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Abstract

This paper proposes a Lagrangian dual based polynomial-time approximation algorithm
for solving the single-period unit commitment problem, which can be formulated as a mixed
integer quadratic programming problem and proven to be NP-hard. Tight theoretical
bounds for the absolute errors and relative errors of the approximate solutions generated
by the proposed algorithm are provided. Computational results support the effectiveness
and efficiency of the proposed algorithm for solving large-scale problems.
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1 Introduction

Unit commitment (UC) problems play an important role in the electricity market. The
task of UC is to find an optimal schedule of available generators with limited capacities over a
planning horizon to achieve a minimum cost while the demand and some operational constraints
are satisfied. A general UC problem is usually a large-scale nonconvex optimization problem.
The nonconvexity is mainly caused by the binary nature of UC decisions (on or off status of
each generator). Effectively solving UC problems is deemed as a challenging task, see [37], [27]
and [19].

In this paper, we focus on the single-period UC problem (SPUC) that tries to select a best
plan for allocating the demand to a group of generators in hand in order to achieve a minimum
cost in one particular planning period. The problem is also known as centralized pool scheduling
problem [13|, which can be mathematically formulated as the following mixed-integer quadratic
program:

n
min Z(aim? + bz + ciy;)
i=1

n 1.1
s.t. in:d (1.1)
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where u; > 0 is the maximum capacity of generator 1, aixg + bjx; + ¢;y; is its cost function
with a; > 0, b; > 0 and ¢; > 0 to assure a monotonically increasing cost, and y; € {0,1}



represents the status of the i-th generator. Once the i-th generator is switched on, y; = 1 and
a set-up cost ¢; arises. If a; =0, for i = 1,--- ,n, then problem (1.1) becomes the single-node
fixed-charge problem [25|. If b; = 0 and u; = 1, for i = 1,--- ,n, and d = 1, then problem
(1.1) becomes the sensor placement problem [11]. In this paper, d € [0,> 7 | u;] is assumed to
assure the feasibility of problem (1.1). Absorbing the integer variable y;, for i = 1,--- ,n, into
the objective function, problem (1.1) becomes:

- (1.2)
s.t. Za:z =d,
=1
where
fz(.%'z) = qz(.%) = aix% + b+, if0<xz <u; (1.3)
+o00, if x; ¢ [0, u;].

Notice that the difficulty now lies in the discontinuity and nonconvexity of f;(x;) with ¢; > 0
for each 1.

Although the UC problem (1.2) considered in this paper is of the simplest form, it is still an
NP-hard problem, e.g., see [19], and it is the core function of various unit commitment prob-
lems. In the literature, there are different types of UC problems in different views. Concerning
the planning horizon, UC problems include the single-period UC problems [13,19,22] and multi-
period UC problems [8,17,31]. The latter ones involve multiple decision stages and need to
determine the start-up and shut-down sequences as well as the quantity of commitment for
each generator in each period, and thus more complex. Regarding the certainty of demand and
capacities, there are deterministic and nondeterministic UC problems. For nondeterministic
problems, stochastic programming [7], robust optimization [39] and chance-constrained opti-
mization [36] methods were studied to address the uncertainty issue. In view of security [27],
there are traditional UC problems, security-constrained UC problems [39] and price-based UC
problems [40]. From the market perspective, UC problems could be considered in an integrated
environment |7] or in a deregulated environment [31].

Much effort has been devoted to developing efficient methods for solving UC problems.
Commonly seen approaches in the literature include at least the following: (i) branch-and-
bound, (ii) dynamic programming, (iii) decomposition, (iv) Lagrangian relaxation (LR), (v)
mixed integer programming (MIP) and (vi) meta-heuristics.

Branch-and-bound is a commonly used method for locating a global optimal solution, see [5]
and [16]. A critical issue to speed up the branch-and-bound process is to construct an effective
relaxation for providing a tight lower bound. Perspective relaxation (PR) is a promising ap-
proach of constructing tight relaxation for mixed-integer nonlinear programs. In [11], Frangioni
et.al showed that, under some assumptions, the PR, of a mixed-integer quadratic program can
be reformulated as a piecewise-quadratic program (QP), which could ultimately yield a QP
relaxation of roughly the same size of the standard continuous relaxation by replacing {0, 1}
with [0,1]. Frangioni et.al [12] constructed an approximated projected PR (AP2R), which in
some cases produces a reformulation with the same size and structure as the standard continu-
ous relaxation, but with substantially improved bounds provided. A conjugate function based
convex relaxation developed in [19] provides a tight lower bound for branching-and-bounding.



The corresponding branch-and-bound algorithm is shown to be much more efficient than state-
of-the-art solvers like Cplex and Gurobi.

Dynamic programming (DP) is the earliest optimization method used for solving UC prob-
lems. DP is able to maintain solution feasibility but suffers from the “curse of dimensionality",
see [23] and [18]. The key issue is how to reduce the dimensionality of the problem for achieving
an acceptable computational time. Rong et.al [31] introduced the DP-RSC1 algorithm, which
is a variant of DP based on a linear relaxation of the on/off status of the units, to address the
multi-period combined heat and power (CHP) production planning problem. Their algorithm
is shown to have a good solution quality with a fast speed. They also proved the complexity
is proportional to the number of units, the number of the time periods and the computation
time of the single-period economic dispatch problem. This highlights as well the importance of
studying the SPUC problem.

Decomposition such as Dantzig-Wolfe decomposition [35] and Benders decomposition [20]
could be used to handle both of the deterministic problems and nondeterministic problems. For
example, Ma and Shahidehpour [20] designed an efficient algorithm by using Benders decom-
position to decompose a deterministic transmission-constrained unit commitment problem into
a master problem and a subproblem, and Schulze et.al [35] used a Dantzig-Wolfe reformulation
to decompose a stochastic UC problem by the scenarios generated by parameter distributions.

Lagrangian relaxation (LR) adjoints constraints to the objective function using Lagrangian
multipliers. Then a relaxed dual problem is derived to provide a lower bound for the original
problem. For the dual problem, subgradient method [28| or proximal bundle method [3] could
be applied. However, the corresponding primal solution obtained by the dual information is
in general infeasible. Hence some Lagrangian heuristics are developed in order to find a good
primal feasible solution, see [29] and [15]. More recently, Ghaddar et.al [14] used the Lagrangian
relaxation to decompose a hydro plant scheduling problem by time periods and then found a
high-quality feasible solution in a relatively short period of time.

Mixed integer programming (MIP) including the mixed integer linear programming (MILP)
and mixed integer quadratic programming (MIQP) approaches has been naturally employed to
handle the on-and-off switching status of generators. For example, Chang et.al [4] proposed an
MILP formulation to yield a near optimal solution by using multiple piece-wise linear segments
to approximate the objective function and constraints. Sawa et al. [32| relaxed the binary
variables in an MIQP model to solve a security constrained unit commitment problem using
quadratic programming methods.

Meta-heuristics, such as simulated annealing [9], genetic algorithm [21], ant colony [33],
artificial neural network [34], and particle swarm optimization [6], have all been applied to
solve various UC problems in recent years. In general a local optimal solution or near-optimal
solution can be identified in a timely manner, but there usually lacks theoretical analysis on
complexity and quality of solutions obtained.

Notice that, in practice, mixed approaches are commonly employed to treat UC problems.
For example, Benders decomposition could be combined with Dantzig-Wolfe or Lagrangian ap-
proaches to obtain a cross-decomposition method which may perform better, see [24]. Also,
Bosch et al. [38] proposed a decomposition method for their UC problem and then used dy-
namic programming methods to solve the corresponding subproblems. As more industrial
requirements arise for more complicated applications, hybrid models [26] have been popular in
which more than one approaches are applied to gain computational efficiency.

From the literature, we understand that general UC problems are complex and hard to



solve. Effectively and efficiently solving large-scale SPUC problems (1.2) remains to be a chal-
lenging first-step toward handling general UC problems. Unlike most known works in the area,
this paper intends to design a polynomial-time solvable approximation algorithm with theoretic
error bounds to generate an approximate solution in a fast manner with guaranteed quality. Re-
member that the difficulty of problem (1.2) lies in the discontinuity and nonconvexity of f;(z;)
with ¢; > 0 for each i. A natural idea is to convexify functions f;(z;), ¢ = 1,--- ,n. Instead
of considering the commonly used linear convex relaxation or quadratic convex relaxation, we
notice that the conjugate transform of the conjugate transform of f;(x;) becomes its tightest
closed convex envelop for relaxation, e.g., see [10]. More interestingly, since the functions in-
volved are quadratic functions, this convex relaxation enjoys having explicit expressions, so is
the Lagrangian dual problem of the convex relaxation problem. Corresponding optimality con-
ditions in explicit expressions can then be fully exploited to design a polynomial-time solvable
approximation algorithm, and to derive and prove tight error bounds for quality assurance.
Computational experiments are also conducted to validate our findings. To the best of our
knowledge, this work is the first of its kind for solving UC problems.

The rest of the paper is structured as follows. For completeness of this paper, in Section
2, we include some results of our work [19]. In particular, we introduce a conjugate function
based relaxation for problem (1.2), its Lagrangian dual problem, and optimality properties of
both problems. Section 3 shows the main work of presenting an approximation algorithm for
solving the SPUC problem. The approximation algorithm is proven to be of O(nlogn) worst-
case computational complexity. Moreover, tight theoretical error bounds on the approximate
solution are provided. In Section 4, computational experiments are conducted to validate the
efficiency of the proposed algorithm for solving-large scale SPUC problems and to show the
effect of some problem parameters on the solution quality. Concluding remarks are provided in
Section 5.

2 Conjugate Function and Lagrangian Dual

The conjugate function of f;(z;) is defined as f;'(\) = sup,,cr(Az; — fi(x;)), which is a
convex function. Then the conjugate function of f(\), i.e., f*(z;) = supyer(ziA — f(N)), is
the tightest convex relaxation of f;(x;), see [10]. Notice that f*(x;) < fi(x;) is true in general.
Moreover, (f;*)*(X) = sup,,cg(Az; — f{*(z:)) = fi(\) holds, see Chapter 11 of [30].

A convex relaxation of problem (1.2) becomes

i=1

" (2.1)
s.t. Z x; =d.
i=1
The explicit form of f*(x;),i =1,--- ,n, can be easily computed as below.
If “c; =07, then
2
(N a;x; + b;x;, for xz; € [O,Ui]
fl (xz) a { +OO, for xT; ¢ [O,UZ] (2'2)
If “c; >0,a; =0" or “c; >0,a; >0 and \/c¢;/a; > u;”, then
Wk (aiui +b; + c,-/ui)a:i, for x; € [O,Ui]
fi(wi) = { +o00, for x; ¢ [0, u;). (23)



If “c; >0,a; >0 and y/¢;/a; < w;”, then

(2\/a;c; + b))z, for z; € [0,4/ci/a;)

[ (@) = @i + biwi + ¢, for 2 € [\/eifai, ui] (2.4)
+00, for x; ¢ [0, u;].
Accordingly, we divide Z = {1,--- ,n} into the following four index sets:

Ty ={ieT|c¢>0,a >0,\ci/a; < u},
Ty={icZ|lci>0,a; =0y U{i€Z| ¢; >0,a; > 0,\/¢c;/a; > ui},
Is ={i€Z| ¢;=0,a; >0},

Zy={i€Z| ¢;=0,a; =0}.

(2.5)

In this paper, we may assume that Z; U Zy # (. Otherwise, problem (1.2) is a convex
quadratic problem with linear constraints which can be solved easily. We may also assume that
b; > 0,Vi € Z4. Otherwise, this generator involves no cost and can be omitted without affecting
our analysis.

Lemma 1. Ifi € Iy, then

filzi) > 75 (x;), for x; € (0,+/ci/ai),

2.6
fi(xi) = fi7(x;), for x; =0 or x; € [\/ci/ai, ug]. 20
If i € Iy, then
filwi) > fi* (i), for z; € (0,u;),
(2.7)
fi(zi) = 75 (xi), for z; =0 or z; = u,.
If i € I3 U1y, then
fi(zi) = £ (x3), for z; € [0,u). (2.8)

The above results can be shown easily and will be used for the gap analysis in Section 3. In
addition, we can easily observe that for any given d € [0, Y ; u;], the optimal value of problem
(1.1) and the optimal value of problem (2.1) are both finite and attainable.

Since f*(z;) < fi(z;), for i =1,--- ,n, problem (2.1) provides a lower bound for problem
(1.2), or problem (1.1) equivalently. To solve problem (2.1), we consider its Lagrangian dual
problem. The Lagrangian function is

Lz, A) =Y fi* (@) + Ad =) zi), (2.9)
=1

i=1

then the Lagrangian dual function becomes

p(A) = min Lz, A) = Ad = > max(Az; — [ (z:) = A = ) (f7)"(N) =Ad =D _ [ (N).
i=1"" i=1 i=1

xER™



Thus problem (2.1) has the following Lagrangian dual problem:
n
mazyer  p(\) = Ad— > fF(N). (2.10)
i=1

The strong duality theorem holds for the convex pair of problems (2.1) and (2.10), see [1].
Actually, problem (2.10) is also the Lagrangian dual of problem (1.2), but there may exist a
gap due to the nonconvexity of f;(z;),i=1,--- ,n.

Notice that problem (2.10) is a concave maximization problem, whose necessary and suffi-
cient optimality condition is

ded afr (N, (2.11)
=1
where Of(A) is the subdifferential of f at A. Since 0f/(\) = argmaz,, (Az; — f*(x;)), see

Theorem 11.3 of [30], by (2.2), (2.3) and (2.4), we have the following results:
If ¢ € 71, then

{0}7 fOI‘ A < Azl

* _ [0,v/ci/a), for \ = )\11
O = {50/ Ca), for < A< 2 (2.12)

{Ui}, for \ > )\12’

where )\} = 2,/a;c; + b; and /\f = 2a;u; + b;.
If i € Iy UZy, then
{0}, for A < Al
OfF(\) =< [0,u], for A=A\ (2.13)
{u;}, for A> Al

77

where )\11 = a;u; + b; + ¢i/u;.
If ¢ € 73, then

{0}, for A < A}
Off(\) = {(A—b:)/(2a:)}, for \j <X < AP (2.14)
{u;}, for A > A2,

where )\11 =b; and )\22 = 2a;u; + b;.

Consequently, 0f(\) is an interval for “i € Zy and A\ = )\}” and it is a singleton set for
all A € R if 4 € Z3. This is the reason for us to separately define Z3 and Z before. Define
S OfF(N) = {300 &l € OfF(N)}. It is not difficult to check that 1, dfF(\) is a
singleton set if A ¢ {\!| i € 7y UZy UZy}. Otherwise, it is a closed interval. Notice that
Som OfF(N) C 0,57 w] is a bounded closed set, we may define I(\) := miny ;" dfF(N)
and u(\) := max) ;. ; 9fF()\), where “min” and “max” refer to taking the minimum and
maximum of the set > 1 ; dfF()), respectively. Obviously, if > ' ; 9fF(\) is a singleton set,
then I(\) = u(X\). Moreover, I[(X) > u(A) for any N > A.

To give a more clear picture of > 7" ; f*(\), we introduce the set:

A= {N, Ali € LU T3} U{Aj]i € o ULy} (2.15)

Without loss of generality, we may write A as {1, -+, A}, where r < 2n and A\; < -+ < A,
Then we have [(A\1) = 0 and u(\,) = > u;, since 0 € 9fF (A1) and u; € Of}(\,) for any
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Figure 1: A typical figure of > | f*(\)

i =1,---,n. Consequently, we have 0 = I(A1) < u(A1) < --- <I(A) <u(M\) =D0  u A
typical figure of > "7 | 9f7(X) looks like Figure 1. A similar figure could be found in [13].

In the figure, 7 = 6 and we can see the points of A € A are where > " | 0f"(\) is an
interval, such as A1, A4, A5, or a turning point of Y ;" ; df(A\) when it is a singleton set, such
as )\2, )\3, )\6-

Lemma 2. For any gwen d € [0, ;" | u;], the optimal value of problem (2.10) is finite and
attainable.

Proof: Since the strong duality theorem holds for problems (2.1) and (2.10) and the optimal
value of problem (2.1) is finite, the optimal value of problem (2.10) is finite. Notice that
Uner 2oy 07 (N) = [0,5°7  u;]. For any d € [0, u;], there must exist a A such that
de Y, 0fF(N). Then X satisfies the necessary and sufficient optimality condition (2.11) of
problem (2.10), thus the minimum of problem (2.10) can be attained, no matter the optimal
solution is unique or not. O

With the optimality condition d € >~ ; df7(\) in mind, we can identify optimal solutions
of problems (2.10) and (2.1). The corresponding results of [19] can be rearranged into the next
two theorems. Since more details can be found therein, the proofs are omitted here.

Theorem 1. For any givend € [0, ;| u;], if there exists a Ay € A such that d € [[(A\g), u(Nq)],
then \* = X\g is an optimal solution of problem (2.10). Otherwise, there must exist a q €
{1,---,r — 1} such that u(Ag) < d < l(Ag41), and the optimal solution of (2.10) is uniquely

determined by
v B jes B+ 3 e bi/(2a5) (2.16)
2 jes 1/(2a5) ’
where S = {j € 11U13|)\} < A and )\2 > A1}, S={1,--- ,n}\S, and &; = u;, if “j € Ty UZ3
and )\? <\ or “j eIy Uy and )\]1- < A;"; &5 =0, otherwise. Qverall, an optimal solution of
(2.10) can be obtained in O(nlogn) time.

Theorem 2. For any given d € [0, ", u;] and an optimal solution \* of problem (2.10), z*
is optimal to problem (2.1) if and only if x* solves the system

Z?:lxi:d
{ z € OfF(\),i=1,--- ,n. (2.17)

For Theorem 2, if \* ¢ {\}| i € Z; UTy UZy4}, then dfF(\*) is a singleton set and z; can be
uniquely determined for i = 1,--- | n, i.e., there is a unique feasible solution of system (2.17).



3 Approximation Algorithm

To provide further analysis of system (2.17), we partition Z = {1,--- ,n} by a dual optimal
solution A* € R such that

T ={ie LU N =X}, Z = {i e Ty| A\l = X} and Z¢ = 7\ (Z°UZ%).  (3.1)

For convenience, for any given A € R, if 9f()) is a singleton set, then we denote its unique
element by X;(\). Then system (2.17) with A* being given is equivalent to

i Ti=d

z; € 0,t],i € T°
T; € [O,Ui],i Al
= Xi(\),i € I,

(3.2)

where t; = \/c¢;/a; for i € Z*NZ; and t; = u; for i € Z°NZy. For any solution Z of system (3.2),
it is optimal to problem (2.1) and feasible for problem (1.2), thus Y ;" ; f**(z;) and Y | fi(Z;)
provide a lower bound and an upper bound for problem (1.2), respectively. And we have the
following result by Lemma 1.

Remark 1. For (3.1), if i € I°, then fi(x;) = f*(x;), for x; =0 or x; = t;, and fi(z;) >
5 (zy), for x; € (0,t;). If i € I, then fi(z;) = f7*(xi), for »; € [0,u]. Ifi € I¢ then
filzi) = 7" (xs), for x; = Xi(A\*).

It is easy to check that if 7% = I° = (), i.e., >ir, OfF(\*) is a singleton set, then the
unique solution Z of system (3.2) is optimal to problem (1.2) since Y« fi(Zi) = > iy [7(Z4).
More generally, if Z solves system (3.2) with z; = 0 or Z; = t;, Vi € Z%, then Y ;" | fi(&;) =
oy fi*(&;), thus 7 is optimal to problem (1.2). However, it is difficult to determine whether
such a solution exits when |Z?|, the cardinality of Z¢, is large.

Our idea is to find a solution Z of system (3.2) with > """ | fi(Z:) — > iy f7*(Z;) being small
and then construct a better solution of problem (1.2) using Z. For convenience, we denote

A= uy, d=d- Y X;(\*) and g(z) = Z filzi) — Z I (). (3.3)

i€ 1€Z°
If 7% # (), then, without loss of generality, we may write Z% = {iy,--- ,i|ze|} satisfying ¢;; >
+++ > Ui 7a,. Furthermore, if d* € (0, 3,70 ti], then we can identify a unique p € {1,---,|Z%(}

such that E?;i ti; < d* and 2?21 ti; > d*, where Z?:l t;; is defined to be 0. If p > 1, then

define I(p) = {i1,--- ,ip—1}. Otherwise, I(p) = 0. In addition, define
A =AN{\|ie iU} (3.4)
to be a subset of A.

Theorem 3. For an optimal solution \* of problem (2.10), if \* ¢ AL, then any solution T of
system (3.2) is optimal to problems (1.2) and (2.1) with g(z) = 0.

Proof: Since \* ¢ Al, 7% = (). For any solution Z of system (3.2), since f;(%;) = f*(z;), for
i € I UZ¢, we have g(Z) = 0. Thus Z is optimal to problems (1.2) and (2.1) with the equal
objective value. O



Remark 2. For an optimal solution \* of problem (2.10), if \* ¢ A* and X\* ¢ {\}| i € I,},
then Theorem 8 reduces to Theorem 3 of [19], where a zero gap between problems (1.2) and
(2.1) is claimed.

Theorem 4. For an optimal solution \* of problem (2.10), when \* € A1, if one of the following
cases holds: (i) {j € I%|t; > A} =0, (i) {j € I°t; > A} #0 and 0 < d* < A, and (i)
{7 €Z%t; > A} # 0 and d* > Zie{jeIa\tj>A} t;, then there is no gap between problems (1.2)
and (2.1).

Proof: 7% # () is obvious.

Case(i): If {j € Z%t; > A} = 0, then A > t; > 0, Vi € % If d* > Y . _7a ti, then let
z; = t; fori € I% and z; = X;(\*) for i € Z¢. Since system (3.2) is feasible, 0 < d* —> ;7o t; =
d—> ieze Xi(N) =3 icqati < AL Let z; = %ui for i € Z°, then Z solves system (3.2)
with ¢(Z) = 0 by Remark 1, thus there is no gap. If d* = 0, then let z; = 0 for i € Z* UZ?
and z; = X;(\*) for i € Z¢ which is a solution of system (3.2) with a zero gap between
problems (1.2) and (2.1). Otherwise, 0 < d* < )", 7. t; and the corresponding I(p) and ip can
be determined uniquely. If 3 ;c /00,3t = d°; then let 7 = t; for i € I(p) U {ip}, T; = 0
for i € TP U T\ (I(p) U {ip}) and z; = X;(\*) for i € I¢, thus there is no gap. Otherwise,
0 <d =>icipti <t <A, and we let z; = t; for i € I(p), ; = 0 for i € I°\I(p),

d*=> icrip ti . _ . .
T; = %ui for i € 7° and z; = X;(\*) for i € ¢, then there is no gap.

For case (ii) and case (iii), since {j € Z|t; > A} # ), we have A < Zie{jeIa|tj>A} t;.

Case(ii): If 0 < d* < A and A =0 (i.e.,, Z® = (}), then d* = 0 and we let z; = 0 for i € Z°
and z; = X;(\*) for i € Z¢, thus there is no gap. If 0 < d* < A and A > 0, then let z; = 0 for
1€1% T; = %ui for i € IV and z; = X;(\*) for i € Z¢, thus there is no gap.

Case(iil): If d* = Zz‘e{jeza\tj>A} ti, then let z; = t; for i € {j € Z%t; > A}, Z; = 0
for i € {j € Z%t; < A} UZ? and 7; = X;(\*) for i € Z¢, thus there is no gap. If d* >
Zie{jeId\tpA} t; and furthermore d* > 3", 7. t;, then there is no gap, see the proof of case (i).
If Zie{jeza|tj>A} ty < d* <) iczati, then we have t;; < A. As shown in the proof of case (i),
there is no gap. O

Theorem 5. For an optimal solution \* of problem (2.10), when \* € AL, {j € T°t; > A} # ()
and A < d* < Zie{jEIa|tj>A} ti, Zf (Z) Zie[(ﬁ)u{iﬁ} tz = d* or (ZZ) d* — Z’LEI(ﬁ) tz S A, then
there is no gap between problems (1.2) and (2.1).

Proof: When \* € AL {j € Z%t; > A} # 0 and A < d* < D ictjezely; >ay tis ti; >
A must hold. Otherwise, Zie{jeIa|tj>A} t; < Ziel(ﬁ) t; < d*, which contradicts to d* <

Zz‘e{jeza\tj>A} ti.
In case (i), let 7; = t; for i € I(p)U{iz}, Z; = 0 for i € ZPUZ\(I(p)U{ip}) and 7; = X;(\¥)
for i € Z¢. Then we know there is no gap. In case (ii), since 0 < d* — Ziel@) t; < A, we may

let z; =t; for i € I(p), z; = 0 for i € Z*°\I(p), z; = %ul for i € Z and z; = X;(\*)
for ¢ € Z¢. Then we know there is no gap. O

Putting Theorems 3, 4 and 5 together, we need to focus on the only remaining case of
“ANe AL {jeTut; > A} #0and A < d* — Zie[(p) t; < t;,”, where a positive gap between
problems (1.2) and (2.1) may arise. In this case, for any solution Z of system (3.2) with z; = ¢;
for i € I(p) and 7; = 0 for i € Z%\(I(p) U {iz}), we would like to determine Z;,i € Z°U {i;}, to
minimize the gap ¢(%).



Theorem 6. For an optimal solution \* of problem (2.10), if \* € AY,{j € Z%|t; > A} # 0
and A < d* — Ziel(p) ti < ti,, then for any solution T of system (8.2) with T; = t; for i € I(p)
and z; = 0 for i € Z*\(I(p) U{ip}), we have g(Z) = aiﬁa??ﬁ +bi,Zi, + iy — N T4y, which achieves
its minimum when Z;, = d* — Zie[(ﬁ) ti and T; = 0 for i € IP.

Proof: Since z; =t; for i € I(p) and z; = 0 for i € Z*\(I(p) U{ip}), we have f;(z;) = f*(z;)
for i € Z%\{iz} by Remark 1. Moreover, fi(%;) = f7*(z;) for i € I° and fi(z;) = f*(7) for
i € I Therefore, g(2) = fi,(Zi,) — f77(Ziy). Since Y ieqpus = A < d* = 3 i ti < Ly,
we know Z;, € (0,t;,) and fi (7;,) = aiﬁi?ﬁ + i, Ti,; + ci,. Since iy € Z%, we have )\}5 = \*
If 15 € 7, from (2.4), we have f;*(i‘iﬁ) = (2@—}— biﬁ)fiﬁ = )\Z‘lﬁi’iﬁ = )\*{Z‘Z’ﬁ. If 15 € 1o,
from (2.3), we have f7*(Z,) = (ai,ui, + bi, + cip/ui,) T, = A}ﬁiiﬁ = \*Z;,. Hence g(z) =
fiﬁ (.fiﬁ) — i;*(iiﬁ) = aiﬁfgﬁ + biﬁi’iﬁ + ¢, — )\*"Eiﬁ.
To minimize the gap g(Z), we consider the following optimization problem:

min aiﬁzz +biz 4 ciy — ANz

st. 2+ Z t; < d*
iel(p) (3.5)

where the decision variable z € R determines z;,. If a;; = 0, then i; € 7o and the objective is
a linear function. Since b, — \* = by, — (bi, + ¢iy/ui,) = —ciy/ui; < 0, the optimal value is
obtained at z = d* — >, 1(p) bi- If a;;, > 0, then the objective is a convex quadratic function
with the axis of symmetry being

z_)‘*iblﬁ_ é, fOI'iﬁEIl
- ip Cis .
2a;, 5 + 3 ai;')uiﬁ, for i € Is.
. Cis . Uj 5 Cis . .
Notice that t;, = (/.= for iz € 7y and t;;, = u;;, < 5 + S for i; € Ip. Since d* —
ip iptip

A*—b;; . .
Ziel(ﬁ) ti < ti,, we have d* — Zie[(ﬁ) t < Tp" no matter iz € Zy or i € Zo. Thus the

feasible region of problem (3.5) lies on the left-hand side of the axis of symmetry and the
minimum is attained at z = d* — >, 5 ti- O

Therefore, in the case of “A\* € A, {j € Z%t; > A} # 0 and A < d* — Yicip ti <ty
to achieve a small gap g(Z), we may let z; = {; for i € I(p), i, = d* — 3,y ti» Ti = 0 for
i € P UZN\(I(p) U {iz}) and 7; = X;(\*) for i € Z°. Figure 2 summarizes our logic of gap
analysis for us to propose an approximation algorithm.

Approximation Algorithm (AA):

Step 1: Input n,d and a;,b;, ¢, u;, for @ = 1,--- ,n. If d > > | u;, then terminate the
algorithm with an output “infeasibility.”

Step 2: Obtain 7;,7Z5,73,Z4 as (2.5) and A as (2.15) and compute [(\;),u(N;), i = 1,---,r.
Find a ¢ such that d € [[(Ag),u(Ag)] or d € (u(Ag),u(Ag41)). If d € [[(Ag),u(Ag)], then let
N =Ny If d € (u(Ng), u(Ag+1)), then compute A* by (2.16).

Step 3: Construct Al as (3.4). If \* ¢ AY and \* ¢ {\}| i € 4}, then let ; = X (\*) for i =
1,---,n, and go to Step 8. If \* ¢ Al and \* € {\}| i € Z,}, then let J = {j| \* = \l,i € 4}

10



[ problem ]

)\* Al )\* 1

[there is no gap (Thm 3)} [there may exist a gap}

{j €Ttj|> A} #0

[there is no gap(Thm4)} [there may exist a gap]

i¢{jET|t;>A} ti

[there is no gap (Thm4)] [there is no gap (Thm4)] [there may exist a gap]

2ierm)ufip) b

e1(p) bi < tip

Lthere is no gap (Tth)J [there is no gap (Thm5)} there may exist a gap

Figure 2: Logic diagram of gap analysis
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and let &; = X;(\*) for i ¢ J, & = d;zzwjxu_mu for i € J, and go to Step 8. If \* € A,
then construct Z% 7% and Z¢ as (3.1), and zéompute A and d* as (3.3).

Step 4: If d* > ZiGIa t;, then let z; = t; for i € I z; = %uz fori e Ib, T; = XZ(XK)
for i € Z¢ and go to Step 8. If d* = 0, then let z; = X;(\*) for i € Z¢, 7; = 0 for ¢ ¢ Z¢, and
go to Step 8.

Step 5: Determine p, i and I(p). If 3= e rpyuq,y ti = d°, thenlet & = t; for i € I(p)U{ip}, T3 =
0 for i € ZPUZ\(I(p) U {ip}), Ti = Xi(\*) for i € Z¢, and go to Step 8. If d* — Yicip li S A,

then let #; = t; for i € I(5), &; = 0 for i € T\I(p), &; = —— =@y, for i € TP, F; = X;(\*)

for i € Z¢, and go to Step 8.

Step 6: Let &; =t; for i € I(p), Ti, =d" — >,y ti» Ti =0 for i € TP UZN\(I(p) U {iz}) and
T = Xi(X*) fori € Z° T I3U Iy = 0 or Y ;. oy, wi < d, then go to Step 8.

Step 7: Solve problem (1.2) with x; = 0 for i € Z; UZ; to yield an optimal solution ' and the
optimal value v'. If Y77 | f;(Z;) > v/, then let & = 2.

Step 8: Terminate the algorithm and output the approximate solution .

Remark 3. In Step 2, ¢ may be obtained in O(logn) time by using the bisection method. In
Step 7, since x; = 0 for ¢ € 71 UZ,, we could omit the information of generator ¢, for ¢ € 7y UZs,
and obtain a new problem only involving the remaining n — |Z; U Zy| generators. To solve this
new problem, we could carry out the algorithm from Step 1 and the corresponding optimal
solution will be obtained before Step 4.

Remark 4. The approximate solution generated before Step 7 is optimal to the relaxation
problem (2.1). The purpose of Step 7 is to provide a possibly better approximate solution which
is not necessarily subject to system (3.2).

Theorem 7. The worst-case computational complexity of the proposed AA is O(nlogn).

Proof: It requires O(n) computational work to implement Step 1. In Step 2, a dual optimal
solution \* of problem (2.10) can be derived in O(nlogn) time, see Theorem 1. In Step 3, if
A* ¢ Al then it takes O(n) work to construct a solution Z. If A* € A!, then it takes O(nlogn)
work to obtain Z% Z” and Z¢, since sorting Z% can be done in O(nlogn) time. Thus it takes
O(nlogn) work to implement Step 3. In addition, it requires O(n) computational work to carry
out Step 4 and Step 6. In Step 5, p,ip and I(p) can be determined in O(n) time and other
operations require O(n) work. In Step 7, by Remark 3, 2’ and v' can be obtained in O(nlogn)
time. In conclusion, the worst-case computational complexity of the algorithm is O(nlogn).
(1
Notice that the approximate solution generated before Step 6 is indeed optimal. In Step 6,
we have g(Z) = ai, (d" — Xicp(p) i)+ (bi, — X*)(d* — > ici(p) i) + ¢y, see Theorem 6. If we
refine T in Step 7, then the gap becomes smaller. Particularly, if v’ equals to the optimal value
of problem (2.1), then 2’ is optimal to problem (1.2), thus the output approximate solution Z
is optimal to problem (1.2).
Denote the optimal value of problem (1.2) by f* and the objective of problem (1.2) at the
output approximate solution # by f = oy fi(Z;), then we have

PO) < < F<pN) Fai(d = Y 4)* + (b, = A)d* = D 1) + ¢y
i€1p) i€1%)
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Consequently,

f=1 <ap,(d - Z t:)% + (bi, — A)(d* — Z ti) + ci,

i€1(p) i€1(p)
_ { aip(d* = 3 icrp) ti)® — 2,/ Cip (A" = 3 e 1) ti) + Cips for i, € Ty
o ai, (d* — Zz‘el(p) t;)? — (aiyuiy + cip/ug,)(d* — Ziel(ﬁ) ti) +ciy, forip eIy
< Cij-

The last inequality comes from that 0 < A < d* — Zie[(ﬁ) t; < t;, and aiEZQ + (biy — N )z + ¢y,
is a decreasing function of z over [0,%;,] for both iz € 7; and iz € Zp. It is easy to check
that f — f* approaches 0 when d* — Y ic 1) ti approaches t;; and f — f* approaches ¢i; when
“dr — Zie[(ﬁ) t; approaches 0 and A = 0.

As analyzed before, if the approximate solution  is generated by Steps 3, 4 or 5, then it
is optimal with f = f*. If Step 6 is activated, then f — f* may be positive but less than Ciy
depending on i5. When d changes, 5 may change even if other parameters remain the same.
In addition, we are unlikely to know i; beforehand. Thus we are interested in finding a bound
depending only on the original information of the problem.

Define the absolute error as Ap = \f - ff = f — f* and relative error as Rp = f}f*, for
f* >0, then we have the following result:
Theorem 8. Let T be the approzimate solution provided by AA, then
Ap < i} 3.
E = iEI_;IZ:l1%J}f(Z—2{CZ} ( 6)
If f* =0, then A = 0. Otherwise, Rg is well defined and
Ry < MXienun{a} (37)
min;ez, uz,{¢i}

Moreover, the bounds for Ag and Rg are both tight.

Proof: Notice that ¢;; < max;er,uz,{ci} since iy € I% C I U Iy, thus (3.6) is obvious.
If f* =0, then d = 0. Thus & = 0 is the unique solution of problem (1.2). Then we
have f = 0 and Ag = 0. If f* > 0, then Rp is well defined. Since Z; UZy # 0, we have
min;er, Uz, {¢i} > 0 for (3.7). If there exits an optimal solution * of problem (1.2) with 2} =0
for i € 7y UT,, then o' = f* and & must be optimal with f = o/ = f*. Thus (3.7) holds.
Otherwise, for 2* being optimal to problem (1.2), at least one = > 0 for i € 7; UZ,, and hence
=" fi(zr) > minjer,uz, {ci}. Combining with f — f* < max;er, uz,{ci}, we obtain (3.7).

To prove the tightness of the two bounds, consider problem (1.2) with d = 1+ € where € > 0
is sufficiently small and f1(0) = 0, fi(z1) = %, for 0 < z1 <1 and fi(x1) = 400, otherwise;
fa(xza) = 10x9, for zo € [0,1] and fa(xa) = +oo, otherwise; f3(0) = 0, f3(x3) = x% +x3+ 1,
for 0 < g < 3, f3(xg) = 400, otherwise. Then Z; = {3},Zy = {1},Z3 = 0 and Z, = {2}.
Moreover, 33 df#(\) is shown below.

From the figure, we can see A* = 3 since d = 1 + € with € being sufficiently small. Thus we
have Z¢ = {3},7° = (,Z¢ = {1,2} and X;(\*) = X1(3) = 1, X2(\*) = X2(3) = 0. Then the
approximate solution generated by the proposed algorithm is & = (21, Z2,23) = (1,0,€) with
f = €2+e+1.5 and the optimal solution is z* = (a7, 25, 2%) = (1,€,0) with f* = 10e+0.5. Hence

~ _fx 2_ x{0.5,1
f—f =€ —9+1<max{c,c3} = max{0.5,1} = 1 and fff = st < r;?ni{o.s,lf = 2.

Ase—0, f— f*—1and f},f — 2. Thus both bounds of (3.6) and (3.7) are tight. O
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Remark 5. Asd — 400, f* = +00 and Rg — 0.

Since the error bounds could be tight, we may want to relax the feasibility of system (3.2)
for a better approximate solution. This idea leads to the following modification of Step 6:

“Let @ = t; for i € I(p), ; = 0 for i € Z° UTZ\I(p) and #; = X;(\*) for i € Z¢, and
construct P = {j [u; > & +d* — 3,y ti}- Select any k from argminjep(a;(Z; + d* —
Zie[(ﬁ) ti)z + bj((fj +d* — Eiel(ﬁ) ti) +cj— (ajzi‘? + bji‘j + ngj)) where ﬂj =0 if :fj =0 and
gj = 1if £; > 0, and then add d* — Ziel(ﬁ) tito Ty HI3Uly=0or Y p 7, ui <d, then go
to Step 8.7

In other words, instead of allocating d* — .. 1(p) ti to i, we may check all generators
which still have enough capacity to accommodate d* — ) L and choose the one with the
minimum increased cost.

i€l (p

Remark 6. With the modified Step 6, the worst-case computational complexity and error bounds
(3.6) and (3.7) of the proposed AA remain valid.

Notice that the original problem (1.1) is a mixed-integer quadratic program, which is NP-
hard and is unlikely to be solved explicitly in polynomial time unless P=NP. The proposed AA
can be implemented in O(nlogn) time with guaranteed quality bounds. In the next section,
we conduct computational experiments to show its efficiency.

4 Computational Experiments

In this section, we conduct computational experiments to show the efficiency of the proposed
AA for solving large-scale problems.

In our experiments, we set n =100, 200, 300, 400, 500 or 1,000. To be consistent with the
parameter setting of [19], a;, b;, ¢; and u;, for i = 1,--- ,n, are randomly sampled from [0, 0.05],
[20, 80], [200, 1000] and [100, 300], respectively, and d is randomly sampled from [0, " | u;]
to assure feasibility. For each n, we generate 1,000 instances. In each instance, the relative
error is computed using the solution provided by the proposed AA and the optimal solution
provided by the Branch-and-Bound Algorithm (BBA) in [19]. When the relative error Rg is
less than 1079, we consider the approximation solution to be “optimal”.

Table 1 shows the number of instances with an optimal solution being found (optimal),
the distribution of Rg in the intervals of |0, 0.001), [0.001, 0.002), [0.002, 0.003), [0.003, 0.004),
[0.004, 0.005), [0.005, 0.006), [0.006, 0.007), [0.007, 0.008), [0.008, 0.009), [0.009, 0.01) and
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[0.01,+00), the maximum (max), i.e., the worst-case Rg, the mean (mean) and the variance
(var) of the 1,000 relative errors provided by the proposed algorithm for each n. Moreover,
the average running time (CPU second) of the proposed Approximation Algorithm (AA) and
the Branch-and-Bound Algorithm (BBA) are provided. Since the Cplex solver requires much
longer time than the former two algorithms, we only conduct 10 random instances to obtain
the average running time (Cplex) for each n. Notice that the Cplex solver is unable to solve
problems when n = 1000.

value dstabuson | T, Joon, oot s, oo, o0t 0t o, o0, s,
I OPIET 0 1) | 0.002) | 0.003) | 0.004) | 0.005) | 0.006) | 0.007) | 0.08) | 0.009) | 0.01)

100 B0 | %4 | %6 | 4 0 0 3 0 2 0
200 39 | %2 10
300 3o | 9| 4
400 B | 9% | 2
300 UL 9% | 3

)

1000 414 ] 9%

>001| max mean var AA(s) | BBA(s) | Cplex(s)

140x10°7 | 178x107H [ 473x10°T| 4.06x 107 2.70x107% | 5.79x1072
L1077 103107 2341077 450x 107 5.14x107 | 48310
703107 | 5.96x1077 | 9.46x 107 | 6.06x 107 782x10 | 2.43x 10"
5.30x107 | 450x 107 | 5.70x 107 | 7.79x 107 | LO4x 107 | 181x10°
6.75%107 | 4.74x107 [ 897% 107 [ 940x107F| 1.32x1077 | 113x10°
LATX107 1521070 [ 5.71x 107" 165x 1077 | 241x1077]  —

= —| —| ro| o
=l oo —
ol —|—| o
ol —|o|—
ol—|o|lo|lo
olo|o|—| =
olo|lo|lo|lo
olo|o|lo| o=
ol oo —| —

Table 1: Relative error R of random instances

From Table 1, we can observe that:

(i) The computational time of the proposed AA is pretty flat as the complexity analysis indi-
cates.

(ii) Since ¢;,i = 1,- -+ , n, is randomly sampled from [200,1000], the bound for Rg is 5. But our
experiments show that Rg is in general very low and the distribution of Rg is very light-tailed.
This indicates the quality of the approximate solution obtained by the proposes AA.

(iii) As n goes large, Rg of more instances tend to be 0. Similarly, the worst-case Rp ap-
proaches 0. This observation is in line with Remark 5.

(iv) The proposed AA runs about 10 times faster than BBA and 10% to 10® times faster than
using the Cplex solver. This indicates the computational efficiency of the proposed AA for
solving large-scale UC problems.

To further study the effect of n on the worst-case Rg, we conduct ten groups of tests with
n =100, 200, 300, 400, 500, 600, 700, 800, 900 or 1,000. For each n, we do ten experiments by
carrying out 2,000 random instances in each experiment. We obtain the worst-case Rg of each
experiment and then compute the mean of the 10 worst-case Rp for each n, which is plotted
in Figure 4.

Notice that d tends to increase as n grows since d is randomly sampled from [0, 7" | u;].
Figure 4 shows that the worst-case Rg tends to decrease as n grows, which validates Remark
5.

We also study the effect of possible degeneracy of the cost function (from quadratic to
linear) and the involvement of no set-up cost on Rp. We set the first half of the generators
with linear costs, i.e., a; = 0, for i = 1,2,--- ,n/2, and half of the generators without set-up
cost, i.e., ¢; =0, fori =n/4+1,n/4+2,--- ,3n/4. Noting the setting of n, n/2 and n/4 are
both integers for n =100, 200, 300, 400, 500 and 1000. Then we have four groups of generators.
The first quarter of the generators have a; = 0 and ¢; > 0, the second quarter of the generators
have a; = 0 and ¢; = 0, the third quarter of the generators have a; > 0 and ¢; = 0 and the last
quarter of the generators have a; > 0 and ¢; > 0. The setting of other parameters remains as
before. Table 2 shows the numerical results.

We can observe that, facing degeneracy, the proposed algorithm is still effective to yield a
good-quality approximate solution in a short period of time. This indicates the robustness of
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Figure 4: The effect of n on relative errors

value distribution | 0, {0.001, | 0.002, | [0.003. | [0.004, | [0.005, | [0.006, | [0.007, | [0.008, | 0.009, , )

) optnel 0‘00[1) Io,ooz) lo.oo3) [u.um) [o.oos) Iaooa) lu,oovJ [o.ous) [0.009) lom) 2000 max | mem || AAG) ) BBAR) | Cleds)
100 62 [ [l o[ T o] o] o] 3] 00 0 [790x07LUx107] 246x107 | 297%107] 328107 | 5.62x107
200 68 [oor [ 4 [T [ 3 oo oo o]0 [42mx107615x107] 896x107 |423x107| 5.15x107 | 109x 1072
300 68 (96 [ 2 [ T[T [ ol ol o] o] o 0] 0 [35x07307x107]236x107 | 574x107] 7.85x107 [ 261x107
400 G2 Lo 4 0T 00 0 10 01 0 0 [29x07278x107] 226x107 | 724x107"| Lox 107 | 484107
300 646 |98 | 2 0 [0 0 0o 00 [0 |0 |163x071Hx107] 791x107 | 847x107| 1.29%1077 | 1.99x107T
1000 0] 0 [0 [0 o[ o[ o[ o[ o] 0] 0 [76Hx0T]495x107]866x107"] L53x107 | 2361077 | 2.71x 107

Table 2: Relative error Rg of degenerate instances

the proposed algorithm. The results shown in Table 2 are similar to those in Table 1 except that
more optimal solutions are obtained by the proposed AA and the running time of the Cplex
solver becomes shorter. The reason is that in this experiment more linear objective functions
(more a; = 0) and less integer variables (more ¢; = 0) are involved. Hence the problems become
easier to solve, in particular for the Cplex solver.

5 Conclusions

In this paper, we have proposed a Lagrangian dual based O(nlogn) approximation algo-
rithm for solving large-scale single-period unit commitment problems. Moreover, we have found
tight theoretical bounds for the absolute errors and relative errors of the approximate solutions
generated by the proposed algorithm. To the best of our knowledge, we are the first to propose
a polynomial time solvable approximation algorithm with tight error bounds for this NP-hard
problem. Computational experiments have shown that the proposed algorithm is very effective
to yield a good-quality approximate solution in a very short period of time. Hence the proposed
algorithm is promising for solving large-scale single-period UC problems online.

Although problem (1.1) studied in this paper is of the simplest form of unit commitment
problems, it plays a fundamental role for us to handle UC problems of more complex structure.
Possible extensions under consideration are (i) single-period unit commitment problems with
other types of cost functions and side constraints; (ii) multi-period unit commitment problems;
and (iii) single-period unit commitment problems with uncertain/stochastic demands and/or
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capacities. For (i), finding a tight convex relaxation with explicit expression for detailed analysis
could be the key of designing a theoretically sound approximation algorithm. For (ii), the
proposed AA may serve as a good estimate, under certain conditions, to decompose a multi-
period allocation policy (of generators) to a sequence of single-period allocation decisions. For
(iii), when the demand of capacities becomes uncertain, concepts of robust optimization [2]
may be incorporated to refine the proposed AA.
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