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Abstract

This short paper describes a simple subgradient-based techniques for deriving bounds
on the optimal solution value when using the ADMM to solve convex optimization prob-
lems. The technique requires a bound on the magnitude of some optimal solution vec-
tor, but is otherwise completely general. Some computational examples using LASSO
problems demonstrate that the technique can produce steadily converging bounds in
situations in which standard Lagrangian bounds yield little or no useful information.

1 Introduction

Consider a structured convex optimization problem of the form

min
x∈Rn

f(x) + g(Mx) (1)

where M is an r × n real matrix and f : Rn → R ∪ {+∞} and g : Rr → R ∪ {+∞} are
closed proper convex functions. A currently prominent method for solving such problems is
the alternating direction method of multipliers (ADMM) [7, 8, 5, 6], which, for some fixed
scalar parameter c > 0, generates sequences {xk} ⊂ Rn and {zk}, {pk} ⊂ Rr according to
the following recursions:

xk+1 ∈ arg min
x∈Rn

{
f(x) + 〈p,Mx〉+ c

2

∥∥Mx− zk
∥∥2} (2)

zk+1 = arg min
z∈Rr

{
g(z)− 〈p, z〉+ c

2

∥∥Mxk+1 − z
∥∥2} (3)

pk+1 = pk + c(Mxk+1 − zk+1). (4)

Various forms of overrelaxation are possible for this method [7, 5], but for simplicity we
disregard them here.
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Compared to other Lagrangian-based methods, one drawback of the ADMM is that it
does not immediately provide lower bounds on the optimal solution value, which can be
desirable in many applications. By adding a possibly significant amount of work to the
ADMM iteration, it is in some cases possible to compute a Lagrangian bound, as described
below in Section 2. In many other cases, however, this technique does not yield useful
information. This short paper describes an alternative procedure that can provide useful and
steadily converging bounds, so long as there is some upper limit available on the magnitude of
some optimal solution vector. The key inequality used is equivalent to (3.11) in [2]; however,
its potential was not fully developed there.

2 Lagrangian Bounds

The dual function q : Rr → R ∪ {−∞} of (1) is given by

q(p) = min
x∈Rn

z∈Rr

{
f(x) + g(z) + 〈p,Mx− z〉

}
= min

x∈Rn

{
f(x) + 〈M>p, x〉

}
+ min

z∈Rr

{
g(z)− 〈p, z〉

}
(5)

= −f ∗(−M>p)− g∗(p), (6)

where f ∗ and g∗ are the respective convex conjugate functions of f and g. By weak duality,
or equivalently Fenchel’s inequality, q(p) is a lower bound on the value of any solution of (1)
for any p ∈ Rr. When q(p) is finite, we say that p is dual feasible; however, for an arbitrary
choice of p ∈ Rr it is possible that either f ∗(M>p) = +∞ or g∗(p) = +∞, in which case
q(p) = −∞ and q(p) does not provide a useful bound on the optimal value.

The most straightforward approach to enhancing the ADMM to provide solution bounds
is to compute q(pk) for each dual iterate pk computed in step (4). In the context of the
progressive hedging (PH) algorithm for stochastic programming [11], this is essentially the
strategy proposed in [9], with some refinements developed subsequently in [1] in the case
of integer variables; the PH algorithm may be viewed as an application of the ADMM in a
space with an appropriately formulated weighted inner product.

Letting ∂g denote the subgradient map of the function g, a standard convex-analytic
necessary and sufficient optimality condition for the minimization in (3) is

0 ∈ ∂g(zk+1)− pk + c(zk+1 −Mxk+1) = ∂g(zk+1)− pk+1, (7)

where the equality uses (4). It follows that zk+1 solves the second minimization in (3) for
p = pk+1 and

−g∗(pk+1) = g(zk+1)− 〈pk+1, zk+1〉. (8)

Applying a similar analysis to (2) results in

0 ∈ ∂f(xk+1) +M>p+ cM>(Mxk+1 − zk)

= ∂f(xk+1) +M>
(
p+ c(Mxk+1 − zk)

)
= ∂f(xk+1) +M>pk+1/2, (9)
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where we define pk+1/2 = pk + c(Mxk+1 − zk) for all k ≥ 0. It follows that xk+1 solves the
first minimization in (5) for p = pk+1/2 and

−f ∗(M>pk+1/2) = f(xk+1) + 〈M>pk+1/2, xk+1〉 = f(xk+1) + 〈pk+1/2,Mxk+1〉. (10)

As an aside, neither (8) nor (10) is a coincidence; both are consequences of the ADMM being
an application of the Douglas-Rachford splitting algorithm to minimize−q = f ∗◦(−M>)+g∗,
as first pointed out in [8]; see also [5], as well as [6] for a simplified presentation.

Regrettably, pk+1/2 and pk+1 are different vectors unless zk+1 = zk, so (10) is generally
not helpful in computing q(pk+1). Instead, we must directly compute

f̂k
.
= inf

x∈Rn

{
f(x) + 〈M>pk+1, x〉

}
(11)

and then
q(pk+1) = f̂k + g(zk+1)− 〈pk+1, zk+1〉, (12)

which then provides a lower bound on the optimal solution value F ∗ of (1). However, it may
happen that f̂k = −∞, in which case one does not obtain a useful bound. Furthermore,
computing (11) may add considerable effort to the ADMM iteration, depending on the
function f .

A complementary strategy would be to leverage (10) to compute q(pk+1/2). In this case
we must instead compute

ĝk
.
= inf

z∈Rr

{
g(z)− 〈pk+1/2, z〉

}
(13)

and then
q(pk+1/2) = f(xk+1) + 〈pk+1/2,Mxk+1〉+ ĝk, (14)

thus obtaining a bound on F ∗. This paper will henceforth call q(pk+1/2) the mid-step La-
grangian bound, to distinguish it from the Lagrangian bound q(pk+1). Clearly the same
potential drawbacks apply to this bound, but with respect to the function g rather than f :
calculating it might add significantly to the amount of computation at each iteration, and it
will not yield useful information when ĝk = −∞.

2.1 Problematic Functions for Lagrangian Bounds

2.1.1 Quadratic Loss Functions

In many applications, f is chosen to be a loss function of the form

f(x) = 1
2
‖Ax− b‖2 , (15)

where A is an m× n real observation matrix and b ∈ Rm is a response vector. In this case,
the calculation (11) is involves minimizing the positive semidefinite quadratic function

fk(x)
.
= 1

2
‖Ax− b‖2 + 〈M>pk+1, x〉

= 1
2
x>A>Ax+ 〈M>pk+1 − A>b, x〉+ ‖b‖2 .
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This function is convex and continuous, so minimizing it is equivalent to finding a critical
point, which in turns is equivalent to solving the linear system

A>Ax = A>b−M>pk+1. (16)

If this system has a solution x̄, then we have f̂k = 1
2
‖Ax̄− b‖2 + 〈M>pk+1, x̄〉 > −∞. But

if A>A does not have full rank, as is guaranteed to happen when the number of features n is
larger than the number of observations m, then it is possible that (16) has no solution. In this
case, the vector A>b−M>pk+1 has a nonzero projection v onto the orthogonal complement
of the row space of A>A, which is the null space of (A>A)> = A>A. It is then easily shown
that v is a direction of recession of fk, that is, a direction along which the value of fk may
be driven to −∞. Therefore, fk is unbounded below, f̂k = −∞, and the Lagrangian bound
q(pk+1) must also be −∞. The same would obviously apply to the mid-step Lagrangian
bound if a function of the form (15) were to be used in the role of g.

Furthermore, even when (16) has a solution, obtaining one may require significant addi-
tional computation beyond that involved in finding xk+1 in (2). In fact, solving (16) may
be significantly more time consuming than (2), because it involves a possibly indefinite sys-
tem, whereas (2) involves a positive-definite system to which one may be able to apply
the Sherman-Morrison-Woodbury matrix inversion lemma to reduce the dimension of the
factorizations needed; see for example [2, Section 4.2.4].

2.1.2 L1 Penalties

A common choice for g in machine learning applications is an L1 penalty function of the
form g(z) = λ ‖z‖1. The convex conjugate of this function is

g∗(p) = sup
z∈Rr

{〈p, z〉 − g(z)} = sup
z∈Rr

{〈p, z〉 − λ ‖z‖1}

=

{
0, if − λ ≤ pj ≤ λ ∀ j = 1, . . . , r

+∞, otherwise.
(17)

Computing ĝk = −g∗(pk+1/2) should therefore not be time consuming, but if the vector
pk+1/2 has any component whose magnitude exceeds λ, then ĝk = −∞ and the mid-step
Lagrangian bound q(pk+1/2) is also −∞. The same would obviously apply to the Lagrangian
bound q(pk+1) were an L1 penalty to take the role of f .

2.1.3 Subspace Indicator Functions

Another common choice for g is the convex indicator function of some linear subspace V of
Rr, that is

g(z) =

{
0, if z ∈ V
+∞, if z 6∈ V.

Some common examples of this form include the progressive hedging algorithm [11] (in a
space with a specially formulated inner product) and consensus problems; see for example
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[2, Section 7]. In this case, we have

g∗(p) = sup
z∈Rr

{〈p, z〉 − g(z)} = sup
z∈V
{〈p, z〉} =

{
0, if p ∈ V ⊥

+∞, if p 6∈ V ⊥,

which is simply the convex indicator function of the complementary subspace V ⊥. Thus, if
pk+1/2 6∈ V ⊥, then ĝk = −∞ and the mid-step Lagrangian bound q(pk+1/2) is −∞; the same
would obviously apply to the Lagrangian bound q(pk+1) were a subpace indicator function
to take the role of f . The difficulty of detecting whether pk+1/2 ∈ V ⊥ or pk+1 ∈ V ⊥ depends
on the form of V , but will typically involve numerical tolerance issues.

2.2 Applicability of Lagrangian Bounds

There are situations in which the infimum needed to calculate f̂k in (11) is guaranteed to
be finite and attained. Examples include when the effective domain dom f on which f takes
finite values is compact, or more generally when the image rge(∂f) of the subgradient map
∂f is all of Rn (more specifically, it should be sufficient for rge(∂f) to contain the row space
of M). In such sitations, the Lagrangian bound calculation in (11)-(12) should always yield
a finite bound on the optimal solution. Thus, the Lagrangian bound should be applicable,
its main potential drawback being the extra calculation required for (11).

Similarly, if the infimum needed to calculate ĝk in (13) is guaranteed to be finite and
attained, then the calculations in (13)-(14) should always yield a finite bound; this will
happen, for example if rge(∂g) = Rr. In such cases, the mid-step Lagrangian bound is
applicable, its main possible drawback being the extra calculation required for (13), when it
is significant.

However, there are cases when neither f̂k nor ĝk is guaranteed to be finite, so neither form
of Lagrangian bound may be used reliably. A simple example of this kind is the standard
LASSO problem [12]

min
x∈Rn

{
1
2
‖Ax− b‖2 + λ ‖z‖1

}
, (18)

where λ > 0 is a given scalar, and A and b are respectively an observation matrix and
response vector, as in Section 2.1.1. We now propose a different bound calculation that may
be used in such situations, provided it is possible to bound the magnitude of some optimal
solution vector (as is indeed the case for LASSO, as we shall establish below).

3 A Subgradient-Based Bound Calculation

The alternative bounding procedure relies on the following simple result:

Proposition 1. Suppose x∗ is an optimal solution of (1) with value F ∗
.
= f(x∗) + g(Mx∗).

Then at every iteration k ≥ 1 of the ADMM algorithm (2)-(4), one has

F ∗ ≥ f(xk+1) + g(zk+1) + 〈pk+1,Mxk+1 − zk+1〉 − c〈zk − zk+1,Mx∗ −Mxk+1〉. (19)
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Proof. The respective optimality conditions (7) and (9) for (2) and (3) are equivalent to

M>pk+1/2 ∈ ∂f(xk+1) pk+1 ∈ ∂g(zk+1). (20)

Therefore, we have

f(x∗) ≥ f(xk+1)− 〈M>pk+1/2, x∗ − xk+1〉 (21)

g(Mx∗) ≥ g(zk+1) + 〈pk+1,Mx∗ − zk+1〉 (22)

Rewriting (21) as

f(x∗) ≥ f(xk+1)− 〈pk+1 + c(zk − zk+1),Mx∗ −Mxk+1〉

and adding it to (22), one obtains

F ∗ ≥ f(xk+1) + g(zk+1) + 〈pk+1,Mx∗ − zk+1 −Mx∗ +Mxk+1〉
− 〈c(zk − zk+1),Mx∗ −Mxk+1〉

= f(xk+1) + g(zk+1) + 〈pk+1,Mxk+1 − zk+1〉 − c〈zk − zk+1,Mx∗ −Mxk+1〉.

Naturally, (19) does not in general provide a concrete bound on F ∗ because the optimal
solution x∗ is necessarily unknown. However, if some bound is known on the magnitude of
x∗ or Mx∗, then then one may bound the inner product 〈zk − zk+1,Mx∗ −Mxk+1〉 and then
obtain a well behaved bound from (19).

Proposition 2. Suppose there is an optimal solution x∗ of problem (1), along with scalars
B > 0 and s ∈ [1,∞] such that ‖x∗‖s ≤ B. Then at every iteration k ≥ 1 of the ADMM
algorithm (2)-(4), the optimal value F ∗ of (1) obeys the inequality

F ∗ ≥ f(xk+1) + g(zk+1) + 〈pk+1,Mxk+1 − zk+1〉
+ c〈zk − zk+1,Mxk+1〉 − cB

∥∥M>(zk − zk−1)
∥∥
s∗
, (23)

where s∗ is such that 1/s+ 1/s∗ = 1, with the convention that 1/∞ = 0. The values

βk
.
= f(xk+1)+g(zk+1)+〈pk+1,Mxk+1 − zk+1〉+c〈zk − zk+1,Mxk+1〉−cB

∥∥M>(zk − zk−1)
∥∥
s∗

on the right-hand side of this inequality are finite for all k ≥ 1 and form a sequence converging
to F ∗.

Proof. Considering the last term in (19), we have by first applying the Hölder inequality and
then the hypothesis ‖x∗‖s ≤ B that

−c〈zk − zk+1,Mx∗ −Mxk+1〉 = c〈zk − zk+1,Mxk+1〉 − c〈M>(zk − zk+1), x∗〉
≥ c〈zk − zk+1,Mxk+1〉 − c ‖x∗‖s

∥∥M>(zk − zk+1)
∥∥
s∗

≥ c〈zk − zk+1,Mxk+1〉 − cB
∥∥M>(zk − zk+1)

∥∥
s∗
.

Substituting this inequality into (19) yields (23). As f and g were assumed closed proper
convex, the minimizers in (2) and (3) cannot be at points where f or g have infinite values,
so finiteness of the sequence {βk} follows immediately.
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In this context, the ADMM algorithm (2)-(4) is known, as shown for example in [6]
to have the properties that Mxk − zk → 0, f(xk) + g(zk) → F ∗, and {pk} and {zk} are
convergent. Denoting the limits of {pk} and {zk} by p∞ and z∞ respectively, we may use
the properites while taking the limit in the definition of βk to obtain

βk → F ∗ + 〈p∞, z∞ − z∞〉+ 〈z∞ − z∞, z∞〉 − cB ‖M>(z∞ − z∞)‖s∗ = F ∗.

The first three terms f(xk+1) + g(zk+1) + 〈pk+1,Mxk+1 − zk+1〉 in the formula for βk
would constitute a Lagrangian bound on F ∗ if (xk+1, zk+1) were a joint minimizer of the
Lagrangian with the dual vector pk+1. In fact, although zk+1 minimizes the Lagrangian with
respect to z with the dual vector pk+1, in the ADMM we instead have that xk+1 minimizes the
Lagrangian with respect to x at the generally different dual vector pk+1/2. The final terms
c〈zk − zk+1,Mxk+1〉 − cB

∥∥M>(zk − zk−1)
∥∥
s∗

in (23) may be considered as a “corrector”
bounding the impact of this discrepancy.

By a slight modification of the above analysis, if we instead have a scalar B′ such that
‖Mx∗‖ ≤ B′, the last term of (23) may clearly be replaced by cB′

∥∥zk − zk+1
∥∥
s∗

.
It should be noted that an inequality equivalent to (19) appears as (3.11) in [2], and the

following unnumbered inequality in [2] partially explores its potential to provide a bound
on F ∗. However, it does not appear that this kind of technique has been used in practice.
Instead, [2] uses this analysis mainly to justify terminating the method when (in the current
setting and notation) ‖Mxk − b‖ and ‖M>(zk − zk−1)‖ are small. But without the specific
calculations embodied in (23), it is this author’s experience that such termination criteria
can lead to termination at lower accuracy than many users might expect.

4 An Application Example: LASSO

Consider once again the LASSO problem (18), for which neither form of Lagrangian bound
may be readily generated by the ADMM. We first establish that it is relatively easy to
calculate a bound on the 1-norm of any optimal solution to this problem, meaning that it
meets the conditions needed by Proposition 2.

Proposition 3. Considering the LASSO problem (18), let x̄ ∈ arg minx∈Rn

{
‖Ax− b‖}.

Then for any optimal solution x∗ of (18), one has ‖x∗‖1 ≤ ‖x̄‖1.

Proof. Consider any x̃ ∈ Rn with ‖x̃‖1 > ‖x̄‖1. Since x̄ minimizes ‖Ax− b‖, we have
1
2
‖Ax̃− b‖2 ≥ 1

2
‖Ax̄− b‖2. Multiplying ‖x̃‖1 > ‖x̄‖1 by λ > 0 and adding inequalities, we

obtain
1
2
‖Ax̃− b‖2 + λ ‖x̃‖1 >

1
2
‖Ax̄− b‖2 + λ ‖x̄‖1 .

Thus, x̃ cannot be optimal for (18), and the result follows.

Thus, if we compute any minimizer x̄ of ‖Ax− b‖ and set s = 1 and B = ‖x̄‖1, the
conditions needed by Proposition 2 will be satisfied.

We now describe some computational experiments evaluating the bound procedures.
These experiments set x̄ by using MATLAB’s lsqminnorm function to find minimizer of
‖Ax− b‖ having the smallest 2-norm. This is a relatively simple calculation involving only
standard matrix operations.
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Time Time
Without With

Dataset m n c Iterations LB LB Ratio
brain 42 5597 5 420 0.37 9.85 26.6
colon 62 2000 5 595 0.24 2.43 10.1
leukemia 72 3571 5 399 0.36 5.13 14.3
lymphoma 62 4026 5 585 0.47 7.81 16.6
prostate 102 6033 5 377 0.87 13.24 15.2
srbct 63 2308 5 354 0.18 2.09 11.6
ball64 1638 4096 10 168 6.74 12.03 1.8
logo64 1638 4096 10 167 6.76 12.19 1.8
mug128 4770 16384 10 234 144.38 538.90 3.7
mug32 410 1024 10 87 0.16 0.38 2.4
pems 238 138672 20 2479 314.90 — —

Table 1: Datasets, iterations, and seconds of run time

The datasets tested are described in Table 1. The first six are cancer microarray datasets
from [3], the next four are imaging-related datasets from [4], and the last, pems, is a
transportation-related datset from UCI repository [10]. All datasets were normalized as
in [6], with ‖b‖ and the norm of each column of A all scaled to 1. The L1 penalty parameter
λ was set to 0.1 in all cases.

When solving the problem instances with the ADMM, M is the n × n identity matrix,
f(x) = 1

2
‖Ax− b‖2, and g(z) = λ ‖z‖1. The proximal parameter c was set to approximately

optimize convergence for each class of instances and is shown in the fourth column of the
table. The algorithm was terminated when the subgradient set ∇f(zk) + ∂g(zk) contained
any element with norm less than or equal to ε

.
= 10−4, that is,

dist
(
∇f(zk) + ∂g(zk), 0

)
≤ ε. (24)

The implementation was in MATLAB and based on the implementation in [6], and the
repective primal and dual starting points z0 and p0 were both the zero vector in Rn.

At each iteration, the implementation computed the bound βk of Proposition 2, which
in this case reduces to

βk = 1
2

∥∥Axk+1 − b
∥∥2 + λ

∥∥zk+1
∥∥
1

+ c〈zk − zk+1, xk+1〉 − c ‖x̄‖1
∥∥zk − zk+1

∥∥
∞ .

At each iteration, the implementation also computed the mid-step Lagrangian bound q(pk+1/2)
as in (14). However, this bound can be −∞ since ĝk = −g∗(pk+1/2) can by +∞ as in (17). To
make this bound somewhat more practical, the implementation applied a numerical tolerance
of ε̄

.
= 10−5 to the calculation of ĝk, resulting in

ĝk =

{
0, −(λ+ ε) ≤ zk+1

j ≤ λ+ ε ∀ j = 1, . . . , n

−∞, otherwise.
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The implementation had a second, optional mode of operation in which it also attempted to
calculate the Lagrangian bound q(pk+1) at every iteration. This option can add significantly
to run time because it requires the calculation of f̂k described in Section 2.1.1, involving the
attempted solution of the singular system of linear equations (16). To detect the solvability
of this system, and produce a solution when possible, the implementation used a simple
technique based on the singular value decomposition of A; a numerical tolerance of ε̄ = 10−5

was also used in assessing the solvability of (16). The last three columns of Table 1 show
the number of seconds to meet the termination criterion without the calculation of q(pk+1)
(“Without LB”), the number of seconds to attain convergence with the calculation of q(pk+1)
(“With LB”), and the ratio of the two times.

All computations were performed on a Windows PC with a 3.2GHz Core i5-4460 CPU.
For the cancer microarray datasets, attempting to compute the Lagrangian bound q(pk+1)
at every iteration increases run time by at least an order of magnitude; for the imaging
datasets, the effect is not as strong, likely because the aspect ratios n/m of these datasets
are smaller. For pems, it was not practical to compute q(pk+1) on the testing system because
the singular value decomposition of A would have required 143GB of memory, and so the
data in the last two columns are omitted.

For the six cancer microarray datasets, Figure 1 plots the evolution of the objective
f(zk) + g(zk) and the three bounds as a function o the iteration k. When the Lagrangian
bounds are −∞, they are depicted as being zero, since the solution value of the LASSO
problem must be nonnegative. Generally, the three bounds evolve similar for the first few
iterations, after which βk converges to the optimal objective value while Lagrangian bounds
become−∞ for a large number of iterations. For brain, the two Lagrangian bounds meet the
expanded numerical tolerance for being finite after about 400 iteration, and then “jump” to
the neighborhood of the optimal objective value. However, such a jump never occurs for the
other five datasets. The divergence of βk from the other bounds occurs when

∥∥pk+1/2
∥∥
1
> λ

Figure 2 depicts the evolution of the objective function and bounds for the remaining
datasets. For the three imaging datasets other than mug32, the mid-step Lagrangian bound
performs comparatively well, tracking βk closely until quite near the optimal objective value,
after which the threshold

∥∥pk+1/2
∥∥
1
> λ is reached and it becomes −∞. The conventional

Lagrangian bound was of no utility for any of the imaging instances, even in the first few
iterations. The Lagrangian bound does not appear in the plot for pems since it was not
practical to compute in this instance.

4.1 Concluding Observations

In summary, the bound βk appears far more useful and reliable in the context of the ADMM
than Lagrangian-style bounds. Its main drawback is the need for some bound on the optimal
solution magnitude, as with B = ‖x̄‖1 in the case of the LASSO problem. The difficulty
of computing such a bound depends both on both the type and size of the problem being
solved. For example, for very large-scale LASSO problems finding such a bound could be
challenging, even though it was straightforward for the smaller problems tested here.

Inspecting the plots in figures 1 and 2, it appears that the bound βk and the objective
function can become essentially equal long before the subgradient-based termination crite-
rion (24) is met. This phenomenon suggests that the bound could be used in an alternative
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Figure 1: Bound and objective evolution for the cancer microarray datasets
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Figure 2: Bound and objective evolution for the other datasets
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termination criterion, such as, for some tolerance δ > 0,

f(xk) + g(Mxk) ≤ βk + δ for general M, or

f(zk) + g(zk) ≤ βk + δ for M = I.

The experiments also show that the convergence of the bounds βk to the optimal objective
value need not be monotone. Monotonicity could of course be enforced by simply tracking
the largest value generated so far, β̄k

.
= max0≤`≤k{β`}.
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