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Abstract

We give a finite state approximation scheme to countable state infinite horizon
robust Markov decision processes, whose transition density is not known with certainty.
A convergence theorem to the optimal stationary policy along with the corresponding
rate for this approximation is established. Our results show a fundamental difference
between the finite state approximations for Markov decision processes whose transition
densities are known with certainty and those with uncertain transition densities. In
the latter case, depending on the level of uncertainty, the discount factor 0 < g < 1
must be small enough to compensate for it, otherwise the convergence can not be
guaranteed. This is not to be seen in finite state approximations for Markov decision
processes whose transition kernel is given in advance.

Keywords: Robust optimization; Finite Approximations for Markov Decision Processes.

1 Introduction

Markov Decision Processes (MDP’s) with expectation criteria are well-studied in the litera-
ture (see [5, 6] for an extensive treatment on the subject). However, using the expectation
operator for the evaluation necessitates that the underlying transition density is known in
advance. In particular, the decision maker assumes there is no ambiguity in conditional
distributions of controlled Markov chain, i.e. the decision maker is ambiguity-neutral. On
the other hand, we follow an ambiguity-averse approach, where we have a reference tran-
sition density p(y|x,a) on the decision model (S, A,p,r, 3) and an uncertainty ball with a
fixed radius around p(y|z,a). This implies that we have an estimate p(y|z,a) but diffident



about the underlying dynamics and want to evaluate the system in a robust way by con-
sidering alternative transition densities. Based on this robust framework, we give a finite
state approximation scheme to a countable state ambiguity-averse controlled Markov chain
in infinite horizon with discounted bounded rewards. We show the existence of the opti-
mal stationary policy, and a finite scheme approximation to the optimal stationary policy is
also provided. We observe a fundamental difference between approximations of ambiguity-
neutral and ambiguity-averse Markov decision processes. In the former case, the discount
factor 0 < B < 1 is sufficient for the convergence of the finite approximations to the optimal
value, whereas in the latter, this is not the case. In particular, in the latter case, the un-
certainty in the underlying transition density should not be too large to cancel the discount
factor 5. Equivalently, for a given ambiguity-awareness level, the discount factor 8 should

be small enough to compensate for it.

2 Decision Model

We first briefly summarize our decision model. We let (S, A, p,r, 3) be the decision model,
where S = {0,1,2,...} is the countable state space, and A = {0,1,2,..., N} is the finite
action space. We denote the set of all probability measures on S and on A as P(S) and
P(A), respectively. The initial state Xy = xy € S is known and nonrandom. If action
a € A is chosen in state s € S, then the transition density is the conditional distribution
on S denoted by p(-|s,a) for (s,a) € S x A. We condense these conditional probability
distributions to a transition kernel Py, € [P(S)]¥*4, where P,, := p(:|s, a) for (s,a) € S x A.
The decision maker’s reward is denoted by r(x,a,y) for a chosen action a € A in state
x € S and the subsequent state is y € S. The MDP is controlled using 7 = (7,)n>0,
where 7, : (S x A)" x S — P(A) with 7,(-|so, ao, $1, a1, ..., s,) represents the conditional
probability measure over A. The subsequent action is chosen according to ,(+|so, Go, - - - , Sn),
if the state-action history is given by (sg, ag,...,S,). We denote the set of all policies by
II. A policy m € Il is called Markov, if m,(-|sq, ag, 1, a1,...,5,) = 7(+|s,) for all n > 0.
A Markov policy is deterministic, if m,(s,) = a, for some mapping 7, : S — A for all
n > 0. A deterministic Markov policy m = (m,) is called stationary, if there is a function
f S — Asuch that 7, = f for all n > 0 such that 7 = (f, f,...). In this paper, we take
that only Markov deterministic policies are admissible and with some abuse of notation, we
denote them as II, as well. With the transition kernel P, w € II induces stochastic process
(Sns @n)n>0 on the space (S x A)>°, whose existence is guaranteed by Ionescu-Tulcea theorem
(see [5]). We use the notation EP™[-|s,, a,] to denote conditional expectation with respect
to probability measure P and policy 7 conditioned on (s,,a,). Finally, 0 < 8 < 1 is the



discount factor applied at each time in infinite time horizon.

2.1 Uncertainty Ball

We assume that for any 7 € II, there exists a reference transition kernel P € [P(S)]*4. In
particular, if action a € A is chosen in state z € S, conditional on (z,a), p(-|x,a) defines
a probability measure on S. We further consider the alternative probability measures () €
[P(S)]5*4 that are absolutely continuous with respect to p(-|z, a), in particular ¢(-|z,a) = 0,
whenever p(-|z,a) = 0 for (z,a) € S x A, and take that for any (z,a) € S x A, the
corresponding density q(-|x, a) satisfies sup, g ZEZEZ; < Ck for C > 1with 3 g q(ylz,a) =
1. We denote the set I, as the set of probability measures on S conditioned on (z,a) € Sx A
with

Kzaé{q-x,a EPS:supMSC} 2.1
(| ) ( ) (x,a,y)p(y|x7a) * ( )

Remark 2.1. Our method does not assume there exists a true unknown transition density
P°. Instead, for any fived 7, we assume there exists a set of alternative transition densities
of marginal sets Ko in some ball of uncertainty with a pre-specified radius Cy with respect
to a reference transition density P € [P(S)]**4 as in (2.1), and we evaluate the MDP with

the worst case transition density among K., for each state-action pair (x,a) € S x A.

2.2 Value Function

We define the value function as
v(m, 1g) 1= Th_ffolo Po (7”(330, ao, X1) + Bp1 (7”(332, ag, X3) (2.2)

+ ...+ Bpr_a1(r(xr, GT,XTH)) e ),

where p,,(r(zp, an, Xpy1)) for n > 0 are defined as

. q(y|zs, an)
(T (2, an, X, £ inf r(Tp, Qp, Yy) ————— T, A 2.3
palr W) 2 it 3 () ST 0, (2.3
yes
= qé%f;;a (T, Oy ¥) (Y| 20, an)
yes
= inf E¥[r(z,, an, Xni1)|(Tn, an)]
q€EKza
Finally, the optimization problem reads as
v*(zo) = supv(m, o). (2.4)

mell



We note that Cx = 1 in (2.1) corresponds at each (x,a) € S x A to the single transition
kernel K, = {p(-|z,a) € P(S)}(z,a)esxa- Hence, p,(-) becomes the conditional expectation
EP™[- |2y, $,] in (2.2), where the expectation is taken with respect to the conditional prob-
ability measure p(-|x,, a,), and the problem turns into the classical performance evaluation
using expectation operator (see e.g. [4, 7]).

Remark 2.2. The framework can also be applied for cost minimization problems. In that
case, the decision maker would look for a cost minimizing policy among the alternative max-
imizing transition densities. In particular, the results of this manuscript are valid via a sign
change (see Example 3.1).

Remark 2.3. The construction in (2.3) corresponds to a general family of operators called
dynamical coherent risk measures that is first introduced for one period case in [1], and later
extended to multiperiod case via nested static operators conditioned on the history applied at
each time epoch ([2, 3, 8]). Generally, they are defined as follows. Let S be an abstract space
and (Fp)n>o be the filtration on Q with Fo = {Q,0}. Let (Z,)n>0 be an F,, adapted sequence
of bounded random variables on some measurable space (2, F,,P). Then, dynamic coherent
risk measures are operators that are of the form p, : F,i1 — Fn such that for a given F,iq
measurable random variable Zy, 1, pn(Zni1) is measurable with respect to Fp. (pn)n>0 are
monotone, translation invariant, positive homogeneous and convex (See [10], Chapter 6).
In particular, the dynamic operator in (2.3) corresponds to a variant of dynamic Average-
Value-at-Risk. We refer the reader to [3, 9] for further exposure in this direction.

3 Finite Dimensional Scheme
Assumption 3.1. We put the following assumptions on the decision model (S, A, p,, [3).
(A]') Sup(x,a,y)GSXAXS |T<I’, a, y)| S R < 0.

(AQ) E(TL) = Sup(x,a,y)GSXAXS Zy>np(y|$, CL) - 07 as mn — Q.

(A3) The discount factor 5 and Cx in (2.1) satisfy 0 < fCx < 1.

Next, we give the finite approximations denoted by v, to v* in (2.4) along with the



optimal policies f,, on v,, as follows.

U_lz()

v () == sup { inf Z (ylz,a)(r(z,a,y) + Bvn_1(y ))}, if x <mn. (3.5)

acA(z) | 1€Kea

=0 1fx>n,n20.

folx) = argmax{ inf Z (ylz,a)(r(z,a,y) + Bon-1(y))(r(z,a,y) —|—ﬂvn1(y))}, if x <mn,

acA q€Kza
(3.6)
:= arbitrary point in A(z) if x > n,n > 0.

We denote for any mapping u on S with n € N

[l == sup |u(z)],

r<n

[ul| := sup |u(z)].
€S

Theorem 3.1. Under Assumption 3.1, the sequence {v,(-)} in (3.5) converges to v*(-) uni-
formly in x < n. Namely, for some C independent of n, we have

lo* = wnlln < Cmax{CicB"?, e(|n/2))} (3.7)
Proof. For any f and g real-valued and bounded functions on S, we have

|sup f(z) —sup g(y)| < sup|f(z) — g(z)|.
z€S yes z€S

Let u = —f and v = —g to conclude that

< — .
| inf u(z) — inf o(y )\_smlelg\U(w) ()|

By Assumption 3.1, v* and v,, are uniformly bounded for all n. Then

R
lo*]l < €y, and |[R) B¥|| < .

k=0



Hence, for x < n + 1, we have

[Ups1(x) — v ()]
=| sup { mf Zq ylr,a)(r(z,a,y) + Pu.(y))}

acA(x) a€k

— sup inf Z (ylz,a)(r(z, a,y) + Bv*(y))}]

a€A(x) qE za

< sup | 1nf Z (ylz, a)(r(z, a,y) + Bua(y))

acA(z) 9€

- 1nf Z (ylz,a)(r(z,a,y) + v*(y))|

< B sup sup »_qyle,a)|valy) — " (y)]

CIEA(QI) quza y<n

+8 sup sup Y q(yla, a)lv* (y)|

a€A(z) g€Kzq

y>n
< B sup Cx Y plylz,a)lvaly) —v*(y)l
acA(z) y<n
+8 sup Ce Y p(yla, a)lv*(y)|
a€A(x) y>n

Hence, we get
[On41 = 0" [lns1 < CicBllvn — v*[ln + CicBllv"|le(n)

By iterating, we get for m > 1

[Vntm = V" |[ngm < (CeB)" |vn — v*[ln + (|07 Z(CKB)]CE(” +m —k)

k=1
< (CeB)™ 0" = o[l + e(n) 0" Y (CxB)*
k=1
CkB
<2 m —_—
< CI(CICB> -+ e(n)011 _ C,Cﬁ
where C] is as in (3.8). Thus,
C’
|Vnsm — v |[nam < 21’11&)({201,01 }max{(C;cﬁ) e(n)}

We plug C' = 2max{201,011_cﬁ}, k=n+m,n=|k/2| and m =k — |k/2| > |k/2] in

(3.7). Hence, we conclude the proof.
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We define the optimality equation as

qb(ZU, (I) £ inf q(ylx, (Z)(T(ZB, a, y) + BU*(?/)) - U*(x)7 (39)

which gives the difference between the optimal action in state x € S and an arbitrary action
a € A(z). The optimality equation (3.9) can be equally stated as

max ¢(x,a) =0, z € S. (3.10)
a€A(x)

(3.10) gives also the existence of optimal Markovian stationary policy. Indeed, since the
available controls in each state x € S with A(x) C A is finite, there exists an optimal control
a*(x) for (3.10) for each z € S. By S being countable, defining ¢g*(z) = a(z) for each z,
we reach the optimal stationary Markov policy ¢g* : S — A. Next, we show that the finite
scheme in (3.6) is convergent to the optimal stationary policy g*.

Theorem 3.2. Let m* = {f.(-)} be the Markov policy that is defined as in (3.6). Then,
under Assumption 3.1 and 0 < Cx3 < 1, we have

lolln £ sup | inf " qlyle, ful@))(r(@, ful@),y) + 5" (y)) — v"(2)]
z<n  4Kza yes
— 0, asn — oo.

Proof. For x < n and for the maximizing f, as in (3.6), we have

O, fu(2)) = ¢(2, fu(2)) — vn(x) + vn(2)
=[inf > q(ylz, fu(@)(r(z, ful@),y) + 6" (y))] = 0" (x) = va(2) + va ().
yeSs

€K za

Then, we have

O, fa(@)) —val2) = [ mf > a(yle, ful@))(r(z, ful@), y) + 6" (y))]
yes

—v'(z) = va(2)

=L inf > a(yle, ful@) (2, fulw), ) + B0 (1)

— nf > qlyle, fu(2)(r(z, fo(2), y) + Bona(y))] — v"(2)



Hence,

O, fn) = vn() + va(2) < B sup Y alylz, ful@) (fal@)]0"(y) = var ()] + valz) = 0" (2)

q€kza yEeS

< CeB Y p(yle, fal@)[v*(y) — vaa(y)]

y<n

+CxB Y plyle, fal@)lo"(9)] + [va(z) — 0" (2)].

y=>n

Thus, by Theorem 3.1,

[0lln < CcBllvn_q = v [[ln1 + CicBllo*[le(n = 1) + [[v* = vn s
— 0, as n — oo.

Hence, we conclude the proof. O
Finally, we give an example to show that the approximation scheme is not necessarily con-
vergent, if the discount factor together with the uncertainty radius is not sufficiently small,
even though the same scheme is convergent, if it is applied on the expected value criteria.

Example 3.1. We consider a Markov chain with two states S = {0,1} and take that only

one control is possible in each state with A(z) = {1} for x € S and let B = L. We further

suppose that the Markov chain has the following transition probabilities: p(jli,1) = 1/2 for
1,7 = 0,1. The decision maker wants to minimize the discounted cost in infinite horizon.
The cost of transition from state 0 equals 2, i.e. ¢(0,1) = 2, whereas ¢(1,1) = 0. Let the
uncertainty set KCpq be defined as all those transition probabilities q(-|i,1) with 0 < ZE;KB <2

fori,j=0,1,ie Cc=2, and Y1~ q(jli,1) =1 fori =0,1. Let zo = 0. Thus,

Bpn(c(Xni1)) = quggx Ee(Xpt1, 1)|zn, 1], (3.11)
= fmaxc(j, 1)
=1,
Note that (A1) and (A2) satisfied, whereas (A3) is violated with Cx3 = 1 in Assumption
3.1. Our value function reads as

v(wo) = ¢(0,1) + 711_{130 Po <5(C(X1, 1)+ Bpi(e(X2, 1) + ..+ proa(Be(Xp, 1)) .. )

Hence, by (3.11), pu(3¢(Xny1,1)) = 1 for all n > 1 and v(0) — oco. Also, the scheme in
(3.5) does not converge neither with vy(0) = 2 and vg(0) =2+ k fork=1,2,....



On the other hand, we note that, when there is no uncertainty in transition probabilities,

namely, when Cyx = 1, we have

v(0) =¢(0,1) + Yli_rgolEg (5(0()(1, 1) + EY(Be(Xa, 1) + ... + EL_(Be(Xr, 1)) .. )

1, 7
:2+Z(§) =3
=1

and the scheme is convergent, as well. This is indeed so, since % = BCx < 1, when we use

the expectation for performance evaluation.
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