 0.

Let {z1} be the iterations generated by applying a method in (1.11) to solve problem
(1.3). Then

1 .
W | e T
(2.29) lim n27’“(j): 0, ifi=2,...,n—1,
Foeo Y i (ugy)? ¢ ifi=n
1 + 02 bl - ’
and
2\112
| ey,
(Mg;.g 1)2 U2(A1) 4+ 2P2(A,)
(2.30) lim #: 0, ifi=2,...,n—1,
oo e (Wsgg)? U2(\) »
ifi=n,

W2(\) + c202(\,)’
where ¢ 18 a nonzero constant.

Proof. By the assumption (2.28), we know that ¢o satisfies (i)-(iii) of Lemma 2.1.
Notice that ¢ = T%qo. Then, by Lemma 2.3, there exists a p, such that the sequences
{q21.} and {gor+1} converge to p, and Tp., respectively, which have only two nonzero
components satisfying (2.26), (2.27) for some 41,72 € {1,...,n}, and (2.20) holds.
Hence, if 1 <4y < i3 < n, we have

(i2)

: (n) _ : Do _

(231 e =0 i =
9242
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and

i (v(gar) +(aze1)) = 7(pe) +7(TP) = Xy + A
In addition, since q(()l) > 0 and q(()n) > 0 by (2.28), we can see from the proof of Lemma
2.3 that q,(cl) >0, q,(cn) > 0 for all £ > 0. Thus, we have

(n) (n) (i2)

e (’\”7%]2“1))2(/\”7%%))22
k—o0 ‘122 k—o0 qu q2f+2 k=00 (Aiy — 7(q2r+1))%(Niy — V(q2x))
2
— < A = (v(g2k) +v(g2+1)) M+ 7(q28) Y (g2141) >
= lim 3
koo \ A, — (7(q26) + 7(q264+1)) iz + 7(q26)7(q2641)

_ ( A%Li()\’bl+)\’b2))\n+:y )2
)‘122 - ()‘11 + )‘iz))\ig + 7(17*)7(Tp*)
(A = Ai) A = Nig) )
2.32 =1+ =:p.
( ) ( >‘122 - ()‘11 + Aiz))‘i'z + 7(p*)7(Tp*) P

Since A;; < v(ps) < Aip, and A;; < ¥(Tps) < Ai,, we have

A = My + X)) iy + 7)Y (Tps) = A7, — (V(ps) +7(TP)Aiy + 7)Y (T

Hence, it follows from (2.32) that p > 1. So, qglz) — 400, which contradicts (2.31).
Then, we must have i = n. In a similar way, we can show that ¢y = 1. Finally, the
equalities in (2.29) and (2.30) follow directly from Lemma 2.2. |

In the following, we refer ¢ as the same constant in Theorem 2.4. By Theorem
2.4 we can directly obtain the asymptotic behavior of the stepsize.

COROLLARY 2.5. Under the conditions of Theorem 2./, we have

V(A1) +2U(N,)

2. 1 =
(2.33) 092 = 3T 00 + 2R ()
and

. (A1) +AT(N,)
2.34 1 =
(2:34) hmroo (LT N (RO + 2T ()

where oy, is defined in (1.11) and k = A\, /M1 is the condition number of A. Moreover,

1 1
(2.35) lim ( + ) = A+ A\
k—oo \ ia  Q2k+1

The next corollary interprets the constant c. A special result for the case ¥(A) = I
(i.e., the SD method) can be found in Lemma 3.4 of [26].

COROLLARY 2.6. Under the conditions of Theorem 2./, we have
n (1)
Mgk) W(A1) . Hopgs

(2.36) ¢= lim =- lim .
k—o0 H(Z? \I/()\n) k—o00 M(QZ)-H
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Proof. 1t follows from Theorem 2.4 that

(2.37) o )2 P acL-a Al
: 2 n
Eoo (ug) W) koo (u) )2

1)
1) lim (N2k+1)2 2

Note that 1/A,, < ai < 1/A; by the assumption (2.28). And we have by (2.4) that

2 2

phie = [ = ceed)ply) and  pSy, = [T — corredn)usy.
=1 /=1

(n) (1)
Thus, the sequence {”f—ﬁ}, and similarly for {#f’“;“ ! }, do not change its sign. Hence,
Hag Mok
without loss of generality, we can assume by (2.37) that

n) (1)
(2.38) c= lm 1Sy /s
Then, by (2.4), (2.33) and (2.38), we have

(1)
i P2 ps) (1 — agps) _ _C‘IJ(/\n)7
k=00 1S (1 — agy,) V(A1)

(n)
koo Hog11

which gives (2.36). |

We have the following results on the asymptotic convergence of the function value.

THEOREM 2.7. Under the conditions of Theorem 2.4, we have

)~ F )
(2.59) kll)H;o flxor) = f* Ry and ’fl—mo flearia) — f* B
where
(= 1)2(F2(A\y) + 2rT2(N,))
(240) R = 000 T R B E )
(2.41) R? _ Ak —1)2(c? + k)T2(A\)P2(\,)

(@T(\n) + RT))2(T2(A1) + 2rT2(Ay))

In addition, if ¥(\,) = ¥U(\;) or 2 = W(A\)/¥(N\,), then R} = R?c.
Proof. Let ¢ = x — x*. Since g = Aeg, by (2.2), we have

€ = ZAi_lMS)&-
i—1

By Theorem 2.4, we only need to consider the case ,u,(f) =0,i=2,...,n— 1, that is,

€k = 1 Uk )51 + /\ :Ulc )gn
Thus,

2
(2.42) o) - 1 = hel e = L 2nl ))\;\/\1( il
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Since

T ()2 + T ()2
M) ()2 + A T () ()2

gk = 6 + Ve, and  ay =

by the definition of ¢, and the update rule (1.2), we further have that

a1 = —ange = (A = a6+ O = aou6,
T(A)(An — A1) (1 ())2 1)
M (O ()2 + A2
(A (A1 — ) ()2
Ao (OO ()2 + 2w ) (™))
(= A1) (A @) ()26 = Mw ) ()20 )
A, ()\1\1/()\1)( Dy2 13, \I,(An)(ugcm)Q) :

Hence, we obtain

f@r) = f = €k+1A€k+1
(A = 20)? w,i”) (")? (Anwxn)(ué”))? M0 ()

(2.43) 2
A (MO () + AT () ()2

_1
2
Combining (2.42) with (2.43) yields that

f@e) — 5 ey Aer

f(ajk?) - f* G}C—Aek
()2 ()2 (s = 12 (nW(An)(M;ﬁy i q,z(Al)(Mg))Q)
(WO 0072 (s + )

)

which gives (2.39) by substituting the limits of (ugC )) and (u ”)) in Theorem 2.4.
Notice & > 1 by our assumption. So, R} = R} is equivalent to

U2(\1) + A2rP2(\,) (2 4+ K)U2(A1)P2(\,)

(T + ERTO)(E + 1) (T (M) + #T))2(T2(A1) + 2rT2(N,))

which by rearranging terms gives

AT N) (T (An) = T (A1) = T2 (M) (T(An) — (A1)
Hence, R} = R} holds if U(\,) = ¥(\1) or ¢ = U(A\;)/¥(\, 0
Remark 2.8. Theorem 2.7 indicates that, when ¥(A) =T (1.e.7 the SD method),

Aoy A,
the two sequences {ﬁ} and {ﬁ} converge at the same speed, where Ay =

f(xg) — f*. Otherwise, the two sequences may converge at different rates.
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To illustrate the results in Theorem 2.7, we apply gradient method (1.11) with
P(A) = A (ie., the MG method) to an instance of (1.3), where the vector of all ones
was used as the initial point, the matrix A is diagonal with

(2.44) Ay =ivi, i=1,...,n,

and b = 0. Figure 1 clearly shows the difference between R}c and R?.

Fic. 1. Problem (2.44) with n = 10: convergence history of the sequences {1 - A%;} and

{1- ﬁz:jﬁ} generated by gradient method (1.11) with W(A) = A (i.e., the MG method).

The next theorem shows the asymptotic convergence of the gradient norm.

THEOREM 2.9. Under the conditions of Theorem 2.4, the following limits hold,

(2.45) lim Nlgawsr ]l _ R and  lim llgan2l* _ R2
k—o0 ||92kH2 g k— o0 ||92k+1H2 g’
where
(2.46) g ClE—1P(PR0) + P2 (0))
' 1T A+ W) + ERE(O))?
(2.47) R — S+ (= D2,

9 (AU(Ap) + 8T (A))2(P2( A1) + 2T2(N,))
In addition, if U(X,) = k¥ (A1) or ¢ = W(A1)/¥(\,), then R} = R
Proof. Using the same arguments as in Theorem 2.7, we have
lorll® = (i) + (i)
and
(= A2 ()22 (W2 00) ()2 + 2 00) ()2

(MO + A () (0172

lgrs1ll® = efy1 A%€rr1 =

7
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which give that
P _ (= D200 (PO + P00 67

Il (w2 + e f2) (2 + )2)

Thus, (2.45) follows by substituting the limits of (,u,(cl))2 and (,u,(cn))2 in Theorem 2.4.
Notice £ > 1 by our assumption. So, Ry = R is equivalent to

U2(Ap) + A202(\,) (14 AW (M) P2(\,)

(L+e)(TA) + 2T (M) (T(An) + 8T (A1) (T2 (A1) + 2T2(N,))]

which by rearranging terms gives
AT (KT (M) — T(\) = T2 (KT (M) — T(A,)).
Hence, R; = RZ holds if ¥(\,) = k¥(A;) or ¢ = ¥(A1)/T(N,). O

g2k

{ g2 } generated by the MG method (i.e., ¥(A) = A) converge at the same rate.

lg2k+111?
Otherwise, the two sequences may converge at different rates.

2
Remark 2.10. Theorem 2.9 indicates that the two sequences {M} and

By Theorems 2.7 and 2.9, we can obtain the following corollary.

COROLLARY 2.11. Under the conditions of Theorem 2./, we have

f(arys) — lim f(zart2) — f

. - 1p2
(2.48) lim = R; Ry,

k—oo f(Topt1) — f*  k—ooo flaar) — f*

lgenasl? _ o llgeke2ll® 1o
(2.49) lim 5 = lim 5 = R R,
k=00 [lg2ksal® koo lgarll

In addition,

Atk — 1)M2(N\)W2(N,)

(250)  RpRG = Byl = T b ()20 ) £ REOD)E

Remark 2.12. Corollary 2.11 shows that the odd and even subsequences of objec-
tive values and gradient norms converge at the same rate. Moreover, we have

(2.51) RYR? = RIR? = (x—1)° < (=LY

' PR T A kft+tk+k2)2 ~ \k+1) 7
where t = ¢2¥()\,)/¥()\;). Notice that the right side of (2.51) only depends on &,
which implies these odd and even subsequences generated by all the gradient methods
(1.11) will have the same worst asymptotic rate independent of W.

Now, as in [26], we define the minimum deviation

I\ —
(2.52) o = min 4)\1 )\n()f; An)

i€T

)

where

T={i: M <X <Ay, g0& #0, and \; # oy, for all k}.
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Clearly, o € (0,1). We now close this section by deriving a bound on the constant
¢ defined in Theorem 2.4. The following theorem generalizes the results in [1, 26],
where only the case ¥(A) = I (i.e., the SD method) is considered.

THEOREM 2.13. Under the conditions of Theorem 2.4, and assuming that I is
nonempty, we have

S
S

(Al) 1 ()\1)

2.53 —<*< o
(2:53) T o0 =€ ST ®
where
2+770+ 773—+4770 1+U2

Proof. Let p = qg. By the definition of T', we have that

(TF2p) D (TFp)@ (A —y(T*p))* (N —4(T*+1p))?
(TF+2p)D) — (TFp)(D) (Ay — y(T*p))2 (A — y(TH+1p))?”

(2.55)

It follows from Theorem 2.4 and Lemma 2.3 that

(T*p)® :
(256) WAO,Z:2,...,TL_1.

By the continuity of T and (2.25) in Lemma 2.3, we always have that

(N = (TFp) 2\ =v(T™1p))* - (N = (p2))*(\s = A(Tp.))?
(M = (TFp))2 (A = y(TFH1p))2 "~ (A —v(pe))2 (M — 7(Tps))?’

which together with (2.55) and (2.56) implies that

(A = 7())*(Ni = (Tp.))?
(A1 = 7(Pe))* (M — v (Tps))?

where p, is the same vector as in Lemma 2.3. Clearly, (2.57) also holds for i = 1. As
for i = n, it follows from (2.21) in Lemma 2.2 and Theorem 2.4 that

(2.57)

<1,i=2,....,n—1,

(2.58) Y(p«) +7(Tps) = M1+ An,

which yields that
An = 7(P))*(An = 1(Tps))?
(A =7(P))? (M —(Tp-))?
Thus, (2.57) holds for ¢ =1,...,n. Hence, we have

(2.59) (N =8 = (v(ps) — 8))* (\i = 6 — (1(Tps) — 9))°
< (A1 =68 (v(p) —8)* (M1 — 6 — (4(Tps) — 9))?,

where § = % By (2.58) and (2.59), we obtain

=1

(\i =8 = (4(ps) = 8))* (N = 8+ (v(ps) — 0))?

< (252 00 -9) (M52 00 -9)
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which implies that

(2.60) (M;&ﬁ (e ) > 2(1(ps) — ).

By Lemma 2.2 and Theorem 2.4, we have that

_ AP + AT )l

¥(ps) o
T + T, )

Substituting v(ps) into (2.60), we obtain

A=A\ 2 (A — A1)2(T(N,)e? — W(\))?
( = ) +(i—0) = 2(£(An)02+\P(A1))2 -,

which gives

2N\ — ()\1 + )\n)

1+0? (AAU(N,) — T(A))?
261) 4 i) > h =
(2.61) <1g3> = TR, e e M — Ar
Noting that (2.61) holds for all ¢ € Z. Thus, we have

(T\n) — ¥(M\))?

2.62 o
(2.62) AT,
which implies (2.53). This completes the proof. d

3. Techniques for breaking the zigzagging pattern. As shown in the previ-
ous section, all the gradient methods (1.11) asymptotically conduct its searches in the
two-dimensional subspace spanned by &; and &,. By (2.4), if either ug) or u,(fn) equals
to zero, the corresponding component will vanish at all subsequent iterations. Hence,
in order to break the undesired zigzagging pattern, a good strategy is to employ some
stepsize approximating 1/A\; or 1/\,. In this section, we will derive a new stepsize

converging to 1/)\, and propose a periodic gradient method using this new stepsize.

3.1. A new stepsize. Our new stepsize will be derived by imposing finite ter-
mination on minimizing two-dimensional strictly convex quadratic function, see [30]
for the case of W(A) = I (i.e., the SD method). We mention that the key property
used by Yuan [30] is that two consecutive gradients generated by the SD method
are perpendicular to each other, which may not be true for all the gradient methods
(1.11). However, we have by the stepsize definition (1.11) that

(3.1) g,I\II(A)g;Hl = gZ\II(A)gk — akgg‘II(A)Agk =0.

Consider the two-dimensional case. Suppose we want to find the minimizer of
(1.3) with n = 2 after the following 3 iterations:

Tr1 = Xo — @Yo, X2 =T1 —Q141, I3 = T2 — Q2g2,

where ¢g; # 0, i = 0,1,2, ap and ay are stepsizes given by (1.11), and «; is to be
derived by ensuring x3 is the solution.
By (3.1), we have gJ¥(A)g; = 0. Hence, all vectors z can be expressed by the

T (A)go T (A)gy . .
T (A)gol and [T (A)g1] for any given r € R. Now, consider

U (A)go v (A)g )

linear combination of

(3.2) et 1) = f (xl +1 [0 (A)gol| +i [[Ti="(A)g ||
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st (o) 0 ).

where
ot (4) g )T
_ _ vr(A)go : _ wr 9o v " (A)gr
(3.3) G=Bg= | jgyi-ria)y | VithB= (ll‘I’T(A).(JoH’ uw—r(A)gln)
Mo (A)gu ]
and
gg\IIQT(A)Ago g(-)r‘ll(A)Agl
_ T_ N Aygoll? T (A)go [T (A)gr]]
T (A)go [T 7 (A)gr]] o7 (A)g1]?

Note that BTB = BBT = I since n = 2. The minimizer (¢*,1*) of ¢ satisfy

G+H (;) _0, — (f) —_Ha.

Suppose z3 is the solution, that is

Ur(A)go | . YT (A)g
197 (A)goll -~ ¥ (A)gull

T3 =z +t*
Then, since x3 = T2 — asge, we have x3 — xo is parallel to go, i.e.,
(3.5) BT (}f:) + o191 is parallel to  go,
which is equivalent to

(3.6) G) (canG) = —(H'G = 1G) and G+ H(—1G)

17

are parallel. Denote the components of G by G;, and the components of H by Hj;,

i,j7 =1,2. By (3.6), we would have

HoGy — H12Go — an AGY and G1 — a1(H11G1 + H12G2)
H11Gy — Hi12G1 — a1 AG, G — a1(H12G1 + H22G2) )

are parallel, where A = det(H) = det(A) > 0. It follows that

(H22G1 — Hi2Gy — OélAGl)[Gz - al(H12G1 + H22G2)]
= (H11G2 — H12G1 — a1 AG2)[G1 — a1 (H11G1 + H12G2)],

which gives
(3.7) QAT — oy (Hyy + Ho)T +T =0,

where
I' = (H12G1 + H22G2)G1 — (H11G1 + H12G2)Go.

On the other hand, if (3.7) holds, we have (3.5) holds, which by (3.3), H~! = BA='BT

and BT B = I implies that

~BTH 'G+aig1 = -A"'g1 +a1g1 = —A (g1 — a1 Ag1) = —A 'go
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is parallel to go. Hence, g is an eigenvector of A, i.e. Ago = Ags for some A > 0,
since g2 # 0. So, by (1.11), as = ¥(A\)gd g2/(A¥(N)gd g2) = 1/A. Therefore, g3 =
g2 — aaAgs = g — aaAge = 0, which implies x3 is the solution. So, (3.7) guarantees
3 is the minimizer.

Hence, to ensure x3 is the minimizer, by (3.7), we only need to choose ay satisfying

(3.8) 3 A —ai(Hyy + Hop) +1 =0,

whose two positive roots are

(Hi1 + Hao) £ /(Hi1 + Ho2)? — 4A
2A ’

These two roots are 1/A; and 1/A2, where 0 < A\; < A are two eigenvalues of A (Note
that A and H have same eigenvalues). For numerical reasons (see next subsection),
we would like to choose a1 to be the smaller one 1/\g, which can be calculated as

2

(Hi1 + Hao) + /(Hi1 + Ha2)? — 4A
2

(Hyy + Hao) + /(Hiy — Hao)? +4H122.

o] =

(3.9) =

To check this finite termination property, we applied the above described method
with aq given by (3.9), and ¥(A) = A in (1.11), (i-e., ap and ao use the MG stepsize)
to minimize two-dimensional quadratic function (1.3) with

(3.10) A =diag{1,\} and b=0.

We run the algorithm for 3 iterations using ten random starting points and the av-
eraged values of ||gs|| and f(z3) are presented in Table 1. We can observe that for
different values of A, the ||gs|| and f(z3) obtained by the method in three iterations
are numerically very close to zero. This coincides with our analysis.

TABLE 1
Averaged results for problem (3.10) with different condition numbers.

A llgsll f(z3)
10 1.8789¢-18 8.0933¢-36
100 4.19946-18 2.28546-37
1000 1.2001e-18 2.8083e-39
10000 1.0621e-18 5.3460e-40

3.2. Spectral property of the new stepsize. Notice that g1 = g9 — agAgo
and gl ¥(A)g; = 0. So, we have

90 V(A)Agr = —(g] ¥(A)g1)/ .

Hence, the matrix H given in (3.4) can be also written as

90V*"(A)Ago _ 91 ¥(A)gs
. 1T (A)goll? ag[[eT(A)go [TTI="(A)g1ll
(3.11) H= gI‘I’(A(igl ’ 91‘1’2“70”(14)1491 '

T o [TT(A)gollTUT=7(A)gr]] [wt="(A)g:1l1
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So, for general case, we could propose our new stepsize at the k-th iteration as

2

(3.12) & _ ,
(Hf, + HE) + \/(Hf, — HE,)? + 4(HE,)?

where HZ is the component of H*:

9h 1P (A)Agr 1 _ gr ¥ (A) gy
(3.13) HF = her(A)gr—11? ak—1 27 (A)gr—1 [T =" (A) g |l

_ gLV (A)gr gr v (A)Agy
ap—1[[T7(A)gr—1 [T~ (A)gxll w1=(A)grll?

and ay_1 is given by (1.11). Clearly, o) in (1.8) can be obtained by by setting
U(A) =1 in (3.13). In addition, by (3.12) we have that

1 1

(3.14) S A
Hf, + HS, max{Hf,, Hj,}

The next theorem shows that the stepsize &y enjoys desirable spectral property.

THEOREM 3.1. Suppose that the conditions of Theorem 2.4 hold. Let {x}} be the
iterations generated by any gradient method in (1.11) to solve problem (1.3). Then

(3.15) lim @y =

Proof. Tt follows from (2.29) and (2.30) of Theorem 2.4 that

T 2r 2
. . gk_1\l' (A)Agszl Hgk—ln
lim HF = lim
koo T koo lgr—11I? [ (A)ge—1]?
_ /\1(62\112’”(/\1)‘1/2(/\,1) + H\IIQ’”(/\H)\I/Q(/\l))
o U2 (A)W2(N,) + U2 (N,) P2 ()

and
o g~ T (A Age  lgil?
koo 22 llgell? 1= (A)grl?
(P20 ) 4 k20T (),)
- P2(1-r) ()\1) i 02\1;2(1—r)()\n)
(2T (N,) + kT2, T (\))
T W)U () + U2 (NP2 ()
which give
(3.16) Jim (HY, + H,) = Mi(k+1)
and
. Mk — D(P2(A) T2 (\,) — AT2(N,)T27()))
1 lim (HY, — HY)) =
(817 Jlim (H3 = H) TEO)T2 () + AT T2 ()

Then, by the definition of ay, we have

gz\Il(A)gk = fak_lgl_l‘lf(A)Agk_l + ai_lgl_l‘P(A)Azgk—l,
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which together with (2.30) in Theorem 2.4 and (2.34) in Corollary 2.5 yields that
kli}II;Q(HfQ)2
ot IR (A)gr 95 Y (A)gr
koo 4[| U7 (A)ge-a|® 1917 (A)gk?
. (_ 1 gl ¥(A)Agi gz_lxlf(A)A?gk_l) g (A)gy
k=00 07 (A)gr—1|? 0T (A)gr—1l* ) 10" (A)gel?

| MeP(A) + AU(A)) A(T(A)T2(N,) + 6T (N, T ()\1))
N (M) +2U(N,)  AU2Z(A)T2(N,) + 27 (\,) P2 (N

A2 (U (AT (N\,) + 2T (NP2 (N))
U2 (A1) P2(A,) + P27 (N,)T2(N1)
_ /\%02(,‘{— 1)2\1,2+2v()\1)\112+2v()\n)
(W2(A) T2 (An) + T2 (A) 027 (A1))?
Then, from the above equality and (3.17), we obtain that

)
(‘P(/\1)+02‘I’( ) (M) T2 (An)
U2(A) W2 (An) + 2 U2 (X)) W2 (A1)

(3.18) lim \/ (HF, — HE)? + 4(HE)? = M (k — 1).
Combining (3.16) and (3.18), we have that
lim & 2 1
1m = = —.
koo F TN R+ D) M(r—1)  An
This completes the proof. 0

Remark 3.2. When r = 1, we have from (3.14) that ax < 1/H%, = P Hence,
using this stepsize & will give a monotone gradient method. Theorem 3.1 indicates
that the general &; will have the asymptotic spectral property (3.15), and hence will
be asymptotically be smaller than afD independent of r. But a proper choice r will

facilitate the calculation of @&j. This will be more clear in the next section.

Using the similar arguments, we can also show the larger stepsize derived in
subsection 3.1 converges to 1/\;.

THEOREM 3.3. Let
2

(HY, + HE,) — /(HF, — HE)? + 4(HE,)?

Under the conditions of Theorem 3.1, we have

lim ap = —.
hone F TN
To present an intuitive illustration of the asymptotic behaviors of &y and &y, we
applied the gradient method (1.11) with U'(A) = A (i.e., the MG method) to minimize
the quadratic function (1.3) with

(3.19) A = diag{a1,as,...,a,} and b=0,

where a; = 1, a,, = n and q; is randomly generated between 1 and n fori=2,...,n—
1. From Figure 2, we can see that & approximates 1/\, with satisfactory accuracy
in a few iterations. However, &j converges to 1/\; even slower than the decreasing
of gradient norm. This, to some extent, explains the reason why we prefer a; to the
short stepsize.
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10°

10710 . . . n
0 1000 2000 3000 4000 5000

k

F1G. 2. Problem (3.19) with n = 1,000: convergence history of the sequences {&y} and {ay}
for the first 5,000 iterations of the gradient method (1.11) with W(A) = A (i.e., the MG method).

3.3. A periodic gradient method. A method alternately using oy in (1.11)
and &y to minimize a 2-dimensional quadratic function will monotonically decrease
the objective value, and terminates in 3 iterations. However, for minimizing a general
n-dimensional quadratic function, this alternating scheme may not be efficient for the
purpose of vanishing the component ,u,(c"). One possible reason is that, as shown in
Figure 2, it needs tens of iterations before aj being a good approximation of 1/,
with satisfactory accuracy. In what follows, by incorporating the BB method, we
develop an efficient periodic gradient method using ay.

Figure 3 illustrates a comparison of the gradient method (1.11) using U(A) = A
(i.e., the MG method) with a method using 20 BB2 steps first and then MG steps
on solving problem (2.44). We can see that by using some BB2 steps, the modified
MG method is accelerated and the stepsize &j will approximate 1/A,, with a better
accuracy. Thus, our method will run some BB steps first. Now, we investigate the
affect of reusing a short stepsize on the performance of the gradient method (1.11).
Suppose that we have a good approximation of 1/A,, say a = m. We compare
MG method with its two variants by applying (i) ag = a or (ii) ap = ... = a9 = «
before using the MG stepsize. Figure 4 shows that reusing a will accelerate the MG
method. Hence, we prefer to reuse aj for some consecutive steps when @y is a good
approximation of 1/\,. Finally, our new method is summarized in Algorithm 3.1,
which periodically applies the BB stepsize, oy in (1.11) and &g. The R-linear global
convergence of Algorithm 3.1 for solving (1.3) can be established by showing that it
satisfies the property in [5], see Theorem 3 of [7] for example.

Algorithm 3.1 Periodic gradient method
Choose an initial point x¢p € R", initial stepsize ag, positive integers Ky, K,,, K,
and termination tolerance € > 0.
Take one gradient step with g
while ||gx|| > € do
Take K; BB steps
Take K, gradient steps with «y in (1.11)
Take K short steps with &;, where @; is the first stepsize after ag-steps
end while
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MG
--—-—-run 20 BB2 steps before MG

MG
--—-—run 20 BB2 steps before MG [\ /™
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F1G. 3. Problem (2.44) with n = 10: convergence history of objective values and stepsizes.
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------ MG with ag = 1/(\, + 1079)
10'F —— MG with ag, -+, a9 = 1/(A +1076)|
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=
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107 F

10
F1G. 4. Problem (2.44) with n = 10: the MG method (i.e., V(A) = A) with different stepsizes.

Remark 3.4. The BB steps in Algorithm 3.1 can either employ the BB1 or BB2
stepsize in (1.7). The idea of using short stepsizes to eliminate the component u,(gn) has
been investigated in [12, 13, 20]. However, these methods are based on the SD method,
that is, occasionally applying short steps during the iterates of the SD method. One
exception is given by [21], where a method is developed by employing new stepsizes
during the iterates of the AOPT method. But our method periodically uses three
different stepsizes: the nonmonotone BB method, the gradient method (1.11) and the
new stepsize (.

4. Numerical experiments. In this section, we present numerical comparisons
of Algorithm 3.1 and the following methods: BB with a2P1 [2], Dai-Yuan (DY) [11],
ABBmin2 [19], and SDC [12].

Notice that the stepsize rule for Algorithm 3.1 can be written as

abB, if mod(k, Kp + K, + K,) < Kp;

Ozk(\I/(A)), if Kp < mOd(k,Kb+Knl+Ks) < Ky + Ky
ar(V(4)), if mod(k,Kp+ K, + K;) = Ky + Ky
ap_1, otherwise,
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where aPP can either be aPB! or aBB2 a;(¥(A)) and ai(V(A)) are the stepsizes
given by (1.11) and (3.12), respectively. We tested the following four variants of
Algorithm 3.1 using combinations of the two BB stepsizes and ¥(A) = I or A:

e BBISD: B! and U(A) =1 in (4.1)
e BBIMG: aPB! and ¥(A) = A in (4.1)
e BB2SD: aPP? and ¥(A) =TI in (4.1)
e BB2MG: aPB? and U(A) = A in (4.1)

Now we derive a formula for the case W(A) = A, i.e., ai(¥(A4)) = a}C. If we set

r =0, by (3.12), we have

2

(4.2) ap =

9y A3gr gy A3gy 4(g7 Agi)?

2 )
agPy T gl A%gy apP, gl A%gy (") Nlgr—-1112g5 A% gn:

which is expensive to compute directly. However, if we set r = 1/2, we get

2

(4.3) aj =

2 T ’
1o 1y ( 11 ) + 497 Ags
olg T e’e AT (a9)2gf_1 Agk—

This formula can be computed without additional cost because gz_lAgk,l and g;-Agk
have been obtained when computing the stepsizes 04,]6\4_ c1: and a,]cw G,

All the methods in consideration were implemented in Matlab (v.9.0-R2016a)
and carried out on a PC with an Intel Core i7, 2.9 GHz processor and 8 GB of RAM
running Windows 10 system. We stopped the algorithm if the number of iteration
exceeds 20,000 or the gradient norm reduces by a factor of e.

We randomly generated quadratic problems (1.1) proposed in [7], where A =

QVQT with

Q = (I — 2wsw))(I — 2wowd )(I — 2wiwy),

w1, wy, and ws are unitary random vectors, and V = diag(v1,...,v,) is a diagonal
matrix where vy = 1, v, = K, and v;, j = 2,...,n—1, are randomly generated between
1 and k by the rand function in Matlab. We tested seven sets of different distributions
of v; as shown in Table 2 with different values of the condition number s and tolerance
e. In particular, x were set to 10%,10°,10% and € were set to 107,107,107 !2. For
each value of k or €, 10 instances were generated and there are totally 630 instances.
For each instance, the entries of b were randomly generated in [—10,10] and e =
(1,...,1)T was used as the starting point.

The parameter K for Algorithm 3.1 was set to 100 for the first and fifth sets and
30 for other sets. Other two parameters K, and K, were selected from {9,13,15}.
As in [19], the parameter 7 of the ABBmin2 method was set to 0.9 for all instances.
The parameter pair (h, s) used for the SDC method was set to (8,6), which is more
efficient than other choices for this test.

Table 3 shows the averaged number of iterations of BB1SD and other four com-
pared methods for the seven sets of problems listed in Table 2. We can see that,
for the first problem set, our BB1SD method performs much better than the BB, DY
and SDC methods, although the ABBmin2 method seems surprisingly efficient among
the compared methods. For the second to the last problem sets, our method with
different settings performs better than the BB, DY, ABBmin2 and SDC methods.
Moreover, for all the settings and different tolerance levels, our method outperforms
all the compared four methods in terms of total number of iterations.
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TABLE 2
Distributions of v;.

Set Spectrum

1 {va,...,un—1} C (1,K)

9 {v2,...,vn5} C (1,100)
{vn/541,- - vn-1} C (5,5)

3 {v2, ..., vn2} C (1,100)
{vn 2+17~"7Un—1} - (%75)

4 {1}2,...,’1}4n/5} C (1,100)
{vanss41, -y vn—1} C(5,5)

{v2,. ., vns5} C (1,100)

5 | {vn/sq1s--rvanys} C (100, 5)
{Van/s41,- - vn—1} C (5,K)
{v2,...,v10} C (1,100)
{v11,-- ., vn1} C (5, 5)
7 {va2,...,vn—10} C (1,100)
{vn797'~-uvn71} C (%,K)

Tables 4, 5 and 6 present the averaged number of iterations of BBIMG, BB2SD
and BB2MG, respectively. For comparison purposes, the results of the BB, DY,
ABBmin 2 and SDC methods are also listed in those tables. As compared with the
BB, DY, ABBmin 2 and SDC methods, similar results to those in Table 3 can be seen
from these three tables. For the comparison of BB1SD and BBIMG, we can see from
Tables 3 and 4 that BBIMG is slightly better than BB1SD for the second to fourth,
sixth, and the last problem sets. In addition, BBIMG is comparable to BB1SD for
the first and the fifth problem sets. The results in Tables 5 and 6 do not show much
difference between BB2SD and BB2MG. In general, BBIMG performs slightly better
than BB1SD, BB2SD and BB2MG for most of the problem sets.

We further compared these methods in Figures 5 and 6 by using the performance
profiles of Dolan and Moré [15] on the iteration metric. In these figures, the vertical
axis shows the percentage of the problems the method solves within the factor p of the
metric used by the most effective method in this comparison. We select the results of
our four methods corresponding to the column (15,15) in the above tables. It can be
seen that all our methods BB1SD, BBIMG, BB2SD and BB2MG clearly outperform
the other compared methods. For comparison of BB1SD, BBIMG, BB2SD and B-
B2MG, Figure 7 shows that BBIMG is slightly better than the other three methods,
while BB1SD, BB2SD and BB2MG do not show much difference in this test.

5. Conclusions and discussions. We present theoretical analyses on the as-
ymptotic behaviors of a family of gradient methods whose stepsize is given by (1.11),
which includes the steepest descent and minimal gradient methods as special cases.
It is shown that each method in this family will asymptotically zigzag in a two-
dimensional subspace spanned by the two eigenvectors corresponding to the largest
and smallest eigenvalues of the Hessian. In order to accelerate the gradient methods,
we exploit the spectral property of a new stepsize to break the zigzagging pattern. This
new stepsize is derived by imposing finite termination on minimizing two-dimensional
strongly convex quadratics and is proved to converge to the reciprocal of the largest
eigenvalue of the Hessian for general n-dimensional case. Finally, we propose a very
efficient periodic gradient method that alternately uses the BB stepsize, oy in (1.11)
and our new stepsize. Our numerical results indicate that, by exploiting the asymp-
totic behavior and spectral properties of stepsizes, gradient methods can be greatly
accelerated to outperform the BB method and other recently developed state-of-the-
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F1G. 5. Performance profiles for BB1SD (left)/BBIMG (right), and BB, DY, ABBmin2 and
SDC, iteration metric, 630 instances of the problems in Table 2.

Fic. 6. Performance profiles for BB2SD (left)/BB2MG (right), and BB, DY, ABBmin2 and
SDC, iteration metric, 630 instances of the problems in Table 2.

F1a. 7. Performance profiles for BB1SD, BBIMG, BB2SD and BB2MG, iteration metric, 630
instances of the problems in Table 2.

art gradient methods.
As a final remark, one may also break the zigzagging pattern by employing the
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spectral property in (2.35). In particular, we could use the following stepsize

(5.1)

o =

1

Q2

1

-1

Q2k+1

to break the zigzagging pattern. By (2.35), &, satisfies

Hence, ¢y is also a good approximation of 1/\,, when the condition number x = A, /A1
is large. One may see the strategy used in [13] for the case of the SD method.

Appendix A. Tables.

TABLE 3
Number of averaged iterations of BB1SD, BB, DY, ABBmin2 and SDC on the problems in
Table 2.
Km, Ks .
Set € (9,9) [(9,13) [ (9,15) ] (13, 9)( (13, 13) )(13, T5)[ (15, 9) [(15, 13)[(15,15)] -0 DY |ABBmin2| SDC
10—0 | 367.6 | 339.7 | 372.3 | 346.1 | 352.0 | 344.9 | 336.8 | 317.6 | 368.0 | 458.7 | 350.0 | 2585 | 394.1
1 | 10—9|1232.3| 983.7 | 1312.7 | 1149.2 | 1149.5 | 1281.4 | 1011.4 | 1086.7 | 1150.6 | 3694.4 | 3520.9 | 511.2 | 2410.6
10—12| 1849.9 | 1514.1 [ 1812.8 | 1760.6 | 1780.3 | 1792.6 | 1518.1 | 1605.0 | 1465.4 | 6825.4 | 6561.6 | 678.2 | 4917.2
10-6 | 242.1 | 244.4 | 235.8 | 238.2 | 220.3 | 236.7 | 249.6 | 233.9 | 240.9 | 455.7 | 406.7 | 380.0 | 234.1
2 |10-9 | 816.3 | 790.9 | 765.5 | 840.0 | 729.8 | 737.0 | 758.9 | 750.3 | 746.8 | 1882.0 | 1682.6 | 1425.7 | 879.8
10—12| 1255.9 | 1222.6 | 1207.4 | 1305.8 | 1179.1 | 1154.8 | 1211.5 | 1187.4 | 1178.1 | 3149.5 | 2761.6 | 2255.9 | 1436.3
10—0 | 297.1 | 288.5 | 275.0 | 284.6 | 283.1 | 273.3 | 283.6 | 279.7 | 270.0 | 495.6 | 435.8 | 487.4 | 298.4
3 |10-9| 829.0 | 816.2 | 796.5 | 848.0 | 758.5 | 763.2 | 796.9 | 791.7 | 743.7 | 1859.9 | 1678.7 | 1509.2 | 926.1
10—12]1330.5 | 1241.0 | 1252.8 | 1345.9 | 1224.3 | 1176.1 | 1275.2 | 1189.9 | 1178.9 | 3230.2 | 2747.0 | 2492.1 | 1402.4
10—0 | 358.0 | 331.8 | 343.5 | 331.6 | 331.6 | 318.4 | 331.5 | 326.6 | 342.6 | 715.0 | 585.0 | 679.9 | 345.7
4 |10—9| 882.6 | 823.2 | 825.3 | 917.8 | 814.2 | 817.4 | 860.3 | 808.6 | 832.4 | 2097.1 | 1927.2 | 1749.7 | 969.2
10—12| 1422.0 | 1327.9 | 1347.9 | 1324.3 | 1232.8 | 1271.9 | 1318.4 | 1288.9 | 1258.0 | 3355.7 | 3140.5 | 2673.9 | 1451.2
10-0 | 838.4 | 829.4 | 850.8 | 851.0 | 836.4 | 855.5 | 874.1 | 856.5 | 844.5 | 1001.5 | 840.1 | 1043.1 | 861.7
5 | 10—9 | 3147.9 | 3086.3 | 2985.3 | 2932.6 | 3004.0 | 3062.6 | 3093.1 | 3086.7 | 3094.2 | 5262.6 | 4606.2 | 3542.8 | 4075.9
10— 12| 4942.5 | 4996.4 | 4688.7 | 4542.9 | 5020.5 | 4921.7 | 4900.0 | 4845.1 | 4868.1 | 7803.1 | 8048.4 | 5518.2 | 6279.4
10—0 | 155.1 | 140.8 | 140.3 | 138.9 | 139.4 | 137.8 | 132.8 | 137.9 | 137.3 | 257.0 | 186.1 | 151.8 | 143.8
6 |10—9| 554.3 | 557.4 | 541.4 | 590.8 | 513.8 | 500.1 | 559.9 | 539.4 | 512.9 | 1574.2|1265.4 | 617.8 | 639.2
10—12| 905.9 | 883.1 | 897.7 | 939.9 | 801.1 | 824.3 | 925.9 | 895.9 | 814.9 | 2603.9 | 2419.3| 894.6 |1129.3
10—6 | 455.6 | 437.0 | 430.8 | 457.0 | 432.0 | 424.0 | 445.8 | 411.3 | 424.8 | 893.7 | 800.3 | 772.7 | 470.5
7 |10—9 | 905.8 | 876.0 | 828.2 | 922.4 | 870.5 | 869.8 | 925.6 | 851.0 | 859.6 | 2110.7 | 1868.1 | 1613.9 | 936.6
10*12 1349.8 | 1323.1 | 1265.4 | 1374.2 | 1278.5 | 1267.2 | 1319.2 | 1252.1 | 1240.3 | 3252.1 | 2748.7 2372.9 1331.5
10—0 [ 2713.9 | 2611.6 | 2649.4 | 2649.2 | 2604.7 | 2590.6 | 2654.2 | 2563.5 | 2628.1 | 4367.2 | 3613.0 | 3773.4 | 2748.3
total| 10— 9 | 8368.2 | 7933.7 | 8054.9 | 8200.8 | 7840.3 | 8031.5 | 8006.1 | 7914.4 | 7940.2 [18480.9(16549.1| 10970.3 |10837.4
10— 12[13056.5[12508.2[12472.7|12593.6/12516.6|12408.6|12468.3|12264.3|12003.7|30219.9|28427.1| 16885.8 |17947.3
TABLE 4
Number of averaged iterations of BBIMG, BB, DY, ABBmin2 and SDC on the problems in
Table 2.
(Km, Ks) i
Set | e (9,0) (9, 13) [ (9, 15) [ (13,9 [(13,13)[(13, 15)] (15,9) [(15,13)[(15,15)] =0 DY |ABBmin2| SDC
10-6 | 378.0 | 366.2 | 344.0 | 354.3 | 364.5 | 341.7 | 338.1 | 374.1 | 362.1 | 458.7 | 350.0 | 258.5 | 394.1
1 |10—9 | 1187.6 | 1369.2 | 1192.8 | 1029.0 | 1297.6 | 1040.6 | 1124.6 | 1201.2 | 1095.8 | 3694.4 | 3520.9 | 511.2 | 2410.6
10—12]1909.2 | 1809.4 | 1666.2 | 1558.3 | 1784.7 | 1577.6 | 1578.7 | 1862.7 | 1485.3 | 6825.4 | 6561.6 | 678.2 | 4917.2
10—0 | 216.5 | 211.0 | 227.0 | 218.2 | 211.2 | 228.5 | 223.3 | 225.5 | 230.2 | 455.7 | 406.7 | 380.0 | 234.1
2 | 10-9 | 729.7 | 679.9 | 703.0 | 665.9 | 674.4 | 686.0 | 675.6 | 665.8 | 680.9 | 1882.0 | 1682.6 | 1425.7 | 879.8
10—12]1199.7 | 1079.8 | 1130.7 | 1076.6 | 1076.3 | 1067.1 | 1096.8 | 1081.7 | 1059.3 | 3149.5 | 2761.6 | 2255.9 | 1436.3
10—0 | 258.3 | 265.4 | 273.7 | 273.3 | 249.2 | 264.1 | 253.1 | 246.2 | 252.3 | 495.6 | 435.8 | 487.4 | 298.4
3 | 10—9| 810.6 | 743.8 | 756.7 | 707.6 | 720.5 | 694.0 | 731.2 | 723.2 | 701.6 | 1859.9 | 1678.7 | 1509.2 | 926.1
10—12[1208.6 | 1137.4 [ 1182.6 | 1112.4 | 1128.5 | 1102.7 | 1153.6 | 1108.9 | 1099.7 | 3230.2 | 2747.0 | 2492.1 | 1402.4
10-0 ] 309.8 | 325.1 | 305.4 | 315.2 | 309.3 | 312.6 | 315.1 | 304.9 | 315.8 | 715.0 | 585.0 | 679.9 | 345.7
4 |10-9| 871.1 | 753.9 | 764.6 | 771.7 | 766.2 | 748.4 | 766.8 | 749.2 | 768.3 | 2097.1 | 1927.2 | 1749.7 | 969.2
10— 12| 1268.6 | 1186.6 | 1203.9 | 1164.3 | 1162.0 | 1140.8 | 1200.9 | 1159.1 | 1181.2 | 3355.7 | 3140.5 | 2673.9 | 1451.2
10—0 | 856.8 | 833.5 | 847.7 | 862.7 | 847.2 | 848.3 | 843.7 | 906.7 | 865.1 | 1091.5 | 849.1 | 1043.1 | 861.7
5 |10—9 | 3197.5 | 3014.6 | 3216.2 | 2988.8 | 3015.1 | 3088.4 | 3137.5 | 3155.4 | 3042.1 | 5262.6 | 4606.2 | 3542.8 | 4075.9
10—12| 4937.7 | 4769.0 | 4986.6 | 4933.8 | 4709.7 | 4861.1 | 4044.6 | 5167.5 | 4869.2 | 7803.1 | 8048.4 | 5518.2 | 6279.4
106 120.1 | 125.6 | 126.0 | 132.5 | 126.1 | 185.4 | 128.6 | 127.0 | 137.3 | 257.0 | 186.1| 151.8 | 143.8
6 |10—9| 510.8 | 498.9 | 510.1 | 496.3 | 452.1 | 471.3 | 461.6 | 487.2 | 447.6 | 1574.2 | 1265.4 | 617.8 | 639.2
10—12| 841.4 | 799.5 | 789.0 | 808.8 | 712.1 | 780.5 | 754.2 | 748.2 | 699.8 | 2603.9 | 2419.3| 894.6 |1129.3
10—0 | 400.6 | 417.1 | 382.8 | 423.1 | 407.0 | 405.6 | 402.0 | 415.8 | 402.7 | 893.7 | 800.3 | 772.7 | 4705
7 |10-9 | 841.3 | 815.6 | 788.3 | 832.9 | 820.8 | 794.4 | 825.4 | 844.7 | 814.5 |2110.7 | 1868.1| 1613.9 | 936.6
10—12]1245.0 [ 1193.1 | 1161.9 | 1218.1 | 1202.7 | 1190.3 | 1210.3 | 1238.0 | 1167.7 | 3252.1 | 2748.7 | 2372.9 | 1331.5
10—0 | 2549.1 | 2543.9 | 2507.5 | 2579.3 | 2514.5 | 2526.2 | 2503.9 | 2600.2 | 2565.5 | 4367.2 | 3613.0 | 3773.4 | 2748.3
total| 10—9 | 8148.6 | 7875.9 | 7931.7 | 7492.2 | 7746.7 | 7523.1 | 7722.7 | 7826.7 | 7550.8 |18480.9|16549.1| 10970.3 |10837.4
10—12[12610.2|11974.8[12120.9/11872.3|11776.0{11720.1[11939.1|12366.1|11562.2]30219.9|28427.1| 16885.8 |17947.3
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TABLE 5
Number of averaged iterations of BB2SD, BB, DY, ABBmin2 and SDC on the problems in
Table 2.

K, Ks -

Set € (9,9) [(9,13) [ (9,15) ] (13, 9)( (13, 13) )(13, T5)[ (15, 9) [(15, 13)[(15,15)] -0 DY |ABBmin2| SDC
10—0 | 347.9 | 357.2 | 365.1 | 349.4 | 344.3 | 325.0 | 338.1 | 349.4 | 369.2 | 458.7 | 350.0 | 258.5 | 394.1

1| 10—9 | 1132.2 | 1454.1 | 1247.4 | 1192.7 | 1224.4 | 1274.7 | 1237.7 | 1291.9 | 1209.6 | 3694.4 | 3520.9 | 511.2 | 2410.6
10— 12| 1985.3 | 2429.8 | 1986.8 | 1838.2 | 2062.1 | 2181.2 | 1958.2 | 1961.0 | 1927.2 | 6825.4 | 6561.6 | 678.2 | 4917.2
10—0 | 219.4 | 223.9 | 220.5 | 226.0 | 229.3 | 224.4 | 217.8 | 220.4 | 226.4 | 455.7 | 406.7 | 380.0 | 234.1

2 | 10—9| 749.4 | 723.3 | 713.9 | 746.6 | 720.1 | 711.2 | 728.1 | 729.4 | 713.3 | 1882.0 | 1682.6 | 1425.7 | 879.8
10—12|1235.9 [ 1188.4 | 1168.4 | 1167.9 | 1158.1 | 1158.3 | 1165.2 | 1186.0 | 1130.9 | 3149.5 | 2761.6 | 2255.9 | 1436.3
10—0 | 248.5 | 259.0 | 253.8 | 254.0 | 246.3 | 261.6 | 252.6 | 262.8 | 267.4 | 495.6 | 435.8 | 487.4 | 298.4

3 |10-9| 780.5 | 757.1 | 754.2 | 759.3 | 738.4 | 767.2 | 793.6 | 774.4 | 759.3 | 1859.9 | 1678.7 | 1509.2 | 926.1
10—12| 1229.4 | 1230.7 | 1227.8 | 1216.0 | 1214.8 | 1182.3 | 1215.2 | 1227.7 | 1210.6 | 3230.2 | 2747.0 | 2492.1 |1402.4
10—6 | 320.8 | 315.1 | 305.5 | 313.6 | 315.9 | 310.9 | 318.4 | 307.5 | 317.1 | 715.0 | 585.0 | 679.9 | 345.7

4 |10—9| 805.0 | 823.3 | 813.4 | 819.5 | 813.5 | 789.0 | 779.5 | 836.1 | 802.5 | 2097.1 | 1927.2 | 1749.7 | 969.2
10— 12| 1348.7 | 1298.3 | 1244.4 | 1242.8 | 1276.1 | 1238.6 | 1250.0 | 1269.9 | 1246.3 | 3355.7 | 3140.5 | 2673.9 | 1451.2
10—0 | 860.0 | 847.3 | 848.7 | 831.2 | 799.3 | 825.5 | 804.4 | 809.5 | 862.0 | 1091.5 | 849.1 | 1043.1 | 861.7

5 | 10—9 | 3066.6 | 3191.0 | 2998.8 | 2918.1 | 3049.0 | 3038.7 | 2995.5 | 2995.7 | 3095.7 | 5262.6 | 4606.2 | 3542.8 | 4075.9
10—12| 5272.4 | 5133.8 | 5106.8 | 4962.9 | 4867.3 | 4894.1 | 5083.6 | 4775.5 | 5100.4 | 7803.1 | 8048.4 | 5518.2 | 6279.4
10—06 ] 129.1 | 138.8 | 124.8 | 128.4 | 135.3 | 133.7 | 122.2 | 130.8 | 183.4 | 257.0 | 186.1 | 151.8 | 143.8

6 |10—9| 560.3 | 549.5 | 531.5 | 514.6 | 520.9 | 538.9 | 516.5 | 530.4 | 525.1 | 1574.2 | 1265.4 | 617.8 | 639.2
10— 12| 912.8 | 892.1 | 940.0 | 913.5 | 928.1 | 873.5 | 892.5 | 873.3 | 845.2 | 2603.9 | 2419.3 | 894.6 |1129.3
10—0 | 418.4 | 393.6 | 406.6 | 410.6 | 400.7 | 418.4 | 394.8 | 420.7 | 405.0 | 893.7 | 800.3 | 772.7 | 4705

7 | 10—9 | 898.0 | 835.8 | 849.0 | 852.9 | 847.6 | 847.8 | 868.4 | 873.3 | 848.4 | 2110.7 | 1868.1 | 1613.9 | 936.6
10*12 1324.7 | 1238.8 | 1221.1 | 1290.1 | 1263.3 | 1265.1 | 1302.7 | 1279.2 | 1267.4 | 3252.1 | 2748.7 2372.9 1331.5
10—0 | 2544.1 | 2534.9 | 2525.0 | 2513.2 | 2480.1 | 2499.5 | 2448.3 | 2510.1 | 2581.4 | 4367.2 | 3613.0 | 3773.4 | 2748.3
total| 10—9 | 7992.0 | 8334.1 | 7908.2 | 7803.7 | 7913.9 | 7967.5 | 7919.3 | 8031.2 | 7953.9 |18480.9(16549.1| 10970.3 |10837.4
10—1213309.2|13411.9/12895.3]12631.4[12769.8|12793.1|12867.4|12572.6|12728.0[30219.9|28427.1| 16885.8 [17947.3

TABLE 6
Number of averaged iterations of BB2MG, BB, DY, ABBmin2 and SDC on the problems in
Table 2.

Ko, K .

Set € (9,9) [(9,13)[(9,15) [ (13, 9)( (13, 13) (13, 15)[ (15,9) [(15, 13)[(15,15)] -0 DY |ABBmin2| SDC
10—0 | 355.7 | 365.1 | 341.9 | 322.6 | 350.7 | 327.5 | 337.0 | 313.6 | 321.1 | 458.7 | 350.0 | 258.5 | 394.1

1 | 10—9 | 1209.5 | 1327.4 | 908.0 | 1064.7 | 1206.9 | 1209.7 | 965.6 | 1255.1 | 1351.1 | 3694.4 | 3520.9 | 511.2 | 2410.6
10—12| 1858.7 | 1772.7 | 1477.3 | 1640.8 | 1701.6 | 1877.9 | 1651.6 | 1889.2 | 1751.7 | 6825.4 | 6561.6 | 678.2 | 4917.2
10—0 | 235.1 | 237.0 | 238.2 | 233.0 | 229.2 | 239.2 | 236.4 | 235.2 | 238.0 | 455.7 | 406.7 | 380.0 | 234.1

2 | 10—9 | 822.7 | 778.9 | 752.8 | 805.0 | 747.0 | 762.7 | 785.7 | 748.0 | 737.0 | 1882.0 | 1682.6 | 1425.7 | 879.8
10— 12| 1273.8 | 1233.0 | 1212.6 | 1294.3 | 1144.2 | 1193.2 | 1248.0 | 1178.3 | 1167.0 | 3149.5 | 2761.6 | 2255.9 | 1436.3
10—0 | 273.8 | 265.6 | 287.9 | 264.6 | 271.2 | 274.4 | 275.2 | 263.1 | 281.0 | 495.6 | 435.8 | 487.4 | 298.4

3 |10-9| 866.7 | 831.4 | 793.5 | 862.2 | 777.6 | 789.1 | 804.3 | 786.0 | 786.6 | 1859.9 | 1678.7 | 1509.2 | 926.1
10—12| 1313.6 | 1318.9 | 1244.3 | 1361.4 | 1219.6 | 1234.7 | 1313.4 | 1271.2 | 1251.8 | 3230.2 | 2747.0 | 2492.1 |1402.4
10—0 | 333.7 | 335.8 | 341.0 | 353.0 | 310.9 | 317.4 | 331.7 | 333.0 | 320.1 | 715.0 | 585.0 | 679.9 | 345.7

4 |10-9| 876.9 | 877.7 | 853.3 | 863.8 | 844.5 | 836.6 | 881.4 | 804.5 | 800.1 |2097.1 |1927.2 | 1749.7 | 969.2
10—12| 1364.3 | 1329.9 | 18307.0 | 1351.1 | 1206.9 | 1259.4 | 1337.0 | 1275.7 | 1286.7 | 3355.7 | 3140.5 | 2673.9 | 1451.2
10—0 | 806.4 | 836.7 | 837.7 | 807.1 | 842.2 | 862.0 | 817.8 | 814.9 | 819.0 | 1091.5 | 849.1 | 1043.1 | 861.7

5 | 10—9 |3106.8 [ 3101.1 | 3008.3 | 3102.0 | 3169.6 | 3058.9 | 3073.8 | 2997.6 | 3097.9 | 5262.6 | 4606.2 | 3542.8 |4075.9
10—12| 4996.6 | 5100.9 | 4749.5 | 5079.1 | 5012.9 | 5004.8 | 5090.7 | 5094.0 | 4708.6 | 7803.1 | 8048.4 | 5518.2 | 6279.4
10—06 | 137.1 | 138.0 | 135.9 | 143.4 | 135.1 | 139.0 | 135.1 | 136.9 | 138.9 | 257.0 | 186.1 | 151.8 | 143.8

6 |10-9| 612.6 | 571.2 | 535.3 | 588.6 | 543.6 | 523.8 | 504.2 | 569.0 | 523.0 | 1574.2 | 1265.4 | 617.8 | 639.2
10—12| 933.9 | 874.6 | 870.0 | 1026.1 | 864.7 | 830.9 | 862.3 | 910.9 | 861.2 | 2603.9 | 2419.3| 894.6 |1129.3
10—0 | 462.7 | 430.8 | 434.4 | 454.2 | 428.2 | 438.8 | 440.8 | 437.0 | 435.1 | 893.7 | 800.3 | 772.7 | 4705

7 |10—9 | 957.1 | 932.7 | 904.4 | 935.3 | 868.1 | 889.4 | 933.5 | 917.1 | 869.6 | 2110.7 | 1868.1 | 1613.9 | 936.6
10—12| 1383.7 | 1337.3 | 1281.5 | 1344.8 | 1288.7 | 1323.3 | 1373.0 | 1310.1 | 1277.8 | 3252.1 | 2748.7 | 2372.9 |1331.5
10—0 | 2604.5 | 2610.8 | 2617.0 | 2577.9 | 2576.5 | 2509.2 | 2574.0 | 2534.6 | 2564.0 | 4367.2 | 3613.0 | 3773.4 | 2748.3
total| 10— 9 | 8452.3 | 8420.4 | 7755.6 | 8221.6 | 8157.3 | 8070.2 | 7948.5 | 8077.3 | 8165.3 [18480.9|16549.1| 10970.3 |10837.4
10—12]13124.6(12967.3]12142.2[13097.6[12528.6|12724.2|12876.0[12929.4|12304.8[30219.9|28427.1| 16885.8 [17947.3

REFERENCES

[1] H. AKAIKE, On a successive transformation of probability distribution and its application to
the analysis of the optimum gradient method, Ann. Inst. Stat. Math., 11 (1959), pp. 1-16.

[2] J. BARZILAI AND J. M. BORWEIN, Two-point step size gradient methods, IMA J. Numer. Anal.,
8 (1988), pp. 141-148.

[3] E. G. BIrGIN, J. M. MARTINEZ, AND M. RAYDAN, Nonmonotone spectral projected gradient
methods on convex sets, STAM J. Optim., 10 (2000), pp. 1196-1211.

[4] A. CaucHY, Méthode générale pour la résolution des systemes d’équations simultanées, Comp.
Rend. Sci. Paris, 25 (1847), pp. 536-538.

[5] Y.-H. Da1, Alternate step gradient method, Optimization, 52 (2003), pp. 395-415.

[6] Y.-H. Da1 AND R. FLETCHER, On the asymptotic behaviour of some new gradient methods,
Math. Program., 103 (2005), pp. 541-559.

[7] Y.-H. Da1, Y. HUANG, AND X.-W. L1u, A family of spectral gradient methods for optimization,
Comp. Optim. Appl., 74 (2019), pp. 43-65.

[8] Y.-H. Da1 AND L.-Z. L1A0, R-linear convergence of the Barzilai and Borwein gradient method,
IMA J. Numer. Anal., 22 (2002), pp. 1-10.

[9] Y.-H. Da1 anD X. YANG, A new gradient method with an optimal stepsize property, Comp.



28

[10]

[11]

[12] R

(13]

[14]

[26]
27]
28]
[29]
[30]
31]

32]

Y. Huang, Y-H, Dai, X-W, Liu and H. ZHANG

Optim. Appl., 33 (2006), pp. 73-88.

Y.-H. Dar1 aAND Y.-X. YUAN, Alternate minimization gradient method, IMA J. Numer. Anal.,
23 (2003), pp. 377-393.

Y.-H. DA1 AND Y.-X. YUAN, Analysis of monotone gradient methods, J. Ind. Mang. Optim., 1

(2005), p. 181.
. DE AsmunDIs, D. D1 SERAFINO, W. W. HAGER, G. TORALDO, AND H. ZHANG, An efficient
gradient method using the Yuan steplength, Comp. Optim. Appl., 59 (2014), pp. 541-563.

R. DE Asmunpis, D. b1 SERAFINO, F. Riccio, AND G. TORALDO, On spectral properties of
steepest descent methods, IMA J. Numer. Anal., 33 (2013), pp. 1416-1435.

D. D1 SERAFINO, V. RUGGIERO, G. TORALDO, AND L. ZANNI, On the steplength selection
in gradient methods for unconstrained optimization, Appl. Math. Comput., 318 (2018),
pp. 176-195.

E. D. DoLAN AND J. J. MORE, Benchmarking optimization software with performance profiles,
Math. Program., 91 (2002), pp. 201-213.

H. C. ELMAN AND G. H. GOLUB, Inezact and preconditioned Uzawa algorithms for saddle point
problems, SIAM J. Numer. Anal., 31 (1994), pp. 1645-1661.

R. FLETCHER, On the Barzilai-Borwein method, Optimization and control with applications,
(2005), pp. 235-256.

G. E. FORSYTHE, On the asymptotic directions of the s-dimensional optimum gradient method,
Numer. Math., 11 (1968), pp. 57-76.

G. FRASSOLDATI, L. ZANNI, AND G. ZANGHIRATI, New adaptive stepsize selections in gradient
methods, J. Ind. Mang. Optim., 4 (2008), p. 299.

C. C. GONZAGA AND R. M. SCHNEIDER, On the steepest descent algorithm for quadratic func-
tions, Comp. Optim. Appl., 63 (2016), pp. 523-542.

Y. HuaNg, Y.-H. Dar1, X.-W. Liu, AND H. ZHANG, Gradient methods exploiting spectral prop-
erties, arXiv preprint arXiv:1905.03870, (2019).

Y. HUANG AND H. Liu, Smoothing projected Barzilai—Borwein method for constrained non-
Lipschitz optimization, Comp. Optim. Appl., 65 (2016), pp. 671-698.

Y. Huang, H. Liu, AND S. ZHOU, Quadratic regularization projected Barzilai—Borwein method
for nonnegative matriz factorization, Data Min. Knowl. Disc., 29 (2015), pp. 1665-1684.

B. JIANG AND Y.-H. DAI, Feasible Barzilai—-Borwein-like methods for extreme symmetric ei-
genvalue problems, Optim. Method Softw., 28 (2013), pp. 756-784.

Y.-F. Liu, Y.-H. DAI1, AND Z.-Q. Lvo, Coordinated beamforming for MISO interference chan-
nel: Complexity analysis and efficient algorithms, IEEE Trans. Signal Process., 59 (2011),
pp. 1142-1157.

J. NOCEDAL, A. SARTENAER, AND C. ZHU, On the behavior of the gradient norm in the steepest
descent method, Comp. Optim. Appl., 22 (2002), pp. 5-35.

L. ProNzATO, H. P. WYNN, AND A. A. ZHIGLJAVSKY, Asymptotic behaviour of a family of
gradient algorithms in R® and Hilbert spaces, Math. Program., 107 (2006), pp. 409-438.

M. RAYDAN, On the Barzilai and Borwein choice of steplength for the gradient method, IMA
J. Numer. Anal., 13 (1993), pp. 321-326.

M. RAYDAN, The Barzilai and Borwein gradient method for the large scale unconstrained
minimization problem, SIAM J. Optim., 7 (1997), pp. 26-33.

Y.-X. YUAN, A new stepsize for the steepest descent method, J. Comput. Math., (2006), p-
p. 149-156.

Y .-X. YUAN, Step-sizes for the gradient method, AMS IP Studies in Advanced Mathematics,
42 (2008), pp. 785-796.

B. ZHou, L. Gao, AND Y.-H. DaAl, Gradient methods with adaptive step-sizes, Comp. Optim.
Appl., 35 (2006), pp. 69-86.



	Introduction
	Asymptotic behavior of the family (1.11)
	Techniques for breaking the zigzagging pattern
	A new stepsize
	Spectral property of the new stepsize
	A periodic gradient method

	Numerical experiments
	Conclusions and discussions
	Appendix A. Tables
	References

