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On the Convergence to Stationary Points of
Deterministic and Randomized Feasible Descent
Directions Methods

Amir Beck* Nadav Hallak'

Abstract

This paper studies the class of nonsmooth nonconvex problems in which the differ-
ence between a continuously differentiable function and a convex nonsmooth function
is minimized over linear constraints. Our goal is to attain a point satisfying the station-
arity necessary optimality condition, defined as the lack of feasible descent directions.
Although elementary in smooth optimization, this condition is nontrivial when the ob-
jective function is nonsmooth, and correspondingly, there are very few methods that
obtain stationary points in such settings. We prove that stationarity in our model
can be characterized by a finite number of directions, and develop two methods, one
deterministic and one random, that use these directions to obtain stationary points.
Numerical experiments illustrate the benefit of obtaining a stationary point and the
advantage of using the random method to do so.

Introduction

1 Background and Problem Formulation

In this paper we consider the problem

(P)  min{h(x) = f(x) —g(x) : x € B},

under the following assumption.

Assumption 1. o f:R" — R is continuously differentiable.

e g:R" = R is convez.

e B ={x € R": Ax < b}, where b € R™, and A € R"™" comprises the rows

al al ... al so that ||a;||a = 1 for anyi = 1,2,...,m, and A is the m X n matriz
whose rows are al’ al ... al.

e h is lower bounded over B: there ezists h, € R for which h(x) > h, for allx € B.
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We emphasize that f, g, h, A and b are given parameters, and that the requirement that
|ai||2 = 1 for any ¢ does not restrict the generality of the model.

Problem (P) can model a large variety of trending applications, as described by the very
recent works [1, 18]. A few other examples are shortly described below.

Example 1.1 (DC programming). When f is in addition convex, problem (P) falls under
the category of difference of conver (DC) programming. A huge number of applications can
be cast as DC minimization problems, see for example the recent study [1] in the context of
learning. For more on DC programming, including applications, see [2, 17, 22] and references
therein.

Example 1.2 (single source localization). The single source localization problem (e.g. [28])
objective is to locate an unknown source using the approximate distances ¢, c, ..., ¢, € RY
between the source and m given sensors by, bs, ..., b,, € R". One possible optimization
model for this problem is given by

m
m):nz (i = lIx = bill2)*
=1

The above problem fits model (P) with f(x) = >, ([[x—bi|l3+¢F), g(x) = >0, cillx— byl
and B = R".

Example 1.3 (convex piecewise linear programming). Piecewise linear functions appear as
cost functions of supply chain, transportation, and production planning problems; see [19]
for a concise review. The objective is to maximize the convex piecewise linear function:

max { gow(x) = max{c{x + di,c;x+ ds, ..., ¢l x+ dp} : x € C},

where ci,cg,...,¢, € R dy,ds,...,d,, € R and the set C' is a compact. When C is a
polyhedron, this problem fits model (P) with f =0 and g(x) = gpwi(x).

Due to the hardness of Problem (P), we are forced to settle with finding solutions that
satisfy some necessary optimality condition. The literature on nonsmooth problems is almost
entirely devoted to the so-called criticality optimality condition, which is non other than the
generalized Fermat rule with respect to some general subdifferential set. It is important to
note that the term ’criticality’ is actually used to describe several different optimality condi-
tions, with different levels of restrictiveness, as the restrictiveness of this condition depends
on the specific type of subdifferential set used in the definition. In the DC literature, the
notion of criticality refers to a different condition which we discuss later on. For more on the
criticality condition with respect to various general subdifferential sets see the comprehensive
books [21, 27], and for more specific instances see for example [10, 11] and references therein.

The stationarity condition is defined as the lack of feasible descent directions. Since f is
differentiable and g is convex, the directional derivative for the nonsmooth objective function
h exists everywhere, and the stationarity condition can be defined equivalently as the lack
of negative directional derivatives (at any feasible direction). When the objective function
is smooth, criticality and stationarity coincide. In the case where the objective function is
not smooth, these conditions might not coincide. To the best of our knowledge, there is no



research connecting these two conditions in the setting of (P), or in a similar setting, other
than [22], which proves that stationarity is more restrictive compared to criticality (called
Clarke-stationarity in the paper) defined with respect to the Clarke-generalized gradient in
some classes of DC problems. In any case, our goal is to develop methods that converge to
stationary points, and therefore, we will not discuss the criticality condition any further.

For a nonsmooth objective function, it is hard to verify if a point satisfies stationarity
as an infinite number of directions needs to be examined. Accordingly, there are very few
methods that are guaranteed to converge to stationary points in the case of a nonsmooth and
nonconvex objective function. Actually, to the best of our knowledge, the only study that
provides a method that converges to stationary points in a general setting of minimizing a
continuous (not necessarily differentiable) objective function over a closed convex set is [23].
The method proposed in [23] achieves this by minimizing at each iteration a multidimensional
approximation function, which is a consistent majorizer (recalled in Section 4.1.1), over
the feasible set. Hence, the ability to minimize the approximation function is a necessary
requirement, which is not satisfied unless the approximation function itself is very simple
(which is not the case for most composite problems comprising nonconvex functions).

For a specific class of DC programming problems, two methods that are guaranteed to
converge to a stationary point were presented in [22], along with a thorough review of opti-
mality conditions in nonsmooth DC problems. This class comprises problems in which the
objective DC function is of the form f (x)—g(x), where f is not necessarily differentiable and
g is the pointwise maximum of a finite number of continuously differentiable convex func-
tions. We also note the more recent paper [20], which studied the same class of DC problems
as the one considered in [22], in which DCA-type methods were introduced and proven to
converge to an optimality condition that is more restrictive than stationarity. As opposed
to the aforementioned DC methods, we assume neither a specific structure of the function
g (aside for being convex) nor the convexity of f, but we do assume that f is continuously
differentiable. Hence, although some problems belong to both models, problem (P) and the
model in [20, 22] quite differ from each other.

Paper layout. Section 2 deals with positively spanning sets, including methods to obtain
members of such sets, or to construct an entire positively spanning set. Notable examples
of positively spanning sets are given at the end of Section 2. Section 3 studies the notion
of stationarity in the context of problem (P), and includes the result that stationarity can
be defined equivalently using a finite number of directions. This equivalence is the pillar
stone on which we will later build the methods that converge to stationary points. The
case in which f is convex, and consequently (P) is a DC problem, is also discussed, and we
compare the stationarity condition to the well-known DC-criticality condition defined in the
DC literature. In Section 4 we present a deterministic method and a random method, both
of which converge (subsequently, the latter almost surely) to a stationary point, and analyze
their convergence. Finally, we test our methods on two numerical experiments in Section 5.

Notation. Vectors are denoted by boldface lowercase letters, e.g., y, and matrices by
boldface uppercase letters, e.g., B. The vectors of all zeros and ones are denoted by 0 and
e respectively. The canonical basis of R" is denoted by ej,es, ..., e,. The matrix I is the



identity matrix whose dimension will be clear from the context. We use standard notation
for the directional derivative, i.e. h'(x;d) is the directional derivative of h at x € R" in
the direction d € R". Given a positive scalar ¢ > 0 and a vector x* € R", B.(x*) = {x €
R” : [|x — x*[|2 < ¢} denotes the closed ball with center x* and radius . The n-dimensional
unit-simplex set is given by A, = {x € R" : ex = 1,x > 0}. For a positive integer n,
we use the standard notation [n] = {1,2,...,n}. Given a set C' C R" and a point x € C,
the normal cone of C' at x is defined as No(x) = {y € R" : yT(z — x) < 0 for any z € C}.
Given a linear system

Bx=c, x>0, (1.1)

where B € R™™ ¢ € R™, a basic feasible solution of the system (1.1) is a vector X that
satisfies (1.1) and has the following property: the columns of B corresponding to the positive
components in X are linearly independent. It is well-known (see for example [9]) that the
extreme points of the polyhedron defined by (1.1) are exactly its basic feasible solutions.

2 Positive Spanning Feasible Directions (PSD) Sets

2.1 Positive Spanning Sets

A cornerstone in the development of methods seeking stationary points is the characterization
of the stationarity condition in terms of a finite number of feasible directions rather than in
terms of all feasible directions. This finite characterization of the stationarity condition will
be obtained through the notion of positive spanning sets ([13, 24]).

Definition 2.1 (positive span [24, Definition 2.3]). The positive span of a finite set of
vectors S = {vy,va,...,vi} CR" denoted by pos(S), is the convex cone given by

k
pOS(S) = {Z)\ZVZ : /\z > O,Z = ].,2,...7]{?} .
1=1

A linear combination with nonnegative coefficients is called a positive linear combination,
and thus pos(S) comprises all positive linear combinations of vectors from S.

Definition 2.2 (positive spanning set [24, Definition 2.4]). A finite set S C R" is a positive
spanning set of a convex cone C' C R"™ if pos(S) = C. In this case, S is said to positively
span C.

Example 2.1. Two well-known positive spanning sets of R are
Ey={e,es....e,,—(e1+ex+---+e,)} (2.1)

and
E2 = {:i:el, ﬂ:eg, R ,ien}. (22)

These two sets are “irreducible” in the sense that neither of them will be a positive spanning
set of R™ if any one of the vectors comprising them will be removed.

Example 2.2. Consider the linear subspace (which is a convex cone):
C = {x € R": Dx = 0},

where D € R"™*". A positive spanning set of C'is {£vy, £V, ..., v}, where {vy,vo, ..., vi}
is a basis for the null space of D.



2.2 Generating Positive Spanning Sets of General Polyhedral Cones

In Section 4 we will propose two methods that utilize positive spanning sets of certain
polyhedral cones. The first one will require to find a complete positive spanning set of a
polydehral cone given in the following general form:

C={deR":Bd <0}, (2.3)

where B € RP*™.

Finding a positive spanning set for C' is non other than the classical representation
conversion problem for convex cones, from the so-called H-representation to the so-called V-
representation (this conversion problem is also known as the vertexr enumeration problem),
and as such has well-established methods and implementations; for more details see [31,
Chapter 1] or [14, Section 9].

Off the shelf software that contain procedures to compute positive spanning sets in-
clude cdd!, PORTA?, and Polymake® [3]. A particular procedure designated to converse
‘H-representation to V-representation (i.e. finding a positive spanning set for C') is lrs [4],
which uses a smart implementation of the simplex method in linear programming to compute
the V-representation.?

2.3 Generating a Random Direction

The second method we will propose requires that one vector from a spanning set is picked at
random. The distribution by which the vector is picked can be arbitrary (e.g., not necessarily
uniform), but must satisfy that each vector in the positive spanning set is picked with a
positive probability. If it is easy to compute all the points in the positive spanning set, as in
the cases of boxes and the unit-simplex (cf. Examples 2.5 and 2.8 respectively), then picking
a vector from the positive spanning set by any chosen discrete distribution is a trivial task.

However, in the general case, generating the complete list of vectors in a positive spanning
set can be an exhaustive task. Instead, we exploit the equivalence relation between extreme
rays and basic feasible solutions of linear programming problems (see [4, Section 2]) to
define a procedure that randomly chooses a direction from a given positive spanning set,
without explicitly computing the entire set. The linear programming-related details are very
similar to those used in [4] (specifically, see Section 2 there) for the development of the Irs
algorithm. Therefore, for brevity sake, we refer the reader to [4] for additional background
and information.

To define the randomized procedure, we consider the standardization of the system of
inequalities (see e.g., [9]) in (2.3) done by replacing d by d* —d~ where d*,d~ > 0 and
introduce a slack variables vector w to convert the inequalities into equalities. Finally, we
add to the system a constraint that imposes that the sum of all variables is 1:

Bdt— Bd + w=0
efd™ +efd  +efw=1 (2.4)
dt,d~,w > 0.

"http://www-oldurls.inf.ethz.ch/personal/fukudak/cdd_home/
Zhttps://wwwproxy.iwr.uni-heidelberg.de/groups/comopt/software/PORTA/
3https://polymake.org/

“http://cgm.cs.mcgill.ca/~avis/C/1rs.html
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The known fact (see e.g., [4]) that we require is that the basic feasible solutions of the above
linear system induce a positive spanning set of C'.

Theorem 2.1 ([4]). Let {(df,d;,w;)}s | be the set of all basic feasible solutions of the
linear system (2.4). Then the set

V={df-d;:i=1,2,...,k}
s a positive spanning set of Dy.

Remark 2.1. If the system of inequalities defining the cone already contains nonnegativity
constraints on some of the variables, then there is no need to decompose these variables.
The refinement of Theorem 2.1 to this case is completely straightforward. To illustrate this
generalization, assume that the first ¢ (¢ € [n]) variables are constrained to be nonnegative.
Therefore, we consider a cone of the form

S={deR":Bd<0,d; >0,i=1,2,...,q},

where B € RP*"™. We make the notation that d is composed of the vectors d; € RY, dy € R" ¢
asd = Cill) . Then S can be written as

2
S:{dERnZBldl‘i‘BQdQSO,dl ZO},

where B; € RP*?, and B, € RP*("=9 are such that B = (By,B;). To standardize the
system, we split dy as dy = dJ — d;, where dj,d, > 0, and introduce a nonnegative slack
variables vector w. Also, we add a constraint that the sum of all variables is 1.

B1d1 + Bgd;_ - Bgd; + w=0
e'd; + efdy + e'd; +e’w=1 (2.5)
d;,d;j,d;,w > 0.
A refinement of Theorem 2.1 states that if {(d?,d;”", d;”", w’)}2_, are all the basic feasible
solutions of the system (2.5), then the set V' = { (d+,¢d1 d_’i) e=1,2,..., k} is a positive
2 T Uy

spanning set of .S.

The next example demonstrates how to derive a positive spanning set from the basic
feasible solutions of a linear system.

Example 2.3. Consider the cone
C={deR":e’d=0,d; >0,i=1,2,...,k}.

By Theorem 2.1 a positive spanning set of C' can be extracted from the set of all basic
feasible solutions of the system

e’d; +e’dy —eld, =0,
eld; +efdy +e’d, =1, (2.6)
d, € Rt dy,d, e R
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A simple computation shows that the set of basic feasible solutions of (2.6) is A; U Ay where

A = {(di,d],d;) =0.5(e;,0,e;): i €[k],j € [n—k|},
Ay = {(di,d3,d;) =0.5(0,e;,€;): 4,5 € [n—k|}.

The corresponding positive spanning set of C' is (after also multiplying all vectors by 2)
W ={e,—ejiriclkl,jen—Fkl}U{ej+r —€jtk,J1 € [n— Kkl j2 € [n—K]}.

Many of the vectors in W can be removed since they are positive combinations of other
vectors in the set. It is easy to show that the following subset of vectors from W positively
spans all the vectors in W and is therefore a positive spanning set of .S:

V ={ei—ep1:i € [k} U{ejin — €jrurt, €jpnir —€jpn 1 j € [n—k —1]}.

We will now show how to randomly generate a vector from the positive spanning set
defined by the procedure described in Theorem 2.1. Recall that each vector in the spanning
set corresponds to a basic feasible solution of the system (see (2.4))

Ad=b, d >0,

where

d* T
A (BT _]T3 IT)eRWﬁ,&: d- ER”,B:(O) eR™ @ =2n+p, m=p+1.

e e e
W
The random selection procedure is as follows:
Algorithm 1: Procedure RandS
Step 1. pick randomly via the uniform distribution 7 indices out of [f] without

repetitions. The chosen set of indices is denoted by I.
Step 2. If the following conditions are satisfied:

(i) the columns of A corresponding to I are linearly independent;

(ii) the unique solution (by (i)) of the system Ad =b, d; =0 for any i ¢ I, satisfies that
d>0,

then return d. Otherwise, return to step 1.

It is not an easy task to compute the probability of each vector in the positive spanning
set to be picked by the procedure, but we can easily write a lower bound for this probability.
Indeed, each vector in the positive spanning set corresponds to at least one choice of basis.
This means that the probability that a certain vector is picked is lower bounded by the

probability that a certain set of indices is picked, meaning by ﬁ = W

m p+1

2.4 PSD sets

Our interest is in positive spanning sets that span the cone of feasible directions at an
arbitrary point x € B, which is given by

Dy={deR":ald <0,ic I(x)}, (2.7)
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where
Ix)={ic{l,2,...,m}:a ' x = b}

denotes the set of active constraints at x.

Definition 2.3 (PSD sets). Let x € B and let Dy be the corresponding cone of feasible
directions at x. Then a finite set Vj, C D, that positively spans Dy = {d € R" : ald <
0,7 € I(x)} is called a positive spanning feasible directions (PSD) set of B at x.

We now list several examples of PSD sets of frequently-used constraints sets.

Example 2.4 (PSD set for R"). If x € B satisfies Ax < b, then D, = R™ and consequently
each of the sets Fy and Fj given in (2.1) and (2.2) respectively are PSD sets of B at x.

Example 2.5 (PSD set for a box). Suppose that B is a box:
B=Box[l,u|={xeR":{; <z; <w,i=1,2,...,n},
where £,u € R" are such that £ < u. Denote

[()(X) = {Z X - (&,Ul)},
I(x) = {i:z; =4},
I(x) = {i:z=u}.

Obviously, for any x € R”, the set of all feasible directions at x is
Dy={deR":d; >0,i€l (x),d; <0,j €I"(x)},
and the following is a PSD set of B at x:
Vi={tei:iehx)}U{e;:iel (x)}U{—e:iel"(x)} (2.8)
Example 2.6 (PSD set for affine sets). Suppose that B is given by
B={xeR": Cx =f},

where C € RP*™ and f € RP. Then at any x € B, it holds that Dy = {d € R" : Cd = 0},
and hence by Example 2.2, to construct a positive spanning set of Dy, we can take any basis
for the null space of C, say {vi,vs,...,v.}, and the following will be a positive spanning
set of Dy, meaning a PSD set of B at x:

Vx = {:EVl, :i:VQ, ceey :i:Vk}

Example 2.7 (PSD set for the unit-sum set). Suppose that B is the unit-sum set B = {x €
R" : ef'x = 1}, meaning that for any x € B it holds that

Dsz ={d e R":e’d = 0}.

Therefore, by Example 2.2 it follows that a PSD set of B at x is any set comprising the plus
and minus of a basis for the null space of A = e”. In this case, we can choose the following
PSD set:

Vea={ei—ep:i€n—-1}U{ess —e:i€n—1]}.
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Example 2.8 (PSD set for the unit-simplex). Suppose that B is the unit-simplex B = A,, =
{x e R":efx =1,x > 0}. Then at a given x € A,,, the set of feasible directions is given by

Dy={deR":e’d=0,d; >0,i € [(x)},

where

I(x) ={i € [n]:x; =0}

Denote I(x) = {i1,1a,...,i}, wherei; < iy < --- <ipand J(x) = [n]\[(x) = {J1,72, - - s Jn—k }-
Assume that ¢ € J(x) is arbitrarily chosen. By Example 2.3, it follows that a PSD set of B
at x is given by

V={e,—e:pelkl}u{e;, —ej,.€,., —€,:pcn—k—1}.

3 Optimality Conditions

3.1 Stationarity

In this section we will establish the key result that stationarity can be characterized via a
(finite) PSD set. We begin by recalling well-known properties of the directional derivative
of g that follow from the convexity of g (see e.g., [26, Section 23]).

Lemma 3.1. For any x € R", it holds that
(a) ¢ (x;d) exists for any d € R";
(b) the function d — ¢'(x;d) is convex;
(c) ¢ (x;ad) = ag'(x;d) for any a >0 and d € R™.

Note that both f and g have directional derivatives at all points in R™ since f is differ-
entiable and ¢ is convex. In fact,

h'(x;d) = (Vf(x),d) — ¢'(x;d) for all x € R".

Our main objective will be to construct an algorithm aiming at finding stationary points
of problem (P), where here a “stationarity point” means a point with no feasible descent
directions. Recall that the cone of all feasible directions at a point x € B is given by

Dy={deR":a]d<0,ic I(x)}.

Definition 3.1. A point x* € B is called a stationary point of (P) if it has no feasible
descent directions:

h'(x*;d) = (Vf(x*),d) — ¢'(x*;d) > 0 for all d € Dy.. (3.1)
We can derive an equivalent condition for stationarity written in terms of V f and Jg.
Lemma 3.2. x* € B is a stationary point of (B) if and only if
— Vf(x") + 0g(x") € Np(x). (3.2)
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Proof. A vector x* € B is a stationary point of (P) if and only if
(Vf(x*),d) —¢'(x*;d) >0 for all d € Dy-.

By the max formula ([26, Theorem 23.4]), ¢'(x*;d) = max{(v,d) : v € dg(x*)}, and
hence x* € B is a stationary point of (P) if and only if for any v € dg(x*) it holds that

(VF(x),d) > (v,d) for all d € Dy.. (3.3)

In other words, if and only if for any v € dg(x*), it holds that x* is a stationary point of the
problem

min{ f(x) — (v,x) : x € B},

a property that can be equivalently written as v € V f(x*) + Np(x*). To conclude, x* € B
is a stationary point of (P) if and only if

dg(x") € Vf(X") + Np(x7),
from which (3.2) readily follows. O

We conclude this subsection by proving a key result, which states that a point x € B is
a stationary point of problem (P) if and only if none of the directions in a PSD set Vi of B
at x is a descent direction.

Theorem 3.1 (characterization of stationarity via PSD sets). Let x* € B and let Vix =
{v1,va,...,vs} be a PSD set of B at x*. Then X* is a stationary point of (P) if and only if

P (x*;v;) >0, i=1,2,...,s. (3.4)

Proof. If x* is a stationary point of (P), then A'(x*;d) > 0 for all d € Dx~. Since Vi« C Dy
(see Definition 2.3), it follows that (3.4) holds.

Suppose now that (3.4) holds. Let d € Dy~. Then since Vi« positively spans Dy«, we can
conclude that there exists 3 € RS such that

d = ZBJVJ = 118l Z Hﬁll (3.5)

We can now deduce

g(x5d) =g (x 18l im vi) (3.5)
=181y (x i L15vs)  [Lemma 3.1(c)]

<8l 2] 1 Hﬁ|l1 g'(x*;v;)  [Lemma 3.1(b)]
= Zj:l Big' (x*;v;)

< 2 BV (x),vy) [(3.4)]

= (Vf(x"),d) [(3-5)].
Thus, M/ (x*;d) = (Vf(x*),d) — ¢'(x*;d) > 0 for any d € Dy, and hence x* is a stationary
point of (P). O
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3.2 Optimality Conditions under Convexity of f

In the special case where f is convex, problem (P) falls under the class of difference of
conver (DC) programming problems. The DC programming class contains a vast number of
problems, and accordingly has been studied extensively in the past decades; the interested
reader can refer to the review paper [17] and references therein. For a thorough study of
optimality conditions in nonsmooth DC problems see the recent work [22].

We note that our setting given in Assumption 1 is on one hand more restrictive than the
DC setting since we assume that f is smooth, but on the other hand, it is more general since
f can be nonconvex.

Probably the most used optimality condition in the DC literature is criticality (see [22]).
For the sake of simplicity of presentation, we will assume at the moment that B = R™ and
that f is convex. In this case, criticality of a point x* € B means that df(x*) N dg(x*) # 0,
which by the fact that 0f(x*) = {Vf(x*)} implies that criticality of x* is the same as the
condition

Vf(x*) € 0g(x"). (3.6)
On the other hand, by Lemma 3.2, it follows that stationarity in this setting is the same as
dg(x") ={VSf(x")}, (3.7)

which in particular implies that ¢ is differentiable at x*. Obviously, the stationarity con-
dition (3.7) is stronger/more restrictive than the criticality condition (3.6). However, most
algorithms in the DC literature, and in particular, the celebrated DCA method (see for ex-
ample [2] and references therein), are guaranteed to produce a critical point which is not
necessarily a stationary point. An exception for this state of affairs is the work [22] that
shows that in the special case where ¢ is given by a maximum of differentiable functions,
convergence to a stationary point can be warranted by a specialized procedure.

4 Feasible Descent Majorization Minimization Meth-
ods

4.1 Preliminaries
4.1.1 Consistent Majorizers

We can now proceed to developing methods that find stationary points of (P). Two methods
will be presented — a deterministic one in which the entire PSD set is used, and a stochastic
one in which a direction in the PSD set is chosen randomly (without necessarily computing
the entire PSD set). Our proposed methods and the corresponding analysis will utilize an
auxiliary function u : R™ x R™ — R that is a consistent majorizer of h, a concept that is
now recalled (see for example [7, 23]).

Definition 4.1 (consistent majorizer). Given a function h : R — R, a function u : R" x
R" — R is called a consistent majorizer of h if it satisfies the following:

(a) uly,x) > uly,y) for any x,y € R",

11



(b) u(y,y) = h(y) for any y € B.

(c) For any x € R", the function ux(y) = u(y, x) is directionally differentiable and satisfies
that
ul (x;d) = h'(x;d) for any d € R".

(d) For any y € B the function x — u(y,x) is continuous.

Two practical choices for the auxiliary function are

u(y,x) = f(y) — 9(y) = h(y), (4.1)

and
u(y,x) = f(x) —g(y) +{(V[(x),y —x) + %Ily - x|3. (4.2)

The auxiliary function (4.1) is obviously a consistent majorizer. In order for (4.2) to be a
consistent majorizer, it is sufficient to add the assumption that f : R™ — R is a differentiable
L ¢-smooth (L > 0) function, meaning that

IVF(x) = Vi) < Lilx -y for all x,y € B", (4.3)

When f is L-smooth, it satisfies the property known as the descent lemma.

Lemma 4.1 (descent lemma [8, Proposition A.24]). For any x,y € R",

F(y) < £+ (VG y %)+ Ly —x]

It is easy to show that by the underlying Assumption 1 and the descent lemma, u given in
(4.2) is a consistent majorizer of h.

4.1.2 e-active constraints

A known phenomenon in feasible directions methods is the jamming phenomenon, which, in
plain words, means that the algorithm does not converge to an optimal/stationary solution.
Roughly speaking, this is due to the fact that the algorithmic map of the feasible direction
scheme in constrained problems is not necessarily closed (cf. [30, Section 13]). The study
of general closed algorithmic maps and their convergence is much due to Zangwill, see his
comprehensive book [30] for more details, or the more recent [5, Chapters 7 and 10].

To deal with this phenomenon, our methods execute the strategy of using ’almost ac-
tive’ (called e-perturbed in [30, Section 13.4]) constraints, instead of the actual set of active
constraints. This strategy is known by its use in the e-perturbation method (cf. [30, Section
13.4] or [5, Section 10.2]), which is designated for minimizing a continuously differentiable
function over linear constraints. Unfortunately, the e-perturbation method cannot be used
nor adjusted for minimizing a nonsmooth objective function, as the continuity of the deriva-
tive is essential for its proper convergence. Accordingly, our Algorithm 2 significantly differs
from the e-perturbation method.

We note that [22] also implemented an ’almost-active’ approach, but instead of doing so
for the constraints set, it was applied on the pointwise maximum term (on a set of continu-
ously differentiable functions) in the objective function of the DC problem minyex{f(x) —
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max;—12_.m gi(X)}; see [22, Section 5] for additional details.

The definition of e-active constraints ([30, Section 13.4]) is given next.

Definition 4.2 (c-active constraints). Let x € B and € > 0. A constraint indexed by i is
called an e-active constraint if b; — alx < e. The set of s-active constraints is given
by

IFx)={ic[m] : b—alx<e}

It is well-known (see for example [6, Example 10.11]) that the distance between x € B and
the hyperplane corresponding to the ith constraint {y : al'y = b;} is (recall that ||a;||s = 1)

|al x — b;|

=p —alx. 4.4
Tals ax (4.4)

min{lly = x|l2 + aly = b} = :
From the above observation, it follows that the set of e-active constraints at x € B is nothing
more than the set of all constraints whose corresponding hyperplanes are at a distance of at

most ¢ from x.

4.2 The Greedy Feasible Descent Directions Method

So far, we considered the cone of feasible directions to be associated with a certain point
x € B. Note that the dependency of Dy in x is through the set of active constraints, meaning
that if for two points x,y € B it holds that I(x) = I(y), then Dy = D,,. This leads us to
generalize the concept of the cone of feasible directions at a point to the notion of the cone
of feasible directions relative to a set of constraints. Specifically, if S C [m], then the cone
of feasible directions relative to S is defined by

Ds={deR":ald <0,ic S}
Evidently, in this notation, for any x € B,
Dy = Dy(x).
Remark 4.1. For any x € B and € > 0, I(x) C I*(x), and consequently
Drx={d : ald<0,ie F(x)} C{d : a/d<0,i€ I(x)} = D).

The following algorithm generates points whose accumulation points are stationary points
of (P). It does so by computing a PSD set at the current point, and then minimizing the
approximation function along each of the directions in the PSD set.

At each iteration, the algorithm requires to minimize a univariate function over a compact
interval per direction in the chosen PSD set. The inputs are a feasible starting point x° € B,
a consistent majorizer u of h, a bound on the stepsize r > 0 at each iteration k£, and a
tolerance parameter € > 0 which is required in the convergence analysis. We denote by C(-)
an operator whose input is an index set signifying constraints S C [m], and its output is a
positive spanning set of Dg. In the general case, the methods and software listed in Section
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2.2 can be used to compute C(-).

Algorithm 2: Greedy Feasible Descent Directions Method (GFD Method)
Input. x° € B, > 0,r > 0, consistent majorizer u of h.
General step.
Step 1. compute e-active constraints

IF(xF) = {iem] : b—alxk <el;
Step 2. compute a positive spanning set of I¢(x*):
vk = {v’f,vé”, . ,ka} — C(IE(X’“));
Step 3. for any ¢ € [s;] compute

¢' € argmin {u(xk +qvi xF) o xP 4 gvh € B} :
qE[O,T’]

Step 4. update

(ix,tx) € argmin {u(xk +qvixM) ie{1,2... s.h, 0 € {¢t 4. .. ,qsk}},

(i,9)
XM = xF vl

Remark 4.2. Several remarks on the definition of the GFD method are in order:

e Whenever the zero value is a solution for the optimization problem in step 3, we make
the convention that it is always chosen.

e For the problems solved in steps 3 and 4, we assume that there exists a predetermined
deterministic rule to choose exactly one solution in the case of multiple solutions.

e We note that it is necessary that the step-size in step 3 will be determined by an exact
line search in order to establish the convergence properties of the GFD method. There
are various techniques to minimize a univariate function over a compact interval, see
for example the short discussion in [25, Section 8.7], or specifically the commonly-used
method [15]. In practice, univariate optimization over compact intervals is considered
a very plausible task due to today’s computational power.

Remark 4.3 (on the value of ). When the feasible set is bounded, a too large value of the
parameter ¢ will yield I¢(x) = [m] for some, or all, feasible points. Consequently, since the
set is bounded, the resulting PSD set with respect to I°(x*) will be a singleton containing
the zeros vector. Obviously, taking a sufficiently small £ will solve this issue. Moreover, the
method can be adjusted so that if the PSD set computed in step 2 is a singleton, then the
value of ¢ is reduced.

Remark 4.4 (on the fixed point condition of the GFD). By the update step of the GFD
method, a fixed point x* € B of the algorithm is not only a stationary point, but must
also be a directional-wise minimum (on a bounded interval) for any direction in the PSD
set at x*. This means that fixed point condition of the GFD method may be strictly more
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restrictive compared to the stationarity condition, as also demonstrated by the results of the
numerical experiments in Section 5.1.

Remark 4.5 (comparison to the literature). We note two methods that in some cases can
be used to obtain stationary points for problem (P).

The first was studied by [23], where it was shown that given a consistent majorizer, the
majorization-minimization algorithm defined by the update step

x"*! € argmin u(x, x*)

xEB
has the property that its accumulation points are stationary point of (P). We note that this
approach cannot be taken in problems in which minimizing the auxiliary function is hard —
i.e. when ¢ is not “simple”. Among others, the GFD method differs from the “standard”
majorization-minimization method by the fact that it employs a univariate function mini-
mization over a compact interval, as opposed to minimization of a multidimensional function
over a closed and convex set.

The second was proposed by [22] to obtain stationary (named there d-stationary) points
in DC programming, where f is convex and g is a piecewise maximum of a collection of
continuously differentiable convex functions (note that [22] does not assume that f is differ-
entiable). We emphasize that the GFD method does not assume any special structure of g,
and only exploits the fact that it is convex. Additionally, the GFD method does not use any
information on the derivatives, in contrast to the method proposed in [22] .

In many cases, steps 1 and 2 have a very simple implementation, as demonstrated by the
following example.

Example 4.1. Suppose that B = A/ is the unit-sum set. Then by Example 2.7 the set

V = {(ez - ei+1) t 1€ [n — ]_]} U {—(ez - ei+1) c 1€ [n — 1]}
is a PSD set at any point x € B. Thus, the actual executions of steps 1 and 2 can be skipped
by using V" as the PSD set in all iterations. Due to the definition of V', the 2n—2 optimization
problems in step 3 can be replaced by the equivalent n — 1 optimization problems

¢' € argminu(x* + g(e; — e;1), x5).
qE[fT‘,T]

For any ¢ € [n — 1], if w is chosen as in (4.1), then

¢’ € argmin 2(x" + q(e; — eit1)),
q€l—r,r]

and if it is chosen as in (4.2) (in case where f is Lg-smooth), then

¢ € argmin {—9(x" +qlei —eir1)) + q(Vif(x") = Vipa f(x) + La*} .
qe|—r,T

Two technical lemmas used in the convergence analysis will now be stated and proved.
Roughly speaking, these lemmas state that for any point x € B in a sufficiently small
neighborhood of x* € B, the e-active constraints set at x is the same as the active constraints
set of x*, and any feasible direction at x* is also a feasible direction at x. This occurs when ¢
is taken to be smaller than half the distance from x* to its closest hyperplane corresponding
to a nonactive constraint of x* (denoted by ex+); Figure 1 illustrates this phenomenon.
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Closest

4—— non-active
E— constraint

Figure 1: Solid black lines are the constraints defining B; solid red lines are the neighborhoods
of x* and x, the radii of the neighborhoods are colored in dashed red; some feasible directions
at x* are colored in green.

Lemma 4.2. Let x* € B. Define

o {miﬂlw(x*){bz —afx'}, ifI(x7) # m], )

00, otherwise.

Then for any € € (0, 5’5*) the following tmplication holds true:

x€B(x")NB = I°(x)=I(x").

Proof. The result is trivial if I(x*) = [m]. Suppose that I(x*) # [m]. Let ¢ € (0, %), and
suppose that x € B and ||x —x*||2 < e. We will show that [°(x) = I(x*). If [ € I(x*), then
al x* = b;, and we have that

bi—alx = |aj x* —b+a] (x—x%)| < |af x*—b|+||lag|[2||x —x*||2 = |af x* —by|+[|x—xF||2 < €.

Thus, [ € I°(x), and consequently, I(x*) C I°(x).
If I ¢ I(x*), then the definition of ex« implies b — a] x* > &4+, and we have that

by —alx = |ajx — b| = |a] x* — b + a] (x — x*)|
> Jalx" — bi| — Jal (x - x°)|
> Jalx" — bi| — [l x — X[l
2 Exr —€
> €.
Thus, [ ¢ I¢(x), and consequently, I¢(x) C I(x*). O
Example 4.2. Suppose that B is the box B = [—a,a]™ for some a > 0. Then for any

extreme point of B, x* € {—a,a}", it holds that e« = 2a.
The second technical lemma is given next.

Lemma 4.3. Let x* € B, r > 0, and d € Dx- such that d # 0. Then for any ¢ € (O, 8’5*)
there exists r. € (0,7] such that

x+td € B for any x € B.(x*) N B,t € [0,7]. (4.6)
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Proof. Let € € (0,%"). Then by Lemma 4.2, for any x € B.(x*) N B it holds that I¢(x) =
I(x*), and subsequently I(x) C I(x*). Let i € [m]; we will show that there exists 7¢ > 0
such that

al (x +td) < b; for any x € B.(x*) N B, t €[0,r]. (4.7)

Consider the following complementary cases:

(i) Suppose that a’d < 0. For any x € B it holds that alx < b;, and thus a’x+tald < b,
for any ¢ > 0. In particular, (4.7) holds for r’ = r.

(ii) Suppose that al’d > 0. Then d € Dy~ implies that 7 ¢ I(x*). Since I(x) C I(x*) for
any x € B.(x*) N B, it holds that i ¢ I(x) for any x € B.(x*) N B. That is,

alx < b; for any x € B.(x*) N B.

b;

2, x > 0, and it holds that

T
a;d

Consequently, for any x € B.(x*) N B we have that
al (x +td) < b; for any ¢ € [0, o], where

, , b; —al'x
a, = min {r, —~— ¢ > 0.
a;d

Since o is a positive and continuous function of x over the compact set B.(x*) N B, it
follows by the Weierstrass extreme value theorem that it has a positive minimal value
7; > 0. Obviously (4.7) holds with 7% = 7;.

Hence, for r. = min{r’ : i € [m]} the required (4.6) holds. O
The next theorem establishes the main convergence result of the GFD method.

Theorem 4.1 (convergence of the GFD method). Let {x*};>¢ be the sequence generated by
the GFD method with input x° € B, r > 0 and € > 0. Then

(a) the sequence {h(x*) = f(x*) — g(x*)}r>0 is nonincreasing;

Exc*

=, 15 a sta-

(b) any accumulation point x* of the sequence {x*}1>o satisfying that e <
tionary point of (P).

Proof. (a) Follows from the chain of equalities and inequalities below. The specific prop-
erty used from the definition of a consistent majorizer (Definition 4.1) is indicated.
Inequality (*) is due to the definition of the update step of the method.

(a) ()
S — g(x*) © w(xF XM < u(xF xR < u(xF, xF) < F(xF) = g(x").

Exc*

(b) Let x* be an accumulation point of the sequence {x*};>¢ satisfying that e < =*.
Then there exists a subsequence {x*/};5; such that x* — x* as j — oo, and we can
assume without loss of generality that {x*/};5>; C B.(x*) N B. Thus, by Lemma 4.2,
I¢(x*) = I(x*), and consequently V% = C(I°(x"/)) = C(I(x*)), for any j > 1. For
simplicity, we will use the notation C(I(x*)) to denote V¥ and C(I¢(x")).
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By utilizing part (a) and the properties of the consistent majorizer u listed in Definition
4.1 we obtain that

u(xkf“ , ij+1)

= f( fre1) — g(x) [Def. 4.1(b)]
FBF) = g(x™7) [part (a)]
u(xktt X" [Def. 4.1(a)]
u(xFi 4 qv, x*7) Vv € C(I(x*)), g€ {t €[0,7]: x" 4+ tv € B}. [general step]

By Lemma 4.3, since C(I(x*)) C Dy, for any v € C(I(x*)) there exists r, > 0 such
that x¥ 4 ryv € B for any j > 1. By the continuity of 4 and the closedness of B,
for any v € C(I(x*)) and any ¢ € [0,ry], we have that (utilizing the above chain of
equalities and inequalities)
u(x*,x*) = h(x*) = lim h(x"*1) = lim u(x"+1, x"+1)
Jj—00 Jj—o0
< lim w(x" + qv,xM) = u(x* + qv,x"),
Jj—00
which implies, by the fact that r, > 0, that v is not a descent direction of uy- at x*,
and consequently u..(x*;v) > 0. By Part (c¢) in Definition 4.1,

Uy (X7 v) = B (x7;v),

and thus,
h'(x*;v) > 0 for any v € C(I(x")).

Finally, by Theorem 3.1, x* is a stationary point.

4.3 The Randomized Feasible Descent Directions method

Evidently, there are two drawbacks in the GFD method depending on the scale of the
problem: (i) step 2 requires finding the entire PSD set, which might require computing all
the extreme points of a convex polyhedral (see Section 2.2); (ii) step 3 executes a univariate
minimization procedure for any element in the acquired PSD set before updating.

A natural way to cope with these drawbacks is to utilize a stochastic approach (such as in
[22, Sec. 5.2]) in which only a single randomly chosen direction in the PSD set is computed,
and the univariate minimization is executed for this direction only. This idea is implemented
by the Randomized Feasible Descent Directions (REFD) Method detailed in Algorithm 3.

The RFD method randomly selects a direction from the PSD set of the e-active con-
straints in the current iterate. The probability to choose any direction v € C(S) for any
S C {1,2,...,m} is assumed to be a positive constant, meaning that it is independent of
the iteration number. Note that there is a finite number of subsets S C {1,2,...,m}, and
hence the probability to randomly select any direction in any possible PSD set is bounded
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away from zero.

Algorithm 3: Randomized Feasible Descent Directions (RFD) Method
Input. x° € B, > 0,r > 0, consistent majorizer v of h.
General step.
Step 1. compute e-active constraints

Sko= If(x*) = {ie[m] : b —alx" <e};

Step 2. randomly select a direction v¥ € V* = C(S*);
Step 3. compute:

tx € argmin {u(x’c +qvF x") - xF4gvh e B} ;
q€[0,r]

Step 4. update

xFH = xF vk,

Remark 4.6. It is possible that at the kth iteration the choice of v* will result in ¢, = 0,
meaning that x**! = x*. Yet, v¥ may still be chosen at the (k+ 1)th iteration, which results
in some inefficiency. This can be altered by sensible implementation — setting the probability
to choose v¥ at the (k + 1)th iteration to 0 (mildly changing the method).

In what follows, we will often use classic results and definitions regarding martingales.
For brevity, these will only be cited, from the classic textbook [29], without restatement.

The analysis will be done with respect to the stochastic process {x"};>¢, and its corre-
sponding process {h* = h(x*)};>0, generated by the RFD method. Note that the random
variable x**! depends solely on x*, meaning that the process is a Markov chain [29, Sec.
0.6]. The filtration {Fy}r>0 and Fu are defined in the standard way (see [29, Sec. 10.1]),
i.e., Fj contains information on {x° x!,... x*} and F, is the filtration obtained from the
union of all filtrations ([29, Sec. 10.1]). A statement is said to be true almost surely (a.s.) if
the probability that it is true equals 1 (see [29, Sec. 2.4]).

Before proving that any accumulation point of the RFD method is almost surely a sta-
tionary point, we establish some required technical properties of the generated sequence.

Lemma 4.4. Let {x*},>0 be the sequence generated by the RFD method, and let {h*} >0 be
the corresponding sequence of function values. Then

(i) {h*}1>0 is a supermartingale (relative to {Fy} x>0 ) and
h, < hFTE<pE<h®  VE>0, (4.8)
where h, is a lower bound on (P) (see Assumption 1) ;

(i1) h* = lim h* exists almost surely, E(|h*]) < oo, and h, < h* < h* for any k > 0;

k—o0

(111) klim E(h*|Fy) = E(h*|F.) = h* almost surely .
—00
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Proof. (i) By the definition of the method and the underlying assumptions on (P), the se-
quence {h*};>¢ is monotonic nonincreasing and lower-bounded, which means that (4.8)
holds true. Relation (4.8) in particular implies that E(|h*|) < oo and E(RF|F,) <
E(h*|F.) = k¥, and thus {h*};>0 is a supermartingal.

(ii) The claim follows by invoking Doob’s martingale convergence theorem (cf. the first
theorem in [29, Sec. 14.1]) considering the result in part (a).

(iii) By the previous parts, {h*}z>o is uniformly integrable (cf. [29, Sec. 13.3]), and thus
the required follows immediately from Levy’s upward theorem (cf. [29, Sec. 14.2])
applied to E(h*|Fy).

a

We will now show that the RED method almost surely converges to a stationary point.

Theorem 4.2 (convergence of the RFD method). Let {x*};>¢ be the sequence generated by
the RED method with input x° € B, r > 0 and € > 0. Then any accumulation point X* of

the sequence {x"}1>0 satisfying that e < ==, is almost surely a stationary point of (P).

Ex*

Proof. Let x* be an accumulation point of the sequence {x"};>( satisfying that ¢ < =
Then there exists a subsequence {x*/},5; such that x* — x* as j — oo, and we can assume
without loss of generality that {x" } ;51 C B.(x*)N B. Thus, by Lemma 4.2, I¢(x"/) = I(x*),
and consequently V% = C(I¢(x%)) = C(I(x*)), for any j > 1.

Denote the distribution over the PSD set C(I(x*)) = {v1,va,...,Vs} by (pi,...,p5)T > 0.
By Lemma 4.3 and the assumption that {x*/},5; C B.(x*) N B, there exists r. € (0,7] such
that

x" +tv € B forany veC(I(x*)), j>1,te[0,r]

We will now prove a chain of inequalities based on the properties of u (cf. Definition 4.1)
using the relation

t};j € arg[(l)rni?u(xkf + qvi, xM), j>1,1€[s], (4.9)
q€|0,7¢

and the fact that

Ir%in] {u(x¥ + qv;,x") © x¥ 4+ qv, € B} <u(x¥ + ti;jvi,xkj) < u(xM xk). (4.10)
q€el0,r

For any z € [s] and ¢ € [0,7.] we have that:

E(h5 | Fyy) = E(u(x®, x5 )| Fy) [Def. 4.1(b)]
< E(u(xM™ x")|F,) [Def. 4.1(a)]
= ZP: : Hhi]n} {U(ij +qvi,x) 1 xM 4 qv; € B} [Steps 3,4]
=1 a€lor
<> ppu(xh 4 1 v, xH) [Eq. (4.10)]

1—p2) - u(x",x") + pL - u(x + 1 v., xM) [Eq. (4.10)]
< (1—p}) - u(x,x5) 4+ pi - u(x + qv.,x") [Bq. (4.9)].



Consequently, for any z € [s] and ¢ € [0, r.] it holds that

h* = lim E(h*|Fy,) [Lem. 4.4(iii)]
J—00

< lim E(RM T F,) [Lem. 4.4(ii)]
J—00

< lim ((1—pk) - u(x™,x") + pf - u(x® + gv.,x"))

Jj—o0

(L= p) U+ v, ) [Def. 41(b),(d))

Recalling that pZ > 0 for any z € [s], the latter implies that for any z € [s| we have that

o

.S.

h* = u(x*, x*) < u(x*+ qv,,x") Vg € [0, r.],

which in turn implies, by the fact that r. > 0, that v, is a.s. not a descent direction of uy-

at x*, and consequently
a.s.

Ul (x5 v,) > 0.

Finally, by Definition 4.1 (c),

o

.S.

P (x*;v,) =ul.(x*;5v,) >0  Vzels,

and thus Theorem 3.1 implies that x* is a.s. a stationary point. O

5 Numerical Experiments

5.1 Fixed Point Restrictiveness

This experiment will assess the restrictiveness of the fixed point (FP) conditions related to
each of the three methods: DCA [2, Section 2.5], PRA [22, Algorithm 1], and GFD, in the
problem of minimizing a concave piecewise linear function (Example 1.3) over a box set:

e[nqionm]n {—9(x) = —max{c;x + dy,cox + dy, ..., C,x + dp,} = —max{Cx +d}}. (5.1)
In this setting, a global optimal solution must reside in one of the extreme points of the
feasible set, i.e., in the set F = {{;,u;}" (note that |E| = 2"). As such, it is rather easy to
compare between the different fixed points of the different methods by comparing them only
on the extreme points.

Recalling Example 4.2 and Remark 4.3, we note that for any extreme point x* it holds that
gx+ = 10, which means that any ¢ € (0,5) will suffice in order to guarantee the convergence
properties of the GFD method (given in Theorem 4.1). Moreover, any € € (0,5) will yield
the same outcome.

The experiment was conducted as follows. For several values of [m,n] (listed in Table
1), a hundred problems were randomly created by generating a hundred realizations of the
parameters C € R1%10 and d € R!® via the standard normal distribution. For each
problem, we counted the number of extreme points that are fixed points of the three methods,
and the overall number of stationary points and global solutions.
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The inputs of the GFD method were: r = 20, u(y,x) = —g(y), and ¢ = 1071, We
tested the PRA method with two values of the input epra € {1071, 10}, where epra refers to
the "almost-activeness’ of the functions in the point-wise maximum (cf. Section 4.1.2). We
note that the PRA method’s fixed point becomes increasingly more restrictive as the value
of epra increases, as more functions in the point-wise maximum are taken into account at
each iteration (cf. [22, Section 5]). However, increasing epra also results in more computa-
tional effort, as more optimization problems are solved at each iteration as part of the PRA
procedure.

We chose the maximal value of epga = 10 so that the running time of a single iteration
of the PRA method will be approximately three times the running time of a single iteration
of the GFD method® when [m,n] = [100,10], and chose its minimal value epgy = 107!
such that the running time of the GFD and PRA methods is approximately the same when
[m,n] = [50,5]. The results of the experiments are given in Table 1.

[m [ n | extreme | stationary [ DCA FP | PRA FP (epga = 10~!) | PRA FP (epra = 10) | GFD FP | opt |

50 |5 |32 13.8 13.8 8.9 8.7 2.8 1
100 | 5 | 32 15.5 15.5 10.9 10.6 25 1
50 | 10 | 1024 33.2 33.2 14.1 13.9 12.8 1
100 | 10 | 1024 52.2 52.2 22.2 21.9 14.2 1

Table 1: Mean number of extreme points over 100 experiments that are: extreme points,
stationary points, DCA fixed points, PRA fixed points, GFD fixed points and global optima.

Some remarks and conclusions on the numerical results:

e Asillustrated in Table 1, the number of fixed points of the GFD method can be strictly
smaller than the number of stationary points, see Remark 4.4 for an explanation.

e The DCA fixed point condition was not found to be more restrictive compared to the
stationarity condition. The (DC) criticality condition and the stationarity condition
coincided in all the instances of the experiment.

e The PRA method fixed point condition was found to be more restrictive compared to
the stationarity condition for epra € {1071, 10}.

e The number of fixed points of the GFD was strictly smaller than the number of fixed
points of the other methods, and even strictly smaller than the number of stationary
points. This fact suggests that the GFD method will more likely find the optimal
solution and that it is less susceptible to the choice of the starting point.

e There was exactly one global optimum point in each of the 100 experiments.

5.2 Deterministic vs. random: multidimensional scaling

This experiment will compare the GFD and RFD methods in a small multidimensional
scaling problem preformed on a part of the old MovieLens 100K dataset [16].

5an empirical observation.
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The multidimensional scaling problem’s goal is to find a lower-dimensional representation
of the data that preserves some pairwise dissimilarity measure; for additional details see [12,
Sec. 8]. We will create a two-dimensional map of the users (each user will be located on the
plane) according to their ratings, using the Euclidean distance between the users’ ratings as
the dissimilarity measure (cf. [12, Sec. 8.1]).

For this purpose, we solve the following problem:

min  h(x) = Z (cij — % — XjH2)2 5

xE€Box[£,u] —t
i#j

where:

e ¢;; > 0 is the Euclidean distance between the ratings of user ¢ and the ratings of user
7, both of which are sparse vectors of size 163,949.

e The decision variable x comprises vectors having two dimensions, which indicate the
location of the users in the plane. That is, x = [x{,x3,...,x] ,] where n/2 is the
number of users and x; € R? is the location of user .

e The feasible set is the box set with £ = —10-e and u=10-e.

The MovieLens 100K dataset comprises ratings between 1-5 from 671 users on 163,949 films.
We ran two experiments on a cropped dataset of sizes 10 and 100 users (higher dimensions
are less relevant for the GFD) and their ratings. Both methods inputs were: x° = 0,7 =
25,u(y,x) = h(y) and € = 1075. The only stopping condition of both methods was passing
the running time of 2.5sec./1200sec. (stopping after the current iteration ended) for 10/100
users respectively. In both the 10 and 100 -users experiments, the RFD method was executed
ten times from the same starting point. The function values versus the running time in both
settings (10, 100 users) are plotted in Figure 2.

RFD vs. GFD for 100 users ry RFD vs. GFD for 10 users

Figure 2: Function value versus running time. The bold red line corresponds to the sequence
generated by the GFD method, and all the other lines correspond to the sequences generated
by the RFD method (ten lines for ten runs); the bold blue line is the average of the RFD

sequences.
Note that in the 10 users experiment both methods demonstrated convergence in terms of

function values with RFD instances demonstrating a slightly faster convergence. In the 100
users experiment, the RFD methods demonstrated convergence after less than 200 seconds,
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while the GFD was still at points with a much higher function value after 1,200 seconds,
which suggests that (at least in this model) the GFD method is no match for the RFD
method in higher dimensions.
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