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In this paper, we solve a class of two-stage distributionally robust optimization problems which have the
property of supermodularity. We exploit the explicit worst-case expectation of supermodular functions and
derive the worst-case distribution for the robust counterpart. This enables us to develop an efficient method
to obtain an exact optimal solution to these two-stage problems. Further, we provide a necessary and
sufficient condition for checking whether any given two-stage optimization problem has the supermodularity
property. We also investigate the optimality of the segregated affine decision rules when problems have the
property of supermodularity. We apply this framework to several classic problems, including the multi-item
newsvendor problem, the facility location problem, the lot-sizing problem on a network, the appointment
scheduling problem, and the assemble-to-order problem. While these problems are typically computationally
challenging, they can be solved efficiently under our assumptions. Finally, numerical examples are conducted

to illustrate the effectiveness of our approach.
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1. Introduction

Many real-world optimization problems with uncertainties can be formulated as two-stage opti-
mization models. In such problems, we first make a “here-and-now” decision. In the second stage,
after the uncertainties are realized, we choose an optimal action, which we call the “wait-and-see”
decision.

This two-stage optimization formulation has drawn extensive attention from both the operations
management and optimization communities as it can model a wide range of operational problems.
For instance, in an assemble-to-order (ATO) system, the here-and-now decision is the ordering
quantities of the components while the wait-and-see decision is the assembly plan which determines

the amount of each type of component to be used to assemble each type of product on demand. In
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appointment scheduling problems, the here-and-now decision is the scheduled appointment time
while we introduce auxiliary second-stage decisions to evaluate the nonlinear objective. Other
examples include multi-item newsvendor, facility location, unit commitment problems, etc.

One classic solution approach to two-stage optimization problems is stochastic programming
(e.g., Shapiro et al.|[2009, Birge and Louveaux! [2011)), in which uncertainties are assumed to follow
some given probability distributions. To incorporate ambiguity, robust optimization is adopted
to solve the two-stage optimization problems. Using robust optimization, instead of optimizing
the expectation of objective functions, we seek solutions that are immune to a distribution-free
uncertainty set. However, this type of problem is still hard to solve in general because of its two-
stage nature. Some approximation methods have been proposed to address the intractable nature
of the problem, such as the linear decision rule (Ben-Tal et al.2004), and more complex methods
including the polynomial (Bertsimas et al.[2011)), segregated affine (Chen et al.|2008) and piecewise
linear (Ben-Tal et al.|2009) decision rules. These approaches restrict solutions to specific functions
of the uncertainty realizations (such as affine functions). The functions are parameterized by a
finite number of coefficients and lead to computational tractability.

In addition, if problems have some special structures, the approximated solutions can be proved
to be near-optimal or even optimal. |Bertsimas and Goyal (2010) show that for a two-stage stochastic
problem, the static solutions derived from the corresponding robust version give a 2-approximation
to the original stochastic problem if both the uncertainty set and the probability measure are
symmetric. For the linear decision rule, Bertsimas et al.| (2010b) prove its optimality in multi-
period robust optimization problems when the problem is one-dimensional with convex costs.
Bertsimas and Goyal (2012)) further give the result that linear decision rules can be optimal in a
two-stage setting if the uncertainty set is a simplex. Kuhn et al.| (2011) apply the linear decision
rule approximation to the primal and dual problems separately, in both stochastic programming
and robust optimization problems, where the gap between the two approximated values is used
to estimate the loss of optimality. The numerical example shows that in the specific setting they
adopt, the relative gap between the bounds can be consistently low.

However, since classic robust optimization does not use any frequency information, the solution
can be overly conservative and therefore too extreme for practical applications. To overcome this,
by incorporating an ambiguity set of probability distributions, distributionally robust optimization
(DRO) has been developed to seek solutions which protect against the worst-case distribution over
all admissible ones (Delage and Ye|[2010} |(Goh and Sim|[2010, Wiesemann et al.[2014). The distri-
butional ambiguity set containing all possible probability distributions is characterized by certain
distributional information, such as moment information or statistical measures. |Chen et al.| (2020))

recently propose a scenario-based distributional ambiguity set, which can model a broader class of
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uncertainty sets, e.g., uncertainty sets with both moment and Wasserstein distance information.
For the two-stage DRO, while solutions can be derived by many parametric decision rules as in
robust optimization, very few results have been reported to theoretically evaluate the performance
of these approximations. |Ardestani-Jaafari and Delage (2016]) show the optimality of segregated
affine decision rules to a distributionally robust multi-item newsvendor problem with budgeted
support, means and first order partial moments as distributional information. Incorporating auxil-
iary random variables and considering a class of lifted linear decision rules, Bertsimas et al.| (2019)
prove the optimality of such approximations when the problem has complete recourse and only
one second-stage decision variable. Georghiou et al.| (2021)) identify five conditions for the objective
function and feasible region of the second-stage problem, and show that if all the five conditions
hold, linear decision rules can be optimal regardless of the structure of the ambiguity set. On the
other hand, examples are also given for the case where linear decision rules can be infeasible even
for problems with complete recourse (Bertsimas et al.|[2019).

Further, few studies have been conducted to examine the equivalent reformulations and tractabil-
ity conditions required to solve for exact analytical solutions. Bertsimas et al.| (2010a) investigate
the cases with ambiguity sets constructed using first and second moments and objective func-
tions being nondecreasing piecewise linear convex disutility functions of the second-stage costs.
They show that, if uncertainties only appear in the objective function of the second stage, then
the original problems can be equivalently reformulated as semidefinite programs. Bansal et al.
(2018)) propose decomposition algorithms for two-stage distributionally robust linear problems with
discrete distributions, as well as conditions under which the algorithms are finitely convergent.
Hanasusanto and Kuhn| (2018) show that for problems with complete recourse and the ambiguity
sets being 2-Wasserstein balls centered on a discrete distribution, if the uncertainty appears only
in constraints of the second-stage problem, then there exists a co-positive cone reformulation.

We extend the previous literature by exploiting the property of supermodularity for a broad
class of two-stage DRO problems. Hence, besides the DRO, supermodularity is another stream
of studies that are closely related to our work. The concept of supermodularity has proved its
importance in the areas of economics and operations research. In particular, it has economic impli-
cations in terms of complementarity between resources. A widely studied problem is to explore
supermodularity in parametric optimization problems in order to derive certain monotone compar-
ative statics. However, the results are rather scattered and the proof is usually problem-specific.
For the general case, [Topkis (1998) first introduces lattice conditions on the feasible set to derive
the property of supermodularity. While the lattice condition is quite restrictive, |Chen et al. (2013])
extend it and study the sufficient condition for a class of two-dimensional parametric optimization

problems. A recent work by Chen et al. (2021)) has provided a systematic study of the conditions
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both necessary and sufficient to identify the property of supermodularity. Because of the essential
implication of complementarity, in a few studies, supermodularity is incorporated within robust
optimization to analyze the worst-case performance. Specifically, |Agrawal et al.| (2010) prove that
when the marginal distributions are two-point distributions and the cost function is convex and
supermodular, there exists a polynomial-time algorithm for the optimization problem under uncer-
tainties. In multi-stage robust optimization, lancu et al.| (2013) show that the linear decision rule
gives an optimal solution when the objective function is supermodular and the uncertainty set has
a certain lattice structure.

In this paper, we solve a class of two-stage DRO problems in which the second-stage optimal value
is supermodular in the realization of uncertainties. Under the setting of scenario-based ambiguity
sets with supports, means and upper bounds of mean absolute deviations (MADs), we exploit the
explicit worst-case expectation of supermodular functions and derive the worst-case distribution in
the robust counterpart. This can make the two-stage DRO problem tractable. Further, we provide
a necessary and sufficient condition to check whether any given two-stage optimization problem has
this property. We also discuss the optimality of the segregated affine decision rules when problems
have the property of supermodularity. We then illustrate the applicability of our theoretical results
by identifying a class of two-stage optimization problems with supermodularity. These include
several classic problems, e.g., multi-item newsvendor, facility location, lot-sizing on a network,
appointment scheduling with random no-shows, and general ATO systems. While these problems
are typically computationally challenging, they can be solved efficiently under our assumptions.

Our key contributions are summarized as follows.

1. In a two-stage optimization problem with mean and MAD as the distributional information,
whenever the second-stage problem has the property of supermodularity, we can explicitly find
its worst-case distribution in polynomial time. With this distribution, we obtain the worst-
case expectation of the second-stage cost, and the original two-stage problem can be reduced
to a deterministic optimization problem of polynomial size.

2. When the second-stage problem has a linear programming formulation, we provide a necessary
and sufficient condition to check its supermodularity. An algorithm is proposed to determine
whether the condition is satisfied.

3. Leveraging the special structure of the worst-case distribution, we show that when the property
of supermodularity holds, the segregated affine decision rules can return the same optimal
solution either when the constraints are relaxed to only on a given subset of uncertainty
realizations, or when the feasible region satisfies some given conditions.

4. We provide three extensions to generalize the results and further apply them to several impor-

tant problems, including multi-item newsvendor, facility location, lot-sizing, appointment
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scheduling, and the ATO problems. For the first four applications, the objective is supermod-
ular, and we can reduce them to tractable formulations. For ATO systems, we explore several
special structures in which supermodularity holds.

The rest of this paper is organized as follows. In Section [2, we define the model and illustrate the
requirement of supermodularity for tractability. In Section (3] we demonstrate the equivalent con-
ditions for checking the supermodularity. In Section [, we investigate the relationship between the
optimality of affine decision rules and the supermodularity property. We then discuss applications
in Section 5] provide numerical studies in Section[6] and finally conclude the paper in Section[7] For
the sake of readability, we provide several extensions in Appendix [B] and all proofs are relegated
to Appendix [C] with a table of contents in the beginning.

Notation and convention: For any integer K > 1, we define [K] = {1,---, K}, which is the
set of positive running indices to K. We use |- | to represent the cardinality of a set. We represent
column vectors and matrices by lower- and upper-case boldface characters, respectively. An n-
dimensional column vector « is equivalently denoted by (z1,...,z,), where we put all elements
x;,1 € [n] in parenthesis and separate each element with a comma. For several matrices (or vectors)
with compatible sizes, we use square brackets to join them together, e.g. [A B] or [g} . Given any
matrix A = (a;;)icpm]jem € R™™, we let @, and A; be its i-th row vector and j-th column vector,
respectively. Further, we use Az to represent its submatrix (a;;)iez jefn € R for any Z C [m].
We denote span(A) to be the column space of A. For any two vectors &', 2" € R", we denote by
' <z if z; <z for all i € [n]; moreover, we say &', x” are ordered if either ' <z” or " <a’,
and they are unordered otherwise. We also define two operations join (“V”) and meet (“A”) such
that ' vV 2" = (max{zj,z}}),_, , and @' Az" = (min{xz},z}})

., for any vectors o', x” € R".

.n i=1,...,

We let e; be the vector with only the i-th entry being 1 and all others being 0, and 1 be the vector
with all the entries being 1. Random variables are represented by characters with the tilde sign,

for example, Z with z being its realization.

2. Tractability of Two-stage Problems with Supermodularity
In this section, we explore computational tractability in a special class of two-stage DRO problems

which exhibit the property of supermodularity.

2.1. Model

The decision maker faces a two-stage problem. In the first stage, the decision maker must make
the here-and-now decisions & € R! before the uncertainty Z, an n-dimensional random vector, is
realized. After that, the uncertainty is revealed and observed by the decision maker, who then

moves to the second stage and makes the wait-and-see decisions y € R™. For a given first-stage
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decision x and an uncertainty realization z, we denote the second-stage cost by g(x,z). It can be

evaluated by the following linear program,

g(z,z)=min b’y

(1)
s.t. We+Uy>Vz+0°,

where be R™, W e R U e R™*™, V € R"™*" and v° € R" are given constants, and g(x,z) = oo if
Problem is infeasible. In our current setting, the uncertainties only appear on the right-hand
side. This formulation has received extensive attention in the literature (see for instance, Zeng
and Zhao|2013, Gupta et al.|2014} Bertsimas and Shtern 2018, [E] Housni and Goyal/2021)) and is
intractable in general (Feige et al.[|[2007, |[Bertsimas and Goyal/|2012). Though it has uncertainties
on the right-hand side only, this model can cover a broad range of practical two-stage problems,
which will be introduced in Section [5} We will later generalize our results to include left-hand-side
uncertainty in Appendix

We consider the distributionally robust setting such that the true distribution of Z is only known
to belong to an ambiguity set F. Therefore, for a given first-stage decision «, the expected second-
stage cost is evaluated under the worst-case distribution and hence is

sup Ee [g(, 2)].

By choosing the first-stage decision «, the decision maker aims to minimize the sum of the deter-

ministic first-stage cost and the worst-case expected second-stage cost. It can be formulated as

wip { "+ supee o, 21} @)
where a € R! is a given constant vector, X C R! is the set of all feasible first-stage decisions. We
assume that Problem has a finite optimal value. We also consider risk averse objectives such
as an expected disutility or risk measure of the second-stage cost. Interested readers are referred
to Appendix

In order to capture the distributional information of Z, we adopt a special case of the scenario-

wise ambiguity set which is recently proposed by |Chen et al.| (2020). Specifically, we assume

Ep[2|k = ] [T Vk € [K]
[\2 pk||k=k] <6F, Vke|K], Vi€ [n]
F=.P | P(z g£<zk\k k) =1, Vk € [K] (3)
P(k = k) = g, Vk € [K]

gecQ

Here a random scenario k is introduced and its realization affects the distributional information
of Z. In particular, if the random scenario is realized as k € [K], we have corresponding distri-

butional information for Z: mean being p*, MAD of Z; being bounded by 6F for all i € [n], and
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support being [gk,fk]. The probability that k is realized as k is denoted by qr. We also allow
ambiguity in q = (qx)re(x) and only know that q is in a given polyhedron Q= {q | Rg <v,q>
0} C {geRY | 1Tg=1}. Without loss of generality (WLOG), we make the following assumptions
about F to avoid trivial cases. If there are i,k such that 6% =0, by the constraint on MAD, %;
realizes at p¥ almost surely when the random scenario k takes value at k, and hence we can let
ko k

25}, by the constraint

zF = P = 2* for notational simplification. Similarly, for any 4, k with u* € {zF, 24
on mean and MAD, we can also let zF = u¥ = z¥ and 6¥ = 0 for notational simplification. Moreover,
the polyhedron Q is such that for all k € [K], there exists g € Q with g, > 0, otherwise the scenario
k almost surely does not happen and we can ignore it. Note that the distributional information
for each scenario can be generalized to other expected piece-wise linear forms of the uncertainty.
In Appendix we characterize the most general case of ambiguity sets that our methods can
handle.

We first consider the case of K =1. The distributional ambiguity set F is reduced to a conven-
tional one with means, supports and MADs information, which has been studied in the literature.
Examples can be seen in Ben-Tal and Hochman| (1972), Qi (2017), Postek et al.| (2019), Conejo
et al.| (2021)), van Eekelen et al.| (2022)). In practice, the MAD information is also easy to esti-
mate (Postek et al.|2018). Comparing with the general moment information, the MAD information
allows us to derive a tractable formulation for the two-stage optimization problem and calculate
exact solutions, as we will show later.

The incorporation of random scenarios brings modeling flexibility and can capture a broad class
of information in a more intuitive way, e.g., multi-modal distribution or covariate information. It
can also result in less conservative solutions than the case with a fixed scenario. When the set Q
is a singleton and 6F =0 for any k € [K],i € [n], the information set F reduces to the case with a
known discrete distribution. More illustration on the modeling power of F can be seen in |(Ghosal
et al.| (2021)).

To explore the solvability of Problem , we will first investigate the worst-case distribution of 2
conditioning on a given scenario. After that, we provide a computationally tractable reformulation

for Problem with a random scenario, i.e., with F defined in Equation .

2.2. The case with a fixed scenario
When the scenario k is realized as k for some k € (K], we define F* to be a set of probability

distributions in this specific scenario. That is,

E]P‘k[’é]:“kv
Fr={ P | Enllz-pbl) <ol vieln] . (4)
Pr(zF<z<z") =1

We show that the worst-case distribution in the case of k =k has the following characteristics.
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Proposition 1 For any x, there exists P** € argsuppsc 7+ Epr [g(, Z)| such that for all i € [n], the
marginal distribution is independent of © and can be calculated as

¢ gk

Q(Hl_fl_zk) if w :éf
sk - "
R e if w=p;
kx (= 2(zk —uk k_ k )
]P) (ZZ:w): Sk( (2 M'L)(’U”L 71) ) e (5)
2(2’?1,&) f w=7%;
0 otherwise,

~ —k k k k
where ¥ = min {55, 2(21_1”—)(“,:_5’)} for all i € [n] with z¥ > 2.

According to Proposition [I] there exists a worst-case distribution such that at each dimension
i, © € [n], the marginal distribution of Z; has non-zero probability mass at only three points: the
lower bound, mean and upper bound (for i with z¥ = 2* obviously P**(z; = zF) = P** (2, = u¥) =
P**(z; = z¥) =1). Hence, to evaluate supprcrx Epr[g(, 2)], it suffices to focus on the distributions
with support {z | z; € {zF, u¥, 2}, i € [n]}. Unfortunately, since the number of these points grows
exponentially in n, the two-stage problem is still computationally challenging to solve.

Postek et al. (2018) also consider the support-mean-MAD information and derive 3-point “worst-
case marginals”. There are two main differences between our ambiguity set and theirs. First, we
consider the inequality form for the MAD information, while they use equality correspondingly. This
inequality form incurs additional proof of monotonicity to show the optimality of 3-point marginals.
Second, Postek et al. (2018) additionally restrict the uncertainties to be independent of each other.
Hence, their worst-case joint distribution can be uniquely determined as the Cartesian product
of the marginals (with a 3"-point support). However, as we do not impose mutual independence
between uncertain factors, we can only show the existence of a worst-case distribution with such
marginals. Still, the exact joint distribution remains to be unknown in general.

We next show that if the function g(x,z) is supermodular in z, the joint distribution can
be characterized efficiently and hence the computational burden can be eased. We first define

supermodularity as follows.

Definition 1 A function f:R" — R is supermodular if f(w')+ f(w”) < f(w' Aw”) + f(w'Vw”)

for all w',w" € R".

In transportation and copula theory, it is well-known that when the uncertainty is two-dimensional,

supermodularity leads to an explicit dependence structure of the worst-case distribution as follows.

Lemma 1 (Rachev and Ruschendorf|1998) Consider any supermodular function f:%* — R, and

any two-dimensional random vector w with the marginal cumulative distribution function for Wy, W,
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being Fy, Fy, respectively. Let P ={P | P(w; <z)=F;(x) Vx € R,i=1,2} be the set of all possible

distributions for w. Then

Ee [f (i1, 1)] < / FOF (), Fy (u))du. VP EP.

Clearly, the upper bound in Lemma is achieved when (@y, 1) = (F; (@), Fy (&) with @ being
uniformly distributed on [0,1]. In this worst-case distribution, considering any two realizations
w', w”, we then have v/, u” € [0,1] such that w’ = (F; ' (v), Fy ' (v/)) and w” = (F; ' (u”), By M (u")).
This implies w’, w”, and hence all pairs of realizations are ordered. Intuitively, this is because we
can move the probability mass of any unordered pair to the corresponding join and meet, such
that the marginal distribution is unchanged and the expectation of f(w) increases due to the
supermodularity of f. Interestingly, this result can be extended to the case with general dimensions

and significantly reduces the number of possible realizations for the worst-case distributionﬂ

Proposition 2 Consider any function f:R"™ — R. The following statements are equivalent.
1) f is supermodular.
2) Consider any given strictly positive integers m; and p;; > 0,2,;,7 € [m;] such that x; <--- <
Tim; and e, 1pij =1, for all i € [n]. Define P ={P | P(w; = ;) =pij, j € [mi],i € [nl}.
Then there exists P* € argsuppep Ep [f(w)] such that the set Wp« = {w € R" | P*(w = w) > 0}

forms a chain of at most (3., .(m; —1)+1) points.

i€[n]

A chain is a partially ordered set which does not contain an unordered pair of elements. Moreover,
Proposition [2| also shows that the chained structure is embedded in the worst-case distribution
only if the function is supermodular. Figure [[] illustrates the intuition behind Proposition [2|

Intuitively, when moving the same amount of probability mass from any two points w’, w” to
w Aw”,w' Vw”, the marginal distribution does not change but the expectation of f(w) is higher
because of the supermodularity of f. Hence, a worst-case distribution is to move all probability mass
from the unordered pair to their join and meet. This seemingly leads to a worst-case distribution
that is highly positively correlated and hence not always realistic in some applications. However,
we will show later that our adoption of the scenario-wise ambiguity set addresses this issue and
the worst-case distribution in our model can be correlated in any way.

According to Proposition [2| if g(x,z) is supermodular in z, then the worst-case distribution
for suppre 7+ E[g(x, Z)] has a chained support. Nevertheless, the number of possible chains within
the support can be exponentially large. Interestingly, with Proposition |1} which shows that the
L A concurrent work (Chen et al.||2022) makes similar extensions, but only for the case of continuous functions. Our

work differs with theirs in two aspects. First, we do not restrict f to be a continuous function. Second, we show in
Proposition [2] the necessity of supermodularity for such a chained structure of the worst-case distribution.
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Figure 1  Consider a distribution P placing positive probability masses at w',w”, w”" = w Aw”, w¥ =w' vVw",
where w’,w” are unordered. Denote p° = min {P(Z =w’),P(2 = w”)}. Moving the mass p° from w’
(w") to w” (w”) does not change the marginal distributions, but we obtain a new probability distri-

bution with higher expectation and one less unordered pair in the support.

worst-case distribution for supprczr Epr[g(2, Z)] has an explicit three-point distribution in each
dimension, we can find this chained support efficiently. We formalize the results, by the following

Algorithm [1] and Proposition [3| to explore this worst-case distribution.

Algorithm 1 algorithm for worst-case distribution

1: Input: F* in Equation (4) with given p*, 8%, 2*, 2*

2: Initialization:
e denote P** as the worst-case distribution in Proposition [1] and calculate P**(z¥ = w) for
w € {2}, uf, 2}, i € [n] using Equation ()

o 2l =2F gl = (PH(Zr =28),PH(Zh =25) ... ,P*(z2F =2%)), py =min{q},..., ¢} and j =1

3: while j <2n do

4: choose r; as the minimal index in [n] such that q,ij =p;
5: Z‘j+1:Z‘j, qj+1:qj_p]1
6: update 2/ =y if its existing value is 27" , and 2/} = Effj if its existing value is u;
7: update g/t =P (2, = 2/ H)
. i+1  j+1 ;
8: Pj+1 = mln{Q{ aqé goee 7Q111+1

9: update j=7+1

2n—+1

10: return 2!, 2%,..., 2 and p= (p1,P2,- -, Pan+t1)

Proposition 3 For any x, if g(x,z) is supermodular in z, we have supprcrrElg(x,2)] =
Zie[%ﬂ] pig(x,2"). Here p,z' i € 2n + 1] are output by Algom'thm whose time complexity is
O(n).
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By moving from z* to 2", Algorithm [1] identifies a feasible chain, subject to the marginal dis-
tribution provided by Proposition [} Then Proposition [3| shows that such a feasible chain must
constitute the support of the worst-case distribution. The intuition is that there is only one feasible
chain satisfying the given marginals. Since the support of the worst-case distribution is a chain
(by Proposition , the chain identified by Algorithm |1| must be the right one and corresponds
to the worst-case distribution. Consequently, Proposition |3| provides an explicit formulation of the

worst-case joint distribution. Figure [2] provides examples when the dimension n is 2 or 3.

z2 Z2
Z2
2 2
1 1 z3
z1 zZ1

0 1 2 0 1 2 21
(a) dimension n =2 with (b) dimension n =2 with (c) dimension n =3

P(% = 0) > P(Z, = 0) P(% =0) < P(2, = 0)

Figure 2  The support of worst-case distributions. For the case of n =2, Figures (a) and (b) demonstrate how
the chained support can be uniquely determined. They both start from the origin, (0,0). For the
case of P(z; =0) > P(2; = 0), as in (a), the next point cannot be (1,0). Similarly, for the case of
P(2, =0) <P(Z; =0), as in (b), the next point has to be (1,0) and cannot be (0,1). Figure (c) gives

an example of 3-dimensional chain.

Since the worst-case distribution returned by Algorithm (I} has support on only (2n 4 1) points
and is also independent of the first-stage decision @, we can simplify the two-stage optimization
problem. While one might criticize that it is rather extreme to have a worst-case distribution
independent of the first-stage decision, we remark that such independence is only true when the
scenario probabilities g,k € [K] are pre-determined. Indeed, the overall worst-case distribution
depends on the first-stage decision since it affects the worst-case probability distribution of the

uncertain scenario. This will be demonstrated in the next subsection.

2.3. Incorporating the uncertain scenario
In solving the general two-stage optimization problem (2)), Proposition [3| shows how to evaluate
the second-stage expected cost efficiently under the worst-case distribution when the uncertain

scenario realizes as k. We now incorporate the uncertainty in the scenario k.

Based on the definition of F and F* in Equations and , we have

sup Beg(@, )] =max  sup 3 e [o(@, £)] =max 3 g sup Epe[g(x,2)].
PeF 9€Q pheFk kelK] ez 9€Q TRy PheFk
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We denote by 21 ... 2821 p* the output of Algorithm [I| with input F* for all k£ € [K]. Since

Q is a polyhedron, we then have the following reformulation.

Theorem 1 If g(x, z) is supermodular in z for any x, Problem (@ s equivalent to the following

linear program,

min a'x+v'l
s.t. RIL> Z prb Yk, ke [K]
i€2nt1] (6)

Wx+ Uy >V2F 44" ke[K],ie2n+1]
>0, zeX.

Intuitively, the reformulation in Theorem [I] incorporates all possible realizations in the worst-
case distribution, and assigns a corresponding second-stage decision to each of those realizations.
Therefore, the two-stage problem can be formulated as a static linear optimization problem. Nev-
ertheless, the classic approach using this idea has to handle an exponential number of realizations,
leading to computational intractability. Here, by exploring the potential property of supermodular-
ity in the uncertainties, we reduce the number of realizations to K (2n+ 1), which is of polynomial
size and makes the problem tractable.

Moreover, our approach works without requiring relatively complete recourse. This is because
Problem @ is an equivalent reformulation of the original problem, and hence Problem @ maintains
the same feasibility for any given first-stage decision @. Indeed, the feasibility issue, which is the
essential focus of the relatively complete recourse requirement in typical two-stage problems, is
addressed by the assumption of supermodularity of g(«, z) already. In particular, if Problem @
has a finite optimal value, then at the optimal x, the second-stage problem is feasible when 2 takes
any pre-determined realizations (2% in Problem @) By supermodularity, these pre-determined
realizations constitute the worst-case distribution. It implies that when 2z takes other realizations,
the second-stage cost should also be finite, i.e., the second-stage problem is feasible. We further

elaborate this by the following corollary.

Corollary 1 If x,,: is optimal to Problem (@), then for all z € Uke[K] [gk,fk], 9(Topt, 2) is finite,

i.e., the second-stage problem is feasible when & = x,.

We also remark that, given a scenario realization k, the worst-case distribution may be positively
correlated. However, by incorporating the random scenario, the correlation between any pair of
uncertain factors can be negative. For example, when 6F =0, for all i € [n],k € [K], we have that
FF ={P* | P*(z2 = p*) = 1}. The distributional uncertainty set F reduces to a set of discrete

distributions that can be positively or negatively correlated.
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3. Conditions for supermodularity of the second-stage problems
If the second-stage cost, g(x,z), is supermodular in z, Section [2 has shown that a tractable for-
mulation can be achieved. Unfortunately, supermodularity in z is not a feature embedded in all
two-stage problems. It depends on the structure of the two-stage problem. In this section, we aim
to identify a broad class of two-stage problems where the second-stage cost is supermodular in the
uncertain factors.

We reformulate the second-stage cost g(x, z) as

g(x,z)=min b'y
s.t. Uy—Vz>-Wazx+°. @

It is the optimal value of a parametric optimization problem which is parametrized by z, and
we need to explore the supermodularity in this parameter. Note that since we only focus on the
supermodularity in z but not in @, we do not consider & as a parameter in this parametric opti-
mization problem. Hence, we move x to the right-hand-side of the constraint. In the parametric
optimization literature, the supermodularity of the optimal value in parameters has been studied
systematically for maximization problems (Chen et al.|[2013, 2021). However, in Equation ([7]), we
have a minimization problem, which leads to an essential difference from previous studies. It is
worth mentioning that while a minimization problem can be formulated as an equivalent max-
imization problem, inevitably, that reformulation exchanges supermodularity for submodularity.
In particular, if we equivalently represent g(x, z) = — max {—bTy } Uy—-Vz>—-Wazx+ 'UO}, then
the supermodularity condition for g is equivalent to the submodularity condition for the inner
maximization problem. It is then again different from the literature which is on supermodularity
for maximization problems. Therefore, we cannot rely on the literature of maximization problems
to resolve the challenge of the minimization problem. For further illustration, some operations
management literature has indicated the significant difference between the supermodularity in
maximization (which implies complementarity) and in minimization (which implies substitutabil-
ity) problems. For example, in perishable inventory control (Chen|2017) and ATO problems (e.g.,
Lu and Song| 2005, |[Nadar et al.|2014), a monotone structure can be shown in the optimal policies
when components are complementary, but similar structural analysis cannot be obtained when
components are substitutable.

Typically, the lattice structure of the feasible set is a key for supermodularity in the paramet-
ric maximization problem. By contrast, to investigate the parametric minimization problem, we

introduce the following concept called the inverse additive lattice.

Definition 2 Given two positive integers m,n, a set S CR™ x R" is an inverse additive lattice if
for any p,q € R™, z', 2" € R" with (p,z2' Nz"),(q,2'V 2") €S, there exist y',y" € R™ such that
(/!J/"z/)7 (y//’z//) ES and y/+y// :p+q-
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We now show that the inverse additive lattice is a necessary and sufficient condition for super-
modularity in the parametric minimization problem. Given any first-stage decision «, we denote

the set of all feasible pairs of (y,z) as S(x), i.e.,
Sx)={(y.2) | Uy—Vz>-Wz+"}. ®)

Proposition 4 Given any x, g(x,z) is supermodular in z for any b if and only if S(x) is an

inverse additive lattice.

Proposition ] presents a necessary and sufficient condition for the second-stage cost being super-
modular in the uncertainty z for a given first-stage decision . Now it remains to characterize the

structure of the second-stage problem such that the condition can always be satisfied for any .

Theorem 2 g(x, z) is supermodular in z for any x,b and v° if and only if U € R™*™ and V € R™*"
satisfy one of the following conditions:
1) rank(U) =r,
2) for allT C[r], B €N} satisfying |I| =rank(U)+ 1, rank(Uz) = rank(U) and V73 € span(Uz),
we must have B;(Vz); € span(Uz) holds for every i € [n].

For any matrices U,V , we introduce an algorithm in Appendix to check explicitly whether
the condition in Theorem [2|is met. We next provide the following examples for illustration.
e U=1I,,, or U=|[I,, U°] for some U° € R"*(m=") The first condition of Theorem [2] is
satisfied, hence g(x, z) is supermodular in z for any arbitrary V € R™*".
o U= IZXT’” for some u, € R™. In this case, span (U) = {E ERT | D icpm uribi = &}- Corre-

T

spondingly, based on the second condition of Theorem [2} we can prove g(x, z) is supermodular

in z if and only if (u,,—1)"Vi,...,(u,,—1)"V, have the same sign.

e Given any g(x,z) = min {bTy | Uy—Vz>-Wax+ ’UO}, we consider the problem with par-
tial constraints, i.e., ¢*(x,2) = min{b'y | Ury — Vzz > —Wrx + v} for some Z C [r]. If
g(x, z) is supermodular in 2, so is g% (x, z).

o U= [Iﬁxom] eRMYV = [O(Tle)Xn] € R™*". This choice of U and V includes the ATO

system, the detail of which will be discussed later, as a special case. The corresponding result

can be formalized as follows.

U-° O(T—m)xn

. Lsm x v
Proposition 5 Assume U = eR>"V =
all components have the same sign. The function g(x,z) is supermodular in z for any x,b,v° and

] e R™ and for each row of U°,

VL, if and only if every 2 x 3 submatriz of U° contains at least one pair of column vectors which

are linearly dependent.
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By now, given any two-stage optimization problem , we can use the conditions in Theorem
(or Algorithm [2|in Appendix|A.1]) to verify whether the second-stage cost function is supermodular
in z. If the answer is positive, we can use the result in Theorem I]to obtain an equivalent formulation

as Problem @, and derive the optimal solution efficiently.

4. Optimality of segregated affine decision rules

Though leading to sub-optimal solutions in general, affine decision rules have been widely applied
in solving two-stage problems due to their computational efficiency. Interestingly, leveraging the
benefits of the K (2n + 1)-point worst-case distribution, which is derived from the ambiguity set F
and supermodularity, we show that a scenario-wise segregated affine decision rule, which generalizes
the classic one proposed by (Chen et al.| (2008)), |Goh and Sim| (2010) to be scenario dependent, can
return the optimal solution for Problem subject to some conditions.

We observe that in the two-stage problem, the second-stage decision y is indeed a function of the
uncertainty realization (/2, z). With a slight abuse of notation, we denote the second-stage decision
as a function y(k, z), and hence our main problem can be formulated equivalently as

min  a'x+sup Ep[b' y(k, 2)]
z,y(k,Z) PeF
s.t. Wa+Uy(k,z)>Vz+v"  Vzel2F 2", ke[K], 9)

reX.

In general, the above formulation involves a functional decision y(k,Z2) and hence induces com-
putational complexity. We now prove that in our setting, it might suffice to consider the class of
segregated affine functions for the optimal decision.
To this end, we start by considering the case that the uncertain scenario k realizes at a given
k € [K]. Proposition 3 has shown that the worst-case distribution is a (2n + 1)-point distribution.
We follow the notation in Section 2.3 and denote the corresponding support, which is the output
of Algorithm [1| with input F*, as 2%, ..., 2%2"+1 ¢ R, We first lift the support to *?" by defining
kyi
ki _ |9
¢ | ] (10
where wh = (p¥ — M) T VP = (28 — uk)T i € [2n + 1]. The following result presents a geometric

property of ¢ i€ [2n+1].

Lemma 2 For any given k € [K|, the convez hull of {¢™1,...,¢H?" 1Y is a 2n-simplex.
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Using the above property, we first show the optimality of a segregated affine decision rule in a
revised formulation. Specifically, we restrain the recourse decision y(k, z) to be an affine function
k_ )+
in [EI; B uf% +] , and obtain the following problem based on Problem (H},

x,0F ¢k ke[K] PeF

_ E_ 2\+ ~
min a'x+sup Ep |b' [ OF (lf i) + "
(Z—ph)"
k (,Uk—z)+ k 0 k,1 E,2n+1
s.t. Wa+U (O (z — puh)* +¢" | >Vz+wo Vze{z",..., 29"} ke [K],
relk.
(11)
Denote the optimal solution for (z,y**) to Problem @ by (opt, yfz’,i), k€ [K],i € [2n+ 1], which

can be considered as given constants. Further, for any k € [K], we define a matrix D* € R2"*2" a

matrix @%

b €™ and a vector ¢, € R™ as follows,

Dk — [Ck,l _ Ck,2n+1 . Ck,Qn _ Ck,2n+1] ,

[ k,2n+1 k.2n k,2n+1 gy —1
®opt - [yopt - yopt e yopt - yopt :| (D ) )

ko _ o, k2n+1 k k,2n+1

opt Yopt - ®optc )

where ¢* is the lifted uncertainty realization defined in Equation . Note that D* is invertible
since by Lemma [2, ¢**',...,¢*?"*! are affinely independent, and hence @}, is well defined. We

then have the following result.

Proposition 6 If g(x,z) is supermodular in z for any x, then Problem and Problem (@
and ¢ = ¢F ., k € [K] is an optimal

have the same optimal value. Specifically, * = ,,;, OF = OF -

opt
solution for Problem .

By Proposition @ with the supermodularity of g(x, z) in z, the optimal value and optimal first-
stage decision can be solved by restricting the second-stage decision as affinely dependent on the
lifted uncertainty realization [Egk__ﬂigi] .

It is worth mentioning that when we change the original optimization problem @ to the affine
decision rule formulation , we do not enforce the constraint to be feasible for all possible z.
Instead, we only enforce the constraint for the (2n+ 1) realizations of Z at each scenario. This is for
two reasons. First, if we enforce the constraint for all possible z, the affine decision rule formulation
of the original problem becomes

N A L a))
>

z,0F ¢k ke (K] PeF

Z—p
s. t. W:B+U<G)k[(”k__z)+]+¢k> Vz+° Vz € [2¥, 2",k € [K], (12)

reX.
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The lifted set {(w,v) | w= (" — 2)*,v = (2 — p*)*, 2z € [2*,2"]} is not guaranteed to be convex.
As a result, despite having an affine structure, Problem is still computationally intractable.
We refer the interested readers to Sections 4.5, 4.6 of Goh and Sim| (2010)) for a detailed illustration
of lifted sets of such kind. Without computational tractability, it is meaningless to investigate the
corresponding affine decision rule formulation. The second reason is that the first-stage decision is
usually the essential focus in two-stage optimization problems. Proposition [6] shows that solving
Problem can provide the optimal value as well as the optimal first-stage decision.

Indeed, in the segregated affine decision rule formulation, if enforcing the constraint to all possible
z, i.e., adopting the formulation instead of , in general, we may not get the same optimal
solution as Problem @D A counterexample is provided in Appendix for illustration. This
concludes that the supermodularity property in the second-stage function cannot guarantee the
optimality of the segregated affine decision rule in Problem . Interestingly, by adding slightly
more conditions, we can still obtain the optimal solution from the affine decision rule formulation
. Recall that S(x), as defined in Equation , is the feasible region of (y, z) given first-stage

decision x.

Theorem 3 Suppose S(x) satisfies that for any given x € X, p,q,y’ € R, z/,z" € R™ with (p,z' A
2"),(q,2' vV 2"),(y,2') € S(x), we must have (p+q —1y',z") € S(x). Then Problem (19) has the
same optimal value with Problem (@) Specifically, € = xyp;, OF = @’jpt and ¢F = ’(jpt, k€ [K] is
an optimal solution for Problem (@

The condition in Theorem [3]is more restrictive than that for supermodularity given in Proposition
Given any x € X, p,q € R, 2/, 2" e R" with (p,2' N2"),(q,z'V 2") € S(x), it requires (p+q —
Yy, 2") € S(x) for all y' such that (y’,z’) € S(x), while in Proposition [4] the requirement is only
for one such y’. Hence, compared with the condition in Proposition {4} the condition in Theorem
[B] is indeed a sufficient condition for preserving supermodularity. We would also like to remark
that the obtained segregated affine decision rule, from the formulation of either or , is not
implementable since the realization of the uncertain scenario k might not always be observable.
Nevertheless, in most two-stage problems, it suffices to obtain an appealing first-stage decision,
to which the segregated affine decision rule approach can serve. After observing the uncertainty
realization z, the second-stage decision should be determined by solving the second-stage problem,
rather than simply by the affine function. Please see |Bertsimas et al. (2019)) for a related discussion.

For robust optimization which does not use any distributional information except the support,
Bertsimas and Goyal (2012) have shown the optimality of affine decision rules when the support is a
simplex. However, the optimality of affine decision rules is not true in general if we extend to DRO

problems even when the support is a simplex. In Proposition [6] and Theorem [3| we show that by
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lifting the uncertainty realization z € R™ to [El; k__ i;i € 7", we can construct an affine decision
rule which turns out to be an optimal solution. This optimality relies on the chained structure of
the support of the worst-case distribution, which is due to the supermodularity of g(x, z).
Extending the result of Bertsimas and Goyal (2012)), lancu et al.| (2013]) show the optimality of
the affine decision rule for the unconstrained multi-stage problem when the objective function is
convex and supermodular in uncertain parameters and the uncertainty set is a union of simplices
that forms a sublattice of the unit hypercube. Our result differs in the sense that we focus on a

constrained DRO problem; moreover, the union of all supports from each given scenario realization

is not necessarily a lattice within our setting.

5. Applications

In this section, we apply the above theoretical results to several classic operational problems,
which are difficult to solve in general. Section [5.1] considers a single-period multi-item newsvendor
problem, where the objective is to optimize the retailer’s expected disutility or CVaR. In Sections
and we revisit the facility location problem and the lot-sizing problem, respectively. By
proving the property of supermodularity, we provide new perspectives and simpler reformulations.
Section [5.4] presents an appointment scheduling problem with random no-shows. Finally, a general
formulation of ATO systems is discussed in Section [5.5] where we identify a class of systems which
are tractable under our assumption. In the following applications, some common notations may

have different meanings in different applications.

5.1. Multi-item newsvendor problems
Multi-item newsvendor problems seek the optimal inventory levels of multiple goods with fixed
prices and uncertain demands (Hadley and Whitin |1963). Since these items are correlated with
each other either through some budget constraint or by a particular utility function, the problem
may become much harder to solve. In the distributionally robust setting, [Hanasusanto et al.| (2015)
assume a risk-averse decision maker who minimizes a linear combination of CVaR and expecta-
tion of the profit function, and the demand distribution to be multi-modal. They show that the
resulting problem is NP-hard and solve it approximately with a semidefinite program by applying
the quadratic decision rule. Natarajan et al.| (2017) use semi-variance to capture the asymmetry
of demand distributions, and also develop a semidefinite program to derive a lower bound for the
original problem. We next use our reformulation technique to show that the multi-item newsvendor
problem can be solved efficiently within our setting.

Consider a single-period multi-item newsvendor problem with n different items. The selling price,

ordering cost and salvage value of item ¢ are denoted by 7;,¢; and s; (s; <r;), respectively. Before
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the random demand 2z is resolved, we need to decide the ordering quantity x, which is subject
to a budget I'. Our goal is to minimize the worst-case expected disutility of cost. This yields the
following optimization problem

min sup Ep [u (—TT:B +(r—s)" (z— 2)+)} , (13)

xrEXxnews PeF

where X% = {:B eR |tTe<T,z> 0} and u: R — N is a piecewise linear convex and non-
decreasing disutility function defined as u(w) = max;cpy; {c;w+d;},w € R, for some constants

¢; >0 and d;, j€[J]. We then have the following result.

Proposition 7 The function u <—rTac +(r—s)" (z— z)+> 18 supermodular in z, hence Problem

can be reformulated as a linear optimization problem.

Alternatively, when minimizing the CVaR as|/Hanasusanto et al.| (2015) do, for any p € (0, 1), the
problem of CVaR minimization is

min  sup inf {9+Ep Ll).(—rTm+(r—s)T(m—z)+—9)+]}. (14)

reXxnews PeF feR

This problem can also be reformulated as a linear optimization problem.

Proposition 8 Problem has a polynomial size linear programming reformulation.

With the objective of minimizing CVaR and the multi-modal demand assumption, our work
differs from Hanasusanto et al. (2015)) in the scenario-based distributional information. While their
work considers the first two moments and derive an approximate solution by solving a semidefi-
nite programming problem, we focus on partial marginal information and obtain an exact linear
programming reformulation of the original problem. Further, with the stockout costs considered
in [Hanasusanto et al.|(2015), we can show that the total cost function is still supermodular in the
demand z. Hence, the problem can be easily solved if only considering the expected cost. However,
when a general convex disutility is incorporated, due to the presence of the stockout cost, the total
cost no longer decreases with z and hence the supermodularity can not hold (the details can be
referred to Appendix . We illustrate this with the following example. Consider a 2-item prob-
lem with the selling price r = (6,3), salvage value s = (2,2), stockout cost b=(2,2) and disutility
function u(w) = (w+5)*. Then the total cost is

—r 'min{z,2} —s' (x—2)"+b (z—x)" =—(8,5) Tz +(2,2) 2+ (6,3)" (z — 2)*.

Let g(x,2) =(2,2)"2+(6,3)"(x — 2)T and consider = = (1,1), 2’ = (2,0),2” = (0,2). By simple
calculation, we have u(—(r+b)Tx+g(z, 2’ A2")) +u(—(r+b)Tx+g(x,2’Vz")=1+0<0+2=
u(—(r+b)Tz+g(z,2")+u(—(r+b) "+ g(x,z")), which violates supermodularity.
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5.2. Reliable facility location

Consider the problem of locating facilities at a set of candidate locations i € [n], to serve a set of
customers j € [m]. In the first stage, the facility location decision & = (z1,...,x,) is made, where
x; = 1 if facility is opened at location ¢, and z; = 0 otherwise. Let a; be the fixed cost of opening
a facility at location i € [n]. In the second stage, customers are allocated to the facilities. Denote
the transportation cost of location ¢ serving customer j by c;;. The facilities are subject to random
disruptions, captured by 2 = (Z1,...,Z,), which are realized after the first-stage decision x is made.
We denote by z; =0 if location 7 is disrupted, and by z; =1 otherwise. The disruption happens at
location ¢ with probability M;. The cost minimization problem is formulated as

min fa'z+ swp Belo(e. 2}

xex fac PeFfac

where X/ ={0,1}", Floe={P | P(z,=0) = M,;,P(z;,=1) =1— M,,i € [n]}, and

g(x,z) = min Z CijYij

i€[n],j€[m]

s. t. Zyijzl, j €[m], (15)

i€[n

0 [S}yij <uz;z;, 1€]n],j€[m].
We remark that the above second-stage problem always has an optimal solution y;; € {0,1} for all
i € [n],j € [m], and hence we do not include the binary constraints on y,; in the problem explicitly.
Lu et al. (2015)) prove the supermodularity of g(x, z) by verifying the definition. We show that the

same result can be obtained by a direct application of Theorem

Proposition 9 The function g(x,z) defined by Equation s supermodular in z for all x €
Xfae,

5.3. Lot-sizing on a network

Lot sizing is one of the most important and difficult problems in production planning. We adopt
the model setting from Bertsimas and de Ruiter| (2016) and investigate the lot-sizing problem on a
network. Consider n stores in total, each corresponding to a random demand Z;, i € [n]. In the first
stage, we determine an allocation x; for the i-th store. The feasible set X!°* describes the capacity
of the stores, i.e. 0 < z; < K, for some (K1,...,K,) € J'} . The unit storage cost at store i is denoted
as a,. In the second stage, after the demands are observed, we transport stock y;; from store ¢ to
store j at unit cost b;; such that all the demands are met. The goal is to minimize the worst-case

expected total cost. We express the model as a two-stage linear optimization problem,

] ny'S_ 1 nys‘ZZs—l‘s SE|n

min aTaz—i—supEP min byiYsi ZJE[ 147 E]E[ ] Js3 ) [n]
VRN .

xexlot PcF s.ien] Ysj > O, S$,] € {TL]

(16)
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While Bertsimas and de Ruiter (2016) derive an approximation for the robust version of Problem
(16) when the uncertainty set is a polyhedron, we next show that the problem can be solved exactly
in polynomial time within our setting. Let g(x, z) be the second-stage cost for a given allocation

x and realized demand z.

Proposition 10 The function g(x,z) defined by the inner minimization problem in (@) 18 super-

modular in z for all . Hence, Problem (@ can be reformulated as a linear program.

When the transported amount y,; is bounded by a capacity c,;, as in |Bertsimas and Shtern

(2018), the second-stage cost becomes

g(x,z) = min bs;s;
s,j€[n]
s. t. Zyjs—ZystZs—xs, s € [n] (17)
Jeln] J€ln]
OSystCsja SE[H],jE[n].

By a similar analysis, we can verify that g(x,z) defined by Equation is also supermodular.

Hence, our method can be applied to obtain an exact solution.

5.4. Appointment scheduling with random no-shows
The appointment scheduling problem, which schedules the arrival times of customers, has wide
applications in service delivery systems (Gupta and Denton|2008). In this section, we focus on
robust appointment scheduling problems where no-shows are possible. |Jiang et al.| (2017) assume
the means of no-shows and means, supports of the uncertain service times, and propose an integer
programming-based decomposition algorithm to minimize the worst-case expected sum of waiting
time and overtime. Further, Jiang et al.| (2019) provide a copositive reformulation when the ambi-
guity set is a Wasserstein ball. When no-shows are not considered, Kong et al. (2013) and Mak
et al. (2014) conduct thorough studies with the same objective function. Specifically, Kong et al.
(2013) propose a tractable semidefinite approximation when the mean and covariance information
are known. Mak et al.| (2014) provide an exact conic programming reformulation when marginal
moments are given. Although |Qi (2017) also uses the mean and MAD information, and provides
a linear formulation, this linearity arises from the use of a different objective function. Given
the scenario-based ambiguity set with MAD information, we next show that the problem can be
reduced to a polynomial sized linear program, which is simpler than the formulations derived in
previous studies.

We schedule n appointments within a given time period I'. For all i € [n], we assume customer
1 shows up with probability §; and use §~Z € {0,1} to characterize this event, i.e., P(gz =1)=
Hi,IP’(gi =0)=1—0,. Let Z; be the actual duration of the i-th service. We decide the scheduled
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duration x; for each appointment ¢ to minimize the worst-case expected sum of waiting time
and overtime. For the i-th waiting time w; and the system overtime 0, i, we have w; =0 and
Wiy = max{zbi + &3 — xi,O}, for all i € [n — 1]. We follow |[Jiang et al. (2017)) and formulate the
problem using a two-stage optimization structure as

min sup Ep [g(w,é,é)} , (18)

TEXIPP peg

Here the feasible set is defined as X*P? = {a: eRY 1T < F}, and the second-stage problem can

be written as

_ : T tZZZ:j(gszs_xs)ﬂ 'E{t],tE[TL]
g(:n,ﬁ,z)—mm{l y' tho’ ie[n] },

where the optimal y; is indeed the realization of w;,;. The ambiguity set for (5,2) is specified
as G ={P | II.P € F;,II,P € F}, where IIP, II,P denotes the marginal distribution of € and 2,

respectively under IP. The distributional uncertainty set J is defined as

f=k| = 0P (F=k) =arq€Q
S| 7| Pe(€emt | h=k) =1 k (19)

with E¥ ={0,1}" and F is defined by Equation . Though the information set G differs slightly
from that in Equation , the key idea and process of our approach are still applicable. Using the

condition in Theorem [2| we next demonstrate the supermodularity of the function g(x,&, z).

Proposition 11 Function g(x,&, z) is supermodular in (€, z) for all ©. Hence, Problem (18) has

a polynomial size linear programming reformulation.

Therefore, given the information set G, we can reformulate Problem in a computation-
ally tractable manner. Our linear programming reformulation provides an exact solution and the
computational complexity is reduced significantly compared to the literature.

To rule out unlikely scenarios such as consecutive no-shows, we can modify our scenario-based
support set Z* in Equation . For example, if we want to exclude the scenarios in which all
patients are absent (i.e. £ =0), we can let K =n and consider EF = {£ € {0,1}" | & =1} ={0,1} x
<o x {1} x -+ x {0,1} for all k € [n]. The problem remains tractable, since the support of £ is
still a Cartesian product with {0,1} modified to {1} at the k-th dimension; in other words, the
uncertainty at that dimension is reduced to be deterministic.

Chen et al. (2022)) prove that when no-shows are not considered, the objective function is super-
modular in the uncertain appointment durations z. Our setting is more general since we consider
no-shows and scenario-based uncertainty set. Further, our proof is based on a systematic tool,

which verifies the general conditions in Theorem
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5.5. Assemble-to-order systems

The ATO system is an important operational problem (Song and Zipkin| [2003). Although this
problem has attracted substantial attention, it is still not clear how to derive the optimal decision
in general. We now apply our theoretical result and identify a class of systems where the optimal
decision can be obtained efficiently.

Here we formally describe the problem using the formulation of Song and Zipkin| (2003). For any
component 7, i € [I], first we decide the order-up-to inventory level z;. Then the uncertain demand
Z; for end product j is realized as z;, j € [n]. After that, we make the second-stage decision y;,
which is the quantity of product j to be assembled. To minimize the worst-case expected cost, we
have the following formulation,

min ¢’ (z — xin) +supEp [g(a:, 2)]
PeF

s.t. > T,

where
g(w,z)=min h'(x—Ay)+p (z—y)—7r'y

s.t. Ay<wzx, y<z, y>0.
Here ¢ and x;,; are the per-unit ordering cost and initial inventory level of the components,
respectively; h is the per-unit inventory holding cost of the leftover components; p and r are the
per-unit penalty cost of the shortage and per-unit selling price of the end products, respectively.
The elements in matrix A, i.e., a;; > 0, represent the number of units of component i required to
assemble one unit of end product j. Different ATO systems are characterized by different matrices
A € RIX". We next provide a condition on A such that the function g(z,z) is supermodular in z,

hence the optimal order-up-to level for each component can be derived based on Theorem

Theorem 4 The function g(x, z) is supermodular in z for any x,h,p,r if and only if every 2 x 3

submatriz of the matriz A contains at least one pair of column vectors which are linearly dependent.

We next test the condition of Theorem [4] on practical ATO systems. Consider the Tree Family
of systems proposed by [Zipkin| (2016)). For any i € [I], denote S; = {j € [n] | a;; # 0} being the
index set of products which require component i. A system belongs to the Tree Family if for any
two components 7,7 with S; NSy # 0, either S; C Sy or Sy C S; holds. That is, if a product uses
two distinct components 4,4’, then the set of products using component i (or i) must contain
that of component i’ (or 7). Observing that general Tree Family systems do not guarantee the

supermodularity of g(x, z), we define the Proportional Tree Family as follows.

Definition 3 An ATO system belongs to the Proportional Tree Family, if it belongs to the Tree
Family and for any two components i,i" with the set of common products S; NSy #0, a;j/a; takes

the same value for all j € S;N Sy.
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With Theorem 4] Proportional Tree Family has the property of supermodularity.

Corollary 2 The function g(x,z) is supermodular in z for any x,h,p,r if the system belongs to

Proportional Tree Family.

We next discuss several typical ATO systems and check whether supermodularity holds or not.

e Ac R or A€ R ie. there are at most two products in the system. This does not
necessarily belong to the Proportional Tree Family but satisfies the condition in Theorem

e Binary Tree Family (Zipkin/2016): a system belonging to Tree Family and with all elements
in A being binary. We can show it is in the Proportional Tree Family.

e The generalized W System (Zipkin|2016,|Chen et al.2021)): A = 62 € ERS?H)X” with D being
a diagonal matrix. This system has (n+ 1) components and n products. The last component
is a common component and used in all products; for all other components, each is specific to
a single product. Obviously, this belongs to Proportional Tree Family.

e The generalized M System (Lu and Song|[2005, Nadar et al|2014): A =[D ¢] € 7"V with
D being a diagonal matrix. This system has n components and (n + 1) products. The last
product uses all components; for all other products, each is specific to a single component.
The generalized M system violates the condition of Theorem {4l and hence g(x,z) is not
supermodular in z.

Zipkin (2016|) considers the Binary Tree Family systems with known demand distribution and
shows that an optimal inventory level can be solved approximately, while the computational com-
plexity is indeed not guaranteed. Recognizing that the Binary Tree Family is a special case of the
Proportional Tree Family, our method suggests that an exact linear programming reformulation of

polynomial size can be obtained in the distributionally robust setting.

6. Numerical studies

In this section, we investigate and compare the computational performances of our method against
other solution methods for two-stage DRO models. Specifically, we consider the column-and-
constraint generation (CCG) algorithm (see for instance, |Zeng and Zhao| 2013, |Saif and Delage
2021) and the segregated linear decision rules. We use the three methods to solve the ATO prob-
lems. The program is coded in Python and run on an 12-Core Intel PC with a 2.7 GHz CPU.

6.1. Settings

To provide a brief and clear computational results, we consider the distributional uncertainty
set F given as Equation with only one fixed scenario. We relegate the formulations of the
CCG algorithm and the segregated linear decision rule in Appendix We use the ATO system

with n products and n components as an example. The assemble matrix A € ™" is specified as
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A= I(”flp)ﬂ”*l) 001], where p=(1,2,...,n —1). In this case, when o =0, the system reduces
to the generalized W system and the function g(x,z) in the ATO system is supermodular (see
Corollary . For all other parameters, we randomly generate the values from uniform distributions
(denoted by U (u, @), where u, u are respectively the lower and upper bounds). For each product i,i €
[n], we generate the demand information u; ~ U(45,55), z; ~ U(40, p; — 2),Z; ~ U(p; + 2,60),6; €
U (O,Q(M_;;f)(z?_‘”)), with penalty cost p; ~ U(10,20) and retail price r; ~ U(10,20). For each
component j:j € [n], we generate ordering cost ¢; ~ U(0,10) and holding cost h; ~ U(0, 10).

We conduct experiments for n =5 and n = 20. In both cases, we randomly generate 200 instances
using the procedures mentioned above. For each instance, we vary the parameter ¢ in the assemble

matrix A. Specifically, for instances with n =5, we vary o from 0 to 15 with the step size of 0.5;

for instances with n =20, we vary o from 0 to 60 with the step size of 2.

6.2. Quality of the solutions
The CCG algorithm derives the optimal value for Problem , while the segregated linear deci-
sion rule and our method provide the upper and lower bounds, respectively. We normalize the

optimal value derived by CCG algorithm as 1 and calculate the relative difference with the other

OPT —OPT, OPT —OPT, .
two methods as Supn Lz €CC and Seal DX C€CC  Here we abbreviate our method as
cCca cceca

“SupmLP” and the segregated linear decision rule as “SegLDR”. We show the performance of
these three methods with 5 x 5 ATO systems in Figure (a). For each value of o, we consider all
the 200 instances and plot the average and quantile about the relative difference. When o =0,
these three methods provide the same optimal value, since the property of supermodularity holds.
When o # 0, the property of supermodularity cannot be guaranteed. We observe that the relative
differences exist but are not large. Although the segregated linear decision rule performs closer to
the CCG algorithm than our method, the two approaches play different roles (upper and lower
bounds, respectively) in quantifying the optimal value of the problem.

Figure (b) shows the performance for the 20 x 20 ATO systems. In this case, unfortunately,
the segregated linear decision rule formulation includes more than 3?° constraints and cannot be
solved efficiently. Therefore, we only compare the performance of the CCG algorithm and our
method. We observe that our method performs quite well in general even though the property of

supermodularity is not guaranteed when o # 0.

6.3. Computational time

We also compare the computational time for the three methods based on the ATO systems men-
tioned above. Within two hours, the segregated linear decision rule and the CCG algorithm can
solve the ATO problems when n = 11 and n = 120 respectively. For our method, the average

computational time to solve the ATO system when n =120 is around 4 seconds.
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Figure 3 Performance comparison in ATO systems.

7. Conclusion

This paper identifies a tractable class of two-stage DRO problems and derives exact optimal solu-
tions when the scenario-based ambiguity set is considered. Given any realization of the uncertain
scenario, we know the information of supports, means and MADs for the underlying uncertain-
ties. Our results show that any two-stage problem has a computationally tractable reformulation
whenever its second-stage cost function is supermodular in the uncertainty realization. This refor-
mulation relies on the common worst-case distribution, which can be pre-calculated via an efficient
algorithm. As a result, our reformulation preserves the original structure of the problem and retains
the same computational complexity as the nominal problem. While the reformulation is based
on the requirement for supermodularity in the second-stage problem, we provide a necessary and
sufficient condition to check whether this requirement is met for any given two-stage problem. We
also discuss the optimality of scenario-wise segregated affine decision rules in our setting.

Subsequently, it can be verified that a wide range of practical problems fit within our framework
of two-stage DRO with supermodularity. Instances include multi-item newsvendor, reliable facility
location, lot-sizing, appointment scheduling with random no-shows, and general ATO systems.
While these problems are considered computationally challenging in general, under our assumption,
they can be solved exactly and efficiently.

There are several promising directions to explore. Theoretically, it is interesting to investigate
whether our efficient solution method can be applied to a broader class of two-stage problems,
such as those with integer recourse decisions where the second-stage cost function might not even
be continuous. Moreover, whether our framework can be extended to multi-periods optimization

problems would also be an important research question. Last but not least, since there are numerous
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two-stage problems with significant practical impact, we can verify if supermodularity property

exists in those problems with our results and further validate the applicability of our approach.
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Appendices

A. Supplement

A.1. Algorithm for checking supermodularity in Section
For any given matrices U,V , we provide the following algorithm to check explicitly whether the

condition in Theorem [l is met.

Algorithm 2 algorithm for checking supermodularity
1: Input: U R,V e R™>"

2: Initialization: ry=rank(U),s=1

3: if 7o <r then

4: arbitrarily remove columns in U, if any, until U has only r( linearly independent columns
5: for all Z C [r] with |Z| =7, and Uz invertible, do

6: for i € [r]\Z do

7: d/ =v] —u]U;'V;

8: if there exist components d,,, d;;, such that d;,dy, < 0 then

9: s=0, go to line

10: return s

Theorem 5 The condition in Theorem[d is satisfied if and only if Algorithm |3 returns s =1.

We note that Algorithm [2] may take exponential number of steps. Specifically, the complexity is
reflected in line [5] where we search for all row index sets subject to conditions on the number of
rows and rank. The high complexity is essentially because this algorithm is for the necessary and
sufficient condition. Indeed, if we aim only for necessary conditions, then it can be simplified by
reducing the range of search. For example, only checking for submatrices containing consecutive
rows of U and V' can also be a necessary condition. If the condition is violated for any tested index
set Z, then the function g(x,z) must not be supermodular for all ,b,v°. On the other hand, if
we aim at sufficient conditions only, some matrices with simple structures can be easily shown to
satisfy the conditions.

A.2. A counterexample where segregated affine decision rules are suboptimal in
Section [4]
For simplicity, we drop the first-stage decision and consider the problem

sup Ep [9(51, 52)]
PeF
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as an example, where we define

Ep[gl]zg, ]E]p[gg] =1 y221+22—4
F=<P| Ep[|lz; - 3| <1.2, Ep[|Z— 1] <1 , g(z1,29)=miny | y> —2z1 —20+4
P2, € [0,4) = P(n € 0,4) =1 | =

for the problem setting. Easily we can check that g(z1,2,) satisfies the condition in Theorem
hence is supermodular in z. Applying Algorithm [I] we obtain a worst-case distribution P* with
P*(z = (0,0)) =P*(z2 = (3,0)) =P*(2 = (4,0)) =P*(2 = (4,1)) = P*(2 = (4,4)) = 0.2, hence the
problem has an optimal value
supEe[g(%1, 22)] = Ep+[g(%1, 22)]
PeF
=0.2(g(0,0) +¢g(3,0) +g(4,0) +g(4,1) + g(4,4))
=024+1+0+1+4)
=2.
On the other hand, we consider the decision following the segregated linear decision rule, i.e.,
Y(21,22) =07 (3—21)", (1 —25)T, (21 —3), (22 — 1)) + ¢. The problem with segregated linear
decision rule (The detailed reformulation can be referred to Problem in Appendix then

becomes

min 67 (0.6,0.6,0.6,0.6) + ¢
t. 07 (B—z)",(1—2)",(z1=3) ", (22— 1)) > 214+ 22 —4,  V(z1,22) €{0,3,4} x {0,1,4}
0" (B—z)",(1—2)", (21 =3)", (2o — 1)) > —21 — 20+ 4, V(21,25) €{0,3,4} x {0,1,4}
0" (B3—z)",(1—2)", (21 =3)", (22— 1)T) <4, V(21,29) € {0,3,4} x {0,1,4}.

This is a linear program with 27 constraints and 5 decision variables, hence can be handled by
ordinary solvers. The optimal segregated linear decision rule turns out to be y(z1,2,) = %(3 —z1) T+
(1 —22)" 4 (21— 3)" + £(22 — 1)" + 2, yielding the optimal value 0.6(3 +1+1+31)+2=3.6>2.
This implies that segregated linear decision rules can be suboptimal even if the second-stage cost

is supermodular in z.

A.3. The CCG algorithm and segregated affine decision rules in Section [6]

CCG algorithm
The CCG algorithm we use in this paper mostly resembles Saif and Delage (2021), who study a
two-stage distributionally robust facility location problem. For Problem , the inner supremum
problem supp, » can be equivalently written as an infimum problem and the strong duality holds.
Then, we reformulate Problem as

min a'z+a+p B+

sit. a+B z4+v"(|z—pl) >g(x,2), VzE|z,Z] (20)

~¥>0, xeX.
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For the CCG algorithm, we assume that the relatively complete recourse holds and consider multiple
iterations. In iteration 7 (7 =0,1,2,...), we solve a relaxation of Problem that imposes the
first constraint to hold only on a subset {2° 2',..., 27} C [z,Z]. Formally, let

L.:=min a'z+a+pu' B+6"~
s.t. a+B 2+~ (|2 —u))>by, ic(7]
Wz +Uy' >Vz' +0°, i €[]

~¥>0, xeX.

This problem provides a lower bound to the optimal value of the original problem . Denoting by
(:i:,d, B,’y, {Qi}ie[TO a solution to Problem , we then examine the violation of the constraint

in Problem by evaluating

h(#,8,%) =max{g(#,2)- 87z =4 (12— ul) | z€[z.2]}

N 4 . 0>z—pu, 0> pu—=z, 0 <Ml
:max{g(w,z)—BTz—'yTH zg[z Eﬁi =H 0 }

) U'n=bn>0
=max{ (Vz4+v"-W2z)' n—-08"2-434"0| 0>2z—pn, 0>pu—2z, 6 <Myl

z€ 23] (22)
z—0<p
X —z—0<—pn
= max (W' —-Wz) n+max{ (Vn-8)"2—(4)"6 | 6 <M1
n:UngO:b z<z
—z< -z

Here the second equality follows from 4 > 0, and the constraint 8 < M,1 with M, being a suffi-
ciently large real number guarantees the boundedness of the feasible set while keeping the optimal
value unchanged. The third equality follows from the dual form of g(&,z), since the relatively
complete course assumption guarantees that the strong duality holds. In the last line we seperate

the maximization of n and z, 0. Further, replacing the constraints of the inner maximization by
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34

its KKT conditions, we get
h(2.8.9) =max (0 —~Wa) n+p ($—¢)+M1 E+7 p—2"p
s.t. Un=b

z—0<p

T =

—2-0<—p

0 <Myl

e
~—

z<z

R

N
~—  ~— ~— =

—z< -z

<
-

+p—p=Vin-p
G-d- =4

p—z4+0< MA?, < My(1—A?%)

(23)

~ o~ o~ o~ o~ o~ o~

—p+z+0 < MA2, ¢ < My(1—-A2)
Mol — 6 < MoAS, €< Mo(1— XS)

(1-2%)
(1—A%)

z—z S M())\ﬁ,

IN

P <M,
z—2z< MyA2, p<M,
.¢,.£p,p,m>0
AP AL AE NP A2 {01}
Here the variables in parentheses specify the associated dual variable for each constraint, and the
binary variables A%, A2, Aé, AP, A2 are introduced such that p —z + 0 < MA®,p < M (1- )\$) is
equivalent to the complementary slackness condition (u; — z + 6;)@, = 0 (i € [n]) for A? and so
forth for the other binary variables. We hence reformulate the bilinear problem in the third line of
Equation into a mixed integer program.
By solving Problem , we derive the optimal solution of z and denote as z7!. Further, we
obtain an upper bound of Problem as

Uri=a'@+h(@,8,5)+n B+8"5 (24)

A

This is an upper bound because the fixed (:%, ,3,’?) and a=h (:i:, B,’S/) form a feasible solution to
Problem ([20)).

We terminate the algorithm when the upper and lower bounds converge. If the algorithm does

not stop in iteration 7, we then add a decision variable y™ ™! and the following constraints
Oé—l—,@TZT-H —{—’)’T(|ZT+1 _ ll") 2 bTyT-H,
WCI: + Uy‘r+1 2 VzTJrl +’UO
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to the lower bound problem and solve for ZALTH in iteration 7 + 1. The full procedure is
formalized in Algorithm

Algorithm 3 A CCG algorithm for two-stage DRO
1: Input: two-stage formulation , second-stage formulation of g(x,z), €>0

2: Imitialization: LB =—0c0,UB=00,7=0,2'=p

3: while UB—- LB > ¢ do

4: solve Problem with {z'}ier

5: denote by (&, ,@,'3/) the optimal solution, by L, the optimal value
6: update LB = L,

7. solve Problem (23) with (£,8,%)

8: denote by z™*! the optimal solution for z, by h(&,
9: calculate U, based on Equation with h(:i:,B,’y)
10: update UB:min{UB,ﬁT}

11: update T=7+1

A~

(3,%) the optimal value

12: Output: optimal solution &

Segregated affine decision rule

For Problem , when we use the segregated decision rule method, the problem is reformulated as

s orepye (0[50 )

z,© PEF
(b—2)" 0 -
s.t. Wae+4+U (O (z—p)* +o|>Vz+v°, Vz €[z, Z]
reX.

By the property of segregated linearity, we can equivalently impose the constraints only on the
breakpoints, hence obtain the following reformulation.
: T T (n—2)"
min a x+supkE b<€-)[~ ]+ )]
e (@ {751 +o
—2)*t

1€[n]

s.t. W:L'+U(®[EZ

xreX.

Similar to the proof of Proposition [, we can derive a worst-case distribution P* and show that the

MAD under P* is Eps [|Z — pu]] = 8. Observing that Ep« [(— 2)t + (2 — p)t] = Ep« [|2 — ] = 6,
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Eps (o — 2)" — (2 — ) "] = Eps [u — 2] = 0, we have Eps [(pt — 2)7] = Eps [(2 — p)¥] = 6/2. Hence,
Problem can be further reformulated as

min @ z+b'O B;ﬂ FAP
st. Wa+U (@ [g’;:;gi] +¢> >Vz+®, Vze [] {zm 7} (26)

1€[n]
re k.

This problem is essentially a linear program with an exponential size of constraints.

B. Extensions
In this section, we introduce three possible extensions and show that, when the property of super-

modularity holds, the exact tractable reformulation can be applied to more general settings.

B.1. Left-hand-side uncertainties in the constraints
We consider that the matrix W on the left-hand side of the constraints is an affine function of the

uncertain vector zZ as W (z)=W?°+ Zie[n] Wz, In this case, the second-stage problem becomes

gV (x,z)=min b’y
S. t. Wo—i—ZWizi x+Uy>Vz+0°
i€[n]
where W' i€ {0,1,...,n} are given constant matrices in R"*!. We next establish an equivalent

condition for the supermodularity of g"V.

Theorem 6 ¢" (x,z) is supermodular in z for any x,b and v° if and only if U € ™™, V € R™*"
and W; € R"*! i € [n] satisfy one of the following conditions:
1) rank(U) =r,
2) for all T C [r],n € R with || = rank(U) + 1,rank(Uz) =rank(U) and U] n =0, we have
2a) (0" (Vr):)-(m"(Vz);) >0, (W) TqnT Wi is positive semidefinite, for all i,j € [n];
2b) (" (Vz))- (n"W3) = (0" (Vz),) - (n"W3), for all i,j € [n].

For Condition 2) in Theorem [6] considering any concerned Z, i.e., |Z| = rank(U) + 1 and
rank(Uz) =rank(U), the null space of Uz is of dimension 1. That is, there exists n° such that for all
1 with U 1 =0 we have n = kn° for some k € R. We can easily observe that both Conditions 2a)
and 2b) hold for all such 7 if and only if they hold for n°. Therefore, to verify whether Conditions
2a) and 2b) hold, it suffices to check for n° only. Hence, as in Theorem 5| we can similarly build a

corresponding algorithm to check the supermodularity of ¢".
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B.2. Non-linearity in the objective function

We extend our results by considering the objective as a more general function, which is nonlinear
of the second-stage cost. For example, the objective can be either an expected disutility or a risk
measure. Specifically, when the second-stage cost itself is supermodular in the uncertainty, the
following lemma identifies mild conditions which are sufficient to preserve supermodularity. We

subsequently show how our method can help us obtain tractable reformulations.

Lemma 3 Given any convexr and non-decreasing function u: R — R and any monotone supermod-

ular function h:R" — R, the function ¢: R — R defined as ¢(z) =u(h(z)) is supermodular.

This result can be applied when maximizing the decision maker’s expected utility, or equivalently,
minimizing the expected disutility. Consider the following problem
min sup Ep [u(a’x+g(x,2))], (27)

zE€X peF

where g(x, z) is the second-stage cost function defined by , and u: R — R is a piecewise linear

convex and non-decreasing disutility function defined as
u(w) = max {c;w+d;}, YweR, (28)
j€
for some constants ¢; >0 and d;, j € [J].

Proposition 12 If g(x,z) is monotone and supermodular in z for all x € X, then Problem

1s equivalent to the following problem

min vl
st RL> Y pift k€ [K]
i€[2n+1]
W+ Uy >V 42 ke[K]ie[2n+1] (29)

[P > (a’z+b'y™) +d;, kelKlic2n+1],je[J]
1>0, xe X,

where pf 2z i € [2n + 1] are obtained from Algorithm |1 given the ambiguity sets F* k € [K]
defined by .

We can also apply Lemma [3] when some risk measures are included in the objective. In particular,
we study the case where the objective function is based on Optimized Certainty Equivalent (OCE)
(Ben-Tal and Teboulle 1986). It is shown that the OCE models a broad range of risk measures
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(Ben-Tal and Teboulle 2007), and includes the Conditional-Value-at-Risk (CVaR) as a special case.
When evaluating the total cost by OCE, the two-stage problem is as follows,

min sup OCE,(a'x+ g(x,2)) =min sup inf {§+Ep [u(a'z+g(x,2)—0)]}, (30)

z€X peF zEX pcF OeR

where u(-) is a piecewise linear convex and non-decreasing disutility function taken the form of

. We now show that our method is applicable to Problem .

Corollary 3 If g(x,z) is monotone and supermodular in z for all x € X, then the OCE mini-

mization problem (@) 1s equivalent to the following linear program

min 0 +v'l
st RII> Y pift ke K]
i€[2n+1]
Wz +Uy"' > Vzhi 400, ke[K)i€[2n+1] (31)

fH>ci(a’z+b 'y —0)+d;, ke[K|,i€[2n+1],j€[J]
>0, xcX,

where pF, 2", i € [2n + 1] are obtained from Algorithm |1| given the ambiguity sets F* k € [K]
defined by .

B.3. General ambiguity set

While the previous results are based on the ambiguity set that is constructed by mean, support
and MAD in each scenario (see Equation ), now we extend that ambiguity set to a more general
one and show that it is the most general case in which our results are still applicable. We define
the ambiguity set based on piecewise linear convex functions, which are rather general and still
maintain the linear structure in the reformulation. For notational simplicity, we do not incorporate

the random scenario in this subsection. Specifically, we consider the ambiguity set defined as follows,

FO={P | Eplz] = , (32)
Ee[hl(z)] <6/, i€[n],je ]

where J; > 1 is an integer, h? is a given piecewise linear convex function, i € [n], j € [.J;]. We assume

hi has at least two pieces in [z;,%;] to avoid the trivial case. The ambiguity set F¢ generalizes F*,

defined in Equation , as it replaces the MAD information in F* by the expectations of several

piecewise linear convex functions. Obviously, F¢ includes F* as a special case by choosing J; =1
and hl(2) = |z — p;| for all z € R.

Unfortunately, as we will show later in this subsection, not all ambiguity sets F¢ defined by

Equation (32)) can lead to a tractable reformulation using the procedures we discussed in Section
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Here we aim to identify the conditions for F¢ such that the corresponding two-stage optimization
problem, whenever the property of supermodularity holds for the second-stage cost function, can

be solved with the methods in Section Pl

For any i € [n], we let z! = z,, 22 =%; and denote 23, z%,..., 25 € (2,,%;) as the breakpoints of the
piecewise linear functions h},..., h;-]i. We now have the following result, which is essential for using

the procedures in Section

Theorem 7 The following two statements are equivalent.

1. Given any 6!, i € [n], j € [J;] satisfying F¢ 0, there exists p; = (pi1,---,pis,) € R i€ [n]
such that for all convex function f:R" — R, we have P* € argsupp. rc Ep [f(Z)] and for any
i€n],

Dis ifw=z;, s€[S],

0 otherwise.

2. For alli€[n), j €[], hl has exactly two pieces on [z;,%;).

We observe that the worst-case distribution P* provided in Theorem [7] has the same structure
as that in Proposition [I| Essentially, we can characterize their marginal distributions for both
settings. Moreover, the marginal distribution depends only on the ambiguity set itself, and is
independent of the objective function f (in Theorem (7)) or the first-stage decision « (in Proposition
. Therefore, if F¢ satisfies the condition in Theorem [7, we can adopt a similar procedure to that
in Section [2] to solve the two-stage optimization problem. In particular, we first obtain the marginal
distribution, and then find the worst-case distribution based on the chained support, after which
we can reformulate the two-stage problem as a linear program with low dimension. By contrast,
if ¢ violates the condition in Theorem [7] there are two-stage problems such that the worst-case

distribution would depend on the first-stage decision ®, and hence our method cannot work.
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C.1. Proof of Proposition
For a one-dimensional random variable, when its MAD is known exactly, Ben-Tal and Hochman
(1972, Theorem 3) have derived the worst-case distribution. Here since in F*, it involves multiple
dimensions and only the upper bound of MADs is known, we need to prove differently as follows.
For notational brevity, we drop the superscript k.

We now consider any i € [n] such that z; > z,. For the i-th marginal, given the support [z,,Z]

Q(Ei*fi)(#iféi) (

(1972, Lemma 1)). Hence, we let §; = min {(51-, w} Then, the worst-case expectation of

2iTZ4

and mean p;, the maximum possible value of MAD is see Ben-Tal and Hochman

g(z, z) under the F* defined in Equation @ can be reformulated as

E:[2] = p, Eelz)=p.
supEz [g(x, 2)] =sup § Ep [g(x, 2)] | Ee[|2 —p[] <9, » =supq Exlg(z,2)] | Ep[|Z—p|] <9,
res P(z<z<z)=1 P(z<z<z)=1

= sup V(d),
0<d<é
where
EP[2]2H7
V(d)=sup{ Ee[g(z,2)] | Ep[|Z —pl]=d,
Pz<z<z)=1

We prove our proposition by two steps.
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Step 1. Considering any given d € [0, 5], we will show that there must exist an optimal proba-

bility distribution, P*, for the problem in defining V' (d) such that the marginal distribution is as

follows,
d; : _
2(pi—2;) ifw=z
1— 7di(5i—§i) if w= ;
P* (21 _ w) _ df(%*#i)(#i*ﬁ) ’ _'Ij (33)
2(Zi—p4) W=z
0 otherwise.

We prove this by discussing two scenarios, depending on whether V' (d) is finite or not.

Consider the first case where V(d) = co. In this case, there exists P’ such that Ep/[g(x’, Z)] =
00, Ep[2] = p,Ep/[|Z2 — p|]] =d and P'(z < z < 2) = 1. We denote by supp(P) the support of any
probability distribution P. Observing that the feasible set of V(d) is nonempty (any distribution
with marginal distribution as in is feasible), Ep [g(2’, Z)] = oo implies that there must exist z’ €
supp(P) C [z,Z] such that g(x,z’) = co. We let P” be any probability distribution with marginal
distribution as defined in , then supp(P") =[], Si where S; = {p;} if i =0, S; ={z;, i, z:}
if d; € (0,6;) and S; ={z,,z;} if d; =0, i € [n]. Now, consider any i € [n]. If d; =0, we must have
P'(Z; = p;) = 1; hence, 2z, = p; € conv(S;); if d; > 0, 2] € conv(S;) = [z,,Z:] since z € [z,Z]. Hence, in
any case, z, € conv(.S;). Consequently, we have 2z’ € conv(supp(P”)). Since function g(z, z) is convex
in z (see Theorem 2, Section 3.1 in Birge and Louveaux (2011)), there must exist z” € supp(P”)

such that g(a’, 2"”) = co. Hence, P” is also a worst-case distribution.

For the second case where V(d) is finite, by strong duality (e.g., Shapiro 2001),

V(d) :min{s—kuTt—FdTr | s+z't+ (\z—u|)Tr >g(x,z), V2<z §E}. (34)

For any given &, u, r, since g(x, z) is convex in z, the function g(x,z) — 2"t — (|z — p|) "7 is convex
in z if z € [a, b] where for all i € [n], (a;,b;) takes value of (z;, ;) or (u;,z;). Hence, the constraint

in is equivalent to

s2g(@,z)—z't—(lz—p|)'r, Vze ] {z 7} (35)

i€[n]

Substituting the constraints in Problem by and writing its dual form again, we obtain

3" . .
3n ZgﬁlpTZ’L = /"Li7 1 e [n]
V(d) =sup ZpTg(m’zT) 273—7?1 pT|ZZT - IU’Z| = di? (AS [n] , (36)
r=1 > pr=1
DPr 2 07 T E [3”]
where z!,...,2%" represent all z € Hie[n] {z;, i, Zi}, and p1,...,p3n are the associated decision

variables. Therefore, we can find a distribution P* which is optimal to V(d), with its support
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being z',...,2%". This implies P*(Z; = w) = 0 whenever w ¢ {z,, ;,Z;}, for all i € [n]. Given any
three-point support {z;, 1, Z; }, mean p; and MAD value d; € [0, 52], we observe that a distribution
. d; _ di(Zi—z;)
which places M=z amount of mass at z;, 1 S E—p) (h=2))
determined. Hence, P* must have a marginal distribution as in .

at u;, and ﬁ at z;, is uniquely

Step 2. We next show that function V(d) is non-decreasing in d.

Consider any 0 < d’' < d” <6 with d’ — d’ = fe;o for some 6 > 0,i° € [n], and the probability
distribution P’ with P"(2 = 27) =p/,7 € [3"] such that p],...,ps. is the worst-case distribution in
Problem (36)) when d =d'. WLOG, we let i® = 1. We define another distribution P” with P”(z =
z7)=p!, T €[3"] as

N~—
-
pul
N
O

p1—z if 21=2,,

z
P/(s=2)={ PlE=2)— L — L iz =y,
2) 4 &)

ST if z1 =%,
where €: [ [, {2;, 1i,Zi} — [0, 1] is a mapping defined by

6/2
(s +545)
for all z € Hie[n] {z;, i, Z:} with z; = py. We next verify that p},...,p5. satisfy the constraints in
when replacing d by d”.

From the definition of 6, we observe that for all z such that z; = p,

P(z=z)  (37)

€(z)=¢€(z+ (2, —m)erl) =e(z+(z1 —p)e) = T

4 —d 1 1 d" 1 1
€(Z) + E(Z) . 12 ' </11—£1 +51—H1> ]P)/(fzz) N 1- 71 <N1—£1 +51—H1> P

H1— 2y 51—M1_1_ﬁ< Lo, _1 ) B l—ﬁ( 1oy >

2 \m1—2; Z1—H1 2 \r1—z Z1—p1

(2=2).

Because 0 < d} < d] < 6, and the three-point distribution is uniquely determined, we have 1 —
ﬂ( Loy ) 21JL'1'< 1 +#) > 0. Hence P"(% = ) € [0,P(Z = 2)] for all z with 2z, =

2 \p1—2z Z1—wp 2 \H1—2z Z1—p1

1. By the definition of P” we notice that ZZEHE[ ]{é_,%zi}[[””(i =z)= Zzel'l-e[ Hzimizi} P(z=
z) =1, we have P"(2 =2) € [0,1] for all z €[], {z; mi, %}

To see Epr[Z] = p, we observe that for the first dimension,

377,
Dopa= Y PE=zmt Y PE=zau+ ) PlE=2)a
T=1

Ziz1=p1 ziz1=2 z:z1=21
= Z (P"(z=2) +P"(2=2+ (2, —)e)z; + P (Z2=2+ (Z1 — 1 )e1)Z1)

Ziz1=p1

3"

€z €z €z €z

e X (A ), D e )

—1 - H1—2z 21— M1 — 2 Z1— M

T Ziz1=M1

€(2) «(2)

=1+ :Z Ml—él(gl M1)+§1_#1(21 /~"1)>



Long, Qi, and Zhang: Supermodularity in Two-Stage DRO 43

where the third equality is due to the property of € stated in . For any other dimension ¢ with
i # 1, by the construction of P” we can observe that the marginal masses on the i-th dimension
remain identical with P’. Hence, Zil plz" = p.

For the MAD information, we start from the first dimension and notice that

S Pli=z)= 3 P(i=z)- ( LR > S ()

12 21— M
z:1z1=p1 z:1z1=p1 H 1 K z:z1=p1

— 1_< Lo, 1 )1_w<91/2+ 1) Y P(z==z)

H1—27 21— 1
2 \p1—z;  Z1—m1 ZEL=H1

1 1 0/2 d [ 1 1
= 1— +7 / e +7
fn—2,  Zi—fn 1fi21(#+#) 2 \m—2z Zi—m

H1—21 Z1—p1

d;f( 1 1 )
:1—7 +7 s
2 \pi—21 Zi—

where the second equality is due to (37)), the third equality holds since the marginal distribution
~ dar’ ~
P(z=2z)= L5 and Dninen, P(Z2=

2(p1

is uniquely determined in P’. Similarly, we have )

ziz1=2
z)= 72(; - ) It then follows that Zil p!|z] — u1| = d. Since the marginal masses at all remaining
dimensions are unchanged, we have Zi’il pl

when we replace d by d”.

Consequently,

|z™ — p| =d". Hence P” is a feasible solution to the set

377,
V(d") =) prg(e,2)
T=1

S pgl@ )+ S <_ €(z) _f(z) )g(w,z)+ 3 €(z) @)+ Y 7e(z)

ziz1=p1 z:21=21

37L

:Zpig(m,zTH > (<_ e )g(“"’z)

i H1— 21 Z1 — M1
(2)

e(z) €
T, z+ (2, — e)+——
M1_§1g( (2 —)er) 1 — 1

g(x,z+(z1 - M1)61)>

37L

“S g ) Y e<z>< L gzt (21— m)er) — gl 2))

12
Zziz1=p1 H 1
1

Z1—

(9(@, 2+ (31— m)es) —g(w,z»)

> pg(x,z7)=V(d),
T=1

where the first inequality holds because pY, ..., p4n is a feasible solution, the second equality is based

on , and the second inequality follows from the convexity of g. Hence, V(d) is non-decreasing
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on [0,8]. Therefore, supp. » Ep [9(x, 2)] = SUPg<g<s V(d) = V(d). The worst-case is with the form
of when d =6 , which is as proposed in our Proposition. O

C.2. Proof of Proposition

1) = 2). Consider any P € P such that there exists an unordered pair w’, w” with p’ =P(w =
w') >0, p”" =P(w=w") >0. WLOG, assume p’ < p”. We construct a new probability distribution
P°, such that

0 if w=w'

p// 7p/ if w=w"
P(w=w)=1 Plw=w Aw")+p if w=w Aw"

P(w=w'Vw")+p itw=wVvw’

P(w = w) otherwise.

In particular, based on P, we move the probability mass p’ from the realization of w’,w” to
w' Aw”,w Vw”. That does not change the marginal distribution and hence P° € P. Moreover,

compared with the support of P, that of P° has one less unordered pair. We also observe that

Ezo [f(w)] = Ep [f ()] = p' (f(w' Aw") + f(w'Vw") = f(w') = f(w")) >0,

where the last inequality is due to the supermodularity of f. Therefore, we can always reduce the
number of unordered pairs (if there is any) in the support while the value of expectation on f(w)
either increases or remains unchanged. Since any P € P has nonzero probability mass only at a
finite number of discrete points (by the definition of P), the number of unordered pairs must be
finite and hence will be decreased to zero after a finite number of such steps. Therefore, finally we
obtain P* € argsuppcp Ep [f(w)] such that the support of P* has no unordered pair. Since there
are m; points in the support of the i-th marginal, moving along the chain in ascending order from
(115 Tp1) 1O (T1mys- -+ Tnm, ) takes m; — 1 steps on the i-th dimension. Hence, the chain has its
maximum length being 1+the total number of steps, i.e., Zie[n] (m; —1)+1.

2) = 1). Assuming the contrary of 1), i.e., f is not supermodular, then there exists a pair of
unordered w', w” € R" such that f(w') + f(w”) > f(w' Aw”) + f(w' Vw"). We denote 7' = {i €
n] | w,<w!}, T"={i€n] | w,>w!} and Z, = {i € [n] | w; =w/}. As w’,w” are unordered,
we know 7', 7" are both nonempty. For all i € 7" UZ", we let m; =2, x;; = w, ANw), T;x =
w; Vw!, pi =pe=0.5; for all i € Z,, we let m; =1, z;; = w, = w] and p; = 1. Correspond-
ingly, P ={P | P(w; = z;;) =p;j,j € [mi],i € [n]}, and any P € P must has its support in W =
Wierror{®i1, Toa} X Wier, {21 }. Consider any P° € P such that its support Wpo = {w € R" | P°(w =
w) > 0} forms a chain. We now show that P° ¢ argsuppp Ep [f(w)] and hence statement 2) in the
proposition is false, then the proof can be completed. To this end, we notice since Wpo forms a

chain, we can label the elements in Wpo in ascending order, i.e., w* <w?<....
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We first show w! =w’ Aw”. Consider any i € [n]. If w} <z, then w; & {x;; | j € [m;]}, contra-
dicts with P° € P. If w} > x;;, then w; > x;; for all w € Who, P°(w; = ;) = 0, which also contradicts
with P € P. Therefore, we must have w} = z;; for all i € [n], i.e., w' = (z11,...,7,) =W Aw".

We next show w? =w'V w”. Assume that there exists i € 7' UZ” with w? = w;. Since w? > w'
and w? # w', we know that there exists j € Z' UZ"” with w? > w;. By w} = w} = x4, P°(w =
w') +P°(w = w?) <P°(0; = ;1) = pi = 0.5, we know P°(w = w') < 0.5; by w? > wj = x;1, we know
P°(w = w') = p;; = 0.5. Hence, we have contradiction. It follows that w? > w; for all i € 7/ UZ",
Le., w? =w’ Vw". Moreover, we have |[W| =2 since w? is the maximum element of W.

Therefore, P° is such that P°(w = w' Aw”) =P°(w =w’ Vw”) = 0.5. Consider another distribu-

tion P* such that P*(w = w') = P*(w = w"”) = 0.5. We can easily have P* € P, and

Ego [f(w)] = 0.5 x (f (w' Aw") + f(w'Vw")) <0.5x (f(w') + f(w")) = Ep- [f(w)] .

C.3. Proof of Proposition
For notational simplicity, we drop the superscript k which represents the scenario k; we also assume
z;=—1,p;=0,z;,=1 for all i € [n], since the general case can be proved in the same way.

During the progress of this algorithm, for each j € [2n + 1], we define mp?*, which stands for the

remaining marginal probability for iteration j at dimension i, as

‘ ql . if zf =1 (mp’’ € R in this case)
mp”' = ¢ (g, P*(z%,=1)) if 2/ =0 (mp’’ €R* in this case) .
(¢, P*(z;,=0), P*(z,=1)) if 2/ =—1 (mp?* € R in this case)

We also define ¢; = 1"mp?! which represents the remaining total probability mass. Correspond-
ingly, we denote the set of information Z7 = {2/, mp’!,... , mp’", ¢;}.
Given a set of information Z7, we say it is valid if it satisfies the following four conditions: 1)

2zl € {—1,0,1}"; 2) mp’* € |0, 1]2*2’3" for all i € [n]; 3) mp’’, > 0 for all i € [n], where we denote

3,
end

mp?’; as the last element of the vector mp’*; and 4) 1 mp?‘ =¢; for all i € [n].

By induction, we now show that Z7 is valid for all j € [2n +1].

First, when j =1, the conditions 1), 2) and 3) are obviously satisfied. The condition 4) is also
satisfied since 1 mp"' =P*(z; = —1) +P*(%,=0) +P*(z;=1) =1 for all i € [n], and ¢; = 1.

Suppose Z7 is valid for some j € [2n]. Based on the algorithm, the elements in Z/*! are obtained as
follows. First, p; = min{mp"', ..., mp}"}, r; = min{i € [n] | mp}* = p;}. After that, 2/+! = 2/ +e.;.
We now prove that sz # 1 by contradiction. Assume to the contrary, i.e., zﬁj =1, then mp?"i € R,
we have ¢; = 1Tmp?" = mp]”’ = p;. For any i € [n] \ {r;}, we observe i) mp}’ > p; = ¢, (the

inequality is because of our choice of p;); ii) mp’’, > 0; and iii) 1 "mp’* = ¢; and mp’* > 0.
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The last two observations are because Z7 is valid and hence satisfies conditions 2), 3) and 4).
Hence, we have mp’’ € R and then 2/ = 1. That implies 27 = 1. We notice that for any ¢ € [j — 1],
2! = 2t 4 e; for some i € [n]. So moving from z! = —1 to 2/ = 1 requires 2n steps, i.e., j =2n+1,
which contradicts j € [2n]. Hence, zﬁj =1 is false, and we must have zﬁj € {—1,0}. We can conclude
that 2" =27 +e, €{-1,0,1}", the condition 1) is satisfied for Z/*'. As a result, condition 2) is
obviously satisfied by the way mp? is calculated.

With the algorithm, we know mp’*!"i can be obtained from the vector of mp’’i by removing

Jj+1,r;
end

the first component. Therefore, mp = mpiﬁ > 0, the condition 3) is satisfied when i = r;.

T j+lr; 4T i Jirj 1T i+1,7;
Moreover, 1 ' mp’*" =1 mp’"i —mp; ’ = c¢; — p;. We also observe ¢; — p; =1 mp’™>"7 >

.
mpiid 7> 0 and hence ¢; > p;.

+1

For any i € [n] \ {r;}, since 27" = 2/, mp/*" and mp’* are both of dimension (2 — z/*1%), they

differ only at the first dimension; in particular,
Jyt : _
j+1i_ J mpyt —p; ifs=1 38
P {rnpgZ if 27 €{-1,0} and s #1 " (38)
We note that if /™" = 2/ = 1, then mp’’, mp/*1 € R,, and mp}’ =1 mp’’ = ¢; > p;, mp/[]" =

J+1,3 J»t

Jj+1,1 _
1 end T mpcnd

mp =mp]’ —p; >0.If 2t =2/ € {—1,0}, obviously mp > 0. Therefore, condition
3) is satisfied for i. Moreover, by Equation (38) we also know 1 'mp’*» =1"mp’ —p; =c; — p;.
Since we have previously obtained 1" mp?™'"i = ¢; —p;, condition 4) is also satisfied. We conclude
77+ is also valid and it finishes the induction, i.e., Z7 is valid for all j € [2n 4 1].

Now, for any j € [2n+ 1], we define Q7 as the set of all mass functions with the marginal mass
given by mp’!,..., mp’" and the possible realizations forming a chain. More specifically, define

wi e {—1,0,1}*# by ‘
(—1,0,1) if 2/ =—1
w'=<¢ (0,1) if 27 =0
1 if 2/ =1

which is the vector of all possible realizations at dimension 7, i € [n], and W/ ={z | 2/ <z <

1} N{—1,0,1}" which is the set of all possible realizations of vector z; then

S VI D cewiin—uii /7 (Z) =mpl?, i€ [n],s€[2—2]]
o= {f] W= [0.1] {z f?vj(z) >0} forms a chain } :

Noticing that W/l = {z ewW’

2, 7 zﬁj }, we define another set Q7 by

fJ:EZ;)ZPj | | |

Ny . , fi(z)=0, Vz € W7 such that z,, =2)  z# 27

Jj — J . J T

Q=< W —[0,1] Fi(z) = f7H1(2), Yz € Wit ! ’
fjHEQjH

We next prove Q7 = i
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First, consider any f/ € Q7. Suppose there exist z° € W’ with = zﬂj and z° # 2z’ such that

/7(2z°) > 0. That implies the existence of s € [n]\ {r;} such that 22 > z7. Hence,

Yoo fle)= Y. Fl)- Y. Fl)=p— Y. fe)<pi- PR <p,

. Sy =2 . .
zer:zrj Z’_‘j zZEW. 2 sz ZGWj:ZTJ Zr.]» ZGWjCZT] Z’”_j
zs=2) 2s72) ER
J — J J - J
> Flz)= >, Fl)- D () =2 p > f(z)>0.
J R | —.J =]
zEWJ':ZT]'>Z7TJ' zEWTizg=2zy zer:er va‘j zEWj:ZTJ zr‘j
zs=2) 2s=2) zs=22

Therefore, we have z* € W” such that 27 > 2] =27, 2z =2, <z and f/(2") >0, contradicting

that {z | f/(z) >0} forms a chain. Therefore, f’(z) =0 whenever z € W’ has z,, =2} ,z # 2/,
and f7(z7) = mp]" — Zzewf,z,.j:zij,z;ézj f7(z) = p; — 0 =p,. Therefore, f’ satisfies the first two
conditions in Q7. The corresponding fi+! is in Q/*! can be easily verified by showing the chain
structure and checking the equality constraints on the marginal mass. Hence, we have f7 € Qi
We now prove the reverse. Consider any f7 e Q7 and we check whether it satisfies the two
conditions in Q7. The first condition, which is on the marginal mass, can be verified by standard
algebra. The second condition, which is on the chain structure, is straightforward. Therefore, we

have f7 € Q7. We can conclude that Q7 = Qi for all JjE€2n+1].

Finally, by representing @/ in the form of 7, with recursion we can easily get

f(z")=mpi, i€[2n] ‘
f(2)=0, VzeW'\{z\ic2n]}\ W

Ql=4qf W —=[0,1] f(z) = f(z) Yz € Won+l (39)
f‘ c Q2n+1
We note that since 27 € {—1,0,1}", 2! = —1, and any time the movement from 27 to 27! is to

increase one dimension by 1 while maintaining other dimensions unchanged, and hence we have

z?"+1 = 1. Therefore, W?"+! = {22"+1} Then by Equation (39)), we have

1 VAN fZi: i, 1€ 2n+1]
< :{f.w —[0.1] ) féz)):(f Vz[e)/\/l\{zi,ie[%ﬂ—l]}}

Hence, the result is proved. O

C.4. Proof of Theorem [i]
We define the function f(x) as
f(x)=min v'l

s.t. RIL> Z pib Yk ke [K]
i€[2n+1]
Wz + Uy >V2" 4% ke[K],ic[2n+1]

1>0,



48 Long, Qi, and Zhang: Supermodularity in Two-Stage DRO

then Problem @ is equivalent with minger f(x).

We further denote Xj., = {x € X | suppcrEp[g(x, Z)] < 00}. Recall that we assume Problem
has finite optimal value, so X}, # 0.

Consider any x € X'\ X}.,, we have

oo =supBp [g(x, 2)] =max{ > g sup B [g(z,2)] | g€ Q
PEF ke[K] PreF*

Since any feasible g € Q C {q € R | 3, _x, qx = 1} is bounded, there must be k € [K] such that
oo = sup Epi[g(x,2)]= > plg(a,z"),
PkeFk i€2nt1]
where the last equality follows from Proposition [3| Again, since p¥ € [0,1] for all i € [2n + 1],
there exists a specific i € [2n + 1] such that g(x, 2%%) = co. It is equivalent to the infeasibility of
the constraint Wax + Uy** > V2" 4+ v° which is involved in the problem defining f(x). Hence,
f(x) =oc.

Therefore, Problem (@ is equivalent with mingex,,, f(z). We notice that Problem is
equivalent to mingex,,, Suppe r Ep [g(x, Z2)]. Hence, for proving this theorem, now it suffices to
show that for all & € Xy, we have supp.rEplg(x,2)] = f(x). To this end, consider any
x € Xj.,, we then know supp.rEp[g(x,Z)] is finite. Notice that 1) supp.r Eplg(z,2)] =
max{zkem Qk SUPpk ¢ 2k Epr [g(2, 2)] ) qe Q} and 2) by the assumption on Q, for any k € [K]
there exists g € Q with ¢, > 0. Hence, for all k € [K], suppkc zx Epr [g(2, Z)] must be finite. It implies

that g(x, 2) is finite for all z € [2*,Z"]. Moreover,

sup Ep [g(x, 2)] = maxq > qp sup Ew[g(z,2)] | Rg<v,q>0

PeF ke[K] PkeFk
R[1> sup Ep[g(x,2)], k € [K]
=min{ vl Pk Fk
>0
= f(z),
where the second equality is due to strong duality. O
C.5. Proof of Corollary
It has been proved in the proof for Theorem ]

C.6. Proof of Proposition
We first prove the “if” part. Suppose S(x) is an inverse additive lattice, then given any z’, 2", p, q
with (p,2'A2"),(q,2'V2z") € S(x), there exist y', y” such that (v, 2'), (y",2") € S(x) and y' +y" =
P+ q. We then have

g(x,2) +g(x,2")<b'y' +b'y" =b'p+b'q.
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Taking the minimum on the right-hand-side over all p,q with (p,z’' A 2"),(g,z'V 2") € S(x), we
obtain g(x,2z’) + g(x,2") < g(x,z’ N2")+ g(x,z' Vv 2").

Next we prove the “only if” part by contradiction. Suppose S(x) is not an inverse additive
lattice, then there exist z’, 2", p,q with (p,2’' A2"),(q,z'V 2") € S(x) but p+ q ¢ W, where the
set W is defined as W={r+s | (r,2'),(s,z2") € S(x)}. According to the definition of S(x), we
can easily see that W is convex and closed. By the Hyperplane Separation Theorem, there exist a

vector 17 and a real number A such that,
n (p+q)<i<nw Yw e W.

Consider the second-stage cost function g(x,z) (defined in Equation (1)) with coefficient b= 7.
We have

g(x,2') +g(z,z") =min{n"y | (y,2") €S(2)} +min{n"y | (y,2") € S(z)}
=min{n'(r+s) \ (r.2'),(s,2") € S(x)}
=min{n'w | weW} >\
g(w, 2’ N2")+g(x,2'VZ")=min{ny | (y,2’A2")eS(x)} +min{n"y | (y,2"Vz")eS(x)}

<n'(p+q) <\

Therefore, g(x,z') + g(x,2") > g(x, 2’ N2")+ g(x, 2’V 2"), which contradicts the supermodularity.
The “only if” part is completed. O

C.7. Proof of Theorem

Based on Proposition 4} the above theorem is equivalent to this statement: S(x) is an additive
inverse lattice for all  and v° if and only if U and V satisfy one of the two conditions in the
above theorem. We prove the equivalent statement as follows.

First we prove the “if” direction by contradiction. Suppose there exist & and v° such that
S(x) is not an additive inverse lattice, i.e., we have 2/, 2", p,q with 2" =2' A 2", 2V =2'V 2" and
(p,z"),(q,z") € S(x), such that y’' +y” # p+ q holds for all y',y"” with (vy',2'),(y",z") € S(x).

We denote c= —-Wax+0°, t'! =Up—-Vz">e¢, t>?=Uq— Vz" > c. Here the two inequalities
are due to (p,2"),(q,z") € S(x) and the definition of S(x). We define a set W as

W={yeR" | ' )+ V2 <Uy<({t'VE*)+Vz'}.
Note that W should be an empty set, otherwise there exists a y° € W and hence

Uy’ -Vz' >t At} >e,

Up+q—y°)—V2'=Up-V2"+Uq—-Vz'— Uy’ -V2)>t'+t2 - (t'vt*) =t' Art> > ¢,
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which implies both (y° 2'),(p+q—1vy° 2") € S(x), and contradicts the previous statement on
y',y"” resulting from the assumption.

We now show that the first part of the condition in our theorem is not true. If rank(U) =r, we
can solve y with Uy = (¢ At?) + V2 < (¢' Vt?) + V 2/, which contradicts the emptiness of W.
Therefore, rank(U) <.

We then focus on the second part of the condition in our theorem. The emptiness of W leads to

the infeasibility of the following optimization problem:

max 0

e [Glus] Crepve)

Furthermore, by Lemma |4 we know that there exists Z C [r],|Z| = rank(U) + 1 with rank(Uz) =
rank(U) such that the problem

max 0O

UI (t% V t%) + VIZJ/ (40)

is also infeasible. We write the dual of as follows,
min ' ((E;VE3) +Vz2') — s’ ((EAE7) + Vi2)
s.t. U (r—s)=0 (41)
r,s >0.

Observing that » = s =0 gives a feasible solution of , the infeasibility of the primal problem
implies the unboundedness of the above dual problem. Therefore, there exist r,s > 0 with U (r —

s) = 0 such that the following inequalities holds,

0>r" ((Er V) + Vi) —s' ((tzAE3)+ Vi)

v’ (((p V) +Viz' —Uzq) —s' ((tr N t3) + Viz' — Uzq)

>l (t% + V2 — UIq) —s' (t% + V2 — UIq)

=(r—s)"Vz(z' - 2),
where the first inequality is obtained from the unboundedness of , the first equality is due to
U/ (r — s) =0, the second inequality follows from t1 At2 <tl <tl V¢, and the second equality
comes from t2 = Uzq — Vzz". We remark that in the above equation, if we use Uzp instead of Uzq

in the first equality, and ¢} instead of ¢ in the second inequality, then 0 > (r — s) " Vz(2’ — 2") can

be obtained similarly.

/ !
zV A

We define Al = (’l" — S)TVI(Z/ - Z\/), AQ - (r - S)TVI(Z/ - Z/\), and ﬁ: z ; B A
1 2

We have three observations on 3. First, 3> 0 since A, A, <0 and 2" <z’ <zV.
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Second, V8 € span(Uz). To see this, recall that for any matrix, its column space is the orthog-
onal complement of the null space of its transpose; therefore, we can equivalently show that
null (U7 ) Cnull ((VzB) "), where null (+) is the null space of a given matrix. Since |Z| =rank(U) +
1 =rank (Uz) + 1 =rank (U} )+ 1, null (U} ) is of dimension 1. That implies for any w € null (U} ),
we have w = k(r — s) for some k € R. Therefore,

(V2B) w = k(r— ) VoB =k ((’r - s)TXIl(z’ —2") (r- S)TXI;Z/ - zA)> _k(1-1)=o0.
That is, w € null ((Vz3)"). Hence, null (U; ) Cnull (VzB) ") and then we have V73 € span(Uz).
The third observation is that there exists some i € [n]| such that (Vz),;8; ¢ span(Uz). To show

this, we denote H = {i € [n] | 2} < z/'}. We then have for every i € H, 2z = z z; = 2! and hence

M / v
/Bi:

z— 2, " . zi—2z  z— %
. In addition, since for every i € H, 20>z, —
Al Y y [ ] \ ) 3 7 Al Al

=0, we have

(r—s)TZ,Bi(VI (r—s) Zﬁl V)i Z 0-(Vz), :(r—s)TVIZ/_Zv

: Ay
i€H i€H i€[n]\H

=1

Hence, (r — s) ¢ null ((Zie% ﬁl—(VI)Z—)T), which implies that null (U]) is not a subset of
null ((Zle% 6i(VI)i)T>. Consequently we have ), 6;(Vz); ¢ span(Uz), implying that there
exists some i € H such that (Vz);5; ¢ span(Uz).

With the three observations, we have a contradiction of the second condition in Theorem

We next prove the “only if” direction by contradiction. Assume the condition in the theorem is
not satisfied. That is, rank(U) < r and there exist some Z C [r], B € R} satisfying |Z| = rank(U)+1
rank(Uz) =rank(U) and Vz8 € span(Uz), such that f,(Vz); ¢ span(Uz) for some i € [n]. Note that
in this case, we can find a vector a € ™ such that Uza = V3.

We arbitrarily choose z" € R*,pe R™ and let 2V =2"+08>2",q=p+ «, then Urp — V2" =
Uz(q — a) — Vz(zV — B) =Uzq — VzzY. We also arbitrarily choose x, and then choose v° such
that c=—-Waz +v° is with ¢z = Uzp — V72" and ¢; being sufficiently small for all j ¢ Z . Then
we have (p,2"),(q,z") € S(x). We further define z’ = z" + S;e;,z" = z¥ — [B;e; so that 2/ A z" =

2", 2'V 2" =2zV. Then we have
cr+ Viz' = ez + Vi(2" + Bie;) =Uzp — Vz2" + Vz(2" + Bie;) = Uzp + B:(Vz); ¢ span(Uz),

where the last relationship holds since Uzp € span(Uz) but 3;(Vz); ¢ span(Uz).
Hence, {y e R | Ury = ¢z + Vzz'} =0, i.e. for any ¢’ satisfying Uy’ — V 2z’ > ¢, there exists j €
such that ujTy’ — vaz’ > ¢;. If there exists some y” with Uy” — V2" > ¢ satisfies y' +y" =p +q,
Ury" = V2" =Uz(p+q—y') - Vz (2" +2" - 2')
=Uzp— V2" +Urq— V2" — (Uzy' — Vz2')
=2c7; — (Ury' — Vz2'),
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then we should have 2¢; — (u] y' — v/ 2') < ¢; for the above mentioned j, which contradicts the

assumption (y”,z"”) € S(x). Hence we prove the necessity of the conditions on U, V. O

Lemma 4 (Chen et al. 2021) Consider any matriz U € ™™ with rank(U) < r. Suppose that
system { (—]I:j’f;i e s infeasible. Then there exists T C [r] with |Z| =rank(U)+1 and rank(Uz) =

UIQ'J < Cr

Uz < —c, 18 also infeasible.

rank(U) such that system {

C.8. Proof of Proposition

“«<" Assume there exists a 2 x 3 submatrix of U° such that any pair of columns in it are linearly
independent. WLOG, let U{"172}){172)3} be such matrix and we denote it by A=[A; A, A3] € R?*3.
WLOG, assume Az =t; A, +ty A, with ¢y, >0. Choose VI =1,,.,,, Z=[m+2]\ {3}, B=tie; +
tres >0, o=t e +t,e, —e3. We then have V3 =t1e; +1tse,; at the same time, Uz =t,e, + 1€,
since Az = t1A; + t2Ay. Hence, V73 = Uz € span(Uz). However, (Vz),5; = fie; & span(Uz).
Therefore, the second condition in Theorem [2|is violated, there exists an instance of g(x, z) which
is not supermodular in z.

“=" Assume that every 2 x 3 submatrix of U° contains at least one pair of column vectors
which are linearly dependent. We prove the result by showing the second condition in Theorem
is always satisfied. To see this, consider any Z C [r| such that |Z| =m + 1, rank(Uz) = m. Let
Zy=ZN[m] and Zy=ZN{m+1,...,r} be a partition of Z, hence the submatrix Uz, is extracted
from I,,,x,,, and Uz, is from U°. We further let [J;, J, be a partition of [m] such that Uz, 7, contains
all nonzero columns in Uz, and hence Uz, 5, = 0. Noting that Uz, contains rows extracted from
L., we know Z; = J,. Hence, |Zy|=m+1—|Z;|=m+1—|Ti|=m+1— (m—|%]|) =|T| + 1.

We illustrate the partition of Uz as follows,

U, — [Uzl} _ [Izlle Oz, 1x1701 |
UIO UIOJ 1 UIO ,Jo

We first prove that there exists a unit vector p € R%0l, such that it is orthogonal to span(Uz, 7,)

and span[Uz, 7, p| = 7ol Notice that Uz is of full column rank, and hence so does its subma-
trix Uz, 7, = REARE] , which implies Uz, 7, € R%0/*I%l is also of full column rank. Therefore,
To,J0

span(Uz, 7,) is of dimension |Jy| = |Zy| — 1, the existence of p can be proved.

We now show that the orthogonal unit vector p can be chosen such that for all ¢ € J;, there
exist some s; € span(Uz, 7,) and 7; > 0 such that (Uz,); = s; +7;p. For those ¢ € J; with (Uz,); €
span(Uz, 7,), we always have ; = 0 regardless of the choice of orthogonal vector p. Now we consider
any given j € J; with (Uz,); € span(Uz, 7). Since span[Uz, 7, p|] = K%/, we can surely represent
(Uz,); = s;+,p for some s; € span(Uz, 7,) and ~y; # 0. Moreover, the unit vector p can be chosen

(as —p, if necessary) to make 7; > 0. Consider any k € J; \ {j} with (Uz,); € span(Uz, 7). Denote
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Q =[(Uz,); (Uz,)r Uz, 7). Notice that every 2 x 3 submatrix of U°, and hence that of Q, contains
at least one pair of column vectors which are linearly dependent. By Lemma [5] there are at least
one pair of columns in @ which are linearly dependent. Since Uz, 4, is of full column rank and
(Uz,);> Uz, )i ¢ span(Uz,, 7, ), the two linearly dependent columns can only be (Uz,);, (Uz, s, i-e.,
(Uz,)r =¢(Ug,), for some ¢ # 0 (recall that both (Uz,), and (Uz,); are nonzero vector since they
are not in span(Uz, 7,)). As all components in the same row of U are with the same sign, we know
¢ > 0. Therefore, (Uz,)r = ¢ (s; +v;p) = (s; + (y;p where (y; > 0.

We are now ready to prove the second condition in Theorem [2| holds. Consider any 3 > 0 and
a such that V28 = Uza. Observing the first block, characterized by Z;, we have V7,8 =U7z, a =
(Lxm)z, @ = az,; since V', 3 are both nonnegative, we have a7, > 0. Observing the second block,
characterized by Z,, by Vz, =0, we have

(81
0= VI()/G = UIoa = [UIO731 Uonjo] |:a§1 :| = U:Z:Ovjl agn + UIo»Joa(fo =S +p2 Qi (42)
0 iEN

for some s € span(Uyz,, 7, ). Here we denote the index set N ={i € J; | (Ug,): & span(Uz, ,)} and
hence the last equality above holds due to the argument proved in the last paragraph. Moreover,
since s and p are orthogonal, by we have ). . a;; =0, which implies o; =0 for all i € N,
as we have already known v; > 0, a; > 0 holds for all i € N (recall that N C J, =Z;, and a7, > 0).
Therefore, the equation 0 = a; = ] a = v, 3 holds for any i € N/, where the last equality is due
to VzB=Uza. As V,3>0 for all i € N, v/ 3 =0 implies v;8; = 0 for all k € [m]. We now
consider any j € [m] and it remains to show (Vz);8; = Uzn for some n € R™. To this end, we choose
n € R™ with n; =v;;8; for all i € J; =7, and we determine 7, later. Then u/n=mn; =v;;3; for
all i € J; =TI,. We additionally observe that n; =0 for all i € N/, following from v;;3; = 0. We now

move on to Zy, and have

UIon = [UIOajl UZOJO] |:nj1 :| - UIO’jlnjl + UZo,JOnJO = Z Sifi + Uzo’jonj()’
N7 ieJ1I\N

where the last equality is due to that when i € A/, ; =0 and when j € 71\ N, (Uz,); = s, +vu
with 7; = 0. Since s; € span(Uz,, 7, ), we can choose 17, such that >, 7\ v 8 + Uz, 7Nz, = 0. In
this case, Uz, =0 = (V7,),5;. Hence, we conclude (Vz);5; =Uzrn € span(Uz). O

Lemma 5 (Chen et al. 2021) Consider any matriz Q € R+ with rank(Q) = s,5 > 2. If
every 2 x 3 submatriz of Q contains at least one pair of column vectors which are linearly dependent,

then Q has at least one pair of column vectors which are linearly dependent.
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C.9. Proof of Lemma [2]

For notational simplicity, we remove the superscript k& throughout this proof. To see ¢?,...,*" !
are vertices of a 2n-simplex, it suffices to show these 2n + 1 points are affinely independent. That
is, we need to prove that ¢* — ¢!,...,¢? "t — ¢! are linearly independent. First, we scale each
elements in w?, v*, ¢’ such that all nonzero elements become 1 and denote the corresponding vectors
as &', 0, C'. Notice that we still have ¢ = [‘gi] . In this case, @' =1,0! =0 since z! = z, @?"*! =

2n+1

0,0*" 1 =1 since z = Z. Moreover, we have

{(.:)i _ wi+17@i+1 o ﬁz} — {07 eﬁi}

for some k; € [n], i € [2n]. This follows from that z**! — 2" has exactly one nonzero entry, the index

of which is denoted as k;. Specifically, for the r;-th entry where z* moves to 2™, 1) if the move is

0
2) if the move is from the mean to the upper bound, then @' =& vt = ¥’ + e, and hence
éi+1 _ éz _ 0
lower bound to the mean, and one from the mean to the upper bound. Therefore, the matrix

[62 — (1. g —62"} = _I(’;X” IO P for a 2n x 2n permutation matrix P. Notice that
nxn

Cie [((u;— —2;) %) jen) ] _ {diag(u—z) 0
((Z5 = p5) - 05) jeqzn 0 diag (2 — p)

N N » Ny - N e,
from the lower bound to the mean, then w't' =&" —e,,, "' = 0" and hence 't — (' = [ " ] :

. We also notice that for each dimension, there is exactly one move from the

] ¢i for all i € [2n+1]. We then have

2 1 2n+1 2n diag(p—z 0 2 A1 Fon41 _ Fon
L R S R S | SN S
. -dlag(u—g) 0 ] |:_In><n 0 :|P
_ [diag(z—p) 0 ],
- 0 diag(z—p) |~
This implies that the matrix [(* — ¢! -+ ¢**T! — ('] are also invertible. O

C.10.

Proof of Proposition [6]

We first let V44, and Vig4, represent the optimal values for Problems @ and , respectively.

Our aim is to show that V4t = Viar.

We first prove Vigapt < Vigr. To show this, we define a new problem by relaxing Problem @ such

that the constraints of second-stage problem apply only to the realizations 2" k € [K],i € [2n+1]

and denote the optimal value as V.., i.€.,

reX.

erelax =min aTm + sup ]EIP’ [bTy(];’i’ 2):|
PeF
s.t. Wa+Uy(k,2")>VzH +0° ke[K],ic€2n+1] (43)
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” 13 M b)) M
and “ming )" equiv-

By the minimax theorem (von Neumann 1928), we can interchange “supp
alently. Omitting the dependency between y and the uncertainty realizations, we rewrite V,¢qp =
mingey @'+ suppe » Ep [¢' (x, 2)], where
, min {b"y ] We+Uy>Vz+0°'} ifze Uke[K]{zk’l, S
9 (@, z) = -
—00 otherwise.
Fixing any « € X, we recall that pF, 2" k € [K],i € [2n+ 1] returned by Algorithm [1| gives a worst-
case distribution to Problem @, and, at the same time, is an admissible probability distribution

to Problem because the two problems share the same ambiguity set. It follows that

‘/adapt — HllIl a’ x+ sup ]E]P’ [ (CC, Z)]
zeX PeF

=min a'z+max E arpig(x, z"")
reX qeQ
ke[K]i€[2n+1]

. . T k ./ k,i
_Imnel/g a T+ max Z qkD; 9 (937Z )
ke[K]i€[2n+1]

<min a m+sup Ep [¢'(, 2)] = Viclaa,
xeX

where the second equality follows from Proposition [3| the third equality holds because g and ¢’
have the same value whenever z € Uke[K]{zkvl, oo, 22 and the inequality follows from the
feasibility of the distribution characterized by p¥, 2% i € [2n +1].

Further, we observe that Problem can be directly obtained from Problem by imposing
a restriction of linearity structure on y(k,z). This implies any feasible ®*, ¢* to Problem
determines a function y(k, z) that is feasible to Problem . Hence, V,c102 < Vigr. We then conclude

that Vigapt < Vielae < Viar-

We next show V,gapt > Vigr. To this end, we construct a recourse decision rule that is feasible to
Problem and returns the optimal value of Problem @

We first consider the case of fixed scenario; for brevity, we remove the notation k& (or l;:) that
denotes realized (or random) scenarios. The construction is similar to the proof of Bertsimas and
Goyal (2012, Theorem 1). Define auxiliary uncertain factors @ = (u—2)*, 0= (2—p)", ¢ = (@, D),
and let w, v, ¢ be the counterpart when 2 is realized as z. Then Z=p—&0+0 = pu+|[—IL,xn Lyxn] f,

|Z2—p| =&+ =L, I..,]C. Define

z)*t

yopt(z) = ®opt |: gg_“)+:| + ¢opt = ®optc + ¢opt~

For all i € 2n + 1],

Yot (2°) = Yori 4 O (¢F — (2T

= yi’ft“ + [yopt yi{ftﬂ ygpt yg&“] D~ I(CZ - C2n+1) (44)
__ p,2n+1 2n+1 2n 2n+1
- yopt + [yopt Yopt o yopt Yopt ] €;

= yopt7
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where the third last equality holds because ¢ — ¢*"*! = De; for all i € [2n]. We notice that
by, (2), as a linear combination of (u — 2)™ and (z — )™, is supermodular in z because it is
separable. Now, utilizing the worst-case distribution given by Algorithm 1], we get

sup Ep [bTyopt(i)] = Z pib Yo (2')

Per i€[2n+1]

= Z pib’ yZpt

1€[2n+1]

- Z pimin{bTy ‘ Wz, +Uy>Vz' +vo}
1€[2n+1]

=sup Ep [g(moz)t’ 2)] .
PeF

The first and last equalities follow from the supermodularity of b y,,:(z) and g(x,,,2) defined
by , respectively. The second equality holds since Yo (2*) = i, € [2n + 1] (as shown in (44))),
while the third one follows from the definition of y; . It follows that the worst-case expected cost
returned by ,pt, Yope(2) is the same as the optimal value of Problem @ Further, we can observe
easily that the solution @,,:, Yop:(2) is feasible for Problem .
We next consider the case of uncertain scenarios. Following the above proof, we define y,,:(k, z)
as
Donlh.2) = O | (D (45)
It is supermodular in z and for any realized scenario k, supprcrr Epr [0 Yopi(k,2)] =

suppk ek Epr [min {b"y ‘ Wz, +Uy>VZzZ+v°}]. Hence
aTmopt + sup E]P’ [bTyopt(lgv 2)i|
PeF

= a' T,y —f—I;leaé( Z ar sup  Epe [ yop(k, 2)]

k k
ke[K] PreF

= a' T+ max Z qr sup Epi [min{b'y ‘ W, +Uy>Vz+o'}]

ke[K] PkeFk
= a'@oy +sup Ep[g(op, 2)]
PeF
= V:J,dapt~
Similar to Equation , we can check that yo,(k, 257) € min {b"y ‘ W, + Uy >Vz+v°} for
all k € [K],i € [2n+1]. It follows that .y, ©F,, @k ., k € [K] is a feasible solution to Problem .

Therefore, we can conclude that V4, < V,gapt. Hence, we have Va0t = Vigr and @1, (-)’jpt, qbffpt, ke

[K] is an optimal solution to Problem (1)) O

C.11. Proof of Theorem [3]
Following the proof for Proposition @, we denote by y.,:(k, z) the linear decision rule defined by
(45)). To complete the proof for this theorem, based on Proposition |§|, it suffices to show y,:(k, 2)
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is feasible, i.e., (Yopi(k, 2),2) € S(x), for all z € (5 2", Where ZF = Wicpm{zF, pk,zF}. We first

T

prove the following claim and then show the feasibility by induction.

Claim. Fir any scenario k. For all 2',2" € Z¥ with 2" =2'N2",2¥ =2'V 2", if (you(k,2"),2"),

(Yopt (K, 2Y),2Y), (Yope(k, 2'),2") € S(x), then (Yop(k,z"),2") is also in S(x).

Proof of Claim. Since the function y,,:(k,z) is separable in z, hence, it is both supermodular
and submodular in z. Therefore, Yo (k, 2’) + Yopt (k, 2”) = Yopt (k, 2") + Yopi (k, 2V), or equivalently,
Yopt (K, 2") = Yopt (K, 2") + Yopt (K, 2¥) — Yope (k, 2'). With the condition in the theorem satisfied, the
claim follows directly.

For all k € [K],i € [2n+ 1], recall that by the proof for Proposition [6] y.,:(k, ") is the optimal
second-stage decision when the uncertainty is realized as z"'. This implies y,,:(k, 2) is feasible
for all z € {z" | k € [K],i € [2n+1]}. Fix any scenario k, define Z* ={z € Z¥ | z <z} for all
i € [2n+1]. Observe that Z¥! = {2F1}, we know y,:(k, ) is feasible on Z*¢ when i =1. Next we

inductively show the feasibility on Z* for all i € [2n + 1]. Specifically, we assume the statement

holds for a given i € [2n+ 1], and consider for the set Z¥+!. By definition, 2"*! deviates from 2"
. . Lo kil ki kyitl _ ki .
in only one dimension, i.e., 2" > 2" for some [ € [n] and 2" "' = 2" for all I # [. By assumption,
. . ~ ; ; . ~ k41
it suffices to prove the feasibility for any 2 € Z%+!\ Z*i In this case, we have %, = z""' and
~ ki , . A a AN (2 ~ kji+l 4 N . ki
Zp <zt forall ' #1, ie, 2=(21,...,%2,) = (%1,.. -, 21,2, 2415+ -+, 2n). Choosing 2’ = 2" =
ki ki ki ki ; . .
(272 20, -, 20t) and 2" = 2, we obtain
AN "N __ (2 2 kya o A Zk,i
2N =2'N2"= (%1, 21,2 Zie1s -5 2n) € ,
(Y " __ ki ki kyi+1  _k,i kya\ _ k,i+1
2V =2'Vv2 =T ) =2 i

Since yopt (k, z) is feasible when z = 2/, 2", 2V, by the Claim we conclude that y,,.(k, 2”) = Yopi (k, 2)
is also feasible. Notice that Z*¢ = Z* when i = 2n+ 1, and the same proof goes for any k € [K], we

complete the proof. O

C.12. Proof of Proposition [7]
It is obvious that —r'x + (r — s)(x — z)" is decreasing and supermodular in z. Thus, we
can apply Proposition Specifically, by substituting @ = —r and g(x,z) = (r — s)(x — 2)T =

min {(r -s)'y } y>x—z,Yy> 0} in the formulation , we obtain the following reformulation



58 Long, Qi, and Zhang: Supermodularity in Two-Stage DRO

for Problem ,

min v'l
st Ryl> > pif*, ke [K]
i€[2n+1]
Y >z — M ke[K],i€[2n+1]
y™i >0, ke[K],i€[2n+1]

e (—rTe+(r—s) Yy +d;, ke[K]|,ie2n+1],j€[J],
l20, wexnews’

where p¥, 2%, k € [K],i € [2n+1] are the output of Algorithm [I]given the ambiguity sets ", k € K]
defined by Equation (4)). O

C.13. Proof of Proposition
Notice that is a special case of the formulation with u(w) = %w*, a=-r and g(x,z) =
min {(r -8y } y>xr—z,y> O}. Hence, a direct application of Corollary [3| gives the following

reformulation,
min 0+v'l
1 .
st RII> > = phfhi ke [K]
i€[2n+1]
yhi>x— 2 ke[K],ie[2n+1]
y"' >0, ke[K],ie[2n+1]

ffi>—rTz+(r—s)"y" -0, ke[K],ic2n+1]

fEi>o, ke[K],ie2n+1]

>0, xecxms,
where p¥, 2%, k € [K],i € [2n+1] are the output of Algorithm [I]given the ambiguity sets 7", k € [K]
defined by Equation . O

C.14. Proof of Proposition [9]
We prove the supermodularity by showing that Problem satisfies the conditions in Theorem
We first reformulate Problem as the sum of m sub-problems. Denote

Zie[n] yij =1

I(x,z) =min CiiVii
7'(w2) 25 | Lz i

i€[n]

Then it can be verified that g(z,2) =", ¢’ (x, z). Hence, it suffices to prove the supermodular-

ity of g/ (z, z) for all j € [m]. Observing that « € {0,1}", we denote S={i€[n] | z;=1} and T =
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[n]\S. It follows that the constraints in defining ¢’(x, z) can be reformulated as U (Y1, ..., Yn;) —

Vz>vY, where

]_T
_1T
1 1
U= Ian c %(2+2n)><n’ V= |:0(2+n}T)><n:| c %(2+2n)><n’ ’UO — -1 c §R2+2n‘
T —4Ss 0
T 2nx1
—1Is

Here Ir,Ig are the submatrices of I, consisting of rows which are indexed by elements in
T,S, separately. Note that rank (U) =n < 2n + 2. We hence can apply Theorem [2| to prove the
supermodularity of ¢7. To this end, we consider any index set Z such that |Z| =n+1 and rank (Uz) =
n, any 3 >0 R, o € R” such that

ViB=U;zc. (46)

Consider any j € [n], we need to show 3;(Vz); € span(Uz). If §;(Vz); = 0, the result is straightfor-
ward. We now consider only the case that §; >0 and (Vz); #0.

By (Vz); # 0, we have V; # 0. Based on the structure of V', V; has only one nonzero element
and indeed, there exists a unique i such that V; = —e; € R*"*2. Moreover, i € Z, i >2+n + [T/,
Vi; = —1is the only nonzero element in the ith row, i.e., v; = —e; € R". Therefore, by , we have
u/ a=v B =—p4;, implying a; = 3; since U;; = —1 is also the only nonzero element in u;. We
now show that for U;, only zero element from blocks I,,,, and —I7 are included in (Uz);. Assume
to the contrary, i.e., there is a k € {3,...,2+n+|T|} NZ with Uy; # 0. Note that Uy; is the only
nonzero element in wuy. Hence, u, a =Uy;a; #0, v 3=0"3 =0, contradicts with and k€Z.
Therefore, Uy; =0 for all k€ {3,...,24+n+|T|} NZ. Now we consider two scenarios.

In the first scenario, {1,2} NZ = (), then (Uz); has the only one nonzero element which is from
—Is, (Uz); = (Vz);, and hence (3;(Vz); € span(Uz).

In the second scenario, {1,2} NZ # 0. WLOG, let 1 € Z. We then have 37, oy, =1Ta=ua=
v/ B=073=0, where the third equality is due to (46)). From the above analysis, we already have
o = f3; >0, which implies that there exists k # j such that a;, < 0. We now prove that for Uy, only
zero elements from blocks I,,.,, and —I7 are included in (Uz)y. This can be done with the same
logic as that in above when we show only zero elements from blocks I,,., and —Ir are included
in (Uz);. We next show that for Uy, only zero elements from blocks —Ig is included in (Uz)y.
Assume to the contrary, i.e., there is an [ € {2+ n+ |T|+1,...,2+ 2n} NZ such that w; # 0.
Notice that w;, = —1 and v, = —1 are the only nonzero elements in uw; and v;, respectively. We
have u/ o = —ay, v, @ = —f, and hence u, a # v," a since a;, <0 and B> 0. It contradicts with
, and we have that only zero elements from blocks —I5 are included in (Uz);. Therefore, from
the two observations above we can conclude that (Uz), has all elements as zero from the blocks
L.y, —Ir and —Ig. In other words, (Uz), and (Uz); only differs at u;, =0, u;; = —1. We can then
easily have 3;(Vz),; = B;(Uz); — B;(Uz); € span(Uz). O
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C.15. Proof of Proposition
Denote Yy = (Y115---yYniy -+ Yins--+rYnn) € 7. Then the second-stage problem can be expressed

as
g(x,z)= min Z bs;Vs;

s,j€ln]
1 n
o W U P S Pl
For any s € [n], the matrix U*® € R"*" has e, — e; as its j-th column, j € [n]. Denote U° =
[t - U",V°=1I,., and U = [InIiOHQ] € 8%(“”2)”2, V= [OXZJ . Obviously, rank(U) = n?
which is less than the number of rows in U. Therefore, to complete the proof, we now show that
U,V meet the second condition in Theorem

Consider any index set Z such that |Z] = rank(U) + 1 = n? + 1,rank(Uz) = n?. Denote Z, =
ZN[n],Z; = I\Zy, then the rows of Uz, (or Vz,) are extracted from U° (or V?); the rows of Uz,
(or Vz,) are extracted from I,2,,2 (or 0,2,,).

We first let the column index set J, be such that the submatrix Uz, 7, =0, and let J; = [n*] \Jo.
Hence, Uz can be decomposed into four submatrices Uz, 4,,Uz,,7,,Uz,,7,, Uz, ,7,- Recalling that
Uz, is a submatrix of I, there is exactly one entry being one in its each row, and at most one
entry being 1 in its each column. Hence, in Uz,, the number of columns being 0 is n? — |Z;| =
n? — (JZ| — |Zo|) = |Zo| — 1. Noticing Uz is full column rank and Uz, 7, =0, all of the |Z,| — 1 zero
columns in Uz, must be in Uz, 7, . Denote the index set K as the set of column index for those zero
columns in Uz, and Ky = J; \ Ki. Then Uz, 7, can be further decomposed into two submatrices
Uz, x,,Uz, ik, where Uz, i, = 07, x(1zo|-1)-

Since Uz, k., € RIZolx(Zol=1) and it is of full column rank (otherwise it contradicts with Uz being
full column rank and Uz, i, = 0), we have that null(Uy, x, ) is of dimension 1. Recalling that Uz, x,
is a submatrix of UY, each column can only be either +e, or e, — e, for some s, 1,52 € [|Zp|]. Let
N; C[|Zy]] be the index set {s | the s-th entry of (Ug,); is non—zero} for any j € KC;. We observe
that

Vje Ky with [NV;|=1:7,=0 for se N } (47)

mll (Ug, i, ) = {7 ‘ Vje K, with N[ =2:7,, =7, for s;,ss€N;
Consider any nonzero -~y € null (UlT0 7,C1), we now prove that there is no sy, s, such that ~,,,,, are
both nonzero and ~,, # 7,,. Assume to the contrary, i.e., we can find s1,s, such that v, v, #0
and s, # Vs, We construct a vector 4 such that 4; =0 for all 7 such that 7, =0, and 4; =1 for
all 7 such that ~; # 0. As -y satisfies the condition in , so does 4, and hence 4 € null (UIT0 JCl)'
Nevertheless, v and 4 are obviously linearly independent, and hence we have contradiction to that
null (UIT0 7,C1) is of dimension 1. Therefore, we can conclude that all nonzero elements in v have the

same value.
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Consider any n° € R%l, ! € Rl 9 = (n°,n') such that U n = 0. It implies 0 = U n =
U, o, 4+ Uz o,n' = UL o, n°, where the last equality is due to Ug, x, = 0. Hence, n° €
null (UITO’,C 1), whose dimension has been shown as 1. Therefore, n° = k~ for some k € . As we
have shown above, all nonzero elements in v are equal, WLOG, we can have ° > 0. We are now
ready to verify the second condition in Theorem

Given any 8 € R} with Vz3 € span(Uz), as n € null(U; ), we have 0=n"V;8 = (n°)" Vi,B+
(n") V,B=mn"" Vi,B=>icinBi (n°)" (Vz,);» where the third equality is due to V7, =0. Since
1n°>0,Vz, > 0,8 >0, we have that n'j;(Vz), = 5 (n°)" (Vz,), =0 for all i € [n]. Recall that
null(U} ) is of dimension 1, we then have §; (Vz), € span (Uz), and the second condition in Theorem
is satisfied. Thus g(«, z) is supermodular in z for all &, and we obtain the following reformulation

as a simple corollary of Theorem
min a'xz+v'l

st R{L> Y pl Y byl ke[K]

i€[2n+1] s, jE[n

Syl => yhi> se[n),ke[K],ic[2n+1]
J€[n] J€[n]
ys' >0, s€n],j€[n],ke[K],i€2n+1]

>0, x X,

where pf, 2%, k € [K],i € [2n+ 1] are the output of Algorithm|[I|given the ambiguity sets 7%, k € [K]
defined by Equation (4). a

C.16. Proof of Proposition

Let 2 € ®" be such that 2, = &z; for all ¢ € [n], and we define §(xz,2) =
=3, (B— ), j €[t te ]

min 1Ty | 78T &es=i\Ts Tl ’ } Notice that g¢(x,2) = g(=,(&121,..-,6n2n)) =

yr 20, t € [n]
g(x, €, z) defined by Equation

- >3 (G2 —w), jEt],tn]
— 1T Yt = s=j\S8%s s) ’ . 48
o(e.62) =min {17y | V22 1 (49)
To prove the supermodularity of g, we first show g(x, 2) is supermodular in 2, and then prove that

g(x, &, 2)=g(x, ({121, -, &nzn)) is supermodular in (§1,...,&,, 21, 2n)-

To show the supermodularity of g, we first rewrite the problem defining g in its matrix form, i.e.,

Ul Vl
§(x,2)=min {17y | Uy — V2 > -Wa}, where U = Un ERTE VW = v €
Un+1 Vn+1

n2+3

R %" are such that

1 ifs=t

U' € RP*™ are with elements of @, = )
78 0 otherwise

for jet], s,t€[n],
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1 if j<s<t

0 otherwise 77 € [t], s,t € [n],

Ve R>*" are with elements of 17;@ = {

rrn+1l {yn+1 __
U" _In><n7 v _On><n~

We prove §(x, 2) is supermodular in 2 by verify that U,V satisfy the condition in Theorem
To this end, consider any Z C [(n* 4 3n)/2],8 € R with |Z| =n + 1, rank(Uz) = n, and Vz8 €
span(Uz). Note that rank(U) =n, and each row of Uz € R™*V*" has only one nonzero element
which takes the value of 1. Therefore, there exists w € [n] such that U has two row vectors being
e, and exactly one row vector being e; for each i € [n] \ {w}. WLOG, we let RIy,...,RI, be
the distinct row indices such that 7= {RIy,..., Rl 41}, ups, = e€; for all i € [n], ugy,,, = e, and
RI, < RI, 1. Moreover, for notational brevity, we arrange the rows in U;, V; with the order of
RI,,...,RI,.;, which would not change the satisfaction/violation of the condition in Theorem
Therefore, Ur = eli}. In this case, for any o € R", Uzax = [C‘i . This implies that, given
any v € R"™, we have « € span(U) if and only if 7, = 7,,1. Therefore, consider any 3 with
VzpB € span(Uz), we know v}, B = v}g[nﬂﬂ. Our objective is to show 3;(Vz); € span(Uz), i.e,
Bivri, i = BiVRI,,, i, for all i € [n]. To see this, we consider two cases.
e Case 1: both wgr, and wgg,,, are extracted from U, ie., RI,,RI,,, €
{@—Fl,...,% +w}. We denote j, = RI, — @ and j,o1 = Rl 11 — @, ie.,
uf, and U;In+1 are the j,-th and j,,1-th rows in U¥, respectively. By the structure of V¢,

we know for all s € [n],

v e — 1 5= Juyr W

Rlus ™ ju.s 0 s=1,....9,—1lors=w+1,...,n,
v =¥ _ 1 Szjn—i-l?"'?w
Rlpt1.s Int1,8 0 s=1,....0pp1—lors=w+1,...,n.

In this case, v}, B = UEInH,B implies > f; = > B;; and hence §; =0 for all j €

J=Jw ]:jn+l

{Juwy--+sJns1 — 1} since B> 0. Now for any arbitrary i € [n], the equation S;vgr, ;= BiVRL, i
always holds since 1) vgy,; = VRI, =0 wheni=1,...5,—1lori=w+1,...,n; 2) B;=0
when i =j,,...,jnt1—1; 3) Vri,i =Vr1, =1 when i=j,1,...,w.

e Case 2: upgj, is extracted from U% while URrr,,, 18 extracted from U"*!. The submatrix
V" = 0,,, implies in this case vgy,,, = 0. Hence, vy, B=wvg, , B implies 0 =wvg; B =
> BiVri,.i- Since vgy, >0 and B> 0, we then have B;vgy, ; = 0= Bivgy,, . for all i € [n].
Thleelgz]fore, g(x, 2) is supermodular in 2 for all . We next prove that g(x, &, z) is supermodular
in every two distinct components of (£, z), and hence is jointly supermodular in (&, z).

We first consider argument as the pair (&;,z;) for some ¢ € [n] and fix all &, z, with s € [n]\ {i}.

As all the remaining elements are fixed, we define ¢g': R? — R and h: R — R to be such that
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G (&, 2z) = h(Z) =h(&z) =g (x,(&121,- .-, €nzn)) = g(x, €, 2). Hence, it is equivalent to show that
g%, as a function of &, z;, is supermodular in its arguments. To this end, we first observe that &;z;
is increasing and supermodular in (&;,z;) (recall that &;,z; > 0). Further, as a second-stage cost
function, g(x,2) has been shown as convex in 2 by literature (e.g., Birge and Louveaux 2011,
Theorem 2), and it implies that h(Z;) is convex in Z;. In addition, h(Z;) is also increasing in Z; by
the definition in . Therefore, the supermodularity of g* follows as a corollary of Lemma |3, and
g(x, &, z) is supermodular in (&, z;) for all i € [n].

Next, if the argument is the pair (;, z;) for some distinct ¢, j € [n], we prove the supermodularity
of g7(&i,2;) = g (x, (&121,- .+, €nzn)). Consider £,€", 2, 2" € R* with & < &/, 2) > 27, {, =€/, 2, =2
and we denote their common values as &, z,, respectively, for all s € [n]\ {7,5}. Since & € {0,1}", by
€ < & we know & =0,& = 1. Define 2/, 2, 2™in 2min ¢ R guch that 2], = &)z}, 21 = &2y, 200 =
(ENED(z N2, ZRex = (&, V&) (2, V 27) for all k € [n]. Then these four vectors differ only in
their ith, jth elements. In particular, (£, 2}) = (0,£;2}), (2, 2]) = (2:,&;2)), (", 200) = (0, &;27),

(Zhex, 20%) = (24,§;2;). Hence, denoting 2° € R" such that 27 = 27 =0 and 2 = &2, for all s €

[n]\ {i,7}, we have

gUENE 2 N2+ g7 (EVE L2V 2]) = g7 (&, 25) — 97 (& 2))

= g(2,2™") +g(z,2™) — §(2,2') - §(z,2")

— g(az,ﬁo—i—sz;'ej)—I—g}(az,ﬁo—i—ziei—{—sz ) (93 Z —’—5]2 ) —g(m,éo—l—ziei—i—éjz;’ej)
0

Vv

where the inequality holds because g (z, 2) is supermodular in 2. Hence, g% is supermodular and
therefore g(x, €, z) is supermodular in (&;, 2;).

For (z;,z;) or (&;,&;) with 1 <i < j <mn, the proof is similar to the second case. We now conclude
that g(x,&, z) is supermodular in (€, 2z).

Noticing that F§ (or F£) determine a set of 0-1 (or three-point) worst-case marginals for £ (or
%), we claim that applying Algorithm [1] yields a (3n + 1)-point joint distribution of (£, Z) for each
realized scenario. The number of points follows from one plus the number of steps it takes when
moving from (0, z*) to (1,2*) only in the positive directions. The number of steps is 3n, since there

are exactly 3 steps on the i-th dimension—from & =0 — 1, and from z; = z¥ — p; — Ef. We then
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utilize the results in Theorem [I] and obtain the reformulation as follows.
min v'l
s.t. RII> Z pf1TyRt ke [K]
i€[3n+1]

t
ybi > S —a), jelten) ke [Kie Bn+ 1]
=j

y™i >0, ke[K],ie[3n+1]

>0, xc XP
where p¥ €kt 2k k€ [K],i € [3n + 1] are the output of Algorithm [I| given the ambiguity sets
G*,k € [K] defined as GF = {P* | IIP* € F§, II,P* € 7%}, where IT¢P*, II.P* denotes the marginal
distribution of € and 2, respectively under P*. ]:5’“ is the conditional ambiguity set of F¢ when k is

realized as k, and FF is defined by (4). O

z

C.17. Proof of Theorem [

The constraint of the second-stage problem
g(x,z)=min h'(z—Ay)+p'(z—y)-r'y

s.t. Ay<wzx, y<z, y>0.

-1 -1 0
can be represented as Uy —Vz>-Wzx+v°, whereU=| I |, V=| 0 | and W= |0
-A 0 1

We first prove the “if” direction. Suppose the condition for A in this theorem is satistied. By
Theorem [2, whether U,V lead to supermodularity of g is equivalent to whether —U,—V do so.
Therefore, here we verify the supermodularity based on —U,—V. Observing that —U and —V
have the structure as in Proposition |5| with U° = [;1[] , we now show that every 2 x 3 submatrix
of U° contains at least one pair of columns which are linearly dependent. If both rows of the 2 x 3
submatrix are extracted from A, then this submatrix must have two linearly dependent columns
by the assumption on A. If at least one of the rows are from —1I, since the rows from —I have at
least two zero elements, then this submatrix must have two linearly dependent columns.

We now prove the “only if” direction by contradiction. We first consider the case that A €
R2*3. Assume the contrary, i.e., every two columns in A are in different directions. Given that
A >0, there must be one column in A being a conical combination of the other two columns.
WLOG, let Az be a conical combination of A;, A,. We remark that multiplying any strictly
positive constant by a row/column in A, or switching rows, or switching columns does not affect

whether the corresponding function ¢ is supermodular. Therefore, we can make the following

La C} with

simplification on A. Since A, A, are linearly independent, WLOG, we can let A = [b 1d
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ab < 1. Since Aj; is a conical combination of Ay, A, we have cd > 0; WLOG, we can let d=1, i.e.,

A= ll) Cll ﬂ . Multiplying the first row by 1/¢, and then multiplying the first column by ¢, we have
A= blc a{c i . Let a/c, be be the new a,b, we have A = [2 CIL ” with ab < 1. Again, since Az is

a conical combination of A;, Ay, we have either a,b <1 or a,b> 1. Together with ab < 1, we know

a,b< 1. In summary, WLOG, we let A= [ll) (11 1} with a,b€[0,1).

We define g(x, z) = g(x,z) —p' 2z, then it is equivalent to prove that g(x, z) is not supermodular
in z. We now construct such a counterexample. Let h =0, r =0, p=(1,1,¢) with any € € (0,1). We
choose x =(1—ab)1, 2’ =(1—a,0,1—ab), 2" =(0,1—0,1 —ab). Denote z" =2'A2", z¥ =2"V 2",
we have 2" =(0,0,1 —ab), z¥=(1—a,1—b,1 —ab). We notice that

g(x,z)=min{-p'y | Ay<=z,0<y<z}
Y1 +ay: +ys <1—ab (49)
=ming —y1 —Yo—€ys | by1 +y2+ys<1—ab
(000) (y1;y2;y3) (21,22723)-

Hence,
) B Y1 +ys<1—ab,
mln{ Y1 — €Y3 0<y1<l—a, yp=0, y3>0 [’
) y2+y3 1—a/b
Gz mm{ Y2 — €Ys3 =0, 0<y, <1—b, ysZO}
) <1—ab

y1—|—ay2+y5<1—ab
g(x,z¥)=min{ —y; —y2 —eys | by +ya+yz <1—ab,
0<y1<1—a, 0<y, <1-0, y3>0

Since 0 < € < 1, in the optimization problem for g(x,z’), the optimal solution should be that y;
goes to the upper bound, i.e, yy =1—a, yo =0 and y3 = (1 —ab) — (1 —a) = a(1l — b). Similarly, in
the optimization problem for g(x,z"), the optimal y = (0,1 —b,b(1 —a)); in that for g(x,2"), the
optimal y = (0,0,1 — ab); in that for g(x,z"), the optimal y = (1 —a,1—b,0). We then have

g(xvz/) +g(w7z//) _g(w7z/\) _g(xvzv)
= —(1l-a+e(l-0)+(1—-b+eb(l—a))—e(l—ab)—(1—a+1-10))

= €(l—a)(1-0)>0,

where the last equality holds since 0 < a,b < 1. Therefore, g(x, 2") + g(x,z") < g(x, 2') + g(x, z"),
this function g is not supermodular.

For the general case of A € §RZ+X", we can prove the result by the same contradiction. WLOG, we
assume the 2 x 3 submatrix of A, which is obtained by deleting all rows except the first two and all

columns except the first three, is such that each pair of columns in it are linearly independent. We
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can then let 2/ =z =0 for i € {4,5,...,n} and z; be sufficiently large for i € {3,4,...,1} such that
it would not affect the feasible region of y. We then have g(x, z) with exactly the same expression

in Equation (49). Therefore, we still have g(z,2") + g(z, 2") < g(x, 2’) + §(=, 2"). O

C.18. Proof of Corollary

We first prove the “if” direction using Theorem 4 Consider any 2 x 3 submatrix of A, which,
WLOG, is C = A9} (123} Let S;=8,n{1,2,3}, i=1,2. If $; N S, =0, then at least one of the
rows in C' has two zero elements, and hence C has at least one pair of columns which are linearly
dependent. If S NS, # (), by the definition of Tree Family, we have either S, CS,or S, CS,.
WLOG, we let 5’1 - S}. If \5’1] =1, then the first row of C has two zero elements and hence C has
at least one pair of columns which are linearly dependent. If |S;| > 2, WLOG, {1,2} C S;, by the
definition of Proportional Tree Family, we have a1;/as; = a12/as, hence C has at least one pair
of columns which are linearly dependent. In summary, C always have at least one pair of columns

which are linearly dependent. O

C.19. Proof of Theorem [5
The case for rank(U) = r is straightforward, so we only consider the case where rank(U) < r.
In that case, we only need to verify whether U,V satisfy the second part of the condition in
Theorem [2| which depends solely on the relationship between V' and span(U ). Thus, removing the
dependent columns in U does not change the satisfaction or violation of the conditions. Therefore,
the procedure in line [4 of the algorithm does not change the result and WLOG, we can assume U
has ry columns, i.e., m =r.

First we look into the case where Algorithm |2 returns s = 0. This implies that there exists an
index set Z C [r] and indices i € [r]\Z, a,b € [ro] with |Z| = r¢, Uz invertible and d;,d;; < 0. WLOG,

we let dl‘a > 0, dib <0.
Denote 3 = Co _ & >0, a=U;" ((VI)a - (VI)b), then

dia dib dia dib
(Vz)a _ (VI)b (VI)a o (VI)b
VI ﬂ — dia dib — dia dib = UI o
v Via  Vip dia +u] U7 (V1), dip+ u/ U7 (V) wl |
dia  dip diq dip

We let Z=TU {i}. The above equality implies V;8 = Us;a € span(U;). On the other hand, for
Ba(V3), we have

(VI)a
(Vo). | _ dia Uz Ufl(VI)a 0| _ ;- Ufl(VI)a 0
e [ Vie | | diatu] UL (Vo)a |~ (] dia Tl = dia Tl

dia
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U
Since Uz is invertible, there is no v € "0 such that U;vy = Tly = [(1)] Hence 5,(V3). ¢

T
span(Us) and the second part of the condition in Theorem [2|is v;i)llated.

We now investigate the case where the second part of the condition in Theorem [2is violated. That
means, there exist Z C [r], >0 and a € [ro] such that |Z| =ro+ 1, rank(U;) = 1o, Vi3 € span(U;)
but 8,(V3). ¢ span(Us;). We choose Z C 7 such that |Z| =, and Uy is invertible, and denote i as
the unique index in f\I It follows that

V,8- [,‘}] 8- [v; ) U?U;VI} B+ [fﬂ U; Vi = [}] B+ U U Vi,

i i

BalV2)a = fa [(‘f)] =6, qv WU (VI)Q] + [g%] Uzl(VI)a> - [ &ZW} + BUUF (Va),.

Since V;08,U;U;'V13,8,UsU; " (Vz), € span(Uz) and B3,(V5). ¢ span(Uz), the above equations
imply [dOT] B € span(U;) and [5?1 } ¢ span(Us; ). According to |:C?T:| B € span(U;), there exists
a € R0 with Uza = 0,u] a = d B. Since U; is invertible, & = 0 and hence d/ 3 = u; a = 0.

According to [ ¢ span(U3), we obtain B,d;, #0. As 3 >0, B,d;, #0 and d] 3 =0, we must

0
/Bidia
have an index b € [rq] such that dy,d;, are of different signs. Hence the algorithm returns s = 0.

O

C.20. Proof of Theorem
We first reformulate the second-stage problem as
"

gV (x,z)=min b’y

s.t. Uy — (V— [Wla:---W"m])zZ—WO:B—F'vO,

where [Wlz .- Wnz] stands for an r x n matrix with its i-th column being Wiz. We denote V= =
V — W'z .- Wn"g]| for convenience. Following Theorem |2} it suffices to show that the proposed
conditions hold if and only if U, V® satisfy the conditions in Theorem [2| for any . The case
of rank(U) =r is straightforward. Hence, in the rest of the prove, we only focus on the case of
rank(U) < r, i.e., the second condition in this theorem and that in Theorem |2, which are called

Condition 2) and Condition 2) throughout this proof. In particular, Condition 2) can be stated as

2) for al TC [r], BER:, z € R with |I| = rank(U) + 1, rank(Uz) = rank(U) and VFB €
span(Uz), we must have B3;(VE); € span(Uz) holds for every i € [n].

We now prove that Condition 2) is equivalent to Condition Q).
First, we make an equivalent interpretation for Condition 2) and Condition Q). Notice that
both conditions are for the same set of index sets. We consider any such index set Z. Since |Z| =

rank(Uz) + 1, span(Uz) is a hyperplane in /%!, Therefore, there exists a unit vector n € R/Z such
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that it is orthogonal to all vectors in span(Uz), and all elements in RIZ! can be represented as linear
combinations of n and a vector in span(Uz). Therefore, for any i, j € [n],

(Vo)i=§&+A\in, Wix=(F+uin,

50
(Vz); =&+ m, Wiz=(F+uin. (50)

for some A;, A\j, ', uf € R and §;,€;5,¢7, ¢F € span(Uz). Since n is a unit vector, we have
0=n"((Vo)i—mm " (Vz):) =n" (Vo) —=n"nm" &+ \im) =n" (Vo) =\,

and hence \; =1 (Vz);. The same logic applies to (V7); and Wiz, Wix.

In Condition 2), we notice that (n"(Vz);)- (nT(Vz);) >0 is equivalent to \;A; > 0; moreover,
(W3)"nn" W is positive semidefinite if and only if (n" Wiz) - (n" Wiz) >0 for all x. Hence,
we conclude that Condition 2a) is equivalent to “A\;A; > 0, ufuf >0 for all  and 4,5 € [n]”. For
Condition 2b), since the equality holds if and only if (n' (Vz),)- (n' Wiz) = (n"(Vz);)  (n' Wiz)
for all z, we conclude that it is equivalent to the condition “A\;u? = \;uf for all  and 4, j € [n]”.

For Condition 2), by the definition of V.,

(VE)i=(Vr)i = Wiz = (& — CF) + (N — uf)m,
(VE); = (Vz); = Wiz = (& —CF)+ (N, — uf)n.

Observing that Condition 2) is violated if and only if there exist i, j € [n] with (\; — u®)(X\; — p3) <0,

we obtain its equivalent condition as
()\z_ﬂzc)(AJ_M;c> 20 Vxe%l,i,je [n] (51>

We now prove the direction “Condition 2) = Condition 2)”. Consider any two distinct indexes
i,7 € [n]. We first choose = 0, hence V® = V. We assume the contrary to the first argument of
Condition 2a), i.e., \;A; <0, WLOG, A; >0, \; <0. We then choose 3= —A\;e; + \;e; € R, and
have V78 = —\;& + \&; € span(Uz). However, 5;(Vz); = \i&; + \iA\;n € span(Uz). We hence have
contradiction with Condition 2), and conclude \;\; > 0, the first argument of Condition 2a) is true.

Next we show the second argument of Condition 2a) by contradiction. Notice for any constant
0 e R, (V7%)i= (& —0CF) + (Ni = 0u?)m, (VF®); = (& — 0CF) + (N — Oud)n. If pfpg <0, we can
always find 6 such that (\; — 0uZ)(\; — 0u?) = pFpud6? — (Aip? + pFA;)0 + AiX; < 0. Therefore, the
equivalent condition for Condition Q), i.e., , is violated for fx. Hence, we have contradiction,
and conclude that ufu7 > 0, the second argument of Condition 2a) is true.

We now prove Condition 2b). By Condition 2a), we already have A\;A; > 0, uf u$ > 0. WLOG, we
assume \;, Aj, uf, 5 > 0. Assume the opposite to Condition 2b), i.e., \;uf # \;juf. WLOG, we let
0 < Aipf < Ajug, which implies Aj, uf > 0. By Condition 2), i.e., , we have (A\; — pf)(A; —pf) >

0. Combining with Aj, u? >0, we know that at least one of A;, uf is nonzero. Consider the case
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that uf # 0. Define 0; = \;/uf,0; = \;/u$, then following the assumptions of \;uf < A\;uf we have
0; < 0;. Choosing any ¢ € (0;,0;), we have \; < Ouf, \; > Ou?. Hence, the equivalent condition for
Condition Q), ie., , is violated for fx. The case of \; # 0 can be proved similarly. Hence, we
always have contradiction, and conclude that Condition 2b) is true.

Now it remains to prove the direction “Condition 2) = Condition 2)”. Given any x € R', we
let A, Aj, i, uf € R and &;,§;5,¢F, CF € span(Uz) be constants as defined in . By Condition 2),
we know A\ A; >0, pufpf >0 and A\jpf = Ajuf. WLOG, we let A;, A; > 0. Possible realizations of the
parameters are as follows.

e \;=); =0. Then either uf,us >0 or uf,u? <0, it always implies (A\; — uf)(\; — pf) > 0.

e \i=0,X;>0 (or A\; >0,\; =0). Then \juf = \;uf =0, implying uf =0 (or uf =0). In either

case we have (\; — uf)(\; — pf) > 0.

e A\ >0,);>0. Denote 6 = \;/uf = \;/u?, then (A; — uf)(N\; — p) = pf p? (6 —1)> > 0.

So we always have (A; — uf)(\; — pF) > 0, Condition 2) holds. O

C.21. Proof of Lemma [3|
Consider any z’,2"” € R, we denote a = h(z' A 2"),b=h(z'),c=h(2"),d=h(z'V 2") and dy =
b+ ¢ — a. From the supermodularity of f we know b+ ¢ < a+ d; hence, dy < d. We then have

¢(2') +¢(2") = u(b) +u(c) <u(a) +uldo) Sula) +u(d) = d(z'A2") +o(2'V2"),  (52)

where the second inequality holds since u is non-decreasing, and the first equality can be proved as
follows. We notice that either a < min{b,c} <max{b,c} <d, (if h is increasing) or a > max{b,c} >
min{b,c} > dy (if h is decreasing) holds; since a +dy = b+ ¢ and u is convex, we then have the first

inequality in Equation . That proves the supermodularity of ¢. O

C.22. Proof of Proposition

Applying Lemma (3] we have that u(a'x + g(x,2)) is supermodular in z for all x € X. Hence,
following Theorem [1] by treating u(a”x + g(z, 2)) in Problem (27) as the g(z, ) in Problem (2),
Problem can be solved equivalently by

T

min v

s.t. RIL> Z plu(a’z+b"y""), kelK]

i€[2n+1]
Wz +Uy" > V2hi 400, ke[K],ie[2n+1]
>0, zeX,

Introducing auxiliary variables f*¢ with f*' > (a"@ +b"y"") = max;c;{c; (a"z + b y"")+d;},

we then obtain the equivalent reformulation as in (29)). O
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C.23. Proof of Corollary
By the minimax Theorem in Sion (1958), in Problem (30), we can interchange the maximization
over P € F and the minimization over 6 € . Hence, Problem is equivalent to

min 0 +sup Ep [u(a'z+g(x,2)—0)]
PEF

s.t. xeX.

Its equivalent reformulation can be obtained as a direct application of Proposition O

C.24. Proof of Theorem [7]

We first prove the direction of “1”7 — “2” by contradiction. Assume “2” is false, i.e., there exists
i € [n], j €[J] such that h} has at least three pieces on [z;,%;], then it suffices to show there are
f1, f? that are associated with worst-case distributions with distinct marginals.

WLOG, let hi be the function which at least three pieces on [z,,%;]. We choose functions f!, f:
R" — R such that f'(2) = g'(21), f2(2) = ¢*(21),2 € R" for some ¢!, g% : R — R. Moreover, for
all j € {2,...,J}, we choose 0] to be sufficiently large such that Ep [h{(Z;)] < &] holds for all
Pe{P | P(z; <z <Z;)=1,Ep[Z1] = 11 }. We then have for i =1,2,

sup Ep [f‘(i)] =supEp [g’(il)]

PcFG Peg

where
Pz, <z <71) =1

G=<P | Ep[z1] =y ,
Ep[hi(Z1)] <6;.

For notational simplicity, we omit the superscript and subscript of h and §, as well as the subscript
P(z<z<z)=1
of z and p. That is, we consider suppcg Ep [¢°(2)] with G=< P | Ep[Z] =p , where h has
Ep[h(Z)] <6
at least three pieces on [z,z]. Now it suffices to find g*,¢*: % — R such that there does not exist a

common worst-case distribution.
Let J 41 be the number of pieces of h on [z,Z] for some J > 2, and denote the corresponding

breakpoints by z =2° < ... < 2/ =%, We define two functions I*,1?: R, — R such that

I'(p1) € {poh(zo) +pih(z") +prih(z7) | po+pi+prs1 =102’ +pizt +pya 2’ = M} (53)

P(po) € {Poh(zo) + pah(2?) + priih(z7) | po+ D2+ pss1 =1,002° + 22 + 2/t = ,u}
Notice that the sets in Equation are singleton since for any given p; or p,, we have unique p,
and py,. Therefore, the functions I*,[? are indeed uniquely determined by Equation . We have
two observations on [*,1?. First, [*(0) =%(0), and when p; = p, = 0, their corresponding p, and
psi1 (in the set defined in Equation (53))) are strictly positive. Second, both [*,1? are continuous

function, and they are also increasing function due to the convexity of h. By the two observations,
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we can find €, €, > 0 which are sufficiently small and such that I'(e;) = [?(ey), and when p; = €,

and py = €5, their corresponding py and p;.; are strictly positive. Define

1 1 1 1 1 1
Hi=| 20 21 SJ+1 , H2=| 20 22 2J+1
h(=") h(=') h(=""") h(=") h(=*) h(=""")

We hence can find p',p*> € R} and choose 6 € R such that H'p' = H?*p? = (1,,9). Let the
discrete probability P*,P? be with

pi if w=2° p? if w=2°
if w=2z" pa if w =22

1
1/ __ _ ) P2 2~ _
P(E=w)= phifw=2z/"1" PHE=w)= p2if w=2z/*1"
0 otherwise 0 otherwise

Then P!, P? have the support Z' = {20, 21, 271} 22 = {20, 22 27F1} respectively.
Consider any i € {1,2}. Since h is piecewise linear convex, we can choose a convex function g’

such that ¢g'(z) = h(z) for z € Z* and ¢'(z) < h(z) for all z € [2,Z] \ Z°. Therefore, we have
Epi [gz(z)] = Z P(z=2)g'(2)= Z.]P’(é =2)h(z) =Epi [h(2)] =0,

where the first and and third equalities are by the definition of P?, the second equality holds since
g'(z) = h(z) when z € Z%, and the last equality is due to the way we choose p’. Since g¢'(z) <
h(z), we have Ep|g'(z)] < Ep[h(z)] < § for any P € G. Hence P* is a worst-case distribution to
suppeg Ep [¢°(2)]. In what follows, we show that P’ is the only worst-case distribution.

We first consider any P € G with support Z such that Z\ Z%# (), then there exists [z/,2"] C
[z,Z] \ 2 such that P(Z € [#/,2"]) > 0. Therefore,

Belg'2)] = [ o)< [ he)dP=Eelh(z) <5,
(2,7] (2,2]

where the first inequality follows from that g'(z) < h(z) for all z € [2,Z] \ 27, the last inequality
is due to P € G. Hence, P ¢ argsuppeg Ep [¢°(2)]. It implies that for any P* € argsuppeg Ep [9°(2)],
the support of P* must be a subset of Z?, and P* can be fully characterized by a vector p* € R%
such that H'p* = (1,4,d). Observing that H' is invertible (due to that h is not linear), p* is
unique and is exactly the aforementioned p’. Therefore, P! is the unique worst-case distribution to
suppeg Ep [¢°(2)]. Hence, there does not exist a common worst-case distribution to suppcg Ep [¢'(2)]
and suppcg Ep [¢%(2)]. “17 is false.

We next prove the direction of “2”—“1”.

By strong duality,
sup Ep [(2)] = inf {s+uTt+ii5§'rif s ETE DL DL () 2 (2), Va € [27) }

PcFG i1 j=1 'I"g Z O, ZG [n],] € [Jz]
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Let Z={z |z €{2,... 2 i e [n]} which contains all z such that each of its dimension is on

the breakpoints. Then we observe that [z,Z] can be decomposed as [z,z] = U, Z* for some S and
e o e 1 . . . n J; J

disjoint Z*,..., Z* such that all Z' are boxes with extreme points in Z and Y7, Y77 hj(2) are

linear within each Z?. Together with the convexity of f, the dual problem is equivalent to

n J; n T . .
. T | stz D bz > f(2), V22
mf{sw G220 o i g el '

i=1 j=1

Writing its dual form again, we conclude that there exists a worst-case distribution with its support
as Z. Hence, for suppe ro Ep [f(2)], it suffices to consider the probability distributions with support
Z.

Assuming “2” is true, i.e., h?,i € [n],j € [J;] are piecewise linear convex functions with exactly
two pieces on [z,,%;], we will show “1” is true. In other words, we will show the existence of
a P* € argsupp. zo Ep[f(2)] such that for any dimension i, P*(Z, = w) has the structure as in
“1”. WLOG, we let such ¢ be n. Further, for notational simplicity, we drop the subscript n for
Zns Zns Zps Zns iy 2,09 T, Hence, we have 2= (Zy,...,2, 1,2), 2=(z1,...,2,_1,2) and so on, and
we will prove that P*(Z = w) has the structure as in “1”.

The proof will be done by induction. Starting from the case of J =1, with an approach almost
the same as that in the proof for Proposition (I, we can show that P* has the structure in “1”.
More specifically, denoting the breakpoint of h' by 2 € (2,%), then we move the probability mass
on z with z=2 to z— (£ — z)e,, and z+ (Z — 2)e, until we cannot move any further. Such move
will terminate at a probability distribution which has marginals in the form given by “1”, and the
expected value of Ep[f(Z)] is no less.

Suppose when J = J —1 for some J > 2, we have “1” being true. We now consider the case of
J=J. We separately analyze the following two scenarios.

e Scenario I: There are distinct 4, € [J] such that h’,h? have the same breakpoint in (z,%).
WLOG, we let k', h? be both with breakpoint 2 € (z,%). Define G={P | P(2<2<%)=1,Ep[z] =
i, G ={P | Ee[h ()] <57}, i€ {1,2}.

If GNG'NG2 =G NG2, then denote G’ to be the ambiguity set obtained from F¢ by removing
the constraint on Ep [h'(2)]. We have G’ = F¢, and hence supp.rc Ep [f(2)] = suppeg Ep [f(2)].
Therefore, we have a problem with J = J —1, in which case we know “1” is true by the induction
assumption.

If GNG'NG%#GNG?, we next show GNG NG2=GNG.
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Consider any P € G, we define a vector (s%,sE, s¥, 8%, 5") which is uniquely determined by the

following system of equations,

( / 2dP(z) = 28" + 2s]
2<2
P(2<2)=5"+5"
/ 2dP(z) = 25 + Z5" (54)
Z>IE’(2 >2) =8, +5
\ 8" =5+ s,

In this case, for any piecewise linear convex function with two pieces and with breakpoint at 2,

P
which can be denoted by h(z) = {Ziiz E z > z where a < @, we have

]Ep[h(é)]:/z<z(az+b )dP(z / (@2 + ) dP(z)

=a zdP(z) +bP (2 < )+a/ 2dP(z) +bP (2 > 2)

2<2 2>
:g@s+¢s)+b@-+s)+a@%+@ﬂj+5@§+ﬁ)
=s"h(2) +8"h(2) +3"h(z),
where the third and fourth inequalities are due to . Moreover, by we can easily have
'+ 5" +35° =1 and s"z + 5”2 + 352 = i, which imply

p_Z-p—(EZ-2)8 5 p-z2-(2-2)8
s = — , S = — .
zZ—z zZ—z

Therefore,

z—pu—(Z—2)5

e (1)) = 2 E 2 E =) 4 st 4

h(z)=c"+ A5, (55)

where ", A" are constants depending on h but independent from P; moreover,

AP = h(3) = (E2h(e) + 2220(z) ) < h(z) —h (2o 222 ) = h(z) —h(2) =
O~ (20 + 2220@ ) <ne)-n (22 2255) —ne) -y =0, (50)
where the inequality follows from the convexity of h.
Recall that G NG N G2 + G N G2, then there exists P° € <Q N g2> \ G'. Therefore, consider any
PeGng,
M AV =Epo [B1(2)] > 8 > By [R}(2)] = + AV S,
where the two equalities follow from , the two inequalities are due to P° ¢ G! and P € G*. Hence,

we have §7° < §F since (56)) results in A"' < 0. It then implies

s [h2(2)] = + AM5F < & 4 AV =Ry [17(2)] < 87,
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where the last inequality holds since P° € G2. Therefore, P e G?, and we have GNG'NG2=G NG
Similar to the case of GNG' N G2 =G N G2, we now can reduce the problem suppe 7o Ep [f(2)] to
one with J=. —1, and hence “1” is true by induction.

e Scenario II: All h7, j € [J], have distinct breakpoints in (z,Z). In this case, denote the
breakpoint of k7 by 27, j € [J]. WLOG, assume z = 2° < 2! < --- < z/ < 271 =7z, Consider any
P € FY. Denote by p; =P(Z = 27) the marginal probability mass at z = 27, j = J + 1. Recalling
that we just focus on the distribution with support at the breakpoints, then the constraint P € F¢
is equivalent to the following system,

J+1

=0

J4+1

> =, (57b)
=0

J+1

Z hi(29)p; <&, ielJ], (57¢)

p; >0, jefo,...,J+1} (57d)

By (p7al) and (57b) we have

; (58)

which implies that pg,p;,, can be determined by p = (p1,...,p;). In what follows, we simplify the

constraints ((57a))-(57d]).

We first investigate the constraint li for any given i € [j ]. Since h' is convex and has break-
hi(2") —vi(2' — 2) if z € [z, 2]

Ri(zY) + &i(z — 2 if 2 € [2%,Z]

points {z,2",Z}, we can denote h'(z) = for some ~; < &;. It follows

that

J+1

Z h'(27)p;

= W) =2 = 20— D (2 = )pi + & Y (2 = 2 )pi +6(F = Db
:h’(zl)—zllz (' —z (z—u—Z(z—zJ ) (z—z)Z(z—zJ)p

<.
Il
Ja
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= DG EE R P z;(z—zﬂxzi—z)pj

T B CR R D{ (SO RS )
_hi(sy 4 & (zj—;Zi) iu —z) nz —ZME(;Z” —z)

+22 —:w—z)(zﬂ—z)p]+<z—z’><zz—z)pz+§<z—zﬂ><z’—z>m

_z%z :(z—zl)(zj—Z)pﬂr(Z—Z)(2 —z)pi—jél(zj—Z)(zi—Z)p

z ‘3
Hence the i-th constraint of (57c|) is equivalent to
J
Z (2_ Zmax{i,j}) (Zmin{i,j} _g) pj 2 d“
j=1

where d; = == (hz(zl) 4 51‘(5722")(;#3) _ i(E—w)

('—2) —5i>. Denote \; =z — 27, m; = 27 — z for all

& -z z-z
j €[J], and let
)\171'1 )\27'('1 )\3771 )\.]‘77'1
)\271'1 AQT[-Q )\371'2 )\jﬂ'g
A= mactit Tinti ) g = | 29T A2 AT 2o AT

Ajmy Ajmg AjTg =+ NG
Then (57c) is equivalent to Ap > d, where both A and d are constants determined by F¢.

For (57d)), by we have that py > 0 is equivalent to ijl(f— 2)p; <Z—p, and pj ;>0 is
equivalent to ijl(zj —2)pj < o — 2. Recalling the definition of A, the constraints p, > 0,p;,, >0

can be further reformulated as

airp S bla a;p S bu7

respectively, where b, = (Z — pu)m1, b, = (1L — 2)\ ;.
Therefore, po,...,pj,, satisfy (57a)-(57d)) if and only if (po,p,p;, ) € P where

Ap>d, alp<b, aip<b, p>0
_zw_ alp . _pz @R (s (59)
Po = zZ—z (Z—z)m1’ Pjra= Z—2z (Z-2)X;

P = {(pOapapj.t,-l) c §Rj+2
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where the equalities on py and p;,, are from the equalities in . Note that P # () as we assume
FC 0. Denote by (C;),i € [J] the i-th constraint of Ap >d, i.c., a]p > d;. We say a constraint
(C;) is redundant if the strict inequality @, p > d; holds for any pe P ={p e Ri | Ap >d}.

Consider the case that there exists i € [J] such that (C;) is redundant. WLOG, we let the
redundant constraint be (C ). In this case, we define P° = {p e RL | a/p>d;, i € [J — 1]} and will
show that P = P°. Obviously, P C P° since all constraints in defining P° are also used in defining
P. We now show P° C P by contradiction. Assume that there exists p° € P° \75, we have a}p” <dj.
Choosing any p € P, as (C;) is redundant, a}p > d ;. Therefore, we can find A € (0,1) such that
p* = Ap+ (1 — \)p° such that ap* = d;. Moreover, by p° € P° and p € P, we have p* > 0 and
a]p* > d;, i €[J —1]. Therefore, we conclude p* € P, which is a contradiction since we assume
(C;) is redundant. Hence, P° C P, and it implies P° = P. Consequently, removing the constraint
a}p > d; from the constraints in does not change the set P. Investigating its reformulation
back to the form as constraints (57a))-(57d)), we can see that now the problem of suppc r Ee [f(2)]
is equivalent to suppcg Ep [f(2)] where G’ is the ambiguity set obtained from F¢ by removing the
constraint on h”. Therefore, we have a problem with J = J-— 1, in which case we already have “1”
being true by induction.

Now it suffices to consider the case that there is no redundant constraint among (Cy),...,(Cj;).
We will prove that there exists a unique (pg, p*, P . 1) € P with Ap* =d. Recall that the system
Ap=dis

Combining (B;) and (B,) we have mp; =

dom3—d3mo
Ao T3 — A3

dymo—domy
A1m2—Agm

— m1p;. Continuing the same procedure, we have

" 1 d17T2 — dgﬂ'l

pl - 7771 )\17T2 - )\27'('1

pro L (dems —dsme

2 my \ Namms — Aso 1

1 [ dsmy —dyms

o 2 (T aTs .

Ps T3 <>\37T4—/\47r3 1P 2P>
pt = 1 (dy_mj—dim;_, P —e— T
T \ AT = AT e J=2Fj—2

dy—Azdj_,

1
T — AT

* J-
j—

1A
APYY

( )\17T1p1 -+ )\271'1]?2 + )\371'1])3 + -+ )\jﬂ—lpj = d1 (Bl)
AoT1P1 + AoTops + A3Tops + -+ + A jmap; = ds (B2)
AsT1P1 + A3Tops + AgTsps + -+« + A jmsp ;= dg (Bs)

Ajmipr+ A jmops + Ajmaps + -+ Aymip; =dj (BJ)

. Combining (By) and (B;3) we obtain myp, =
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is the unique solution to Ap =d. p§ and p}+ , can be uniquely determined by the equalities in l)
Moreover, since P # (), we must have dy <b;, dj < b,, which implies a p* =d, <b;, a;p* =d; <b,.

To see (pg,p*,p}+1) € P, it remains to prove for any j € [J], pj > 0. We show that this must be the
case, otherwise the constraint (C;) is redundant. Recall that by the definition of A; and ;, j € [j ],
we have Ay >--->A;>0and 0<m <--- < ;.

We first show that pj >0, i.e., dymy — dym; > 0. Assume to the contrary that dimy < damy, then

alp—dy = mpr+m(Aepa+---+Xjpj) —dy

T
> \mipr + ﬁ(d2 — Xomip1) — dy
2

=g, (M - Z%) mp1 — dy
2

T

> g —d, >0
T2

for all p € P. Here the first inequality follows from aJ p > d,; the second inequality holds because
A1 > Ag,m < o, and the last inequality follows from the assumption dimy < dom;. Hence (C) is
redundant.
Next, for p%, we show A;_;m; — A;m;_; >0 by contradiction. Assume A;_;7; <A;m;_;, then
similar as above we have
ajp—d;=A(mpi+-+m5p; )+ Amip;—d;

A .
> )\—J(dj,l — ATy api) A mips —d;

J-1
Aj A
= Ajildj_l + <7Tj - Ajile‘l) Ajpj—dj
/\A
> )\AJ djfl—dj>0
J—1

T

for all p € P. Here the first inequality follows from a;

_,p>dj_y; the second inequality holds
because \; < \j_;,7; > m;_,, and the last inequality follows from the assumption \;_7; < A;m;_;.
Hence (Cj;) is redundant.
. . 2 " dimipz1—diy 17, j—1
Finally, for all j € {2,...,J — 1}, we show that 7;p; = % — > _, mp; > 0. Suppose

. dimii]—diy 17, j—1 di_qm;—d;m;i_ .
G+l A +1 7Ty J k. Gj—1T AT -1
not, i.e., PV v <D TPk = VT Consider any p € P. We then have

ajp—d;=XN(mpi+- - +mp;) + 1Ny o+ Apy) —d;

A
7rv
2 Aj(mpr - mp;) + —=(djr = A (mpy -+ mp;) — d
Jj+1
1
— (djamj — djmjn — (N — Ny ) (mpy + -+ +75p5))
J+
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where the inequality follows from a 1P > dj41. Further, we also have

ajp—d;=X(mp+ -+ mapia) Fm(Np; + o+ Ngpg) = d;

7'('.
> Nj(mpr+ -+ miapia) + Wij(djfl —Aja(mpr+ -+ miapioa) — d;

j—1

—— (djmamy = dymym1 = (Noamy = Ay ) (mps + -+ i)
7j—1

where the inequality follows from a, ,p > d;_;. Define two R — R functions ¢'(t) = i (djsam; —
d;imigr — (A — )\j7Tj+1)t),g{>”(t) = i(dj,lﬂ'j —d;mj_1 — (Njoamy — )\jwj,l)t), then a;—p —d; >
max{qﬁ’(mpl + - 4mps), " (mpr 4+ -+ Wj,lpj,l)}. By defintion, A;17m; — Ajm;41 <0, hence ¢
is increasing, which implies ¢'(mip; + -+ +m;p;) > ¢’ (mp1 + -+ -+ 7j_1p;j—1). Thus

aij —d; >max{¢'(mpr + -+ m_1pj—1),¢" (mp1 + -+ T_1pj—1) )

Notice that ¢/(t) =0 if and only if ¢t = 4o =4 Tooether with that ¢f (t) is increasing, we have

AjTi LA 17

that ¢'(t) >0 if t > % Similarly, since \;_;m; — )\wj_l >0, ¢" is decreasing, and we
J J

. mi—diT; —djiyq17; dj_1mj—d;m;
obtain ¢"(t) > 0if t < J ! L. By assumption we have &5+ =%+1m o -1 =L therefore
—17j —>\ -1 )\ 7r]+1—)\j+17rj Aj,lﬂ-—h 5

we can find some T € (d A L L ) such that ¢ (1) = ¢" (1) > 0. Now, for all t ¢ R,

AJTG 1= A1 7 A1 A

djmjs1 — djiaT,

max{¢/(t), " (1)} > &/ () > & < ) 0 ittt

AjTjrt = Aj41T;

max{cb’(t),qﬁ"(t)} > (ﬁ”(t) > ¢/ (;\lj—lﬂ'j _djﬂ'j—1>

17— AT

0 ift<r,
which implies
aij —d; >max{¢'(mpr + -+ m_1pj—1), ¢ (mp1 + -+ -+ 7_1pj—1)} > 0.

Hence (C;) is redundant. We then conclude p* > 0.
In summary, we have a unique (p§, p*, P +1) € P with Ap* =d.
Related to (pg,p*,p}+ 1), we next prove the following observation.
Observation: Considering any (po,p,p;j ;) € P with (po,p,pj, ) # (pg,p*,p}ﬂ), there exists ¢ €
{0,1,...,J—1}, i+1<k<.J, such that
1) pj=p: Vj€{0,...,i—1}if i >1;
2) pi <P
3) pj=0Vje{i+1,....k—1}if k>i+4+2;
4) pr>0;
)

5 akp>dk
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Specifically, parts 1) and 2) mean that ¢ is the index of the first distinct component when com-
paring (po,p,pj.,) and (pg,p*,p}ﬂ); parts 3) and 4) mean that k is the index of the first nonzero
component in (py,p,p;, ) after p;.

To prove parts 1) and 2), we consider any i € {0,...,.J —1}, and have

Z—p ali.p
zZ—2z (E—é)ﬂ'iﬂ
zZ— U 1
— _ A s e N T
T, 7-2 Z jPj + ( i1T1D1 + -+ A mp;)
j=i+1
z 1 1
=_———c z A+ —— (Aigamipy + -+ X1 TP — Mgy — - — A1 Di)
zZ—2Zz zZ—Zz — Ti+1

1 K2
"I E gy 2

where we define a;;1; = \jmi1 — Ay > 0 for all j <4 since in this case A\; > A1 and 7; < 4.
Hence,
K3
T _ —
al.p=(Z—mwmin — (Z—2)Tiapo— > Qg1 iP5 (60)

j=1

Consider ¢ =0, by we have

z
Sz =Py

l\z\ N\

T
-k a4 p
Po = .

K dy
(Z—2z)m z

_Z—p _ a/p
Z—2)m ZzZ—2z

(Z—2)m
where the first inequality is due to Ap > d, the second equality follows from Ap* =d and the last
equality holds since Equation also applies to (p§,p*, p}+ 1). Hence, if py # p§, we must have
po < pi- Now, consider the case where py = pj, we then denote 7 > 1 as the index of the first distinct
component, i.e., p; = pj for all j € {0,...,i—1}, and p; # p;. Note that 7 < J— 1, otherwise the only
distinct components are the last two dimension, i.e., the marginal masses at 27 and 27 +1 which is
impossible since (py,p,p;,,) and (pg,p*,p}H) correspond to the same mean. As i < J— 1, by ,
al o p = (Z— W) — (F— 2Ty — S5y Cipr 05 + Qigri (P — pi)
=a/ P +ai:(pf —pi)

= diTH + i1 (PF — i)
<a; ,p+ Qiv1,i(PF —pi),

which implies p; < p} since p; # p;. Therefore, parts 1) and 2) in Observation are proved.
Parts 3) and 4) in Observation are straightfoward. Specifically,

J+1
d pi=1- E:m—l }:m —pi) = p; —pi >0.
Jj=i+1
Hence, there must be a nonzero component in p;,1,...,p;, ;. We then just let & be the index of

the first nonzero component, parts 3) and 4) in Observation are proved.
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Part 5) can be proved by the adoption of , which leads to

k—1 k—1
a,p=(z—p)m, — (Z— 2)mpo — Zak,jpj > (Z— p)m — (2 — 2)meps — Zak,ﬂ?; = dy.
j=1 j=1

Here the inequality is due to parts 1) and 2), and 0 =p; <pj for all j€ {i+1,...,k—1}.

Now, base on Observation, we prove “1” is true by proposing a process to construct new distri-
bution. Given any P € FC, let the associated marginals on 7 at 2°, ..., 27 be (PosP,Pj,1)- Consider
the case where (po,p.pj,,) # (05, P P, ). We now construct a new probability distribution P’
with support only at the breakpoints and defined as

P(z=2) if 2 {2871, 28 2FHL)
1-0)P(z=2) if z=2F
PE=2)=P(z=2)+ Ar =t 0P (F=2+ (25 — 25 V)e,) if 2= 21 (61)
P(2=2)+ FrimsfP (2 = z — (M1 = 2F)e,) if z = 24+
for some 6 € (0,1). Intuitively, for all z,..., 2,1, we move 6 portion of the probability mass at
(21, s 2n-1,2%) t0 (215. -y 2n_1, 2" 1) and (21, ..., 2,1, 25T), keeping the mean unchanged. Hence
P’ has the same marginal for (Z;,...,2,_;) as P. Denote the marginal of P’ on Z by p{),p’,pfi+1 such

that P'(2 = 27) = p) for all j=0,...,J+1. By ,

P; = Djs Vig{k—1,kk+1},
Py = pr.— Op,
E+1
Ph1 = D 1+k+172k10pk7
k k—1

z

D1 = Dht1 + Wepk

There are three properties of .
(P1) Ep [f(2)] > Ep[f(2)]. This is because Ep [f(2)] —Ep[f(2)] equals
Z OP (2= (z Zn-1,2")) ( G f(z Zp1,2"71)
— 1y--+9<n—1» e 1yesey”n—1y
el Ty Skl _ b1

ok k=1

+ Wf(zh cosZn1, 2T = ~aznlazk)>a
which is nonnegative since f is convex.
(P2) a]p'=a] p for all j#k and a] p' < a]p. To see this, for any j € [.J], we observe

SRl ok ok k=1

Epr [hj(é)] —Ep [hj(é)] =0Opy, (th(Zk_l)+Mh (M) — K (2 )) >0, (62)

where the inequality is due to the convexity of h. Moreover, the “>” takes “=" if j # k since h7 is

linear on [zF~1, 2~ +1)

for such j; by contrast, “>” becomes “>” for j =k since h* has a breakpoint
at z¥. Therefore, by the definition of A, this property is proved.

(P3) a, p’ is continuously decreasing in 6, which is implied by and the definition of A.
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Based on the Observation and (P1)-(P3), given any P € F¢ whose marginal on Z is different
from (p§, p*, p}+ 1), we can use the procedure as in to construct a new probability distribution
P’. In this construction, we either choose § =1 or the maximal value less than 1 such that a; p’
drops to the value of d;, (note that when 6 =0, a; p’ = a; p > d;, where the inequality is due to the
part 5) in Observation). Hence, P’ € F¢. Moreover, by (P1), with P, the expectation of f(2) is
no less. Therefore, for any P € F¢, by this procedure we construct a new probability distribution
P’ € F¢ such that the objective is improved and the marginal masses after z* is moved towards 2,
the smallest breakpoint where the marginal mass of P differs from (pg,p*,ph*er 1). Repeating such
process, the margin converges to (p}, p*, p}+ 1). We hence conclude that there must be a worst-case

distribution whose n-th marginal is (p}, p*, Py, Nk O
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