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Abstract

In this paper, we propose a framework of Inexact Proximal Stochastic Second-order (IPSS)
methods for solving nonconvex optimization problems, whose objective function consists of an
average of finitely many, possibly weakly, smooth functions and a convex but possibly nons-
mooth function. At each iteration, IPSS inexactly solves a proximal subproblem constructed by
using some positive definite matrix which could capture the second-order information of original
problem. Proper tolerances are given for the subproblem solution in order to maintain global
convergence and the desired overall complexity of the algorithm. Under mild conditions, we
analyze the computational complexity related to the evaluations on the component gradient of
the smooth function. We also investigate the number of evaluations of subgradient when using
an iterative subgradient method to solve the subproblem. In addition, based on IPSS, we pro-
pose a linearly convergent algorithm under the proximal Polyak-f.ojasiewicz condition. Finally,
we extend the analysis to problems with weakly smooth function and obtain the computational
complexity accordingly.
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1 Introduction
In this paper, we consider the following nonconvex optimization problem:

min  F(z) = f(z) + h(x). (1.1)

r€R4

Here, h : R® — R is a proper, convex function but possibly nonsmooth, function and f is an average
of many, but a finite number of, smooth component functions, i.e.,

1
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where f; : R* - R, i = 1,...,n, is first-order continuously differentiable, but possibly nonconvex.

We assume that the optimal objective function value F* of (1.1)-(1.2) is finite and the number of
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component functions, n, is very large or even huge such that it is very expensive or even impossible to
evaluate the gradient of f at each iteration. To deal with this challenge, stochastic methods, utilizing
stochastic gradient to approximate the exact gradient of f, have attracted more and more attention.
There are mainly two type of stochastic methods for solving (1.1)-(1.2): proximal stochastic first-order
methods and proximal stochastic second-order methods.

Proximal stochastic first-order methods, also known as proximal stochastic gradient methods,
normally solve the following type of subproblem based on stochastic gradient of f at each iteration:

min {gy, =~ ai) + 5 lle — 2l + h(x)
z€ERY 2
where g;, € R? is a stochastic gradient of f at z. Xiao and Zhang [29] proposed a proximal SVRG
(Prox-SVRG) method for solving (1.1)-(1.2). Their method has O(nlog(1/€)) component gradient
complexity when f is strongly convex and (n + 1/¢)O(log(1/¢€)) complexity when f is only convex.
Prox-SVRG extends the original SVRG method proposed for solving smooth problem by Johnson and
Zhang [11], where an unbiased stochastic gradient is constructed by combining the the exact gradient of
f at certain particularly chosen points. Later, [23] extends proximal SVRG method to solve nonconvex
problems, with complexity O(n 4 n?/3/e). Other related works include Prox-SAGA [23] and prox-
SARAH [21], RSPG [25]. However, all the above algorithms need solving the subproblem exactly at
each iteration. Wang et al. [27] proposed an inexact proximal stochastic gradient (IPSG) method
for convex composite optimization. At each iteration, the subproblem is solved up to some pre-given
tolerance. Although the subproblems are solved inexactly, IPSG can still keep global convergence with
desirable computational complexity. Inspired by this work, in this paper we propose an algorithm,
which not only allows to solve the proximal subproblem inexactly but also has the ability to explore
the second-order information of the objective function of (1.1). Due to the difference of the proximal
subproblem considered in this paper, we will generalize the original definition of inexact subproblem
solutions proposed in [27]. And more importantly, our method proposed in this paper is designed for
nonconvex composite optimization.

Proximal stochastic second-order method is another type of popular methods for solving (1.1)-(1.2).
At each iteration, the following type of subproblem is solved to update its iterates:

. 1
min  gg(z) := (gk,z—xk>+f||z—xk|\23k + h(x), (1.3)
reRd 2

where By, € R%¥? is a positive definite matrix often carrying some second-order information of f
at z, and g, € R? is still a stochastic gradient of f at xj. Literatures on deterministic proximal
second-order methods for solving (1.1), with g, = V f(zy) in (1.3), include [2,8,17,18]. For particular
h with simple structure, e.g. h(xz) = A||z||1, several proximal second-order methods were proposed to
explore the problem structure, such as [4,5,7,9,12]. However, all these previous work focuses on (1.1)
when its objective is convex or strongly convex. Recently, exploring the summation structure of f as
(1.2), Wang et al. [28] proposed a modified self-scaling rank one method for solving (1.1)-(1.2), with
By, in (1.3) defined as (1/nx)By. With proper choice of stepsize parameter 7y, Wang et al. [28] proved
the theoretical convergence as well as the computational complexity of their proposed algorithm.
However, each subproblem in [28] is also required be solved exactly, which in many scenarios will be
very time consuming or even theoretically impossible, for example, when h is a general nonsmooth
function and/or By is a complicated matrix such that there is no closed-form subproblem solution.
In this paper, we will extend this algorithm to an inexact proximal stochastic second-order algorithm
which allows to solve the subproblems inexactly and has more flexibilities for choosing the matrix By.

In the literature, deterministic algorithms have been also proposed to solve problem (1.1) under
the assumption that Vf : R? — R? is Hélder continuous, i.e. there exist v > 0 and v € (0,1]
such that |V f(z) — Vf(y)| < %Hz — yl||¥ for any z,y, where || - ||« is the dual norm of || - ||, such
as [1,6,10,11,16,19,20,26]. When v < 1, f is usually called weakly smooth. Recently, Ghadimi
[24] proposes a conditional gradient method for solving (1.1) under stochastic setting, where the
information of f is obtained through a stochastic oracle. However, the summation structure of f
as (1.2) is not explored in [24]. Our IPSS algorithm proposed in this paper is based on stochastic



variance reduced gradient (SVRG) [11] by taking advantage of the summation structure of f. We will
also study the theoretical properties of IPSS for solving (1.1)-(1.2) when f is only weakly smooth.

Contributions

This paper proposes a framework of inexact proximal stochastic second-order (IPSS) algorithm for
solving general nonconvex composite optimization problems. IPSS allows inexact solution for each
proximal subproblem and also allows to explore the second-order information of the objective function.
Wang et al. [27] first studied inexact proximal stochastic gradient method for solving convex and
strongly convex composite optimization by inexactly solving subproblems. But the algorithm proposed
in this paper differs from [27] in generalizing the definition of inexact subproblem solution, since the
subproblem of IPSS is in a more general setting for possibly using the second-order information. More
importantly, the new algorithm IPSS is designed for solving nonconvex composite optimization (1.1)
with function f being smooth or weakly smooth settings, while the algorithm in [27] can only be
applied for solving convex composite optimization.

We explore theoretical properties of IPSS for solving (1.1)-(1.2) under different smooth assumptions
of the objective function. Although Wang et al. [28] studied proximal stochastic quasi-Newton methods
for nonconvex composite optimization, this paper differs and generalizes the analysis in [28] in the
following aspects. Firstly, IPSS allows to solve the subproblems inexactly which is often critical when
the subproblem becomes more difficult in the second-order methods. Secondly, the smoothness of
function f is more generally defined with respect to a symmetric positive definite matrix M (See
assumptions Al and A3) and more general theoretical requirements on second-order approximation
matrix B are derived connected with this matrix M. Thirdly, for analyzing IPSS in this paper, we
propose a new operator G (defined in (2.11)) to measure the first-order optimality of the optimization
problem. This operator G also relies on the matrix M, which inherits the smooth information of
f. In addition, an iterative subgradient method is proposed to solve subproblems to the required
accuracy at each iteration and the complexity with respect to evaluations of subgradients of function
h is analyzed. Furthermore, based on IPSS, we propose a linearly convergent algorithm when the
objective function satisfies the so-called proximal Polyak-Y.ojasiewicz (PPL) inequality. Finally, we
explore theoretical properties of IPSS for solving optimization problems (1.1)-(1.2) when f is only
weakly smooth. Our analysis shows that under mild conditions the theoretical properties of IPSS for
(1.1)-(1.2) with smooth f can be properly extended to the case when f is weakly smooth.

Notations and Organizations

The gradient of f at a point x is denoted by V f(z) and 0f(x) represents the subdifferential of f at
x when f is a proper convex function. Given z,y € R%, (x,y) = 2"y is the standard Euclidean inner
product in R?. Sj‘f_ . denotes the set of all d x d symmetric positive definite matrices. For two matrices
A, B € R4 A = B means A — B is positive semidefinite. Given B € S¢, and z € RY, ||z|% is
defined to be 2T Bz. Given a real number a, |a| means the largest integer less than or equal to a. For
a random variable or vector X, its expectation is denoted as E[X], while its expectation conditioned
on another random variable or vector Y is denoted as E[X|Y].

The remainder of this paper is organized as follows. In Section 2, we propose the framework
of an inexact proximal stochastic second-order (IPSS) algorithm and give some preliminary results
and backgrounds. The Section 3 is divided to three subsections. In Subsection 3.1, we discuss the
convergence properties of IPSS in details for solving (1.1)-(1.2) with smooth f. In Subsection 3.2,
we propose a particular subgradient method to solve the subproblems of IPSS inexactly and discuss
the overall algorithm complexity. A linearly convergent algorithm, called PPL-IPSS, is proposed
in Subsection 3.3 to solve (1.1)-(1.2) under the proximal PL-inequality. In Section 4, we analyze
the convergence properties of IPSS when f in the objective function is weakly smooth. We finally
summarize the paper in the last Section 5.



2 Framework of IPSS algorithm

In this section, we propose a framework of inexact proximal stochastic second-order (IPSS) algorithm
to solve (1.1)-(1.2). The key subproblem to solve in each iteration is the following type of proximal
subproblem )
min q(z) := h(z) + 5o — wll5. (2.1)

Here, B € Si 4 could be used to capture certain second-order curvature information of f. Due to
the introduction of B matrix and the existence of possibly nonsmooth function A, it might be too
expensive or impossible to find the exact solution of (2.1). Under this circumstance, inexact solutions
of (2.1) will be necessary in practice to solve the problem (1.1)-(1.2). In this paper, we will propose
proper criteria for inexact solutions of subproblem (2.1) while still maintain global convergence of the
algorithm with the desired computational complexity.

Before defining the inexact solution of (2.1), we first recall the concept of the e-subdifferential of
a convex function [3].

DEFINITION 2.1. Given a conver function ¢ : R — R, its e-subdifferential at x, denoted as 0-¢(z),
is defined as

0-0(z) = {2z : ¢(y) — d(x) > (z,y — ) — & for all y € R4}.

We now give our definition of inexact solution of (2.1). Notice that this definition is a generalization
of that in [27], since the definition of inexact solution in [27] simply corresponds to the case that B is
an identify matrix.

DEFINITION 2.2. Given € > 0 and € > 0, we call z to be an (&,&)-solution of the problem (2.1), if
there exists u € R? such that

lulls < V2 and B(w—z—u) € 0:h(2).
According to Definition 2.1, we can have the following lemma.
LEMMA 2.1. Let l(z) := &||z — w||% where B € S¢,. Given e > 0,

Ol(x) ={z:2 =Bz —w+u) with §|ul} <e}.

Proof. Following from Definition 2.1, we have that z € 9.l(z) if and only if
1 1
e> e —wl}y — glw—yl}+(zy—a), VyeR (22)

Notice that

1 1 1
Sl =yl — (2w — ) = 2 ollh — (0 Bu+2) + 3 lllh + (z,2)
1 _ 1 _ 1
= 2y~ (w+ B2} — g+ B + 3 llly + (2,2
Then, (2.2) is equivalent to

1 _ 1 _
ezgllz—(w+B 1Z)||2B_§Hy_(w+B 2B, vy eR

Hence, we obtain

1 1
O:l(z) = {z : §||x —(w+ B 2)|% < 5} = {z iz = B(x — w+ u) with §||u||23 < 5} .



By Definition 2.2, given € > 0 and € > 0, if z is an (&, €)-solution of (2.1), it follows from Lemma
2.1 that
0e 85[(2’) + aéh(Z) g 65_;,_5(](2)

which implies that for any = € R? we have
Q(x) - Q(Z) > <0,J) - Z> - (§+ é)v

or equivalently, for any = € R?
q(z) < q(z) +(E+€). (2.3)

Now, supposing R = (Rg, R;) is a random vector supported on {(k,t) : k = 1,...,5 and ¢t =
1,...,m}, our IPSS algorithm is presented in Algorithm IPSS.

Algorithm 2.1  IPSS(Zo, B}, &,¢,S,m)

Input: Maximum outer iteration number S and inner iteration number m, batch sizes {by}, inexact-
ness tolerances £ = {&F'}, & = {&}'}, initial iterate Zo € R? and B} € S¢,; Randomly generate a
vector R = (Ry, R:) according to certain probabilistic distribution P.

1: for k=1,...,5do
2 Set Ilg =Tp_1-
3:  Calculate 0 = V f(Zx_1).
4: fort=1,2,...,m do
5: If (k,t) = (Ry, Ry), stop the algorithm and return xg = 2§ _;.
6 Randomly choose a sample set IC C [1,2,...,n] with size by, such that the probability of each
index being picked is by /n.
7 Calculate
vy = Vik(@ty) = V(@) + 0

with V() = & Yiexc V().

8: Compute (&7, éF)-solution z¥ of subproblem
. 1
min g (2) = (v, @) + Slle =2 [y + h(@). (24)
9: Generate B, , € S ,.

10: end for

11: Set T = x’fn
12: end for
Output: Return zp.

One difference of TPSS from the algorithm proposed by Wang et al. [28] is that the subproblem
(2.4) is designed without introducing another stepsize parameter n,. The second difference is that the
subproblem (2.4) is allowed to be solved inexactly, which not only saves the computation for finding
subproblem solution but also gives more flexibility of choosing the matrix BF. An effective way to
update BF may depend on particular Hessian structures of the objective function and/or numerical
strategies to capture the Hessian curvature information. Here, for theoretical purpose, to ensure global
convergence, we only require Bf satisfy certain upper upper and lower bounds (see assumptions A2 and
A4). By specifying proper probabilistic distribution P to return the output iterate, we also analyze the
theoretical performance of IPSS when the objective function is weakly smooth. The detailed analysis
is given in Section 4. We want to mention that similar sampling strategy for choosing sample sets K
in Step 5 has been also considered in the literature, such as Wang et al. [27] and Zhang et al. [31].
According to the computation of the stochastic gradient vF | in Step 6, one can obtain that

| —

]E[vffﬂxfﬁl] = vf(xffl)a E[H”fﬂ - vf(qu)”%qu] < E[HVfl(xf,l) - Vfi(ik,1)|xf,1||2].

S
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(Interested readers are referred to Lemma 2.1 in [27] for more details.) Moreover, since z¥ is an

(€% ék)-solution of subproblem (2.4), by Definition 2.2 there exists an u¥ such that

||Uf||Bf‘ <y/2eF and Bf(ef, —xf —uf) —vf € aéfh@?f)-

Let
eb =k 1 ek, (2.5)

Then, (2.3) indicates
¢ (xF) < mingF(x) 4 F. (2.6)

For the following analysis, let us define ZF be the exact solution of proximal full gradient step, namely,
_ . 1
¢ = arg ;ggg(vf(xffl)a )+ 5l — i[5 + hi). (2.7)

Then, the following lemma shows the relationship between zF and z¥. The proof is a generalization
of that for Lemma 2.2 in [27].

LEMMA 2.2. Let ¥ be defined by (2.7), i.e., the exact solution of (2.4) withvF | replaced by V f(x¥_,).
Then

lz = 2l g < \/2eF + lofy = V@t )l ey (2.8)

Proof. Let #F be the exact solution of (2.4). Then due to the strong convexity of ¢, we have
b ah) — ab(eh) > 3 ok — b1,
which together with (2.6) yields that
5 — 2|l pr < /2 (2.9)
Note that ZF and ¥ satisfy
B (wyy — 7}) = Vf(ziy) € On(z;) and  By(xty —i7) —viy € Oh(i),
which imply
h(zy) = M) 2 (B (v_y — 37) = VI (2i_1), 87 — 77)

and

h(zt) = h(ig) > (By (w_y — #7) —viy, 7} — &7).
Summing up the above two inequalities yields

0> (Vf(wi 1) —viy, B¢ — &7) + (By (3 — &), 3 — &).
Then if follows that
128 — &5 < vy — Vf(2ioy), @5 — &) < |2 — & llr oy — V(@) g1,

which indicates
[ 33"?”35 < vy, — Vf(qu)H(Bf)—l- (2.10)

Therefore, we obtain (2.8) by adding (2.9) and (2.10). O



To characterize the computational complexity of IPSS in later analysis, we define the operator
gh('7 g, B) by
gh(xag7B) ZB(Z‘—.f), (211)

where

_ . 1
T = arg min (g,y — ) + 5 |ly — =l + h(y).
y€ERd 2
For the operator Gy, we first give an important lemma.

LEMMA 2.3. For any given B € Sf‘f_+, x* is a stationary point of f + h if and only if
Gr(z*,Vf(z*),B)=0.

Moreover, when h vanishes,
Go(z,9,B) =g, VgeR"

Proof. On the one hand, if z* is a stationary point of f + h, there exists p* € dh(z*) such that
Vf(x*) 4+ p* = 0. Define Z* by

' :=argmin (Vf(z"),y—z")+ =|ly—= HQB—i—h(y). (2.12)
y€ERd 2

Then, we have
* *\ =k * 1 — % * — %
ha®) 2 (Vf(@), 3" — o) + Slla" —2"||5 + h(@").

By the convexity of h, we have
WE") = ha) + (575" =),

Summing up above two inequalities yields ||Z* — 2*||p = 0, which by the positive definiteness of B
implies * = z*. Hence, G (z*,V f(2*), B) = B(z* — z*) = 0.

On the other hand, if Gy (x*,V f(z*), B) = B(z* — z*) = 0, we have 2* = Z*, where z* is defined
by (2.12). Then, we have from the first-order optimality condition that

0 € Vf(a*) + B(E* —2*) + 0h(z") = Vf(a*) + Oh(z*),

which indicates that x* is a stationary point of f + h.
Moreover, it is straightforward to verify that when h vanishes Go(x, g, B) = g for any g € R%. [

For notation simplicity, in the following we simply use G(z¥ ;) to denote Gy, (z¥ |, Vf(zF ), BF).
By Lemma 2.3 and the Lipschitz continuity assumption of Vf, it is appropriate to use [|G(-)||3,-:
as an operator to measure the first-order optimality condition at the iterate, where M € Si . is the
matrix with respect to which the smoothness of f is assumed (see assumptions Al and A3). Given
€ > 0 and xp returned through a random process, we call g an e-solution of (1.1)-(1.2), if

E(|G@r)l3] <e,

where the expectation is taken with respect to all the random variables generated in this random
process. To discuss the computational complexity, we use SFO and PO complexity to represent the
maximum number of component gradient evaluations of f and proximal subproblem solutions to be
computed by the algorithm, respectively, to obtain an e-solution.

In the following two sections, we will analyze theoretical properties of IPSS in two cases separately.
In the first case we consider (1.1)-(1.2) when each f; is smooth, while in the second case we consider
the case that f; is only weakly smooth.



3 IPSS for solving (1.1)-(1.2) with smooth f

In this section, we investigate the convergence properties of IPSS under the assumption that that f;,
i=1,...,n, is smooth. To continue, we first give two assumptions that will be used throughout this
section.

A1l The function f;, ¢ = 1,...,n, is 1/y-smooth with respect to a matrix M € Si+, that is,
fi € CHRH! and Vf; satisfies

1
IV fi(z) = Vi)l < ;llx —yllar,  Va,y € R

A2 There exist two positive constants x and & such that
RI = M 2BFM 2 = kI
forallk=1,...,Sand t=1,...,m, where M is the matrix in Al.

Notice that under the assumption A1, we have
1
f@) < fy) +{(Vfy),z—y) + 5”3«“ —yll3s Va,y R (3.1)
Under assumption A2, it is easy to obtain that
kU= M3(BF) 'M? = &' and &I = (B 2M(BF)"2 = r I
Furthermore, it implies that for any z € R?, we have

lzll3 < 67 el and  l2l{gr) -2 < &7 I2l3,0

3.1 Theoretical properties
In this subsection, we discuss convergence properties of IPSS. We denote in the following analysis that
RY = E[F () + cf |2y — Zr-134]

for k =1,...,5 and t = 1,...,m, where the expectation is taken with respect to all the random
variables generated by IPSS. The following Lemma 3.2 provides recursive relationship between RF
and RF ;, which plays a key role in our convergence analysis. To prepare it, we first introduce the
following operator:

. (67
Di(r,g.B,0) = —2amin {(g.y —2) + Ty~ |} +h(y) ~h()}, Ya>0.  (32)

ye
This operator was first given in [13,14]. The lemma below shows its two important properties [28].
LEMMA 3.1. (Lemma 3 in [28]) The following properties hold.

(a) For any fized B € SL_, we have
Dy(z,9,B,a) > o?|lz — z||%, VreR¥ a>0,
where T = argminy (g, y — x) + |y — z||% + h(y).
(b) For any fized x,g and B € Sf‘f_+, D (-, a) is non-decreasing with respect to o > 0, i.e.,

Dh(xvg,B,OZQ)EDh(xangval)a VOézZOQ >O~

1f € C'(R%) means that f: R — R is continuously differentiable.




LEMMA 3.2. Suppose that assumptions A1 and A2 hold. By setting ck, =0, we have

1 1 1
RE<REy (o +ob (14 5) ) Bllet - ob I - JEllat -t 112

2
. 17 b (3.3)
~ (5 o) Palaba, VA 0. B 1) 4 of 4 2otk

foranyk=1,...,8 and t = 1,...,m, where cf_| = (ky2by) ™! + cF(1 + B) with ¢k, =0 and B is a
positive constant.

Proof. By Definition 2.2, we have that for any z € RY,
h l _ .k 2
() + Sl - 2l

. 1
> h(ay) + (Bf (zi-y — o —wy) —vi_g,2 = 2p) = & + glle = 2t |5

. 1 1
=h(z}) = (Biug, 2 — ap) = (vi_y, 2 = 2f) = & + glle = 2l + 5llzt — 2l

which implies that

1
h(xf) < h(z) + (Biuy, 2 — ay) + (v 1,2 = af) + 5|12 — af 1 |[5s

1
— Sz =kl -

By (3.1), we have

and for any z € RY,
1
Flaioy) < )+ (Vf(atoy), ety —2) + %”xi]&c—l — |3

Summing up above two inequalities yields that
1 1
Fat) < f(2) + (Vf(zgog),af —2) + gl\w,’f — a3+ %”xffl —z[3- (3-5)

Summing up (3.4) and (3.5) gives

1 1
F(xy) < F(2) + (2 — 2, Vf(2f_1) = vf_q) + %Hmf — 13— §||$f S

1 A
Lo — okl + (B, 2 — oy + &b,

1 k 1 k
ol — 2l + 5l — a3 -

2y 2

Setting z = ZF with ZF being defined in (2.7), we have
_ _ 1 1

F(xy) < F(@f) + (af — 2, Vf(2_1) —viq) + %Hﬂﬂf =t lis = S llaf = 2ty

1 N

7 = @bl + (Biug, 3 — 2f) + &7

1 _ 1 _
+gllety = 2+ gl — 1 -
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Now, according to the definition of Z¥ and smooth property (3.1), we have
F(z}) = f(z}) + h(zf)
< Flaf ) +(Vf(at ), 2f — 2y ) + %Ilff =y |}g + h(@f) = hlaf )
< Flab ) + (VI k), 2k —afy) + gllat ok + h(eh) — k)
+ EHff —at i - 5”»’5? - xf—l”%f

1 1, 1
= F(af_q) - §Dh($f—17vf($f—1)73tka 1)+ gﬂxf — 2t qllis — 5”37? =iy |

which together with (3.6) gives that

1 1 1 _
F(zy) < Flag ) + T+ To + %H%’f —at i - §||ivf — gl + ;Hl'ffl -zt
1 1
- §Dh($f,1,Vf($f,1),Bf, 1) - 5”‘%1C HBk +5tv
where
_ k _pk k =k _ _k
T = (aFf —zF Vf@r ) —oF ) and T, = (BFuF, zF —2F). (3.7)
Notice that
_ k —k ko2
Ty = (wy — 2, Vf(ei_,) —vfy) < *”xt *xtHBk + *va(xt 1) = v ll(pr)-
By Lemma 2.2 and ||u¥ lBr < \V/28%, we have
Ty = (Bfuy, &y — 7)) < ||uf || g |75 — ¢ | g
< ||uf||Bf||vf,1 - Vf(xtq)H(Bf)—l +/ 25?““?”35
[
= B : “‘5””2C 1 Vf(xt 1)||23k) L /267 ”ut ”B’”
1 _ _
< 5”“54 - Vf(qu)H?Bf)fl + &+ 2¢/efel.
Then, we derive
1
Th+T < 5”33? - ff”%g + IV f(aty) - vf_1||fo),1 + &+ 2¢/efel.
In addition, it follows from A1 and Lemma 3.1 that
by — 7R < ek — 2 < S Dalaky, VHGE), BE ). (38)
v Tk T - -

It thus together with (3.7) indicates that
k k k ko2 Lk ko2 Lok E 2
F(zy) < F(xi_y) + [V f(zi_y) - vt—l”(gf)—l + Z”mt =zl — 5”% - xt—lank
1 _ 1
+ ;”zf—l -z — iDh(xf_l,Vf(xf_l),Bf, 1) +ef +2y/efef

1 1
< F(ai_y) + IV (@) = viallEps - + lexf —aillhr = gllet = 2l

1 1
~ (5 5x) Pulek VA ) Bl + ot 4 2otk

YR
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where the second inequality is due to (3.8). Consequently, it follows from

N - 1
ok — Eeoaly < (14 Bl 4 — Eeoal + (1 n 5) ok — o 2,

where 8 > 0 is any constant, and
1 -
Elllvf_y = Vf(z{_)Igry-1] = QE[vai(xf—l) = Vfi(@e-1)l{gry-1]

< BV Alab 1) - Vi@ o]
k
1

<
T Ry

E[|jzf_, — &-1%]
that
RF = E[F(2¥) + cF |2k — #5_1]12,]

1
<E[F(eE )] + (W L /3)) Elllet_y — #x_1]1%]

1 1 1
# (o + ek (1 5) ) Ellok = ab 2 ) - GEllet - ot I
11 -
~ (5 o) BIDuCek 1 Vo) BE )+ o+ 2y e,
which completes the proof by the definition of RF and the relation of ¢_; with cF. O

We are now ready to state the main theorem of this subsection as follows.

THEOREM 3.1. Under the conditions in Lemma 3.2, if P has a uniform distribution, that is
1

=7

where T =mS, by = b for any k, and v& > max{4,1 + 2m/v/b}, then

~ * S,m —
4R? F(J:O) — "+ ngzl?tzl)(‘?f + 2y 61]5661],?)

Prob(Ry = k and Ry = t)

E 2] < — .
(G (x R3] < — T (3.9)
Proof. Recall that cf_; = (k72b)~1 + cF(1 + 8) and ¢F, = 0. Then it is easy to obtain
k 1 (1+8)™t—=1  me—1)
¢ = <
Ky2b B Ky2b
with § = % Then, by vk > 4 and
o+ ek (14 5 ) ) Ellek — oy )] - SEllat - 2k 3, <0
2y B8 - 2 B
we have from (3.3) that
1 _
ZE[Dh(mf—h vf('rf—l)7va 1)] S Rf—l - Rf + 6? + 2 Ef&‘f. (310)
By Lemma 3.1, it yields
IGn (2, VF (2_1), BO -1 = (afy — &) BEM ™ By (wy_y — )
_1 1 _
< |IM7EBM7E|Play_y — 27|13,
—2
R _
S e (3.11)
—2
R
< ;,Dh(xfflﬂ Vf(xnlfll% Bf? 1)'
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Hence, it indicates from (3.10) the following bound

EllGa(e% 1,V f(a 1), BE) 2] < 25 (R CREyeEo )

So, by summation of the above inequality for k =1,...,5 and t = 1,...,m, we obtain
S,m) % S,
1 k 4r2 F(Zo) — F JFZ(qu)t 1) (ef +2\/5‘3155t
T Z E[||Gn( 'Tt 17Vf(37t 1): By )HM 1] < — i T
Then, (3.9) follows from the uniform distribution of P. O

The corollary bellow shows the complexity property of IPSS to achieve an e-solution zpg, i.e.
E[|G(zr)lIF;-1] <e.

Corollary 3.2. Under the conditions of Theorem 3.1, if we choose b = |[n%|, m = |n3] and
ng n;)t 1 ek < +oo0, then to achieve an e-solution, the SFO and PO complexity of IPSS are of order
~2,2/3 =2
o <n+ B ) and O <“> , (3.12)
ke Ke
respectively.

Proof. Since xk > 4/7, by Theorem 3.1 and £¥ being summable, we obtain

4R2 F(&) — F* +37
K T ’

E(|G(@r)l3s-1] < (3.13)

where 7 = ng "{)t 1) el < +00. Hence, to achieve an e-solution, we need T to be large enough such

that
T>47/$2F(x0) F*—&—ST.
K €

Consequently, the total maximum number of component gradients and proximal subproblem solutions
computed, i.e., the SFO and PO complexity, are n + (b + n/m)T and T, respectively, which are of
order (3.12). O

Remark 3.1. Besides summable tolerances ¥, we could also obtain the complezity property related
with some nonsummable €. For exzample, it follows from Theorem 3.1 that

2 ] ‘
2 _ :Té)v ngf:mwzth0<5<l,
EllG@n)3] =1 1/ YT
O(5E), et = gt

Then, similar to the analysis in Corollary 3.2, to achieve e-solution, the SFO complexity is of order

_o 2 .
O (n+ Kﬁzs 10g(1/€)) s foff = m,

and the PO complexity is of order

=2 .
O (Z108(1/0)), ik = G
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3.2 Subgradient method for solving subproblem (2.4)

There is often a tradeoff between using the matrix B and the difficulty of solving subproblem (2.4).
We expect the matrix B to capture some second-order curvature information of function f. But,
introduction of a complicated matrix B other than using an identity matrix in (2.4) may increase the
difficulty of solving the subproblem. Depending on the specific structures of matrix B and function h,
there may exist highly efficient algorithms to solve the subproblem (2.4) to the required accuracy. One
practical example on the CUR-like factorization optimization can be found in [27], where the function
h is complicated so that subproblem (2.4) does not have a closed form solution. In this subsection,
we would like to introduce an iterative subgradient method for solving the subproblem (2.4) in its
general form ignoring the problem structures.

From (3.9) we can see that the computational complexity of Algorithm 2.1 depends very much on
the subproblem tolerance €. As a matter of fact, for ¢ defined in (2.1), I defined in Lemma 2.1 and
e > 0, following from Theorem 2.8.7 in [30], we have

0:q(2) = | J{0:1(2) + 0ch(2) : £,6 >0, e+é=¢}.
Therefore, in particular if 0 € 9.¢(z), there exist £, > 0 such that e = £+ ¢ and
0 € 0:l(2) + 0:h(z).

We thus do not specify the choice of £f and &f. It suffices to obtain an inexact solution zf of (2.4)
satisfying (2.6) with eF defined in (2.5). We now state a subgradient method as follows to solve (2.4).

Algorithm 3.1 Subgradient method for solving (2.4)

Input: Ttk, Yo, O
1: fori=1,...,TF do
2y =yio1 + (v + BF(yio1 — af_1) + pi—1), where pi_1 € Oh(yi—1),
3: end for
2 Tt(c_l
Output: TFFTT) Doito i

Notice that under assumption A2, it is easy to obtain that || BF[l2 > &/|[M ~||2. So, ¢ is strongly
convex with modulus no smaller than x/||M ~!||o. Hence, we can have the following theorem, from
which an explicit bound on the number of iterations by Algorithm 3.1 to achieve (2.6) can be derived.
For detailed proof of this algorithm, one may refer to Section 3.2 in [15].

THEOREM 3.3. Suppose that assumption A2 holds and Algorithm 3.1 is applied to solve subproblem

(24). If a; = % and ||pi—1|| < x for anyi=1,...,TF, where x is positive constant, then

TF-1

2 .
; > i | —mingf(z) <
=0

¢ 23 M2
P\ THTE 4+ 1)

K(TF+1)

Hence, to achieve (2.6), by Theorem 3.3 we can set zf as

9 TF-1
k _ .
Ty = Ttk(Ttk 1) ; Yis

and choose T} large enough such that

22 Mo k
k — €t7
k(T +1)
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which equivalently requires
22| M2

kel

TF >
Therefore, under same conditions as Theorem 3.1, with particular settings of Ef , the total number of

subgradient evaluations of h, that is ngi)t:l) TF, is of order

_ 1496
o (%/6) y if 5? = m with § > 1,
_ 1496
O(T1+6) =0 (%/6%) , if 5? = m with 0 < 6 < 1,
&2 144 .
o((21e/0) "), et = b

3.3 Complexity under PPL inequality

In this subsection, we propose a globally linearly convergent algorithm to solve a class of noncon-
vex composite optimization problems satisfying the proximal Polyak-f.ojasiewicz inequality. Polyak-
Lojasiewicz inequality was first proposed by Polyak [22] to show the linear convergence rate of gradient
methods for solving unconstrained smooth optimization problems. For a continuously differentiable
function f with f* as its minimum value, it is called to satisfy the Polyak-fojasiewicz inequality if
there exists p > 0 such that

SIVF@I? > u(7@) ~ ).

For nonsmooth problems, in order to analyze proximal-type algorithms, a generalization of Polyak-
Y.ojasiewicz inequality, called proxzimal Polyak-Eojasiewicz inequality with definition given below, was
studied in [12,13], where relevant examples satisfying this inequality are also discussed. Interested
readers are referred to these two papers for details.

DEFINITION 3.1. Consider (1.1) with [ satisfying assumption Al. We say F satisfies proximal
Polyak-Lojasiewicz (PPL) inequality if there exists p > 0 such that

5w, V(@) M,1/7) > p(F(a) — F*)

where Dy, is defined in (3.2) and F* is the optimal objective function value of (1.1).

We now present our PPL-IPSS algorithm and analyze its convergent properties.

Algorithm 3.2 PPL-IPSS algorithm

Input: Initial point 20 € R, initial matrix B° € Sjl_ 4, inexact tolerances &, €, parameters S and m
1: fors=1,...,N do
2. a® =IPSS(x*~ 1, Bs~1 &5~ és=1 S m);
3: end for

Output: z?V.

In this subsection, to emphasize the relationship of the inexactness tolerance e in Step 2 of
Algorithm 3.2 with iteration index s, we refer ¥ as 5?,5 and &F as Ef’s.

THEOREM 3.4. Under the conditions of Theorem 3.1, if the PPL-inequality holds for the objective
function F, then

Ay, s=1,...,N, (3.14)

where T'= Sm and As = Zgig?tzl) e +24/ek EF
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Proof. In the s-th iteration of PPL-IPSS, it follows from Lemma 3.1(b) that

Di(aty, Vo), BE ) = —2min (V@) ) + 5y = allds + i) - hi)}

1
= %Dh(‘rfﬁl? Vf(l‘f,l),M, R)

1 1
> =Dy (w1, V(1) M, -)
I Y
2u *
> ?(F(ﬂff—l) - F).

Hence, it implies from (3.10) that

T E[F(zf_,) — F*] < R, — Bf +<f, +2y/eb. 2.

Summing up the above inequality for t =1,...,m and k =1,...,5 yields

" (S,m) (S,m)
Py Z E[F(z;_,) - F*] < (RE_y — Ry) + As.
(k=1,t=1) (k=1,t=1)

Notice that by the algorithmic framework of IPSS and c¥, = 0,

Rf =E[F(zf)] = E[F(Zx_1)], and R =E[F(z

3=
Il
=
e
IS}
T

Hence, it indicates from Algorithm 3.2 that

(S,m)
H * 5 *
% E (F(zf_y) — F*) < E[F(Z0)] — F* + A,.
(k=1,t=1)

then from F(Zo) = F(2°~') we obtain

2K 2K
E[F(z%) — F*] < ——E[F(z°7") — F*] + == A,.
[Fa*) - F] < 2RI - Y+ 2,
Therefore, (3.14) holds. O

We now analyze the computational complexity of PPL-IPSS. Given an € > 0, in the following we
study the total number of gradient evaluations of f as well as the number of subgradient evaluations
of h to obtain 2z such that E[F (") — F*] < e. Since the computational complexity relies on the
settings of inexactness tolerance 5,’?73, we next classify the analysis into several cases with different
specifications of ef ,.

Case 1. In this case, we set

1

ko _ a(l—i—@)s .
s ((k—1)m +t)%’

Ef 0>0,6>01>a>0.

Depending on the value of §, we further specify the analysis into three subcases.

Subcase 1. § > 1. Then
(S,m)

3
As <3 E €5 S 57 )
(k=1,t=1)
which yields
2R 6R
E[F(z°) — F*] < —E[F(2*7!) — F*] + ————a(19",
[F(@") = ') < IR = P oo
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Subcase 2. § = 1. Then
(Svm)

A,<3 Y ef <3aH 0 log T,
(k=1,t=1)

which yields

2K 6k logT
E[F(z®) — F*] < Z2E[F(2°~ 1) — F*] 4+ —= =40,
[Fat) = ') < ZEF@Y) - P4 25
Subcase 3. 6 < 1. Then
(S)m) -5
As <3 Z f,s =9_5 O‘(1+0)Sa
(k=1,t=1)
which yields
2k 6RT1 0
ElF(z%) — F*] < Z2RIF (251 — F* _ohvsE (140)s
[F(@") = ') < 2B = P4 o

In all the above three subcases, we can always choose T sufficiently large such that
E[F(2°) — F*] < aB[F(z°71) — F*] + aa9% < B, - a*,

where B,, is a positive constant depending on «. Hence E[F(2®) — F*] converges to zero linearly. And
to achieve E[F(zV) — F*] < ¢, the outer iteration number N is of order O(log(1/¢)). Hence, the SFO
complexity is O(N(n + n?/3T)), same as O((n 4+ n?/3T)log(1/¢)), where T = mS.

We now consider the total number of subgradient evaluations of & when Algorithm 3.1 is applied to
solve the subproblem (2.4). Notice that in the s-th iteration of applying IPSS algorithm in Algorithm
3.2, the total number of subgradient evaluations of h is

T+ 1 ((k—1m+t)°
t,s a - a(1+0)s

Consequently, the total number of subgradient evaluations of h is

N (S,m) N (S,m)
Z Tt’fs = Z a~(1+0)s Z (k—1)ym+1)° = O(T o IHON) = O(THH9 /e +9),
s=1 (k=1,t=1) s=1 (k=1,t=1)

Notice that T = O(1). Therefore, the number of component gradient evaluations of f and the
number of subgradient evaluations of h are of order

O(nlog(1/e)) and O(1/e+),
respectively.
Case 2. In this case, we set

1

k s

=o' ———— 6>0,1>a>0.
Et,s « ((k—l)m—l—t)5’ 9 «

Then similar to Case 1, we can choose T sufficiently large such that
E[F(z°) — F*] < aB[F(z°7 1) — F*] + aA, < B, - sa’.

Hence, to achieve E[F(zY) — F*] < ¢, it should have Na¥ = O(¢). Then it yields that N is of order
O(log(1/e)+loglog(1/€)). Then the SFO complexity and the total number of subgradient evaluations
of h are of order

O (nlog (1/€) +nloglog (1/€)) and O (¢ 'log(1/e)),

respectively.
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4 TIPSS for (1.1)-(1.2) with weakly smooth f

In this section, we assume that f;, ¢ = 1,...,n, is weakly smooth and study the theoretical properties
of IPSS in this case. To be clear, we first make the following assumptions.

A3 The function f;, i =1,...,n, is 1/v-weakly smooth with respect to a matrix M € S++, that is
fi € CYR?) and Vf; satlsﬁes

1
IVfi@) =V filw)llaa—+ < Dl = ol ooy € R?,

where v € (0,1).

A4 There exist two positive constants x¥ and &F such that
REI = M™2BFM ™% = b1
forallk=1,...,Sand t=1,...,m, where M is the matrix in A3.

It follows from assumption A3 that for any x and vy,

||1+1/.

fy) < f(z) +(Vf(z),y —x) + ly — =

1
v(1+v)
Notice that different from the assumption A2, A4 assumes that the lower and upper bounds vary
along with k and t.

We now give the main theorem in this section.

THEOREM 4 1. Suppose assumptions A3 and A4 hold, by = b for any k, there exists a constant C'
such that kf < Ckf with

k*max ésk 1-v 1 ky1—v imm e —
whmmax { (687, 26t B+ (e - 1)} (1)

where s¥ = (k+(1—v)S—1)m+t and e is the Euler’s number, and P has the probabilistic distribution

ky—1
Prob(Ry, = k and R, = t) = (Sng’ft) —.
2 (he=1) (56)
Then,
(Svm) 2
- 16 4
ElG(r)3-] < [ C+1202 Y < (T—V T ”ZZ T—1> : (4.2)
(k=1,t=1) v v
where C' = 4C%(F(Zy) — F*) + w log 2=~ W
Proof. Similar to (3.5), it is easy to obtain
v 1 1%
F@f) < f(2)+(V(f),2f —2) + m”xt — il + m”wﬁfl — 2|} (43)

Then, summing up (4.3) and (3.4) with z = z¥ provides that

i 1 1
F(xf) < F(x)) + (af — 2}, V f(ay_) — ”f—1>+m\|$f Sy —§||17f—l’f—1”235

1 L1 ) 1, _ .
+ m”xil oy 5”»’3?4 - xf”%g - 5”35? - fothk +(Biuf, af — zy) + E(i )
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Following from the definition of Z¥, we have that
1
V(1 +v)
So, summing up (4.5) with (4.4) gives that

_ 1 _
F(xf) < F(xf,l) + H'Tt - xt 1||1+V - 5”551]; - xf,1||?35 - *th - xt 1||Bk‘ (4.5)

1 L1
F(zy) < F(xy_y) + T +T2+m||xf— allar _5”‘%?_‘%?71”235

2 _ , 1 _ L.
+ mnl’f—l ztlla” — 5”%?-1 —Zf |5 — 5”@c T ||Bk +éf,
where T7 and T» are defined in (3.7). Then, it follows from the bounds on T} and T% right after (3.7)

that

1 L1
F(zy) < F(xy_y) + vy — Vf(l’f—l)”?]gf{c)—l + m”ﬁct et 1l — §||T/ic - 15—1\\235
9 1 (4.6)
k k|14 k k|12 k -
+ m”fﬂtq = iy = @iy e +2 erer-
Taking expectation on both sides of (4.6) yields
1 1
E[F (a1)] < E[F (25 )] + Ellof_y = V(@) {gs)-1] + A+ E[llz} — wi_allhi*] = SElled — 25 1l15]
2 k sk 1 k k|2 k -
+ WE[”zt—l tllar "] — gE[||517t—1 — &I e] + et +2¢/etet.
Since )
E[l|v_; — vf(xf—l)”?nyJ < anf—l — a3y = m”ﬁq — 37,
we obtain

1 o 1 o1
E[F(zf)] < E[F(z;_1)] + WE[IImf_l — Ep-1ll37] + 7)E[Hmt il = et = 2]
t

vy1+v
2 k 2L 1 k —k k -
+ WE[HQ%A tlarl = §E[||xt—1 — Ty ||2B;c} +eq +24/efer.
By the inequality ab < aP/p + b?/q with p = 1-&-%’ q= 1%, a=|af —af 1H1+”(st)(1+u)2(lﬁ) and

b= (s¥)~ 5= the following inequalities hold:
1 k k k 1—v 1 + 14 k —(1+V) 1 — VUV
||33t xt 1127 T < e — 23 (sF) T + (s¢) 9
and 1+ )
_ 1—v 14 —(1+v) — vV
leyy — Zflaf” < Moy — 23 - (s5) 3 (st) S

Similarly, from ab < aP/p + b?/q with p = 1/v, ¢ = 1/(1—v), a = ||aF_; — Tr_1]]3%(kF)” and
b= (kF)"T7, it yields that

2ty = Fra |37 < Nty = Eemallfy - wtv + (k) 77 (L= w).
Then, we have

1 - 1—v 1
E[F(z})] < E[F(zj_,)] + %V]E[xf — Ze_1 3] + W(’if) v

Lk k12 [ k\1TY 1-v By—(14v) L k k2
il _ -7 V) _ R _ ‘
+ 27”%& zi_q |2 (st) + 271+ ) (st) B [[| xtflan]
Lk k|2 IV L—v (40 k ~k |2
- _ -7 v) _ R _
+ 7Hﬂct_l Ty || n (st) 0T ) (st) g1 — ¢ 15

—i—st +24/ekek.
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Therefore,

Ry = E[F(2}) + cf||l2¥ — #x-1]13/]

1
< E[F(eb)] + (1 n 5) Efllet — ob 1 [2,] + cE(1+ BE[lat, — 51 |2]
<E[F(z} )]+ (M e b’)) Efe¥ — 1]

1 1—v 1 1
# (g ek (14 5) ) ok = b a By — 5B - o 1)

1 1-v _ 1 _
+ ;(Sf) ety —2F 13 — §E[||9Cf—1 - foQBf}

1—v a1 3(1-v) (14w _
~2b (kF) “”"‘m(sf) (H0) el + 2y /ekel.

+

By letting cf ; = v/(72b) + cf(1 + B) with c¥, = 0, we obtain

2 k v (148" -1
cy §ct_1§c0—%f.

Then if 8 = 1/m, it implies

It thus yields

1 1—v ) 1 1
(0" et (14 5) ) ek = ok ale < gEllat - o112
and
L p\1=vy ok ~k|2 1 k —k|2 1 —k|2
S(s8) ey = 20l = SElleioy — 2¢llp] < = Elllwe-r — 275,

which derive

1 _
ZE[foq - ff”%f] <Rf,-Ri+

1-v _1 o 3(1-v) (14w
7y )T gy 0T e

Following from (3.11) and the condition that &} < CkF, we have

(58) T El|Gn (x5 1, VF(@t_1), BY)3—1] < C?Elllat_y — 27 (1]

Now, summing up the above inequality for t =1,...,m and k =1,..., 5 impies
(S;m)
> O TEIGH @1, VE(@1), B3]
(k=1,t=1)
(S,m) 2 (S,m) (S,m)
. 1-v 1 6C*(1—-v) _
2 S nt 2 k\—1— k\—(14v) 2 k
<4C?(F(iy) — F*) +4C = > (k) +7v(1+y) > (s +1207 Y e
(k=1,t=1) (k=1,t=1) (k=1,t=1)
(S,m) (S,m)
4C%*(1 —v) 6C%(1 —v)
2 ~ * ky—1 2 k
S4C (F(xo)—F)—FT Z (St) +T+12C Z o
(k=1,t=1) (k=1,t=1)
~ (S;m)
<C+120* ) f, (4.7)
(k=1,t=1)

where the last inequality follows from

(S,m) ((2—v)S,m)

S ohts Y Gman T <logt "

(k=1,t=1) (k=(1—1)8,t=1) N
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Notice that by the IPSS algorithm and the probability distribution of P, we have

k)1
Prob(zp = xF ) = (Smg) ) PR
E(k:u:n(“t)

forallt=1,...,mand kK =1,..., N. Hence, it indicates

(S,m) (S,m)
Y WOTENGRIG 1= Yo W) TENGH @y, V@), BY)II-]. (4.8)
(k=1,t=1) (k=1,t=1)
Notice that
(Sﬂ,m) T2
S WD TENGRIR ] 2 =g ElIGn) 3] (49)
(k=1,t=1) Z(k:l,t:l) ki
It is easy to obtain from (4.1) that
— 4ym?
Then,
(5m) 2-v 2 2
4(2 — 4 1 4
S k< A2 e | ”;’; 7 <2y ”ZZ T. (4.10)
eydit ¥ v v v
By combining the inequalities (4.7)-(4.10), we have (4.2). O

Corollary 4.2. Under the same assumptions as Theorem 4.1, if eF is summable, m = L(n/u)ﬁj
and b = |n/m], then to achieve an e-solution of (1.1)-(1.2), the SFO and PO complexity of IPSS
are

O(nJrn;iZ/e%) and O(l/e%), (4.11)
respectively.

Proof. Tt is easy to obtain from the setting of m that bT~" > vm?2T~!, which together with (4.2)
gives
16 4\ [~ iy
E[[|G(xr)|3-1] < (7 - 72) C+120® Y e |1

(k=1,t=1)

Therefore, to achieve an e-solution, we have T'= O(1/ev) if €F is summable, which implies that the
SFO and PO complexity are those given in (4.11), respectively. O

Remark 4.1. We would like to compare the complexity proved in Theorem 4.1 with that given in
[24]. With the same settings as those in our paper, when f is nonconvexr and h is convez, the PO
computational complexity given in [24] is O(1/e "), while in our paper it is only O(1/e¥) when ¥

18 summable.

5 Summary

In this paper, we proposed a framework and studied the theoretical properties of an inexact proximal
stochastic second-order (IPSS) algorithm for solving nonconvex composite optimization. The objective
function of such an optimization problem consists of an average of many, possibly weakly, smooth
nonconvex functions and a possibly nonsmooth convex function. This IPSS algorithm allows to
incorporate second-order information through a positive-definite matrix in the proximal subproblem
to accelerate the convergence. In addition, IPSS allows to solve the subproblem inexactly while still
keeping desired computational complexity. We also gave an iterative subgradient method to solve
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the subproblem to the required accuracy and discuss its overall computational complexity. When the
objective function satisfies the proximal PL inequality, based on the IPSS algorithm, we proposed an
algorithm, PPL-IPSS, with a linear convergence rate. Furthermore, we investigated the convergence
properties of IPSS when f in the objective function is only weakly smooth. In this paper, we focused
on the theoretical properties of a framework of IPSS algorithm. Extensive numerical experiments will
be performed in the following work to verify the practical performance of IPSS by investigating proper
strategies of setting the algorithm parameters.
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