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We explore the benefits of multi-variable branching schemes for linear programming based branch and
bound algorithms for the 0-1 knapsack problem, i.e., the benefits of branching on sets of variables rather
than on a single variable (the current default in integer programming solvers). We present examples where
multi-variable branching has advantages over single-variable branching, and partially characterize situations
in which this happens. Chvétal (1980) shows that for a specific class of 0-1 knapsack instances a linear pro-
gramming based branch-and-bound algorithm (employing a single-variable branching scheme) must explore
exponentially many nodes. We show that for this class of 0-1 knapsack instances a linear programming based
branch-and-bound algorithm employing an appropriately chosen multi-variable branching scheme explores
either three or seven nodes. Finally, we investigate the performance of various multi-variable branching
schemes for 0-1 knapsack instances computationally and demonstrate their potential; the multi-variable
branching schemes explored result in smaller search trees (some in search trees that are an order of magnitude

smaller) and some also results in shorter solution times.
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1. Introduction

Branch and bound, first proposed by Land and Doig (1960), has grown into a standard framework
for solving discrete optimization problems. Using bounds on the optimal solution value to avoid
searching parts of the solution space that cannot contain an optimal solution, branch and bound
can be far more effective than exhaustive search. We focus on linear programming (LP) based
branch and bound for solving integer programs, which is the algorithmic framework at the heart
of all commercial, and most open source, software for solving integer programs. As dual bounds
at the nodes in the search tree are obtained by solving the LP relaxation of the integer program
at the nodes, the branching scheme employed has a significant impact on the effectiveness of the

algorithm. The typical branching scheme identifies a variable x; with fractional value f in the
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solution to the LP relaxation and creates two branches (i.e., two new nodes in the search tree) one
in which the constraint z; > [ f] is imposed and one in which the constraint z; < | f] is imposed, i.e.,
branching is based on a single-variable dichotomy. As a result, most research on branching schemes
(in the context of LP based branch and bound) has focused on the identification of the variable to
branch on, e.g., pseudo-cost branching (Bénichou et al. 1971), strong branching (Applegate et al.
1995), and reliability branching (Achterberg et al. 2005). Branching based on sets of variables,
the focus of our research, has only been considered in very special cases, e.g., special ordered set
branching (see Beale and Tomlin (1970) and Beale (1979)). We note that in their recent survey,
Morrison et al. (2016) list multi-variable branching schemes as one of the under-explored areas of
research that deserves further investigation.

A multi-variable branching scheme is a natural generalization of a single-variable branching
scheme. Rather than branching on a single variable with a fractional value in the solution to the
LP relaxation, branching is performed on a set of variables such that the sum of their values in the
solution to the LP relaxation is fractional. More specifically, a set S of variables with ), o x; = f
with f fractional is identified and two branches are created, one in which the constraint ), o x; >
[f] is imposed and one in which the constraint ) . . x; < |f] is imposed. In this case, of course,
the question becomes how to choose the set S.

The “desirability” of branching on a particular variable in a single-variable branching scheme
has historically been defined by the value max{z~, 2"}, in case of a maximization problem, where
2z~ and 2T represent the optimal value of the LP relaxation on the “down” branch and the “up”
branch of that variable, respectively, and where a smaller value of max{z~, 2"} is more desirable.
The same definition can be used to define the desirability of branching on a particular set of
variables in a multi-variable branching scheme. We note that evaluating the desirability of every
fractional variable, in the context of a single-variable branching scheme, has been shown to lead
to small search trees, but not necessarily to shorter solution time, as the evaluation of desirability
is expensive (it involves solving two LPs for each evaluation). This highlights one of the major
challenges for the use of multi-variable branching schemes: evaluating the desirability of every
possible set of variables such that the sum of their values in the solution to the LP relaxation is
fractional will be computationally prohibitive.

To explore the benefit of multi-variable branching schemes, we focus on the 0-1 knapsack problem,

i.e., on the integer program of the following form:
max Z DiT;
i=1
subject to Zwixi <b,
i=1

2, €{0,1}, Vielnl.



Author: Multi- Variable Branching
Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the manuscript number!) 3

where [n] ={1,...,n} and b € Z~q, p;,w; € Z~o and w; < b for all i € [n].

Chvétal (1980), using a class of 0-1 knapsack instances, demonstrates that branch and bound
algorithms employing a single-variable branching scheme may have to explore exponentially many
nodes. One of our contributions is to show that there is a branch and bound algorithm employing
a multi-variable branching scheme that can solve any instance in this class by exploring either
three or seven nodes. That some instances in this class can be solved easily by a multi-variable
branching scheme was known, as it follows from investigations of basis reduction methods for
decomposable knapsack problems (Krishnamoorthy and Pataki 2009), but we are the first to show
that all instances in this class can be solved easily by a multi-variable branching scheme. Another
contribution is that we present and partially characterize situations in which multi-variable branch-
ing schemes lead to better dual bounds, i.e., smaller values of max{z~, 2"}, which should lead
to smaller search trees. Finally, we demonstrate the potential benefits of multi-variable branching
schemes in an extensive computational study in which we assess their relative performance, where
our primary measure for the quality of a branching scheme is the number of nodes explored in the
search tree, but, at the same time, we seek branching schemes that are computationally efficient.

For completeness and to establish notation, we include a high-level description of the LP based
branch and bound algorithm for maximizing a 0-1 integer program used in our research in Algorithm
1, where £ denotes the list of active 0-1 integer programs, z;..; denotes the incumbent with objective

value zp..t, and 2" an upper bound on the value of the 0-1 integer program P; at node i.

Algorithm 1: LP based based branch and bound algorithm.
Initialization : £ = {original 0-1 integer program} and zj.s; = —00.
while £ # () do

Select and remove a 0-1 integer program P; from L.

Solve the LP relaxation of F;.

if the LP relazation is feasible then

Retrieve the LP solution 27" and its objective value 2.

if 2/ > 2. then

if #LF is integer feasible then

Tpest < TEF and zpeqy < 2EF
Remove 0-1 integer programs P; from £ with zJUB < Zpest-
else
Apply a branching strategy to create two new 0-1 integer programs P, ; and
L P, o, set 2" =2U7 = 2" and add P,; and P;; to L.

The remainder of the paper is organized as follows. In Section 2, we review relevant literature
on branching paradigms. In Section 3, we consider a class of difficult 0-1 knapsack problems used
in (Chvatal 1980). In Section 4, we give examples showing that branching on sets of variables can
be better than branching on a single variable, and derive conditions for branching on sets of two

variables to be better than branching on a single variable. In Section 5, we report the results of a
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number of numerical experiments which further reinforce that branching on sets of variables holds

promise. Finally, in Section 6, we provide some concluding remarks.

2. Relevant Literature
2.1. Single variable selection

Over the years, much effort has been devoted to finding schemes for selecting a (single) variable to
branch on that result in small search trees. The simplest scheme is to select the variable x; with
fractional part f — | f| closest to 0.5. Let z be the value of the LP solution. The intuition (or hope)
is that enforcing z; < | f| and enforcing x; > [ f] result in noticeable changes to the value of the
linear program solution, and, therefore, we will have max{z~, 2%} noticeably less than z, which
improves the dual bound. The computational requirements of this naive method are minimal, but,
unfortunately, studies have shown that it is not much better than randomly selecting a variable
(Achterberg et al. 2008).

Rather than hoping that max{z~,z"} is noticeably less than z, pseudo-cost branching (PB)
(Bénichou et al. 1971) observes and records actual changes to the values of the LP relaxations
and maintains for each variable x; an average change and uses these values to choose a variable
to branch on. The major weakness of PB is that initially little or no information is available
and initial branching decisions, at the top of the search, are critically important. However, PB is
computationally cheap, and computational studies have shown that it performs reasonably well.

Instead of hoping or observing and recording, strong branching (SB) (Applegate et al. 1995) goes
ahead and computes the change in dual bound for each variable x; with a fractional value, i.e., it
computes the value z; at the “down” child where z; < | f;] is imposed and the value z;% at the
“up” child where z; > [f;] is imposed. SB then chooses the variable z; for which max{z; ,z;} is
the smallest. SB results in small search trees, but, unfortunately, is computationally intensive and
the benefits of smaller search trees are often undone by the effort required to select the variable to
branch on.

Hybrid strong / pseudo-cost branching tries to overcome the weaknesses of the two methods
by applying SB to nodes high in the search tree (i.e., depth up to d) and switching to PB for
nodes low in the search tree (i.e., depth more than d). Since d is typically chosen to be relatively
small, fractional variables without a pseudo-cost may still be encountered at depth more than d,
in which case SB is used to initialize the pseudo-cost (Gauthier and Ribiere 1977, Linderoth and
Savelsbergh 1999). These ideas have been taken one step further in reliability branching (RB)
(Achterberg et al. 2005) which uses SB to initialize variables without a pseudo-cost or to re-initialize
variables with an unreliable pseudo-cost. Extensive computational experiments have shown that

RB performs the best among all aforementioned methods in terms of solution time. Furthermore,
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several generalizations and alternatives to the max scoring function for computing SB scores have
been considered. For example, the linear scoring rule (Linderoth and Savelsbergh 1999) generalizes
SB: it chooses the variable x; for which (1 — p)max{z —2; ,2z — 2;' } + pmin{z — 2,7, 2 — 2]} is the
largest, where p € [0,1] is a parameter (u =1 gives SB). An alternative, which performs well in
practice, is the product scoring rule (Achterberg 2007), in which the variable z; chosen is the one
for which the product (max{z — z; ,€})- (max{z — 2;',€}) is the largest, where € is a small positive
tolerance. Other rules are discussed in Balcan et al. (2018), which also provides theoretical and
computational insights into the challenges of designing branching rules.

Instead of deciding candidate branching variables purely from one optimal solution of the current
LP relaxation, Berthold and Salvagnin (2013) take advantage of the multiple alternative opti-
mal solutions and potentially avoid solving unpromising LPs in strong branching. Achterberg and
Berthold (2009) combine reliability branching and criteria from conflict analysis widely used in
satisfiability problems (SAT) into hybrid branching which solves standard integer programs faster
than reliability branching.

The recent success of machine learning has inspired new ways to guide the selection of the
branching variable. Di Liberto et al. (2016) introduce DASH (Dynamic Approach for Switching
Heuristics) which chooses a branching scheme from a collection of branching schemes to be applied
at a node in the search tree based on the features of the integer program at that node. The learning
is offline, i.e., it is based on the performance of the branching schemes on a set of training instances.
Marcos Alvarez et al. (2017) seek to use machine learning to derive a branching scheme that
mimics strong branching in the hope of achieving small search trees without the need to spend huge
amounts of computing to select a variable to branch on. Again, the learning is offline. An online
learning variant enhanced by a reliability mechanism is proposed in Marcos Alvarez et al. (2016).
Khalil et al. (2016) also employ online learning to mimic SB. The novelty of their approach lies in
that the learning involves solving a ranking problem rather than using regression or classification.
The learning based branching methods do not yet outperform state-of-the-art implementations
of RB, but are able to achieve better results than PB or hybrid SB / PB. For a recent survey
and more in-depth discussion of learning and branching for integer programming, see Lodi and
Zarpellon (2017). Finally, Balcan et al. (2018) show how to learn near-optimal parameters in a
convex combination of scoring functions from a sample of instances drawn from a distribution over

an instance class and provide complexity guarantees on the number of samples needed.

2.2. Multi-variable branching
Two types of special ordered sets (SOS) were introduced in Beale and Tomlin (1970) for modeling

nonconvex problems. Special order sets of type 1 (SOS1), in which at most one element from an
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ordered set can have a non-zero value, can be used to model multiple choice problems, while special
ordered sets of type 2 (SOS2), in which up to two consecutive elements from an order set can
have non-zero values, can be used when a nonlinear function is approximated by a piecewise linear

function. Multi-variable branching can be readily applied to variables appearing in special ordered

sets. For example, let z; for i € {1,...,n} be the variables in a special ordered set of type 1, and
let xp=21=...24_1=0, xy =241 =0.5, and zy,o =...,x, =0, then we can branch by imposing
x; =0 for i=1,...,k on one branch and imposing z; =0 for i =k +1,...,n on the other branch.

Similar branching ideas can be developed for special ordered sets of type 2. Beyond the well-known
SOS1 and SOS2, Beale (1979) also introduced Linked Ordered Sets (LOS), which handles sums
and products of functions of nonlinear variables in either the coefficients or the right hand sides
of an IP. We note that these multi-variable branching rules target special structures occurring in
certain types of optimization problems.

Basis reduction methods, following the groundbreaking work of Lenstra, Jr. (1983), also give
rise to multi-variable branching, often referred to as hyperplane branching in that context. (For
an introduction to basis reduction methods, see Pataki and Tural (2011), and for an overview of
“non-standard” methods for integer programming, see Aardal et al. (2002).) Krishnamoorthy and
Pataki (2009) establish the potential of hyperplane branching for decomposable knapsack problems
(DKPs). They show that for certain classes of 0-1 knapsack instances a feasibility version can be
generated and demonstrate how the infeasibility of this feasibility version can be proven by branch-
ing on hyperplanes. Obtaining these hyperplanes, however, involves basis reduction computations
which are time-consuming (in spite of their polynomial complexity for fixed dimension). One of
the classes of 0-1 knapsack instances considered by Krishnamoorthy and Pataki (2009) are the
Chvatal instances we study in Section 3. They show that a feasibility version can be generated for
instances with an odd number of variables and that therefore infeasibility of these instances can
be proven instantly via branching on hyperplanes. Unfortunately, a feasibility version cannot be
generated for the instances with an even number of nodes, which are the more interesting instances,
and, therefore, their difficulty cannot be assessed using the Krishnamoorthy and Pataki (2009)
framework. Using a traditional, but multi-variable branching perspective, we show how to choose
a set S of variables to branch on that will solve all instances (regardless of whether the number of

variables is odd or even) evaluating only a few nodes.

3. Chvatal Instances and Multi-Variable Branching
First, we demonstrate the potential of multi-variable branching on a class of 0-1 knapsack problem

instances analyzed in Chvétal (1980). The class of instances is characterized by the following
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formulation:

max i a;x;
=1
subject to zn:aixi < {i ai/ZJ ,
i=1

i—1 -
xz; €4{0,1}, ie{l,...,n},

where

Sicrai <> a;/2 for all sets T C{1,...,n} with [I| <n/10,

every integer greater than one divides fewer than 9n/10 of the integers a;,

die1 @i F D ey a5, when I #J, and

there is no set I such that Y-, _,a; = |31, a;/2].

Chvatal (1980) shows that for this class of 0-1 knapsack instances, a branch and bound algorithm

employing a singe-variable branching scheme must explore at least 2"/*° nodes.

Chvatal (1980) also considers a “specific example” with a; = 2" 4287 41 for j=1,...,n
and with k = |log(2n)|. For this class of 0-1 knapsack instances, it can be shown that a branch
and bound algorithm employing a singe-variable branching scheme must explore at least 2(»~1)/2
nodes. We will show, for this class of instances, that a branch and bound algorithm employing
an appropriately chosen multi-variable branching scheme solves instances by evaluating at most 7
nodes. We start by observing some properties of the instance data and showing that each instance

has a unique optimal solution.

LEMMA 1. When n is odd, the sum of the largest "T_l coefficients in the “specific example” is

less than b, while the sum of the smallest "7“ coefficients exceeds b:

n+1

n 2
E a; <b and Z a; >b. (3.1)

j="F 41 j=1

Proof. For n odd,

n

b= {zamJ = {Z (28 42 1 1/2) | = (n 4+ 1)28 — 28 4 ”;1.
i=1

Jj=1

Summing the largest "?_1 elements, we have

u . : n -1
S oa= Y (@2 1) = (kD)2 2kt "T <b. (32

j:n—%—l +1 j:n-2ﬁ-1+1

Summing the smallest ”T“ elements, we have

n+1 n+1
2 2
. . ].
Zaj _ Z (2k+n+1 + 2k+] + 1) — (TL 4 1)2k+n + 2k+%+1 _ 2’€+1 + % > b. (33)
j=1 j=1
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Corollary 1 When n is odd, the inequality

n

j=1

is valid for the LP relaxation of the “specific example”.

Proof. This is obvious from the second part of Lemma 1. [J

Corollary 2 When n is odd, the optimal solution to an instance in the “specific example” class

18:

*=(0,...,0,1,...,1)

Proof. By Corollary 1 and integrality, an optimal solution can have at most "T“ —1=2=
non-zero variables. By Lemma 1, packing the last "7_1 items into the knapsack is feasible, and since

these have the largest coefficients, will give the best possible value.

Proposition 1 If n is even, the optimal solution to an instance in the “specific example” class is:

Proof. When n is even,

b= \‘ZazﬂJ = \‘Z (2k+n+2k+j—1+1/2) :(n+1)2k+n_2k+g‘
i=1

j=1

Summing the smallest 7 elements, we have

3 3
Doay= 0 (242 1) =gkt 2R gk S, (3.4)
j=1 j=1
Summing the first § + 1 elements, we have
g1 g .
D aj= (2T oM L) = (n42)28 4 28R okt S +1>b. (3.5)
j=1 j=1

Thus, we can pack at most 7 items. The most valuable 7 items have total weight

j=5%+1 j=%5+1

and, thus, we cannot simply pack the last o items. However, note that

21 21
D aj | tan= D (28T 425 1) | g2t okt ) = (np1)2F 2R E okt +g >b.
j=1 j=1

(3.6)
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This shows that if the n-th item is included, we can pack at most 7 —1 items with total value no
more than . .
Z a;= Z (251 4 9k+ 1) = poktn _ ghtEel g 1 (3.7)
i=%+2  j=%+2

Excluding the n-th item and packing the most valuable 7 items among the remaining n —1 items

has value

T
L

-1
Z (2FTnHt 24 4 1) = (n 4 1)28n — 2+ E 4 g <b. (3.8)

=%

Thus, we obtain that the optimal solution is z* = (0,...,0,1,...,1,0). O
S—— ——

Next, we define the multi-variable branching schen?(;tlo be uz,ed for this class of instances. Let &
be the solution to LP relaxation at a node, let X; = {i: &; € {0,1},7 € [n]} be the set of variables
with an integral value, i.e. 0 or 1, in that solution, X; ={i: 0< &; <1,i € [n|} be the set of
variables with a fractional value in that solution, and j =min{i: i € X} be the index of the first

variable with a fractional value. Then we branch on the set S = X;U{j}.

THEOREM 1. A branch and bound algorithm employing a multi-variable branching based on the
set S as defined above solves an instance in at most 7 nodes when n is even and at most 3 nodes

when n 1s odd.

Proof. We introduce the following notation. The root node of the search tree is identified by
(0,-) and other nodes are identified either by a pair (k,+) or by a pair (k,—) where k represents
the depth of the node, — indicates the node was reached from its parent by branching down, and +
indicates the node was reached from its parent by branching up. In general, this does not uniquely
identify a node in the search tree, but, as we will see shortly, in this case it does. The solution (%)
at the root node has at most one fractional variable, which implies that S = [n].

When n is odd, by Lemma 1, we have 251 <37 | :L'EO") < 2. Branching on S = [n] generates
two branches defined by > | z; <21 and Y. | #; > 2. By Lemma 1, LP(*") is infeasible, while
LP®~) has solution ) = (U, u), which is the optimal solution to the instance. Thus,

n+1 n—1

in this case, at most 3 nodes are evaluated

When n is even, by (3.5), S0 z!*) <2 2 + 1. By reasoning in the proof of Proposition 1, 2 —1 <

7 1

S x ) To see this, suppose otherwise, i.e., suppose § —1 > S x %) In this case, the obJectlve
value of £(%) cannot be better than that obtained by packing the § —1 most valuable items, given
by a in (3.7). But a < z*, the value of the integer program, Wthh cannot exceed the value of the
LP relaxation (which must be b).

(0")

We consider several cases for )", ;" in the open interval (2 —1,% +1).
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1 2—-1<y " ") < 2. Branching on S = [n] generates two branches defined by
Sow<2—1and Y x> 2 For LP"7), it is easy to see that the solution is z(*7) =

(0,...,0,1,...,1), which is integer but not optimal. Next, we analyze two subcases for LP(+). (The
——

search trees are shown in Figure 1.)

Case l(a)' If solution z**) has exactly one fractional component, then S = [n] and 2 <
S 4 n % + 1. Branching on S = [n] generates two branches defined by > 7"  2; < 2 and
S,z > 24 1. Clearly, LP®1) is infeasible. Observe that LP*~) has both )" z; < 2 and

>, > %, which implies that } "  z; = 2, which forces 2(>7) to have exactly two fractional

variables. One of them has to be z,,, because if 2(>~) = 0, it will not give the largest possible value

by (3.7) and (3.8). If (>~ =1, even if all £ — 1 items with smallest weight are included, i.e.,

a; through an_,, the weight constraint is still violated in view of (3.6). Therefore, at this node,

S = [n — 1], which generates two branches defined by >0~ 'z, <% —1and Zz L x> 2 LPe)

has both )"  x; = % and Zz . 3 < % — 1, which implies x,, =1 and Zt L ;=% — 1, which is

infeasible. LP®*) has solution %) = (0,...,0,1,...,1,0) which is optimal to the original integer
—

21 o

program. Thus, in this case, at most 7 nodes will be evaluated.

Case 1(b): If solution #(!*) has two fractional components, then z{"*) must be fractional using a
similar argument to the one given for LP(®>7) in Case 1(a). Therefore, at this node, S = [n— 1], which
generates two branches defined by 2?2—11 r; <2—1and 2?2—11 z; > %. LP®7) has both 1" | x; > 2
and S0 < 2 —1 which implies z,=1and Y7 'z, = 2 — 1, which is infeasible by (3.6). LP**)
has both " ;> % and >, ! z; > 2, one of which is redundant. Therefore, its solution z>*) has
exactly one fractlonal variable, and, consequently, S = [n] and 2 <>°" P < 2 + 1. Branching

on S = [n] generates two branches defined by Sorw; <2 and > x; > 2+ 1. Clearly, LP®

is infeasible. LP®™) has Y0 2, > 2 S le; > 2 and Y7 @, < 2, which implies Y1 a;, = 2
and x,, =0, which gives solution 2>~) = (0,...,0,1,...,1,0), which is the optimal to the instance.
—— ——
n_1q n

Thus, in this case too, at most 7 nodes will be evaluated.
Case 2: 2 <) " 11'(0 Jen 5 + 1. Branching on S = [n]| generates two branches defined by

S < z and S w > 24+ 1. LP(®1) is infeasible. Next, we analyze two subcases for LP(7),

(The search trees are shown in Figure 2.)

Case 2(a): If (") has only one fractional variable, then S =[n] and 2 —1<> " ah” < 2
and two branches are generated defined by > "' z; <2 —1and > .  x;> g, respectlvely. LP(Q")
and LP2%) are the same as LP(7) in case Case 1 and LP(Q’_) in case Case 1(a), which completes

the argument for this case.
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Case 1(a) Case 1(b)
LP(0,*) LP(O.*)

Integer, not optimal Two fractional

Integer, not optim:

LP(L-) LP(1,-) LP(1,+4)
Two fractional Infeasible Infeasible One fractional
LP(2+) LP(2-) LP(2+)
Infeasible nfeasible
LP(3.-) LP(3.+) |_p(3.,—) LP?3,+)

Figure 1 Search trees when n is even for Case 1.

Case 2(b): If z(t:7) has two fractional variables, by similar argument for LP(>~) in Case 1(a),
=)

n—1

we know z{7) is fractional. Then S=[n—1] and 2 —1 <> " z!!

generated defined by 2?2—11 z; <2 —1 and 2?2—11 x; > 2, respectively. LP®%) has both Y7 2; <2

n_
and Z;:ll x; > %, which yields the optimal solution 3% =(0,...,0,1,...,1,0). LP?7) has both
——
31 3

S < 5 and Z;:ll x; <2 —1, one of which is redundant. 2(>~) can only have one fractional

< % and two branches are

variable, and Y7z, < 2 —1and 2{>7) is fractional. Thus S=[n] and 2—-1<>" | 7)< 5 and
two branches are generated defined by > x; < 5 —1and S x> 5, respectively. LP®) are

the same as LP("'7) in Case 1, which has non-optimal integer solution, and LP®1) is infeasible. []

Case 2(a) Case 2(b)

LP(,*) LPO.*)

One fractional Infeasible Two fractional Infeasible
LP(L-) LP(L+) LP(L-) LP(2.+)
Integer, not optim Two fractional One fractional Optimal
LP(2.-) o LP(2+) LP(2.-) o LP(2+)
Infeasible Optimal Integer, not optim: Infeasible

L)
LPG:9) LP(3.+) ED LP(3,+)

Figure 2 Search trees when n is even for Case 2.
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4. Examples and Analysis
The multi-variable branching scheme used to solve Chvéatal’s specific example class of instances
shows the dramatic improvements that are possible, but it is a specific branching scheme for a
specific class of instances. Next, we present and analyze examples in which branching on a set
of variables of size two improves over branching on a set of variables of size one, and branching
on a set of variables of size three improves over branching on a set of variables of size two. The
insights obtained from the analysis suggest branching schemes that are more general and that may
be computationally viable.

The following example illustrates that branching on sets of variables of size two can be better
than branching on sets of variables of size one (standard single-variable branching). Consider the

0-1 knapsack problem

*

z" = max 921 +4.2x9 + 25
subject to 3z + 2xo + 13 < 5.7,
z; €{0,1}, i3]

The solution to the LP relaxation is %" = (1,1,0.7) with value 2" = 13.9. Using standard single-
variable branching, the solution to LP relaxation at the node on the down branch is z~ = (1,1,0)
with value 2= = 13.2, and the solution to LP relaxation at the node on the up branch is x® =
(1,0.85,1) with value 2™ =13.57. If, instead, we branch on the set of variables S = {2,3}, then the
solution to LP relaxation at the node on the down branch is = = (1,1, 0) with value 2~ = 13.2, and
the solution to LP relaxation at the node on the up branch is x* = (0.9,1,1) with value z* = 13.3.
Thus, we obtain a better bound as max{13,13.3} = 13.3 < max{13,13.57} = 13.57. See Figure 3 for

an illustration.

Root
2P =(1,1,0.7)
zFP =13.9

z2+x3 < gty =1 Ty my > [ap” +ay’] =2

fl\)+
zh =(09,1,1)

o+ =(1,0.85,1) 25 =133

2zt =13.57

Figure 3  Example in which multi-variable branching (with set of branching variables |S| = 2) improves over

single-variable branching.
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Next, consider the 0-1 knapsack problem

*

z" = max 162, + 925 + 423+ 4
subject to 4z + 3z + 223 + x4 < 5.2,
x; €4{0,1}, diel4].

The solution to the LP relaxation is " = (1,0.4,0,0) with value z*¥ = 19.6. Using standard
single-variable branching, the solution to the LP relaxation at the node on the down branch is x~ =
(1,0,0.6,0) with value 2~ = 18.4, and the solution to the LP relaxation at the node on the up branch
is 1t =(0.55,1,0,0) with value z* =17.8. If, instead, we branch on the set of variables S = {2,3},
then the solution to the LP relaxation at the node on the down branch is = = (1,0,0, 1) with value
2z~ =17, and the solution to LP relaxation at the node on the up branch is ™ = (0.55,1,0,0) with
value z* =17.8. Thus, we obtain a better bound: max{17,17.8} = 17.8 < max{18.4,17.8} = 18.4.
(Branching on S = {1,2} gives the same bound as single-variable branching: the up branch is
infeasible and the down branch gives bound 18.4.) However, if, instead, we branch on the set of
variables S = {1,2,3}, then the solution to the LP relaxation at the node on the down branch
is 7 =(1,0,0,1) with value z= = 17, but the solution to the LP relaxation at the node on the
up branch is z* = (0.2,0.8,1,0) with value z* = 14.4. Thus, we obtain an even better bound as

max{17,14.4} =17 < max{17,17.8} = 17.8. See Figure 4 for an illustration.

Root
2P =(1,0.4,0,0)

Root
ztP =(1,0.4,0,0)
zEP =19.6

Ty +x3 < |25 + 25| =0 xy+ x> [oz” + 2yt =1

I:'l\)+

LP~ LP+ .
z~ =(1,0,0.6,0) zt =(0.55,1,0,0) z§ :&0,55, 1,0,0)
z- =184 2t =178 zd =178

Root
ztP =(1,0.4,0,0)
2P =19.6

z1+ a2 +ay < afF +agP +apPl =1 Tt @2+ a3 > [arF + a3t 4257 =2

I:*P')Jr
g: (0.2,0.8,1,0)
z- =144

s

Figure 4 Example in which multi-variable branching using a set of branching variables of size three improves over

multi-variable branching using a set of branching variables of size two.
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Next, we present a necessary, but not sufficient, condition as well as a sufficient, but not necessary,
condition for multi-variable branching using a set of variables of size two to outperform single-
variable branching. In all that follows, when we say “outperforms” or “is better than” we mean

that the dual bound after branching is lower. Without loss of generality, suppose

PPy P

wy Wa W,

and that the solution to the LP relaxation at the root node is fractional, i.e., the solution has the

form
M =(1,...,1,£,0,...,0),
—— N
i—1 n—i
with 1 < i <n. (Note that we have assumed that w; <b for i=1,...,n.) We consider two cases,

i=mn and 1 <i <n. In the former case, we give a necessary condition for branching on a set of
two variables to outperform single-variable branching. In the latter case, we provide a sufficient

condition.

Proposition 2 Suppose i =n and xt is the solution to the LP relaxation obtained on the up
branch when branching on {n}. Furthermore, suppose that branching on S’ = {k,n} is better than

branching on {n}, then x™ is fractional and k is the index of the fractional variable in x*.

Proof. Since i =mn, it must be that z"¥ = (1,1,...,1, f) with 0 < f < 1. It is easy to see that

branching on S’ gives

rm=(L 10, et =L L0 01), 0SS I<k<n-1
n_1 k—1 n—k—1

If f* is integer, then we have integer solutions on both branches, and z = max{z~, z*} is the
optimal value for the original integer program. Therefore, branching on any set S cannot be better
than branching on 5.

So assume 0 < f* < 1. Consider S = {¢,n} with £ <k (k> 2). On the down branch we add
xy+x, < |2kP +2EP| =1, and on the up branch we add z, + x,, > [2FF + 2LP] = 2. Note that 2~
is feasible for the down branch, and, thus, zg > z~. Similarly, ™ is feasible for the up branch, and,
thus, z& > 2*. This implies zs¢ = max{zg,z&} > max{z~, 2%} = 2, which means that branching on
S cannot be better than branching on S’. Next, consider S ={{,n} with k </ <n (k<n—-2). On
the down branch, we add z,+ z,, < |zF" + %" | =1, which is satisfied by both 2~ and z*. Again,

branching on S cannot be better than branching on S’. [J
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Proposition 3 Suppose 1 <i<n, 24t > P2

i+1 Wi4-2
of the solution to the LP relaxation on the down branch is greater than the value of the solution

, and w; 11 > w;. Furthermore, suppose that the value

to the LP relazation on the up branch, i.e., z= > z*, when branching on {i}. Then branching on
S ={i,i+ 1} is better than branching on {i} and achieves the best bound that can be achieved by

branching on any set of variables of size two.

Proof. Since w;;1 > w;, branching on {i} results, on the down branch, in

z=(1,...,1,0,f7,0,...,0), 0<f <1.

When we branch on S, we add z; + ;.1 < L:EiLP —{—:viLJﬁJ =0 on the down branch. Because Zi_—:ll >

Pit2
wiya’

Letb=0b— Zj;ll wy,. Since v = f is fractional, w; > b, thus, w;; > b. We will show that x§ = 2+,

we have that zg <z7.

and as a result z& = z". When we branch on S, we add z; + 241 > [277 + 21l ] =1, which causes
some “waste” of the resource as items ¢ and (i + 1) are less desirable than items 1 through ¢ — 1.
By setting x; =1 and ;1 = 0, the branching constraint is satisfied and the waste is minimized.
As a consequence, we obtain solution z*. Thus, zg = max{zg, z¢ } =max{z5,27} <z~ =2.

Next, consider branching on S’ = {k,i} # {i,i+1}. When k < i, we add 2 +z; < |zEF +2FP | =1
on the down branch. We have zg, > 2~ because x~ satisfies x,, +z; <1. This implies 2z, > 2~ > zt,
i.e., branching on S” cannot be better than branching on S (in fact, it cannot even better than
branching on {i}). When k > i+1, we add x; +z;, < [25F + 2" | =0 on the down branch, and have
x; = x5, = 0. Since w; 1 > w; > b, all of the resource can be consumed by items in {1,...,i—1,i+1}.
When branching on S, on the down branch only itemsin {1,...,i—1,i+2,...,n} can be used, which
implies zg, > z5. We have already argued that when we branch on S, on the up branch we will have
z7 =1 and z;,, = 0. This solution is feasible when branching on S’, as z; +z; > |2/ + 277 =1
is added on the up branch. Therefore, we also have z, > zZ, which implies branching on S’ cannot

be better than branching on S. [J

5. Computational Study
In this section, we evaluate the performance of four multi-variable branching schemes motivated by
the observations in the previous section. For all instances, we order the ratios - in non-increasing

order for 1 <3 <n.

5.1. Branching on sets of size two
The first two multi-variable branching schemes involve sets of size two in order to control the
computation time required to identify the set of variables to branch on. In the first scheme, we use

strong branching to compute SB scores for all variables with fractional values and all sets of two
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variables with a fractional sum and then select either the single variable or the set of two variables
with the best SB score. This scheme, which we refer to as “B1”, is an analogue to standard single-
variable strong branching; it becomes computationally prohibitive when the number of variables in
the instance becomes (too) large. In the second scheme, which is inspired by the analysis in Section
4, we choose S = {i,i+ 1} where i is the largest index such that z} is fractional and i < n, and
choose S = {4, j}, when i =n and where j the largest index such that =} € {0,1}. Observe that this
multi-variable branching scheme is attractive computationally as determining S does not require

the solution of any linear programs. We refer to this scheme as “B2”.

5.2. Branching on dynamically determined sets

The last two multi-variable branching schemes may involve sets of size larger than two as this
may improve the performance (as we have seen in Section 4). To control the computation time
somewhat, we generate the set S of variables to branch on dynamically. More specifically, we
start from S = {¢} with 7 the index of the fractional variable that gives the best bound among
all fractional variables when branching on these variables. Note that ¢ is the index of the variable
that would be chosen if strong branching was used. Next, we evaluate sets S = {i,5} for j such
that ;¥ 4+ 21" is fractional, and, again, choose the set that gives the best bound, say S = {i,7}.
If the best bound associated with {4,7} is better than the best bound associated with {i}, then
the process continues, i.e., we explores all sets of size three, extending {i,}}, to see if there is one
among them that results in a better best bound. We continue extending the set S with one more
variable as long as it results in an improved bound. We refer to this scheme as “B3”. Clearly, the
B3 branching scheme is computationally intensive, and, therefore, we consider a variant in which
the cardinality of the set is limited to at most K; and it is only applied at the top of the search
tree, i.e., at nodes of depth less than or equal to K,. At nodes of depth more than K,, standard
single-variable branching is used, where we branch on the fractional variable with the smallest

index. We refer to this scheme as “B4”.

5.3. Computational experiments
In our computational experiments, we compare the five branching schemes:
BO0: Standard single-variable branching;
B1: Standard two-variable branching;
B2: Restricted two-variable branching;
B3: Dynamic multi-variable branching; and
B4: Restricted multi-variable branching with K; =3 and K5 =10.
We implemented these five variable selection schemes in the branch-and-bound framework of

CPLEX using their callback functions. All experiments to compare the performance of the five
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branching schemes use CPLEX 12.8 in single-thread mode with a time limit of one hour for each
instance. Since our focus is on the impact of the branching strategy, we turn off cuts, heuristics,
and presolve.

For our computational experiments, we use three classes of instances introduced in Pisinger
(2005) (the code to generate the instances is available at GitHub (https://github.com/Yul423/
Multi-Variable-Branching-Data): uncorrelated instances, weakly correlated instances, and
strongly correlated instances with coefficient ranges R = 10® and 10*. For uncorrelated and weakly
correlated instances, we use sizes n =100, 200, 500, and, 1000, and for strongly correlated instances,
because they are significantly more difficult to solve, we use sizes n = 20, 30, 40, and 50. Thus, for
each class of instances, we have eight different combinations of coefficient range and size. For each
combination, we generate 100 instances. The performance metrics of interest are: the number of
nodes evaluated, N, and the solution time, t.

Many commercial (and open-source) solvers have switched to using the product scoring rule
(Achterberg 2007), rather than max{z~, 2z}, to assess the desirability of branching on a particular
variable. However, because preliminary computational experiments with 0-1 knapsack instances
revealed no clear performance improvement when using the product form (in fact, in many cases
showed performance deterioration) and because our theoretical analysis uses max form, we present
results for both. Note that a score function is needed only for branching schemes B1, B3, and
B4. With branching scheme B0, every LP solution will have at most one fractional variable, and
branching scheme B2 employs an unambiguous rule to identify a pair of variables to branch on.
Therefore, in Tables 1 and 2, we show the results for branching scheme B2 only in the Max{z~, 2"}
score function section.

The results of our computational experiments can be found in Tables 1 and 2. For branching
scheme B0, we report the number of nodes evaluated (Table 1) and the solution time (Table 2)
averaged over all instances of a given size. For each of the other branching schemes, we report the
number of nodes evaluated and the solution time relative to branching scheme B0, i.e., we report
ratios of the number of nodes evaluated and the solution time. Since the solution time for nearly
all weakly corrected instances with n = 1000 exceed the 1 hour time limit for branching scheme B1
(for both max and product functions) and for branching scheme B3 (for the product function), we
do not report results for these settings. Furthermore, in Figure 5, we show performance profiles
(Dolan and More 2002) for the five branching schemes using the number of nodes evaluated N (on
the left) and the solution time ¢ (on the right) for the uncorrelated, weakly correlated, and strongly
correlated instances, respectively.

As the performance of the different branching schemes is similar for the uncorrelated and weakly
correlated instances, but somewhat different for the strongly correlated instances, we discuss the

results for these classes of instances separately.
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Run time t

Number of nodes explored N

log(7)
Performance profiles for uncorrelated (the first row), weakly correlated (the second row), and strongly
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Figure 5

correlated instances (the bottom row). Left: # of nodes explored N; Right: run time ¢. The x-axis

represents a factor 7 > 0 and the y-axis represents the probability that the performance ratio of the

corresponding method is less than or equal to 7 (see Dolan and More (2002)).
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Table 1 N of B0 and ratios of N relative to BO0.

R—10? Score Max{z", 2"} Product
BO| Bl B2 B3 B4 | Bl B3 B4
100 103]0.55 0.80 0.23 0.56 |0.64 0.44 0.87
Uncorrelated 200 20210.46 0.69 0.16 0.58|0.56 0.38 0.85
500 45010.36 0.52 0.08 0.67(0.46 0.28 0.96
1,000 1,291 10.34 0.45 0.04 1.04]0.42 0.22 4.67
100 264 10.75 1.31 0.42 0.69]0.92 1.02 1.34
Weakly 200 48510.62 1.08 0.26 0.73]0.74 0.93 1.30
correlated 500 65310.45 0.75 0.17 1.26|0.59 0.81 1.70
1,000 8431 — 0.63 0.19 4.13| — — 3.93
20 16211.02 1.97 0.87 0.65]0.88 1.98 0.78
Strongly 30 1,208 | 0.67 2.02 0.23 0.61]0.59 0.75 0.43
correlated 40 2,860 | 0.78 2.56 0.21 0.74|0.64 0.47 0.63
50 22,615|0.63 2.15 0.04 0.93[0.35 0.12 0.42

Score _

R—10* Max{z", 2"} Product
BO| Bl B2 B3 B4 | Bl B3 B4
100 10310.52 0.74 0.20 0.52]0.63 0.43 0.81
Uncorrelated 200 20910.47 0.71 0.16 0.53|0.55 0.40 0.86
500 45910.36 0.50 0.08 0.51(0.45 0.30 0.79
1,000 77510.28 0.32 0.02 0.53]0.33 0.15 0.92
100 2901 0.76 1.28 0.39 0.66|0.84 0.97 1.25
Weakly 200 53410.62 1.09 0.29 0.63]0.71 0.83 1.25
correlated 500 707 10.42 0.63 0.12 0.63]0.52 0.64 1.20
1,000 987| — 0.36 0.04 093| — — 2.19
20 48511.22 1.55 0.63 0.40(0.54 1.79 0.56
Strongly 30 61711.09 2.66 0.77 0.62|0.82 1.93 0.84
correlated 40 4,57110.80 2.47 0.13 1.07/0.49 0.51 0.41
50 12,8751 0.61 2.20 0.06 0.90|0.36 0.25 0.20

In Figure 5 (and also in Table 1), we see that all four multi-variable branching schemes achieve
better node-efficiency than standard single-variable branching for almost all combinations of R and
n. It is also clear that branching scheme B3 results in the largest reduction in number of nodes
evaluated for all instances. However, as Figure 5 (and also Table 2) reveal, this reduction in number
of nodes evaluated comes at a high price in terms of solution time. As expected, branching scheme
B4 is faster than branching scheme B3 even though it explores many more nodes. Tuning the
two restriction parameters of B4 may achieve an even better balance between node-efficiency and
time-efficiency. Importantly, we observe that one of the multi-variable branching schemes, B2, does

better than the standard single-variable scheme, B0, in terms of solution time (for all uncorrelated

instances and for large weakly correlated instances).
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Table 2 ¢ of B0 in seconds and ratios of ¢ relative to BO.
R—10° Score Max{z",z"} Product
BO Bl B2 B3 B4 B1 B3 B4
100 0.01 121.80 0.84 212.88 96.77 186.21 664.66 161.35
Uncorrelated 200 0.01 | 391.10 0.72 469.27 153.50 630.03 1,635.47 252.10
500 0.04 | 2,004.81 0.50 1,332.98 222.53| 3,250.63 7,639.95 365.70
1,000 0.24 1 8,355.19 0.45 3,378.24 221.88|12,653.67 35,272.41 314.00
100 0.01] 229.33 1.63 542.09 214.71 359.89  2,506.82 329.76
Weakly 200 0.02 | 507.03 1.27 970.21 326.34 801.70 6,930.39 436.65
correlated 500 0.06 | 2,389.17 0.69 4,011.84 303.46 | 4,259.84 32,596.95 368.25
1,000 0.14 — 0.60 17,242.40 332.22 — — 305.71
20 0.00 67.95 3.03 133.82  55.10 67.66 413.55 57.45
Strongly 30 0.03 64.59 2.99 73.05 28.68 73.34 322.66 26.85
correlated 40 0.07| 112.17 4.28 127.32  34.61 121.78 427.90 29.57
50 0.74 95.06 3.09 26.73 8.19 74.58 125.22 6.63
Score _
R—101 Max{z",z"} Product
BO B1 B2 B3 B4 B1 B3 B4
100 0.01 124.83 0.82 224.26 97.21 197.89 678.29 156.23
Uncorrelated 200 0.01 | 379.42 0.73 449.02 139.80 598.36 1,655.14 251.13
500 0.041,946.13 0.48 1,271.18 182.79| 3,115.66 5,386.72 310.01
1,000 0.14 | 7,114.82 0.32 3,093.03 124.79|10,592.71 13,749.53 199.88
100 0.01 ] 24240 1.63 549.79 219.07 347.88  2,423.86 327.81
Weakly 200 0.02 ] 493.22 1.29 1,138.47 328.47 768.23 5,595.65 455.22
correlated 500 0.07]1,818.82 0.53 2,738.93 249.18 | 2,846.89 16,816.90 339.70
1,000 0.17 — 0.35 6,594.44 150.62 — — 222.64
20 0.11] 153.18 2.86 216.70 55.43 76.96 947.32  58.99
Strongly 30 0.14 141.32 5.06 273.04 80.92 141.25 1,235.41 86.09
correlated 40 0.13 | 108.59 3.86 75.58  20.77 84.94 404.95 16.56
50 0.36 | 105.89 3.59 50.84 10.23 85.96 337.08 8.26

Comparing the results for the different score functions, for B1, B3, and B4, we see that for these

0-1 knapsack instances, it is not the case that the product form should be preferred, even though

the computational study by Achterberg (2007) shows that the product form outperforms the max

form by 14% on average. This is interesting and suggests that the score function also plays a role

in the effectiveness of multi-variable branching.

To further explore the benefits of multi-variable scheme B2, for uncorrelated and weakly corre-

lated instances, we generated and solved additional instances of significantly larger size: n = 5000

and 10000. As before, for each combination of R and n, we generate 100 instances. The results can

be found in Table 3. These results provide further evidence of the potential and promise of multi-

variable branching: for coefficient range R = 10* both the number of nodes and the solve time are
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Table 3 N and ¢ of BO (absolute values) and B2 (ratios with respect to B0) for instances of larger size with

R=10"
BO B2

R n N t N t

103 5000 | 1,161 0.73]1.46 1.52
Uncorrelated 10000 | 1,360 1.59 |2.15 2.55
104 5000 | 3,116 1.89|0.32 0.43
10000 | 4,146 4.85]0.54 0.63

103 5000 | 1,494 0.89|1.37 1.56

Weakly 10000 | 1,594 1.80 | 2.17 2.67
correlated 104 5000 | 3,469 2.06|0.37 0.47
10000 | 5,679 6.31 |0.60 0.69

reduced. The reason why branching scheme B2 does not perform so well when the coefficient range
is R =103 is that the number of variables, n, is larger than the coefficient range, which implies that
it is more likely that there are items with similar ?/w ratios, which makes these instances similar
to the more difficult strongly correlated instances.

As mentioned above, the results are somewhat different for the strongly correlated instances.
For example, branching scheme B2 no longer has any benefits compared to B0. This is not too
surprising, however, as Proposition 3 indicates that the performance of B2 depends on the ratios
Pifw, for 1 <i<n.

Branching scheme B3 continues to significantly reduce the number of nodes evaluated, especially
when using the max scoring rule, but, importantly, so does branching scheme B4, especially for
the product scoring rule.

Because branching scheme B4 exhibited promising trends for both the number of nodes evaluated
and the solution time for strongly correlated instances, we generated and solved additional instances

of larger size: n =60, 80, and 100. The results can be found in Table 4.

Table 4 N and ¢ of BO (absolute values) and B4 (ratios with respect to B0) for strongly correlated instances of

larger size.
BO B4 B4
Max Product
n N t| N t| N t

60 130,707  5.06|1.05 3.20|0.39 2.23
R=10%| 80 | 2,646,631 108.07 |0.81 1.34|0.83 1.14
100 | 2,690,262 108.41]0.84 1.40|0.74 1.08
60 59,881 2.2310.75 4.90|0.51 3.93
R=10*| 80 | 2,108,874 148.97|0.79 1.12|0.74 0.81
100 | 2,559,953 132.32|0.71 1.16|0.76 0.83
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We see that branching scheme B4 not only outperforms the default branching scheme B0 in
terms of number of nodes evaluated, but also in terms of solution time when the product scoring

rule is used and the coefficient range of the instances is 10* and the instances size is 80 and 100.

6. Final Remarks

In this paper, we explored the potential benefits of branching on sets of variables rather than
standard single-variable branching. Preliminary computational experiments on randomly generated
instances of the 0-1 knapsack problem show promise and reveal the trade off between node-efficiency
and time-efficiency. Our current research is focused on reproducing the promise of multi-variable
branching on other classes of mixed integer programs and using machine learning to develop more

efficient implementations of multi-variable branching schemes.

Acknowledgment
We want to thank Andrea Lodi for reading an earlier version of the paper and providing valu-
able comments and suggestions, and Gabor Pataki for informative discussions on basis reduction

methods and their connection with multi-variable branching.

References
Aardal K, Weismantel R, Wolsey LA (2002) Non-standard approaches to integer programming. Discrete
Applied Mathematics 123(1):5 — 74.

Achterberg T (2007) Constraint integer programming. Ph.D. thesis, TU Berlin.

Achterberg T, Berthold T (2009) Hybrid branching. International Conference on AI and OR Techniques in

Constriant Programming for Combinatorial Optimization Problems, 309-311 (Springer).

Achterberg T, Berthold T, Koch T, Wolter K (2008) Constraint integer programming: A new approach
to integrate CP and MIP. International Conference on Integration of Artificial Intelligence (AI) and
Operations Research (OR) Techniques in Constraint Programming, 6-20 (Springer).

Achterberg T, Koch T, Martin A (2005) Branching rules revisited. Operations Research Letters 33(1):42-54.

Applegate D, Bixby R, Chvatal V, Cook B (1995) Finding cuts in the tsp (a preliminary report). Technical

report, Center for Discrete Mathematics & Theoretical Computer Science.
Balcan MF, Dick T, Sandholm T, Vitercik E (2018) Learning to branch. arXiv preprint arXiv:1803.10150 .

Beale E (1979) Branch and bound methods for mathematical programming systems. Hammer P, Johnson
E, Korte B, eds., Discrete Optimization II, volume 5 of Annals of Discrete Mathematics, 201 — 219
(Elsevier).

Beale EML, Tomlin JA (1970) Special facilities in a general mathematical programming system for non-
convex problems using ordered sets of variables. Lawrence J, ed., Proceedings 5th IFORS Conference,

Tavistock, 447-454 (Wiley).



Author: Multi- Variable Branching
Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the manuscript number!) 23

Bénichou M, Gauthier JM, Girodet P, Hentges G, Ribiere G, Vincent O (1971) Experiments in mixed-integer
linear programming. Mathematical Programming 1(1):76-94.

Berthold T, Salvagnin D (2013) Cloud branching. International Conference on AI and OR Techniques in

Constriant Programming for Combinatorial Optimization Problems, 28-43 (Springer).
Chvatal V (1980) Hard knapsack problems. Operations Research 28(6):1402-1411.

Di Liberto G, Kadioglu S, Leo K, Malitsky Y (2016) Dash: Dynamic approach for switching heuristics.
European Journal of Operational Research 248(3):943-953.

Dolan ED, More JJ (2002) Benchmarking Optimization Software with Performance Profiles. Mathematical
Programming 91:201-213.

Gauthier JM, Ribiére G (1977) Experiments in mixed-integer linear programming using pseudo-costs. Math-

ematical Programming 12(1):26-47.

Khalil EB, Le Bodic P, Song L, Nemhauser GL, Dilkina BN (2016) Learning to branch in mixed integer
programming. AAAIL 724-731.

Krishnamoorthy B, Pataki G (2009) Column basis reduction and decomposable knapsack problems. Discrete
Optimization 6(3):242 — 270.

Land AH, Doig AG (1960) An automatic method of solving discrete programming problems. Econometrica:
Journal of the Econometric Society 497-520.

Lenstra, Jr H (1983) Integer programming with a fixed number of variables. Mathematics of Operations

Research 8:538—548.

Linderoth JT, Savelsbergh MW (1999) A computational study of search strategies for mixed integer pro-
gramming. INFORMS Journal on Computing 11(2):173-187.

Lodi A, Zarpellon G (2017) On learning and branching: a survey. Top 25(2):207—-236.

Marcos Alvarez A, Louveaux Q, Wehenkel L (2017) A machine learning-based approximation of strong

branching. INFORMS Journal on Computing 29(1):185-195.

Marcos Alvarez A, Wehenkel L, Louveaux Q (2016) Online learning for strong branching approximation in

branch-and-bound. Technical report, University of Liege.

Morrison DR, Jacobson SH, Sauppe JJ, Sewell EC (2016) Branch-and-bound algorithms: A survey of recent
advances in searching, branching, and pruning. Discrete Optimization 19:79 — 102, ISSN 1572-5286.

Pataki G, Tural M (2011) Basis reduction methods. Cochran JJ, Cox Jr LA, Keskinocak P, Kharoufeh JP,
Smith JC, eds., Wiley Encyclopedia of Operations Research and Management Science.

Pisinger D (2005) Where are the hard knapsack problems? Computers & Operations Research 32(9):2271—
2284.



	Introduction
	Relevant Literature
	Single variable selection
	Multi-variable branching

	Chvátal Instances and Multi-Variable Branching
	Examples and Analysis
	Computational Study
	Branching on sets of size two
	Branching on dynamically determined sets
	Computational experiments

	Final Remarks

