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Abstract The primal-dual hybrid gradient algorithm

(PDHG), which is indeed the Arrow-Hurwicz method,

has been widely used in many application areas espe-

cially in image processing. However, the convergence of

PDHG was established only under some restrictive con-

ditions in the literature, and it is still missing for the

case without extra constraints. In this paper, from a

perspective of the variational inequality, we show the

original PDHG can provide some ascent directions to

the solution set. Such a fact naturally captures the line

search method in optimization. Furthermore, inspired

by Newton’s method, we present a reversible PDHG to

solve the saddle point problem. Compared with PDHG,

each iteration of the new method needs only two addi-

tional minor computations. Moreover, we establish it-

s global convergence and a worst-case O(1/t) conver-
gence rate. Extensive numerical experiments, including

several examples of image inpainting, demonstrate the

efficient performance of the novel method.

Keywords Convex optimization · Convergence rate ·
Image restoration · Primal-dual hybrid gradient

method · Saddle point problem · Variational inequality

1 Introduction

We consider a general saddle point problem

min
x∈X

max
y∈Y

{
Φ(x, y) := θ1(x)− yTAx− θ2(y)

}
, (1)

where X ⊂ <n and Y ⊂ <m are closed convex set-

s, A ∈ <m×n, θ1(x) : <n → < and θ2(y) : <m → <
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are closed convex but not necessarily smooth functions.

Throughout this paper, we assume the solution set of

(1) is nonempty. There are many problems in different

application areas can be reformulated as (1). For exam-

ple, finding a saddle point of the Lagrangian function

of the classic convex minimization problem with linear

constraints is a special case of (1). In particular, the

model (1) captures a lot of image restoration models

with the total variation (TV) regularization introduced

in [23], more details can be found in, e.g., [4,25,27].

In fact, as analyzed in [4,5,9,15], the saddle-point

problem (1) can be converted to the primal-dual formu-

lation of a nonlinear programming problem. Such a fact

has inspired many primal-dual algorithms for TV image

restoration problems, we refer the readers to [4,9,11,15,

25,27]. In particular, Chambolle and Pock (abbreviat-

ed as C-P) proposed a general primal-dual method in

[4]. As described in [16], C-P method has an equivalent

form
xk+1 = arg min

{
Φ(x, yk) + r

2‖x− x
k‖22

∣∣ x ∈ X},
x̄k = xk+1 + τ(xk+1 − xk),

yk+1 = arg max
{
Φ(x̄k, y)− s

2‖y − y
k‖22

∣∣ y ∈ Y},
(2)

in which τ ∈ [0, 1] is a combination parameter; r > 0

and s > 0 are proximal parameters of the regular-

ization terms. Moreover, 1/r and 1/s denote the step

sizes associated with gradient-type methods for solv-

ing the decomposed subproblems in (2) (details can

be found in, e.g., [4,25,27]). For case τ = 1, a sim-

ple convergence proof of the C-P method (2) was given

in [15], and the authors interpreted it as an instance

of the proximal point algorithm, which is also named

the customized proximal point algorithm (CPPA) in

[12,20,21]. Moreover, the CPPA is convergent when
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rs > ρ(ATA), where ρ(·) denotes the spectral radius

of a matrix.

For case τ = 0, the C-P method (2) will be reduced

to PDHG proposed in [27], which is essentially the semi-

implicit classical Arrow-Hurwicz algorithm in [1] and

has an iterative scheme:x
k+1=arg min

{
Φ(x, yk) + r

2‖x− x
k‖22

∣∣ x ∈ X},
yk+1=arg max

{
Φ(xk+1, y)−s

2‖y − y
k‖22

∣∣ y ∈ Y}. (3)

The efficiency of PDHG satisfying rs > ρ(ATA) has

been well demonstrated in the imaging literature, we re-

fer the readers to [2,9,25,27]. In [9], the authors proved

the PDHG with some restrictions on its step size is con-

vergent for TV image denoising. Later, in [14], He et al

established PDHG’s convergence when one of functions

of the saddle problem (1) is strongly convex. Moreover,

by introducing a counterexample, the authors also nu-

merically showed the original PDHG is not necessarily

convergent, even though the step sizes 1/r and 1/s are

sufficiently small. Therefore, the convergence of PDHG

without extra conditions is still missing.

Our aim in this paper is to present a convergent

PDHG-based method by a prediction-correction (P-C)

way. There has been tremendous interest in developing

new algorithms by P-C way, we refer the readers to [12,

15,16,20]. According to the basic line search method

in optimization: first, we show PDHG, as a prediction

step, can provide some ascent directions to the solution

set of (1). Furthermore, inspired by Newton’s method

and alternating direction method with Gaussian back

substitution in [18], we introduce a simple Newton-like

search direction; second, we calculate the step size along

such a direction by a simple rule; finally, based on the

above two points, we propose a new modified PDHG

method to solve the saddle point problem.

The novel method needs only an additional simple

correction step, though it requires four extra matrix-

vector multiplications, it would be cheaper if the sub-

problem is more expensive. The new method is con-

vergent just provided rs > ρ(ATA)/4 compared with

the original PDHG. In theory, the relaxation of regu-

larization term allows a bigger step size to potential-

ly reduce required convergence iterations (see related

work in, e.g., [17,19,26]). Furthermore, we establish it-

s global convergence and a O(1/t) convergence rate in

an ergodic sense. Finally, taking TV image inpainting

as an example, we construct some experiments to show

the efficient performance of the proposed method.

This paper is organized as follows. In Section 2, from

the perspective of variational inequality (VI), we sum-

marize some preliminary results and analyze the VI-

structure of the original PDHG. In Section 3, inspired

by Newton’s direction, we establish our novel method

by the basic line search method. Furthermore, we es-

tablish its convergence analysis in Section 4. Finally, we

check the numerical performance of the new method by

some extensive examples.

2 Preliminaries

In this section, we characterize the optimal condition of

problem (1) from the perspective of VI. Moreover, we

derive the basic VI-structure of the original PDHG (3).

2.1 The optimal condition for problem (1)

The analysis of this paper is based on the following

lemma, its proof is elementary and thus omitted here

(details can be found in [21]).

Lemma 1 Suppose X ⊂ <n is a closed convex set,

θ(x) : X → < and ϕ(x) : X → < are convex functions,

and ϕ(x) is differentiable. Assume the solution set of

the minimization problem min{θ(x) + ϕ(x)
∣∣ x ∈ X} is

nonempty, then

x∗ ∈ arg min{θ(x) + ϕ(x) | x ∈ X}

if and only if

x∗ ∈ X , θ(x)−θ(x∗)+(x−x∗)T∇ϕ(x∗) ≥ 0, ∀x ∈ X .

To begin with, we reformulate the optimal condition of

the problem (1) into a VI-form. The point (x∗, y∗) is a

saddle point of Φ(x, y) means

Φy∈Y(x∗, y) ≤ Φ(x∗, y∗) ≤ Φx∈X (x, y∗),

in other words, we havex∗ ∈ arg min
{
Φ(x, y∗)

∣∣ x ∈ X},
y∗ ∈ arg min

{
− Φ(x∗, y)

∣∣ y ∈ Y}.
By using Lemma 1, it is equivalent to{
θ1(x)− θ1(x∗) + (x− x∗)T (−AT y∗) ≥ 0, ∀ x ∈ X ,

θ2(y)− θ2(y∗) + (y − y∗)T (Ax∗) ≥ 0, ∀ y ∈ Y.
(4)

Furthermore, by defining

u =

(
x

y

)
, F (u) =

(
0 −AT

A 0

)(
x

y

)
,

U = X × Y and θ(u) = θ1(x) + θ2(y),

(5)



A search direction inspired primal-dual method for saddle point problems 3

we can rewrite (4) as a compact form:

u∗ ∈ U , θ(u)−θ(u∗)+(u−u∗)TF (u∗) ≥ 0, ∀u ∈ U . (6)

Noting F (u) in (5) is linear and has a skew-symmetric

structure, hence we have

(u− v)T (F (u)− F (v)) ≡ 0, (7)

which shows F is monotone ( see definition in [24]).

For these reasons, we also call (6) the mixed monotone

variational inequality (abbreviated as MVI). Through-

out this paper, we assume the solution set U∗ of (6) is

nonempty.

2.2 MVI-structure of the original PDHG

We analyze the MVI-structure of the original PDHG in

this subsection. For x-subproblem in (3), according to

the basic Lemma 1, xk+1 ∈ X satisfies

θ1(x)− θ1(xk+1)

+ (x− xk+1)T
{
−AT yk + r(xk+1 − xk)

}
≥ 0, ∀x ∈ X .

It can be rewritten as

θ1(x)− θ1(xk+1) + (x− xk+1)T{
−AT yk+1 + r(xk+1 − xk) +AT (yk+1 − yk)

}
≥ 0, ∀x ∈ X .

(8)

Similarly, for y-subproblem in (3), yk+1 ∈ Y satisfies

θ2(y)− θ2(yk+1)

+ (y − yk+1)T
{
Axk+1 + s(yk+1 − yk)

}
≥ 0, ∀y ∈ Y.

(9)

By adding inequalities (8) and (9) and combing with

the basic notations in (5), we have

MVI-structure of the original PDHG

uk+1 ∈ U , θ(u)− θ(uk+1)

+ (u− uk+1)T
{
F (uk+1) +Q(uk+1 − uk)

}
≥ 0, ∀u ∈ U ,

(10)

where

Q =

(
rI AT

0 sI

)
. (11)

2.3 A basic assumption

To ensure the convergence of the new method, we as-

sume the matrix Q defined in (11) satisfies QT +Q � 0,

in other words, the proximal parameters r and s satisfy

r > 0, s > 0 and rs > ρ(ATA)/4.

In such a case, it will provide a wider choice of the

regularization parameter r and s compared with the

condition rs > ρ(ATA) for CPPA and PDHG.

3 Algorithm

In this section, our goal is to propose an acceletable

convergence method under the framework of prediction-

correction method in [21], the original PDHG will be

regarded as a prediction step in our new algorithm.

Moreover, inspired by Newton’s method and alternat-

ing direction method with Gaussian back substitution,

we establish our novel scheme by a standard line search

method in optimization.

3.1 Motivation

As analyzed in [4,15], CPPA has a good structure and

it is convergent provided rs > ρ(ATA). Naturally, we

want to design a acceletable CPPA-based algorithm by

a P-C way. To begin with, we regard CPPA as a pre-

diction step, which has a form{
x̃k = arg min{Φ(x, yk) + r

2‖x− x
k‖22

∣∣ x ∈ X},
ỹk = arg max{Φ(2x̃k−xk, y)− s

2‖y − y
k‖22

∣∣ y ∈ Y}.
(12)

By the similar analysis in section 2.2, the predictor ũk

satisfies the following variational inequality:

θ(u)−θ(ũk)+(u−ũk)T
{
F (ũk)+H(ũk−uk)

}
≥ 0, (13)

where

H =

(
rI AT

A sI

)
.

Suppose u∗ ∈ U∗ is a solution point, thanks to H is

symmetric and positive definite when rs > ρ(ATA),

then by the norm equivalence principle in <n, the saddle

point problem (1) equals

min
{1

2
‖u− u∗‖2H | u ∈ U

}
. (14)
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If uk = ũk, according to (6) and (13), uk would be

a solution point, and hence we define a convergence

indicator

e(uk, ũk) = uk − ũk, (15)

which has a same effect of determining convergence

with ∇f(xk) for unconstrained convex optimization

min
{
f(x)

}
.

Therefore, in the following sections, we assume uk 6= ũk.

It is well known that Newton’s method has a second-

order convergence rate, inspired such a fact, we want to

propose a Newton-like correction step. In general, the

classical Newton’s method (see details in, e.g., [3]) has

an iterative scheme

uk+1 = uk − αk(∇2f(uk))−1∇f(uk),

where αk denotes the step size. Noting that

∇2(
1

2
‖u− u∗‖2H) = H

in (14), and thus we want to propose the following

Newton-like correction step

uk+1 = uk − αkH
−T e(uk, ũk).

However, it is expensive to calculate H−1. Recalling Q

defined in (11), is an upper triangular matrix and its

diagonal parts are rI and sI, and hence we have

Q−T =

(
1
r I 0

− 1
rsA

1
sI

)
.

Because of the simple realization of Q−T , in this paper,

we propose the following weakly Newton-like correction

step

uk+1 = uk − αkQ
−T e(uk, ũk). (16)

In fact, (16) can be rewritten as

QT (uk+1 − uk) = αk(ũk − uk),

which enjoys a similar correction step with the alternat-

ing direction method with Gaussian back substitution

proposed in [18]. Therefore, we also regard the Newton-

like correction step (16) as a special Gaussian back sub-

stitution step of the original PDHG.

3.2 Two intrinsic PDHG-based ascent directions

According to (10), the original PDHG, as the prediction

step, it satisfies the following variational inequality:

θ(u)−θ(ũk)+(u− ũk)T
{
F (ũk)+Q(ũk−uk)

}
≥ 0. (17)

Substituting u = u∗ into inequality (17) and combing

with the structure of F in (5), we have

(ũk − u∗)TQ(uk − ũk)

≥ θ(x̃k)− θ(x∗) + (ũk − u∗)TF (ũk)

= θ(x̃k)− θ(x∗) + (ũk − u∗)TF (u∗)

≥ 0.

Using the fact ũk − u∗ = uk − u∗− (uk − ũk), it follows

that

〈uk − u∗, Q(uk − ũk)〉

=
〈
∇(

1

2
‖(u− u∗)‖22)

∣∣∣
u=uk

, Q(uk − ũk)
〉

≥ 〈uk − ũk, Q(uk − ũk)〉

=
1

2
‖uk − ũk‖2QT+Q,

(18)

where 〈·〉 denotes the inner product. This shows that

Q(uk − ũk) is an ascent direction of 1
2‖u− u

∗‖22 at the

point uk. In fact, there has been some work based on

such a direction, we refer the readers to [15], see details

in Algorithm 1 (in which θ = 0, H = I and M = Q),

and we denote such a method as PDHG-HeY. In this

paper, we consider its ’twins-direction’

d(uk, ũk) := Q−T (uk − ũk). (19)

Taking the nonsingularity of Q into consideration,

we use the QQT -norm, which is defined by

‖x−y‖QQT := ‖QT (x−y)‖2 =
√

(x− y)TQQT (x− y),

to replace the Euclidean norm. In such a case, the above

inequality (18) can be rewritten as

〈uk − u∗, Q(uk − ũk)〉
= 〈QQT (uk − u∗), Q−T (uk − ũk)〉

=
〈
∇(

1

2
‖QT (u− u∗)‖2)

∣∣∣
u=uk

, d(uk, ũk)
〉

≥ 1

2
‖uk − ũk‖2QT+Q.

This indicates the direction d(uk, ũk) (19) is an ascent

direction of 1
2‖u− u

∗‖2QQT at the point uk.

Two intrinsic PDHG-based ascent directions

– Direction 1: Q(uk − ũk).

– Direction 2: Q−T (uk − ũk).
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3.3 The reversible primal-dual hybrid gradient method

Based on the ascent direction (19), now we establish

our new algorithm by a standard line search method.

According to the line search method in numerical

optimization, see details in, e.g., [22]. In order to deter-

mine the step size, we do a linear search (16) to maxi-

mize the quadratic contraction measure

‖uk − u∗‖2QQT − ‖uk+1 − u∗‖2QQT

along the descend direction −d(uk, ũk). Due to

‖uk+1 − u∗‖2QQT

= ‖uk − αQ−T (uk − ũk)− u∗‖2QQT

= ‖uk − u∗‖2QQT − 2α(uk − u∗)TQ(uk − ũk)

+ α2‖uk − ũk‖22
(18)

≤ ‖uk − u∗‖2QQT − α‖uk − ũk‖2QT+Q

+ α2‖uk − ũk‖22.

Therefore, we obtain the inequality

‖uk − u∗‖2QQT − ‖uk+1 − u∗‖2QQT

≥ q(α) := α‖uk − ũk‖2QT+Q − α
2‖uk − ũk‖22.

By maximizing the lower bound quadratic contraction

function q(α), it follows that

α∗k =
‖uk − ũk‖2QT+Q

2‖uk − ũk‖22
.

On the one hand, we consider two norms ‖ · ‖QT+Q and

‖ · ‖2, according to the principle of norm equivalence

in <n, we know there exists a positive number α sat-

isfies α∗k > α, it will ensure the lower-boundary of the

step size α∗k. On the other hand, noting q(α) is a lower

bounded quadratic contraction function, similar with

[21], we introduce a relaxation factor γ ∈ (0, 2). There-

fore, we obtain the following P-C iterative scheme:

Prediction step of RPDHG{
x̃k = arg min{Φ(x, yk) + r

2‖x− x
k‖22

∣∣ x ∈ X},
ỹk = arg max{Φ(x̃k, y)− s

2‖y − y
k‖22

∣∣ y ∈ Y}.
(20)

Correction step of RPDHG

uk+1 = uk − γα∗kQ−T (uk − ũk), (21)

where

γ ∈ (0, 2),

α∗k =
‖uk − ũk‖2QT+Q

2‖uk − ũk‖22
and Q−T =

(
1
r I 0

− 1
rsA

1
sI

)
.

Convergence condition of RPDHG

r > 0, s > 0 and rs > ρ(ATA)/4.

As can been seen, Q−T has a simple structure, whose

components I and A are same as the matrix Q, and

hence it can be regarded as a reversible version of Q.

Therefore, we name the new method (20)-(21) as re-

versible primal-dual hybrid gradient method (RPDHG).

Generally speaking, we suggest to take the relaxation

factor γ ∈ (0.8, 1.5) in the real computations.

4 Convergence

In this section, we establish the convergence analysis

of proposed method (20)-(21). Similar with [7,8], we

show the new method has a global convergence and a

worst-case O(1/t) convergence rate in an ergodic sense.

4.1 Global convergence

The convergence analysis is based on the following lem-

ma.

Lemma 2 Let {uk} be the sequence generated by (20)

and (21) for problem (1), and γ ∈ (0, 2) is a relaxation

factor. Then there exists σ > 0, it satisfies the Féjer

monotone property:

‖uk − u∗‖2QQT − ‖uk+1 − u∗‖2QQT

≥ σγ(2− γ)‖uk − ũk‖2QT+Q.
(22)
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Proof By the definition of uk+1 in (21), we have

‖uk+1 − u∗‖2QQT

= ‖uk − γα∗kQ−T (uk − ũk)− u∗‖2QQT

= ‖uk − u∗‖2QQT − 2γα∗k(uk − u∗)TQ(uk − ũk)

+ γ2(α∗k)
2‖uk − ũk‖22

(18)

≤ ‖uk − u∗‖2QQT − γα∗k‖uk − ũk‖2QT+Q

+ γ2(α∗k)
2‖uk − ũk‖22

= ‖uk − u∗‖2QQT +
γ(γ − 2)

2
α∗k‖uk − ũk‖2QT+Q.

(23)

Moreover, since ‖ · ‖QT+Q and ‖ · ‖2 are two norms. By

the principle of norm equivalence in <n, there exists

2σ > 0 such that

α∗k =
‖uk − ũk‖2QT+Q

2‖uk − ũk‖22
≥ 2σ. (24)

Plug (24) back into (23), which completes the proof of

Lemma 2. �

Based on Lemma 2, we have the following global con-

vergence theorem.

Theorem 1 Let {uk} be the sequence generated by (20)

and (21) for problem (1), then for any relaxation factor

γ ∈ (0, 2), we have uk → u∞ ∈ U∗.

Proof According to inequality (22), the generated se-

quence {uk} satisfies

‖uk+1 − u∗‖2QQT

≤ ‖uk − u∗‖2QQT − σγ(2− γ)‖uk − ũk‖2QT+Q

≤ ‖uk − u∗‖2QQT

≤ · · ·
≤ ‖u0 − u∗‖2QQT .

Consequently, the generated sequence {uk} is bounded.

By adding (22) from k = 0, 1, · · · ,∞, it follows that

∞∑
k=0

σγ(2− γ)‖uk − ũk‖2QT+Q

≤
∞∑
k=0

(‖uk − u∗‖2QQT − ‖uk+1 − u∗‖2QQT )

≤ ‖u0 − u∗‖2QQT ,

and hence we obtain

lim
k→∞

‖uk − ũk‖2QT+Q = 0. (25)

This indicates the sequence {ũk} is also bounded. By

the compactness of the closed bounded set in <n, there

exists a subsequence {ũkj} converges to u∞. Therefore,

combing with (25), we have

θ(u)− θ(u∞) + (u− u∞)TF (u∞) ≥ 0, ∀u ∈ U ,

in (17), which means u∞ ∈ U∗ is a solution point. Then

by (22), we also have

‖uk − u∞‖2QQT − ‖uk+1 − u∞‖2QQT

≥ σγ(γ − 2)‖uk − ũk‖2QT+Q.
(26)

Meanwhile, according to Féjer monotonicity (26), the

sequence {ũk} cannot have any other accumulation point.

Therefore, by (25), we have lim
k→∞

uk = lim
k→∞

ũk = u∞.

This completes the proof. �

4.2 Convergence rate

Similar with [7,8], first, we need to define a suitable

approximate-solution of the variational inequality (6).

It is easy to see that if ũ satisfies

ũ ∈ U , θ(u)− θ(ũ) + (u− ũ)TF (ũ) ≥ 0, ∀ u ∈ U ,

then ũ will be a solution point of (6). Recall the oper-

ator F (·) in (5) is linear with a skew-symmetric struc-

ture, we have

(u− ũ)TF (ũ) ≡ (u− ũ)TF (u),

and consequently the solution point ũ can be charac-

terized by

ũ ∈ U , θ(u)− θ(ũ) + (u− ũ)TF (u) ≥ 0, ∀ u ∈ U .

For a given ε > 0, as described in [10], we say ũ is a

ε-approximate solution of (6) means

ũ ∈ U , θ(u)−θ(ũ)+(u−ũ)TF (u) ≥ −ε, ∀ u ∈ Dũ, (27)

where

Dũ = {u ∈ U
∣∣ ‖u− ũ‖ ≤ 1}.

Multiplying both sides by −1 in (27), we also have

ũ ∈ U , θ(ũ)− θ(u) + (ũ− u)TF (u) ≤ ε, ∀ u ∈ Dũ.

Next, for the proposed scheme (20)-(21), our goal is to

show after t iteration times, we can find an approximate

solution ũt ∈ U satisfies

sup
u∈Dũt

{
θ(ũt)− θ(u) + (ũt − u)TF (u)

}
≤ O(1/t).
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Lemma 3 Let {uk} be the sequence generated by (20)

and (21) for problem (1). Then for any relaxation fac-

tor γ ∈ (0, 2), we have

α∗k
{
θ(u)− θ(ũk) + (u− ũk)TF (ũk)

}
≥ 1

2γ
{‖u− uk+1‖2QQT − ‖u− uk‖2QQT }

+
2− γ

4
α∗k‖uk − ũk‖2QT+Q.

(28)

Proof At first, according to (17) and (21), we have

θ(u)− θ(ũk) + (u− ũk)TF (ũk)

≥ 1

γα∗k
(u− ũk)TQQT (uk − uk+1),

Since Q is nonsingular, we know QQT is symmetric and

positive definite. By using a basic identity

(a− b)QQT (c− d)

=
1

2
{‖a− d‖2QQT − ‖a− c‖2QQT }

+
1

2
{‖c− b‖2QQT − ‖d− b‖2QQT }

and set

a = u, b = ũk, c = uk and d = uk+1,

we obtain

(u− ũk)TQQT (uk − uk+1)

=
1

2
{‖u− uk+1‖2QQT − ‖u− uk‖2QQT }

+
1

2
{‖uk − ũk‖2QQT − ‖uk+1 − ũk‖2QQT }.

(29)

For the second term of (29), we have

1

2
{‖uk − ũk‖2QQT − ‖uk+1 − ũk‖2QQT }

=
1

2
‖uk − ũk‖2QQT

− 1

2
‖uk − γα∗kQ−T (uk − ũk)− ũk‖2QQT

=
1

2
{−(γα∗k)2‖uk − ũk‖22 + γα∗k‖uk − ũk‖2QT+Q}

=
1

2

{ (2− γ)γ

2
α∗k‖uk − ũk‖2QT+Q

}
,

(30)

and thus we have

θ(u)− θ(ũk) + (u− ũk)TF (ũk)

(29)

≥ 1

γα∗k

[1
2
{‖u− uk+1‖2QQT − ‖u− uk‖2QQT }

+
1

2
{‖uk − ũk‖2QQT − ‖uk+1 − ũk‖2QQT }

]
(30)
=

1

γα∗k

{1

2
{‖u− uk+1‖2QQT − ‖u− uk‖2QQT }

+
2− γ

4
γα∗k‖uk − ũk‖2QT+Q

}
=

1

2γα∗k
{‖u− uk+1‖2QQT − ‖u− uk‖2QQT }

+
2− γ

4
‖uk − ũk‖2QT+Q.

This completes the proof of Lemma 3. �

According to the inequality (28) and the monotonicity

of the operator F , we have

α∗k
{
θ(u)− θ(ũk) + (u− ũk)TF (u)

}
≥ α∗k

{
θ(u)− θ(ũk) + (u− ũk)TF (ũk)

}
≥ 1

2γ

{
‖u− uk+1‖2QQT − ‖u− uk‖2QQT

}
.

(31)

Based on the inequality (31), we have the following the-

orem.

Theorem 2 Let {uk} be the sequence generated by (20)

and (21) for problem (1). Then for any positive integer

t and relaxation factor γ ∈ (0, 2), we have

θ(ũt)−θ(u)+ (ũt−u)TF (u) ≤ 1

2γΥt
‖u−u0‖2QQT , (32)

where

ũt =
1

Υt
(

t∑
k=0

α∗kũ
k) and Υt =

t∑
i=0

α∗k. (33)

Proof To begin with, by adding the inequality (31) from

k = 0, · · · , t, it follows that

t∑
k=0

α∗k
{
θ(ũk)−θ(u)+(ũk−u)TF (u)

}
≤ 1

2γ
‖u−u0‖2QQT .

Noting the notations in (33), by dividing Υt both sides,

we have{ 1

Υt

t∑
k=0

α∗kθ(ũ
k)
}
− θ(u) + (ũk − u)TF (u)

≤ 1

2γΥt
‖u− u0‖2QQT .

(34)
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Meanwhile, according to the convexity of θ(u), we know

θ(ũt) ≤
1

Υt

{ t∑
k=1

α∗kθ(ũ
k)
}
.

By substituting it in (34), the assertion of this theorem

follows directly. �

With the help of the preceding lemma and theorem,

now we can show the convergence rate of the proposed

scheme (20)-(21). According to the conclusion in Lem-

ma 2, we know α∗k ≥ 2σ. Therefore, for the right term

in (32), we have

1

2γΥt
‖u− u0‖2QQT =

1

2γ
∑t

k=0 α
∗
k

‖u− u0‖2QQT

≤ 1

2γ(t+ 1)2σ
‖u− u0‖2QQT .

If we set b = supu∈Dũt
{‖u− u0‖2QQT }, it is easy to see

that

θ(ũt)− θ(u) + (ũt − u)TF (u) ≤ 1

2γ(t+ 1)2σ
b = O(

1

t
),

and consequently a O(1/t) convergence rate in an er-

godic sense is established.

5 Numerical experiments

We conduct some numerical experiments to evaluate

the performance of the novel method (20)-(21) in this

section. It contains three examples of image inpainting.

5.1 Image restoration problems

As analyzed in [4,6,23,27], some classical image restora-

tion problems with TV regularization can be reformu-

lated as the following min-max problem:

min
x

max
y∈Y

{
Φ(x, y) = yT∇x+

µ

2
‖Bx− z‖22

}
,

where µ > 0 is a constant balancing the data-fidelity

and TV regularization terms; Y is the Cartesian prod-

uct of some unit balls in <2; ∇ denotes a discrete gradi-

ent operator and B is the matrix representation of im-

age processing operator. For example, if B = I, it will

correspond to TV image denosing. At first, we need to

solve two decomposed subproblems in RPDHG scheme

(20)-(21). For x-subproblem in (20),

x̃k = arg min
x
{Φ(x, yk) +

r

2
‖x− xk‖22}

= arg min
x
{(yk)T∇x+

µ

2
‖Bx− z‖22+

r

2
‖x− xk‖22}

= (µBTB + rI)−1(µBTBz + rxk −∇T yk).

It equals to solving a linear equations system. For im-

age denosing and deblurring, as described in [13], the

matrix µBTB+ rI would be a block circulant with cir-

culant blocks matrix (BCCB) under the image period-

ic boundary condition, we can solve it by fast Fouri-

er transform. For image inpainting model, µBTB + rI

would be a diagonal matrix. It remains to solve the y-

subproblem in (20),

ỹk = arg max
y∈Y

{
Φ(x̃k, y)− s

2
‖y − yk‖22

}
= arg min

y∈Y

{
− Φ(x̃k, y) +

s

2
‖y − yk‖22

}
= PY(yk +

1

s
∇x̃k),

where PY(·) is a projection operator on set Y. There-

fore, the original PDHG (3) has an iterative scheme:{
xk+1 = (µBTB + rI)−1(µBTBz + rxk −∇T yk),

yk+1 = PY(yk + 1
s∇x

k+1).

And the reversible PDHG (20)-(21) thus has a form:

{
x̃k = (µBTB + rI)−1(µBTBz + rxk −∇T yk),

ỹk = PY(yk + 1
s∇x̃

k),{
xk+1 = xk − γα∗k 1

r (xk − x̃k),

yk+1 = yk − γα∗k{ 1
rs∇(xk − x̃k) + 1

s (yk − ỹk)},

in which

α∗k =
‖uk − ũk‖2QT+Q

2‖uk − ũk‖22

=
qk

‖xk − x̃k‖22 + ‖yk − ỹk‖22
,

and

qk = r‖xk− x̃k‖22 +s‖yk− ỹk‖22− (yk− ỹk)T∇(xk− x̃k).

We also give the specific iterative form of PDHG-HeY

proposed in [15], which enjoys a form:

{
x̃k = (µBTB + rI)−1(µBTBz + rxk −∇T yk),

ỹk = PY(yk + 1
s∇x̃

k),{
xk+1 = xk − γβ∗k

{
r(xk − x̃k)−∇T (yk − ỹk)

}
,

yk+1 = yk − γβ∗k
{
s(yk − ỹk)

}
,

where

β∗k =
qk

‖r(xk − x̃k)−∇T (yk − ỹk)‖22 + ‖s(yk − ỹk)‖22
.
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Fig. 1 Original image, missing image, and image recovered from RPDHG (r = 5 and s = 1.2) with 199 iterations.

Fig. 2 Original image, missing image, and image recovered from RPDHG (r = 5 and s = 1.2) with 289 iterations.

Fig. 3 Original image, missing image, and image recovered from RPDHG (r = 5 and s = 1.2) with 171 iterations.

Next, taking TV image inpainting as an example, we

adpot some stop rules including iteration relative error

(Itr-RE) and relative error (RE), which are defined as

Itr-RE(k) =
‖ũk − uk‖22
‖uk‖22

and RE(k) =
‖xk − x∗‖22
‖x∗‖22

respectively, where uk and ũk are k-th iteration point

and prediction point, x∗ is the good image. We also

compare different methods by signal-to-noise ratio val-

ue (SNR). The reason why we take the stop rule by Itr-

RE is (15), and due to the simplification of the model,

the relative error (RE) would have a lower bound.

In our experiments, we take µ = 500. Noting that

ρ(∇T∇) = 8, referring to [2,9,25,27], we adopt s =

8.1/r for PDHG. By [15] and a lot of numerical at-

tempts, we take s = 7/r and γ = 1.2 in PDHG-HeY to
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Fig. 4 The implementation of different evaluation indicators with iterations and CPU time for Figure 1.

obtain an efficient numerical performance. Finally, we

take s = 6/r in RPDHG and use γ = 1 for simplifica-

tion.

5.2 Comparison

This subsection compares the RPDHG (20)-(21) to the

original PDHG and PDHG-HeY (Algorithm 1) in [15],

we show their implementation for different evaluation

indicators with iterations and CPU time.

To begin with, we need to determine an optimal r

for the above methods. We list the first iteration to the

stop rule Tol = Itr-RE(k) < 10−6 for different r in Ta-

bles 1, 2 and 3. As we can see, r = 80 and r = 5 have a

better numerical performance for PDHG and RPDHG

respectively; and r = 2 is more efficient for PDHG-HeY.
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Table 1 The iteration number to stop rule Tol = Itr-RE(k) < 10−6 for the original PDHG.

Figure 1 Figure 2 Figure 3

r Iterations log(Itr-RE) Iterations log(Itr-RE) Iterations log(Itr-RE)
r = 5 1599 -6.001 1875 -6.0042 1165 -6.0020
r = 10 1310 -6.0102 1503 -6.0045 888 -6.0038
r = 50 690 -6.0089 929 -6.0072 490 -6.0012
r = 60 664 -6.0092 856 -6.0052 474 -6.0196
r = 70 658 -6.0040 820 -6.0012 479 -6.0000
r = 75 648 -6.0073 828 -6.0080 475 -6.0089
r = 80 646 -6.0043 821 -6.0060 484 -6.0000
r = 85 653 -6.0085 833 -6.0006 490 -6.0038
r = 90 648 -6.0038 826 -6.0012 505 -6.0024
r = 100 652 -6.0096 851 -6.0014 540 -6.0039
r = 120 706 -6.0014 890 -6.0117 561 -6.0179

Table 2 The iteration number to stop rule Tol = Itr-RE(k) < 10−6 for the PDHG-HeY with γ = 1.2.

Figure 1 Figure 2 Figure 3

r Iterations log(Itr-RE) Iterations log(Itr-RE) Iterations log(Itr-RE)
r = 1 340 -6.0002 600 -6.0022 355 -6.0018
r = 1.5 288 -6.0013 468 -6.0178 279 -6.0009
r = 2 279 -6.0031 417 -6.0094 263 -6.0001
r = 2.5 295 -6.0033 436 -6.0011 272 -6.0049
r = 3 301 -6.0026 436 -6.0012 273 -6.0071
r = 4 414 -6.0008 522 -6.0026 401 -6.0011
r = 5 597 -6.0026 678 -6.0016 572 -6.0026
r = 6 803 -6.0022 861 -6.0009 765 -6.0010

Table 3 The iteration number to stop rule Tol = Itr-RE(k) < 10−6 for the RPDHG with γ = 1.

Figure 1 Figure 2 Figure 3

r Iterations log(Itr-RE) Iterations log(Itr-RE) Iterations log(Itr-RE)
r = 2 536 -6.0009 616 -6.0027 513 -6.0012
r = 3 273 -6.0013 414 -6.0009 251 -6.0051
r = 4 212 -6.0086 299 -6.0065 186 -6.0051
r = 5 199 -6.0169 289 -6.0102 171 -6.0068
r = 6 212 -6.0069 328 -6.0055 192 -6.0017
r = 8 346 -6.0013 521 -6.0051 345 -6.0052
r = 10 671 -6.0052 941 -6.0019 665 -6.0023

Therefore, in the following, we only compare the per-

formance of PDHG with r = 80 s = 0.10125, PDHG-

HeY with r = 2 s = 3.5 γ = 1.2 and RPDHG with

r = 5 s = 1.2 γ = 1.

For the first experiment, Figure 1 shows the visual

result by using the proposed method RPDHG with 199

iterations. As can be seen, it has a good visual effect. As

the Figure 4 vividly shows: the modified PDHG meth-

ods PDHG-HeY and RPDHG are more efficient with

iterations; the RPDHG needs a less iterations to stop

rule and it has a steeper sub-linear convergence rate

numerically. It also need less iterations to a stable rela-

tive error and SNR value. As the same time, noting the

proposed method needs some extra extrapolation, we

also show the implementation for the change of Itr-RE,

relative error and SNR value with CPU time. As illus-

trated in Figure 4, it is clear that the RPDHG costs a

less CPU time to the original PDHG and PDHG-HeY,

which indicates the RPDHG has an accelerated effect

for TV image inpainting.

For the second and third experiments, Figure 2 and

3 show the visual result by using the novel method.

Moreover, similar with the first experiment, we show

the implementation of different evaluation indicators

with iterations and CPU time in Figure 5 and Fig-

ure 6. As they vividly show, the RPDHG (20)-(21)
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Fig. 5 The performance of different evaluation indicators with iterations and CPU time for Figure 2.

has a faster convergence rate both in iterations and

CPU time. Therefore, the necessity of considering the

RPDHG for other applications is meaningful.

6 Conclusions

Inspired by Newton’s direction and alternating direc-

tion method with Gaussian back substitution, we present

a reversible PDHG for saddle point problems. We al-

so give its convergence analysis in a worst-case sense.

On the one hand, compared with the original PDHG,

the reversible PDHG is convergent only provided rs >

ρ(ATA)/4, which allows a bigger step size to poten-

tially reduce required convergence iterations. On the

other hand, the novel method provides an efficient as-

cent direction, and it can be regraded a variation of

the classic line search method. Extensive numerical ex-
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Fig. 6 The performance of different evaluation indicators with iterations and CPU time for Figure 3.

periments show that the proposed method has a faster

convergence speed than the original PDHG for TV im-

age inpainting. It would be interesting to know whether

the proposed method (20)-(21) has a higher order con-

vergence rate. We leave this as a topic for future work.
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