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Abstract. In this work, nonconvex nonsmooth problems of dynamic optimization, optimal control in discrete time 
(including feedback control), and machine learning are considered from a common point of view. An analogy is 
observed between tasks of controlling discrete dynamic systems and training multilayer neural networks with 
nonsmooth target function and connections. Methods for calculating generalized gradients for such systems based on 
Hamilton-Pontryagin functions are substantiated. Stochastic generalized gradient algorithms are extended for optimal 
controlling and learning nonconvex nonsmooth dynamic systems. 
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INTRODUCTION 

Nonlinear optimal control problems with discrete time can be considered as large-scale 

optimization problems, for the solution of which gradient-type methods can be applied. For this, 

it is necessary to have formulas and rules for calculating gradients of the target functional over 

controls. Such formulas for the problem with a free right end were obtained, for example, in [1–5] 

using the Lagrange multiplier method under the assumption of continuous differentiability of the 

functions involved in the problem (references to other and earlier papers are given in [6, Section 

5.5]. In [2, 3] these results are extended to stochastic discrete optimal control problems. For 

nonsmooth convex optimal control problems with linear equations of motion, similar formulas for 

calculating subgradients of the objective function were obtained in [2–4]. However, in the presence 

of nonlinear motion equations, the dependence of the target function on controls can be nonconvex. 

In this regard, in [3] these formulas are also substantiated for the case of a weakly convex [7] 

objective functional and smooth equations of motion. All these formulas use the procedures of 

direct calculation of the trajectory of motion and the backward calculation of auxiliary conjugate 

variables, essentially adopted from the Pontryagin maximum principle [8, 9]. Similar procedures 

for calculating gradients in the space of weights are widely used in training multilayer neural 

networks [6, 10 - 12]. However, the problem is that the learning quality functions are not only 

nonconvex but often turn out to be nonsmooth of the model parameters. Nonsmoothness, in 

particular, can be caused by the use of nonsmooth activation functions of neurons. In this paper, 

we generalize these results (regarding the calculation of generalized gradients) to nonconvex 

nonsmooth problems of discrete optimal control and learning with the so-called generalized 
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differentiable functions [13]. Moreover, nonsmooth functions can enter both in the objective 

function and the equations of motion. 

 Nonsmooth optimal control problems with a nondifferentiable objective functional arise, 

for example, when the norm of deviation from the target is used as the objective function, when 

nonsmooth penalty functions are used to eliminate differential and phase constraints [14], and also 

in the presence of maximum and minimum operations in the formulation of the problem. 

Nonsmooth motion equations arise, for example, if the area of motion is bounded, if threshold 

restrictions on the path of motion are applied, such as conditions of non-negativity of the stock 

and boundedness of the warehouse in the inventory theory [15], such as non-ruin conditions in the 

theory of risk processes [16]. Nonsmooth optimal control problems, in particular, general 

necessary conditions of extremum for such problems, were studied in [4, 14, 17–21] and in others. 

Reviews of iterative gradient and related methods for finding optimal controls are given in [1–5, 

22]. 

 Note that a multilayer neural network can be formally interpreted as a dynamic system that 

gradually (layer by layer) converts the input signal into the output one. The task of machine 

learning consists in the identification of parameters of a model, for example, the weights of a 

multilayer neural network, by using a set of input-output examples. Nonsmooth tasks of machine 

learning arise when using nonsmooth indicators of learning quality (such as a module), when 

applying non-smooth regularization functions, and when using non-smooth (for example, 

piecewise linear) activation functions in multilayer neural networks. To solve smooth problems of 

training neural networks, the BackProp method [6, 10 - 12, 23, 24] is widely used, i.e. a special 

method for calculating gradients of the quality of learning functional over various and numerous 

parameters. The history of the discovery, development, and applications of the BackProp method 

was traced in [6]. However, in applied deep neural networks, along with smooth sigmoidal neuron 

activation functions, nonsmooth linear rectification functions are also widely used (for example, 

( ) max{0, }f x x= ) [12, section 6.3.1; 24, section 3.3]. Such functions generate essentially non-

convex nonsmooth functionals of the quality of training. 

 There is another area of computational mathematics that develops and studies methods for 

calculating derivatives and gradients of complex composite objective functions: this is the theory 

of automatic differentiation, presented, for example, in [5, 25]. In this approach, the algorithmic 

process of calculating the objective function is presented in the form of a network diagram, at the 

initial vertices of which there are elementary functions of optimization variables with known 

gradients, and at intermediate vertices, there are composition operators with known rules for 

calculating gradients of the composition. With a direct pass of the graph, the value of the complex 

objective function is calculated, and with the opposite pass, it is possible to calculate the gradients 
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of the objective function over optimization variables. Concerning neural networks, the automatic 

differentiation method reproduces the BackProp method and is implemented in numerous software 

libraries [24, section 2.6; 25]. However, here there is a problem of justifying the method for 

nonconvex nonsmooth functions, which is discussed only at the informal level [25]. 

 Training methods for smooth neural networks are discussed in [10–12, 23, 24, 26–29]. 

Basically, these are the method of stochastic gradients and its modifications, adopted from the 

theory of stochastic approximation [30] and the theory of convex stochastic programming [2, 31, 

32], since only these methods are applicable for training deep neural networks. This method can 

also be substantiated for optimizing nonconvex nonsmooth functions [33, 34], thereby filling the 

gap in the theory of training nonsmooth neural networks. Thus, the development and justification 

of effective methods for calculating generalized gradients for nonsmooth optimal control and 

learning problems, firstly, expands the range of numerically solvable problems, and secondly, it 

opens up a wide field of application of numerical methods of nonconvex nonsmooth optimization 

developed in [2, 35 - 48]. In particular, for the so-called generalized differentiable functions, for 

which the rules for calculating generalized gradients are justified in this article, various methods 

of local optimization of the gradient type are considered in [33, 42, 48–50]. Note that generalized 

differentiable functions include convex, concave, weakly convex and weakly concave [7], 

semismooth [36], [39], and piecewise smooth [51] functions and are closed with respect to the 

finite operations of maximum, minimum, superposition, and mathematical expectation [13, 48, 50, 

52]. 

 Sections 1, 2 summarize the theory of generalized differentiable functions and methods for 

their optimization. In Section 3, we obtained the main result (Theorem 6), a method for calculating 

generalized gradients of objective functionals in nonconvex nonsmooth dynamic optimization 

problems, and in Sections 4 - 6 it is applied to computing generalized gradients in problems of 

optimal control, stochastic optimal control, and machine learning. Section 7 concludes the article. 

     

1. GENERALIZED DIFFERENTIABLE FUNCTIONS  

Definition 1 [13, 50]. A function 1: R Rnf →  is called generalized differentiable at point  R nx∈

, if in some ε -neighborhood  { }R :ny y x ε∈ − <  of the point x  it is defined an upper 

semicontinuous at x  multivalued mapping ( )f∂ ⋅  with convex compact values ( )f y∂  and such that 

the following expansion holds true: 

 ( ) ( ) ( ), , ,f y f x g y x o x y g= + − + ,  `   (1) 
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where ( )d f y∈∂ ,  ,⋅ ⋅  denotes a scalar product of two vectors,  and the remainder term ( ), ,o x y g   

satisfies the condition: ( )lim , , 0k k k
k o x y g y x→∞ − =  for all sequences ( )k kg f y∈∂ , ky x→  

as k →∞ .  A function f  is called generalized differentiable if it is generalized differentiable at 

each point Rnx∈ ; the mapping ( )f∂ ⋅  is called the generalized gradient mapping of the function 

f ; the set ( )f x∂  is called a generalized gradient set of the function ( )f ⋅  at point x ; vectors 

( )g f x∈∂  are called generalized gradients of the function ( )f ⋅  at point x . 

 Any generalized differentiable function is Lipschitzian and its Clark subdifferential 

( )C f x∂  [19] is minimal (with respect to inclusion) a generalized gradient mapping for ( )f x . For 

almost everyone R nx∈  it holds ( ) ( )Cf x f x∂ = ∂  [42]. The class of generalized differentiable 

functions contains continuously differentiable, convex, concave, semi-smooth [36] and some other 

piecewise smooth functions [51] and is closed with respect to the operations of maximum, 

minimum, superposition and mathematical expectation (see [13, 42, 48, 50, 52]). In [53], the 

concept of generalized-differentiable functions was extended to vector-valued functions. A related 

approach to the differentiation of functions was proposed in the book [54, p. 175, 444], where a 

function is called differentiable at a point x  if the following representation 

( ) ( ) ( ),f y f x y y xϕ= + −  with some continuous at x  vector-function ( )yϕ  holds true. In 

contrast to the latter definition, expansion (1) contains a uniformly small additional term 

( ), ,o x y g , and the gradient is also multi-valued (as in related works [51, 55, 56]). These 

modifications significantly expand the class of functions under consideration. 

 Theorem 1 (generalized differentiability of composite functions [50]). Let 0 ( )f z , Rmz∈

, and  ( )if x , R nx∈ , 1,...,i m= , are generalized differentiable functions with generalized 

gradient mappings 0 ( )z f∂ ⋅  и ( )if∂ ⋅ . Them the maximum function { }1( ) max ( ),..., ( )mf x f x f x=  and 

the minimum function { }1( ) min ( ),..., ( )mf x f x f x=  are generalized differentiable functions with 

the generalized gradient mapping { }( ) conv.hull ( ) : ( ) ( )i if x f x f x f x∂ = ∂ = , and a composite 

function 0 0 1( ) ( ( )) ( ( ),..., ( ))mf x f z x f f x f x= =  is also generalized differentiable, and its  

generalized gradient mapping is calculated by the chain rule:  

[ ]{ }1 0 0 0( ) conv.hull ... : ( ( )), ( ), 1,...,m z i if x g g g g g f z x g f x i m∂ = = ∈∂ ∈∂ =  
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where [ ]1... mg g  is a matrix composed of column-vectors  1,..., mg g ,  conv.hull  denotes the convex 

hull, 0 ( ( ))z f z x∂  designates generalized gradient set of function 0 ( )f z  at point 

1( ) ( ( ),..., ( ))mz x f x f x= . 

 Thus, to calculate the generalized gradients of the sum, product, quotient, and other 

complex functions, the usual rules for differentiating complex smooth functions are applicable.  

 Theorem 2 (generalized differentiability of the mathematical expectation, [52]). Suppose 

that  

function ( , )f x θ  is generalized differentiable in x V∈  and integrable  in θ ∈Θ , where V   

is an open subset in R n , and θ  is an elementary event of a probability space ( ), , PΘ Σ ; 

the generalized gradient mapping ( , )x f x θ∂   of the function ( , )f θ⋅  is measurable in  θ    

for any R nx∈ ; 

for the open set R nV ⊂  there exists an integrable function ( )VL θ   such that  

{ }sup : ( , ), ( )x Vg g f x x V Lθ θ∈∂ ∈ ≤ . 

Then the mathematical expectation function 
S

( ) E ( , ) ( , )P( )F x f x f x dθ θ θ= = ∫   is generalized 

differentiable in  V   with the generalized gradient mapping  ( ) E ( , )xF x f x θ∂ = ∂ . 

 Thus, when differentiating the mathematical expectation (Lebesgue integral) under the 

conditions of Theorem 2, we can introduce the differentiation operator under the sign of the 

integral. Here, the integral E ( , )x f x θ∂  of the multi-valued mapping ( , )x f xθ θ→ ∂  is understood 

as a collection of integrals of integrable selectors of this mapping (under fixed x ).  

Example 1 (stock evolution). Stock evolution in a warehouse is described by the following 

recurrent dynamic relationship: 

{ }1 max 0,t t t tx x u θ+ = + − , 0,1,...,t m= , 0x a= . 

Here  tx  is the stock level at the beginning of the time period [ ], 1t t + , tu  is the replenishment 

request at the beginning of the time period [ ], 1t t + , tθ   is random demand for the goods in the time 

period [ ), 1t t + , M  is the maximum warehouse volume, a  is the initial stock in the warehouse. 

The quality of the functioning of the warehouse under the control program   0{ ,..., }mu u u=  can 

be described by the criterion 

 { }( )1 10
( , ) E max ( ), ( ) max{ ( ), ( )} minm

t t t t m m ut
F a u x x x b b xα θ β θ α β+ +=

= − − + − − →∑ , 
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where ,α β  are the penalty factors for excess and shortage of goods in the period of time [ ), 1t t +

; b  is the desired level of goods in the stock at the end of the planning period; E  is the sign of 

mathematical expectation. 

Here is a complex random function 

{ } { }0 1 10
( , , ,..., ) max ( ), ( ) max ( ), ( )m

k t t t t m mt
a u x x x b b xϕ θ θ α θ β θ α β+ +=

= − − + − −∑  

is generalized differentiable with respect to its arguments ( , )a u , and under the conditions of 

Theorem 2, the expectation function ( , )F a u  is also generalized differentiable with respect to its 

variables. 

 

2. GENERALIZED GRADIENT METHODS FOR OPTIMIZATION OF NON-

CONVEX NONSMOOTH FUNCTIONS 

It is not enough to be able to calculate the generalized gradients of nonsmooth functions; it is still 

necessary to justify the possibility of their application for the analysis and optimization of these 

functions. 

Generalized gradient and stochastic generalized gradient methods for minimizing 

generalized differentiable functions were substantiated in [13, 16, 33, 42, 48–50, 52]. They are 

generalizations to the nonconvex nonsmooth case of the generalized gradient method   [2, 35, 40, 

57] and the stochastic quasigradient method [2], designed to solve convex optimization problems. 

Let consider a problem 

( ) min x XF x ∈→        (2)  

Of the minimization of a generalized differentiable function ( )F x  over a compact set R nX ⊂ , 

given by some generalized differentiable function ( )G x , i.e.  

{ }R : ( ) 0nX x G x= ∈ ≤ .      (3)  

 The necessary optimality condition for problem (2) has the form: 0 ( ) ( )XF x N x∈∂ + , 

where the normal cone ( )XN x   to the set X  at point x X∈  is given by the relations: 

{ }( ) : ( ), 0XN x g g G xλ λ= ∈∂ ≥  if  ( ) 0G x =  and  ( ) 0XN x =  if ( ) 0G x < . In case of a convex set 

X  the cone ( )XN x  coincides with the cone of normals to X  at point x .  

The basic iterative generalized gradient method for solving problem (2) has the form: 

( )1k k k
X kx x dρ+ ∈Π − ,      ( )k kd F x∈∂ ,       0x X∈ ,        0,1,...k = ,  (4) 
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where ( )XΠ ⋅  is the (multivalued) projection operator onto a nonconvex feasible set X ; non-

negative quantities kρ , kδ  satisfy the conditions: 

 lim lim 0k k k kδ ρ→∞ →∞= = ,       
0

k
k

ρ
∞

=

= +∞∑ .    (5) 

In another form, method (4) has the form: 

 

( )
( )

21

2

2

arg min ( )

arg min 2 ,

1arg min , .
2

k k k k k
X k x X k

k k k
x X k

k k k
x X

k

x x d x x d

x x d x x

d x x x x

ρ ρ

ρ

ρ

+
∈

∈

∈

∈Π − = − − =

= − + − =

 
= − + − 

 

  (6) 

In the absence of constraints, method (4)-(6) turns into an ordinary generalized gradient 

descent: 
1k k k

kx x dρ+ = − ,      ( )k kd F x∈∂ ,       0x X∈ ,        0,1,...k = .  

Theorem 3 (convergence of the nonconvex generalized gradient method [33]). Under 

conditions (5), the minimum (in the function F ) limit points of the sequence { }kx  belong to the 

set { }* : 0 ( ) ( )XX x X F x N x= ∈ ∈∂ +  of points satisfying the necessary optimality conditions and 

all limit points of the numerical sequence { }( )kF x  constitute an interval in the set * *( )F F X= . 

If the set *F  does not contain intervals (for example, if it is finite or countable), then all the limit 

points of the sequence { }kx  belong to the connected subset of *X , and there is a limit 

*lim ( )k
k F x F→∞ ∈ . 

Note that the set { }* ( ) : 0 ( )F F x F x= ∈∂  does not contain intervals for sufficiently smooth 

functions by virtue of Sard's theorem [58, Section 2.3]. 

Similar results on the convergence of the generalized gradient method for nonconvex 

nonsmooth functions with the use of Clark subgradients were obtained in [34].  

The randomized generalized gradient method is defined by the following relationships: 

( )1k k k
X kx x dρ+ ∈Π −  ,   ( )k kd F x∈∂  ,       k k

kx x δ− ≤ ,      0x X∈ ,     0,1,...k = .     (7) 

where kx  is a randomly (e.g., uniformly) taken point in the kδ -neighborhood of the point kx .  

Denote { }* *: 0 ( ) ( )C C XX x X F x N x X= ∈ ∈∂ + ⊆ , where ( )C F x∂  is the Clarke subdifferential of 

function F  at point x . Remark that ( ) ( )CF x F x∂ = ∂  for almost all Rnx∈  [42], so in the 

randomized method (7) almost sure the Clarke subgradients of the generalized differentiable 
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function ( )F ⋅  are used. A similar idea of the randomization of the generalized gradient decent 

method is exploited in [59]. 

Theorem 4 (convergence of the randomized generalized gradient method [16, 33, 48, 49]). 

Let conditions (5) and lim 0k kδ→∞ =   are satisfied. Then for almost all trajectories { }kx  of process 

(7) the minimal (in function F) limit points of the sequence { }kx  belong to the set *
CX  of points 

that satisfy Clarke’s necessary optimality conditions, and almost sure all limit point of the number 

sequence { }( )kF x  constitute an interval in the set * *( )C CF F X= . If the set *
CF  does not contain 

intervals (for example, it is finite or countable), then all limit point of the sequence { }kx  belong 

to a connected subset of the set *
CX , and there exist a limit *lim ( )k

k CF x F→∞ ∈ . 

 Thus, the randomized method converges, generally speaking, to a narrower set of critical 

points *
CX  that *X , since ( ) ( )C F F∂ ⋅ ⊆ ∂ ⋅ .   

The randomized subgradient method also admits the following interpretation. We introduce the 

so-called smoothed functions  

{ }:

1( ) ( )
k k

k
x x x

F x F x dx
Vδ δ− ≤

= ∫
 

  ,      (8) 

where  
k

Vδ  is the volume of the kδ -neighborhood of the zero point. If we introduce a random 

vector kx  uniformly distributed in a kδ -neighborhood of a point x , then the smoothed function 

( )kF x  and its gradient ( )kF x∇  can be represented respectively in the form ( ) E ( )k
kF x F x=   and 

( ) E ( )k
kF x F x∇ = ∂  , where E  denotes the mathematical expectation with respect to kx , E ( )kF x∂   

denotes the mathematical expectation of a random multi-valued mapping  ( )k kx F x→∂  . 

Thus, the randomization in method (7) plays a threefold role: on the one hand, it allows us 

to narrow the convergence set of the generalized gradient method to the set * *
CX X⊆ , and on the 

other hand, it gives to method (7) some global properties due to the fact that it minimizes the 

sequence of smoothed functions ( )kF x . Besides, the randomization ensures that the method does 

not stick at critical points that are not local minima. In case kδ δ=  the randomized generalized 

gradient method (7) becomes a stochastic gradient method for minimizing the same non-changing 

smoothed function ( )kF x . To strengthen global properties of method (7), it is possible to use the 

estimate of the gradient of the smoothed function (8) by means of several independent realizations 

of a random point x  from the kδ -vicinity of the current point kx . 
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We now consider an analog of methods (4), (7) to minimize the generalized differentiable  

expectation function:  

( ) E ( , ) min x XF x f xθ θ ∈= →        (9)  

over a nonconvex set X   (defined by (3)): 

( )1 ( , )k k k k
X kx x d xρ θ+ ∈Π −  ,    ( , ) ( , )k k k k

xd x f xθ θ∈∂  ,    (10)        

k k
kx x δ− ≤ ,      0,1,...,k =  

where ( )XΠ ⋅  is the (multivalued) projection operator onto a nonconvex feasible set X ; ( , )g x θ   

is a ( , )x θ -measurable selector of the mapping ( , )x f x θ∂  of a generalized differentiable random 

function ( , )f θ⋅ ; { }kθ  are independent identically distributed observations of a random variable 

θ ; points  kx  are randomly uniformly selected from the sets { : }k
kx x x δ− ≤ ; non-negative 

quantities kρ , kδ  are measurable with respect to σ-algebra { }0 ,..., kx xσ , and with probability one 

satisfy the conditions: 

 lim lim 0k k k kδ ρ→∞ →∞= = ,       
0

k
k

ρ
∞

=

= +∞∑ ,      2

0
k

k
ρ

∞

=

< +∞∑ .   (11) 

 Theorem 5 (convergence with probability 1 of the non-convex method of stochastic 

generalized gradients [49, 33, 49]). For almost all trajectories { }kx  of the method (10), (11) the 

assertions of Theorem 4 hold.   If in algorithm (10), (11) all 0kδ ≡ , then the statement of Theorem 

5 holds for the  { }* : 0 ( ) ( )XX x X F x N x= ∈ ∈∂ + . 

Book [42] considers several other stochastic nonconvex nonsmooth optimization methods 

(methods with averaging the trajectory, averaging the generalized gradients, methods of the ravine 

step, reduced gradient, heavy ball, and others). 

 

3. CALCULATION OF GENERALIZED GRADIENTS IN DYNAMIC 

OPTIMIZATION PROBLEMS 

Consider the following optimization problem for a dynamic system with a free final state 

in discrete time:  

10
( ) ( , ) ( ) minm

i i m u Ui
J u F x u x + ∈=

= +Φ →∑     (12) 

Subject to equations 

 1 ( , )i i ix G x u+ = , 0,1,...,i m= , 0
0 R nx ∈ ,    (13) 
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where index 0,1,..., 1i m= +  designates discrete time; ( )1,..., Ri i
Tn n

i i ix x x= ∈  is the state of the 

controlled system at moment i ;  ( )1,..., R
Tl lu u u= ∈  is the vector of the optimized parameters of 

the dynamic system; functions ( )11,..., i
Tn

i i iG G G += , iF , Φ   are given; U  is a given set in R l ; 

1m ≥  is a natural number; 0x  is an initial point in 0R n . Note that problems with restrictions on 

the final state or the trajectory can be reduced to form (12) using nonsmooth penalties. Note that 

in (12), (13)  a change of the dimension in  of the phase space with the passage of discrete time 

0,1,...,i m=  is allowed.  

 Tasks of type (12), (13) arise, for example, in optimization of feedback control systems. In 

this case a control of a certain functional form ( , )t tu g x y=  is substituted in the standard functional 

equation  1 ( , )i i i tx G x u+ = .  The feedback control ( , )t tu g x y=  depends on the current state tx  of 

the system and on the finite-dimensional vector y  of the desired parameters to be optimized.  

Similar settings also arise in the problems of training recurrent neural networks (with the same 

weights for all layers of the network) [11; 12, ch. 10; 24, ch. 6]. 

Let us introduce notation [4]: 

 
1

1

1 1 1...
... ... ... ...

...

n

n

ixix ix

ix
n n n

ixix ix

G G G
G

G G G

   
   

= =   
  
  

 , 
1

1

1 1 1...
... ... ... ...

...

l

l

iuiu iu

iu
n n n

iuiu iu

G G G
G

G G G

   
   

= =   
  
  

 , 

 ( ) ( )1 ,..., n

T
ix ix ix

F F F= ,  ( ) ( )1 ,..., l

T
iu iu iu

F F F= , ( ) ( )1 ,..., n

T
x x x

Φ = Φ Φ , 

where ( ), T
ix iuF F ,  ( ),

Tj j
ix iuG G   are some generalized gradients over ( , )x u   of functions  iF , j

iG ; 

xΦ  is some generalized gradient of function Φ ; ( )T⋅   designates the transposition of the matrix 

( ).⋅  

Theorem 6. Let the functions iF , iG , Φ  in problem (12), (13) be generalized 

differentiable over totality of their arguments  R in
ix ∈ , u V∈ , where V   is an open neighborhood 

of the set  U , 0,1,...,i m= .   Then the function  0( , )J x u  is generalized differentiable over  

( ) 0
0 , R nx u V∈ × , and vectors ( ) ( )1 100 0 0

, ,..., , ,...,n l

TT

x u x u ux
J J J J J J=  with components 

0 0
0 00

( , , )j jx x
J H x uψ= ,   0

( , , )j j

m
i iu iui

J H x uψ
=

=∑ ,   (14)    
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are generalized gradients of the function 0( , )J x u  at point 0( , )x u , where  

( , , ) ( , ) ( , )T
i i i i i i i i i i iH x u F x u G x uψ ψ= + ⋅ , 0,1,...,i m= , is a discrete (over i ) Hamilton-Pontryagin 

function; ( )0 1,..., mx x x +=  is a discrete trajectory of process (13), which corresponds to chosen 

parameter u U∈ ; a sequence of auxiliary (conjugate) vector-functions ( )0,...,mψ ψ ψ=  is defined 

by the back propagation equations: 

( )1 11 1 1

1 1

1 1 1

( , , ) ( , ) ( , ) ( , ) ( , ) ,

( ) ( ),..., ( ) , , 1,...,1,0.

i

i i i i i

nmm m m

nT j j
i ix i i ix i ix i i ix i ix i ij

T

m x m m mx x

H x u F x u G x u F x u G x u

x x x i m m

ψ ψ ψ ψ

ψ ++ + +

− =

+ + +

= = + ⋅ = +

= Φ = Φ Φ = −

∑
   (15) 

Proof. We have 

 1 1 0 0 0( , ) ( , )x x x u G x u= = ,  

 ( )2 2 0 1 1 1 0 0( , ) ( , ) ( , ),x x x u G x u G G x u u= = = ,   

 … 

 1 1 0 0( , ) ( (...( ( , ), ),...), )m m m m mx G x u G G G x u u u+ −= = ; 

 

0 0 0 0 1 1 2 2 1

0 0 1 0 0 2 1 0 0

1 2 0 0

1 0 0

( , ) ( , ) ( , ) ( , ) ( , ) ... ( , ) ( )
( , ) ( ( , ), ) ( ( ( , ), ), ) ...

( ( (...( ( , ), ),...), )
( ( (...( ( , ), ),...), ).

m m m

m m m

m m

J x u J x u F x u F x u F x u F x u x
F x u F G x u u F G G x u u u

F G G G x u u u
G G G x u u u

+

− −

−

= = + + + + +Φ =
= + + +

+ +
+Φ

   

Let ( ),
i

T

ix iuF F  and  ( ),
i

Tj j
ix iuG G , 1,..., ij n= ,  be some generalized gradients of the functions iF  

and j
iG , 1,..., ij n= , at point ( , )ix u , 1,...,i m= ;   

1 1( )
mx mx
+ +Φ  be some generalized gradient of the 

function  Φ  at point 1mx + ; { }0 1 1, ,..., mx x x +  be the trajectory of process (13) under given ( )0 ,x u .  

By virtue of Theorem 1, complex (vector) functions 1 2, ,..., mx x x  and the objective function 

J  are (component-wise) generalized differentiable with respect to their (vector) arguments 0( , )x u

, and by virtue of the chain rule (from Theorem 1) of generalized differentiation of composite 

functions, the vector ( ) ( )1 100 0 0
, ,..., , ,...,n l

TT

x u x u ux
J J J J J J=  is some generalized gradient of the 

function J  at the point ( )0 ,x u , where the components 
0
ix

J , 01,..,i n= , are calculated as follows: 
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1 2 11 2 1
1 2 1

0 0 0 01 2 11 2 1

2 1 2 1
1 1

02 1 11

0 1 0 2 1 00 0 01 1 11 1

1 1 001 1 1( 1)

( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ...

... ( , ) ( , ) ... ( , ) ( , )

i i j i j j i

mm
j j j im m

m m mm

n n nj j j
x x x xj j jx x x

n nj j j
m m xmx j j j xm x

J F x u F x u G x u F x u G x u G x u

F x u G x u G x u G x u−

−
− −−

= = =

− = =−

= + ⋅ + ⋅ +

+ ⋅

∑ ∑ ∑
∑ ∑1

1

1 1 11 2 1
1 1

01 1 1 11 1

1 1

1 1 001 1 1 1 1
( ) ( , ) ... ( , ) ( , ).

m m

m

m m mm
j j j im m

m m mm m

n n

j

n n n nj j j
m m xj j j j xx m x

x G x u G x u G x u

−

+ −+
+

+ −+ −

= =

+= = = =

+

+ Φ ⋅

∑ ∑
∑ ∑ ∑ ∑

 

Changing the order of summation in the products and taking out the common factors out of 

brackets, we obtain:

((
)( )

1 21 2
1 1 2

0 0 01 21 1 2

1 1
1

11 1

0 0 1 1 20 01 11 1 2

1 11 1( 1)

( , ) ( , ) ( , ) ( , ) ( , ) ...

... ( , ) ( , ) ( , ) ( ) ... .

i i i j j j

m mm m
j j j jm m m m

m mm mm m

n nj j
x x xj jx x x

n nj j
m m m mmx mxj jm x x

J F x u G x u F x u G x u F x u

G x u F x u G x u x+ +
+

+− +

= =

− += =−

= + + +

+ + Φ 


∑ ∑

∑ ∑
 

Sequentially using the vectors { }1 0, ,...,m mψ ψ ψ−  from (15), we obtain the final result for 
0
ix

J : 

((
( ) )

1 21 2
1 1 2

0 0 01 21 1 2

1
1

1
1 1

0 0 1 1

0 0 1 1 20 01 11 1 2

11 ( 1)

0 0 10 0 1 1

( , ) ( , ) ( , ) ( , ) ( , ) ...

... ( , ) ( , ) ( , ) ...

( , ) ( , ) ( , )

i i i j j j

m m
j j jm m m

m mm m

i i j j

n nj j
x x xj jx x x

n j T
m m m mmx mxj m x

j
x x x x

J F x u G x u F x u G x u F x u

G x u F x u G x u

F x u G x u F x u G

ψ−
−

= =

−= −

= + + +

+ + ⋅ =

= + +

∑ ∑

∑

((
( )) )

( )

1 2 2
2

1 2 2

1 1
2 1 1

1 2 1 1

1 1
1 1

0 01 1 1

1 21 1 2

2 1 1 11 ( 2) ( 1) ( 1)

0 0 1 1 10 01 1 1

( , ) ( , ) ...

... ( , ) ( , ) ( , ) ...

... ( , ) ( , ) ( , ) ( , )

j

m m
j j jm m m

m m m m

i i j j

n n j
j j x

n j T
m m m mj m x m x m x

n j T
x xj x x

x u F x u

G x u F x u G x u

F x u G x u F x u G x u

ψ

ψ

− −
− − −

− − − −

= =

− − − −= − − −

=

+

+ + ⋅ =

= = + + ⋅

∑ ∑

∑

∑

0 0 0
0 0 0 0 00 0 0

( , ) ( , ) ( , , ).i i i
T

x x x
F x u G x u H x uψ ψ

=

= + ⋅ =

  

 Components iu
J , 1,...,i m= , are calculated by the chain rules (Theorem 1) of generalized 

differentiation of composite functions: 

 

1 1
1

0 1 1

2 2
2

2 2

2 1 2 1
2 1

2 12 1

0 1 1 00 1 011

2 2 12 121

2 1 0 02 11 1

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , )

( , ) ( , ) ( , ) ...

i i i j i

i j i

j j i

n j
x u u uxj

n j
u uxj

n n j j
ux xj j

J F x u F x u F x u G x u

F x u F x u G x u

F x u G x u G x u

=

=

= =

= + + +

+ + +

+ +

∑
∑

∑ ∑

 

 
1 1

1
1 1

1
1 2

1 2

1( 1)1

1 2( 2)( 1)1 1

1 2( 1) ( 2)

... ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ...

... ( , ) ( , ) ( , ) .

m m
i j im

mm

m m m m
j j im m

mm m m

m m
j j jm m m

m m m

n j
m m mmu m umxj

n n j j
m m mm umx m xj j

j j
m m mmx m x m x

F x u F x u G x u

F x u G x u G x u

F x u G x u G x u

− −
−

− −

−
− −
− −

−−=

− −−−= =

− −− −

+ + +

+ +

+ ×

∑
∑ ∑

1 2

1 2

1 2 1
1

1 1

1 1 1

1 0011

..

... ( , ) ( , )

m m m

m m m

j i

n n n

j j j

n j j
uxj

G x u G x u

− −

− −= = =

=
× +

∑ ∑ ∑
∑
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1 1
1

1 1

1 1
1

1 1

1

1 1
11 1

11

1 1( 1)1 1

1 11 1 ( 1)

( ) ( , )

( , ) ( , ) ( , ) ...

... ( , ) ( , ) ( , ) ...

m m
j im

m m

m m m m
j j im m

mm mm

m mm m
j j jm m m

mm mm m

n j
m mmuj x

n n j j
m m mm umxj jmx

n nj j
m m mmxj j jmx m x

x G x u

x u G x u G x u

x u G x u G x u

+ +
+

+ +

+ +
+

+ +

−

+ −
−+ −

+=

+ −−= =

+ −= = −

+ Φ +

+ Φ +

+ Φ ×

∑
∑ ∑

∑ ∑1

1

1 2 1
1

1 1

1

1 001 1
... ( , ) ( , ).

m

m

j i

n

n j j
uj x

G x u G x u

+

+ =

=
×

∑
∑

 

Rearranging the summation signs in all products of the form 1 1

1 11 1 1
... ... ... ...s s

s s

n n n

j j j
−

−= = =
× × ×∑ ∑ ∑  in 

the reverse order, collecting the sums with the first summation over 1j , then the sums with the first 

summation over 2j , etc., and taking out common factors out of brackets, we get: 

((
)( )

1 21 2
1 1 2

1 21 1 2

1 1
1

11 1

2

0 0 1 1 20 01 11 1 2

1 11 1( 1)

1 11 1

( , ) ( , ) ( , ) ( , ) ( , ) ...

... ( , ) ( , ) ( , ) ( ) ...

( , ) (

i i i j j j

k kk k
j j j jk k k k

k kk k k k

i i

n nj j
u u uj jx x x

n nj j
k k k kj jk x kx kx x

j
u u

J F x u G x u F x u G x u F x u

G x u F x u G x u x

F x u G x

+ +
+

+− +

= =

− += =−

= + + +

+ + Φ +


+ +

∑ ∑

∑ ∑

(( )
)(

2 3 3
2 2 3

2 32 3 3

1 1
1

1 1

1
1

1

2 3 31 12 3 3

1 1( 1) ( 1)1 1

, ) ( , ) ( , ) ( , ) ...

... ( , ) ( , ) ( , ) ( , ) ( )

( , ) ( , ) (

j j j

m mm m
i i j j jm m m

m mm m m

m
i i jm

m

n n j
j jx x x

n nj j
m m m m mm u m u mx mxj j x

j
m m mmu mu x

u F x u G x u F x u

F x u G x u F x u G x u x

F x u G x u x

+ +
+

+ +

+
+
+

= =

− +− −= =

+

+ + +

+ + + Φ +

+ + Φ

∑ ∑

∑ ∑
1

1
11
).m

m

n

j
+

+ =∑

  

Now sequentially using the vectors { }1 0, ,...,m mψ ψ ψ−  from (15), we obtain the final result for iu
J

:  

( )
1 1

1
1 1

11

1( 1) ( 1)1

( 1)

... ( , ) ( , ) ( ) ... ( , ) ( , )

... ( , ) ( , ) ( , ) ( , ) ( , , )

... ( , )

m m
i i i j i im

m m

m m
i i j j im m

m mm

i

n j T
m m m m m mu mu mu mu muj x

n j T
m m m m m m mm u m u mumx mxj

mm u

J F x u G x u x F x u G x u

F x u G x u F x u G x u H x u

F x u G

ψ

ψ ψ

+ +
+

+ +
+=

−− −=

−

= + + Φ = + + ⋅ =

= + + + ⋅ + =

= + +

∑
∑

( )( 1)1

1( 1) ( 1)

1 1( 1)

0 00

( , ) ( , ) ( , ) ( , , )

... ( , ) ( , ) ( , , )

... ( , , ) ( , , )

... ( , , ) ... ( , , ).

m m
i j j im m

m mm

i i i

i i

i i

n j T
m m m m m mm u mumx mxj

T
m m m m mm u m u mu

m m m mm u mu

m mu mu

x u F x u G x u H x u

F x u G x u H x u

H x u H x u

H x u H x u

ψ ψ

ψ ψ

ψ ψ

ψ ψ

−=

−− −

− −−

+ ⋅ + =

= + + ⋅ + =

= + + =

= = + +

∑  

The proof is complete.  

 

4. CALCULATION OF GENERALIZED GRADIENTS IN CONTROL PROBLEMS 

Consider the following optimal control problem (Lagrange problem) in discrete time [1 - 5]:

 0 10
( , ) ( , ) ( ) minm

i i i m ui
J x u F x u x +=

= +Φ →∑       (16) 

subject to motion equations 

1 ( , )i i i ix G x u+ = , 0,1,...,i m= , 0
0 R nx ∈ ,    (17) 
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and constraints 

 0( ,..., )mu u u= , R il
i iu U∈ ⊂ ,  0,1,...,i m= ,   (18) 

where index 0,1,...,i m=  designates a discrete time; ( )1,..., Ri i
Tn n

i i ix x x= ∈  is the state of the 

control system at moment i ;  ( )1,..., Ri i
Tl l

i i iu u u= ∈  is the control vector at time i ; functions 

( )11,..., i
Tn

i i iG G G += , iF , Φ   are given; iU  is given set; 0m ≥  is a natural number; 0x  is a given 

point in 0R n .  

Theorem 7. Let functions iF , iG , Φ   in problem (16)-(18) be generalized differentiable 

over the totality of their arguments R in
ix ∈ , i iu V∈ , where iV   is an open neighborhood of the set 

iU , 0,1,...,i m= .   Then the function  0( , )J x u  is generalized differentiable over 

( ) 0
0 0 1 0, , ,..., R ...n

m mx u u u V V∈ × × × , and the vector  

( )
(

)

0 0

1 0
0 0

1 10
0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 00 0

0 0 0 0 0 00 0

( , , ), ( , , ),..., ( , , )

( , , ),..., ( , , ) ,

( , , ),..., ( , , ),..., ( , , ),..., ( , , ) ,

m

n

l lm
m m

T

x u mu m m m

x x

T

m m m m m mu mu muu

H x u H x u H x u

H x u H x u

H x u H x u H x u H x u

ψ ψ ψ

ψ ψ

ψ ψ ψ ψ

=

=  (19) 

is a generalized gradient of the function 0( , )J x u  at a given point 0( , )x u , where  

( , , ) ( , ) ( , )T
i i i i i i i i i i iH x u F x u G x uψ ψ= + ⋅ , 0,1,...,i m= , is a discrete (over i ) Hamilton-Pontryagin 

function; ( )0 1,..., mx x x +=  is the discrete trajectory of process (17) that corresponds to the chosen 

control 0 1 ... mu U U U U∈ = × × × ; the sequence of auxiliary (conjugate) vector functions 

( )0 ,..., mψ ψ ψ=  is defined by the back propagation equations: 

1 ( , , ) ( , ) ( , )
i i i

T
i ix i i i ix i i ix i i iH x u F x u G x uψ ψ ψ− = = + ⋅ , , 1,...,0i k k= − ,       

1 1( )
mm x mxψ
+ += Φ . 

Proof. This theorem is a consequence of Theorem 6 due to the fact that problem (16) - (18) 

can be interpreted as problem (12)-(13) with a vector variable 0 1 0( , ,..., ) ...m mu u u u U U U= ∈ = × ×

. Since the Hamilton-Pontryagin function ( , , )i i iH x uψ  in this case actually depends only on iu , 

the components 
0 0

0 0 00
( , , )j jx x

J H x uψ=  of the generalized gradient set of the function 0( , )J x u  are 

calculated as in Theorem 6, and when calculating the components j
iu

J  by formula (14), only one 

term ( , , )j j
i i

i i iiu u
H x u Jψ =  remains. The theorem is proved. 
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Comment. In [1 - 5], formula (19) was obtained as a consequence of the differentiation 

rules for complex smooth functions. For nonsmooth convex optimal control problems with linear 

equations of motion, similar formulas for calculating the subgradients of the objective function 

were obtained in [2–4]. In [3], these formulas were also substantiated for the case of a weakly 

convex [7] objective functional and smooth equations of motion. In Theorem 7, we generalize 

these results to a much wider class of nonsmooth nonconvex optimal control problems, including 

those with nonsmooth equations of motion. 

 

5. CALCULATION OF STOCHASTIC GENERALIZED GRADIENTS IN THE 

PROBLEM OF STOCHASTIC OPTIMAL CONTROL 

 

Let us consider the following stochastic optimal control problem in discrete time [2, 3]: 

 ( )0 10
( , ) ( , , ) ( , ) minm

i i i m ui
J a u f x u xθ ϕ θ+=

= + →∑E     (20) 

subject to conditions 

 1 ( , , )i i i ix g x u θ+ = , 0,1,...,i m= , 0 0 0( , ( ))x a b θ= ,   (21) 

 0( ,..., )T
mu u u= , i iu U∈ , 0,1,...,i m= ,   (22) 

where ( ) 11,..., R ... Ri in nn
i i ix x x= ∈ × × ;  ( ) 11,..., R ... Ri il lm

i i iu u u= ∈ × × ; functions ( )11,..., in
i i ig g g +=

, if , ϕ  are given; iU  is a given set in R il , 0,1,...,i m= ; 1m ≥  is a natural number; 0
0 R na ∈  is a 

given deterministic vector; 0 ( )b θ  is a random vector; θ  is an elementary event of some probability 

space ( ), , PΘ Σ ; E  is the sign of the mathematical expectation over the measure P . The 

deterministic sequence 0( ,..., )T
mu u u=  is called a program control of the random process (21).  

Let us introduce notation: ( , ) ( , , )i i i i i iF x u f x u θ= E ,  ( , ) ( , , )i i i i i iG x u g x u θ= E ; 

1

1

1 1 1...
... ... ... ...

...

n

n

ixix ix

ix
n n n

ixix ix

g g g
g

g g g

   
   

= =   
  
  

 , 
1

1

1 1 1...
... ... ... ...

...

m

m

iuiu iu

iu
n n n

iuiu iu

g g g
g

g g g

   
   

= =   
  
  

 , 

( ) ( )1 ,..., n

T
ix ix ix

f f f= ,  ( ) ( )1 ,..., m

T
iu iu iu

f f f= , ( ) ( )1 ,..., n

T
x x x

ϕ ϕ ϕ= , 

where ( ), T
ix iuf f ,  ( ),

Tj j
ix iug g  are some generalized gradients of functions  ( , , )if θ⋅ ⋅ , ( , , )j

ig θ⋅ ⋅  over 

variables ( , )i ix u   under fixed parameter θ ; ( , )xϕ θ⋅  is some generalized gradient of function ϕ  

under fixed θ ; expression ( )T⋅  designates the transposition of the matrix ( )⋅ . 



16 
 

 Assumption А. (А1) Let in problem (20) - (22) functions ( , , )i i if x u θ , ( , , )j
i i ig x u θ  and 

1( , )mxϕ θ+  be generalized differentiable by the totality of arguments ( R , )in
i i ix u V∈ ∈  and 

1
1 R mn

mx +
+ ∈  for each fixed θ  and these functions are measurable in θ  under fixed ( , )i ix u  and 

1mx + , 0,1,...,i m= .  (А2) Let for each point  ( , )i ix u  and 1mx +  there exist neighborhoods i iO V×   

and 1mO + , where the functions  ( , , )if θ⋅ ⋅ , ( , , )j
ig θ⋅ ⋅  and ( , )ϕ θ⋅  are Lipschitzian with integrable 

Lipschits constants. (А3) The multivalued mappings  ( ), ( , , )
i i ix u f θ∂ ⋅ ⋅ ,  ( ), ( , , )

i i

j
ix u g θ∂ ⋅ ⋅  and 

1
( , )

mx ϕ θ
+

∂ ⋅  are measurable in θ , for example, these may be Clarke subdifferentials of the functions 

( , , )if θ⋅ ⋅ , ( , , )j
ig θ⋅ ⋅  и ( , )ϕ θ⋅  (concerning the measurability of the subdifferentials and the 

generalized gradient mapping, consult [52]). 

 From Theorems 1 and 2, similarly to Theorem 7, the following statement follows. 

Theorem 8. Under Assumption А the objective function 0( , )J a u  of problem (20) - (22) is 

generalized differentiable over ( )0 0, ( ,..., )ma u u u= , the random objective function 

0 10
( , , ) ( , , ) ( , )m

i i i mi
f a u f x u xθ θ ϕ θ+=

= +∑   of problem (20) - (22) is measurable and integrable in 

θ  and is generalized differentiable over ( )0 0, ( ,..., )ma u u u= , and the vector  

( )
(

)

0 0 0

1 0
0 0

1 0
0 0

1

, 0 0 0 0 0 0 0 0

0 0 0 0 0 00 0

0 0 0 0 0 00 0

( , , ) ( , , , ), ( , , , ),..., ( , , , )

( , , , ),..., ( , , , ) ,

( , , , ),..., ( , , , ),...,

( , , , ),..., ( , , , ) ,

m

n

l

lm
m m

T

a u a u u m m m

a a

u u

T

m m m m m mmu mu

h a u s h x u h x u h x u

h x u h x u

h x u h x u

h x u h x u

ψ θ ψ θ ψ θ

ψ θ ψ θ

ψ θ ψ θ

ψ θ ψ θ

= =

=
 (23)  

is a generalized gradient (under fixed θ ) of the function ( , , )f θ⋅ ⋅  at point 0( , )x u , where  

( , , , ) ( , , ) ( , , )T
i i i i i i i i i i ih x u f x u g x uψ θ θ θ ψ= + ⋅ , 0,1,...,i m= , is a stochastic Hamilton-Pontryagin 

function; ( )0 1,..., mx x x +=  is the discrete trajectory of process (21) that corresponds to the chosen 

control 0 1 ... mu U U U U∈ = × × × ; the sequence of auxiliary (conjugate) vector functions 

( )0 ,..., mψ ψ ψ=  is defined by the following backpropagation equations:  

1 1( , )
mm x mxψ ϕ θ
+ += , 

1 ( , , , ) ( , , ) ( , , )
i i i

T
i ix i i i ix i i ix i i ih x u f x u g x uψ ψ θ θ θ ψ− = = + ⋅ , , 1,...,1i m m= − , 

0 0 00 1 1 1 1 1 1 1 1 1 1 1( , , , ) ( , , ) ( , , )T
a a ah x u f x u g x uψ ψ θ θ θ ψ= = + ⋅ .   
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Thus, the vector 
0 , 0( , , )a uh a u θ  is a stochastic generalized gradient of the function 0( , )J a u  

such that 
0 0, 0 , 0( , , ( , )a u a uh a u J a uθ ∈∂E , and it can be used in stochastic gradient minimization of 

0( , )J a u . 

Remark. For smooth problems, as well as convex stochastic optimal control problems, 

formulas for calculating stochastic gradients of the objective function, similar to (23), were 

obtained in [2, 3]. 

Example 2 (stock evolution, continuation of Example 1). Continuing Example 1 consider 

the following parametric replenishment strategy 

 { }( , ) min ,max{0, ( )}t t tu x y M y xγ= − ,   

where the search parameters 0γ ≥  and 0y ≥  are such that 0 1γ≤ ≤ ,  0 y M≤ ≤ . The quality of 

the functioning of the warehouse with such (feedback) control can be described by the criterion 

{ }( )1 1 ,0
( , , ) E max ( ), ( ) max{ ( ), ( )} minm

t t t t m m yt
F a y x x x b b x γγ α θ β θ α β+ +=

= − − + − − →∑ , 

where ,α β  are some penalty factors for excess and shortage of goods in a period of time  [ ), 1t t +

; E  is the mathematical expectation sign.   

 Here the random function      

{ }0 1 10
( , , , ,..., ) max ( ), ( ) max{ ( ), ( )}m

m t t t t m mt
a y x x x b b xϕ γ θ θ α θ β θ α β+ +=

= − − + − −∑  

is generalized differentiable with respect to its arguments ( , , )a yγ , and under the conditions of 

Theorem 2, the expectation function ( , , )F a yγ  is also generalized differentiable with respect to 

its variables ( , , )a yγ .  

 Denote  

 { }( , ) max ( ), ( )t t t t t tf x x xθ α θ β θ= − − , 1 1 1( ) max{ ( ), ( )}m m mx x b b xα β+ + +Φ = − − ,  

    
{ }{ }

{ }{ }
( , , , ) max 0, min ,max{0, ( )}

max 0,min ,max{ , ( ) } ,
t t t t t t

t t t t t t t

g x y x M y x

x M x y x x

γ θ γ θ

θ θ γ θ

= + − − =

= − + − − + −
 

 1

1

, ,
, ;

m
m

m

x b
x b

α
ψ

β
+

+

>
= − ≤

   , ,
( , )

, .t

t t
x t t

t t

x
f x

x
α θ

ω
β θ

>
= − ≤
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A generalized ( , , )
ttx t tyg g gγ  of the random function ( , , , )t t tg x yγ θ  is calculated according to 

Theorem 1 by means of the following algorithm: 

 

{ }( )

( )

( )

min ,max{0, ( )} 0

0,

max{ , ( ) }
1, 0,

( )
1, 0,

1 , , .

t

t

t

t

t t t

tx t ty

t t t t t t t

tx t ty

t t t t t

tx t ty

tx t t ty

if x M y x then

g g g

else if x M x y x x then
g g g

else if x y x x then
g g g

else g g y x g

γ

γ

γ

γ

γ θ

θ θ γ θ

θ γ θ

γ γ

+ − − <

= = =

− + < − − + −

= = =

− > − + −

= = =

= − = − =

 

We recursively calculate 

 1 ( , )
t tt x t t t txf x gψ θ ψ− = + , , 1,...,0t m m= − . 

Then, by virtue of Theorem 4, taking into account the fact that ( , ) ( , ) 0t t y t tf x f xγ θ θ= = , we obtain  

 
00 0 0( , , , ,..., )a m xa y gϕ γ θ θ ψ= ,  0 0

( , , , ,..., ) m
m t tt

a y gγ γϕ γ θ θ ψ
=

=∑ ,

 0 0
( , , , ,..., ) m

y m t tyt
a y gϕ γ θ θ ψ

=
=∑ .     

CONCLUSIONS 

In this article, the theory of generalized differentiation of nonsmooth functions is extended to non-

differentiable functionals of nonsmooth discrete dynamical systems. Formulas are obtained for 

calculating the generalized gradients of these functionals based on discrete Hamilton-Pontryagin 

functions and procedures for the direct modeling of trajectories and the back propagation of 

conjugate variables. The connection between the tasks of controlling discrete dynamic systems 

and the problems of training multilayer neural networks is observed, while the dynamics in 

multilayer networks is interpreted as layer-by-layer pass and transformation of the input signal to 

the output one and backward propagation of gradient information from the output of the network 

to the input. The results obtained, on the one hand, allow us to consider more general nonsmooth 

control and training problems, and on the other hand, expand the scope of application of 

nonsmooth and stochastic optimization methods. 

In the subsequent article, we extend the BackProp method to multilayer neural networks 

nonconvex nonsmooth learning problems and formulate it in terms of generalized gradients of 

nonsmooth Hamilton-Pontryagin functions. We will also consider an important version of the 

BackProp method for training the so-called recurrent neural networks, i.e. networks with 

feedbacks and with memory. 
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