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Abstract

We propose a new method for the classi�cation task of distinguishing atrial
�brillation (AFib) from regular atrial tachycardias including atrial �utter (AFlu)
on the basis of a surface electrocardiogram (ECG). Although recently many
approaches for an automatic classi�cation of cardiac arrhythmia were proposed,
to our knowledge none of them can distinguish between these two. We discuss
reasons why deep learning might not yield satisfactory results for this task.

We generate new and clinically interpretable features using mathematical
optimization for subsequent use within a machine learning (ML) model. These
features are generated from the same input data and by solving an additional
regression problem with complicated combinatorial substructures. The resulting
model can thus also be seen as a completely novel ML model that incorporates
expert knowledge on the pathophysiology of AFlu. Our approach achieved an
unprecedented accuracy of 82.84% and an excellent area under the ROC curve
of 0.9. One additional advantage of our approach is the inherent interpretability
of the classi�cation results. Our features give insight into a possibly occurring
multi-level atrioventricular blocking mechanism, which might improve treatment
decisions beyond the classi�cation itself. Our research ideally complements ex-
isting cardiac arrhythmia classi�cation methods from the literature, which can
provide a preclassi�cation, but so far left the important case AFib↔AFlu open.
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1. Introduction1

1.1. Automatic Classi�cation of Cardiac Arrhythmias2

The recent success of ML algorithms to classify cardiac arrhythmias is im-3

pressive [1]. However, the authors of this survey state: �A known limitation of4

current ML methods is that it is challenging to understand the rationale behind5

their results. The algorithms are not able to provide explanations for the patho-6

physiological basis of classi�cation outcomes, as they are unable to reveal the7

functional dependencies between data inputs and classes.� We agree with this8

point of view. For example, it is usually not clear if the classi�cation results9

[2, 3, 4, 5] were due to heart rate variability, to the particular shape of the10

electrocardiogram (ECG) curve (including low voltage �utter waves that corre-11

spond to atrial polarizations), or to a mixture of both. Wavelets have been used12

to extract features automatically [6], but this approach is so far limited to easy13

classi�cation cases and does not directly provide physiologically interpretable14

features. Parameters like the atrial cycle length are usually not provided, al-15

though they might be relevant for treatment decisions [7].16

Moreover, none of the surveyed studies addressed the di�cult and important17

special case of AFib↔AFlu, i.e., atrial �brillation (AFib) versus regular atrial18

arrhythmias including atrial �utter and focal atrial tachycardias with irregular19

ventricular response (which we summarize shortly as AFlu in the following). Ei-20

ther it is completely omitted as in [6], which focuses on the classi�cation classes21

normal beat, left bundle branch block beat, right bundle branch block beat,22

atrial premature beat, paced beat, and premature ventricular contraction. Or23

both physiological cases are lumped together in deep learning, �The atrial �bril-24

lation class combined atrial �brillation and atrial �utter� [3], and in algorithms25

based on heart rate variability for smartwatches [8]. Also studies that explicitly26

address �detection of AFib� in the title [9, 10, 11] can only detect the lumped27

class of irregular ventricular response which may either be due to AFib or to28

AFlu. The reason for this is that the special case AFib↔AFlu is di�cult. The29

typically available data, a surface ECG or a time series of heart beats, look30

very similar in both cases to most laymen, physicians, and computerized algo-31

rithms alike. High misdiagnosis rates and possible causes have been reported32

[12, 13, 14]. This is concerning, as di�erent treatments (often antiarrhythmics33

in AFib versus a highly successful ablation therapy in AFlu) are implied by the34

diagnosis [15] and atypical forms of AFlu are becoming increasingly important35

in clinical practice as a complication of left atrial ablation procedures [16]. See36

[17] for a more detailed discussion. The poor quality of expert opinion due to37

the di�cult discrimination poses also a challenge to automatized classi�cation38

by supervised ML, which often uses it for labeling training samples [3, 4, 5]. We39
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used an expert analysis based on intracardiac measurements as gold standard,40

which is only available with invasive procedures.41

Interestingly, the case AFib↔AFlu seems to be also di�cult for deep learn-42

ing approaches. As stated before, the di�erentiation between AFib and AFlu43

has been avoided in [3], where a deep convolutional net with 34 layers was44

trained using 91232 singe-lead ECGs. Also our results show poor performance45

of neural-network-based approaches. We conjecture that this might be due to46

the non-continuous nature of the underlying process which contrasts to the ap-47

proximation properties of deep neural networks.48

1.2. Complementing Previous Work in Automatic Arrhythmia Classi�cation49

Figure 1 visualizes our work�ow. Deep learning (DL) can robustly distin-50

guish samples that are either AFib or AFlu from sinus rhythm and 12 car-51

diac arrhythmias [3] with high accuracy. Other studies achieved similar results52

[6, 9, 10, 11]. As a reliable preclassi�cation (Phase 0) can thus be achieved auto-53

matically (or manually), we focus here on Phase 1 (generation of physiologically54

interpretable features) and Phase 2 (using them for AFib↔AFlu classi�cation).55
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Figure 1: Visualization of our work�ow from surface ECG to decision support for treatment.
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Thus, in the following we are going to assume that it has already been56

veri�ed that exclusively either AFib or AFlu is present, which is also true for57

our gold-standard data set (expert classi�cation of intracardiac measurements58

which are only available after invasive procedures).59

We propose to extend and complement the mentioned approaches with gen-60

erated features that are based on a pathophysiological rationale allowing to61

also classify AFib↔AFlu. Thus our approach is not an alternative to previous62

work of automatic classi�cation, but can be seen as an extension. In previous63

work, neural networks were trained with genetic algorithms [6] or with tailored64

stochastic gradient methods [3]. Our approach di�ers as it uses optimization in65

two di�erent phases. In Phase 1, features are generated solving mixed-integer66

optimization problems. In Phase 2, an automatic classi�cation is calculated67

using optimization. This approach is very modular and in general any classi�-68

cation algorithm can be applied in Phase 2.69

1.3. Feature Generation and Hybrid Modeling70

Feature construction has a long history, with early work dating back to71

the 1960s [18], and a plethora of feature generations methods, such as polyno-72

mial [19], by discretization [20, 21], by normalization [22], or grouping opera-73

tions involving min, max, averaging, etc. The current state of the art in feature74

construction, however, su�ers from three main drawbacks: exponential explo-75

sion of the feature space, di�culty to embed domain knowledge, and loss of76

interpretability. While the �rst drawback can be mitigated by feature selection77

methods, which can themselves be based on machine learning technology [23],78

the di�culty to embed domain knowledge and to interpret the automatically79

generated and selected features still remains. Our proposed feature generation80

does not su�er from any of the three drawbacks. Because it is based on the idea81

to embed domain knowledge (distilled into a mathematical optimization model),82

the generated features provide insightful interpretation to medical practitioners83

(but probably not to laymen), and exponential explosion of the feature set is84

not an issue because only few additional real-valued features need to be added.85

As our feature generation procedure uses only the input data (RR interval86

times) and is also based on optimization, the whole procedure can also be seen87

as a completely novel machine learning model, with a nested hybrid structure.88

On the outer level it contains a classical ML part such as a Support Vector89

Machine (SVM), and in the inner part an inverse simulation domain knowledge90

model. The optimization on the outer level interacts with the results of the91

optimization on the inner level.92

Combining machine learning models with domain knowledge is an active and93

promising �eld of research. A survey how �rst principle models can be com-94

bined in di�erent ways with generic machine learning models is given in [24] in95

the context of process engineering systems. One promising way is to replace96

uncertain parts in di�erential equations with neural nets using the concept of97

universal di�erential equations [25]. Machine learning can also be applied to98

make the solution of di�erential equations more e�cient [26]. The alternative99

is to develop and use physics-informed or biology-informed machine learning100
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approaches [27, 28, 29, 30, 31]. The general idea is to design machine learn-101

ing models such that important physical properties like conservation laws are102

automatically ful�lled. This promising line of research is often linked to the103

simulation of complex �ows. A physics-informed neural network was applied to104

real noisy clinical data in [32]. Here, arterial pressure was predicted from MRI105

data of blood velocity and wall displacement. A common result of these studies106

is that by combining physics-based and machine learning models, it is often107

possible not only to improve the performance of the purely black-box machine108

learning models, but also to make them more transparent and interpretable.109

The mathematical model that we develop and apply in this paper can be110

seen as a simpli�cation of �rst-principle models for electrical conductivity in the111

heart, such as the Hodgkin-Huxley equations [33]. In this sense, our approach112

can also be interpreted as a biology-informed machine learning approach. See113

[34] for a survey of systems biology models and important properties.114

1.4. Summary of Our Approach115

The most important building block in Phase 1 is the inclusion of medical116

expert knowledge. It was unclear for a long time which role the atrioventric-117

ular (AV) node played in the transfer of fast but regular activations of the118

atrial chambers into irregular activations of the ventricular chambers. Or as119

Douglas P. Zipes stated in 2000, the AV node is still �a riddle wrapped in a120

mystery inside an enigma� [35]. Key to solving this riddle is the idea of a121

multi-level AV block (MAVB) [36, 37, 38, 39, 40]. The tedious procedure of122

manually adjusting possible MAVB combinations has been automatized with123

large success in the algorithm HEAT (Heidelberg Electrocardiogram Analysis124

Tool, [17]). The underlying hypothesis is that fast but regular activations of125

the atrial chambers result in irregular responses of the ventricles because of a126

(multilevel) succession of simple blocks of Type I or II. We considered atrial cy-127

cle length, blocktype, and a vector of blocktype-speci�c internal o�set counters128

and conduction constants as optimization variables. For di�erent values of these129

variables, forward simulation of ventricular responses (RR interval lengths) is130

possible, which can be compared to given RR measurements. A penalization of131

the di�erence in an appropriate metric gives a suitable objective function. In132

an inverse simulation, HEAT can calculate optimal solutions resulting in the133

smallest deviations for all training samples. The combination of mathematical134

model and optimization algorithm could also be seen as an interpretable expert135

system. The basic idea of using a mathematical model and inverse simulation136

for AFib↔AFlu classi�cation has been published before [17]. We here report137

a signi�cantly matured approach with a larger data set (4×) which allowed a138

systematic cross-validation, an improved mathematical model of MAVB with139

a better pathophysiological interpretation, a computational speed up (5000×),140

and an increased accuracy. Most importantly, for the �rst time we use HEAT141

for multi-dimensional ML feature generation and show the advantages of using142

clinical domain knowledge. The general approach to use domain knowledge plus143

combinatorial optimization for feature generation might overcome intrinsic ap-144

5



proximation limits of deep learning for non-smooth systems, as they often occur145

in medicine and biology, e.g., [41, 42, 43, 44].146

1.5. Organization of this Paper147

The paper is organized as follows. In Section 2 we describe our machine148

learning approach and data. In particular, we explain a mathematical model149

that is used as domain knowledge to describe AFlu and derived features. In150

Section 3 we present numerical results that show that the proposed approach151

reaches an unprecedented accuracy, while a direct use of neural networks per-152

form poorly on the data. In Section 4 we discuss these results in several direc-153

tions: approximation properties of machine learning as a possible explanation,154

accuracy and impact, interpretability, and transfer to other clinical domains.155

Concluding remarks are given in Section 5.156

2. Methods157

2.1. Multilevel Atrioventricular Block (MAVB)158

We developed a mathematical model for MAVB based on the following ra-159

tionale. In physiology, refractoriness speci�es the time period in which a cell is160

incapable of repeating a certain action. Applied to any component in the car-161

diac conduction system, one distinguishes the absolute refractory period (ARP)162

describing the duration in which a cell can not be stimulated under any cir-163

cumstances and the relative refractory period (RRP) describing the duration in164

which the tissue can be stimulated under certain conditions, but may react with165

a modi�ed conduction [45]. Depending on incoming signal and RRP, a block166

ratio of n+ 1 : n can occur, where n+ 1 is the number of incoming, and n the167

number of conducted signals. Due to changes in cell fatigue or in the frequency168

of the incoming signals, this ratio may vary, even on short time horizons. For169

larger values of n the conduction times may change as well.170

Motivated by the physiology of the AV node, we considered it as a series171

of cell compounds in which a signal may potentially be blocked. Hence, the172

outgoing signal of block level I becomes the incoming signal of block level II,173

and so on, see Figure 2. Classifying atrial �utter with irregular ventricular174

response (AFlu, left) versus atrial �brillation (AFib, right) based on the surface175

electrocardiogram (ECG, bottom) is di�cult for experts and algorithms. If176

intracardiac measurements were available (after invasive procedures, like in our177

data set), the classi�cation would be easier (regular versus irregular, top row of178

the �gure), allowing to use it as a gold standard for training of machine learning179

models and for a-posteriori analysis. The input data of the feature generation,180

the measured ventricular (V) signals (rawRR), were extracted from the surface181

ECG (bottom of �gure). For both samples a two-level atrioventricular (AV)182

block was calculated such that the model parameter ∆a, the cycle length in183

the atrial chambers (A), is regular and the forward simulation in V is close184

to rawRR. We hypothesized that a small deviation (left) can be interpreted as185

a high likelihood for regular behavior (AFlu), and a large deviation (right) for186
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Figure 2: Visualization of our inverse simulation approach applied to two samples.

chaotic behavior which can not be explained well by the model (AFib), compare187

bottom zooms in the �gure, cf. [17]. It can be visually con�rmed that for AFlu188

the calculated ∆a corresponds well to the intracardiac measurements.189

This theoretical concept allows to combine di�erent blocking ratios n+ 1 : n190

(possibly varying and with linearly changing conduction times due to RRP,191

denoted as Type I ) on an unlimited number of levels. However, it makes sense192

to limit the number of possible combinations to avoid over�tting, to reduce193

computational time, and to stay close to clinical observations. We restricted194

our MAVB model to the �ve combinations shown in Figure 3 with a maximum195

of three block levels, consistent with cases described in the current literature.196

The resulting mathematical model comprises most di�erent classical and197

advanced block types, in particular typical Type I block [46, 47, 48], atypical198

Type I block [47, 49], the special cases of 2:1 and 3:2 Type I blocks, Type II199

block [50, 51, 52, 53], advanced second-degree AV Block [54, 55], and MAVB200

[36, 37, 38, 39, 40]. Preferable in the sense of Occam's razor, this uni�ed model201

also allows an e�cient calculation of the most likely block for given RR data.202

AV 1

AV 2

AV 3

MAVB 1

Type I

MAVB 2a

2 : 1

Type I

MAVB 2b

Type I

2 : 1

MAVB 2c

2 : 1 / 3 : 2

1 : 1 / 2 : 1

MAVB 3

2 : 1 / 3 : 2

1 : 1 / 2 : 1

1 : 1 / 2 : 1

Figure 3: The blocktype bt can be chosen as one of the �ve depicted combinations of up to
three multilevel atrioventricular block (MAVB) levels.
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2.2. HEAT203

For the inverse simulation optimization problem we considered optimization204

variables x = (∆a, bt, oc), where ∆a is the atrial cycle length, bt the blocktype,205

and oc a vector of auxiliary variables representing blocktype-speci�c internal206

o�set counters and conduction constants. The objective function is denoted by207

Fi where Fi(x) measures the deviation of the result of the forward simulation208

based on x from the actual RR data sample i in the Euclidean norm.209

With the help of the software package HEAT we calculated for all training
samples i optimal solutions x∗i , i.e., particular values for ∆a∗i , bt

∗
i , and oc

∗
i which

resulted in the smallest objective function value

Fi(x
∗
i ) = min

x∈X
Fi(x).

Here X denotes the feasible set for (∆a,bt, oc) with lower and upper bounds210

for (∆a, oc) and �ve possible blocktypes that comprise most clinically observed211

types of MAVB, compare Figure 3. The bounds on the atrial cycle length212

∆a were determined based on physiological observations [45] (between 175ms213

and 400ms) and dependent on the blocktype bt and the input RR data. The214

algorithm is based on an intelligent enumeration (comparable to Dynamic Pro-215

gramming or Branch&Bound) of all possible solutions, assuming a time grid216

of 1ms for ∆a and oc. The proprietary software and the data set heatDS are217

available for academic studies on reasonable request.218

2.3. Features and Feature Sets219

As features, we investigated the time series of raw input RR interval times220

(RR), together with the derived scalar features heart rate variability (RRvar) and221

average heart rate (RRmean); the HEAT optimal objective function value F (x∗)222

(HEATobj); and the HEAT optimal solution (variable assignments) x∗ = (∆a∗,223

bt∗, oc∗) (HEATsol).224

To further increase accuracy and stability, we applied a moving horizon strat-225

egy to generate additional features as follows. From the nRR = 22 time intervals,226

we considered only nsub ∈ I := {10, . . . , nRR} on windows [1, 2, . . . , nsub] until227

[nRR − nsub + 1, 2, . . . , nRR]. This results in additional solutions Fi,nsub(x∗i,nsub)228

for i ∈ I. To investigate the robustness of solutions, we also evaluated Fi,j(x
∗
i,k)229

for j, k ∈ I, i.e., how well do optimal solutions of time window j perform on230

time window k. We thus computed the features HEATobj and HEATsol for each231

subwindow of RR intervals. The moving horizon approach also enabled us to232

use a comparison of the HEAT simulation based on one time window with the233

raw RR intervals of a di�erent one, as described above (�how well performed234

optimal solutions of time window j on time window i�?) (HEATfit). We refer235

to the resulting time series of nRR − nsub + 1 entries HEATobj, HEATsol, and236

HEATfit as HEATseries, to the generically derived features mean and standard237

deviation as HEATseriesAvg. Finally, we also considered patient age (age).238

Table 1 summarizes the sets of features and resulting dimensions.239
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Feature Set included Features
ML Model # Pars # Scalings # Hyp

rawRR = {RR}
CNN 287�487 0 2
SVM N-Gram 101�485 200�968 4

heatObjective = {HEATobj}
SVM 2 2 4

heatSolution = {HEATobj, HEATsol, RRvar, RRmean}
SVM 10 18 4

heatSerAvg = {HEATseriesAvg}
SVM 21 40 4

heatSerAvgAge = {HEATseriesAvg, age}
SVM 23 44 4

heatSeries = {HEATseries}
SVM N-Gram 91�1691 180�3380 4

Table 1: Number of optimization parameters (Pars), scaling factors, and hyperparame-
ters (Hyp) for the di�erent feature sets and ML models.

2.4. ML Models240

We used two classes of standard ML classi�cation models, namely support241

vector machines (SVM) and convolutional neural networks (CNN).242

Since a SVM does not incorporate the temporal connection between sequen-243

tial data, we �rst computed general features based on subsequences (N-Grams)244

of the underlying data. These general features are the mean and the standard245

deviation of a given subsequence. For the mean, any subsequence with length246

≥ 1 and ≤ nRR was considered. The standard deviation was only computed247

on subsequences of length ≥ 2. The hyperparameter nsub limits the length of248

the time series before computing the features. Before being used for training,249

each feature was standardized to zero mean and unit standard deviation. The250

necessary parameters for this transformation were computed on the training set251

and also used for the model evaluation. Based on these features, we imple-252

mented a SVM model in scikit-learn based on the LIBSVM library [56]. The253

underlying model is described in [57]. The kernel type (radial basis functions254

or polynomial) with a penalty parameter C and a kernel coe�cient γ (3 values255

each) and the length of analyzed subsequences nsub ∈ {10, . . . , 22} were tuned256

as hyperparameters using grid search cross-validation.257

We used a CNN architecture consisting of 2 convolutional blocks followed258

by 1 fully connected layer with recti�ed linear unit (ReLU) activation functions259

and 1 �nal fully connected layer with a sigmoid activation function and output260

dimension 1. Each of the convolutional blocks consisted of 2 convolutional261

layers with ReLU activation functions and 5 �lters of width 2 followed by a max262

pooling and a dropout layer. The dropout rate (10%, 20%, 30%) and nsub were263

tuned as hyperparameters during training using grid search cross-validation.264
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Other objective functions and architectures were evaluated manually in a265

preliminary phase, but not further considered as they gave no additional insight.266

Table 1 shows the number of optimization parameters, of scaling factors,267

and of hyperparameters for the di�erent approaches. The number of optimized268

parameters may depend on the hyperparameter nsub (the length of analyzed269

subsequences), therefore also ranges are provided. To avoid over�tting, each270

approach was evaluated on heatDS using repeated, strati�ed 10-fold cross vali-271

dation to estimate performance on new data.272

2.5. Data273

Our data set heatDS is a superset of the one used in a previous study [17],274

which contains details concerning the data obtained from patients exhibiting275

AFib or AFlu with irregular ventricular response during invasive electrophysio-276

logical testing or catheter ablation. The retrospective data was extended to the277

period between 2011 and 2018 and a total of 159 patients.278

For all 159 patients the classi�cation AFib↔AFlu was performed using elec-279

trical signals measured at the atrial electrodes by an expert in the �eld of cardiac280

electrophysiology. For AFib, we found that all examples exhibit highly irreg-281

ular intervals of atrial activation (qualitative assessment) in combination with282

a short mean atrial cycle length (∆a) of 182 ms. These data correspond well283

with the threshold of 200 ms that is referred to in the European guideline for284

the management of AFib [58]. In contrast, intracardiac recordings taken from285

patients with AFlu exhibited highly regular intervals (∆a ≈ 240 ms). In many286

cases, the correct rhythm diagnosis could be veri�ed by evaluating the reaction287

of the arrhythmia to catheter ablation. Among the group of AFlu cases, further288

quantitative assessment revealed a ∆a variation below 5 ms.289

Our hypothesis was that the dynamics of ventricular activations in short time290

periods contain enough information for a successful discrimination. Therefore291

we reduced the data complexity by extracting the time interval durations of 22292

RR intervals from the surface ECG using built-in calipers, to a precision of 1293

ms. Segments containing premature ventricular beats were excluded.294

In summary, we collected 380 examples which were diagnosed either AFlu295

(n = 190) or AFib (n = 190). We used either two or three disjoint examples296

per patient to increase the overall data size. We stored the time series of 22297

values corresponding to RR intervals, the patient's age, and the correct label298

AFib/AFlu for training and validation purposes. All other ECG data (including299

the intracardiac measurements) were not considered further, except for exem-300

plary a-posteriori illustration. The study was approved by the ethics committee301

of the University of Heidelberg and conforms to the standards de�ned in the302

Helsinki Declaration.303

In [59], we validated a previous version of our algorithm also against other,304

smaller data sets from the literature which focused on AFib↔AFlu discrimina-305

tion. Unfortunately, there are no larger data sets available that can be used as306

an extended benchmark. Usually, these either don't di�erentiate between AFib307

and AFlu in speci�c or they do not classify supraventricular tachycardias at all,308
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like the American Heart Association ECG Database for example [60]. E.g., all309

of the data in the studies [8, 9, 10, 11] is of no use for us, as it is unlabeled with310

respect to AFib↔AFlu.311

2.6. Implementation Setting312

All results were computed on a server running Ubuntu 16.04.4. The system313

had access to 1 TB RAM, an Intel(R) Xeon(R) CPU E5-2699A v4 at 2.40GHz314

with 88 cores, and two NVIDIA(R) Quadro(R) p5000. The ML models were315

implemented using Python 3.5.2 and scikit-learn 0.20.3. The CNNs were based316

on tensor�ow 1.8.0 and trained using the Adam optimizer [61] with default317

parameters. The computational times were roughly 20 milliseconds per HEAT318

call (times 380 samples times number of considered subproblems per sample),319

30 minutes for training SVM, and 3 days for training CNN.320

3. Results321

3.1. Accuracies for Di�erent Feature Sets and ML Models322

We show the mean averages (averaged sensitivity and speci�city) and areas323

under receiver operating characteristic curves in Table 2. The results were324

obtained after repeated, strati�ed 10-fold cross validation for di�erent feature325

sets and ML models as described in Sections 2.3 and 2.4.326

When directly applied to the input data of at most 22 RR interval times327

(rawRR), standard ML approaches achieved approximately 60%. The average328

accuracy increased to 77.58%, when Fi(x
∗
i ) was used as the only feature (gener-329

ated a priori from rawRR). A higher-dimensional classi�cation, which also took330

x∗i and several HEAT solutions from a moving horizon strategy into account,331

increased the average accuracies to 79.37% and 82.84%, respectively. Using the332

best approach, we achieved a sensitivity of 87.21% and a speci�city of 78.47%.333

An exemplary distribution of features is shown in Figure 6.334

For an implementation of a convolutional neural network (CNN) the poor335

performance of direct application to rawRR was also re�ected by high standard336

deviations. The number of ML parameters was two orders of magnitude larger337

Feature Set ML Model Accuracy ROC Area

rawRR CNN 57.26% ± 6.47% 0.60 ± 0.08
SVM N-Gram 62.03% ± 5.25% 0.66 ± 0.07

heatObjective SVM 77.58% ± 4.15% 0.85 ± 0.05
heatSolution SVM 79.37% ± 4.55% 0.87 ± 0.03
heatSerAvg SVM 82.18% ± 4.48% 0.89 ± 0.03
heatSerAvgAge SVM 82.47% ± 3.26% 0.90 ± 0.03
heatSeries SVM N-Gram 82.84% ± 4.31% 0.90 ± 0.04

Table 2: Average accuracies and Areas under Receiver Operating Characteristic (ROC) curve
with standard deviations for the di�erent approaches.
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than for SVM, although only few layers were chosen due to the small size of the338

training set and compared to DL approaches to cardiac arrhythmia classi�cation339

[3]. The SVM results were quite stable. E.g., no signi�cant di�erences occurred340

for di�erent kernel types. The approach to preprocess rawRR using medical341

expert knowledge (HEAT) can thus also be seen as an approach to increase342

sensitivity without over�tting the ML model.343

3.2. Interpretability344

Whereas we observed that the calculated objective function values Fi(x
∗
i )345

were the most decisive feature for classi�cation, the features associated with346

x∗i are interesting from a clinical interpretation point of view. Figure 4 shows347

how the knowledge of the atrial cycle length ∆a∗ might be helpful for an a-348

posteriori identi�cation of �utter waves for AFlu in a surface ECG. The �gure349

shows observed and simulated data, as in Figure 2 left, but for di�erent input350

data from the same patient. The actual atrial cycle length is only available with351

invasive procedures and is di�cult to identify from investigating the surface352

electrocardiogram (ECG, rightmost zoom), where almost no atrial activation is353

recognizable. The intracardiac measurements are shown for illustrative purposes354

and coincide with the value ∆a proposed by HEAT (leftmost zoom). When no355

intracardiac measurements are available, this value ∆a could be of help for the356

physician, e.g., when carefully reanalyzing the ECG. An overlay of ∆a makes357

the task to spot atrial activations in the surface ECG easier (middle zoom).358

Figure 4: Exemplary illustration of how the feature atrial cycle length derived from a HEAT
solution can be a posteriori pathophysiologically interpreted and used.

Figure 5 again shows observed and simulated data, but for di�erent input359

data. Here, a three-level atrioventricular (AV) block with a varying 2:1 / 3:2360
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level followed by two levels with a varying 1:1 / 2:1 conduction was calculated361

(MAVB 3 in Figure 3). Again, the intracardiac measurements are shown for362

illustrative purposes (top). The close match to the calculated atrial cycle length363

∆a highlights the plausibility of the complex blocking mechanism. The optimal364

blocktypes bt∗, compare Figures 4 and 5 with two and three levels with varying365

blockings, respectively, give insight into the pathophysiology of the AV node366

and might be useful for choosing a good treatment.367

Figure 5: Exemplary illustration of how the feature blocktype derived from a HEAT solution
can be a posteriori pathophysiologically interpreted and used.

The high accuracy of ML approaches that used HEAT-generated features368

indicates that our novel mathematical model is an appropriate description of369

the complex blocking mechanism for AFlu.370

3.3. Moving Horizon Approach371

The results in Table 2 seem to indicate that additional accuracy can be372

obtained by using the feature HEATseries. It consists of time series data gener-373

ated from several calls to HEAT for input data obtained from a moving horizon374

approach. As explained above, nsub ∈ {10, . . . , nRR} was optimized as a hyper-375

parameter, with nsub = 17 giving the best results. The overall number of time376

intervals nRR = 22 was �xed. Therefore, the time series in HEATseries corre-377

sponded to entries for 6 di�erent optimization problems (1 . . . 17 to 6 . . . 22).378

An interesting and promising question is, if and how much the approach can379

be improved for larger values of nRR. Unfortunately, the idea to use several opti-380

mization results in one feature set came up later in the project, when data from381

many patients was already collected, with small numbers of RR intervals. Con-382

sidering the collected number of RR intervals for the 159 patients, the average383

number is 51 with a range from 22 to 111. This made a rigorous cross-validated384

comparison of larger values of nRR di�cult, as our data base was simply not385
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large enough. However, a study showed large potential: the accuracy rose from386

82.94% to 92.50% for long time horizons of nRR = 90 intervals. However, this387

result needs to be cross-validated on larger data sets.388

4. Discussion389

4.1. Impact, Accuracy, and Applicability390

Being able to classify AFib↔AFlu is clinically relevant. There are a va-391

riety of treatments (antiarrhythmics, di�erent kinds of ablations and ablation392

systems) with di�erent side e�ects and chances for curing the patient. A cor-393

rect classi�cation is imperative to choose the best treatment [15]. Therefore a394

usage of the proposed approach for clinical decision support might be of great395

help, especially when considering the excellent classi�cation accuracy and in-396

terpretability of calculated features on the one hand, and the di�culty of the397

classi�cation task for unexperienced clinicians on the other hand.398

All ML approaches that were applied directly to the input data (rawRR) re-399

sulted in average accuracies of approximately 60%. These low accuracies were400

not surprising, as AFib↔AFlu is a di�cult case even for experts [12, 13, 14]401

and was explicitly excluded in recent studies [3]. AFib may be overdiagnosed402

because of coarse �brillatory waves which are reminiscent of AFlu [13, 62], the403

presence of artifacts, or premature atrial complexes [63]. AFlu may be overdiag-404

nosed because the low-voltage �utter waves that indicate AFib can be hardly405

discernible in the surface ECG, compare Figures 2 and 4, or because a pseu-406

doregularization may occur [64], see also Section 4.5. The achieved accuracies407

are similar to previous results to analyze AFib↔AFlu, e.g., based on cluster-408

ing of RR times or nodal recovery approaches [59]. Note that the N-Gram409

approach implicitly considers RRvar, RRmean and is thus a superset of features410

used in current smartwatch algorithms [8]. Hence, the low accuracy gives a hint411

why AFib↔AFlu can not currently be treated by them.412

Using HEAT for an a-priori calculation of heatObjective was signi�cantly413

more successful with an average accuracy of 77.58%, although the input data414

was identical (rawRR). Using heatSolution features resulted in an increased415

average accuracy of 82.84% (sensitivity 87.21%). Further improvements can416

be expected if settings of the HEAT algorithm (such as a lower bound on ∆a417

or grid sizes) were optimized as hyperparameters, if underlying model assump-418

tions were adapted after careful analysis of wrongly classi�ed samples, once419

more training samples become available, and if covariates were considered. Age420

(heatSerAvgAge) did not seem to have a signi�cant impact on accuracy, though.421

Using ML with HEAT-generated features has the drawback that for every422

classi�cation sample an optimal solution of the MAVB needs to be calculated.423

However, the additional runtime of 20 milliseconds should be acceptable in a424

clinical context and will be outweighed by several advantages.425

First, the approach is applicable in clinical practice. We assumed that in426

a previous assessment the presence of either AFib or AFlu was veri�ed. Seen427

from another angle, our approach is a reasonable complement to generic DL428
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approaches for cardiac arrhythmias [3]. It can use the prior classi�cation of429

AFib and AFlu into one cluster, and can classify AFib↔AFlu in a following430

step. HEAT can be run on a server. A secure client-server architecture has431

been implemented [59]. It allows communication with a smartphone app that432

generates rawRR data from ECG-derived pictures or beeps from a heart monitor.433

A similar procedure could be implemented for wearables and smartwatches.434

Second, the dominance of the HEATobj feature and the availability of a distri-435

bution, compare Figure 6, allow calculation of a probability for the classi�cation436

(the higher the value, the more likely AFib). Such a value would help clinicians437

to estimate the validity of the suggested diagnosis. From Figure 6 one observes438

the clear separation of atrial �utter (AFlu) and atrial �brillation (AFib) with439

respect to HEATobj. The two model parameters in x∗, the atrial cycle length440

∆a and the blocktype bt do not allow a straightforward classi�cation.441

Figure 6: Representative pairwise plot of features obtained from a heatSolution SVM classi-
�cation, compare Table 2.

Third and as discussed above, it results in a high accuracy. It is an open442

question whether a similar accuracy could be achieved with DL without the443

explicit modeling of expert knowledge. Probably yes, if the number of veri�ed444

training samples, of hidden layers, and the computational resources were large445

enough, but even then the approach would lack interpretability.446

4.2. Interpretability447

Interpretability is the fourth and most important advantage of the proposed448

approach.449
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Led by text classi�cation and image processing, machine learning has been450

conquering many areas of modern life and the sciences. Despite some disappoint-451

ments [65], the combination of statistical modeling, optimization algorithms,452

increased computing power, open source initiatives, and availability of data453

has led to spectacular breakthroughs and an omnipresence of Arti�cial Intel-454

ligence in modern life and research, also in clinical information systems [66].455

Yet, the unprecedented success of data-driven ML is accompanied by worries456

about acceptance, robustness of validation procedures, and interpretability of457

the results. These aspects are repeatedly named as main limitations of cur-458

rent AI systems demanding further research [67], in particular in healthcare459

applications [68, 69, 70]. Transparency and interpretability are explicit goals of460

national research programs. For instance, according to the National Arti�cial461

Intelligence Research and Development Strategic Plan of the US �A key research462

challenge is increasing the `explainability' or `transparency' of AI. Many algo-463

rithms, including those based on deep learning (DL), are opaque to users, with464

few existing mechanisms for explaining their results. This is especially problem-465

atic for domains such as healthcare, where doctors need explanations to justify466

a particular diagnosis or a course of treatment.� [71]. Similar statements can467

be found in the German national AI strategy report [72].468

We reduced the complexity of the data a priori by considering only time469

points of the clearly visible R waves (the beeps of a heart rate monitor) cor-470

responding to ventricular activation. This makes the underlying data more471

assessable to humans. HEAT provides also HEATsol, i.e., the optimal solution472

x∗ = (∆a∗, bt∗, oc∗). These values can be interpreted by experts, and used473

for the treatment decision making. For example, the atrial cycle length ∆a∗474

proposed by HEAT could be of help for the physician when carefully reanalyz-475

ing the ECG, compare Figure 4. Furthermore, the absolute cycle length could476

help identifying patients with typical atrial �utter (∆a ∼ 200 ms) or predicting477

procedural success [7]. In addition, for AFlu �a thorough understanding of elec-478

trophysiological properties and anatomical landmarks is essential in achieving479

a successful ablation outcome and in reducing complication rates� [73]. Some-480

times it is even claimed that �the classic ECG-based diagnoses of tachycardias481

and AFib are of little importance today because treatment is based on the di-482

rect management of the trigger mechanism� [74]. We believe that estimates of483

the atrial cycle length or the blocktype, compare Figures 4 and 5, could be a484

valuable asset to clinical decision making.485

4.3. Impact of ML Architectures and Feature Selection on Accuracy486

Table 2 shows the accuracies for di�erent machine learning architectures.487

After reasonable e�ort to investigate di�erent architectures none resulted in an488

accuracy signi�cantly above 60% when directly working with rawRR. We think489

that this is mainly due to the comparatively small amount of data samples490

and the di�culty to tailor standard ML architectures to the speci�c time se-491

ries character of RR intervals. When the features that were generated using492

domain knowledge were additionally considered, SVM outperformed our CNN493

architectures, see the discussion in the next subsection. We expect a di�erent494
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behavior if neural network architectures were used that explicitly address time495

series, such as recurrent networks.496

A key ingredient in the proposed approach is the generation of features via497

domain knowledge. We solved an inverse optimization problem for the mathe-498

matical MAVB model introduced in Section 2.1. This generic approach seems499

preferable not only for the aforementioned reason of interpretability, but also500

because it makes the cumbersome tailoring of a generic neural network archi-501

tecture for the speci�c classi�cation task obsolete. The classi�cation in the low-502

dimensional feature space can be e�ciently and accurately done with SVMs.503

The selection of features was straightforward, as there are only few model504

parameters that are calculated along with the objective function value. The505

latter alone was decisive and would already be enough for a high-accuracy 1-506

dimensional linear classi�er (i.e., using a simple threshold value), compare the507

entry for heatObjective in Table 2. The additional features that we consid-508

ered in heatSolution did increase accuracy additionally, although we see the509

main bene�t of block type, atrial cycle length, and conduction constants in the510

physiological interpretability. Future work should focus on a consideration of511

sets of optimal solutions and solutions on moving time horizons. In this context512

the impact of heatSolution might increase further.513

4.4. Approximation Properties of Machine Learning Approaches514

It is well known that feed-forward neural networks are universal approxi-515

mators of continuous functions, if either the number of neurons on one hidden516

layer [75] or the number of layers for a �xed number of neurons per layer [76]517

may grow. However, it is also well known that these beautiful theoretical results518

come at the price of a potentially large number of weights distributed over the519

hidden layers of the neural net. Adaptive activation functions seem to have520

better approximation properties [77], but the main di�culty of current archi-521

tectures should be the same. To get an idea why CNNs do not seem to perform522

well on AFib↔AFlu, for deep nets with 34 layers as in [3] as well as in our523

prototypical implementation, we analyze Figure 7.524

It shows the feature HEATobj, i.e., the optimal objective function value Fi(x)525

provided by HEAT, for 801 di�erent arti�cial input vectors x. As input, 17 RR526

intervals of an exemplary patient were chosen. 16 of them are kept �xed, while527

one particular interval length in the middle was varied with deviations of -400ms528

to +400 ms in steps of 1ms. The plot shows locally quadratic behavior, which is529

due to the quadratic objective function (Euclidean norm). The discontinuities530

are due to clipping of solutions that result in deviations of more than 150ms531

between signals. The main take-away from the plot is that the minimal objective532

function value as a function of the input consists of many piecewise quadratic533

segments. Estimating the number of ReLU-induced linear segments necessary534

to approximate this important feature for classi�cation, one easily reaches large535

numbers: assume 20 linear segments, and use nsub = 17 as an exponent. Of536

course the feature HEATobj is only an approximation of the real process, but the537

mathematical modeling based on physiological knowledge and the high accuracy538

indicate that the real MAVB will show a similar behavior. Given the additional539
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Figure 7: The objective function of our mathematical model �uctuates strongly with the input
signal, a possible explanation why deep learning approaches yield poor approximations.

di�culty that for this di�cult classi�cation task only few labeled training data is540

available, we conjecture that it will be di�cult to train CNNs with a reasonable541

classi�cation accuracy without using domain knowledge.542

4.5. Classi�cation failures543

While our novel approach resulted in excellent area under the curve values,544

there were still misclassi�cation samples. Figure 8 shows an atrial �brillation545

case with a very fast (160 beats per minute), but pseudoregular ventricular con-546

traction, shown in the surface lead at the bottom. The atrial contraction on547

the other hand is totally chaotic as shown by intracardiac measurements dis-548

played in the top. Due to this pseudoregularization, the best MAVB simulation549

matched the observed data quite well and led to a misclassi�cation. It is well550

known that at very high frequencies of AFib a pseudoregularization can occur551

[64]. Here, the RR variability decreases with an increase in heart rate, which552

leads to an almost regular rhythm despite a totally chaotic atrial contraction.553

As a consequence, these AFib cases with high ventricular rates might be more554

likely to match a regular MAVB or even a 1 : 1 conduction. In our approach555

pseudoregularizations result in relatively low objective function values which556

impair correct classi�cation.557

Just as for experts, the presence of artifacts or premature atrial complexes558

[63] might also lead to a misclassi�cation. It is an open question how to extend559

the mathematical model in Section 2.1 such that pseudoregularization can be560

detected automatically and the overall speci�city increases without impairing561

the sensitivity. Using the feature atrial cycle length in a more elaborate way or562

additionally classifying the �utter waves might be helpful in this context.563

18



Figure 8: Example of a misclassi�cation.

An intrinsic limitation for the classi�cation accuracy using our approach564

arises from false positives, i.e., cases of AFib, that �by chance� are very close565

to multi-level blocks. The mathematical question of how dense random rawRR566

instances are in the space of all MAVB solutions is open.567

4.6. Generalization to other cases of clinical decision support568

Our proposed approach can be generalized as �enhance ML approaches by569

features based on understandable and interpretable mathematical models of clini-570

cal expert knowledge that exhibit complex dynamic behavior�. Personalizing these571

mathematical models results in model parameters that can be used for classi�-572

cation, prediction and dynamic strati�cation, but also interpreted by clinicians.573

Diagnosis of other cardiac arrhythmias could be done in a similar way as above.574

But also for diseases like acute leukemias [78, 79] or polycythemia vera [80]575

there are mathematical models which have been validated with measurement576

data, and which contain estimated personalized model parameters like stem cell577

proliferation rates. Such hidden parameters can usually not be observed directly578

and could be very useful for clinical decision making [81].579

We believe that it is better to use interpretable models than to explain580

black box models [82]. An integration of interpretable expert systems written581

as optimization models with today's powerful ML approaches might result in582

better healthcare with interpretable results.583

5. Conclusions584

We proposed a method for the di�cult classi�cation task AFib↔AFlu that585

combines expert models and machine learning. On our test set of gold stan-586

dard, our approach was highly successful and reached a classi�cation accuracy587
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of 82.84% and area under the ROC curve of 0.9. In contrast, for short RR time588

series and comparably few labeled training samples, we could not achieve such589

an accuracy with a purely data-driven ML model.590

Our work ideally complements deep-learning-based methods, which can pro-591

vide a preclassi�cation, but can not further distinguish between AFib and AFlu.592

However, this distinction is highly relevant from a clinical perspective. The clas-593

si�cation itself together with corresponding features calculated by HEAT may594

be interpreted by medical experts and utilized for the treatment decision. As595

runtimes of the algorithm are low enough for real-time requirements, it appears596

to be applicable as a decision-support tool for clinical practice.597

An open question is how to further reduce failure cases due to so-called598

pseudoregularization as discussed in Subsection 4.5.599

Finally, we proposed to create features from optimal solutions of domain-600

knowledge models and to search for unknown patterns in a lower-dimensional601

feature space. We think that this general approach of combining the inter-602

pretability of expert systems with the deductive power of data-driven ML can603

and should be transferred to other cases of clinical decision support.604

Acknowledgments605

Funding by the European Research Council (ERC), grant agreement No606

647573, from German Research Foundation, GRK 2297 MathCoRe, and from607

the Klaus-Tschira-Foundation via Informatics for Life are gratefully acknowl-608

edged.609

References610

[1] A. Mincholé, B. Rodriguez, Arti�cial intelligence for the electrocardiogram,611

Nature Medicine 25 (1) (2019) 22.612

[2] A. Vaish, P. Kumari, A comparative study on machine learning algorithms613

in emotion state recognition using ECG, in: Proceedings of the Second614

International Conference on Soft Computing for Problem Solving (SocProS615

2012), December 28-30, 2012, Springer, 2014, pp. 1467�1476.616

[3] A. Y. Hannun, P. Rajpurkar, M. Haghpanahi, G. H. Tison, C. Bourn, M. P.617

Turakhia, A. Y. Ng, Cardiologist-level arrhythmia detection and classi�ca-618

tion in ambulatory electrocardiograms using a deep neural network, Nature619

Medicine 25 (1) (2019) 65.620

[4] Z. I. Attia, S. Kapa, F. Lopez-Jimenez, P. M. McKie, D. J. Ladewig,621

G. Satam, P. A. Pellikka, M. Enriquez-Sarano, P. A. Noseworthy, T. M.622

Munger, et al., Screening for cardiac contractile dysfunction using an arti�-623

cial intelligence�enabled electrocardiogram, Nature Medicine 25 (1) (2019)624

70.625

20



[5] I. Fernández-Ruiz, Arti�cial intelligence to improve the diagnosis of cardio-626

vascular diseases, Nature Reviews Cardiology (2019) 1.627

[6] H. Li, D. Yuan, X. Ma, D. Cui, L. Cao, Genetic algorithm for the optimiza-628

tion of features and neural networks in ECG signals classi�cation, Scienti�c629

reports 7 (2017) 41011.630

[7] R. De Ponti, R. Marazzi, L. Zoli, F. Caravati, S. Ghiringhelli, J. A. Salerno-631

Uriarte, Electroanatomic mapping and ablation of macroreentrant atrial632

tachycardia: comparison between successfully and unsuccessfully treated633

cases, Journal of cardiovascular electrophysiology 21 (2) (2010) 155�162.634

[8] J. M. Bumgarner, C. T. Lambert, A. A. Hussein, D. J. Cantillon, B. Bara-635

nowski, K. Wolski, B. D. Lindsay, O. M. Wazni, K. G. Tarakji, Smart-636

watch algorithm for automated detection of atrial �brillation, Journal of637

the American College of Cardiology 71 (21) (2018) 2381�2388.638

[9] Y. Guo, H. Wang, H. Zhang, T. Liu, Z. Liang, Y. Xia, L. Yan, Y. Xing,639

H. Shi, S. Li, et al., Mobile photoplethysmographic technology to detect640

atrial �brillation, Journal of the American College of Cardiology 74 (19)641

(2019) 2365�2375.642

[10] K. Elkholey, M. M. Lofgren, K. Q. Meeks, Z. U. A. Asad, B. Freed-643

man, S. Stavrakis, Screening for atrial �brillation in native americans using644

smartphone-based ecg, Circulation 140 (Suppl_1) (2019) A13895�A13895.645

[11] M. Mutke, N. Brasier, C. Raichle, M. Doerr, J. Eckstein, C. C. research646

group, P1938 comparing atrial �brillation detection algorithms in smart647

devices on validated mobile ecg data, European Heart Journal 39 (suppl_1)648

(2018) ehy565�P1938.649

[12] A. Shiyovich, A. Wolak, L. Yacobovich, A. Grosbard, A. Katz, Accuracy650

of diagnosing atrial �utter and atrial �brillation from a surface electrocar-651

diogram by hospital physicians: Analysis of data from internal medicine652

departments, The American Journal of the Medical Sciences 340 (4) (2010)653

271�275.654

[13] B. Knight, G. Michaud, S. Strickberger, F. Morady, Electrocardiographic655

di�erentiation of atrial �utter from atrial �brillation by physicians, Journal656

of Electrocardiology 32 (1999) 315�319.657

[14] D. Krummen, M. Patel, H. Ngyen, G. Ho, D. Kazi, P. Clopton, M. Hol-658

land, S. Greenberg, G. Feld, M. Faddis, S. Narayan, Accurate ECG diag-659

nosis of atrial tachyarrhythmias using quantitative analysis: A prospective660

diagnostic and cost-e�ectiveness study, Journal of Cardiovascular Electro-661

physiology 21 (2010) 1251�1259.662

[15] P. Kirchhof, S. Benussi, D. Kotecha, A. Ahlsson, D. Atar, B. Casadei,663

M. Castella, H.-C. Diener, H. Heidbuchel, J. Hendriks, et al., 2016 ESC664

21



Guidelines for the management of atrial �brillation developed in col-665

laboration with EACTS, European Heart Journal 37 (38) (2016) 2893�666

2962. arXiv:http://oup.prod.sis.lan/eurheartj/article-pdf/37/667

38/2893/23787249/ehw210.pdf, doi:10.1093/eurheartj/ehw210.668

[16] N. Sawhney, R. Anousheh, W. Chen, G. K. Feld, Circumferential pul-669

monary vein ablation with additional linear ablation results in an increased670

incidence of left atrial �utter compared with segmental pulmonary vein iso-671

lation as an initial approach to ablation of paroxysmal atrial �brillation,672

Circulation: Arrhythmia and Electrophysiology 3 (3) (2010) 243�248.673

[17] E. Scholz, F. Kehrle, S. Vossel, A. Hess, E. Zitron, H. Katus, S. Sager,674

Discriminating atrial �utter from atrial �brillation using a multilevel model675

of atrioventricular conduction, Heart Rhythm 11 (5) (2014) 877�884.676

URL https://mathopt.de/PUBLICATIONS/Scholz2014.pdf677

[18] G. E. Box, D. R. Cox, An analysis of transformations, Journal of the Royal678

Statistical Society: Series B (Methodological) 26 (2) (1964) 211�243.679

[19] I.-K. Yeo, R. A. Johnson, A new family of power transformations to improve680

normality or symmetry, Biometrika 87 (4) (2000) 954�959.681

[20] J. Dougherty, R. Kohavi, M. Sahami, Supervised and unsupervised dis-682

cretization of continuous features, in: Machine Learning 1995 Proceedings,683

Elsevier, 1995, pp. 194�202.684

[21] S. Garcia, J. Luengo, J. A. Sáez, V. Lopez, F. Herrera, A survey of dis-685

cretization techniques: Taxonomy and empirical analysis in supervised686

learning, IEEE Transactions on Knowledge and Data Engineering 25 (4)687

(2012) 734�750.688

[22] P. A. Estévez, M. Tesmer, C. A. Perez, J. M. Zurada, Normalized mutual689

information feature selection, IEEE Transactions on Neural Networks 20 (2)690

(2009) 189�201.691

[23] G. Katz, E. C. R. Shin, D. Song, ExploreKit: Automatic feature generation692

and selection, in: 2016 IEEE 16th International Conference on Data Mining693

(ICDM), IEEE, 2016, pp. 979�984.694

[24] T. Bikmukhametov, J. Jäschke, Combining machine learning and process695

engineering physics towards enhanced accuracy and explainability of696

data-driven models, Computers & Chemical Engineering 138 (2020)697

106834. doi:10.1016/j.compchemeng.2020.106834.698

URL http://www.sciencedirect.com/science/article/pii/699

S0098135419313675700

[25] C. Rackauckas, Y. Ma, J. Martensen, C. Warner, K. Zubov, R. Supekar,701

D. Skinner, A. Ramadhan, Universal di�erential equations for scienti�c702

machine learning, arXiv preprint arXiv:2001.04385.703

22

http://arxiv.org/abs/http://oup.prod.sis.lan/eurheartj/article-pdf/37/38/2893/23787249/ehw210.pdf
http://arxiv.org/abs/http://oup.prod.sis.lan/eurheartj/article-pdf/37/38/2893/23787249/ehw210.pdf
http://arxiv.org/abs/http://oup.prod.sis.lan/eurheartj/article-pdf/37/38/2893/23787249/ehw210.pdf
http://dx.doi.org/10.1093/eurheartj/ehw210
https://mathopt.de/PUBLICATIONS/Scholz2014.pdf
https://mathopt.de/PUBLICATIONS/Scholz2014.pdf
https://mathopt.de/PUBLICATIONS/Scholz2014.pdf
https://mathopt.de/PUBLICATIONS/Scholz2014.pdf
http://www.sciencedirect.com/science/article/pii/S0098135419313675
http://www.sciencedirect.com/science/article/pii/S0098135419313675
http://www.sciencedirect.com/science/article/pii/S0098135419313675
http://www.sciencedirect.com/science/article/pii/S0098135419313675
http://www.sciencedirect.com/science/article/pii/S0098135419313675
http://dx.doi.org/10.1016/j.compchemeng.2020.106834
http://www.sciencedirect.com/science/article/pii/S0098135419313675
http://www.sciencedirect.com/science/article/pii/S0098135419313675
http://www.sciencedirect.com/science/article/pii/S0098135419313675


[26] A. Heinlein, A. Klawonn, M. Lanser, J. Weber, Machine learning in adap-704

tive domain decomposition methods�predicting the geometric location of705

constraints, SIAM Journal on Scienti�c Computing 41 (6) (2019) A3887�706

A3912. doi:10.1137/18M1205364.707

[27] M. Raissi, G. E. Karniadakis, Hidden physics models: Machine learning of708

nonlinear partial di�erential equations, Journal of Computational Physics709

357 (2018) 125 � 141. doi:10.1016/j.jcp.2017.11.039.710

URL http://www.sciencedirect.com/science/article/pii/711

S0021999117309014712

[28] M. Raissi, P. Perdikaris, G. Karniadakis, Physics-informed neural net-713

works: A deep learning framework for solving forward and inverse problems714

involving nonlinear partial di�erential equations, Journal of Computational715

Physics 378 (2019) 686 � 707. doi:10.1016/j.jcp.2018.10.045.716

URL http://www.sciencedirect.com/science/article/pii/717

S0021999118307125718

[29] S. Yan, Y. He, T. Tang, T. Wang, Drag coe�cient prediction for non-719

spherical particles in dense gas�solid two-phase �ow using arti�cial neural720

network, Powder Technology 354 (2019) 115�124.721

[30] E. Qian, B. Kramer, B. Peherstorfer, K. Willcox, Lift & learn:722

Physics-informed machine learning for large-scale nonlinear dynam-723

ical systems, Physica D: Nonlinear Phenomena 406 (2020) 132401.724

doi:10.1016/j.physd.2020.132401.725

URL http://www.sciencedirect.com/science/article/pii/726

S0167278919307651727

[31] A. Yazdani, M. Raissi, G. E. Karniadakis, Systems biology informed deep728

learning for inferring parameters and hidden dynamics, bioRxiv (2019)729

865063.730

[32] G. Kissas, Y. Yang, E. Hwuang, W. R. Witschey, J. A. Detre, P. Perdikaris,731

Machine learning in cardiovascular �ows modeling: Predicting arterial732

blood pressure from non-invasive 4d �ow mri data using physics-informed733

neural networks, Computer Methods in Applied Mechanics and Engineer-734

ing 358 (2020) 112623. doi:10.1016/j.cma.2019.112623.735

URL http://www.sciencedirect.com/science/article/pii/736

S0045782519305055737

[33] A. L. Hodgkin, A. F. Huxley, A quantitative description of membrane cur-738

rent and its application to conduction and excitation in nerve, The Journal739

of Physiology 117 (1952) 500�544.740

[34] A. F. Villaverde, J. R. Banga, Structural properties of dynamic systems bi-741

ology models: Identi�ability, reachability, and initial conditions, Processes742

5 (2). doi:10.3390/pr5020029.743

URL https://www.mdpi.com/2227-9717/5/2/29744

23

http://dx.doi.org/10.1137/18M1205364
http://www.sciencedirect.com/science/article/pii/S0021999117309014
http://www.sciencedirect.com/science/article/pii/S0021999117309014
http://www.sciencedirect.com/science/article/pii/S0021999117309014
http://dx.doi.org/10.1016/j.jcp.2017.11.039
http://www.sciencedirect.com/science/article/pii/S0021999117309014
http://www.sciencedirect.com/science/article/pii/S0021999117309014
http://www.sciencedirect.com/science/article/pii/S0021999117309014
http://www.sciencedirect.com/science/article/pii/S0021999118307125
http://www.sciencedirect.com/science/article/pii/S0021999118307125
http://www.sciencedirect.com/science/article/pii/S0021999118307125
http://www.sciencedirect.com/science/article/pii/S0021999118307125
http://www.sciencedirect.com/science/article/pii/S0021999118307125
http://dx.doi.org/10.1016/j.jcp.2018.10.045
http://www.sciencedirect.com/science/article/pii/S0021999118307125
http://www.sciencedirect.com/science/article/pii/S0021999118307125
http://www.sciencedirect.com/science/article/pii/S0021999118307125
http://www.sciencedirect.com/science/article/pii/S0167278919307651
http://www.sciencedirect.com/science/article/pii/S0167278919307651
http://www.sciencedirect.com/science/article/pii/S0167278919307651
http://www.sciencedirect.com/science/article/pii/S0167278919307651
http://www.sciencedirect.com/science/article/pii/S0167278919307651
http://dx.doi.org/10.1016/j.physd.2020.132401
http://www.sciencedirect.com/science/article/pii/S0167278919307651
http://www.sciencedirect.com/science/article/pii/S0167278919307651
http://www.sciencedirect.com/science/article/pii/S0167278919307651
http://www.sciencedirect.com/science/article/pii/S0045782519305055
http://www.sciencedirect.com/science/article/pii/S0045782519305055
http://www.sciencedirect.com/science/article/pii/S0045782519305055
http://www.sciencedirect.com/science/article/pii/S0045782519305055
http://www.sciencedirect.com/science/article/pii/S0045782519305055
http://dx.doi.org/10.1016/j.cma.2019.112623
http://www.sciencedirect.com/science/article/pii/S0045782519305055
http://www.sciencedirect.com/science/article/pii/S0045782519305055
http://www.sciencedirect.com/science/article/pii/S0045782519305055
https://www.mdpi.com/2227-9717/5/2/29
https://www.mdpi.com/2227-9717/5/2/29
https://www.mdpi.com/2227-9717/5/2/29
http://dx.doi.org/10.3390/pr5020029
https://www.mdpi.com/2227-9717/5/2/29


[35] T. Mazgalev, P. J. Tchou, Atrial-AV Nodal Electrophysiology: A View from745

the Millennium, Wiley, 2000.746

[36] Y. Watanabe, L. Dreifus, Second degree atrioventricular block, Cardiovas-747

cular Research 1 (1967) 150�158.748

[37] B. Kosowsky, P. Latif, A. Rado�, Multilevel atrioventricular block, Circu-749

lation 54 (1976) 914�921.750

[38] R. Slama, J. F. Leclercq, M. Rosengarten, P. Coumel, Y. Bouvrain, Multi-751

level block in the atrioventricular node during atrial tachycardia and �ut-752

ter alternating with wenckebach phenomenon, British Heart Journal 42 (4)753

(1979) 463�470.754

[39] L. Littmann, R. H. Svenson, Atrioventricular alternating Wenckebach pe-755

riodicity: Conduction patterns in multilevel block, The American Journal756

of Cardiology 49 (4) (1982) 855�862.757

[40] A. Castellanos, J. Diaz, A. Interian, R. J. Myerburg, Wenckebach's peri-758

ods or alternating wenckebach's periods during 4:1 atrioventricular block?,759

Journal of Electrocardiology 38 (2005) 157�159.760

[41] O. Wolkenhauer, C. Au�ray, O. Brass, J. Clairambault, A. Deutsch,761

D. Drasdo, F. Gervasio, L. Preziosi, P. Maini, A. Marciniak-Czochra, et al.,762

Enabling multiscale modeling in systems medicine, Genome medicine 6 (3)763

(2014) 21.764

[42] F. Fröhlich, F. J. Theis, J. O. Rädler, J. Hasenauer, Parameter estimation765

for dynamical systems with discrete events and logical operations, Bioin-766

formatics 33 (7) (2017) 1049�1056.767

[43] A. Kremling, J. Geiselmann, D. Ropers, H. de Jong, An ensemble of math-768

ematical models showing diauxic growth behaviour, BMC systems biology769

12 (1) (2018) 1�16.770

[44] A. Tsipa, J. A. Pitt, J. R. Banga, A. Mantalaris, A dual-parameter iden-771

ti�cation approach for data-based predictive modeling of hybrid gene reg-772

ulatory network-growth kinetics in pseudomonas putida mt-2, Bioprocess773

and biosystems engineering.774

[45] M. E. Josephson, Clinical Cardiac Electrophysiology: Techniques and In-775

terpretations, 4th Edition, Lippincott Williams & Wilkins, 2008.776

[46] K. F. Wenckebach, H. Winterberg, Die unregelmäÿige Herztätigkeit, Wil-777

helm Engelnmann, 1927.778

[47] P. Denes, L. Levy, A. Pick, K. M. Rosen, The incidence of typical and atyp-779

ical A-V Wenckebach periodicity, American Heart Journal 89 (1) (1975)780

26�31.781

24



[48] D. H. Spodick, Seven-cycle wenckebach period without atypical features,782

American Heart Hospital Journal 2 (1) (2004) 64.783

[49] H. S. Friedman, J. A. C. Gomes, J. I. Haft, An analysis of Wenckebach784

periodicity, Journal of Electrocardiology 8 (4) (1975) 307�315.785

[50] J. Hay, Bradycardia and cardiac arrhythmias produced by depression of786

certain functions of the heart, Lancet 1 (1906) 138�143.787

[51] S. S. Barold, B. Lüderitz, John hay and the Earliest Description of Type II788

Second-Degree Atrioventricular Block, The American Journal of Cardiology789

87 (12) (2001) 1433�1435.790

[52] E. O. R. de Medina, R. Bernard, P. Coumel, A. Damato, C. Fisch, D. Krik-791

ler, N. Mazur, F. Meijler, L. Mogensen, P. Moret, Z. Pisa, H. Wellens,792

Who/isc task force. De�nition of terms related to cardiac rhythm, Ameri-793

can Heart Journal 95 (1978) 796�806.794

[53] B. Surawicz, H. Uhley, R. Borun, M. Laks, L. Crevasse, K. Rosen, W. Nel-795

son, W. Mandel, P. Lawrence, L. Jackson, N. Flowers, J. Clifton, J. Green-796

�eld, E. R. D. Medina, The quest for optimal standardization of terminol-797

ogy and interpretation, American Heart Journal 41 (1) (1978) 130�145.798

[54] D. P. Zipes, J. P. Dimarco, P. C. Gillette, W. M. Jackman, R. J. Myerburg,799

S. H. Rahimtoola, J. L. Ritchie, M. D. Cheitlin, A. Garson, R. J. Gibbons,800

R. P. Lewis, R. A. O'Rourke, T. J. Ryan, R. C. Schlant, Guidelines for801

clinical intracardiac electrophysiological and catheter ablation procedures,802

Journal of the American College of Cardiology 26 (2) (1995) 555�573.803

[55] S. S. Barold, 2:1 Atrioventricular block: Order from chaos, The American804

Journal of Emergency Medicine 19 (3) (2001) 214�217.805

[56] C.-C. Chang, C.-J. Lin, LIBSVM: A library for support vector machines,806

ACM Transactions on Intelligent Systems and Technology 2 (2011) 27:1�807

27:27.808

[57] C. Cortes, V. Vapnik, Support-vector networks, Machine Learning 20 (3)809

(1995) 273�297. doi:10.1007/BF00994018.810

[58] A. Camm, P. Kirchhof, G. L. et al., Guidelines for the management of atrial811

�brillation, European Heart Journal 31 (2010) 2369�2429.812

[59] F. Kehrle, Inverse simulation for cardiac arrhythmia, Ph.D. thesis, Otto-813

von-Guericke University Magdeburg (2018).814

URL https://mathopt.de/PUBLICATIONS/Kehrle2018.pdf815

[60] A. Goldberger, L. Amaral, L. Glass, J. Hausdor�, P. C. Ivanov, R. Mark,816

J. E. Mietus, G. B. Moody, C. K. Peng, H. E. Stanley, Physiobank, phys-817

iotoolkit, and physionet: Components of a new research resource for com-818

plex physiologic signals, Circulation [Online] 101 (23) (2000) e215�e220.819

URL https://physionet.org/content/ahadb/1.0.0820

25

http://dx.doi.org/10.1007/BF00994018
https://mathopt.de/PUBLICATIONS/Kehrle2018.pdf
https://mathopt.de/PUBLICATIONS/Kehrle2018.pdf
https://physionet.org/content/ahadb/1.0.0
https://physionet.org/content/ahadb/1.0.0
https://physionet.org/content/ahadb/1.0.0
https://physionet.org/content/ahadb/1.0.0
https://physionet.org/content/ahadb/1.0.0
https://physionet.org/content/ahadb/1.0.0


[61] D. P. Kingma, J. Ba, Adam: A method for stochastic optimization, CoRR821

abs/1412.6980. arXiv:1412.6980.822

URL http://arxiv.org/abs/1412.6980823

[62] B. L. Hoppe, A. Kahn, G. Feld, A. Hassankhani, S. Narayan, Separat-824

ing atrial �utter from atrial �brillation with apparent electrocardiographic825

organization using dominant and narrow F-wave spectra, Journal of the826

American College of Cardiology 46 (2005) 2079�2087.827

[63] F. Bogun, D. Anh, G. Kalahasty, E. Wissner, C. B. Serhal, R. Bazzi,828

W. Weaver, C. Schuger, Misdiagnosis of atrial �brillation and its clinical829

consequences, The American Journal of the Medical Sciences 117 (9) (2004)830

636�642.831

[64] K. Kettering, V. Dörnberger, R. Lang, R. Vonthein, R. Suchalla, R. F.832

Bosch, C. Mewis, B. Eigenberger, V. Kühlkamp, Enhanced detection crite-833

ria in implantable cardioverter de�brillators: Sensitivity and speci�city of834

the stability algorithm at di�erent heart rates, Pacing and Clinical Elec-835

trophysiology 24 (2001) 1325�1333.836

[65] E. Strickland, Ibm watson, heal thyself: How ibm overpromised and under-837

delivered on ai health care, IEEE Spectrum 56 (04) (2019) 24�31.838

[66] C. Combi, G. Pozzi, Clinical information systems and arti�cial intelligence:839

Recent research trends, Yearbook of medical informatics 28 (1) (2019) 83.840

[67] N. Baker, F. Alexander, T. Bremer, A. Hagberg, Y. Kevrekidis, H. Najm,841

M. Parashar, A. Patra, J. Sethian, S. Wild, et al., Workshop report on basic842

research needs for scienti�c machine learning: Core technologies for arti-843

�cial intelligence, Tech. rep., USDOE O�ce of Science (SC), Washington,844

DC (United States) (2019).845

[68] T. Syeda-Mahmood, Role of big data and machine learning in diagnostic846

decision support in radiology, Journal of the American College of Radiology847

15 (3) (2018) 569�576.848

[69] E. J. Topol, High-performance medicine: the convergence of human and849

arti�cial intelligence, Nature Medicine 25 (1) (2019) 44�56. doi:10.1038/850

s41591-018-0300-7.851

[70] J. He, S. L. Baxter, J. Xu, J. Xu, X. Zhou, K. Zhang, The practical852

implementation of arti�cial intelligence technologies in medicine, Nature853

Medicine 25 (1) (2019) 30�36. doi:10.1038/s41591-018-0307-0.854

[71] National Science and Technology Council, National arti�cial intelligence855

research and development strategic plan (2016).856

URL https://obamawhitehouse.archives.gov/sites/default/857

files/whitehouse_files/microsites/ostp/NSTC/national_ai_rd_858

strategic_plan.pdf859

26

http://arxiv.org/abs/1412.6980
http://arxiv.org/abs/1412.6980
http://arxiv.org/abs/1412.6980
http://dx.doi.org/10.1038/s41591-018-0300-7
http://dx.doi.org/10.1038/s41591-018-0300-7
http://dx.doi.org/10.1038/s41591-018-0300-7
http://dx.doi.org/10.1038/s41591-018-0307-0
https://obamawhitehouse.archives.gov/sites/default/files/whitehouse_files/microsites/ostp/NSTC/national_ai_rd_strategic_plan.pdf
https://obamawhitehouse.archives.gov/sites/default/files/whitehouse_files/microsites/ostp/NSTC/national_ai_rd_strategic_plan.pdf
https://obamawhitehouse.archives.gov/sites/default/files/whitehouse_files/microsites/ostp/NSTC/national_ai_rd_strategic_plan.pdf
https://obamawhitehouse.archives.gov/sites/default/files/whitehouse_files/microsites/ostp/NSTC/national_ai_rd_strategic_plan.pdf
https://obamawhitehouse.archives.gov/sites/default/files/whitehouse_files/microsites/ostp/NSTC/national_ai_rd_strategic_plan.pdf
https://obamawhitehouse.archives.gov/sites/default/files/whitehouse_files/microsites/ostp/NSTC/national_ai_rd_strategic_plan.pdf
https://obamawhitehouse.archives.gov/sites/default/files/whitehouse_files/microsites/ostp/NSTC/national_ai_rd_strategic_plan.pdf
https://obamawhitehouse.archives.gov/sites/default/files/whitehouse_files/microsites/ostp/NSTC/national_ai_rd_strategic_plan.pdf


[72] Bundesregierung der Bundesrepublik Deutschland, Nationale Strategie für860

künstliche Intelligenz (2018).861

URL https://www.ki-strategie-deutschland.de/home.html862

[73] S. Ahmed, A. Claughton, P. A. Gould, Atrial �utter - diagnosis, manage-863

ment and treatment, in: Abnormal Heart Rhythms, IntechOpen, 2015.864

[74] F. Garcia-Cosio, A. P. Fuentes, A. N. Angulo, Clinical approach to atrial865

tachycardia and atrial �utter from an understanding of the mechanisms.866

electrophysiology based on anatomy, Revista Española de Cardiologia (En-867

glish Edition) 65 (4) (2012) 363�375.868

[75] K. Hornik, Approximation capabilities of multilayer feedforward networks,869

Neural networks 4 (2) (1991) 251�257.870

[76] P. Kidger, T. Lyons, Universal approximation with deep narrow networks,871

in: Conference on Learning Theory, 2020, pp. 2306�2327.872

[77] A. D. Jagtap, K. Kawaguchi, G. E. Karniadakis, Adaptive activation873

functions accelerate convergence in deep and physics-informed neu-874

ral networks, Journal of Computational Physics 404 (2020) 109136.875

doi:10.1016/j.jcp.2019.109136.876

URL http://www.sciencedirect.com/science/article/pii/877

S0021999119308411878

[78] F. Jost, J. Zierk, T. T. Le, T. Raupach, J. Zierk, M. Rauh, M. Suttorp,879

M. Stanulla, M. Metzler, S. Sager, Model-based simulation of maintenance880

therapy of childhood acute lymphoblastic leukemia, Frontiers in Physiology881

11 (2020) 217. doi:10.3389/fphys.2020.00217.882

URL https://www.frontiersin.org/article/10.3389/fphys.2020.883

00217884

[79] F. Jost, E. Schalk, D. Weber, H. Döhner, T. Fischer, S. Sager, Model-based885

optimal aml consolidation treatment, IEEE Transactions on Biomedical886

EngineeringAccepted.887

URL https://arxiv.org/abs/1911.08980888

[80] P. Lilienthal, M. Tetschke, E. Schalk, T. Fischer, S. Sager, Optimized and889

personalized phlebotomy schedules for patients su�ering from polycythemia890

vera, Frontiers in PhysiologyAccepted.891

[81] S. Sager, Optimization and clinical decision support, Optima 104 (2018)892

1�8.893

URL http://www.mathopt.org/Optima-Issues/optima104.pdf894

[82] C. Rudin, Stop explaining black box machine learning models for high895

stakes decisions and use interpretable models instead, Nature Machine In-896

telligence 1 (2019) 206�215.897

27

https://www.ki-strategie-deutschland.de/home.html
https://www.ki-strategie-deutschland.de/home.html
https://www.ki-strategie-deutschland.de/home.html
https://www.ki-strategie-deutschland.de/home.html
http://www.sciencedirect.com/science/article/pii/S0021999119308411
http://www.sciencedirect.com/science/article/pii/S0021999119308411
http://www.sciencedirect.com/science/article/pii/S0021999119308411
http://www.sciencedirect.com/science/article/pii/S0021999119308411
http://www.sciencedirect.com/science/article/pii/S0021999119308411
http://dx.doi.org/10.1016/j.jcp.2019.109136
http://www.sciencedirect.com/science/article/pii/S0021999119308411
http://www.sciencedirect.com/science/article/pii/S0021999119308411
http://www.sciencedirect.com/science/article/pii/S0021999119308411
https://www.frontiersin.org/article/10.3389/fphys.2020.00217
https://www.frontiersin.org/article/10.3389/fphys.2020.00217
https://www.frontiersin.org/article/10.3389/fphys.2020.00217
http://dx.doi.org/10.3389/fphys.2020.00217
https://www.frontiersin.org/article/10.3389/fphys.2020.00217
https://www.frontiersin.org/article/10.3389/fphys.2020.00217
https://www.frontiersin.org/article/10.3389/fphys.2020.00217
https://arxiv.org/abs/1911.08980
https://arxiv.org/abs/1911.08980
https://arxiv.org/abs/1911.08980
https://arxiv.org/abs/1911.08980
http://www.mathopt.org/Optima-Issues/optima104.pdf
http://www.mathopt.org/Optima-Issues/optima104.pdf

	Introduction
	Automatic Classification of Cardiac Arrhythmias
	Complementing Previous Work in Automatic Arrhythmia Classification
	Feature Generation and Hybrid Modeling
	Summary of Our Approach
	Organization of this Paper

	Methods
	Multilevel Atrioventricular Block (MAVB)
	HEAT
	Features and Feature Sets
	ML Models
	Data
	Implementation Setting

	Results
	Accuracies for Different Feature Sets and ML Models
	Interpretability
	Moving Horizon Approach

	Discussion
	Impact, Accuracy, and Applicability
	Interpretability
	Impact of ML Architectures and Feature Selection on Accuracy
	Approximation Properties of Machine Learning Approaches
	Classification failures
	Generalization to other cases of clinical decision support

	Conclusions

