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Abstract

Second-order optimality conditions play an important role in contin-
uous optimization. In this paper, we present and discuss new constraint
qualifications to ensure the validity of some well-known second-order op-
timality conditions. Our main interest is on second-order conditions that
can be associated with numerical methods for solving constrained opti-
mization problems. Such conditions depend on a single Lagrange multi-
plier, instead of the whole set of Lagrange multipliers, and they are con-
sistent with second-order algorithms where, usually, at each iteration, one
only has access to a single approximate Lagrange multiplier. For each con-
dition, we characterize the weakest second-order constraint qualification
that guarantees its fulfilment at local minimizers, while proposing new
weak conditions implying them. Relations with other constraint qualifi-
cations stated in the literature are discussed.

Keywords: Nonlinear optimization, constraint qualifications, second-
order optimality conditions.
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1 Introduction

In this paper, we study second-order optimality conditions for the constrained
optimization problem of the form

minimize f(x),
subject to hi(x) = 0 ∀i ∈ E := {1, . . . ,m},

gj(x) ≤ 0 ∀j ∈ J := {1, . . . , p},
(1)
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where we assume that all functions f , hi, gj : Rn → R are twice continuously
differentiable. Furthermore, we denote by Ω the feasible set of (1).

Numerical methods for solving (1) are usually iterative, and thus, in their
implementation suitable stopping criteria must be considered. Useful tools for
designing stopping criteria are the necessary optimality conditions, that is, con-
ditions satisfied at every local minimizer. However, not all necessary optimality
conditions serve this purpose. Hence, we only deal with optimality conditions
that can be (approximately) checked with the information readily available at
the current iteration, that is, a primal-dual solution (see [2]). For first-order
methods for solving constrained optimization problems, this role is usually
played by the Karush-Kuhn-Tucker (KKT) conditions. For more details, see
[23, Framework 7.13], [17, Chapter 12] and [1, 7].

When one seeks more reliable methods and possibly with a faster conver-
gence rate, one usually relies on second-order methods, which are based on
second-order necessary optimality conditions. Observe that second-order nec-
essary optimality conditions allow ruling out possible non-minimizers accepted
as solutions when only first-order information is considered. In contrast with
the first-order case, where KKT conditions are dominant, several second-order
optimality conditions have been proposed in the literature, both from a theo-
retical and a practical point of view, see for instance [23, 17, 10, 25, 12, 15, 13]
and references therein.

Following our previous paper [19], where we focused on an optimality condi-
tion depending on the whole set of Lagrange multipliers, in this paper, we focus
on the weak second-order optimality condition (WSOC) and the strong second-
order optimality condition (SSOC) defined in Definition 2.1. Both conditions
rely on the existence of an adequate Lagrange multiplier, and not on the whole
set of Lagrange multipliers.

Similarly to the first-order case, for the validity of SSOC or WSOC at local
minimizer, one needs a constraint qualification (CQ) to hold. For the KKT con-
ditions, it is known that Guignard’s CQ is the weakest possible assumption that
yields the KKT conditions at local minimizers, independently of the objective
function (see [18]). In other words, the fact that Guignard’s CQ is a constraint
qualification can be seen as the implication

local minimizer⇒ KKT conditions hold or Guignard’s CQ fails,

that is, “KKT or not-Guignard” is a genuine first-order necessary optimality
condition. However, because of the minimality property of Guignard’s CQ, this
optimality condition is too strong for practical purposes, since no algorithm is
known that fulfills it at limit points of its sequence of iterates. The assumptions
yielding global convergence of algorithms, in the sense described above, are
stronger, see [3, 4, 7, 6].

Given the role of WSOC and SSOC in numerical algorithms, in this paper
we are interested in discussing the weakest possible assumptions guaranteeing
their validity at local minimizers. See Theorems 3.1 and 3.3. Furthermore,
new weak constraint qualifications are introduced and some relations among
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them are analyzed. To develop our new constraint qualifications that guarantee
the fulfilment of SSOC or WSOC at local minimizer of (1), we rely on some
theoretical tools defined in [19], which will be properly presented.

This paper is organized as follows. In Section 2 we present the formal def-
inition of the second-order conditions. In Section 3, new CQs for WSOC and
SSOC are introduced. In Section 4 we give some concluding remarks.

Notations: By Rn, we denote the n-dimensional real Euclidean space, n ∈
N, while Rn+ ⊆ Rn is the set of vectors with non-negative components. The
set of real symmetric matrices of order n is denoted by Sym(n). We use 〈·, ·〉
to denote the Euclidean inner product on Rn and on Sym(n), with ‖ · ‖ the
associated norm. Given A ∈ Sym(n) and v ∈ Rn, we use Av2 to denote 〈v,Av〉
and ‖A‖2 the operator-norm induced by ‖ · ‖. For a set S ⊆ Rn, the symbol

z
S−→ z∗ means that z → z∗ with z ∈ S. For a given cone K ⊆ Rs, its polar is

denoted by K◦ := {v ∈ Rs : 〈v, k〉 ≤ 0 for all k ∈ K}. For every set C ⊆ Rn, we
use lin(C) to denote its lineality space, that is, the largest subspace included in
C. When C is a closed convex cone, lin(C) = C ∩−C. For A,B ∈ Sym(n), and
V a subset of Rn, we use A � B on V to say that 〈v,Av〉 ≤ 〈v,Bv〉 for every
v ∈ V, and when the previous relation holds with A replaced by a matrix with
all entries equal to zero, we say that B is positive semi-definite on V. Given
a set-valued mapping Γ : Rs ⇒ Rd, the sequential Painlevé-Kuratowski outer
limit of Γ (z) as z → z∗ is defined by

lim sup
z→z∗

Γ (z) := {w∗ ∈ Rd : ∃ (zk, wk)→ (z∗, w∗) with wk ∈ Γ (zk)}.

We say that Γ is outer semicontinuous at z∗ if lim supz→z∗ Γ (z) ⊆ Γ (z∗).
Finally, the regular normal cone to Ω at z̄ is defined as:

N1(z̄) :=

{
w : limsup

z∈Ω,z→z̄

〈w, z − z̄〉
‖z − z̄‖2

≤ 0

}
.

2 Second-order Conditions for Nonlinear Opti-
mization

Let us describe the second-order conditions that we will deal with in this paper.
Let us start by the following standard notations and definitions. The Lagrangian
function for problem (1) is defined as

L(x, λ, µ) := f(x) +

m∑
i=1

λihi(x) +

p∑
j=1

µjgj(x),

where (x, λ, µ) ∈ Rn×Rm×Rp+. We use ∇xL(x, λ, µ) and ∇2
xxL(x, λ, µ) for the

gradient and Hessian of L(x, λ, µ) with respect to x, respectively.
For a feasible point x̄, we denote by A(x̄) := {j ∈ J : gj(x̄) = 0}, the set

of indexes of active inequality constraints. Furthermore, we denote by Λ(x̄)

3



the set of Lagrange multipliers associated with problem (1) at x̄. That is,
(λ, µ) ∈ Rm × Rp+ belongs to Λ(x̄) if, and only if

∇xL(x, λ, µ) = 0, and µjgj(x̄) = 0, ∀j ∈ J . (2)

Now, we consider the cone of critical directions (critical cone) defined as follows:

C(x̄) :=

{
d ∈ Rn :

〈∇f(x̄), d〉 = 0; 〈∇hi(x̄), d〉 = 0, i ∈ E
〈∇gj(x̄), d〉 ≤ 0, j ∈ A(x̄)

}
. (3)

Obviously, C(x̄) is a non-empty closed convex cone. From the algorithmic point
of view, an important set is the critical subspace, given by:

S(x̄) := {d ∈ Rn : 〈∇hi(x̄), d〉 = 0, i ∈ E ; 〈∇gj(x̄), d〉 = 0, j ∈ A(x̄)}. (4)

Now, we are able to define the classical second-order conditions.

Definition 2.1. Let x̄ be a feasible point of (1) with Λ(x̄) 6= ∅. We say that

1. the strong second-order optimality condition (SSOC) holds at x̄ if there
exists (λ, µ) ∈ Λ(x̄) such that ∇2

xxL(x̄, λ, µ)d2 ≥ 0 for every d ∈ C(x̄);

2. the weak second-order optimality condition (WSOC) holds at x̄ if there
exists (λ, µ) ∈ Λ(x̄) such that ∇2

xxL(x̄, λ, µ)d2 ≥ 0 for every d ∈ S(x̄).

Note that both conditions depend only on the existence of a suitable La-
grange multiplier, while other second-oder conditions consider all the set of
Lagrange multipliers, for instance, in [19] we did a similar discussion for the
basic second-order optimality condition (BSOC), which requires that for ev-
ery d ∈ C(x̄), there exists (λ, µ) ∈ Λ(x̄) (which depends on d) such that
∇2
xxL(x̄, λ, µ)d2 ≥ 0. See [14].

We refer the reader to the extended version of [11] for a discussion on the
pivotal role of WSOC on global convergence of numerical algorithms.

2.1 Preliminaries and Basic Results

We proceed to present some results from [19] which will be used in our analysis.
Given a set-valued mapping B(·) : Rn ⇒ Rn×R+, d 7→ B(d) and a set A ⊆ Rn,
we define the polar pairing of A and B(·), denoted by [A,B(·)], as the closed
convex set defined as

[A,B(·)] :=

(w,W ) ∈ Rn × Sym(n) :
〈w, d〉 ≤ 0, for all d ∈ A
〈w, z〉+ 〈W, rddT 〉 ≤ 0, for all
(d, (z, r)) ∈ KA(w)×B(d)

 ,

(5)
where KA(v) := A∩ v⊥ for v ∈ Rn. Note that for a given cone K ⊆ Rn, we can
recover the polar K◦, using the polar pairing, in two distinct ways. By defining
K(·) := K × {0} we get [{0},K(·)] = [K, ∅] = K◦ × Sym(n).
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The second-order normal cone N2(x̄) ⊆ Rn × Sym(n) to Ω ⊆ Rn at x̄ ∈ Ω is
defined as follows:

N2(x̄) :=

{
(w,W ) : limsup

x∈Ω,x→x̄

〈w, x− x̄〉+ (1/2)W (x− x̄)2

‖x− x̄‖2
≤ 0

}
. (6)

From [19], we have the following characterization of N2(x̄):

Theorem 2.1. Let x̄ ∈ Ω, w ∈ Rn and W ∈ Sym(n). Then, (w,W ) ∈ N2(x̄) iff
there exists a twice continuously differentiable function f that attains its global
minimum relative to Ω at x̄ such that −∇f(x̄) = w and −∇2f(x̄) = W .

In [19], the following inclusion is proved:

Theorem 2.2. Let x̄ ∈ Ω. Then, we have that N2(x̄) ⊆ [T1(x̄), T proj2 (x̄, ·)],
where T1(x̄) is the (Bouligand) tangent cone to Ω at x̄, T proj2 (x, d) denotes the

projective second-order cone [24] to Ω at x̄ and with direction d and T proj2 (x̄, ·) is

the set-valued mapping d⇒ T proj2 (x, d). See (10) and (12) below for the proper
definition.

Theorem 2.1 is a second-order analogue of the well known fact that the
regular normal cone N1(x̄) coincides with −∇f(x̄) for every continuously differ-
entiable function f that attains its global minimum relative to Ω at x̄, while The-
orem 2.2 is a second-order version of the well known inclusion N1(x̄) ⊆ T1(x̄)◦

(see [25, Theorem 6.28]), which together are knwon as the geometric neces-
sary optimality condition. Hence, Theorems 2.1 and 2.2 yield a second-order
geometric optimality condition. In the first-order case, it actually holds that
N1(x̄) = T1(x̄)◦, which simplifies the definition of the weakest CQ implying the
KKT conditions (that is, Guignard’s CQ), whereas in the second-order case, we
do not have a characterization of N2(x̄).

For passing from the geometric necessary optimality condition to WSOC
or SSOC, one must rely on a CQ. Besides the linear independence constraint
qualification (LICQ), few CQs guarantee the existence of a Lagrange multipliers
satisfying SSOC or WSOC. Not even the Mangasarian-Fromovitz CQ (MFCQ),
which is a very useful condition for stability analysis, convergence analysis and
many other applications, serves this purpose. We say that MFCQ holds at x̄ if
there is a nonzero vector d ∈ Rn such that

〈∇hi(x̄), d〉 = 0, i ∈ E and 〈∇gj(x̄), d〉 < 0, j ∈ A(x̄). (7)

It is well-known that MFCQ alone is not enough to imply WSOC at a local
minimizer (see [8, 9]). By adding to MFCQ a constant rank assumption, WSOC
is guaranteed to hold, see [5]. The constant rank assumption needed for this
task is the so-called weak constant rank condition (WCR), which holds at a
feasible point x̄ if the set {∇hi(x),∇gj(x) : i ∈ E , j ∈ A(x̄)} has constant rank
for every x near x̄.

We end this section by a version of the well known Constant Rank Theorem
[21], which will be needed in our analysis. Here, we prove an uniform bound on
the second-order derivative of the curve α guaranteed to exist. The proof will
be given in the appendix.
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Lemma 2.1. Let {F1, . . . , FN} be a family of C2 real valued functions and
x ∈ Rn be a point such that Fj(x) = 0,∀j = 1, . . . , N . Assume that there is an
open neighbourhood O of x such that {∇F1(y), . . . ,∇FN (y)} has constant rank
for every y ∈ O. Take d ∈ Rn such that 〈∇Fj(x), d〉 = 0, for j = 1, . . . , N .

Then, there exists a C2 curve α :]− t0, t0[→ Rn (t0 > 0) such that

α(0) = x, α′(0) = d, and Fj(α(t)) = 0,∀t ∈]− t0, t0[,∀j = 1, . . . , N. (8)

Furthermore, we can choose α(t) such that

‖α′′(0)‖ ≤ KF ‖d‖2, (9)

where KF is independent of d and depends only on the functions F1, . . . , FN and
their derivatives up to order two evaluated at x.

3 New Constraint Qualifications for Second-Order
Optimality Conditions

A constraint qualification is needed to relate some geometric objects (as the
tangent cones) with some analytic objects (as the linearized tangent cones). In
the first-order case, we define the tangent cone to Ω at x̄ as follows:

T1(x̄) := {d ∈ Rn : ∃ dk → d, tk ↓ 0, such that x̄+ tkd
k ∈ Ω, k ∈ N}. (10)

Since T1(x̄) is a geometric object that can be difficult to compute, we consider
its first-order approximation, which is known as the linearized tangent cone to
Ω at x̄ and is defined as follows:

L1(x̄) := {d ∈ Rn : 〈∇hi(x̄), d〉 = 0, i ∈ E ; 〈∇gj(x̄), d〉 ≤ 0, j ∈ A(x̄)}. (11)

Using such objects, several important CQs were introduced in the literature.
Guignard’s CQ states that T1(x̄)◦ = L1(x̄)◦, which gives rise to the more well-
known (and stronger) Abadie’s CQ, namely T1(x̄) = L1(x̄). For the second-order
analysis, we consider the projective second-order tangent cone to Ω at x̄, [24],
defined as

T proj2 (x̄, d) := lim sup
(t,r,t/r)↓0

Ω− td− x̄
t2

2r

. (12)

As the tangent cone, the set T proj2 (x̄, d) can be a difficult object to deal with,
hence, we define the projective linearized second-order tangent cone of Ω at x̄ as

Lproj2 (x̄, d) :=

{
(z, r) ∈ Rn × R+ :

〈∇hi(x̄), z〉+ r∇2hi(x̄)d2 = 0, i ∈ E ;
〈∇gj(x̄), z〉+ r∇2gj(x̄)d2 ≤ 0, j ∈ A(x̄, d)

}
,

(13)
whereA(x̄, d) := {j ∈ A(x̄) : 〈∇gj(x̄), d〉 = 0}. Clearly, T proj2 (x̄, d) ⊆ Lproj2 (x̄, d),

∀d ∈ T1(x̄). In fact, the relations among L1(x̄), T1(x̄), Lproj2 (x̄, d) and T proj2 (x̄, d)
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is given by the use of the polar pairing. By [19, Proposition 4.1], the following
inclusion holds:

[L1(x̄), Lproj2 (x̄, ·)] ⊆ [T1(x̄), T proj2 (x̄, ·)]. (14)

Such inclusion can be considered as a second-order version of the first-order
inclusion L1(x̄)◦ ⊆ T1(x̄)◦. Other useful cones are the non-projective versions
of L2 and T2 as follows:

L2(x̄, d) :=

{
z ∈ Rn :

〈∇hi(x̄), z〉+∇2hi(x̄)d2 = 0, i ∈ E ;
〈∇gj(x̄), z〉+∇2gj(x̄)d2 ≤ 0, j ∈ A(x̄, d)

}
,

which is a first-order approximation of the second-order tangent cone to Ω at x̄,
[14], defined as

T2(x̄, d) := lim sup
t↓0

Ω− td− x̄
t2/2

.

In general, T2(x̄, d) ⊆ L2(x̄, d). It is known that under MFCQ at x̄, the equality
T2(x̄, d) = L2(x̄, d) holds, for every d ∈ T1(x̄) such that T2(x̄, d) 6= ∅, see
[14]. The definition of the projective objects is motivated by the fact that
T2(x̄, d) may be empty. See [24]. In fact, note that z ∈ L2(x̄, d) implies that
(z, 1) ∈ Lproj2 (x̄, d), and if (z, r) ∈ Lproj2 (x̄, d) with r > 0, then z/r ∈ L2(x̄, d).

As Lproj2 (x̄, d) is defined by linear equalities and inequalities, its polar can

be easily calculated. Indeed, (w, η) ∈ Lproj2 (x̄, d)◦ if, and only if, there exist
multipliers λi ∈ R, i ∈ E ; µj ≥ 0, j ∈ A(x̄, d) and β ≥ 0, such that(

w
η

)
=
∑
i∈E

λi

(
∇hi(x̄)
∇2hi(x̄)d2

)
+

∑
j∈A(x̄,d)

µj

(
∇gj(x̄)
∇2gj(x̄)d2

)
−
(

0
β

)
. (15)

Finally, some remarks about the nomeclature used in this paper. When we
say that certain CQ is of Abadie-type, we refer to a CQ that in its definition
relates some notion of tangent cone and its linearized counter-part. Similarly,
we say that a CQ is of Guignard-type if its definition consider relations of
certain tangent cones and linerized cones but via the polar pairing or the polar
operation.

3.1 New Constraint Qualifications for WSOC

Let us define new CQs that guarantee that WSOC holds at every local min-
imizer. For this purpose, we consider yet another linearized cone L2,W (x̄) ⊆
Rn × Sym(n) related with WSOC, defined as follows:

L2,W (x̄) :=

(z, Z) :
〈∇hi(x̄), z〉+ 〈∇2hi(x̄), Z〉 = 0, i ∈ E ,
〈∇gj(x̄), z〉+ 〈∇2gj(x̄), Z〉 ≤ 0, j ∈ A(x̄),
and Z ∈ cl(conv({ddT : d ∈ S(x̄)})).

 ,
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where S(x̄) is the critical subspace defined in (4). Note that if z ∈ L2(x̄, d)
for d ∈ S(x̄), then (z, Z) ∈ L2,W (x̄) where Z := ddT . Thus, we can think of
L2,W (x̄) as a relaxation of L2(x̄, d) where the constraint Z = ddT with d ∈ S(x̄)
is replaced by the relaxed constraint Z ∈ cl(conv({ddT : d ∈ S(x̄)})). Note that
we have A(x̄, d) = A(x̄) for every d ∈ S(x̄). This cone allows us to characterize
WSOC in the following way. WSOC holds at x̄ for an objective function f if,
and only if (−∇f(x̄),−∇2f(x̄)) ∈ L2,W (x̄)◦.

To see this characterization, let us compute the polar cone of L2,W (x̄). In-
deed, (w,W ) ∈ L2,W (x̄)◦ if, and only if, there are multipliers λi ∈ R, i ∈ E ;
µj ≥ 0, j ∈ A(x̄) and a matrix D ∈ Rn×n satisfying 〈D, ddT 〉 ≥ 0, for every
d ∈ S(x̄) such that(

w
W

)
=
∑
i∈E

λi

(
∇hi(x̄)
∇2hi(x̄)

)
+
∑

j∈A(x̄)

µj

(
∇gj(x̄)
∇2gj(x̄)

)
−
(

0
D

)
. (16)

Thus, using (16), we see that (−∇f(x̄),−∇2f(x̄)) ∈ L2,W (x̄)◦ if and only
if there exist mulitpliers λ ∈ Rm, µ ∈ Rp+ and a matrix D ∈ Rn×n such that
Dd2 ≥ 0 for all d ∈ S(x̄). Thus, for every d ∈ S(x̄), we get that

∇f(x̄) +
∑
i∈E

λi∇hi(x̄) +
∑

j∈A(x̄)

µj∇gj(x̄) = 0,

∇2f(x̄)d2 +
∑
i∈E

λi∇dhi(x̄)d2 +
∑

j∈A(x̄)

µj∇2gj(x̄)d2 = Dd2 ≥ 0,

which is exactly the definition of WSOC. It is worth noting that the mulitpliers
λ ∈ Rm, µ ∈ Rp+ do not depends on the vector d ∈ S(x̄).

Using the cone L2,W (x̄), Theorem 2.1 and the characterization of WSOC
above, we arrive at the following:

Theorem 3.1. WSOC holds for every C2 objective function f which has x̄ as
a local minimizer relative to Ω if, and only if, N2(x̄) ⊆ L2,W (x̄)◦.

Now, we proceed to define more computable CQs for WSOC. Having in mind
that L1(x̄) is a first-oder approximation of T1(x̄), we continue by considering a
new geometric object, that we call T2,W (x̄), in such a way that L2,W (x̄) can be
interpreted as a first-order approximation of T2,W (x̄).

Thus, we consider the cone T2,W (x̄) defined as the closure of{
(ζ, Z) :

∃ζa such that ζ − ζa ∈ T1(x̄)

(ζa, Z) ∈ conv
{

(z, rddT ) : (z, r) ∈ T proj2 (x̄, d); d ∈ lin(T1(x̄))
} }

.

(17)
Clearly, T2,W (x̄) is a non-empty closed cone. We summarize some properties
whose proofs are straightforward verifications:

• Since lin(T1(x̄)) ⊆ S(x̄), it is easy to see that T2,W (x̄) ⊆ L2,W (x̄);

• From the definition of the polar pairing and Theorem 2.2, we get that:

N2(x̄) ⊆ [T1(x̄), T proj2 (x̄, ·)] ⊆ T2,W (x̄)◦.
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Clearly, the equality T2,W (x̄)◦ = L2,W (x̄)◦ is a Guignard-type weak CQ to

guarantee WSOC at a local minimizer x̄, while [T1(x̄), T proj2 (x̄, ·)] = L2,W (x̄)◦

is a weaker Guignard-type CQ. Also, T2,W (x̄) = L2,W (x̄) is an Abadie-type CQ
for WSOC. It is known that the condition MFCQ+WCR implies that WSOC
holds at local minimizers (see [5]). In fact, MFCQ+WCR implies a stronger
condition:

Theorem 3.2. Let x̄ be a feasible point. If MFCQ and WCR hold at x̄, then
T2,W (x̄) = L2,W (x̄).

Proof. Take (z, Z) ∈ L2,W (x̄). Since Z ∈ cl(conv({ddT : d ∈ S(x̄)})), there
is a sequence {Zk} ⊆ conv({ddT : d ∈ S(x̄)}) such that Zk → Z. Without
loss of generality we can assume that Zk =

∑
`∈I(k) d`kd

T
`k, where {d`k : ` ∈

I(k)} ⊆ S(x̄) and the cardinality of I(k) is uniformly bounded, namely, by
Carathéodory’s Lemma we have that |I(k)| ≤ n2 + 1, ∀k ∈ N.

Since {‖Zk‖} is bounded by some constantM , we can show that the sequence
{d`k : ` ∈ I(k), k ∈ N} is also bounded. Indeed, this is a consequence of the
following inequality: for every v ∈ Rn, we always have that

|〈d`k, v〉|2 ≤
∑
`∈I(k)

|〈d`k, v〉|2 = 〈
∑
`∈I(k)

d`kd
T
`k, vv

T 〉 = 〈Zk, vvT 〉 ≤M‖vvT ‖,

where the last step follows from the Cauchy-Schwarz inequality.
To show that (z, Z) belongs to T2,W (x̄) (see (17)), it will be sufficient to

find sequences {zk` : ` ∈ I(k)} and {ζk} such that (zk` , 1) ∈ T proj2 (x̄, d`k), ζk −∑
`∈I(k) z

k
` ∈ T1(x̄) and (ζk, Zk) converges to (z, Z).

Thus, for each k ∈ N, consider the optimization problem

Minimize 1
2‖z − ζ‖

2

s.t. 〈∇hi(x̄), ζ〉+ 〈∇2hi(x̄), Zk〉 = 0, i ∈ E ,
〈∇gj(x̄), ζ〉+ 〈∇2gj(x̄), Zk〉 ≤ 0, j ∈ A(x̄).

(18)

Let ζk be a solution of (18), which exists if the feasible set of (18) is non
empty. Then, we proceed by showing that the feasible set of (18) is non empty.
Since Zk =

∑
`∈I(k) d`kd

T
`k, for each d`k ∈ S(x̄), using WCR and Lemma 2.1,

there is a C2 curve α`k(t) and a t0 > 0 such that α`k(0) = x̄, α′`k(0) = d`k
and for every t ∈] − t0, t0[: hi(α`k(t)) = 0, ∀i and gj(α`k(t)) = 0, ∀j ∈ A(x̄).
Furthermore, zk` := α′′`k(0) is bounded by a constant that depends on the data
and d`k. Indeed, by (9) of Lemma 2.1, we see that ‖z`k‖ ≤ K‖d`k‖2. Since
{d`k : ` ∈ I(k), k ∈ N} is bounded and I(k) is finite, {

∑
`∈I(k) z`k : k ∈ N}

is a bounded sequence. Deriving twice the equations hi(α`k(t)) = 0, ∀i and
gj(α`k(t)) = 0, ∀j ∈ A(x̄) at t = 0, we obtain that for every ` ∈ I(k)

〈∇hi(x̄), zk` 〉+∇2hi(x̄)d2
`k = 0, i ∈ E ,

〈∇gj(x̄), zk` 〉+∇2gj(x̄)d2
`k = 0, j ∈ A(x̄).

(19)

Furthermore, from (19), zk` ∈ L2(x̄, d`k), ∀` ∈ I(k) and thus zk` ∈ T2(x̄, d`k),
∀` ∈ I(k) (here, we have used that MFCQ implies L2(x̄, d`k) = T2(x̄, d`k), see
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[14, Example 3.39]). Therefore, (zk` , 1) ∈ T proj2 (x̄, d`k). Now, summing over
` ∈ I(k) all the expressions in (19), we get that

〈∇hi(x̄),
∑
`∈I(k) z

k
` 〉+ 〈∇2hi(x̄),

∑
`∈I(k) d`kd

T
`k〉 = 0, i ∈ E ,

〈∇gj(x̄),
∑
`∈I(k) z

k
` 〉+ 〈∇2gj(x̄),

∑
`∈I(k) d`kd

T
`k〉 = 0, j ∈ A(x̄).

(20)

Thus, the feasible set of (18) is nonempty and hence, there exists a global
minimizer ζk. Moreover, the sequence {ζk} is bounded, since by optimality,
‖z − ζk‖ ≤ ‖z −

∑
`∈I(k) z

k
` ‖ (let us recall that {

∑
`∈I(k) z

k
` : k ∈ N} is a

bounded sequence). We continue by showing that ζk −
∑
`∈I(k) z

k
` ∈ T1(x̄).

Indeed, take j ∈ A(x̄). Thus, using (20) and the feasibility of ζk, we see that

〈∇gj(x̄), ζk −
∑
`∈I(k) z

k
` 〉 = 〈∇gj(x̄), ζk〉 − 〈∇gj(x̄),

∑
`∈I(k) z

k
` 〉

= 〈∇gj(x̄), ζk〉+ 〈∇2gj(x̄),
∑
`∈I(k) d`kd

T
`k〉

= 〈∇gj(x̄), ζk〉+ 〈∇2gj(x̄), Zk〉 ≤ 0.
(21)

Similarly, for every i ∈ E , we see that 〈∇hi(x̄), ζk −
∑
`∈I(k) z

k
` 〉 = 0. Thus,

ζk −
∑
`∈I(k) z

k
` ∈ L1(x̄), and hence ζk −

∑
`∈I(k) z

k
` ∈ T1(x̄), since MFCQ at x̄

implies the equailty L1(x̄) = T1(x̄).
Now, we will show that {ζk} converges to z. Let z̄ be a limit point of {ζk}

(which exists since {ζk} is bounded). By the KKT conditions of (18) at ζk

there are multipliers (λk, µk) ∈ Rm × Rp+ with µkj = 0, for j /∈ A(x̄) such that

−
(
z − ηk

)
+
∑
i∈E

λki∇hi(x̄) +

p∑
j=1

µkj∇gj(x̄) = 0, (22)

and
λki (〈∇hi(x̄), ζk〉+ 〈∇2hi(x̄), Zk〉) = 0, i ∈ E ,
µkj (〈∇gj(x̄), ζk〉+ 〈∇2gj(x̄), Zk〉) = 0, j ∈ A(x̄).

(23)

Since MFCQ holds at the feasible x̄ for the original optimization problem,
the sequence {(λk, µk)} is bounded. Otherwise dividing (22) by ‖(λk, µk)‖ and
taking an adequate convergent subsequence we get a contradiction with MFCQ.

Thus, we can assume that (λk, µk)→ (λ, µ). Taking limit in (22), we get

‖z − z̄‖2 =
∑
i∈E

λi〈∇hi(x̄), z − z̄〉+

p∑
j=1

µj〈∇gj(x̄), z − z̄〉. (24)

Finally, we will show that z = z̄. Thus, it will sufficient to see that the
right-hand side of (24) is not positive. Indeed, taking an adequate limit in (23):

λi(〈∇hi(x̄), z̄〉+ 〈∇2hi(x̄), Z〉) = 0, i ∈ E ,
µj(〈∇gj(x̄), z̄〉+ 〈∇2gj(x̄), Z〉) = 0, j ∈ A(x̄).

(25)

With this information, we proceed to analyse (24). Take j ∈ A(x̄). Then,

µj〈∇gj(x̄), z − z̄〉 = µj〈∇gj(x̄), z〉 − µj〈∇gj(x̄), z̄〉
= µj〈∇gj(x̄), z〉+ µj〈∇2gj(x̄), Z〉 ≤ 0,

(26)
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Characterization of WSOC N2(x̄) ⊆ L2,W (x̄)◦

Weak Guignard-type CQ for WSOC
[T1(x̄), T proj2 (x̄, ·)] = L2,W (x̄)◦

Guignard-type CQ for WSOC
T2,W (x̄)◦ = L2,W (x̄)◦

Abadie-type CQ for WSOC
T2,W (x̄) = L2,W (x̄)

Table 1: New constraint qualifications for WSOC.

where, in the second equality we used (25) and in the last inequality, we used
that (z, Z) ∈ L2,W (x̄). Similarly, for i ∈ E , we get λi〈∇hi(x̄), z − z̄〉 = 0. Using
such inequalities into (24), we get that the right-hand side of (24) is not positive
and thus z̄ = z. In this manner, we get that ζk → z (since the limit point is
unique) and (ζk, Zk) converges to (z, Z) as we wanted to show.

3.2 New Constraint Qualifications for SSOC

We proceed by defining new CQs that guarantee that SSOC holds at any local
minimizer. For this purpose, we define a cone that characterizes SSOC in the
following way:

KS
2 (x̄) :=

⋃
(λ,µ)∈Rm×Rp

+
,

µj=0 for j /∈A(x̄)


∑
i∈E

λi∇hi(x̄) +
∑

j∈A(x̄)

µj∇gj(x̄), H

 :

H �
∑
i∈E

λi∇2hi(x̄) +
∑

j∈A(x̄)

µj∇2gj(x̄) on C(x̄, µ)

 ,

where C(x̄, µ) is the critical cone associated with the vector µ given by

C(x̄, µ) :=

d ∈ Rn :
〈∇hi(x̄), d〉 = 0, i ∈ E ,
〈∇gj(x̄), d〉 = 0, if µj > 0, j ∈ A(x̄),
〈∇gj(x̄), d〉 ≤ 0, if µj = 0, j ∈ A(x̄).

 .

When µ ∈ Rp+ is such that there is a vector λ ∈ Rm such that (λ, µ) is a Lagrange
multiplier at x̄ associated with an objective function f , the cone C(x̄, µ) coincides

with the corresponding critical cone C(x̄) = KL1(x̄)(∇f(x̄)) = L1(x̄)∩∇f(x̄)
⊥

.
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The cone KS
2 (x̄) allows writing SSOC in a geometric way. Indeed, the fol-

lowing equivalence is straightforward:

Proposition 3.1. The strong second-order condition (SSOC) holds at x̄ if, and
only if (−∇f(x̄),−∇2f(x̄)) ∈ KS

2 (x̄).

By using Theorem 2.1, we get the following characterization of SSOC:

Theorem 3.3. SSOC holds for every C2 objective function f which has x̄ as a
local minimizer relative to Ω if, and only if N2(x̄) ⊆ KS

2 (x̄).

Let us introduce a Guignard-type condition for SSOC. By a straightforward
verification, we have:

KS
2 (x̄) ⊆ [L1(x̄), Lproj2 (x̄, ·)] ⊆ [T1(x̄), T proj2 (x̄, ·)], (27)

where the second inclusion follows from [19, Proposition 4.1].
Since N2(x̄) ⊆ [T1(x̄), T proj2 (x̄, ·)] always holds at every feasible point x̄,

the equality KS
2 (x̄) = [T1(x̄), T proj2 (x̄, ·)] is a Guignard-type CQ for SSOC.

From (27), we clearly have that the equality KS
2 (x̄) = [T1(x̄), T proj2 (x̄, ·)] im-

plies [T1(x̄), T proj2 (x̄, ·)] = [L1(x̄), Lproj2 (x̄, ·)]. Thus, as expected, the Guignard-

type condition for SSOC (KS
2 (x̄) = [T1(x̄), T proj2 (x̄, ·)]) implies the equality

[T1(x̄), T proj2 (x̄, ·)] = [L1(x̄), Lproj2 (x̄, ·)], which is the weak second-order Guignard-
type condition for the basic second-order condition as presented in [19].

An important CQ that implies SSOC at local minimizers is the constant rank
CQ. Such CQ was introduced in [20] which is weaker than LICQ and indepen-
dent of MFCQ. Later, in [22], a relaxed form of CRCQ was provided, which is
useful in the stability analysis of nonlinear programs and the convergence anal-
ysis of some first- and second-order numerical methods. Here, we say that the
relaxed constant rank CQ (RCRCQ) holds at the feasible point x̄, if, for every
I ⊆ A(x̄) the set {∇hi(x),∇gj(x) : i ∈ E , j ∈ I} has constant rank for every x
near x̄.

Proposition 3.2. Assume that x̄ is a feasible point satisfying RCRCQ. Then,
KS

2 (x̄) = [T1(x̄), T proj2 (x̄, ·)]. In particular, under RCRCQ, we have that SSOC
holds at any local minimizer.

Proof. From the expression (27), it will be sufficient to show the non trivial
inclusion [T1(x̄), T proj2 (x̄, ·)] ⊆ KS

2 (x̄).

Take (w,W ) ∈ [T1(x̄), T proj2 (x̄, ·)]. By RCRCQ, there exists a multiplier
(λ, µ) ∈ Rm × Rp+ such that w =

∑
i∈E λi∇hi(x̄) +

∑
j∈A(x̄) µj∇gj(x̄) with

µj = 0, j /∈ A(x̄). Define the symmetric matrix

H(λ, µ) :=
∑
i∈E

λi∇2hi(x̄) +
∑

j∈A(x̄)

µj∇2gj(x̄)−W. (28)

To show that (w,W ) ∈ KS
2 (x̄), we will need to prove that H(λ, µ) is a symmetric

positive semi-definite matrix on C(x̄, µ).
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Take d ∈ C(x̄, µ). From the definition of C(x̄, µ), we see that d ∈ KT1(x̄)(w).
Now, set I := A(x̄, d). By RCRCQ and Lemma 2.1 applied to the family
{∇hi(x),∇gj(x) : i ∈ E , j ∈ I}, there is a C2 curve α(t), t ∈] − t0, t0[ (t0 > 0)
such that α(0) = x̄, α′(0) = d and for every t ∈] − t0, t0[, for every i ∈ E and
for all j ∈ A(x̄, d) we have hi(α(t)) = 0 and gj(α(t)) = 0. Deriving twice,
hi(α(t)) = 0, ∀ ∈ E and gj(α(t)) = 0, j ∈ A(x̄, d) at t = 0, we get that

〈∇hi(x̄), z〉+∇2hi(x̄)d2 = 0, i ∈ E ,
〈∇gj(x̄), z〉+∇2gj(x̄)d2 = 0, j ∈ A(x̄, d),

(29)

where z := α′′(0). Note that if µj > 0 then j ∈ A(x̄, d) (since d ∈ C(x̄, µ)).
Thus, using (29) into (28), we get that

H(λ, µ)d2 =
∑
i∈E λi∇2hi(x̄)d2 +

∑
j∈A(x̄) µj∇2gj(x̄)d2 −Wd2

= −
∑
i∈E λi〈∇hi(x̄), z〉 −

∑
j∈A(x̄) µj〈∇gj(x̄), z〉 −Wd2

= −〈
∑
i∈E λi∇hi(x̄) +

∑
j∈A(x̄) µj∇gj(x̄), z〉 −Wd2

= −〈w, z〉 −Wd2.
(30)

Now, since (w,W ) ∈ [T1(x̄), T proj2 (x̄, ·)], we see that 〈w, z̄〉+ r̄Wd2 ≤ 0 for every

(z̄, r̄) ∈ T proj2 (x̄, d). In particular, we can take (z̄, r̄) := (z, 1), since for t > 0
small enough α(t) is a feasible curve (note that 〈∇gj(x̄), d〉 < 0 for j /∈ A(x̄, d)).
Thus, 〈w, z〉+Wd2 ≤ 0 and hence H(λ, µ)d2 ≥ 0. This complete the proof.

Characterization of SSOC N2(x̄) ⊆ KS
2 (x̄)

Guignard-type CQ for SSOC
KS

2 (x̄) = [T1(x̄), T proj2 (x̄, ·)]

Table 2: New constraint qualifications for SSOC.

It is easy to see that KS
2 (x̄) ⊆ L◦2,W , as we expected. Thus, the inclu-

sion N2(x̄) ⊆ KS
2 (x̄) characterizing SSOC implies the inclusion N2(x̄) ⊆ L◦2,W

characterizing WSOC.
All the relations among the CQs introduced in this paper are listed in Figure

1.

4 Conclusions

It is well known that Fritz-John type second-order optimality conditions have
been thoroughly studied in the past years (see, for instance, [15, Proposition
5.48]). These conditions include a Lagrange multiplier associated with the ob-
jective function which gets rid of the necessity of a constraint qualification at
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LICQ

MFCQ+WCR

T2,W (x̄) = L2,W (x̄)

T2,W (x̄)◦ = L2,W (x̄)◦

[T1(x̄), T proj2 (x̄)] = L2,W (x̄)◦

N2(x̄) ⊆ L◦2,W

local minimizer ⇒ WSOC

CRCQ

RCRCQ

[T1(x̄), T proj2 (x̄)] = KS
2

N2(x̄) ⊆ KS
2 (x̄)

local minimizer ⇒ SSOC

Figure 1: Relations among several CQs for second-order conditions.

all. They also provide no-gap necessary and sufficient optimality conditions,
which is quite interesting. However, these type of analysis are present mostly
in the most theoretical venues, given that they are difficult to be checked. This
is mostly due to the necessity of knowing the full set of Fritz-John/ Lagrange
multipliers, and also, the involvment of the true critical cone, where checking
positive semidefiniteness whithin it is a hard computational problem. Hence,
it is an interesting question to know which problems the Fritz-John multipli-
ers can be replaced by Lagrange multipliers, besides the trivial case where all
Fritz-John multipliers are Lagrange multipliers (that is, when MFCQ holds).
Even though many research has appeared in the early days of optimization in
second-order optimality conditions, minimal constraint qualifications, ensuring
the validity of the conditions, have not been investigated thoroughly. In this
paper, we reviewed the subject of second-order optimality conditions, with the
view of defining minimal CQs with respect to two most well-known second-order
optimality conditions under a CQ, namely, the weak and the strong second-order
optimality conditions, while a previous analysis of the basic second-order con-
dition has been done in [19]. The refined analysis of each condition is relevant
due to their use in different contexts, namely, WSOC is mostly relevant in
global convergence analysis, while SSOC is a refinement of the basic condition
where only a single Lagrange multiplier is needed to check the condition. Con-
sidering gradients and Hessians of the constraints, we mainly investigated new
Abadie- and Guignard-type constraint qualifications, where we mostly exploited
the connections of geometric optimality conditions with a conic description of
second-order optimality conditions.
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A Proof of Lemma 2.1

First, by the constant rank assumption, we can assume, without loss of gener-
ality that {∇F1(y), . . . ,∇FM (y)} (M ≤ N) is a linear basis for the subspace
generated by {∇F1(y), . . . ,∇FN (y)} for every y in O. By the constant rank the-
orem, see [21, Theorem 7.1], there are C2 mappings Gi, i = M + 1, . . . , N such
that Fi(y) = Gi(F1(y), . . . , FM (y)) for y near x. Thus, if there is a C2 curve
α :]− t0, t0[→ Rn (t0 > 0) such that Fj(α(t)) = 0, ∀t ∈]− t0, t0[, ∀j = 1, . . . ,M ,
we also get that Fj(α(t)) = 0 for every j = M + 1, . . . , N .
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Thereby, we proceed to find a C2 curve α :]− t0, t0[→ Rn (t0 > 0) such that
Fj(α(t)) = 0, ∀t ∈]− t0, t0[, ∀j = 1, . . . ,M . Similar to [10, Theorem 4.3.3], our
approach consists in finding a C2 curve α satisfying a differential equation with
α(0) = x, α′(0) = d and α′′(0) = z for an adequate choice of z.

Let A(y) be a matrix whose columns are {∇F1(y), . . . ,∇FM (y)} and P (y)
be the orthogonal projection onto kerA(y)T . Since A(y) has linear independent
columns, we have that P (y) = [I − A(y)(A(y)TA(y))−1A(y)T ] and since the
data is C2, we see that P (y) is a differentiable mapping for every y near x.

Take d ∈ Rn such that 〈∇Fj(x), d〉 = 0, ∀j = 1, . . . , N . Consider the
minimization problem

minimize (1/2)‖z‖2,
subject to 〈∇Fi(x), z〉+∇2Fi(x)d2 = 0 ∀i = 1, . . . ,M.

(31)

Since A(x) is an injective linear mapping, A(x)T is surjective and thus the
feasible set of (31) is nonempty. Then, (31) admits a solution z. From the KKT
conditions of (31), we see that z ∈ im(A(x)) = ker(A(x)T )⊥. Thus,

P (x)z = 0, z = A(x)(AT (x)A(x))−1AT (x)z, A(x)T z = −b, (32)

where b ∈ RM is a vector with coordinates bi = ∇2Fi(x)d2, ∀i = 1, . . . ,M .
Consider the ordinary differential equation

α′(t) = P (α(t))(d+ tz) and α(0) = x. (33)

Since P (y) is differentiable at every y near x, from Picard’s and uniqueness
theorem, see [16], there is a C2 curve α :]− t0, t0[→ Rn such that α(0) = x and
α′(0) = P (α(0))(d) = P (x)d = d (since d ∈ kerA(x)T and thus P (x)d = d).
Furthermore, for every i = 1, . . . ,M and ∀t ∈]− t0, t0[,

dFi(α(t))

dt
= 〈∇F (α(t)), α′(t)〉 = 〈∇F (α(t)), P (α(t))(d+ tz)〉 = 0.

Thus, Fi(α(t)) = 0, ∀i and (8) holds. To obtain the inequality in (9), we will
show that α′′(0) = z and ‖z‖ is bounded by KF ‖d‖2 for some constant KF .

Computing α′′(t) at t = 0:

α′′(t) = P ′(α(t))(d+ tz) + P (α(t))z. (34)

Using (32), A(x)T d = 0 and b = (∇2F1(x)d2, . . . ,∇2FM (x)d2), we obtain that

P ′(α(t))|t=0d = −A(x)(A(x)TA(x))−1(A(α(t))T )′|t=0d
= −A(x)(A(x)TA(x))−1b
= A(x)(A(x)TA(x))−1A(x)T z = z.

(35)

Substituting (35) into (34) at t = 0, we get that α′′(0) = z.
Finally, we proceed to bound ‖z‖. If z = 0, there is noting to prove. If

z 6= 0. Using the KKT conditions of (31) at z, there exist multiplier λ ∈ RM
such that

z +

M∑
i=1

λi∇Fi(x) = 0 λi(〈∇Fi(x), z〉+∇2F (x)d2) = 0,∀i = 1, . . . ,M. (36)
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Multiplying (36) by z and using M ≤ N , we get that

‖z‖2 = 〈z, z〉 = −
∑M
i=1 λi〈∇Fi(x), z〉 =

∑M
i=1 λi∇F 2

i (x)d2

≤ N‖λ‖∞max{|∇2Fi(x)d2| : ∀i}
≤ N‖λ‖max{‖∇2Fi(x)‖2 : ∀i}‖d‖2.

(37)
Observe that λ is bounded. Indeed, λ = −(AT (x)A(x))−1A(x)T z, and thus
‖λ‖ ≤ ‖(AT (x)A(x))−1A(x)T ‖2‖z‖. Substituting this bound of λ into (37),

‖z‖2 ≤ N‖λ‖max{‖∇2Fi(x)‖2 : ∀i}‖d‖2
≤ N‖(AT (x)A(x))−1A(x)T ‖2 max{‖∇2Fi(x)‖2 : ∀i}‖d‖2‖z‖. (38)

Thus, (9) holds with KF := N‖(AT (x)A(x))−1A(x)T ‖2 max{‖∇2Fi(x)‖2 : ∀i}.
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