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Robust optimization (RO) is a popular paradigm for modeling and solving two- and multi-stage decision-
making problems affected by uncertainty. In many real-world applications, such as R&D project selection,
production planning, or preference elicitation for product or policy recommendations, the time of information
discovery is decision-dependent and the uncertain parameters only become observable after an often costly
investment. Yet, most of the literature on robust optimization assumes that the uncertain parameters can
be observed for free and that the sequence in which they are revealed is independent of the decision-maker’s
actions. To fill this gap in the practicability of RO, we consider two- and multi-stage robust optimization
problems in which part of the decision variables control the time of information discovery. Thus, information
available at any given time is decision-dependent and can be discovered (at least in part) by making strategic
exploratory investments in previous stages. We propose a novel dynamic formulation of the problem and
prove its correctness. We leverage our model to provide a solution method inspired from the K-adaptability
approximation, whereby K candidate strategies for each decision stage are chosen here-and-now and, at the
beginning of each period, the best of these strategies is selected after the uncertain parameters that were
chosen to be observed are revealed. We reformulate the problem as a finite mixed-integer (resp. bilinear)
program if none (resp. some of the) decision variables are real-valued. This finite program is solvable with
off-the-shelf solvers. We generalize our approach to the minimization of piecewise linear convex functions. We
demonstrate the effectiveness of our method in terms of interpretability, optimality, and speed on synthetic
instances of the Pandora box problem, the preference elicitation problem with real-valued recommendations,
the best box problem, and the R&D project portfolio optimization problem. Finally, we evaluate it on an
instance of the active preference elicitation problem used to recommend kidney allocation policies to policy-

makers at the United Network for Organ Sharing based on real data from the U.S. Kidney Allocation System.
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1. Introduction
1.1. Background & Motivation

Over the last two decades, robust optimization has emerged as a popular approach for decision-
making under uncertainty in both single- and multi-stage settings, see e.g., Ben-Tal et al. (2009),
Ben-Tal and Nemirovski (2000, 1999, 1998), Bertsimas et al. (2004), Bertsimas and Sim (2004 ), Ben-
Tal et al. (2004), Bertsimas et al. (2011), Zhen et al. (2018), Vayanos et al. (2012), Bertsimas and
Goyal (2012), Xu and Burer (2018). In multi-stage models, the uncertain parameters are revealed
sequentially as time progresses and the decisions are allowed to depend on all the information
made available in the past. Mathematically, decisions are modeled as functions of the history of
observations, thus capturing the adaptive and non-anticipative nature of the decision process.
Most models and solution approaches in multi-stage robust optimization are tailored to problems
where the uncertain parameters are exogenous, being independent of the decision-maker’s actions.
In particular, they assume that uncertainties can be observed for free and that the sequence in which
they are revealed cannot be influenced by the decision-maker. Yet, these assumptions fail to hold
in many real-world applications where the time of information discovery is decision-dependent and
the uncertain parameters only become observable after an often costly investment. Mathematically,
some binary measurement (or observation) decisions control the time of information discovery and

the non-anticipativity requirements depend upon these decisions, severely complicating solution.

1.1.1. Motivating Applications. We now detail several applications areas where the time
of revelation of the uncertain parameters is decision-dependent.

RE&D Project Portfolio Optimization. Research and development firms typically maintain long
pipelines of candidate projects whose returns are uncertain, see Solak et al. (2010). For each project,
the firm can decide whether and when to start it and the amount of resources to be allocated to it.
The return of each project will only be revealed once the project is completed. Thus, project start
times and resource allocation decisions impact the time of information discovery in this problem.

Clinical Trial Planning. Pharmaceutical companies typically maintain long R&D pipelines of
candidate drugs, see e.g., Colvin and Maravelias (2008). Before any drug can reach the marketplace
it needs to pass a number of costly clinical trials whose outcome (success/failure) is uncertain and
will only be revealed after the trial is completed. Thus, the decisions to proceed with a trial control
the time of information discovery in this problem.

Offshore QOilfield Fxploitation. Offshore oilfields consist of several reservoirs of oil whose vol-
ume and initial deliverability (maximum initial extraction rate) are uncertain, see e.g., Jonsbraten
(1998), Goel and Grossman (2004), and Vayanos et al. (2011). While seismic surveys can help
estimate these parameters, current technology is not sufficiently advanced to obtain accurate esti-

mates. In fact, the volume and deliverability of each reservoir only become precisely known if a very
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expensive oil platform is built at the site and the drilling process is initiated. Thus, the decisions to
build a platform and drill into a reservoir control the time of information discovery in this problem.

Production Planning. Manufacturing companies can typically produce a large number of different
items. For each type of item, they can decide whether and how much to produce to satisfy their
demand given that certain items are substitutable, see e.g. Jonsbraten et al. (1998). The production
cost of each item type is unknown and will only be revealed if the company chooses to produce
the item. Thus, the decisions to produce a particular type of item control the time of information
discovery in this problem.

Active Preference Elicitation. Preference elicitation refers to the problem of developing a decision
support system capable of generating recommendations to a user, thus assisting in decision making.
In active preference elicitation, one can ask users a (typically limited) number of questions from a
potentially large set before making a recommendation, see e.g., Vayanos et al. (2021). The answers
to the questions are initially unknown and will only be revealed if the particular question is asked.

Thus, the choices of questions to ask control the time of information discovery in this problem.

1.2. Literature Review

Decision-Dependent Information Discovery. Our paper relates to research on optimization prob-
lems affected by uncertain parameters whose time of revelation is decision-dependent and which
originates in the literature on stochastic programming. The vast majority of these works assumes
that the uncertain parameters are discretely distributed. In such cases, the decision process can
be modeled by means of a finite scenario tree whose branching structure depends on the binary
measurement decisions that determine the time of information discovery. This research began with
the works of Jonsbraten et al. (1998) and Jonsbraten (1998). Jonsbraten et al. (1998) consider the
case where all measurement decisions are made in the first stage and propose a solution approach
based on an implicit enumeration algorithm. Jonsbraten (1998) generalizes this enumeration-based
framework to the case where measurement decisions are made over time. More recently, Goel and
Grossman (2004) showed that stochastic programs with discretely distributed uncertain parameters
whose time of revelation is decision-dependent can be formulated as deterministic mixed-binary
programs whose size is exponential in the number of endogenous uncertain parameters. To help
deal with the “curse of dimensionality,” they propose to precommit all measurement decisions,
i.e., to approximate them by here-and-now decisions, and to solve the multi-stage problem using
either a decomposition technique or a folding horizon approach. Later, Goel and Grossman (2006),
Goel et al. (2006), and Colvin and Maravelias (2010) propose optimization-based solution tech-
niques that truly account for the adaptive nature of the measurement decisions and that rely
on branch-and-bound and branch-and-cut approaches, respectively. Accordingly, Colvin and Mar-

avelias (2010) and Gupta and Grossmann (2011) have proposed iterative solution schemes based
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on relaxations of the non-anticipativity constraints for the measurement variables. Our paper most
closely relates to the work of Vayanos et al. (2011), wherein the authors investigate two- and multi-
stage stochastic and robust programs with decision-dependent information discovery that involve
continuously distributed uncertain parameters. They propose a decision-rule based approximation
approach that relies on a prepartitioning of the support of the uncertain parameters. Since this
approach applies in our context, we will benchmark against it in our experiments.

Robust Optimization with Decision-Dependent Uncertainty Sets. Our work also relates to the
literature on robust optimization with uncertainty sets parameterized by the decisions. Such prob-
lems capture the ability of the decision-maker to influence the set of possible realizations of the
uncertain parameters and have been investigated by Spacey et al. (2012), Nohadani and Sharma
(2018), Nohadani and Roy (2017), Zhang et al. (2017), and Bertsimas and Vayanos (2017). These
models do not apply in our context since they do not capture the ability of the decision-maker
to influence the information available. In particular, the problems investigated by Spacey et al.
(2012), Nohadani and Sharma (2018), and Nohadani and Roy (2017) are all single-stage, while
problems with decision-dependent information discovery are inherently sequential in nature.

Robust Optimization with Binary Adaptive Variables. Two-stage, and to a lesser extent also
multi-stage, robust binary optimization problems have received considerable attention in the recent
years. One stream of works proposes to restrict the functional form of the recourse decisions to
functions of benign complexity, see Bertsimas and Dunn (2017) and Bertsimas and Georghiou
(2015, 2018). A second stream of work relies on partitioning the uncertainty set into finite sets
and applying constant decision rules on each partition, see Vayanos et al. (2011), Bertsimas and
Dunning (2016), Postek and Den Hertog (2016), Bertsimas and Vayanos (2017). The last stream
of work investigates the so-called K-adaptability counterpart of two-stage problems, see Bertsimas
and Caramanis (2010), Hanasusanto et al. (2015), Subramanyam et al. (2020), Chassein et al.
(2019), and Rahmattalabi et al. (2019). In this approach, K candidate policies are chosen here-
and-now and the best of these policies is selected after the uncertain parameters are revealed.
Most of these papers assume that the uncertain parameters are ezogenous in the sense that they
are independent of the decision-maker’s actions. Our paper most closely relates to the works
of Bertsimas and Caramanis (2010) and Hanasusanto et al. (2015). It generalizes and subsumes
the approach from Hanasusanto et al. (2015) to problems with decision-dependent information
discovery, to multi-stage problems, and to problems with piecewise linear convex objective.

Stochastic Probing. Our paper also fits in a line of work on stochastic probing in the computer
science literature, see Gupta et al. (2016, 2017) and Singla (2018). Here, the problem consists of
a set of elements with uncertain value whose distribution is known but whose realization becomes

observable only after the element is probed. However, probing is costly (incurs a cost or consumes
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budget) and irrevocable and the goal is to choose the set of elements to probe and the order in
which to probe them to maximize profit (e.g., the value of the item with the highest value that
has been probed). Concrete examples include the best box problem and the Pandora box problem,
see e.g., Singla (2018). The techniques presented in this stream of work do not apply to the case
where the distributions are unknown, to general optimization problems with decision-dependent
information discovery, nor to problems with general, potentially uncertain, constraints.
Worst-Case Regret Optimization. Finally, our work relates to two-stage worst-case absolute
regret minimization problems, see e.g., Assavapokee et al. (2008b,a), Zhang (2011), Jiang et al.
(2013), Ng (2013), Chen et al. (2014), Ning and You (2018), and Poursoltani and Delage (2019).
To the best of our knowledge, our paper is the first to investigate worst-case regret minimization

problems in the presence of uncertain parameters whose time of revelation is decision-dependent.

1.3. Proposed Approach and Contributions

We now summarize our approach and main contributions in this paper:

(a) We consider general two- and multi-stage robust optimization problems with decision-
dependent information discovery. These encompass as special cases the R&D project portfolio
optimization problem, the Pandora box problem (which can be used to model job candidate
selection and house hunting, among others), the active preference elicitation problem, and
many more. To the best of our knowledge, only one other paper in the literature studies
such problems in the robust optimization setting. We propose novel “min-max-min-max-...-

min-max”

reformulations of these problems and prove correctness of our formulations. These
reformulations unlock new approximate (and potentially also exact) solution approaches for
addressing problems with decision-dependent information discovery.

(b) We leverage our new reformulations to propose a solution approach based on the K-
adaptability approximation, wherein K candidate strategies are chosen here-and-now and the
best of these strategies is selected after the uncertain parameters that were chosen to be
observed are revealed. This approximation allows us to control the trade-off between com-
plexity and solution quality by tuning a single design parameter, K. We propose practicable
reformulations of the K-adaptability counterpart of problems with decision-dependent infor-
mation discovery in the form of moderately sized finite programs solvable with off-the shelf
solvers. These programs can be written equivalently as mixed-binary linear programs if all
decision-variables are binary. Our reformulations subsume those from the literature that apply
only to two-stage problems with exogenous uncertain parameters.

(c¢) We generalize the K-adaptability approximation scheme to multi-stage problems and to prob-

lems with piecewise linear convex objective function. The piecewise linear convex objective
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enables us, among others, to address worst-case absolute regret minimization problems. These
generalizations and associated algorithm that we provide apply also to problems with exoge-
nous uncertain parameters.

(d) We perform a wide array of experiments on the R&D project portfolio selection problem,
the preference elicitation problem with real-valued recommendations, the best box selection
problem, Pandora’s box problem, and the preference elicitation problem. We show that our
proposed approach outperforms the state-of-the-art in the literature in terms of interpretabil-
ity, optimality, and speed. Indeed, our approach reduces the number of subsets in the recourse
strategy by a factor of 3, improves the quality of the returned solution by a factor of 1.9, and
results in an 8.5 speed-up. We perform a case study showcasing the benefits of our approach
on real data from the U.S. Kidney Allocation System (KAS) to recommend policies that meet
the needs of policy-makers at the Organ Procurement and Transplantation Network (OPTN)
and the United Network for Organ Sharing (UNOS), the lead agency in charge of allocating

organs for transplantation in the United States.!

1.4. Organization of the Paper and Notation
The paper is organized as follows. Sections 2 and 3 introduce two-stage robust optimization
problems with exogenous uncertainty and with decision-dependent information discovery (DDID),
respectively. In particular, Section 3 introduces our novel formulation. Section 4 proposes refor-
mulations of the K-adaptability counterparts of problems with DDID as finite programs solvable
with off-the-shelf solvers. Section 5 generalizes the K-adaptability approximation to problems with
piecewise linear convex objective and proposes an efficient solution procedure. Section 6 general-
izes the K-adaptability approximation to multi-stage problems. Section 7 presents computational
results on synthetic instances of the two-stage R&D project portfolio optimization problem, the
two-stage best box selection problem, and the multi-stage Pandora’s box problem. Finally, Sec-
tion 8 formulates the preference elicitation problem for learning the preferences of policy-makers at
the OPTN/UNOS as a two-stage robust problem with decision-dependent information discovery,
and presents numerical results on real data from the U.S. Kidney Allocation System. The proofs
of all statements can be found in the Electronic Companion to the paper. Proposed extensions to
our methods, algorithms, and speed-up strategies are also deferred to the Electronic Companion.
Notation. Throughout this paper, vectors (matrices) are denoted by boldface lowercase (upper-
case) letters. The kth element of a vector & € R" (k <n) is denoted by ;. Scalars are denoted by
lowercase letters, e.g., o or u. For a matrix H € R"*™  we let [H|; € R™ denote the kth row of H,

written as a column vector. We let £ denote the space of all functions from R” to R*. Accordingly,

! See https://www.srtr.org, https://optn.transplant.hrsa.gov, and https://unos.org.



Vayanos, Georghiou, Yu: Robust Optimization with Decision-Dependent Information Discovery 7

we denote by BF the spaces of all functions from R” to {0,1}*. Given two vectors of equal length, x,
y € R", we let oy denote the Hadamard product of the vectors, i.e., their element-wise product.
With a slight abuse of notation, we may use the maximum and minimum operators even when the
optimum may not be attained; in such cases, the operators should be understood as suprema and
infima, respectively. We use the convention that a decision is feasible for a minimization problem
if and only if it attains an objective that is < 4o00. Finally, for a logical expression F, we define

the indicator function I (E) as [(F):=1 if E is true and 0 otherwise.

2. Two-Stage RO with Exogenous Uncertainty
To motivate our formulation from Section 3, we introduce two equivalent models of two-stage robust
optimization with exogenous uncertainty from the literature and discuss their relative merits.

In two-stage robust optimization with exogenous uncertainty, first-stage (or here-and-now) deci-
sions £ € X C R> are made today, before any of the uncertain parameters are observed. Subse-
quently, all of the uncertain parameters & € = C RY¢ are revealed. Finally, once the realization
of ¢ has become available, second-stage (or wait-and-see) decisions y € ¥ C R™v are selected. We
assume that the uncertainty set = is a non-empty bounded polyhedron expressible as = := {£ €
RMe : A¢ < b} for some matrix A € R¥*Ne and vector b € RE. As the decisions y are selected after
the uncertain parameters are revealed, they are allowed to adapt or adjust to the realization of &.
In the literature, there are two formulations of generic two-stage robust problem with exogenous
uncertainty: they differ in the way in which the ability of y to adapt to £ is modeled.

Decision Rule Formulation. In the first model, one optimizes today over both the here-and-now
decisions & and over recourse actions y to be taken in each realization of &. The decision y is
modeled as a function (or decision rule) of £ that is selected today, along with . Under this

paradigm, a two-stage linear robust problem with exogenous uncertainty is expressible as:

minimize max £'Cx+£'Qy(é)
[SS
subject to x € X, yEE%g

Yy ey

VE e =,
Tx+Wy(§) <HE

where C € RVe*Ne  Q ¢ RNe*Ny T c RINa . W € REXNy and H € RE*Ne, We assume that the
objective function and right hand-sides are linear in €. We can account for affine dependencies

on £ by introducing an auxiliary uncertain parameter & Ne+1 restricted to equal unity.
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Min-Maz-Min Formulation. In the second model, only x is selected today and the recourse
decisions y are optimized explicitly, in a dynamic fashion, after nature is done making a decision.
Under this model, a two-stage robust problem with exogenous uncertainty is expressible as:

minimize I?géc ETCm+ryIl€i§;1 {STQy : Tas+Wy§H£} @)
subject to x € X.

Problems (1) and (2) are equivalent, see e.g., Shapiro (2017). However, each of them has proved
successful in different contexts. Problem (1) has been the building block of most of the literature on
the decision rule approximation, see Section 1. Problem (2) has enabled the advent and tremendous
success of the K-adaptability approximation approach to two-stage robust problems with binary
recourse, see Bertsimas and Caramanis (2010), Hanasusanto et al. (2015). It has also facilitated the
development of algorithms and efficient solution schemes, see e.g., Zeng and Zhao (2013), Ayoub

and Poss (2016), and Bertsimas and Shtern (2018).

3. Two-Stage RO with Decision-Dependent Information Discovery

In this section, we describe two-stage robust optimization problems with decision-dependent infor-
mation discovery (DDID) and propose an entirely new modeling framework for studying such
problems. This framework underpins our ability to generalize the popular K-adaptability approx-
imation approach from the literature to problems affected by uncertain parameters whose time of

revelation is decision-dependent, see Sections 4.1 and 4.2.

3.1. Problem Description
In two-stage robust optimization with DDID, the uncertain parameters £ do not necessarily become
observed (for free) between the first and second decision-stages. Instead, some (typically costly)
first stage decisions control the time of information discovery in the problem: they decide whether
(and which of) the uncertain parameters will be revealed before the wait-and-see decisions y are
selected. If the decision-maker chooses to not observe some of the uncertain parameters, then those
parameters will still be uncertain at the time when the decision vy is selected, and y will only be
allowed to depend on the portion of the uncertain parameters that have been revealed. On the
other hand, if the decision-maker chooses to observe all of the uncertain parameters, then there
will be no uncertainty in the problem at the time when y is selected, and y will be allowed to
depend on all uncertain parameters.

In order to allow for endogenous uncertainty, we introduce a here-and-now binary measurement
(or observation) decision vector w € {0,1}"¢ of the same dimension as & whose ith element w; is 1
if and only if we choose to observe &; between the first and second decision stages. In the presence

of such endogenous uncertain parameters, the recourse decisions y are selected after the portion of
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uncertain parameters that was chosen to be observed is revealed. In particular, ¥y must be constant
in (i.e., robust to) those uncertain parameters that remain unobserved at the second decision-
stage. The requirement that y only depend on the uncertain parameters that have been revealed
at the time it is chosen is termed non-anticipativity. In the presence of uncertain parameters
whose time of revelation is decision-dependent, this requirement translates to decision-dependent

non-anticipativity constraints.

3.2. Decision Rule Formulation
In the literature and to the best of our knowledge, two-stage robust optimization problems with
DDID have been formulated (in a manner paralleling Problem (1)) by letting the recourse deci-
sions y be functions of € and requiring that those functions be constant in &; if w; =0, see Vayanos
et al. (2011). Under this (decision rule based) modeling paradigm, generic two-stage robust opti-
mization problems with decision-dependent information discovery take the form
minimize I?EaEX E'Cx+e'Dw+E'Qy(¢)
subject to x e X, weW, yeﬁx’;

y(€) ey veem (3)

Tx+Vw+Wy(§) <HE

y(€)=y(&) V€ EEeEwol=wol,
where W C {0,1}Y¢, D € RNexNe 'V € RE*Ne | and the remaining data elements are as in Prob-
lem (1). The set W can encode requirements on the measurement decisions. For example, it can
enforce that a given uncertain parameter &; may only be observed if another uncertain parameter &
has been observed using w; < wy. Accordingly, it can postulate that the total number of uncertain
parameters that are observed does not exceed a certain budget ) using vajl w; < Q. If only some
(or all) of the uncertain parameters have a time of information discovery that is exogenous, our
models and solution approaches can be used by restricting the observation decisions w; to equal 1
(resp. 0) for each ezogenous uncertain parameter i that is (resp. is not) observed between the
first and second decision stages. These restrictions can be conveniently added as constraints to the
set W. The last constraint in the problem is a decision-dependent non-anticipativity constraint: it
ensures that the function y is constant in the uncertain parameters that remain unobserved at the
second stage. Indeed, the identity w o & =w o &’ evaluates to true only if the elements of & and €&’
that were observed are indistinguishable, in which case the decisions taken in scenarios € and &’
must be equal. We omit joint (first stage) constraints on  and w to minimize notational overhead
but emphasize that our approach remains applicable in their presence.

Note that Problem (3) generalizes Problem (1). Indeed, if we set w =e, D=0, and V =0 in

Problem (3), we recover Problem (1). In addition, it generalizes the single-stage robust problem: if
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we set w =0 in Problem (3), all uncertain parameters are revealed after the second stage so that
the second stage decisions are forced to be static (i.e., constant in &).

To the best of our knowledge, the only approach in the literature for (approximately) solving
problems of type (3) is presented in Vayanos et al. (2011) and relies on a decision rule approx-
imation. The authors propose to approximate the binary (resp. continuous) wait-and-see deci-
sions by functions that are piecewise constant (resp. piecewise linear) on a pre-selected partition
of the uncertainty set of the form Z, := {€€Z: c, 1 <&<c,i= 1,...,k}, where s € S :=
xﬁvjl{l,...,ri} CZY and ¢ < ¢y < -~ < ¢, fori=1,...,N¢ represent r; — 1 breakpoints
along the &; axis. Unfortunately, as the following example illustrates, this approach is highly sen-

sitive to the choice of breakpoint configuration.

ExXAMPLE 1. Consider the following instance of Problem (3)

minimize 0

subject to  w € {0,1}? y € B3
E-c<yl€) <etf-c | VEEE
y(§)=y(§) V€ EEE wof=wof,

where = := [—1,1]%. The inequality constraints in the problem combined with the requirement that
y(&) be binary imply that we must have y;(£) =1 (resp. 0) whenever &; > €, (resp. & < ¢€;). Thus,
from the decision-dependent non-anticipativity constraints, the only feasible choice for w is e. It
is easy to show that if € = le—3e and if we uniformly partition each axis iteratively in 2, 3, 4, etc.
subsets, then 1999 breakpoints along each direction will need to be introduced before reaching a
feasible (and thus optimal) solution. The associated problem will involve over 8e7 binary decision
variables and 16e7 constraints. In contrast, as will become clear later on, our proposed solution
approach with approximation parameter K =4 will be optimal in this case. [

Example 1 is not surprising: the approach from Vayanos et al. (2011) was motivated by stochastic
programs which are less sensitive to the breakpoint configuration than robust problems. Thus, a

more flexible approach is needed to address two-stage and multi-stage robust problems with DDID.

3.3. Proposed Min-Max-Min-Max Formulation

Motivated by the success of formulation (2) as the starting point to solve two-stage robust opti-
mization problems with exogenous uncertainty, we derive an analogous dynamic formulation for
the case of endogenous uncertainties. In particular, we build a robust optimization problem in
which the sequence of problems solved by each of the decision-maker and nature in turn is cap-
tured explicitly. The idea is as follows. Initially, the decision-maker selects £ € X and w € W.

Subsequently, nature commits to a realization € of the uncertain parameters from the set Z. Then,
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Figure 1  The figure on the left illustrates the role played by £ in the new formulation (P) and the definition of
the uncertainty sets = and Z(w, ). Consider a setting where = C R? (i.e., N = 2) and suppose that w = (0,1) so
that the decision-maker has chosen to only observe £». In the figures, = is shown as the grey shaded area. Once £
is chosen by nature, the decision-maker can only infer that ¢ will materialize in the set =(w, £) which collects all
parameter realizations £ € = that satisfy £2 = £,, being compatible with our partial observation. The figure on the
right illustrates the construction of an optimal non-anticipative decision y from the an optimal solution y(J) to
min (max £ Cx+e ' Dw+¢'Qy: Te+Vw+Wy< HE VEeZ(w,d)p, see Theorem 1. We note that
the policy 3 constructed as in Theorem 1 is constant along the &; direction since here w; = 0.
the decision-maker selects a recourse action y that needs to be robust to those elements £, of the
uncertain vector € that they have not observed, i.e., for which w; = 0. Indeed, the decision y may
have to be taken under uncertainty if there is some ¢ such that w; =0, in which case not all of the
uncertain parameters have been revealed when y is selected. Indeed, after y is selected, nature is
free to choose any realization of £ € = that is compatible with the original choice £ in the sense that
& =€, for all i such that w; = 1. This model captures the notion that, after y has been selected,
nature is still free to choose the elements &; that have not been observed, provided it does so in a
way that is consistent with those parameters that have been observed. Mathematically, given the

measurement decisions w and the observation &€, nature can select any element & from the set
E(w,€):= {SEE : woﬁ:wog}.

Note in particular that if w = e, then Z(w, &) = {£} and there is no uncertainty when y is chosen.
Accordingly, if w =0, then Z(w,£) = = and y has no knowledge of any of the elements of £&. The
realizations €, €, and the sets Z and Z(w, £) are all illustrated on Figure 1.

Based on the above notation, we propose the following generic formulation of a two-stage robust

optimization problem with decision-dependent information discovery:

min max min{ max €' Czx+& Dw+€'Qy:Tx+Vw+Wy< HE VSEE('w,S)}

fez Y€V (teE(w,§)
s.t. xeX, weW.
(P)
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Note that, at the time when y is selected, some elements of £ are still uncertain. The choice of y
thus needs to be robust to the choice of those uncertain parameters that remain to be revealed.
In particular, the constraints need to be satisfied for all choices of & € Z(w), €). Accordingly, y is
chosen so as to minimize the worst-case possible cost when £ is valued in the set & € Z(w, &).

Problems (3) and (P) are equivalent in a sense made precise in the following theorem.

THEOREM 1. The optimal objective values of Problems (3) and (P) are equal. Moreover, the
following statements hold true:
(i) Let (z,w) be optimal in (P) and, for each & such that § =w o€ for some & € =, define
y'(d) € argmin {g rg(axé) E'Cx+¢ ' Dw+E¢'Qy : Te+Vw+Wy< HE VEce E(w,é)} :
yey c=(w,
Also, for each € € 2, define y(€) ==y’ (wo&). Then, (x,w,y(-)) is optimal in Problem (3).
(ii) Let (x,w,y(-)) be optimal in Problem (3). Then, (x,w) is optimal in Problem (P).

The parameter 4 in item (i) of the theorem above is introduced to ensure that the decision rule
y(-) defined on = is non-anticipative. Indeed, if for any given (x,w) and £, there are many optimal
solutions to problem

51613 {‘SeHEl(E'%w)fg) E'Cx+ ¢ Dw+E'Qy :Tx+Vw+Wy< HE VEC E('w,.ﬁ)},
the decision rule y(-) defined on E through

g(§) € argmin { max £ Cx+& Dw+€'Qy:Tx+Vw+Wy< HE VéEce E(w,{)},

yey £€E(w,8)
may not be constant in those parameters that remain unobserved. We note of course that other
tie-breaking mechanisms could be used to build a non-anticipative solution. For example, we may
select, among all optimal solutions, the one that is lexicographically first.

The theorem above is the main result that enables us to generalize the K-adaptability approx-
imation scheme to two-stage robust problems with decision-dependent information discovery and
binary recourse. In Electronic Companion EC.4, we show that for any given choice of here-and-now
decisions, the set of parameters & for which a particular wait-and-see decision is optimal may be
non closed and non-convex and that the optimal value of the problem may not be attained. This
result is expected from the analysis in Hanasusanto et al. (2015), since Problem (P) generalizes
Problem (2). Our example illustrates that this may be the case even if a portion of the uncertain
parameters remain unobserved in the second stage.

Two-stage robust optimization problems with decision-dependent information discovery have a
huge modeling power, see Sections 1, 7, and 8. Yet, as illustrated by the preceding discussion, they

pose several theoretical and practical challenges. As we will see in the following sections, whether we
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are or not able to reformulate the the K-adaptability counterpart of the problem exactly as a finite
program solvable with off-the-shelf solvers depends on the absence or presence of uncertainty in
the constraints. When in presence of constraint uncertainty, we can always compute an arbitrarily

tight outer (lower bound) approximation, see Section 4.2.

4. K-Adaptability for Problems with DDID
Instead of solving Problem (P) directly, we approximate it through its K-adaptability counterpart,

min max rgulrcl{ max &' Czx+& Dw+€'Qy" : Tx+Vw+ Wyt < HE VﬁEE('w,ﬁ)}
gez kek | gez(w,8)

s.t. zeX,weW,y" ey, kek,
(Pk)

where K :={1,...,K}. In this problem, K candidate policies y',...,y* are chosen here-and-now,
that is before w o & (the portion of uncertain parameters that we chose to observe) is revealed.
Once w o & becomes known, the best of those policies among all those that are robustly feasible
(in view of uncertainty in the uncertain parameters that are still unknown) is implemented. If all
policies are infeasible for some & € Z, then we interpret the maximum and minimum in (Pg) as
supremum and infimum, that is, the K-adaptability problem evaluates to +o0o0. Problem (Px) is
a conservative approximation to program (P). Moreover, if || < oo and K =|)|, then the two
problems are equivalent. In practice, we hope that a moderate number of candidate policies K will
be sufficient to obtain a (near) optimal solution to (P).

The Price of Usability. We note that Problem (Pyx) is interesting in its own right. Indeed, in
problems where usability is important (e.g., if workers need to be trained to follow diverse contin-
gency plans depending on the realization w o £), Problem (Px) may be an attractive alternative
to Problem (P). In such settings, the loss in optimality incurred due to passing from Problem (P)
to Problem (Pg) can be thought of as the price of usability. For example, consider an emergency
response planning problem where, in the first stage, a small number of helicopters can be used to
survey affected areas and, in the second stage, and in response to the observed state of the areas
surveyed, deployment of emergency response teams is decided. In practice, to avoid having to train
teams in a large number of plans (yielding significant operational challenges), only a moderate
number of response plans may be allowed. The importance of interpretability /usability has been
previously noted by e.g., Ko¢ and Morton (2015), McCarthy et al. (2018), Bertsimas et al. (2019),
and Aghaei et al. (2019, 2021).

REMARK 1. If W={0,1}"¢, D=0, and V =0, then w = e is optimal in Problem (P) and thus
Z(w, &) = {€}, implying that Problem (P) reduces to Problem (2) and Problem (Pg) reduces to
the K-adaptability counterpart of Problem (2).
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Relative to the problems studied by Bertsimas and Caramanis (2010) and Hanasusanto et al.
(2015), Problem (Pg) presents several challenges. First, the second stage problem in (Pg) is a
robust (as opposed to deterministic) optimization problem. Second, the uncertainty sets involved
in the maximization tasks of this robust problem are decision-dependent. While Problem (Px)
appears to be significantly more complicated than its exogenous counterpart, it can be converted
to an equivalent min-max-min problem by lifting the space of the uncertainty set as show in the

following lemma that is instrumental in our analysis.

LEMMA 1. The K-adaptability problem with decision-dependent information discovery, Prob-

lem (Pk), is equivalent to

min max min €k TCx+ gk "Dw+ £k TkaiTCC—l—Vw—i—WykgHg’“
{€F}pec 2K (w) keK {( ) ( ) ( ) } (5>

s.t. zeX, weW,y* ey, kek,

where
EF(w) := {{€"}rex € EX : FE € E such that £ € E(w, &) for all ke K} . (6)

For any fixed w € W, the subvector €% in the definition of EX (w) represents the uncertainty
scenario that “nature” will choose if the decision-maker acts according to decisions w in the first
stage and according to policy k in the second stage. The set =X (w) collects, for each k € K, all
feasible choices that nature can take if the decision-maker acts according to w and then y* in the
first and second stages, respectively. Thus, in Problem (5), the decision-maker first selects x, w,
and y*, k € K. Subsequently, nature commits to the portion of observed uncertain parameters w o€
and to a choice &%, k € K, associated with each candidate policy y*. Finally, the decision-maker
chooses one of the candidate policies.

In what follows, we provide insights into the theoretical and computational properties of the
K-adaptability counterpart to two-stage robust problems with DDID and with binary recourse.

REMARK 2. We note that the results in Section 3 generalize fully to cases where the objective
and constraint functions are continuous (not necessarily linear) in «, y, and &. Moreover, all of the
ideas in our paper generalize to the case where the technology and recourse matrices, T' and W,

depend on £. We do not discuss these cases in detail so as to minimize notational overhead.

4.1. K-Adaptability for Problems with Objective Uncertainty

In this section, we focus our attention on the case where uncertain parameters only appear in the

objective of Problem (P) and where the recourse decisions are binary, being expressible as
minimize I?eauax 15161351 {ﬁeHEl(ajfs) E'Cx+e'Dw+E'Qy : Tx+Vw+Wy< h}
subject to ¢ € X, weW,

(PO)
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where h € R, Y C {0,1}". We study the K-adaptability counterpart of Problem (PQO) given by

minimize max min { max £ Cz+& Dw+€'Qy" : Ta:+Vw+Wyk<h}
geE  kEK | gez(w.§) (POk)

subject to x € X, weW, y*c Y, kek.

Applying Lemma 1, we are able to write Problem (POf) equivalently as

minimize max min {(£")"Cz+ ()" Dw+(¢")'Qy" : Te+Vw+Wy"<h}

{€F} e €EX (w) keEK
subject to xeX,weW,y*ec), kek,
(7)
where =¥ (w) is defined as in Lemma 1. In the absence of uncertainty in the constraints, the

constraints in the K-adaptability problem can be moved to the first stage, as summarized by the

following observation.

Observation 1 The K-adaptability counterpart of the two-stage robust optimization problem with

decision-dependent information discovery, Problem (POy), is equivalent to

minimize max min MNTCx+ ()" Dw+ (€8T k
o, min {(€)Cat (€9 D+ (€97 Qu')
subject to xeX,weW,y el kek (8)

Tx+Vw+Wy"<h Vkck,
where =X (w) is as defined in Equation (6).

Note that for all w € W, the set EX (w) is non-empty and bounded. Thus, (z,w,{y"}rcx) €
X x W x YK is feasible in Problem (8) if Tz + Vw+ Wy"* < h for all k € K, whereas to be feasible
in Problem (7) (and accordingly in Problem (POy)), it need only satisfy Tx + Vw + Wy* < h for
some k € K. Thus, a triplet (x,w,y") feasible in (7) (and thus in (POk)) need not be feasible in
Problem (8). However, the proof of Observation 1, provides a way to construct a feasible solution
for Problem (8) from a feasible solution to Problem (7) that achieves the same optimal value.

Lemma 1 and Observation 1 are key to reformulating Problem (PQOx) as a finite program. They
also enable us to analyze the complexity of evaluating the objective function of the K-adaptability
problem under a fixed decision. Indeed, from Problem (8), it can be seen that for any fixed choice
(z,w, {y"}rcx), the objective value of (POk) can be evaluated by solving a linear program (LP)

obtained by writing (8) in epigraph form. We formalize this result in the following.

Observation 2 For any fivred K and decision (z,w,{y"}rex), the optimal objective value of the
K -adaptability problem (POf) can be evaluated in polynomial time in the size of the input.
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In Observation 2, we showed that for any fixed K, x, w, and y*, the objective function in
Problem (POf) can be evaluated by means of a polynomially sized LP. By dualizing this LP , we

can obtain an equivalent reformulation of Problem (POx) in the form of a bilinear problem.
THEOREM 2. Problem (POk) is equivalent to the bilinear problem
minimize  b'B+", b’ BF

subject to xz€X, weW,y* eV, kek
acRE, BeRE, BFeRE, ~v* eRYe, ke K

ela=1 (9)
A3+ wornt =, (Cx+ Dw+Qy*) Vkek
AT/B:ZU)O’Yk

kek

Trz+Vw+Wy*<h Vkeck.

Although Problem (POk) is generally non-convex (bilinear), there exist several techniques in the
literature for solving such problems exactly. In fact, this is an extremely active area of research, see
e.g., Tsoukalas and Mitsos (2014) and Gupte et al. (2017). Moreover, problems of the form (POx)
can now be solved with state-of-the-art off-the-shelf solvers like Gurobi. Indeed, Gurobi recently
released its 9th version that can tackle non-convex quadratic programs.? If X C {0,1}¥= and Y C
{0,1}"v, the bilinear terms in the formulation above can be linearized using standard techniques

and we can obtain an equivalent reformulation of Problem (POf) in the form of an MBLP.

COROLLARY 1. Suppose X C{0,1}"= and Y C{0,1}"v. Then, Problem (POk) is equivalent an

MBLP involving a suitably chosen “big-M” constant.

We emphasize that the size of the MBLP in Corollary 1 is polynomial in the size of the input
data for the K-adaptability problem (POf). Note that, contrary to Hanasusanto et al. (2015),
we require that X C {0,1}"=. This is to ensure that we are able to linearize the bilinear terms
involving the x variables that arise from the dualization step. We note that formulation (9) and
its equivalent MBLP can be augmented with symmetry breaking constraints to speed-up solution,
see Section EC.3.1 for details.

REMARK 3. Most MBLP solvers® allow reformulating the bilinear terms without the use of “big-
M?” constants, which are known to suffer from numerical instability. These include, for example,

so-called SOS or IfThen constraints.

2 See e.g., https://wuw.gurobi.com/documentation/9.0/refman/nonconvex . html

3See e.g., https://wuw.ibm.com/analytics/cplex-optimizer and https://www.gurobi.com/.
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Observation 3 Suppose that we are only in the presence of exogenous uncertainty, i.e., w =e,
D =0, and V =0. Then, Problem (11) reduces to the MBLP formulation of the K-adaptability

problem with only exogenous uncertainty from Hanasusanto et al. (2015).

4.2. K-Adaptability for Problems with Constraint Uncertainty
The starting point of our analysis is the reformulation of Problem (Pg) as the min-max-min

problem (5). Unfortunately, this problem is generally hard as testified by the following theorem.
THEOREM 3. Ewaluating the objective of Problem (5) if K is not fized is strongly NP-hard.

We reformulate Problem (5) equivalently by shifting the second-stage constraints Tx + Vw +
Wyk < H¢ from the objective function to the definition of the uncertainty set. We thus replace

EX(w) with a family of uncertainty sets parameterized by a vector £.

PROPOSITION 1. The K-adaptability problem with decision-dependent information discovery,

Problem (5), is equivalent to

s s e . T T o .
minimize max max min Cax + D w +

subject to x € X, weW, y* €Y, keKk,

where L :={0,...,L}*, L is the number of second-stage constraints in Problem (P), and the

uncertainty sets =X (w,£), £ € L, are defined as

wobfF=wof Vk € K for some € €=
EX (w, £) =< {€"hex €EF : T+ Vw+ Wyt < HE* VEEK : £, =0 ;
[Tz +Vw+Wy'], >[HE], VEeK:£,#0

where, for convenience, we have suppressed the dependence of 2% (w,£) on x and y*, k € K.

The elements of vector £ € L in Proposition 1 encode which second-stage policies are feasible for
the parameter realizations {£*}rcx € EX (w, £). Indeed, recall that £€* can be viewed as the recourse
action that nature will take if the decision-maker acts according to y* in response to seeing &.
Thus, policy y* is feasible in Problem (5) (and thus in Problem (Pg)) if £, = 0. On the other
hand, policy y* violates the £,-th constraint in Problem (5) if £, # 0. Thus, if £, # 0, this implies
that the £,-th constraint in (Pk) is violated for some & € Z(w, ) and therefore 4* is not feasible
in (Px). Note that, in contrast to the case with exogenous uncertainty discussed by Hanasusanto
et al. (2016), £, =0 if and only if policy y* is robustly feasible in (P).

Having brought Problem (Pg) to the form (10), it now presents a similar structure to a problem

with objective uncertainty (see Section 4.1) with the caveats that the problem involves multiple
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uncertainty sets that are also open. Next, we employ closed inner approximations ZX (w, £) of the

sets ZX(w, £) that are parameterized by a scalar € > 0:

s . ENT ENT ENT k
minimize max max min Cx+ Dw+
LeL (€FY e €EE (w,L) ]foo {(5 ) (E ) (E ) Qv } (10)

subject to zc X, weW, y*c), kck,
where the uncertainty sets =X (w, £) are defined as

wolF=wof Vk € K for some & € =
X (w,8) == {€" ek €EX : Ta+Vw+ Wy < HE VkeK: £, =0
[Tac+V'w—|—Wyk]ek2[H£k]gk+6 VEeK: £, #0
Using this definition, we next reformulate the approximate Problem (10,) equivalently as an MBLP.

THEOREM 4. The approzimate problem (10.) is equivalent to the mixed binary bilinear program

min 7T

sit. TER,zeX, weW,y* eV, kek
of) eRE, af(0) eRY, ke K, v(£) eRE, n*(£) eRYe, ke K, Le L
A(€) e Ak (2), B¥(0) eRE ke,
ATa(l)=) won"(¥)

keK

) —H'B*l) +won €)=\, (0)[Cx+Dw+Qy*] VkeK:£,=0
")+ [H]o, v (£) +won*(€) =X, () [Cx+Dw+Qy*] VkeK:£,#0 VP DL

T>b' a(ﬂ)+2ak’(5)> =) (Tx+Vw+Wy") 55

AT

R R

kex keks
e
+ Z ([Ta: +Vw+ Wykhk - e) ~1.(£)

kek:

£5.#0 /
ATa(l) = Z won®(£)

kex
ATa"(€) + [H]egvi(£) +won*(£)=0 VkeK VeeLl,,
b’ (a(ﬁ) + Zak(£)> + Z ([T.’I; +Vw-+ Wyk]ek — e) i (£) < -1
KeK KeX )

(11)
where Ag(€) :={AeRE : e"TA=1, Ay =0Vke€K:£,#0}, OL:={LcL: £ #0} and L, :={L e
L:£ >0} denote the sets for which the decision (x,w, {yx trex) satisfies or violates the second-stage

constraints in Problem (10), respectively.

As in the case of objective uncertainty, if X C {0,1}= and ) C {0,1}"v, then Problem (11) is
equivalent an MBLP involving a suitably chosen “big-M” constant. Similar to the robust counter-

part resulting from the decision rule approximation proposed in Vayanos et al. (2011), Problem (11)
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presents a number of constraints and decision variables that is exponential in the approximation
parameter, in this case K. Relative to the prepartitioning approach from Vayanos et al. (2011),
our method does however present a number of distinct advantages. First, the trade-off between
approximation quality and computational tractability is controlled using a single design parameter;
in contrast, in the prepartitioning approach, the number of design parameters equals the number
of observable uncertain parameters. Second, as we increase K, the quality of the approximation
improves in our case, whereas increasing the number of breakpoints along a given direction does not
necessarily yield to improvements in the prepartitioning approach. Finally, to identify breakpoint
configurations resulting in low optimality gap, a large number of optimization problems need to
be solved.

REMARK 4. Theorem 4 directly generalizes to instances of Problem (Pg) where the technology
and recourse matrices T', V', and W depend on €. Indeed, it suffices to absorb the coefficients of

any uncertain terms in T, V', and W in the right-hand side matrix H.

Observation 4 Suppose that we are only in the presence of exogenous uncertainty, i.e., w =e,
D =0, and V =0. Then, Problem (11) reduces to the MBLP formulation of the K-adaptability
problem with constraint uncertainty and with only erogenous uncertain parameters from Hanasu-
santo et al. (2015). In particular, in the case of constraint uncertainty, Hanasusanto et al. (2015)

also require that the first stage variables x be binary.

5. The Case of Piecewise Linear Convex Objective
In this section, we investigate two-stage robust optimization problems with DDID and objective

uncertainty where the objective function is given as the maximum of finitely many linear functions.

5.1. Problem Formulation
A piecewise linear convex objective function can be written compactly as the maximum of finitely
many linear functions of £ and (x,w,y), being expressible as
max £'C'z+€ D'w+£'Q'y, (12)
1€
where C' € RVe*Ne Dt ¢ RNexNe and Q' € RMe*™v j € 7, T CN. A two-stage robust optimization
problem with DDID, objective function given by (12), and objective uncertainty is then expressible
as

min max min max {max ETCiw—l—ETDiw—i—fTQiZI}
gc= Y€V ges(wE) €T

s.t. xeX, weW.

(POPWL)

Note that, as in Section 4.1, our framework remains applicable in the presence of joint deterministic

constraints on the first and second stage variables. We omit these to minimize notational overhead.
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5.2. K-Adaptability Approximation & MBLP Reformulation
The K-adaptability counterpart of Problem (POPWL) reads

min max min max {max ETCiw+€TDiw+ETQiyk}
ge= kK geEw ) | €T

s.t. zeX, weW, y*eY kek.

(POK™)

We begin this reformulation by the following lemma, which parallels Lemma 1, and shows that we

can exchange the order of the inner min and max in formulation (PO%WL), by indexing & by k.

LEMMA 2. The K-adaptability counterpart of Problem (PO%WL) s equivalent to

... ) T o o
minimize max min 1§ max C'x+ Diw+ }
{&F}peceEE (w) keK { i€T (£ ) (S ) (5 ) Q'y

subject to xeX, weW,y*cY, kek.

(13)

Next, by leveraging Lemma 2, we are able to reformulate Problem (13) exactly as an MBLP.

THEOREM 5. Problem (PORY") is equivalent to the bilinear program
minimize T
subject to TER, zc X, weW,y* eV, kek
ot eRE, Bt eRE, BHF e RE, v#* e RN, VEk e K, 1 € TX
> bTI@z+ZbTIBz,k

kex

(14
elat=1

ATBY fwoyit =al (Cra+ D*w+ Q%*y*) Vkek
ATIBi _ ZwO’yi’k

ke

Vi e IK,

which can be written as an MBLP, provided X C {0,1}"=.

Albeit Problem (14) is an MBLP, it presents an exponential number of decision variables and
constraints making it difficult to solve directly using off-the-shelf solvers even when K is only
moderately large (K g 4). In the remainder of this section, we exploit the specific structure of
Problem (PO"™") to solve its K-adaptability counterpart ezactly by reformulating it as an MBLP

that presents an attractive structure amenable to decomposition techniques.

5.3. “Column-and-Constraint Generation” Algorithm

Column-and-constraint generation techniques are a popular approach for addressing problems that
possess an exponential number of decision variables and constraints while presenting a decompos-
able structure, see e.g., Fischetti and Vigo (1997), Lébel (1998), Valério De Carvalho (1999), Mamer
and McBride (2000), Feillet et al. (2010), Sadykov and Vanderbeck (2011), Zeng and Zhao (2013),
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Muter et al. (2013), and Muter et al. (2018). We propose a new column-and-constraint generation
algorithm to solve the K-adaptability counterpart (POR"") based on its reformulation (14). The
key idea is to decompose the problem into a relaxed master problem and a series of subproblems
indexed by % € ZX. The master problem initially only involves the first stage constraints and a
single auziliary MBLP is used to iteratively identify indices ¢ € Z¥ for which the solution to the
relaxed master problem becomes infeasible when plugged into subproblem 2. Constraints associated
with infeasible subproblems are added to the master problem and the procedure continues until
convergence. We detail this procedure in Electronic Companion EC.1 where we also show that
certain classes of two-stage robust optimization problems that seek to minimize the “worst-case
absolute regret” criterion can be written in the form (PO"W"). In Section 8, we leverage the column
and constraint generation algorithm and this observation to solve an active preference elicitation

problem that seeks to recommend kidney allocation policies with least possible worst-case regret.

6. The Multi-Stage Case with Objective Uncertainty
We now show that many of our results generalize to the multi-stage case. To this end, we propose
a novel formulation of multi-stage robust optimization problems with DDID. This formulation will

enable us to generalize the K-adaptability approximation approach to the multi-stage setting.

6.1. Multi-Stage Robust Optimization with Exogenous Uncertainty
In the literature, and similar to the two-stage case, there are (broadly speaking) two formulations
of a generic multi-stage robust optimization problem with exogenous uncertainty over the planning
horizon 7 :={1,...,T}. These differ in the way in which the ability for the time ¢ decisions to
adapt to the history of observed parameter realizations is modeled.

Decision Rule Formulation. In the first model, one optimizes today over all recourse actions
y'(€) € RV that will be taken in each realization of € € =. Under this modeling paradigm, a

multi-stage robust optimization problem with exogenous uncertainty is expressible as

minimize I?eaEX Z £TQ y' (&)

teT
subject to y'e EJNV? VteT
y'(&) e VteT (15)
> Wiy'(¢) < H¢ VEeE,

teT

y'(§)=y'(w'of) VteT
where Q' € RVe*Nue Wt e RECNu: and H' € RF*Ne, The fized binary vector w' € {0,1}"¢ rep-
resents the information base at time ¢+ 1, i.e., it encodes the information revealed up to (and

including) time t. Thus, w! =1 if and only if & has been observed at some time 7 € {0,...,t}.
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As information cannot be forgotten, it holds that w! > w'~! for all ¢t € T. The last constraint in
Problem (15) ensures that the decisions y', t € T, are non-anticipative: it stipulates that y* can
only depend on those parameters that have been observed up to and including time t — 1.
Dynamic Formulation. In the second model, the recourse decisions y' are optimized explicitly
after nature is done making a decision. Under this modeling paradigm, a generic multi-stage robust

problem with exogenous uncertainty is expressible as:

. . . T\T t .t
min max min max min max
yley ¢leE y2e)s €2eE(wlgl) yTeyr ¢TeE(wT-1,67T-1) t;(ﬁ ) Qy (16)
st Y Wiy <H@E") v eZS(w’ e,
teT

where Z(w!™1, &) = {¢' €= wilo =w! 1o} Vte T. This set stipulates that, given
the information base w'~! € R™ for time ¢ and the associated uncertainty vector &' € = C R,
nature can select any vector &' € 2 at time ¢ whose elements associated with parameters it chose
prior to time ¢ do not change (i.e., are equal to the corresponding elements chosen in the past).

We state the following theorem without proof.
THEOREM 6. Problems (15) and (16) are equivalent.

6.2. Multi-Stage Robust Optimization with DDID
In this section, we investigate a variant of Problem (15) (and accordingly (16)) that enjoys much
greater modeling flexibility since the time of information discovery (i.e., the information base) is
kept flexible. Thus, we interpret the information base w' € W, C {0,1}"¢ as a decision variable,
which is allowed to depend on £. The set W, may incorporate constraints stipulating, for example,
that a specific uncertain parameter can only be observed after a certain stage or that an uncer-
tain parameter can only be observed if another one has, etc. We assume that a cost is incurred
for including uncertain parameters in the information base (equivalently, for observing uncertain
parameters) and that the observation decisions w’ also impact the constraints through the addi-
tional term >, - V'w', where V' € R**Ne. As before, we propose two equivalent models for
multi-stage robust problems with DDID which differ in the way the ability for the time ¢ decisions
to depend on the history of parameter realizations is modeled.

Decision Rule Formulation. In the first model, one optimizes today over all recourse actions

w'(€) € RV and y'(¢) € RMv that will be taken in each realization of £ € Z. Under this mod-
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eling paradigm, a multi-stage robust optimization problem with decision-dependent information

discovery, originally proposed in Vayanos et al. (2011), reads

minimize  max ZgTDt w' (&) +£7Q" y'(&)
= T
subject to w'e€ E%E, y' e Exzt vteT

w' (&) EWLL Y () €V VEET
S Viw!(€) + Wy'(€) < He (17)

teT
w'(€) > w1 (€) VteT VEEE,

Y€)=y (w1 (§)o&) VteT
w' (&) =w' (w1 (&) o) VteT

where w°(€) = w? for all £ € Z and w" is given and encodes the information available at the
beginning of the planning horizon. The above formulation can be used to model problems involving
also some exogenous uncertain parameters by restricting w}(£) to equal either 1 or 0 for all &
depending on whether or not the ezogenous uncertain parameter &, is observed on or before time t¢.
These restrictions can be conveniently added as constraints to the sets W;,.

Dynamic Formulation. In the second model, the recourse decisions w' and y' are optimized
explicitly after nature is done selecting the parameters we have chosen to observe in the past.

Under this modeling paradigm, a generic multi-stage robust problem with DDID is expressible as:

min max min max  --- min max Z(ET)TDt w'+(£7)TQ" ¢
yley) &'€E yley, €PeE(whgh) yheyr ¢les(wl el =
wlewl w2€W2

wQZw1

st. Y Viw'+ Wiy <HE" Ve eE(w™, ¢,
teT
(MP)

Similarly to the exogenous case, it can be shown that the two models above are equivalent.
THEOREM 7. Problems (17) and (MP) are equivalent.
The proof of Theorem 7 follows by applying Theorem 1 recursively and we thus omit it.

6.3. K-Adaptability for Multi-Stage Problems with DDID
We henceforth propose to approximate Problem (MP) with its K-adaptability counterpart,
whereby K candidate policies are selected here-and-now (for each time period) and the best of

these policies is selected, in an adaptive fashion, at each stage. To streamline presentation, we focus
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on the case where Problem (MP) presents only objective uncertainty. Thus, the K-adaptability
counterpart of the multi-stage robust problem (MP) with DDID is expressible as

min max min max
k1€ ¢glez koek £2€E(w1*k1,£1)
... min max Z(ET)TDt wt,kl...kt + (gT)TQt yt,kl...kt
kTEK ¢T gl —Lk1kr_1 g1 pyerd
st ybRk e Y wte e W, Ve T k..., k€K (MPO)
whhike > qpt-bhikir e T kg, k€K
> ViR WiytR ke < b kL kr €K,

teT

where we have defined w®* = w° for all k € K with wY =1 if and only if &; is observed at the
beginning of the planning horizon and, as in the two-stage case, we have moved the deterministic
constraints to the first stage. We note that using the same value of K to approximate the decisions
in all periods is without loss of generality and is used to minimize notational overhead. In our

experiments in Section 7, we allow for different choices of K; for each t € T.

Observation 5 For any fivzed K and decision ({w"* }icr pexc, {Y"* beT kex), the optimal objec-
tive value of the K -adaptability problem (MPO) can be evaluated by solving an LP whose size is

exponential in the size of the input; and in particular exponential in T.

The proof of Observation 5 exactly parallels that of Observation 2 and thus we omit it.

6.4. Reformulation as a Mixed Binary Linear Program

In Observation 5, we showed that for any fixed K, @, {w"*},crr,exc, and {y"* }icrp,ex, the
objective function in Problem (MPOf) can be evaluated by means of an exponentially sized LP.
By dualizing this LP and linearizing the resulting bilinear terms, we can obtain an equivalent

reformulation of Problem (MPOf) in the form of a mixed-binary linear program.

THEOREM 8. Suppose V; C{0,1}v for all t € T. Then, Problem (MPQO) is equivalent to a

bilinear program that can be readily linearized using standard techniques.

While the MBLP reformulation of Problem (MPQO[) presents a number of decision variables and
constraints that are exponential in 7', it presents an attractive decomposable structure that can

be leveraged to solve the problem using e.g., nested Bender’s decomposition.

7. Computational Studies on Stylized Instances
We investigate the performance of our approach on a variety of robust optimization problems with
decision-dependent information discovery. We solve these problems with our proposed methods

discussed in Sections 4.1, 4.2, and 6. To speed-up computation, for the two-stage problems, we
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employ a conservative greedy heuristic that uses the solution to problems with smaller K to solve
problems with larger K more efficiently, see Section EC.3.2. This strategy enables us to solve many
random instances of problems with large approximation parameters K (up to K =10). In all our
experiments, we compare our method to the state-of-the-art prepartitioning approach from Vayanos
et al. (2011) using the ROC++ platform, see Vayanos et al. (2020). All of our experiments are
performed on the High Performance Computing Cluster of our university. Each job is allotted
64GB of RAM, 16 cores, and a 2.6GHz Xeon processor. All optimization problems are solved
using Gurobi v9.0.1. In Sections 7.1 and 7.3, a total time limit of 7,200 seconds is allowed to solve
each instance cumulatively across all values of K for the K-adaptability problem and across all
breakpoint configurations for the prepartitioning approach. In Section 7.4, a time limit of 7,200

seconds is imposed on each instance solved. In all our experiments, we set M =500 and ¢ = 0.001.

7.1. Two-stage Robust Best Box Selection (Objective Uncertainty)

The first problem we study is a robust variant of the best box selection problem, see e.g., Gupta
et al. (2016, 2017) for results on the stochastic version. In this problem, an agent must select one
out of N boxes, indexed in the set N :={1,..., N}, each of which contains a prize. The value &; € R
of the prize in each box i € N is unknown and will only be revealed if the box is opened. Opening
box 7 € N incurs a cost ¢;. In the first stage, the agent can decide whether to open each box i € N/
which we indicate with the decision variables w; € {0,1}. Thus, w; =1 if and only if &; is observed
between the first and second decision stages. The total budget available to open boxes is B. In
the second stage, the agent can choose one of the opened boxes to keep, which we indicate with
the decision variable y; € {0,1}, i € /, earning its prize. We assume that the value of box i € N is
expressible as & = (1+®/(/2)€?, where £€? corresponds to the nominal value of the prize of box 4,
¢ € [—1,1]% are L risk factors, and ®; € R collects the factor loadings associated with the value of
box i. The goal of the agent is to select the boxes to open (first stage decisions) and the box to keep
(second stage decision) to maximize the worst-case value of the box kept. The Best Box Selection
problem has numerous applications, for example in house purchasing or in candidate interviewing,
see e.g., Singla (2018). With the notation above, the problem can be expressed as a two-stage
robust optimization problem with decision-dependent information discovery of the form (PQO) as

max min max { min_ ¢'y:e'y=1,c'w<B y<w }’ (18)
we{0,1}N  Ee=  ye{o,1}N £€E(w,€)

where Z := {£€€RY : 3¢ e[-1,1]F : £ = 1+ P¢(/2)€°}.
We evaluate the performance of our approach on 100 randomly generated instances of Prob-
lem (18) with L =4 risk factors: 20 instances for each N € {10,20,30,40,50}. In these instances, ¢

is drawn uniformly at random from the box [0, 10}V, we let €2 = ¢/5, and B =e ' ¢/2. The matrix ®
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\ | Adapt. | N=10,L=4 | N=20,L=4 | N=30,L=4 | N=40,L=4 | N=50,L=4 |
K=1 100%/0.0%/0s | 100%/0.0%/0s | 100%/0.0%/0s | 100%/0.0%/0.1s 100%/0.0%/0s
K=2 |100%/153.9%/0s | 100%/115.6%/0s | 100%/116.9%/1s | 100%/110.5%/1s | 100%/87.3%/1s
= | K=3 [100%/177.4%/0s | 100%/147.2%/0s | 100%/150.1%/1s | 100%/135.5%/3s | 100%/113.9%/3s
2 K=4 |100%/177.4%/0s | 100%/156.0%/1s | 100%/159.4%/2s | 100%/145.8%/8s | 100%/122.6%/7s
< K=5 |100%/177.4%/1s | 100%/159.0%/1s | 100%/164.0%/3s | 100%/148.3%/9s | 100%/126.2%/8s
5 K=6 |100%/177.4%/1s | 100%/159.0%/2s | 100%/164.0%/3s | 100%/148.3%/9s | 100%/126.2%/9s
3 K=7 |100%/177.4%/1s | 100%/159.0%/2s | 100%/164.0%/3s | 100%/148.3%/10s | 100%,/126.2%/10s
s K=8 | 100%/177.4%/1s | 100%/159.0%/3s | 100%/164.0%/4s | 100%/148.3%/12s | 100%/126.2%/12s
K=9 |100%/177.4%/1s | 100%/159.0%/3s | 100%/164.0%/5s | 100%/148.3%/13s | 100%/126.2%/14s
K =10 | 100%/177.4%/2s | 100%/159.0%/3s | 100%/164.0%/5s | 100%/148.3%/15s | 100%/126.2%/16s
g %D <10 100%,/164.3% 100%/137.5% 100%/143.3% 99%/128.1% 70%/109.3%
©' 3 | subsets /24s/8.2 /A476s/9 /1173s/8.3 /4203s/8.6 /7028s/8.8
Q_‘ +

Table 1 Summary of computational results on the best box selection problem for various choices of N over 20

randomly generated instances of each size. In the K-adaptability part of the table, each entry corresponds to:
percentage of instances solved within the time limit / average improvement in the objective value of the
K-adaptable solution over the static solution / average solution time across all instances. In the prepartitioning
part of the table, each entry corresponds to: average percentage of breakpoint configurations that solved within
the time limit out of all configurations with cardinality at most 10 / average improvement in the objective value
of the best prepartitioning solution found within the time limit relative to that of the static solution / average

cumulative solver time / average cardinality of the best solution found within the time limit.

is sampled uniformly at random from the box [—1,1]"*£. Our computational results across those
instances are summarized in Table 1. From the table, we observe that with the proposed K-
adaptability approach, all instances (even those involving N = 50 boxes) solved to optimality with
an average solver time no greater than 15.6 seconds across all problem sizes. In contrast, the aver-
age solver time of the prepartitioning approach exceeded 475 seconds for N = 20 boxes and equaled
7028 seconds for N = 50 boxes, with only 70.1% of the problems associated with all breakpoint
configurations solving within the allotted time on average. In addition, the quality of the best
solution identified by the proposed K-adaptability solution consistently outperformed that of the
best prepartitioning solution. For example, an average improvement of over 148% over the static
solution was exhibited for the K-adaptability method for N =50, while the prepartitioning solu-
tion only resulted in a 128% improvement. Finally, we note that the smallest value of K needed to
achieve saturation in the optimal value of the problem was consistently smaller that the number
of subsets needed to obtain the best possible solution in the prepartitioning method, resulting in
more interpratable solutions for our proposed approach. For example, for N = 10 boxes, a value of
K =3 is sufficient to yield a 177.4% improvement in optimal value while an average of 8.2 subsets

are needed in the prepartitioning approach to achieve a 164.3% improvement.
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7.2. Preference Elicitation with Real-Valued Recommendations (Real Decisions)
The second problem we consider is a robust active preference elicitation problem where user pref-
erences can be elicited by asking them “how much” they like any particular item and where real-
valued quantities of multiple items can be recommended after preferences are elicited, see Vayanos
et al. (2021) for a variant where pairwise comparison queries are used instead.

The building blocks of our framework are candidate items which we index in the set 7 :=
{1,...,I}. We let ¢' € R be the feature vector of item i € Z. We assume that user preferences are
cardinal and model them by means of a linear utility function. Specifically, we assume that the
utility of item 4 is given by u(@’) = u' ¢’ + €;, where {€; };cr are independent identically distributed
and wu is a vector of (unknown) utility function coefficients supported in the set ¢ C [—1,1]7. These
assumptions are standard in the literature, see e.g., Bertsimas and O’Hair (2013) and Boutilier
et al. (2004). Before making recommendations, the system has the opportunity to make @) queries
to the user. Each query is based on one of the candidate items: if query ¢ € Z is chosen, the user
is asked “On a scale from 0 to 1, where 1 is the most anyone could like an item and 0 is the least
anyone could like an item, how much do you like policy i?” We denote by &; € [0,1] the answer
to query i. After the answers to these queries are observed, the system can select N out of the
I items to recommend and the quantity y; € [0,1], i € Z, of those items to recommend. The goal
of the recommender system is to select () queries the answers to which will enable the system to
recommend a set of items in quantities resulting in greatest possible worst-case utility.

To formulate the preference elicitation problem mathematically we let w;, ¢ € Z, denote the
decision to pose query i, i.e., to observe &; before making a recommendation. Thus, W :=
{we{0,1}) : e"w=Q}. The set of possible realizations of £ is given by

u' ¢’ +max ¢’ [,
JET

E:=4£€(0,1) : Jue[-1,1)7, e €& such that & = +e€ Viel ),

2max |||,
where the normalization of u' ¢’ ensures that &; has the correct interpretation and, in the spirit of
modern robust optimization, see e.g., Lorca and Sun (2016), we assume that € is valued in the set
= {e €ER!: 2;1 le;] < I‘} , where I is a user-specified budget of uncertainty parameter. Once
the answers to the queries are observed, the recommender system may select the quantity of each
item i € Z to recommend which we encode with decisions y; € [0,1]. We let z; € {0,1} indicate if

item ¢ is recommended and require that the quantity of items recommended equals 1. Thus,
YV:={yec0,1] :32€{0,1}' such that e’ z=N,y <z, e'y=1}.
With this notation, the preference elicitation problem is expressible as

maximize min max min £'y. (weu'™)
wew ge= YEY ges(wi)
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| Adapt. |Q=1,N=2T=01|Q=3 N=3T=03|Q=6N=4T=06|Q=9 N=5T=09 |

K=1 100%/0.0%/2s 100%/0.0% /4s 100%,0.0%/7s 100%,/0.0%/25s
K=2 100%/14.0%/8s 100%/28.2%/15s 100%/35.7%/22.7s 100%/41.7% /48s
= | K=3 100%/15.2%/22s 100%,29.0%/92s 100%/42.6%/406.8s | 100%/52.2%/232s
2 K=4 100%/15.5% /44s 100%,/29.4% /221s 100%,/43.5%,/1396s | 90%/53.1%/2425s
s | K=5 100%,/15.9%/75s 100%,/29.4% /434s 90%/43.9% /33525 70%/53.3%/4839s
g K=6 100%,/16.1%/117s 100%,/29.6%,/779s 65%,/44.2% /5050s 25%/53.3%,6295s
% K=1 100%,/16.6%,/172s 100%/29.8%/1279s | 35%/44.3%/6221s 15%/53.3%/6761s
M| K=8 100%/16.7%,/226s | 100%/30.0%/1973s | 20%/44.4%/6594s 10%/53.3%/7035s
K=9 100%,/17.3%/294s 95%/30.0%,2970s 5%/44.4%/6941s 5%/53.3%/7167s
K =10 100%/17.3%/375s 85%,30.0%/4031s 5%/44.4%/7056s 0%/53.3%/7200s
g %0 <10 3.3%/15.9% 2.2%/14.1% 0.3%,16.0% 0.1%/16.8%
© S | subsets /7200s/8.1 /7200s/9.7 /7200s/8.9 /7200s/9.2
Q_‘ +
Table 2 Summary of computational results on the preference elicitation problem with real-valued

recommendations for various choices of (), N, and I" over 20 randomly generated instances for each setting. The

row names and table entries have the same interpretation as in Table 1.

A conservative solution to Problem (WCZ/IPE) can be obtained using the K-adaptability approxi-
mation scheme discussed in Section 4.1, by solving the bilinear reformulation (9).

We evaluate the performance of our approach on 80 randomly generated instances of Prob-
lem (WCU™): 20 instances for each (Q, N,T) € {(1,2,0.1),(3,3,0.3),(6,4,0.6),(9,5,0.9)}. In these
instances, I =30, J =15, and ¢', i € Z, are drawn uniformly at random from the box [—1,1]’.
Our computational results across these instances are summarized in Table 2. From the table, we
observe that on average the optimal value of our proposed K-adaptability method (across all K)
is greater than that of the best optimal value of the prepartitioning method (across all breakpoint
configurations). For example, for the (Q, N,T') = (9,5,0.9) setting, K-adaptability yields an average
improvement in optimal value of 53.3% relative to the static solution, whereas prepartitioning only
results in an average improvement of 16.8% in the best case. In addition, the solutions obtained
by the K-adaptability approach in the same time needed to solve for all breakpoint configurations
(or to reach the time limit) in the prepartitioning approach are of far better quality. For exam-
ple, the prepartitioning approach always reached the 7200 seconds time limit for instances of size
(Q,N,T") =(3,3,0.3) with an associated average improvement in optimal value of 14.1%. In con-
trast, within just 15 seconds on average, the K-adaptability approach results in an improvement
of 28.2% in optimal value on average over the same instances. Finally, and similar to our results
on the best box problem in Section 7.1, the average value of K needed to achieve a solution of
quality comparable to that of the best prepartitioning approach is a lot smaller than the number of
subsets needed in prepartitioning, implying that K-adaptability has more attractive interpretabil-
ity properties. For example, for (Q,N,T') = (6,4,0.6), 8.9 subsets are needed by prepartitioning to
yield a 16.0% improvement in optimal value whereas K = 2 is sufficient for our method to yield an

improvement of 35.7%.
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7.3. Robust R&D Project Portfolio Optimization (Constraint Uncertainty)

The third problem we investigate is a robust variant of the R&D project portfolio optimization
problem, see e.g., Solak et al. (2010) for a solution approach on the stochastic version. In this
problem, an R&D firm has a pipeline of N candidate projects indexed in the set N :={1,...,N}
that it can invest in. The return & of each project i € N is uncertain and will only be revealed if
the firm chooses to undertake the project. The firm can decide to undertake each project i € N in
year one, indicated by decision w} € {0,1}, in the following year, indicated by decision y; € {0,1},
or not at all. Thus, w} =1 if and only if & is observed between the first and second years. If
the firm chooses to undertake the investment in the second year, it will only realize a known
fraction 6 € (0, 1] of the return. Undertaking project ¢ incurs an unknown cost & that will only be
revealed if the firm chooses to undertake the project. The total budget available to invest in projects
across the two years is B. We assume that the return and cost of project i € N are expressible as
& = (1+®/¢/2)€° and € = (1 + ¥ ¢/2)E°, where €° and £ corresponds to the nominal
return and cost for project i, respectively, ¢ € [~1,1]* are L risk factors, and the vectors ®; € R”
and ¥; € RY collect the factor loadings for the return and cost of project i, respectively. With
this notation, the R&D project portfolio optimization problem is expressible as a two-stage robust
optimization problem with decision-dependent information discovery of the form (P) as

maximize min max { min_(w' +0y) & : (w +y) & < B, wr+y§e}
ge= ye{0,1}N L geE(w.§)

(19)
subject to  w = (w",w"), w" € {0,1}",

where
== {(€.€) eRN e -1 1" 1 & = (1+8]¢/2)€°, & = (1+¥]¢/2E°, i=1,...,N}.

We evaluate the performance of our approach on 100 randomly generated instances of Prob-
lem (19): 20 instances for each (V, L) € {(5,3),(10,5),(15,8),(20,10), (25,13)}. In these instances,
6 = 0.8, £° is drawn uniformly at random from the box [0,10]", and we let &~ = £°°/5 and
B=e'"c’/2. The elements of ® and ¥ are uniformly distributed in the interval [—1, 1]. Our compu-
tational results across these instances are summarized in Table 3. From the table, we observe that
on average the optimal value of our proposed K-adaptability method (across all K) is greater than
that of the best optimal value of the prepartitioning method (across all breakpoint configurations).
For example, for the (N, L) = (20,10) setting, K-adaptability yields an average improvement in
optimal value of 56.6% relative to the static solution, whereas prepartitioning only results in an
average improvement of 18.7% in the best case. In addition, the solutions obtained by the K-

adaptability approach in the same time needed to solve for all breakpoint configurations (or to
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\ | Adapt. | N=5L=3 | N=10,L=5 | N=151L=8 | N=20,L=10 | N=25L=13 |
K=1 100%,0.0%/0s 100%,0.0%/0s 100%,0.0%/1s 100%/0.0%/15s 100%/0.0%/39s
K=2 100%/40.8%/1s 100%/32.7% /2s 100%/32.2%/12s | 100%/31.0%/264s | 100%/31.9%/1915s
= | K=3 100%/81.1%/1s 100%,/46.2% /65 100%/50.6%/55s | 90%/43.9%/1543s | 50%/42.8%/5633s
Z | K=4 | 100%/102.6%/3s | 100%/52.2%/22s | 100%/59.4%/323s | T0%/51.9%/3959s | 0%/44.6%/7200s
T | K=5 | 100%/109.2%/5s | 100%/57.1%/103s | 100%/65.7%,1814s | 20%/56.6%/6661s | 0%,/44.6%/7200s
§ K=6 | 100%/110.5%/10s | 100%/59.4%/435s | 40%/67.6%/6321s | 0%/56.6%/7200s | 0%/44.6%/7200s
3 | K=7 | 100%/110.7%/43s | 100%/62.5%/1835s | 5%/67.8%/7122s | 0%/56.6%/7200s | 0%/44.6%,/7200s
Xo| K=8 | 100%/114.5%/32s | 60%/66.6%/5319s | 0%/67.8%/7200s | 0%/56.6%/7200s | 0%/44.6%/7200s
K=9 |100%/117.5%/100s | 10%/66.9%/6955s | 0%/67.8%/7200s | 0%/56.6%/7200s | 0%/44.6%/7200s
K =10 | 100%/118.6%/301s | 0%/66.9%/7200s 0%,67.8%/7200s 0%/56.6%/7200s 0%/44.6%/7200s
g%ﬂ <10 100%,/56.3% 100%,/35.4% 99%/23.8% 28%/18.7% 5%/14.3%
o B8 | subsets /355/8.2 /810s/8.2 /5771s/9.2 /7200s/8.4 /7200s/8.2
n, -+
Table 3 Summary of computational results on the R&D project portfolio optimization problem for various

choices of N and L over 20 randomly generated instances of each size. The row names and table entries have the

same interpretation as in Table 1.

reach the time limit) in the prepartitioning approach are of far better quality. For example, the
prepartitioning approach needed 5771 seconds on average to solve instances of size (N, L) = (15,8)
with an associated average improvement in optimal value of 23.8%. In contrast, within just 1814
seconds on average, the K-adaptability approach results in an improvement of 65.7% in optimal
value on average over the same instances. Finally, and similar to our results on the best box problem
in Section 7.1, the average value of K needed to achieve a solution of quality comparable to that of
the best prepartitioning approach is a lot smaller than the number of subsets needed in preparti-
tioning, implying that K-adaptability has more attractive interpretability properties. For example,
for (N,L) = (10,5), 8.2 subsets are needed by prepartitioning to yield a 35.4% improvement in

optimal value whereas K = 3 is sufficient for our method to yield an improvement of 46.2%.

7.4. Multi-Stage Robust Pandora Box (Multi-Stage Objective Uncertainty)

The fourth problem we investigate is a robust variant of the multi-stage Pandora Box problem,
see e.g., Doval (2018) and Singla (2018) for the stochastic setting. This problem is similar to best
box selection, see Section 7.1, however opening boxes incurs a cost in the objective and no budget
constraint is imposed. The planning horizon consists of T' periods indexed in the set 7 :={1,...,T}.
At the beginning of each period ¢t € T, the agent can select one box to open out of N available boxes
indexed in the set N :={1,..., N}, each of which contains a prize. We let w! € {0,1} indicate if
box i has been opened on or before time t. The value &; of the prize in each box 7 is unknown at the
beginning of the planning horizon and is only observable at time ¢t € T if the box has been opened
before time ¢. Thus, the decisions to open the boxes control the time of information discovery in

this problem. Opening box ¢ € N incurs a cost ¢;. If the agent chooses to not open a box at some

time t € T, they may alternatively choose to keep one of the previously opened boxes, earning
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its prize. We let y! € {0,1} indicate the choice to keep box i at time ¢. Throughout the planning
horizon, the agent may keep at most one box. The goal of the agent is to select whether and when
to open each box to maximize the worst-case value of the box they choose to keep less the total
cost of opening boxes. We assume that & = (1+ ®;{/2)&?, where £ denotes the nominal value of
box i, ¢ € RE are L risk factors, and the vectors ®; € RL, i € N, collect the factor loadings for the
value of box i. With this notation, Pandora’s Box problem is expressible as a multi-stage robust

optimization problem with decision-dependent information discovery of the form (MP) as

max min max min  --- max min X:ETyt—cT'wT_1
yleyy E'€E yPey, £2eE(wlgl) yTeyp gres(wl—1erl) =
w16W1 w2€W2

w22w1

st. el(w —w'™!) < I—ZeTyT vt e T\{T} (20)

<t
ZeTyt =1, y'<w'™' VteT,
teT
where Z := {£€eRY : I¢e[-1,1]F : &=(1+®/¢/2)&) Vie N}, Y, = {0,1}Y, and W, :=
{0,1}V. The first set of constraints ensures that if a box has been kept in the past, no box can be
opened. The second set of constraints guarantees that exactly one of the open boxes is kept.

We evaluate the performance of our approach on 80 randomly generated instances of Prob-
lem (20) with NV =15 boxes and L =4 risk factors: 20 instances for each choice of T' € {3,4,7,10}.
In these instances, £° is drawn uniformly at random from [0,10]" and we let ¢ = £°/5. The ele-
ments of ® are uniformly distributed in the interval [—1,1]. Our computational results across these
instances are summarized in Figure 2. From the figure, it can be seen that the K-adaptability
approach results in solutions of far better quality than the prepartitioning approach. For example,
the best average optimal value of the prepartitioning approach for the T'=4 case is 2.60 whereas
it is 4.27 for the K-adaptability method. Moreover, solutions outperforming the best prepartition-
ing solution are found on average faster with the K-adaptability approach. For example, in the
setting 1" = 10, the breakpoint configuration that resulted in the best average optimal value had
an average solver time of 15.9 seconds, whereas 1.9 seconds on average were needed to solve the
K-adaptability problem associated with the adaptability configuration that resulted in a higher
optimal value on average. Finally, the solutions obtained by the K-adaptability approach were
consistently more interpretable than those of the prepartitioning method. In particular, across all
our experiments, the cardinality of the breakpoint configuration that resulted in the best per-
formance of the prepartitioning method was between 7 and 8 and that solution was consistently

outperformed by K-adaptable solutions with under 3 candidate policies.
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Solution Approach
—— K-Adaptability
—— Prepartitioning

Objective Value

Solver Time (seconds)

Figure 2 Optimality-scalability results for the multi-stage Pandora box problem (20). Each number on the top
of each facet corresponds to the number of time-periods 7. Each red dot (and cross) corresponds to a different
choice of (K1,...,K7)€{l,...,5}7 for the K-adaptability problem such that the total number of candidate
policies K1 x K> X ... x Kr <5. Each blue dot (and cross) corresponds to a different breakpoint configuration for
the prepartitioning approach (we consider 100 different breakpoint configurations drawn randomly from the set of
all configurations with cardinality less than 5). The position of each dot is obtained by averaging the solver time
and optimal value across the 20 random instances. Whether a point is indicated with a dot or a cross depends on
whether it is on the efficient frontier of the configurations that resulted in the highest average optimal value for
the given time budget. The numbers next to the efficient points indicate the degree of adaptability in the
corresponding solution, i.e., the number of subsets in the prepartitioning approach and the total number of

candidate policies in the K-adaptability approach.

8. Preference Elicitation to Improve the US Kidney Allocation System
In this section, we evaluate our approach on a preference elicitation and recommendation problem

that explicitly captures the endogenous nature of the elicitation process.

8.1. Motivation & Problem Formulation (Piecewise Linear Convex Objective)

The motivation for our study is one of the central problems faced by policymakers at the
OPTN/UNOS who must periodically make changes to the policy for prioritizing patients on the
kidney transplant waiting list for scarce deceased donor kidneys. To tackle this problem, a Kid-
ney Transplantation Committee (KTC) is appointed at the OPTN that examines the outcomes
of numerous candidate policies simulated using the Kidney-Pancreas Simulated Allocation Model
(KPSAM), a simulator developed by the Scientific Registry of Transplant Recipients (SRTR),
see KPSAM (2015). The KTC examines the outcomes of the allocation policy alternatives along
several dimensions (measures) of fairness and efficiency (e.g., number of recipients by age group,
number of deaths by gender) before ultimately committing to one of the alternatives. This process
was for example followed in the latest big policy change, see e.g., Wolfe et al. (2009). Since selecting
one alternative (policy) over many others is a challenging task, in particular when the dimension

of each alternative is large, see e.g., Toubia et al. (2003, 2004, 2007) and Boutilier et al. (2004), we
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propose a preference elicitation and recommendation framework for identifying a preferred policy
using a moderate number of strategically chosen queries.

We formulate this problem as a variant of the active preference elicitation problem from Sec-
tion 7.2 where a single item can be recommended and where we select queries that minimize
worst-case regret of the recommendation. Items indexed in the set Z correspond to policies where
the feature vector ¢’ € R’ of policy i € Z collects various measures of fairness and efficiency of the
policy. The problem is expressible mathematically as

minimize max min max {maX & — €y }, (WCR'®)
wew £e= yey £€E(w.€) €L

where W and Z are as in Section 7.2 and where ) := {y €{0,1} : e'y= 1}. In this problem,
the first part of the objective computes the utility of the best item to offer in hindsight, after
the utilities & have been observed. The second part of the objective corresponds to the worst-case
utility of the item recommended when only a portion of the uncertain parameters are observed, as
dictated by the vector w. Problem (WCRPE) can be solved approximately using the K-adaptability
approximation scheme discussed in Section 5. Indeed, the regret in Problem (WCRPE) is given as
the maximum of finitely many linear functions and Theorem 5 applies. We note that in this case
|Y| = I. Thus, solving the K-adaptability counterpart of (WCRPE) with K = I recovers an optimal

solution to the corresponding original problem.

8.2. Generating KAS Candidate Policies

We generate the outcomes ¢, i € Z, of I =20 candidate policies using the KPSAM simulator
which we obtained from the SRTR using a modeling window from 01/01/2010 to 12/31/2010. The
candidate policies we consider are linear scoring rules that use the patient dialysis time, the life
years from transplant score, the Calculated Panel Reactive Antibodies and the age of the patient.
For each policy, we record J = 22 outcomes, including the number of transplants overall, by age, by
blood type, by race, and by gender, and the number of deaths by race and by gender. For details

on the construction of the policies and for a list of outcomes, see Electronic Companion EC.2.

8.3. Numerical Results on KAS Candidate Policies

We evaluate the performance of our approach on the KAS policies dataset from Section 8.2.
Throughout our experiments, the K-adaptability counterpart of Problem (WCRPE) is solved using
the techniques described in Section 5. To speed-up computation, we also use a heuristic adapted
from Subramanyam et al. (2020) and detailed in Section EC.3.2. The tolerance § used in the
column-and-constraint generation algorithm (see Section 5.3) is 107°. We evaluate the true worst-
case regret of any given solution w*, which we denote by ry.(w*), as follows: we fix w = w* in

Problem (CCGtens (@, w, {y* }rex)), where we set K = I and employ all I candidate policies {y*}rcx
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Figure 3 Optimality-scalability results for the min-max regret preference elicitation problem (WCRFF) on the
KAS data. The numbers on each facet correspond to the values of I" (top number) and @ (bottom number). The

shapes, lines, and colors have the same interpretation as in Figure 2.

in the set ). As before, we use the ROC++ platform to solve the prepartitioning problem, see
Vayanos et al. (2020). All of our experiments are performed using the same computing resources
as in Section 7.

Optimality-Scalability Trade-Off. We evaluate the trade-off between computational complexity
and scalability of our approach. We solve the min-max regret problems as () and I' are varied in the
sets {2,4,6,8} and {0,0.05,0.1}, respectively. The results are summarized in Figure 3. From the
figure it can be seen that the K-adaptability approach significantly outperforms the prepartitioning
approach and static policies are very sub-optimal. In fact, the prepartitioning approach performs
comparably to static policies across all settings. On the other hand, with the K-adaptability
approach, the normalized* worst-case regret drops to 0.40, 0.68, and 0.9 from 1, 1.16, and 1.32,
for T'=0,0.05, and 0.1, respectively (for @ = 8). This experiment shows the strength of the K-
adaptability approach compared to the state of the art.

Performance Relative to Random FElicitation. We evaluate the benefits of computing near-
optimal queries using the K-adaptability approximation approach relative to asking questions at
random. We compare the true performance of a solution to the K-adaptability problem, ry.(w}),
to that of 50 questions drawn uniformly at random from the set W, 7,,.(w,). The results are sum-
marized on Figure 4. From the figure, we see that the probability that the K-adaptability solution

4 To aid with interpretability, we normalize regret such that the worst-case regret when no question is asked is 1 and
the worst-case regret when all questions are asked is 0.
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Figure 4 Results on the performance of the K-adaptability approach relative to random elicitation for the
min-max regret preference elicitation problem (WCRPE) on the LAHSA dataset. The dashed red line corresponds
to the objective value of the K-adaptability problem. The red line corresponds to rv.(wj ) where wi is the
optimal K-adaptable solution. The blue line represents the percentage of time that r,.(w,) was lower than

rwe(W¥k ), where w; is a randomly drawn feasible solution.

outperforms random elicitation converges to 1 as K grows. We observe that, for values of K greater

than 5, the K-adaptability solution outperforms random elicitation in over 90% of the cases.
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E-Companion

EC.1. Companion to Section 5
EC.1.1. Column and Constraint Generation Algorithm

We define the following relaxed master problem parameterized by the index set 7 CcIk

min T

s.t. TeER, zeX, weW,ykeY kek
o' eRE, @' e RE, Btk e RE, v e RYe, Vke K, i€
T Z bTBi_I_ZbT,Bi,k:

ke

(CCG s (1))
elat=1

ATBY pwoyit =af (Crx+ D*w+ Q*y*) Vkek
ATﬁi:waof}/i»k

keK

VieT.

Given variables (7,x,w, {y"}rcx) feasible in the master problem, we define the ¢th subproblem,

t € Z, through

min 0
s.t. ot eRE, Bt eRY, ghF e RY, 44 e RY, Vke K
> bTﬁz+ZbTIBz7k
T hek (ch:ub(’r7w7w7 {yk}k’elc))
e a'=1
ATBY +wontt =al (Crx + D*w + Q%*y*) Vkek
ATIBi = Z'w O’Yi’k.
keK
An inspection of the Proof of Theorem 5 reveals that the last three constraints in Prob-
lem (CCG? ., (7,2, w, {y*}rex)) define the feasible set of the dual of a linear program that is feasible
and bounded. Thus, for 7 sufficiently large, Problem (CCG,. (7,2, w, {y*}rex)) will be feasible.

To identify indices of subproblems (CCG:, (T,x, w,{y*}rex)) that, given a solution

(1,2, w, {y*}rex) to the relaxed master problem, are infeasible, we solve a single feasibility MBLP
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defined through

max 0
sit. OER E€E, ¢FeZE(w,€), kek
neRE ¢k e{0,1}, kek
0 <m VkeK
me > (€)7Ca+(€) D'wt(€) Q'yt viel,
me < (€)7C @+ (€ D'w+ () Qyt+M(1—¢) | kek
e'¢F=1 Vkek.
(CCGtens(z, w, {y" }rex))
The following proposition enables us to bound the optimality gap associated with a given feasible

solution to the relaxed master problem.

PROPOSITION EC.1. Let (z,w,{y*}rex) be feasible in the relazed master problem (CCGumse(Z)).
Then, (z,w,{y"}rex) is feasible in Problem (PO") and the objective value of (x,w,{y"}rex)
in Problem (PO is given by the optimal objective value of Problem (CCGgeas(x,w, {y* }rex)).

Proposition EC.1 implies that, for any (z,w,{y"}.cc) feasible in the relaxed master prob-
lem (CCGumsir(Z)), the optimal value of (CCGiens(,w, {y*}rex)) yields an upper bound to the
optimal value of the K-adaptability problem (POR""). At the same time, it is evident that for any
index set Z C K , the optimal value of Problem (CCG . (f)) yields a lower bound to the optimal
objective value of Problem (POI;(WL). The lemma below is key to identify indices of subproblems

i € T that are infeasible.

LemMMA EC.1. Let (7,2, w,{y" }rc, {8}, {8 v iczrex)  be  optimal in  the
relazed master problem (CCGmer(Z)). Let (0,€,{€"}rerc,m, {C"}rex) be optimal in  Prob-
lem (CCGteas(T,w, {y*}rex)). Then, the following hold:

(i) 6 >71;
(i) If =, then Problem (CCG: (1,2, w,{y"}rex)) is feasible for all i€ TX;
(i5i) If @ > T, then the index © defined through
Q=Y i-I(¢f=1) Vkek
ieT
corresponds to an infeasible subproblem, i.e., Problem (CCG®., (7,2, w,{y*}rex)) is infeasible.
Propositions EC.1 and Lemma EC.1 culminate in Algorithm 1 whose convergence is guaranteed

by the following theorem.

THEOREM EC.1. Algorithm 1 terminates in a final number of steps with a feasible solution
to Problem (POLY"). The objective value 6 attained by this solution is within § of the optimal

objective value of the problem.
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Algorithm 1: “Column-and-Constraint” Generation Procedure.

Inputs: Optimality tolerance d; K-adaptability parameter K;

Output: Near optimal solution (x,w, {y*}rex) to Problem (POY") with associated
objective 6;

Initialization:

Initialize upper and lower bounds: LB <— —oco and UB < +o0;

Initialize index set: Z « {e};

while UB—-LB > § do
Solve the master problem (CCG (7)), let

(1., w,{y" }rex, {a*, B )5, {,Bi’k,'yi*k}ieike,c) be an optimal solution;

Let LB < 7;

Solve the feasibility subproblem (CCGyeas(@, w, {y* }rex)), let (0,&, {€ brex, m, {C* trex)
denote an optimal solution;

Let UB «+ 0,

if 6 > 7 then
T D gt I(¢F=1) for all k€ K;
I+ Tu{il;

end

end

Result: (x,w, {y"}rex) is near-optimal in (POY") with objective value 6.

EC.1.2. Worst-Case Absolute Regret Minimization

In this section, we show that certain classes of two-stage robust optimization problems that seek to
minimize the “worst-case absolute regret” criterion can be written in the form (PO"""). According
to the “worst-case absolute regret” criterion, the performance of a decision is evaluated with respect
to the worst-case regret that is experienced, when comparing the performance of the decision taken
relative to the performance of the best decision that should have been taken in hindsight, after all
uncertain parameters are revealed, see e.g., Savage (1951). The minimization of worst-case absolute
regret is often believed to mitigate the conservatism of classical robust optimization and is thus
attractive in practical applications, see also Section 7 for corroborating evidence.

Mathematically, we are given a utility function
uz,w,y,§) =€ Cr+& Dw+€'Qy (EC.1)

for which high values are preferred. This function depends on both the decisions x, w, and y, and

on the uncertain parameters €. Given a realization of &, we can measure the absolute regret of a
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decision (z,w,y) as the difference between the utility of the best decision in hindsight (i.e., after

& becomes known) and the utility of the decision actually taken, i.e.,
{ max  u(z',w',y, &) —u(z,w,y,€) : ' eX, weW, y Ey} )
ml7w17yl
Regret averse decision-makers seek to minimize the worst-case (maximum) absolute regret
max { max  u(z',w',y, &) —u(z,w,y,€) : ' eX, weW, y e y} ) (EC.2)
ceE(w,g) (= w'y
A two-stage robust optimization problem with DDID in which the decision-maker seeks to min-
imize his worst-case absolute regret is then expressible as

min max min max max u(x,w' Yy &) —u(z,w,y,&) : ' e X, weW,y ey
£cE V€Y ¢eE(wg) (@ w'y

s.t. xeX, weW.
(WCAR)

The following observation shows that under certain assumptions, Problem (WCAR) can be written

in the form (PO""").

Observation 6 Suppose that the utility function u in (EC.1) and the feasible sets X, W, and Y
in Problem (WCAR) are such that:
(i) Either C=0 or X :=={x:e'x =1}, and
(ii) Either D=0 or W:={w:e'w=1}, and
(iii) Either Q=0 or Y :={y:e'y=1}.
Then, Problem (WCAR) can be written in the form (PO"™").

In Section 8, we leverage Observation 6 and use Theorems 5 and EC.1, and Algorithm 1 to solve
an active preference learning problem that seeks to recommend kidney allocation policies with least

possible worst-case regret.

EC.2. Companion to Section 8: Generating Candidate Policies
Based on the analysis of Bertsimas et al. (2013), we considered scoring policies where the score

obtained by patient p for organ o is given by

Score(p,0) = aLYFT(p,0) +¢g(DT(p)) +vCPRA(p) + 6:I(Age(p) <2)+---
-+ 021(2 < Age(p) <10) + 651(10 < Age(p) <18) +---
4 8,1(18 < Age(p) < 35) + 651(35 < Age(p) < 50) +---
-+ 861(50 < Age(p) < 65) + 6;1(65 < Age(p)),

where LYFT represents life years from transplant, DT corresponds to the patient dialysis time,

()
()

CPRA denotes Calculated Panel Reactive Antibodies, i.e., the percentage of donors with whom a
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particular recipient would be incompatible, and g is a piecewise linear function with breakpoints
at 5 and 10 years given by

g1 DT it DT <5

g(DT) := ¢ 5g1 + go(DT — 5) if 5<DT <10

591 + 5g2 + gs(DT — 10)  if 10 < DT.
We generate I = 20 policies of the form above. The first policy considered prioritizes based on
LYFT only, the second and third policies are the KAS and pre-KAS policies of OPTN, respectively,
the fourth policy prioritizes based on dialysis time only, and the remaining policies are generated
randomly. For the random policies, they each use LYFT, DT, CPRA, and Age with probability 0.75.
If LYFT is used, a = 1. If CPRA is used, v is sampled uniformly from the set {0,0.1,0.2,...,5},
and the same is true for §;, 1 =1,...,7 if Age is used. If DT is used, the parameters of the function
g are sampled uniformly from {0,0.25,0.5,...,5}.

For each of these policies, we record J = 22 outcomes from the KPSAM simulator: the number of
kidney transplants, the number of discarded kidneys, the number of pediatric kidney transplants,
the number of ABO (i.e., blood type) identical kidney transplants, the number of kidney waitlist
deaths, the number of zero BDr (antigen) mismatch isolated kidney transplants, the number of
one BDr mismatch isolated kidney transplants, the number of zero Dr mismatch isolated kidney
transplants, the number of one Dr (antigen) mismatch isolated kidney transplants, the number
of kidney transplants to white people, black people, and hispanics, the number of transplants to
female candidates, the number of transplants to candidates in 4 age groups, the number of deaths
of white, black, and hispanic people, the number of deaths of female candidates, and the average

wailt time.

EC.3. Speed-Up Strategies
This section proposes several strategies for speeding-up the solution of the K-adaptability coun-

terpart of problems with exogenous and/or endogenous uncertainty.

EC.3.1. Symmetry Breaking Constraints

The K-adaptability problem (P ) presents a large amount of symmetry since indices of the candi-
date policies can be permuted to yield another, distinct, feasible solution with identical cost. This
symmetry yields to significant slow down of the branch-and-bound procedure, see e.g., Bertsimas
and Weismantel (2005), in particular as K grows. Thus, we propose to eliminate the symmetry in
the problem by introducing symmetry breaking constraints. Specifically, we constrain the candi-
date policies {y"}rcx to be lexicographically decreasing. For this purpose, we introduce auxiliary

binary variables z*%+1 € {0,1} for all k € K\{K} such that z/**" =1 if and only if policies y*
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and y*! differ in their ith component. These variables can be defined by means of a moderate

number of linear inequality constraints, as follows

k,k+1
i

k,k+1
i

yf+y
2—yf -y

E k+1
Y —Y;

k+1 k
Y. Y

z

IN

IN

z .
bt Viel, ke C\{K}. (EC.3)
kk+1

(2

v

z

v

z

The first set of constraints above ensures that if y* =y, then 2" = 0. Conversely, the second

k,k+1
i

=1 whenever y* # y/. Using the variables zf P the

set of constraints guarantees that z

lexicographic ordering constraints can be written as

yb >yt =D M vieZ ke K\{K}. (EC.4)

Z/
i <i

These stipulate that if y5 = y,™" for all i’ <i, then y¥ >y

7 K3

. Since the symmetry breaking
constraints in (EC.3) and (EC.4) are deterministic, they can be added to the K-adaptability

problem without affecting the solution procedure.

EC.3.2. Heuristic K-Adaptability Solution Approach

To speed-up computation in our numerical experiments to be able to investigate the performance
of our approach for high values of K (up to ~ 10), we employ a conservative solution approach, as
detailed in Algorithm 2. A variant of this approach has been previously used by Subramanyam et al.
(2020). This algorithm returns a feasible but potentially suboptimal solution to the K-adaptability

counterpart of the problem to be solved.

EC.4. Companion to Section 3: Unattained Optimal Value
In this section, we show that the optimal value of Problem (P) is in general not attained. Consider
the following instance of Problem (P), adapted from Hanasusanto et al. (2015) to incorporate

decision-dependent information discovery.

minimize max min max_ (& +&2)(y2 —y1) + diw; + daw,
we{0,1}2  ge= ye{0,1}2 gcZ(w,€)
U1 + Y2 = 17

where d;, d; € (0,1) are given scalars representing the observation costs associated with w; and
wy, respectively, and Z:={€ eR? : —1 <&, <1, —1.1 <&, < 1}. For each feasible choice of w,
we investigate the associated optimal wait-and-see decision, as well as the corresponding objective

function value, see Figure EC.1.
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_1'1_1 0 1 &1

Figure EC.1 Companion figure for the example in Electronic Companion EC.4, assuming d; = d2 = 0.4. Optimal
wait-and-see decision y (left) and associated objective function (right) for the cases when w =0 (first row),
w = e (second row), w = (0,1) (third row), and w = (1,0) (last row) in Problem (EC.5). The optimal solution is
given by w* =(1,0). For the optimal solution w*, the objective function is discontinuous on the set

{€ €E : & =0} and in particular the optimal objective value is not attained.
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Algorithm 2: Heuristic algorithm for solving the K-adaptability counterpart of a problem,;
adapted from Subramanyam et al. (2020).

Inputs: Instance of Problem (PO), (P), or (PO"™"); K-adaptability parameter K;

Output: Conservative solution (z,w,{y"}recx) to the K-adaptability counterpart of the
input instance ((POk), (Px), or (POR'"), respectively);

for ke{l1,...,K} do
if k=1 then
Solve the the k-adaptability counterpart of the input instance (using its MBLP

reformulation);

Let (x*,w*,y*') denote an optimal solution;
else
Solve the k-adaptability counterpart of the input instance (using its MBLP

reformulation) with the added constraints that y” =y*" for all k € {1,...,k —1};

Let (z*,w*,{y**}*_,) denote an optimal solution;
end

end

Result: Return (*, w*, {y*" }.cx)-

Consider the choice w = 0, whereby no uncertain parameter is observed between the first and
second decision stages. Then, Z(w,£) = Z. Under this here-and-now decision, Problem (EC.5) is
expressible as a single-stage robust problem as follows

{yg]{ﬂoiilp <I§1§EX (& +&)(y2 — yl)) Y126 VEEE, Y1ty = 1} :
It can can be readily verified that the only feasible (and therefore optimal) wait-and-see action in
this case is y = (1,0), a static decision. The associated objective function and corresponding value
is

max —(£1+52) = 2.1.

€€E

Consider the choice w = e, whereby both uncertain parameters are observed between the first and
second decision stages. Then, Z(w,€) = {€}. Under this here-and-now decision, Problem (EC.5)
reduces to

max { yg?()iil}Q & +&)(y—y)+di+dy 0 yi =8, Yyity2= 1} '

The constraints in the problem imply that y = (1,0) is the only feasible (and therefore optimal)
solution whenever &; > 0. For & <0, the optimal choices are y = (1,0) if & + &, >0, and y = (0, 1),
else. The associated objective function is

{(&m) if (& >0) or (£, <0 and & + &, > 0)

d; +d> +max
L E+&  else,

£e=
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yielding an objective value of (1.1+ d; +d5) that is not attained.

Consider the choice w = (0, 1), whereby only &, is observed between the first and second decision
stages. Then, Problem (EC.5) reduces to

e aa | {yelﬁ)i,?}? e T (1 +&)(Yy—y)+dy - y1 26 VEe[-11], yy+y,= 1} .
For any choice of &,, the only option for the wait-and-see decision is y = (1,0) (since &; remains

uncertain). The associated objective function and corresponding objective value is
d2 + max {—(51 +€2) . £1 € [—1, 1], £2 € [—11, 1]} = dg +21

Lastly, consider the choice w = (1,0), whereby only &; is observed between the first and second
decision stages. Then, Problem (EC.5) reduces to
o {yef?oi?}z 6,02 (Gi+&)(Yya—y)+dy @ Y128, Yit Y= 1} :
For &; > 0, the only feasible (and therefore optimal) choice is y = (1,0). If & <0, then the optimal
wait-and-see decision is y = (0, 1). The associated objective function is

—(&+&) if&>0
El +£2 elsea

£cE

d1 + max {

yielding an objective value of (1.1+ d;) that is not attained by any feasible solution.
We conclude that, since d;, d, € (0,1), the optimal solution to Problem (EC.5) is w* = (1,0)

with associated optimal objective value (1.1 + d;) which is never attained.

EC.5. Proofs of Statements in Sections 2 and 3

Proof of Theorem 1 Let (z,w), y'(), and y(-) be defined as in the premise of claim (7). Then,
x € X, weW, and for each & such that § = w o £ for some € € =, we have that y'(§) € Y and
Tx+Vw+Wy'(d) < HE for all £ € E(w,d). We show that (z,w,y(+)) is feasible in Problem (3).
Fix any & € E. First, y(&€) € Y. Second, we have

Te+Vw+Wyl) =Te+Vw+Wy'(wo&) < HE,

where the equality follows by definition of y(-) and the inequality follows from the fact that & €
E(w,wo&) and from the definition of ¢y'(+). Fix £ € E:wo&=wo&'. Then, y(&) =y(&'), so that
the decision-dependent non-anticipativity constraints are also satisfied. Since the choice of £ € =
was arbitrary, (x,w,y(:)) is feasible in Problem (3). The objective value attained by (x,w) in
Problem (P) is given by

max £ Cx+E Dw+e Qy(wo) = max € Cax+& Dw+E QulE), (EC.H)

66577 geE,i
£eE(w,§) £eE(w,§)
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where we have grouped the two maximization problems in a single one and where the equality
follows from the definition of y(-). The value attained by (x,w,y(-)) in Problem (3) is

max £ Czx+& Dw+E'Qy(f). (EC.7)

£e=

Since {£€E(w,€) : £€E} = E, it follows that the optimal objective values of the Prob-
lems (EC.6) and (EC.7) are equal. We have thus shown that Problem (3) lower bounds Problem (P)
and that if (z,w) is optimal in Problem (P), then the triple (x,w,y(+)) is feasible in Problem (3)
with the two solutions attaining the same cost in their respective problems.

Next, let (z,w,y(:)) be defined as in the premise of claim (3i), i.e., let it be optimal in Prob-
lem (3). The here-and-now decision (x,w) is feasible in Problem (P) and, for each & € =, we can
define

y'(€) € arggin {gerll(axg) E'Cx+E Dw+E'Qy :Tx+Vw+Wy< HE VEC E(w,&)} .

y E(w,

By construction, (x,w) € X x W. Moreover, it holds that

max max £ Czx+& Dw+&'Qy'(€)

£€E  ¢eE(w,€)
= rggg{ E'Cz+¢'Dw+£'QY ()

< I?eafx E'Cx+e ' Dw+¢&'Qy(8).

Thus, (x,w) is feasible in Problem (P) with a cost no greater than that of (x,w,y(-)) in Prob-
lem (3). We have thus shown that Problem (P) lower bounds Problem (3) and that if (z,w,y(-))
is optimal in Problem (3), then (x,w) is feasible in Problem (P) with the cost attained by x in
Problem (P) being no greater than the cost of (z,y(-)) in Problem (3).

We conclude that the optimal costs of Problems (3) and (P) are equal, and that claims (i) and
(ii) hold. O

EC.6. Proofs of Statements in Section 4
Proof of Lemma 1 Fix x € X, we W, and y*, k € K, and € € Z. It suffices to show that the

problems

min{ max £ Czx+& Dw+€'Qy" : Tx+Vw+ Wyt <HE vgez(w,g)} (EC.8)

kel (gez(w,€)

and

max min {(¢*) ' Cx+ (") Dw+(¢")'Qy" : Te+Vw+Wy"<H¢"}  (EC.9)

gkeE(w,€), kek keEK

have the same optimal objective.
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Problem (EC.8) is either infeasible or has a finite objective value. Indeed, it cannot be unbounded
below since, if it is feasible, its objective value is given as the minimum of finitely many terms
each of which is bounded, by virtue of the compactness of the non-empty set Z(w, ). Similarly,
Problem (EC.9) is either unbounded above or has a finite objective value. It cannot be infeasible
since Z(w, £) is non-empty.

We proceed in two steps. First, we show that Problem (EC.8) is infeasible if and only if Prob-
lem (EC.9) is unbounded above, in which case both problems have an optimal objective value of
+00. Second, we show that if the problems have a finite optimal objective value, then their optimal
values are equal.

For the first claim, we have

Problem (EC.8) is infeasible
S PkeK  Te+Vw+Wyt <HE VEcZE(w,§)
S Vkek, 3 cE(w,€) : Te+Vw+Wy" £ HE
< Problem (EC.9) is unbounded.

For the second claim, we proceed in two steps. First, we show that the optimal objective value
of Problem (EC.9) can be no greater than the optimal objective value of Problem (EC.8). Then,
we show that the converse is also true.

For the first part, let & be feasible in Problem (EC.8) and {£*},ex be feasible in Problem (EC.9).
The objective value attained by k in Problem (EC.8) is given by

max £ Czx+& Dw+¢ QuyF.
£e5(w,€)

Accordingly, the objective value attained by {£*},cx in Problem (EC.9) is given by

min {(ék)Tc 2+ () Dw+ () Qy* : Ta+ Vw+ Wyk < Hé’f} .

keKx

Next, note that

lgéi)Icl {(ék)TC:U+(ék)TDw+(ék)TQ y T+ Vw+ Wyt SHék}

< (EHTCz+ () TDw+(EH)TQy"

< max STCm—i-ETDw—FETQyE,
€€E(w,8)

where the first inequality follows by feasibility of & in Problem (EC.8) since £€* € Z(w, €) and the
second inequality follows by feasibility of £€* in the maximization problem. Since the choices of &
and {€*},cx were arbitrary, it follows that the optimal objective of Problem (EC.8) upper bounds
the optimal objective of Problem (EC.9).
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For the second part, we show that the converse also holds. For each k € IC, let

£ c argmax €'Cz+¢ ' Dw+£'Qy".
£€E(w,§)

Then, the optimal objective value of Problem (EC.8) is expressible as

min {(ﬁ'k’*)TC T+ (E’“*)TD w + (£k’*)TQ Yy T+ Vw+ Wy <HE VéEce E(w,g)} )

kEK
(EC.10)

Since ¢"* € Z(w, £), the solution {£"*},cx is feasible in Problem (EC.9) with objective
min {(¢"*) ' Cx+ (") ' Dw+ (€)' Qy* : Te+Vw+Wy* <HE"*}. (EC.11)

kek

If the optimal objective values of Problems (EC.10) and (EC.11) are equal, then we can directly
conclude that the optimal objective value of Problem (EC.9) exceeds that of Problem (EC.8).
Suppose to the contrary that the optimal objective value of Problems (EC.11) is strictly lower than
that of Problem (EC.10). Then, there exists (at least one) k € K that is feasible in (EC.11) but
infeasible in (EC.10) and for each such k, there exists e e Z(w, &) such that Tx + Vw + wWyk £
HEM' . We can construct a feasible solution {£€5*},ex to Problem (EC.9) with the same objective
as Problem (EC.10) as follows:

gro, JE ik Tet Vet Wyt SHE VE€E(w,E),
' fk’, else.

Indeed, the objective value attained by {£€**},ex in Problem (EC.9) is

min {(ék,*)TC$+(ék,*)TDw+(ék,*)Tka . Tm+Vw+Wy’“§H5~kv*}

kel

= min {(§) Ca+(E") Dw+ (@) Qy" : Te+Vw+Wy" <HE VEeZ(w,§)}
=min {(") ' Cz+ (") ' Dw+ (") Qy" : Te+Vw+Wy" <HE VEcE(w,€)},

ke

where the first equality follows by construction since
{keK:Te+Vw+Wy' <HE VEcE(w, &)} = {keK : Te+Vw+Wy" < HE )
and the second equality follows since
ghr=¢h VkeK: T+ Vw+Wy' <HE VEeE(w, ).

We have thus shown that the optimal objective value of Problem (EC.9) is at least as large as that
of Problem (EC.8).
Combining the first and second parts of the proof, we conclude that Problems (EC.8) and (EC.9)

have the same optimal objective values, which concludes the proof. [
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EC.6.1. Proofs of Statements in Section 4.1

Proof of Obervation 1 Since Problem (POk) is equivalent to Problem (7) (by Lemma 1), it
suffices to show that Problems (7) and (8) are equivalent.

First, note that for any choice of w € W, the set =X (w) is non-empty. If there is no = € X,
w e W, and y € Y such that Tx + Vw + Wy < h, then Problem (8) is infeasible and has an
optimal objective value of +00. Accordingly, Problem (7) also has an objective value of 400 since
either its outer or inner minimization problems are infeasible.

Suppose now that there exists x € X', w € W, and y € Y such that Tx + Vw + Wy < h. Then,
Problems (7) and (8) are both feasible. Let (x,w, {y}rex) be a feasible solution for (8). Then, it is
feasible in (7) and attains the same objective value in both problems since all second stage policies
y*, k € K, satisfy the second-stage constraints in Problem (7). Conversely, let (z,w,{y}rex) be
feasible in Problem (7). Since Z* (w) is non-empty, there must exist k* € K such that Tz + Vw +
Wyt <h (else the problem would have an optimal objective value of +00 and thus be infeasible,
a contradiction). If Tx + Vw + Wy* <h for all k € K, then (x,w, {y}rcx) is feasible in (8) and
attains the same objective value in both problems. On the other hand, if Tz + Vw + Wy* > h

for some k € K, define

k*

v Yy U Tz+Vw+Wy<h
Ty else.

Then, (z,w,{Y}rex) is feasible in (8) and attains the same objective value in both problems. [
Proof of Observation 2 Fix K € N and (@, w,{y"}rex) such that x € X, w e W, y* € ).
Assume, w.l.o.g. (see the Proof of Observation 1) that Tz + Vw + Wy* <h for all k € K. From

Observation 1, the objective value of (POf) under this decision is equal to
maximize Igu}lg {(¢" ' Cax+ ()" Dw+(£")"Qy"}
S

subject to E€E,€¥€E kek
wotF=wo€ Vkek.

We can write the problem above in epigraph form as an LP:

maximize T

subject to TER,E€E, EFcE ke
T<()Czx+ (€)' Dw+(€")'Qy" Vkek
wotfF=wof Vkek.

For any fixed K, the size of this LP is polynomial in the size of the input. O
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Proof of Theorem 2 For any fixed (x,w, {y"}rex), we can express the inner maximization prob-
lem in (8) in epigraph form as
maximize T
subject to TER, EcRNe, ¢ cRNe ke
T<(Cx+Dw+Quy*)"¢" Vkek
AE<D
AP <b Vkek
woéfF=wo€ Vkeck.
Strong LP duality (which applies since the feasible set is non-empty and since the problem is

bounded by virtue of the boundedness of Z) implies that the optimal objective value of this problem
coincides with the optimal objective value of its dual
minimize b'B+ Z b' 3"
kek
subject to aeRfE, BeRE, B eRE vFeRY, ke K

ela=1
ATBF +wort = (Cx+Dw+Qy*) Vkek
AT,B:Zwo'yk.

kek

We can now group the outer minimization with the minimization above to obtain
minimize b'B+>, b' B
subject to x X, weW,y* eV, kek
aceRE, BeRE, BFeRY, ~F eRY, ke K

ela=1
ATBF+wort = (Cx+Dw+Qy*) Vkek
ATﬁ:Zwo'yk

kek

Tx+Vw+Wy*<h Vkek.
This concludes the proof. [
Proof of Corollary 1 The result follows directly from Theorem 2 by replacing the bilinear terms
wo~*, apx, apw, and o y”* with auxiliary variables ¥* € RVe, " € R, w" € ]R]JZ&, and g~ € RT’

such that

Wk:woﬂykﬁ 7k§7k+M(e_w)77k<Mwa ﬁkZ—M’LU, 7k>7k_M(e_w)7

= & T<z, T <oge T >(a,—1e+ax
W =aw & W <w W <ae, W > (a,—1)et+w

Y=oyt & Y <y ¥ <ae, ¥ >(ap—1e+y",
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where in the last three cases we have exploited the fact that x, w, and y”* are binary and that
afFeloe]. O
Proof of Observation 3 It follows from the Proof of Corollary 1 that Problem (PQOy) is equiv-
alent to the following MBLP.
minimize b'B+ Z b' 3k
kek
subject to X, weW,y* eV, kek
acRE, BeRE, BFeRE, ~* RV, ke K
F* e RV, zF ¢ RY" | w" eRff, g eRY, kek
ela=1,,ATB= Zﬁk
kek
ATBF +7F =CZ" + D" + Qy* Vkek
Tz+Vw+Wy*<h Vkck
"<z, T <ae, x> (o, — e+
—k —k —k
w <w,w <oge, w >(a,—1l)e+w
= ’ (o = 1) Vk e k.
7" <y ¥ <aue, ¥ > () — e +y"

¥ <A+ M(e—w), ¥ < Mw, ¥* > —Mw, 7" >~v* — M(e — w)
(EC.12)

Suppose that we are only in the presence of exogenous uncertainty, i.e., w=e, D=0, and V =0.
Then, the last set of constraints in Problem (EC.12) implies that % = ~* for all k € K. Since v* is
free, the second and third constraints are equivalent to
ATB=) "cz"+Qy" - ATp".
kek
Exploiting the fact that o € R’ e'a=1,and ' = oz, we can equivalently express this constraint

as

ke keKx

AT <ﬂ+z,6’“) =Cz+) _ Qy".
We conclude that, in the presence of only exogenous uncertainty, Problem (EC.12) is equivalent to

minimize b'3

subject to X, weW,y* eV, kek
acRY BeRE BFeRE, gFeRYY, ke K
ela=1, AT,@:Cm+ZQ§k

kek

Tx+Wyt<h Vkek
¥ <y, ¥ <oue, ¥ > (o —1e+y" VkeK,
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where we used the change of variables 8+ 8+, B*. We then recover the MBLP formula-
tion of the K-adaptability counterpart of problems with exogenous uncertainty from Hanasusanto

et al. (2015). Thus, our reformulation encompasses as a special case the one of Hanasusanto et al.

(2015). O

EC.6.2. Proofs of Statements in Section 4.2

Proof of Theorem 8 The proof is a direct consequence of Theorem 3 in Hanasusanto et al.
(2015). Indeed, the authors show that evaluating the objective function of Problem (2) is strongly
NP-hard. Since Problem (2) can be reduced in polynomial time to an instance of Problem (P) by
letting D =0, V =0, and w = e, this concludes the proof. [

The proof below is a generalization of the proof of Proposition 1 in Hanasusanto et al. (2015)
that operates in the lifted uncertainty and decision spaces. Despite this key difference, the proof
idea carries through.

Proof of Proposition 1 Fix x, w, and {y"}rcx. We show that {EX(w,€)}ec, is a cover of

2X(w), i.e., that ZX(w) =, . EF (w,£). Let {€}recx € E¥(w) and define

. k < k
:{0, if Tz + Vw+ Wyt < HE VkeK.

min{¢€{1,...,L} : [Tx+Vw+Wy*], > [HE"}, else.

Then, {€*} ek € 2% (w, £). Moreover, by definition, we have =¥ (w, £) C EX (w) for all £ € L. There-

fore {=ZX (w,£) } e, is a cover of ZX (w). It then follows that

max min Y'Cx+ (" Dw+(€M"Qy" : Tx+Vw+Wy* < HE"

{&F}pexeEK (w) keK { (€") (&) Qy Y £ }

= max min fk Cz+ (") Dw+ (N Qy" : Tx+Vw+Wyk < HE
{€F e €Upe EX (w,0) kel { ( ) ( ) }
= max max min { Ca:+(£k)TDw+(€k)Tka . T:c—i—VuH—Wyk SH&k}

LeL {gF}pexeEX (wh) kEK

The definition of Z¥(w,£) implies that £, = 0 if and only if Tx + Vw + Wy* < H¢*. This
concludes the proof. [J
Proof of Theorem 4 The objective function of the approximate problem (10,) is identical to

max max min {Z)\k Y'Cx+ ()" Dw+(£M7Q yk]},

LeL {gF} e eEE (we) AEAK(E) ppre

where Ag(€) :={AeRY : e"A=1, A\, =0Vk €K :£,#0}. Note that Ax(€) =0 if and only if
£>0.If EX(w,£) =0 for all £€ L, then the problem is equivalent to

LeoLl k =K AEA g (£
{€" ke €ES (w,€) K (€) P

max max min {Z )\k MTCx+ (£)"Dw+ (£5)"Q yk] } )
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and we can apply the classical min-max theorem (since Ak (£) is nonempty for all £ € 9L) to obtain

the equivalent reformulation

max min A Y'Cx+ (" Dw+ (£)7Qy"] 3,
LEIL AEAK (L) {ﬁk}ke;ce:K(we {/;c k (&) &) Qy ]
which in turn is equivalent to
min max max Ax( Ca:—i— NTDw+ (T k1%
A(E)ZE%IZ(E), LEDL (g} o €EK (w,0) {;C k (& ) (‘E ) Qy ]
€

If, on the other hand, =X (w, £) # () for some £ € £, then the objective function in (10,) evaluates
to +00. Using an epigraph reformulation, we thus conclude that (10,) is equivalent to the problem
minimize T
subject to x € X, weW, y*c Y, kck
TER, A(£) € AK(E) LeoLl

=Y MO [(EN Cz+ (") Dw+ (€M) QY] VLeIL, (€ ik €EX(w, )
kek
(EC.13)
The semi-infinite constraint associated with £ € 9L is satisfied if and only if the optimal value of
maximize Z/\k ' Cx+ (&) Dw+(£")'Qy"]
kek
subject to € e€RMe, gF RN ke K
AE<D
AP <b VkeK
Tx+Vw+Wyk < HEF VkeK:£,=0
[Tz +Vw+Wy*|, >[HE,, +e¢ Vke K : £, #0
wobF=wok Vke K

does not exceed 7. Strong linear programming duality implies that this problem attains the same

optimal value as its dual problem which is given by

minimize  b' (a +5 :ak> S Tz Vw+ Wy 8+ S ([T:I: +Vw+Wy'], - e) i
ke keK: keK:
£;,=0 £, #0

subject to € RY, a* €RY, B*€RY, ke K, yERY, " €RYe, ke K

ATa:Zwon’“

ke

ATaf —H B +won*=X,£)[Cx+Dw+Q y"] VkeK: £, =0
ATak + [Hlp v +won =X, (0) [Cx+Dw+ Q y" VkeK : £, #0.
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Strong duality holds because the dual problem is always feasible. Indeed, one can show that the
compactness of = implies that {ATa: a > 0} = RY¢. Note that the first constraint set in Problem
(11) ensures that the optimal value of this dual problem does not exceed 7 for all £ € 0L.

The last constraint in (EC.13) is satisfied for £ € £, whenever the linear program

maximize 0

subject to €€ RNe, €FcRNe, ke K

AE<b

AL <b Vkek
[Tz +Vw+Wy*|, >[HE, +e Vkek
wolfF=wof Vke K

is infeasible. The dual to this problem reads

minimize  b' (a + Z ak> + Z <[Tw +Vw+ Wyk]zk — e) Vi

kel ke
subject to aeRY, o eRE ke, yeRE, n*eRY, ke

+
Al :Zwon’C
kek
ATa" + [Hlp v +won*=0 Vke K.

The feasible set of this dual is a cone and thus feasible (set a =0, n* =0, v, =0, k € K). Therefore,
strong LP duality applies and the primal is infeasible if and only if the dual is unbounded. Since
the feasible set of the dual is a cone, the dual is unbounded if and only if there exists a feasible

solution attaining an objective value of —1. [
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Proof of Observation 4 Suppose that we are only in the presence of exogenous uncertainty, i.e.,

w=e, D=0, and V =0. Then, Problem (11) reduces to

min 7T
s.t. TER, ze X, y*e), kek
al)eRE, af(0) eRY, ke K, v(€) eRE, n*(£) eRYe, ke K, Le L

A€) e Ak(£), BF(€) eRE, ke K,

0= "n"@®)
ATk () — HTB* ) +n* () =A\() [Cz+Qy*] YkeK:£,=0
ATk (8) + [Hle, v (0) + 0" (0) =X () [Cx + Qy*] VEEK: £, #0 Ve e oL
T2b [ a(0)+) af(e ) ) (Tx+Wy*) 850

+ Z ([T:c—FWy’“]ek —e) ~i(£)
=) n"®)

ATk () + [Hle o7 (£) +1"(£) =0 Vkek VeeL,.
T (a(E) —i—Za’“(ﬁ)) +> ([Tm+ wy'], - e) v (0) < —1

(EC.14)
Since n*(£) is free for all k € K and £ € £, the first set of constraints associated with £ € L

in (EC.14) is equivalent to

T <a(£)+2ak(£)> =N H'BHO)+ ) [Hlpm()=Cz+>_ Ai(€)-QyF,

ke keK: kek: ke
£2;,=0 £;,#0

where we have exploited the fact that A(£) >0 and e A(€) = 1. Similarly, the first set of constraints

associated with £ € £, in (EC.14) is equivalent to

T<a(£)+zak ) Z Je, Vi (€

ke kerx
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We conclude that, in the presence of only exogenous uncertainty, Problem (11) reduces to

min T
s.t. TER, z€ X, y*c), kek
al)eRY, v(0) eRE Le L

ML) € Ak(£), BF(L) eRE, keK, )
0= H'BO+ D [Hlpn(0)=Cz+> A(£)
hek hek hek Vee L

T>bla() - Y (Tz+Wy*) 85O+ > <[Ta: +Wyt], - 6) Y (£)

keK: keK:

£, =0 £ #0 Vs

L)+ Z ek’)’k
kek Vee Ll
b a(l) + Z ([T:c + Wykbk - e) Y (€) < -1
ke

(EC.15)
where we use the change of variables a(£) + (a(£) + Y, ., @¥(€)). We thus recover the MBLP
formulation of the K-adaptability problem from Hanasusanto et al. (2015), which concludes the
proof. [

EC.7. Proofs of Statements in Section 5
Proof of Lemma 2 It suffices to show that, for any fixed z € X, w e W, y* €Y, k€ K, and
€€E,

min max_ {max E'Cx+¢'D'w+e'Q'y } (EC.16)
k€K ges(w) | €T
and
- R\ T i T i NT i ok
ol max @TC e E D0 @Y pey
kek

are equivalent.

First, note that Problem (EC.16) is always feasible and has a finite objective by virtue of the
compactness of Z(w,€) which is non-empty. Similarly, Problem (EC.17) is always feasible and has
a finite objective.

We now show that both problems have the same objective. Let k and {ék}kelc be feasible
n (EC.16) and (EC.17), respectively. The objective value attained by k in Problem (EC.16) is

max {max £TCz+e Dwte Quy }

GE(wE) €T

Accordingly, the objective value attained by {£*},cx in Problem (EC.17) is

min {max (ék)TCiiB-i-(ék)TDi’w‘f‘(ék)TQi yk}

keKx i€l
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Note that . . .
min {max (€)' C'z+(§9) D'w+(§) Q'v'}
max (§) C'a+(E) D'wtE) Q'Y

< max  max ETCw—i—sTDw—i—&TQy’;.
¢eS(wg) €T

IN

Since the choice of k € K and &F € Z(w, &) was arbitrary, it follows that Problem (EC.16) upper
bounds Problem (EC.17).

Next, we show that the converse also holds. Let
&8 € argmax {max E'C c+¢'D'w+£TQ yk} .
teswd) -t
Then, the optimal objective value of Problem (EC.16) is expressible as

min {max (Ek"*)TCi:{:—i—(fk’*)TDi'w—l-(Ek’*)TQi 'yk}.

kex i€L

The solution {€**},cx is feasible in (EC.17) with objective

min {max (Ek"*)TCim—F(Sk’*)TDiw—F(Ek’*)TQi yk}.

ke i€

Thus, the optimal objective value of Problem (EC.17) upper bounds that of Problem (EC.16).
Combining the two parts of the proof, we conclude that Problems (EC.16) and (EC.17) are
equivalent. [
Proof of Theorem 5 The objective function of Problem (13) is expressible as

max max min {max E'Cc+¢'D'w+ETQ yk}-
€cE  ghes(w§) kek keK L i€l

Using an epigraph reformulation, we can write it equivalently as

maximize T
subject to TER,E€E, £F cE(w,€), keK (EC.18)
< max (€)C 2+ (¢) D'w+(€) QY Vkek.

Noting that, for each k € K, the choice of i € I can be made, in conjuction with the choice in 7, &,

and €%, k € K, Problem (EC.18) can be written equivalently as

maximize max T
iR €L, keK

s.t. TER, €€, ¢ cE(w,€), VkeK (EC.19)
T < (€)TCHx+ (&) D w4 (€5)TQ* y* VkeK.
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Dualizing the inner maximization problem yields

. . T T 2k
maximize min b'G+ b
i, €L, kEK A Zke’c p

s.t. aeRE BeRY BFeRE, 4*cRYe, VEe

ela=1

ATk +wornk =y (Chx+ Divw+ Q*y*) Vkek

ATB:Zwo'yk.

ke

(EC.20)

Equivalence of Problems (EC.19) and (EC.20) follows by strong LP duality which applies since

the inner maximization problem in (EC.19) is feasible and bounded. We next interchange the max

and min operators, indexing each of the decision variables by % := (¢1,...,%;) € Z¥. We obtain

minimize max b' B¢+ Z b’ 3"

iezkt kek

subject to o e RE, Bt e RE, ghF e RY, 4** e RYe, Ve K, 1 € IX
elat=1
AT fwontt =l (Crz + Diw + Q%*y*) Vkek
ATBi:ZwO,},i,k

kex

VieIK.

Finally, we write the above problem as a single minimization using an epigraph formulation, as

follows

minimize 7T
subject to T €R, o' e R, B* e RE, B4F e RY, 4** e RNe, VEk e K, 1 € K
> b B+ Y, b B )
elat=1
ATB +worytt =l (Crx + D*w + Q%y*) Vkek
AT 3 :Zwo,}/i,k

keKk

Vi e IK.

(EC.21)

The claim then follows by grouping the outer minimization problem in (13) with the minimization

problem in (EC.21). O

EC.8. Proofs of Statements in Section 6

While Problem (MPQy) appears significantly more complicated than its two-stage counterpart,

it can be brought to a min-max-min form at the cost of lifting the dimension of the uncertainty,

as shown in the following lemma.
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ec23

LemmA EC.2. Problem (MPQOk) is equivalent to the two-stage robust problem

max
gtvkl”‘kteE(—wt_l’kl‘“ktfl76’5_17]@1"‘]%71)
VEk1,...,kt EKC, teT
: T,ky---kp\T t tky...kt T,k1--kp\NT Ot o, t,k1...kt
(3 T) D'w +(§ ) Q'y

k1,...kreEK
teT

yhek e Y whieti e W, VeT, kek
wt7k1"'kt 2 wt—l,k,l...kt_l \v/t c T7 kt e IC, kt_l c IC

> Viwtkkep Wiyttt < b Wk, kp €K
teT

Lk —

w w'M Yk k€K,

(EC.22)

The proof of Lemma EC.2 follows directly by applying the proof of Lemma 1 iteratively, starting

at the last period.

Proof of Theorem 8 For any fixed {w'*1 -k}, -, 4 cc and {y

t,ky.

problem in the objective of Problem (EC.22) can be written in epigraph form as

maximize T
subject to T ER, £TF bt € ET (k1 T VRkron) Wk ke e K

T S Z(gT,kln-kT)TDt wt,kl...kt + (ET,kq“'kT)TQt yt7k1...k¢t Vk17 . kT c IC

teT

.k :
t }tET,k1,...kt€ICa the mner

From the definition of Z7(+) in Lemma EC.2, the above problem can be equivalently written as

maximize T

subject to TER, R cE Ve T, ky,.... k€K

T < Z(gT,klka)TDt whkk 4 (ET,klka)TQt YR Yk kreK

teT

WLk R o gk ke — =ik o gi=Lhikes e e T\(1), Ky, ..., ky € K.

Writing the set = explicitly yields

maximize T

subject to TER, &Rk cRNe Wte T, ky,... .k, €K

T S Z (Dt wtaklukt + Qt yt,klu.kt)—r €T,k1--~kT Vkl, ey kT € K
teT
AEtvkl'“ktSb vtET, kl,...,ktEIC

wt_lvkl'--kt—l o Et,k’l...kt — wt—l,kl...kt_l o st—l,k1~nkt_1 Vt c ’7"\{1}7 k17 e, kt c IC.
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The dual of this problem reads

minimize E g E b’ Bk

teT k1€ ke
. T
subject to  aeRE, gtk e RE ~thikt e RNe t €T ky,... .,k €K
ela=1

AT = Z whF oyPRik2 yE e K

ko€
AT/Bt»kl"'kt + wt_lakl-ukt—l O’Yt’kl'“kt —

Z whkLke O,YtJrl,kl...kH-l YVt e T\{lvT}7 ki,....k,eK
kip1€EK
ATﬁTakl”'kT _|_ wT_lvkl”'kT—l O,YT,kl---k:T —

Oyt D yeq (DPwh ekt £ QU gyt kht)y kL k.
Moreover, strong duality applies by virtue of the compactness of =. Merging the problem above
with the outer minimization problem in (EC.22) yields

minimize g g E b’ @ikt

teT k1€X kel
subject to « eRfT, BiFrkt e RE Atk e RNe € T ky, ... k€K

yt,kl...kt c yta wtakknkt c Wt Vit c 7—7 k e K
ela=1

ATBl,kl — Z wl,kl 072,161]62 Vkl c IC

ko€

ATIBt’kl.“kt _i_wt*l:kl"'ktfl O,yt,kl---kt —

D wthrRo gttt Rk e T\{LTY, by, ki €K
kt+1€)c
ATﬂTﬁkl”'kT + wT*l,kl“-kﬁT,l O,.YT,kl---k?T —

aklka ZteT (Dt ,wt,kl...kt + Qt yt,kl...kt) th L kT c K
whkrke > qpt-tkikier e Tk, €K, ko €K

> Viwtkrkp wiythek < b kL kr €K
teT

and our proof is complete. [

EC.9. Proofs of Statements in Section EC.1

Proof of Proposition EC.1 Since (x,w,{y*}rex) is feasible in the relaxed master prob-
lem (CCGumsir(Z)), it follows that € X, w € W, and y* € Y, k € K. Thus, (@, w, {y"*}rcx) is feasible
in Problem (PO™"). An inspection of the Proof of Theorem 5 reveals that the objective value of
(x,w, {y"}rex) in Problem (PO") is given by the optimal value of Problem (EC.18). The proof
then follows by noting that Problems (EC.18) and (CCGjeas(x, w, {y" }rex)) are equivalent. [J
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Proof of Lemma EC.1 (i) By virtue of Proposition EC.1, it follows that 6 > 7.

(i4) Suppose that § = 7 and that there exists i € Z* such that Problem (CCG?,, (7,2, w, {y* }rex))
is infeasible. This implies that there exists 2 € ZX such that 7 is strictly smaller than the
optimal objective value of

minimize  b'B* + 3, b' B
subject to o e RE, B* e RE, B*F e RE, ~**F e RNe, VE e K
elat=1 (EC.23)
ATB +worytt =l (Crx + D*w+ Q%y*) Vkek
ATﬁi — Zwo,\/i,k'
kek
Equivalently, by dualizing this problem, we conclude that there exists ¢ € Z¥ such that 7 is

strictly smaller than the optimal objective value of

maximize ¢’
subject to @' €R, £€ =, ¢F € E(w,€), VkeK (EC.24)
0 < (EM)TCH x+ (€F) T D% w+ (£F)TQ%* y* Vk e K.
Since Problem (EC.24) lower bounds Problem (CCGieas(x, w, {y* } rex)) with optimal objective
value 6, we conclude that 7 < 6, a contradiction.

(#ii) Suppose that 6 > 7 and let ¢ be defined as in the premise of the lemma. Then, ¢ is
optimal in (EC.20) with associated optimal objective value 6. This implies that the opti-
mal objective value of Problem (EC.23) is 6. Since 6 > 7, this implies that subprob-
lem (CCG: (1,2, w, {y"}rex)) is infeasible, which concludes the proof.

We have thus proved all claims. [

Proof of Theorem EC.1 First, note that finite termination is guaranteed since at each iteration,
either UB — LB < ¢ (in which case the algorithm terminates) or a new set of constraints (indexed
by the infeasible index #) is added to the master problem (CCGusi:(Z)), see Lemma EC.1. Since the
set of all indices, Z¥, is finite, the algorithm will terminate in a finite number of steps. Second, by
construction, at any iteration of the algorithm, 7 (i.e., LB) provides a lower bound on the optimal
objective value of the problem. On the other hand, the returned (feasible) solution has as objective
value 6 (i.e., UB). Since the algorithm only terminates if UB — LB < ¢, we are guaranteed that,
at termination, the returned solution will have an objective value that is within § of the optimal
objective value of the problem. This concludes the proof. [

Proof of Observation 6 Suppose that X :={x:e'xz=1}, W:={w:e'w=1}, and YV :={y:
e'y=1}. Then,

max §C@+EDw+EQy = max {¢'Cei+¢ De;+£Qe}.
2,7,

s.t. xeX,weW, ye)
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Thus, in this case, the objective function is expressible in the form (12) and the claim follows. An

analogous argument can be made if C=0, D=0,0or Q=0. [

EC.10. K-Adaptable Binary Linear Decision Rule and Lifting
Throughout Sections 4.1, 4.2, and 5, we showed that if the original two-stage robust optimization
problem with decision-dependent information discovery presents binary first- and second-stage
decisions, then it can be written equivalently as an MBLP, while it is a bilinear problem if any
of the decision variables are real valued. We also noted that there exists new off-the-shelf solvers
for tackling such bilinear problems. In this section, we propose an alternative conservative solution
approach applicable to problems that have real-valued wait-and-see decisions.

Consider the following variant of Problem (P) where the wait-and-see decisions y are real-valued
(¥ CRM) and its coefficients in the objective function are deterministic.

min max min{ max £ Czx+& Dw+q'y: Te+Vw+Wy< HE VEEE('LU,E)}
EcE Y€V | geE(w,€)

s.t. xeX, weW,
(EC.25)

where g € R . In the spirit of the linear decision rule approximation approach proposed in the
stochastic and robust optimization literature, see e.g., Ben-Tal et al. (2004), Kuhn et al. (2009),
Bodur and Luedtke (2022), we propose to restrict the recourse decisions y to those that are

expressible as

y(§) =Y¢,
for some matrix Y € {0,1}"v*Ne. We refer to this approximation as the binary linear decision rule.
Under this approximation, Problem (EC.25) is equivalent to

max £'Czx+€ " Dw+q 'Y (wokf)
€€E(w,8)

minimize Ergn;(xz) Ye{OI?}IJIVIyXNf sit. Te+Vw+WY (wof)<HE VE€=(w,§)
Y(wog)e)Y VEeE(w,E)
subject to ¢ € X, weW.

This problem can be written in the form (P) with the matrix W being affected by uncertainty
(left-handside uncertainty), after linearizing the product of Y and w. From Remark 4, our K-
adaptability approximation framework applies in this case too. It results in a number K of binary
linear contingency plans or operating regimes. For this reason, we refer to it as the K-adaptable
binary linear decision rule. This approximation is very natural since it enables us to choose between

several modes of operation for the wait-and-see decisions.



