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1 Introduction

Many applications in science and engineering require the solution of an opti-
mization problem where decision variables are both integral and continuous.
For instance, the design of nuclear plants depends on selecting different types
of core (fuel rod) configurations while controlling flow rates to maximize the
heat extraction process [30]. Remediating contaminated sites and maximizing
oil recovery both involve flow through porous media to determine the num-
ber of wellbores, in addition to calculating optimal flow rates [44, 91] and
operational schedule [9, 10, 12]. Related applications also arise in optimally
scheduling shale-gas recovery [98]. Next-generation solar cells face complicated
geometric and discrete design decisions to achieve effective electromagnetic
performance [95]. In disaster-recovery scenarios, such as oil spills [107, 108],
wildfires [37, 50], and hurricanes [78], resources need to be scheduled for miti-
gation purposes while predicting material properties and boundary conditions
to calibrate the underlying dynamics for accurate forecasts. Many other sci-
ence and engineering examples have similar decision-making characteristics,
including wind farm design [110] and the design, control, and operation of gas
networks [36, 42, 56, 63, 88, 101, 109]. The common theme of these applica-
tions is a need to address integral and continuous optimization variables in
the context of large-scale multiphysics applications.

In this paper we consider an inverse problem in which the optimization
variables are discrete and constrained by partial differential equations (PDEs),
specifically in our case to describe convection-diffusion. We are interested in
determining the number and location of a set of sources by reconciling the
difference between measurements and numerical prediction of the concentra-
tion. Our work is loosely motivated by applications in groundwater flow, where
we want to find the location of pollutants in the subsurface; see, for example
[44, 91], for more detailed background.

The combination of discrete optimization variables and PDE constraints
presents difficult problems, providing a range of new mathematical challenges;
see, for example, [79]. These challenges arise out of the combination of the com-
binatorial complexity of integer variables and the computational difficulties of
the discretized PDE. Little is known about this class of problems or solution
approaches, and one motivation of this paper is to experiment with state-
of-the-art mixed-integer solvers for solving this class of problems. Our solu-
tion strategy leverages concepts from topology optimization [25, 99]. We chose
the steady-state convection-diffusion equation as our model problem because
it allows us to solve the resulting mixed-integer PDE-constrained optimiza-
tion (MIPDECO) problems in a reasonable amount of time. We stress, how-
ever, that our results and approaches generalize to time-dependent convection-
diffusion processes.

We advance the state of the art in MIPDECO in a number of ways. First,
we develop new rounding schemes that take the physics of the problem into
account by preserving the mass of the source when we move from a relaxation
to a rounded solution. Second, we apply a simplified version of the trust-
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region method [64], and show that it already provides competitive integer
solutions. Third, we improve the trust-region approach by developing a new
problem-specific neighborhood that takes the topology of our problem into
account, and we use a specialized knapsack solve for the resulting trust-region
subproblem. Using the modified trust-region method we show that we can solve
3D instances of MIPDECO efficiently and in a reasonable amount of time, and
we provide our Julia [15] code under a permissible open-source license. We also
provide AMPL [48] models of 2D instances to promote experimentation with
existing mixed-integer programming (MIP) solvers.

In the next section, we provide background on MIP and PDECO that is
relevant to our developments, and we discuss the challenges of MIPDECO
in more detail. In Section 3, we describe the variational description of our
model problem in terms of topology optimization, introduce our finite-element
discretization, and discuss suitable regularization terms. In Section 4, we in-
troduce problem-specific rounding schemes and a new trust-region approach.
We also comment on how the resulting trust-region subproblem can be solved
efficiently by formulating it as a knapsack problem. In Section 5 we give imple-
mentation details and describe our experimental setup. In Section 6 we present
the results of our numerical experiments. We derive values for the regulariza-
tion parameter and then show empirically that current state-of-the-art MINLP
solvers cannot handle even two-dimensional instances of our MIPDECO on a
realistic mesh. We also show that standard rounding schemes do not provide
competitive solutions and may fail to identify sources. We demonstrate that
our trust-region scheme can produce good solutions with moderate effort. In
Section 7 we summarize our conclusions and briefly discuss avenues for future
research.

2 Background

Mixed-integer PDE-constrained optimization brings together complicated el-
ements from two algorithmic areas to solve relevant application problems.
Because considerable development history is associated with each area, we
provide only a general overview to highlight the most relevant features needed
to introduce MIPDECO.

2.1 Mixed-Integer Programming

Nonlinear MIPs are a challenging class of problems in their own right: they are
in general NP-hard [75] and in the worst case undecidable [74]. Most nonlinear
MIP methods use a tree search to resolve the integrality restrictions. We dis-
tinguish three basic classes of methods: branch-and-bound or single-tree meth-
ods, multitree methods such as outer approximation, and hybrid techniques.
Branch-and-bound [34, 60] searches a tree where each node corresponds to
a nonlinear subproblem. Branching corresponds to adding integer bounds on
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fractional integer variables that separate the fractional solution from the inte-
ger feasible set, creating two new nonlinear subproblems. Branch-and-bound
methods can be improved by adding cutting planes [6, 28, 38, 39, 49, 57, 103]
to tighten the continuous relaxations, resulting in a smaller tree that needs to
be searched. Outer approximation [41], Benders decomposition [52], and the
extended cutting plane method [102] are multitree techniques. These meth-
ods define a lower-bounding linear MIP master problem that can be solved
efficiently by using commercial solvers. The solution of the MIP master prob-
lem typically violates the nonlinear constraints, and new linearizations ob-
tained from the solution of a nonlinear subproblem are added to the MIP
master problem, resulting in an alternating sequence of linear MIP and non-
linear optimization subproblem. Hybrid methods [1, 21, 94] combine nonlinear
branch-and-bound with methods such as outer approximation and form the
basis of the most efficient nonlinear MIP solvers [1, 21]. The LP/NLP-based
branch and bound method starts by solving a linear relaxation obtained by
outer-approximating nonlinear constraints at the solution of the continuous
relaxation of the problem. Whenever a new integer assignment is found, the
linear tree-search is interrupted, and a nonlinear problem is solved obtained
by fixing all integer variables to this assignment. The master problem is then
updated by adding outer approximations from the solution of the nonlinear
problem. More details can be found in the monographs [47, 104], the collection
[77], and the survey papers [13, 26, 27, 54, 55].

Adding PDE-constraints leads to a range of computational and concep-
tual challenges for MINLP. First, the computational expense of solving PDE-
constrained optimization problems is much higher than the computational ex-
pense of solving standard NLP. Second, the number of optimization variables is
typically very large, and the number of integer variables typically grows as we
refine the discretization, resulting in huge combinatorial search spaces. Third,
the solutions of the relaxations of the PDE-constrained optimization problem
are typically only locally optimal and do not provide valid lower bounds for
nonlinear PDE-constrained optimization problems.

2.2 PDE-Constrained Optimization

PDE-constrained optimization (PDECO) refers to the optimization of systems
governed by partial differential equations. In most cases the goal is to optimize
an objective function with respect to a quantity that is defined on subregions
or everywhere in the computational domain. The inversion for initial condi-
tions and the reconstruction of material properties are examples of typical
optimization problems.

The PDE-constrained optimization problem is an infinite-dimensional opti-
mization problem, and two approaches exist for obtaining a finite-dimensional
approximation: the optimize-then-discretize approach and the discretize-then-
optimize approach. In the former, one finds the necessary optimality condi-
tions of the PDECO in function spaces and then discretizes this system of
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equations. In the latter, one first discretizes the PDE and then uses nonlinear
optimization techniques to solve the large-scale optimization problem. Both
approaches lead to an optimization problem with a large number of variables
and a large system of equations (the discretized PDEs) that describe the un-
derlying physics. The large-scale nature of these problems dictates the use of
efficient sensitivities (adjoints), Newton-based methods to handle the nonlin-
earity of the optimization formulation, the coordination of globalization, and
the use of parallel matrix-vector operators to address the computational re-
quirements [16, 17, 90]. The combination of these technologies poses formidable
challenges to achieve efficient and accurate solutions. Considerable research
and development have been conducted; the interested reader is referred to
[7, 24, 61, 68, 71, 72, 76, 105, 106]. Advances have been made to accelerate the
convergence of these algorithms, with recent examples in special precondition-
ers, reduced-space methods, full-space algorithms, and multigrid approaches
[4, 11, 19, 20, 25, 69, 100].

A full-space solution algorithm forms the Lagrangian function and takes
variations with respect to the state variables, the adjoint variables, and the
optimization variables. This approach results in the first-order optimality con-
ditions, which form a nonlinear system of equations. This system is typically
solved by using Newton’s method, requiring the solution of large structured
systems of equations.

Alternatively, a reduced-space method eliminates the state variables by
using the discretized PDE, resulting in an optimization problem in the opti-
mization or control variables only, where the effect of the states in represented
implicitly. The gradient of the objective function can be computed via the
chain rule; and the solution process consists of an iterative process in which
forward, adjoint, and gradient equations are successively solved. Even though
there are advantages to using the full-space methods, in particular when the
solution of the forward solve is slow to converge, we use the reduced-space
method here because it has advantages in the mixed-integer case, resulting in
an easy-to-solve subproblem.

PDE-constrained optimization problems with integer optimization vari-
ables have been solved with PDE-constrained optimization methods. Topolog-
ical optimization is an example where the discrete optimization variables are
approximated with continuous variables with the unfortunate consequence of
errors (nonintegral values, or gray areas) at the boundaries of the topolog-
ical solution. Although excellent practical results are obtained for a host of
problems, establishing rigorous optimality proofs for this approach remains a
challenge.

2.3 MIPDECO

Practical approaches to MIPDECO must tackle the challenges posed by the
number of integer variables in the discretized problem and the computational
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complexity of solving PDECO problems. We briefly discuss how recent ap-
proaches to MIPDECOs tackle these challenges.

The two classical approaches for solving PDECO problems are optimize-
then-discretize and discretize-then-optimize. Unfortunately, it is not clear whether
the optimize-then-discretize approach can be generalized to MIPDECOs, be-
cause such a generalization would also imply (simple) first-order conditions
for standard MINLPs, which seems unlikely. Hence, we consider only the
discretize-then-optimize approach as a practical way to solve MIPDECOs.

The discretization of the PDE and the controls results in MINLPs with a
large number of integer variables, which has implications for standard MINLP
solvers. Current state-of-the-art solution methods for MINLP employ a branch-
and-bound tree search [14, 21] at some stage of the solution process and the
large number of integer variables arising in discretized MIPDECOs means that
this tree can become huge, even for coarse discretization levels. In some cases,
the tree search can be customized for solving discretized MIPDECO by using
problem specific branching rules; see, for example, [63], which introduces a new
branching rule and backtracking strategy that work well for time-dependent
control problems.

Another solution approach for discretized MIPDECO is penalty-based meth-
ods, which avoid the branch-and-bound tree altogether by penalizing the viola-
tion of integrality. The resulting nonlinear optimization problem is solved iter-
atively for an increasing penalty parameter, until all integer variables are inte-
gral. Unfortunately, the penalty is in general nonconvex, and stationary points
of the nonlinear optimization problem correspond only to feasible points of the
discretized MIPDECO without any optimality guarantees. See [32, 51, 80] for
penalty-based methods in the context of MINLP and MIPDECO.

Other approaches for solving MIPDECOs that avoid the tree search include
relaxation methods [66] and extensions of sum-up rounding techniques from
ODEs to PDEs [67]. Sum-up rounding has been extended to PDE constraints
by using space-filling Hilbert curves with certain refinement properties; see
[84]. These curves are used to define an ordering of the spatially-dependent
binary variables that is then exploited to extend sum-up rounding and extend
approximation properties [83]. Rounding methods for topology optimization
problems are also explored in [51].

Our approach is most closely related to [64], where a trust-region topo-
logical steepest-descent method is developed. The authors show convergence
to first-order stationary points in a topological sense, provided that the mesh
is refined. This is a remarkable result because it replaces the combinatorial
challenge of MIPDECO by a set-based approach. This method avoids the
combinatorial complexity of the tree search and instead solves a sequence of
knapsack problems that can be interpreted as a local improvement strategy.
A similar model to ours has been studied in [59], where pollution sources are
identified and a genetic algorithm heuristic is employed to resolve the integral-
ity restrictions.
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3 Mathematical Formulation of the Model

We formulate the constrained source inversion problem as a mixed-integer
PDE-constrained optimization problem with binary inversion parameters. We
discretize the PDEs with finite elements and present the resulting finite-
dimensional formulation. We also present an alternative finite-difference dis-
cretization that provides self-contained AMPL models to run state-of-the-art
MINLP solvers.

3.1 Variational Formulation of the Source Inversion Problem

The goal of the inverse problem is to estimate the source w from measurements
b assuming that the properties of the PDE are known and assuming a sparse
set of sensors. The problem can be written as follows:
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minimize
u,w

J pu,wq “ 1

2σ

m
ÿ

i“1

}xppriq, uy ´ bi}
2
` αRpwq

subject to ´c∆u` vJ∇u “ w, in Ω
Bu
Bn “ 0, on ΓN
u “ g, on ΓD,

(1)

where c ą 0 is the diffusion coefficient, v : Ω Ñ Rd is the velocity vector, and
w : Ω Ñ t0, 1u represents the source terms. The boundary of the domain, Γ ,
is partitioned into ΓN and ΓD for Neumann and Dirichlet conditions, respec-
tively, n : Γ Ñ Rd denotes the outward normal vector; and g : ΓD Ñ R defines
the Dirichlet condition. Let Ω Ă Rd denote the computational domain, where
in this work d “ 2, 3. Discrete measurements b P Rm are given as

bi “ xppriq, uy ` εi, i “ 1, 2, . . . ,m, (2)

where u is the concentration of the pollutant, ppriq : Ω Ñ R are the re-
ceiver functions at the locations ri for i “ 1, . . . ,m, x¨, ¨y denotes the L2 inner
product, and ε1, ε2, . . . , εm represent measurement noise. To model point mea-
surements of the PDEs, we consider the receiver function pprq to be a Dirac
δ-function centered at r. In our numerical demonstrations, we generate the
sensor data synthetically and assume that the measurement noise is indepen-
dent and identically distributed (iid) Gaussian noise with constant, known
standard deviation σ ą 0.

R is a regularization functional that ensures the existence and regularity of
solutions. This is important because the inverse problem is underdetermined
and ill-conditioned as a result of data sparsity and noise. The term R can
also be used to penalize undesirable features. The regularization parameter
α ą 0 balances between fitting the data (for small values of α) and ensuring
regularity of the solution (for large values of α). Choosing an “optimal” α, α,
is both crucial and nontrivial. No general rule exists for picking α; however,
strategies using generalized cross validation [53, 62], discrepancy principle [43],
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and L-curve [65] are commonly used. In practice, any of these methods will
require us to approximately solve (1) for a set of regularization parameters.
Because the binary constraints, the source w will be continuous only in trivial
cases. In general, we expect piecewise constant solutions with finite edge mea-
sure. This guides our choice of the regularization function and motivates us to
use the total variation (TV) semi-norm. With this choice, the solution of the
relaxed problem will have bounded variation [29, 96, 106]. In our numerical
experiments, we formally write the total variation regularizer as

Rpwq “
ż

Ω

}∇wpxq}2 dx. (3)

This regularizer is isotropic, which means that its value does not depend on
the orientation the source w. In other words, its value is invariant to rotations
of the coordinate system. This is an advantage over the also commonly used
anisotropic version of TV (obtained by replacing the Euclidean norm with the
`1-norm in (3)), which is sensitive to rotations of the domain.

3.2 Finite-Dimensional Approximations of the Source Inversion Problem

In the following, we briefly outline a finite-element discretization of the PDE
and boundary condition and comment on the structure these discretizations
imply for the finite-dimensional MINLPs. To make the mathematics as well
as the implementation more accessible, we include additional details in Ap-
pendix A. For ease of presentation, we assume a rectangular domain Ω “

r0, 1sd.
The finite-element approach partitions the domain Ω into a mesh ΩN con-

taining Nd congruent elements (pixels or voxels) in d “ 2 and d “ 3, re-
spectively. We note however that a strength of the finite-element method is
that it extends easily to a wide class of non-rectangular domains. We then
approximate the concentration u in a finite-dimensional subspace consisting
of globally continuous and piecewise bi/trilinear functions on ΩN . Similarly,
we approximate the sources w in the space of all piecewise constant functions.
This approach allows us to replace u and w by finite-dimensional vectors,

u P RpN`1qd and w P t0, 1uN
d

, respectively, where ui corresponds to the value
of u at node i of the finite-element mesh and wi is the value of w inside element
i. These choices lead to the finite-dimensional PDE constraint

Su “ Mw, (4)

where S is the stiffness matrix and M is the mass matrix, whose entries are
obtained by integrating the weak form of the PDE constrained in (1); see
(22) for details. Because of the compact support of the Ansatz functions for u
and w, both matrices are sparse. The discrete objective function is obtained
after discretizing the receiver functions and gradient operators on the finite-
element mesh. To discretize the inner products in (2), we use a midpoint rule.
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The resulting finite-dimensional MINLP is

minimize
u,w

1

2σ
}Pu´ b}

2
` αRpwq (5a)

subject to Su “ Mw

w P t0, 1uN
d

. (5b)

Here, the matrix P is the interpolation of the states to the point-measurement

locations. In particular, the ith row of the matrix P P RmˆpN`1qd contains
the discretization of the receiver function ppriq on the mesh. In our experi-
ments below, we assume point measurements at the locations r1, . . . , rm and
use a bi/trilinear spline interpolation to obtain the PDE solutions at those
points. Hence, each row of P contains only four/eight nonzero elements that
correspond to the interpolation weights. The discretized regularizer, Rpwq, is
derived in (26).

We note that the MINLP (5) contains special structure that is not typically
present in standard MINLPs, and we exploit this structure in the solution of
the problem. Because the stiffness matrix, S, is nonsingular by design, we
can solve (4) uniquely for u, given any choice of the discretized controls, w.
Formally, we obtain u “ S´1Mw and eliminate u, resulting in a pure integer
nonlinear program over the controls, w, only. This corresponds to a reduced-
space approach. The feasibility of this approach hinges on an efficient way
to solve the PDE (operate with S´1). For some problems, one may be able
to obtain a factorization of the stiffness matrix and reuse it to evaluate the
reduced-space objective and gradients. For large-scale problems the reduced-
space approach may still be feasible if an effective iterative method is available.
This approach leads to the discretized MIPDECO

minimize
w

Jpwq “
1

2σ

›

›PS´1Mw ´ b
›

›

2
` αRpwq (6a)

subject to w P t0, 1uN
d

. (6b)

We note that the regularization term in problem (6) can be reformulated so
that (6) becomes a mixed-integer second-order cone problem. The relaxation
of (6) is

minimize
w

Jpwq “
1

2σ

›

›PS´1Mw ´ b
›

›

2
` αRpwq (7a)

subject to w P r0, 1sN
d

, (7b)

which we solve using a projected Gauss-Newton algorithm.

Remark 1 (Structure of the MINLP (6))

1. The reduced-space approach presented here can be generalized to nonlinear
PDEs. In this case, however, the solution operator of the PDE (S´1 in the
linear case) is no longer a linear operator. This observation implies that
we can no longer reuse the factors of S and instead must “reinvert” the
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solution for every iterate in a quasi-Newton process; see [19, 20] on how
the reduced-space methods are applied to nonlinear PDEs.

2. The reduced-space objective function in (6) will typically have a dense Hes-
sian matrix, even if S is sparse, and this can cause computational difficulties
for MINLP solvers as we increase the mesh size.

3. In general, it is difficult to obtain closed-form expressions for the coefficients
of the matrices S and M, making it cumbersome to state these equations
in a self-contained model.

The last point motivates us to present an alternative finite-difference dis-
cretization that provides closed-form expressions for the coefficients of the
discretized PDE to facilitate the reproducibility of our experiments; see Ap-
pendix B. The finite-difference discretization again results in a MINLP with
linear constraints and a convex objective function. As before, we can eliminate
the state variables using the discretized PDE and boundary conditions.

In the remainder of this paper, we present our integrated rounding and
trust-region heuristic and our numerical results. We note that the rounding
and trust-region schemes are agnostic to the discretization scheme.

4 An Integrated Rounding and Trust-Region Heuristic

We show in our numerical results that standard MINLP methods cannot solve
the discretized MIPDECOs from the preceding section within a reasonable
amount of time, even for coarse discretization levels, because the search tree
becomes too large and the subproblems at every node take too much time to
solve. Hence, one must consider heuristic techniques. We present a new heuris-
tic for MIPDECO that combines a problem-specific rounding scheme with an
improvement heuristic that is motivated by trust-region methods for nonlinear
optimization; see, for example, [31], as well as local-branching heuristics for
MINLP [46, 89]. Other heuristics that have been proposed for MINLPs are
large neighborhood search [35] and feasibility pump [22, 45]. However, we do
not believe that the latter is practical for MIPDECOs because it would re-
quire factorizations and rank-one updates of the basis matrices involving the
discretized PDE, which may be prohibitive or even impossible for small mesh
sizes.

Our heuristic is agnostic to the discretization of the PDE or to the solution
of the continuous relaxation. Hence, we assume in the remainder that the con-
trol variables, wi, either represent the values of the control in element i from
the finite-element discretization of Section 3.2 or represent a lexicograophical
ordering of the cell-centered controls, Wkl, in the finite-difference discretiza-
tion (see Appendix B).
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Let T P p0, 1q;
Set k :“ 0, tk :“ min

i“1,...,Nd

rwi, t
˚ :“ 0, J˚ :“ 8, and tmax :“ max

i“1,...,Nd

rwi;

while tk ď tmax do
Form wptkq;
Solve the discretized PDE (6a) with w “ wptkq and evaluate Jpwptkqq;
if Jpwptkqq ă J˚ then

Set J˚ :“ Jpwpckqq and t˚ :“ tk;

Set k :“ k ` 1 and tk :“ tk´1 ` T ;

Output: The best cut-off value t˚ and the rounded solution, w “ wpt˚q;

Algorithm 1: Objective-gap-reduction rounding.

4.1 Rounding Schemes for MIPDECO

Because our proposed heuristic is an improvement heuristic it requires a start-
ing solution. Our results show that the näıve/standard rounding (using a
cut-off of 0.5) could fail to identify some sources. On the other hand, the
NLP-based rounding heuristic does not produce competitive solutions in the
sense that our trust-region method can improve these solutions by around
5%. Hence, we propose two new rounding schemes, starting from the optimal
solution of the continuous relaxation. The first takes the objective function
into account while rounding, and the second aims to preserve the mass of the
sources; that is, it tries to keep

ş

wdΩ invariant. For both proposed heuristics,
we let rw P r0, 1sNd be the solution of the relaxation (7) or (28).

Objective-Gap-Reduction Rounding. Given rw P r0, 1sNd , the first scheme se-
lects a cut-off value t such that the resulting rounded solution defined as

wiptq “

"

1, if rwi ě t
0, otherwise,

@i “ 1, . . . , Nd (8)

is as close as possible to the relaxation solution in terms of its objective value.
Mathematically, the desired cut-off value, t, is the minimizer of the following
optimization problem:

minimize
0ďtď1

Jpwptqq ´ Jprwq ô minimize
0ďtď1

Jpwptqq. (9)

Consequently, we call this scheme objective gap-reduction rounding. The
optimization problem in (9) can be written as a convex MINLP and the upper
bound on t can be tightened to max

i“1,...,Nd

rwi. Because this problem is hard to

solve, we propose a simple iterative algorithm to obtain an acceptable cut-off
value for the rounding (see Algorithm 1), because we are interested only in
the approximate solution of (9). The process starts by iteratively increasing t
by a constant step T P p0, 1q from a small initial value until t exceeds tmax “

max
i“1,...,Nd

rwi and outputs the best cut-off value t˚. When t˚ “ 0.5, this scheme

is the same as näıve rounding.
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Mass-Preserving Rounding. The second scheme rounds the relaxation solution
while preserving the mass of the sources in the relaxation solution as much
as possible. The mass of the sources in the relaxation solution is given by

rS “
Nd
ÿ

i“1

rwi. Let S̄ “
“

rS
‰

be the nearest integer to rS. To compute the rounded

solution w, we first arrange the components of w in decreasing order of rwi

values:

1 ě rwi1 ě rwi2 ě . . . ě rwiNd
ě 0.

Next, the largest S̄ entries are set to 1, and the remaining entries are set to
zero. The resulting rounded solution is

wik “

"

1, k “ 1, . . . , S̄,
0, k “ S̄ ` 1, . . . , Nd.

(10)

It follows that the difference in the mass of the sources between the rounded
and the relaxed solutions is less than 1. Unlike the first rounding scheme, this
rounding scheme does not require the solution of any additional PDEs once
the relaxed problem (7) has been solved.

4.2 Trust-Region-Based Improvement Heuristic

Our trust-region-based heuristic for solving (6) starts from a binary vector,

wp0q P t0, 1uN
d

, and iterates on the binary variables, w. At iteration k, we
assume that we have solved the discretized PDE in (6) with fixed binary vector

wpkq P t0, 1uN
d

and have evaluated the objective function and its adjoint; see,
for example, [5, 18], with respect to the (relaxation of the) binary variables,

J pkq :“ Jpupkq,wpkqq and J 1
pkq

:“ ∇wJpu
pkq,wpkqq.

We then define the trust-region subproblem that aims to find an improved
point, pw:

minimize
w

J pkq ` J 1
pkqT

pw ´wpkqq

subject to
›

›w ´wpkq
›

›

1
ď ∆k, w P t0, 1uN

d

,
(11)

where ∆k ą 0 is the trust-region radius and ∆k P Z is the maximum number
of components of w that can flip from 0 to 1 or 1 to 0 during an iteration.
It is well known that we can rewrite the `1 trust-region constraint of (11)
equivalently as a knapsack constraint:

ÿ

i:w
pkq
i “0

wi `
ÿ

i:w
pkq
i “1

p1´wiq ď ∆k

ô
ÿ

i:w
pkq
i “0

wi ´
ÿ

i:w
pkq
i “1

wi ď ∆k ´

ˇ

ˇ

ˇ

!

i : w
pkq
i “ 1

)
ˇ

ˇ

ˇ
,
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because wpkq P t0, 1uN
d

. This reformulation is the motivation for using the
`1, rather than the `2 trust-region, because it results in an easier to solve
trust-region subproblem.

We also introduce an alternative trust-region subproblem that restricts
the changes in w to components that are close to current source locations.
In particular, we let θ ą 0 be a bound on the topological distance from the
current solution, and we define the center of Cpwiq as the coordinates of the
center of the element or cell, i, corresponding to wi. We define the topological
θ-neighborhood of the current iterate wpkq as

Nθpw
pkqq :“

!

i : Dj with
›

›

›
Cpwiq ´ Cpw

pkq
j q

›

›

›

2
ď θ and w

pkq
j “ 1

)

.

Our alternative trust-region subproblem is then defined as the following prob-
lem in which the binary variables that lie outside the neighborhood, Nθpw

pkqq,
are fixed at their current values, 0:

minimize
w

J pkq ` J 1
pkqT

pw ´wpkqq

subject to
›

›w ´wpkq
›

›

1
ď ∆k, wi “ 0,@i R Nθpw

pkqq, w P t0, 1uN
d

.
(12)

Unlike (11), this problem takes the topology of the current iterate into account
when defining the trust-region subproblem, because values of wi that are far
from the current sources are fixed at zero. Given either of these trust-region
subproblems, we now state our improvement heuristic in Algorithm 2.

Set the initial trust-region radius, ∆0 P Z`, and let wp0q P t0, 1uN
d
;

Choose constants 0 ă γ ă 1, and set k :“ 0;
while ∆k ě 1 do

Solve subproblem (11) or (12) for pw :“ argmin(11) or (12);
Solve the PDE for pu :“ up pwq and evaluate the objective Jp pwq;
Compute the ratio of actual over predicted reduction:

ρk :“
Jpwpkqq ´ Jp pwq

´J 1pkq
T `

pw ´wpkq
˘

if ρk ą γ then

Accept the new point: wpk`1q “ pw, solve the adjoint PDE to get J 1pk`1q;

if }wpk`1q ´wpkq}1 “ ∆k then
Increase the trust-region radius ∆k`1 :“ 2∆k;

else if γ ě ρk ą 0 then

Accept the new point wpk`1q :“ pw, solve the adjoint PDE to get J 1pk`1q;
Leave the trust-region unchanged ∆k`1 “ ∆k;

else

Reject the new point, set wpk`1q :“ wpkq, and set J 1pk`1q :“ J 1pkq;
Reduce the trust region ∆k`1 “ t∆k{2u;

Set k :“ k ` 1;

Algorithm 2: Trust-Region-Based Improvement Heuristic.
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The algorithm terminates once the trust-region radius us less than 1, at
which point the trust-region constraint fixes the value of w “ wpkq, and we
cannot make any further progress by reducing the trust-region radius, ∆.

4.3 Solving the Trust-Region Subproblems

The trust-region subproblems (11) and (12) are linear binary optimization
problems with a single constraint. One can easily see that as long as the
trust-region radius is non-negative (i.e., as long as ∆k ě 0), the problem is
feasible. Here we show that this binary optimization problem can be solved to
optimality efficiently by observing that it can be reduced to a special knapsack
problem for which efficient solution methods exist.

We start by writing the trust-region subproblem as a generic binary linear
program,

minimize
w

gTw subject to aTw ď b, w P t0, 1up, (13)

where g P Rp is the gradient, a P t´1, 1up, and b ě 0 is a positive integer.
To extend the knapsack solution approach to our problem, we distinguish

the following cases:

1. ai “ 1 and gi ą 0 implies that wi “ 0 at a solution of (13) (because
increasing wi deteriorates both the objective and the constraint satisfac-
tion).

2. ai “ ´1 and gi ă 0 implies that wi “ 1 at a solution of (13) (because
decreasing wi deteriorates both the objective and the constraint satisfac-
tion).

3. ai “ ´1 and gi ě 0: We replace the variable wi by its “inverse”, qwi :“
1´wi. This change of variable reverses the signs of gi and ai, which can be
handled by the knapsack approach. We also need to update the right-hand
side of the constraint as qb :“ b´ ai “ b` 1 ą b.

We can now remove the variables wi that correspond to the first two cases
and consider a reduced knapsack problem in standard form with qm ď p binary
variables in the transformed data qg, qa, qb:

minimize
qw

qgT qw subject to qaT qw ď qb, qw P t0, 1u|m, (14)

where qa “ p1, . . . , 1qT , and qb ě 0. We now sort the indices in increasing order
of coefficients:

qgi1 ď qgi2 ď qgik ă 0 ď qgik`1
ď ¨ ¨ ¨ ď qgi

|m
,

where ties are broken arbitrarily, and we set ik “ 0 if qgi ě 0 for all indices
i. The solution of the reduced knapsack problem (14) is obtained by setting

qwil “ 1 for all l “ 1, . . . ,minpqb, ikq and qwil “ 0 for all l ą minpqb, ikq; see, for
example, [8, 73, 85–87, 92, 93].
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5 Implementation and Experimental Setup

In this section, we describe our implementation and the generation of the test
instances, and we briefly comment on the calibration of the regularization
parameter. We also review a popular NLP-based rounding heuristic that we
use in our comparisons.

5.1 Implementation Details

We implemented prototype versions and test instances of the proposed algo-
rithms in Julia [15], which will enable future algorithmic developments thanks
to Julia’s rapid prototyping capabilities, and AMPL, which facilitates testing
different MINLP solvers and relaxation ideas for our problem. To enable the
reproducibility of our results, we provide a Julia module containing the source
inversion problem and an implementation of the trust-region method freely at
www.github.com/JuliaInv/ConvDiffMIPDECO.

The module provides methods to compute the forward problem and matrix-
vector products with the adjoint. It also contains several interactive examples
that can be modified and extended. The module depends on and extends jInv
[97], a toolbox for PDE-parameter estimation problem. Our module uses the
existing methods in jInv for numerical optimization, PDE solvers, regulariza-
tion, and visualization in our experiments. All models are solved on a system
with two 64-bit Intel(R) Xeon(R) E5-2670 v2, 2.50 GHz CPUs having 10 cores
each and sharing 128 GB of RAM. Using the module JuMP [40], our module
can also be used to interface with a variety of integer-programming solvers.

In addition we created AMPL code that discretizes the PDE constraint and
formulates the MIPDECO, using the finite-difference discretization described
below in Appendix B. The models and run scripts are freely available at wiki.
mcs.anl.gov/leyffer/index.php/SrcInvert.

We provide the AMPL model as well as scripts that run the penalization-
based NLP heuristic described below in Section 5.3 and scripts that allow the
user to output images for further processing in MATLAB.

We do not directly compare the Julia runs with the AMPL runs in terms
of CPU time because this performance measure is strongly dependent on how
well the solvers can exploit the structure of the PDE constraint. Hence, we
do not believe that it matters that the runs were conducted on slightly dif-
ferent architectures. MS note: All the latest runs were conducted on the same
architecture. We can remove this paragraph..

MS

5.2 Generation of Test Problems and Regularization Parameter

Two-dimensional instance. Using the domain Ω “ r0, 2sˆr0, 1s, we construct a
2D source model by evaluating MATLAB’s peaks function at the cell centers
of a grid with 550 ˆ 256 equally sized cells. Rounding the function with a

www.github.com/JuliaInv/ConvDiffMIPDECO
wiki.mcs.anl.gov/leyffer/index.php/SrcInvert
wiki.mcs.anl.gov/leyffer/index.php/SrcInvert
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threshold of 2 results in two sources, one of which we shift right along the
x-axis. The true model can be seen in the upper-left subplot of Figure 1.

To generate the measurements, we solve the PDE using the finite-element
method (FEM) discretization on this mesh with a velocity of v “ p1, 0qJ and
a viscosity of σ “ 0.01 and then evaluate the PDE solution at 200 random
receiver locations sampled from a uniform distribution on Ω. We visualize the
PDE solution and the receiver locations (marked by red dots) in the upper-
right subplot of Figure 1.

Three-dimensional instance. The data for the 3D instance is generated along
the same lines. Here, we choose the domain Ω “ r0, 2s ˆ r0, 1s ˆ r0, 1s, a mesh
size of 128ˆ 64ˆ 64, and construct a 3D source model by adding three scaled
and shifted norm balls. We visualize the true model in the lower-left subplot
of Figure 1.

To generate the measurements, we solve the PDE using the FEM on this
mesh with a velocity of v “ p1, 0, 0qJ and a viscosity of σ “ 0.01, and we then
evaluate the PDE solution at 200 randomly spaced boreholes whose first two
components are sampled from a uniform distribution on r0, 2s ˆ r0, 1s. In the
third dimension, we place one receiver at each mesh cell, which yields overall
12,800 measurements. We visualize the PDE solution using an isocontour plot
and the receiver locations (marked by red lines) in the lower-right subplot of
Figure 1. In Table 1 we show the problem sizes of the instances that we solve
in our experiments.

Table 1: Problem size for 2D and 3D MIPDECO instances: For each method
and mesh size, we show the number of discrete state, control variables, and
constraints. 2D and 3D instances have 200 and 12, 800 number of measure-
ments, respectively

Method Mesh size # States # Binary control # Constraints

FDM

16ˆ 8 180 128 180
32ˆ 16 612 512 612
64ˆ 32 2244 2048 2244
128ˆ 64 8580 8192 8580
256ˆ 128 33540 32768 33540

FEM
256ˆ 128 33153 32768 33153

96ˆ 48ˆ 48 232897 221184 232897

Because our inverse problem is underdetermined (we have fewer measure-
ments than unknown optimization variables, w), we must add a regularization
term, Rpwq, in (3). This regularization term requires us to choose the regu-
larization parameter, α, in (5a). To find an effective regularization parameter,
we use the continuous relaxation (7) and follow the L-curve approach that we
describe in more detail in Appendix C. Using this process, we select the regu-
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true source PDE solution and receivers
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Fig. 1: Visualization of the ground-truth sources (left column) and the gen-
erated test data (right column) for the 2D (top row) and 3D (bottom row)
instance. The data is obtained by sampling the PDE solution associated with
the source model at the randomly chosen receiver locations (indicated by red
dots and lines, respectively).

larization parameters α “ 8.531 ¨10´3 for the 2D instance and α “ 5.298 ¨10´3

for the 3D instance, respectively.

5.3 Penalization-Based NLP Heuristics

We also implemented an existing penalty-based rounding scheme from the
literature [99] in which we relax the integrality restrictions and instead solve
a sequence of penalized NLPs for an increasing value of penalty parameter to
drive the integrality gap to zero. In particular, we add a penalty term to the
objective of (7) and (28), respectively, resulting in the following (nonconvex)
penalized formulation of (7) (the approach for (28) is similar):

minimize
w

1

2σ

›

›PS´1Mw ´ b
›

›

2
` αRpwq ` β

Nd
ÿ

i“1

`

wi p1´wiq
˘q

subject to w P r0, 1sN
d

,

(15)

where q is a positive integer and β is a penalty parameter that we increase
until the integrality gap is sufficiently small. In our implementation, we use
q “ 1. We solve the continuous relaxation with β “ 0, set β “ 10´6, and
increase β by a factor 2 until the integrality gap, max

i
tmintwi, 1´wiuu, is
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Let wp0q be a solution of (15) with β “ 0;
Choose integrality gap ε ą 0, iteration limit, Kmax, set k :“ 0, and β0 :“ βmin ą 0;

while k ă Kmax and max
i

!

mintw
pkq
i , 1´w

pkq
i u

)

ą ε do

Let wpk`1q solve the penalized relaxation (15) with β “ βk;
Set βk`1 :“ 2 ¨ βk and k :“ k ` 1;

return Rounded wpkq P t0, 1u;

Algorithm 3: Penalization-Based NLP Heuristic for FEM Discretiza-
tion.

sufficiently small (ď ε :“ 10´4), and then round the final w to its nearest
integer. We summarize this approach in Algorithm 3.

6 Numerical Results and Discussion

In this section, we illustrate the performance of the different approaches to
the discrete source inversion problem using numerical experiments in two and
three dimensions with known ground truth. We show empirically that state-of-
the-art MINLP solvers cannot solve even small-scale two-dimensional instances
of this problem. Next, we consider näıve rounding (also referred to as standard
rounding) and two proposed rounding heuristics applied to the relaxed prob-
lem, and we show that they also fail to solve the problem. The latter rounding
schemes yield better solution than does näıve rounding. We then show that our
trust-region heuristic improves on rounding heuristics to produce good-quality
solutions in a reasonable amount of time in both two- and three-dimensional
cases.

6.1 Performance of MINLP Solvers on 2D Instances

In this section, we explore the effectiveness of state-of-the-art MINLP solvers
for tackling the discretized MIPDECO (6) for the 2D instance. We use six
state-of-the-art MINLP solvers: Scip [3], Bonmin [23] using its hybrid (Bonmin-
Hyb), branch-and-bound (Bonmin-BnB), and outer-approximation (Bonmin-
OA) algorithms, and Minotaur [82] with both its branch-and-bound (Minotaur-
Bnb) and LP/NLP based branch-and-bound (Minotaur-QG) algorithms. We
use the self-contained finite-difference discretized MIPDECO model (presented
in (28)) for this comparison, because it allows us to easily explore the effect of
increasing the discretization and enables others to easily reproduce our results.
Otherwise, we use the same problem setup as described in Section 5.

We solve a number of instances of the 2D test problem for mesh sizes
between 16ˆ8 to 256ˆ128. Table 1 reports the sizes of these instances. In this
experiment, we use the regularization parameter, α “ 8.531 ¨ 10´3, obtained
following the L-curve approach. We limit the CPU time for the MINLP solvers
to 10 hours. We report the number of nodes processed, runtime, lower and
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upper bounds, and percentage gap which is a measure of the optimality gap,
and is defined as 100 ˆ UB´LB

|UB| , where UB and LB are the upper and lower

bounds, respectively, from these solvers. If any of these bounds is unknown,
we set the percentage gap to infinity. We note that Scip reports that the
optimality gap is infinite if the lower and upper bounds have opposite signs.

We use the intersection-over-union (IoU) score (also known as Jaccard
index) to quantify the overlap between the true source and the reconstruction
source; see [33]. Let Mtrue and Mrecon denote the sets for which the true source,
w, and the reconstructed source, wrecon, are indicator functions, respectively.
The IoU score is then defined as the volume of the intersection divided by the
volume of the union of these sets:

IoU “
|Mtrue XMrecon|

|Mtrue YMrecon|
P r0, 1s.

Higher values of the IoU score indicate a better overlap. Since the inversion is
performed on coarser meshes, we use a next-neighbor interpolation to refine
the reconstructed sources.

In Table 2, we summarize the performance of the MINLP solvers. We ob-
serve that only the two branch-and-bound solvers, Bonmin-Bnb and Minotaur-
Bnb, are able to solve the smallest 16 ˆ 8 instance; Bonmin-BnB also solved
32ˆ 16 but took around 454 minutes. All other runs time out after 10 CPU-
hours, and in many cases the solvers fail to even produce a feasible source,
W, or at least one of the bounds (lower or upper), indicated by 8 in the
last column. Bonmin-OA finds only the trivial feasible point, W “ 0, on all
the instances, indicating that there are no sources. Hence, we excluded the
Bonmin-OA results.

Figure 2 shows the best solution, W, obtained by the MINLP solvers. The
results for the 16ˆ8 case show that the upper bound by Scip and Bonmin-Hyb
are far from optimal; Minotaur-QG found the upper bound (which in this case
is also optimal) but could not improve its lower bound and thus finished with
a positive optimality gap. As we increase the size of the problem, the MINLP
solvers tend to obtain poor reconstructions with speckled areas that would
make a source identification difficult. The worst performance is at the finest
discretization level, where only Bonmin-Hyb returns some speckled sources
and all other solvers fail to identify the sources.

One reason for this poor performance is that all MINLP methods solve
a large number of relaxations of the original problem, such as linear pro-
grams, nonlinear programs, and mixed-integer linear programs, depending on
the specific method. Moreover, the problem size increases as we refine the com-
putational mesh, making these problems larger and computationally harder to
solve. None of the off-the-shelf solvers exploit the special structure that is in-
herent in the discretized PDEs and, for example, do not take advantage of the
fact that the stiffness matrix needs to be factorized only once.



20 Sharma et al.

Table 2: Performance of state-of-the-art MINLP solvers for instances of the 2D
test problem with mesh sizes ranging from 16ˆ 8 to 256ˆ 128. The rows rep-
resent different solvers and are grouped by mesh sizes. The columns show (left
to right) the mesh size, the name of the solver, the number of nodes processed,
the run-time in seconds (where TIME-OUT indicates that we reached the time
limit of 10 CPU-hours), the lower and upper bounds, and the percentage gap
remaining.

Solver # nodes Runtime [sec.] Bound Gap [%]
lower upper

1
6
ˆ

8 Scip 225691 TIME-OUT -0.5609 0.1733 8

Bonmin-Bnb 266 10.71 0.0530 0.0530 0
Bonmin-Hyb 2087613 TIME-OUT 0.0413 0.0612 32.40

Minotaur-Bnb 1043 163.87 0.0530 0.0530 0
Minotaur-QG 560436 TIME-OUT 0.0416 0.0530 21.51

3
2
ˆ

1
6 Scip 32868 TIME-OUT -1.6063 ´ 8

Bonmin-Bnb 242126 27222.15 0.0393 0.0393 0
Bonmin-Hyb 1606956 TIME-OUT 0.0347 0.0634 45.24
Bonmin-OA 2087613 TIME-OUT 0.0413 0.0612 32.40

Minotaur-Bnb 58115 TIME-OUT 0.0364 0.0575 36.71
Minotaur-QG 265309 TIME-OUT 0.0347 0.0470 26.08

6
4
ˆ

3
2 Scip 183 TIME-OUT -2.0189 1.7104 8

Bonmin-Bnb 13569 TIME-OUT 0.0338 0.0369 8.38
Bonmin-Hyb 293128 TIME-OUT 0.0329 0.0859 61.64
Bonmin-OA 2087613 TIME-OUT 0.0413 0.0612 32.40

Minotaur-Bnb 956 TIME-OUT 0.0329 0.1570 79.03
Minotaur-QG 322969 TIME-OUT 0.0329 0.0449 26.61

1
2
8
ˆ

6
4 Scip 1 TIME-OUT ´ ´ 8

Bonmin-Bnb 1 TIME-OUT 0.0323 0.0481 32.79
Bonmin-Hyb 17316 TIME-OUT 0.0293 0.1696 82.69
Bonmin-OA 2087613 TIME-OUT 0.0413 0.0612 32.40

Minotaur-Bnb 8 TIME-OUT 0.0322 ´ 8

Minotaur-QG 77295 TIME-OUT 0.0322 0.0696 53.74

2
5
6
ˆ

1
2
8 Scip 811 TIME-OUT ´ ´ 8

Bonmin-Bnb 1 TIME-OUT 0.0355 ´ 8

Bonmin-Hyb 17316 TIME-OUT 0.0119 0.1725 93.1
Bonmin-OA 2087613 TIME-OUT 0.0413 0.0612 32.40

Minotaur-Bnb 1 TIME-OUT ´ ´ 8

Minotaur-QG 1 TIME-OUT ´ ´ 8

Another factor that prevents the MINLP solvers from solving our problem
is the presolve techniques that SCIP and Minotaur employ, such as bound
tightening, and the derivation of implications, before starting (and intermit-
tently during) the tree-search [2, 81]. SCIP, for example, reformulates the
original problem by decomposing the nonlinear objective function into a set of
quadratic and nonlinear constraints whose number increases with the size of
the instance. For mesh size 128ˆ 64, the SCIP preprocessing step took 425.95
seconds and resulted in 8,002 added quadratic constraints, making relaxations
harder to solve, especially in view of the fact that our problem can be solved
as a bound-constrained NLP by eliminating the PDE states and constraint.
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Fig. 2: Solutions (W) from MINLP solvers SCIP, Bonmin-Bnb, Bonmin-Hyb,
Minotaur-Bnb, and Minotaur-QG (row-wise) on mesh sizes of 16ˆ 8, 32ˆ 16,
64ˆ 32, 128ˆ 64, 256ˆ 128 (column-wise). We indicate the IoU value in the
lower-right corner of each image.

We note that the heuristics used in SCIP and cutting planes used in
Bonmin-OA to find better feasible solutions seem to be ineffective for our
problems. For example, the best solutions reported by Bonmin-OA for all in-
stances is W “ 0, which indicates that there are no sources, which - even
though feasible - is not a meaningful solution.

We also observe that the optimality gap is high for most solvers, because
the lower and upper bounds are quite weak, leading to slow convergence. For
mesh-size 256ˆ128, Bonmin (in all algorithms) could not improve its starting
lower bound even after the 10 CPU-hours, and Minotaur failed to report even
a single lower bound because of a restoration failure in IPOPT that assumed
local infeasibility. Initially, we allowed only two CPU-hours. Raising this limit
to ten hours did not change the quality of the bounds, indicating that these
problems are unlikely to be solved within a reasonable time with existing
MINLP solvers.

6.2 Results for Rounding Approaches

Here, we compare the effectiveness of the different rounding schemes discussed
in Section 4.1 and the NLP-based rounding heuristic presented in Section 5.3,
on the finest mesh (256ˆ128). The näıve, mass-preserving, and gap-reduction
rounding schemes start from the continuous relaxation solution of (5) given
by (7). In contrast, the NLP-based rounding heuristic solves a sequence of
NLPs, taking 11 and 7 iterations for the 2D and 3D case, respectively. In
Table 3 we report the objective value, the solution time, and the number of
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Table 3: Comparison of objective value, solving time, and number of the PDE
solves of different rounding schemes.

2D 3D
Rounding Obj Time (s) # PDE solves Obj Time (s) # PDE solves
Näıve 0.1098 24.29 462 0.0246 587.27 565
Mass-pres 0.0780 24.25 462 0.0262 587.24 565
Gap-red 0.1027 24.76 478 0.0246 600.36 578
NLP-based 0.0530 794.10 2750 0.0204 12920.39 1518

PDEs of the solutions obtained from these rounding schemes. For the first two
rounding schemes, the number of PDE solves is due to solving the relaxation
(7). While the computational costs of the näıve and mass-preserving scheme
are negligible, the gap reduction rounding requires repeated evaluation of the
objective function and thus the PDE solves. Note that the factorizations of the
discretized PDEs were computed during the solution of the relaxed problem
and reused during the rounding. The additional costs are 16 and 18 PDE solves
in the 2D and 3D cases, respectively. The majority of the time required by
these three rounding schemes is from solving the relaxation. All the objective
values reported henceforth are the objective value as in (7).

In Figures 6 and 7 the first column shows the solution w from these round-
ing schemes. The NLP-based rounding resulted in a better solution than the
rest but took around 33 (22) times more time for 2D (3D) case. We applied
the different schemes at every iteration of the NLP-based rounding heuristic.
In the 2D case, we obtain better solutions with proposed rounding schemes
(mass-preserving and gap-reduction) than with a simple rounding scheme, and
in some iterations, our rounded solutions are better than any solution of the
NLP-based rounding heuristic. In the 3D case, the näıve and gap-reduction
roundings resulted in the same solution. Figure 3 reports iteration statistics
of the NLP-based rounding heuristic. The top row corresponds to the 2D case
and bottom row to the 3D case. In a row, the leftmost figure shows the number
of PDE solves and solution time at each iteration; the middle figure reports the
optimal objective value (Obj val) and objective value of the integer solution
obtained by employing different rounding schemes (näıve, mass-preserving,
and gap-reduction) to the solution of NLP-based heuristic at each iteration;
the rightmost figure shows the IoU values associated with different integer
feasible solution reported in the middle figure. These results encourage us to
believe that NLP-based heuristic with higher integrality tolerance can also
give a good-quality integer solution when used in conjunction with proposed
the simple rounding schemes. We note that at iteration 10 of the 2D instance
the objective value from the NLP-based heuristic is more than the rounded
solution given by the gap-reduction rounding. This means that the former is
not a valid lower bound, because problem (15) is nonconvex, and we solve it
only with a (local) projected Gauss-Newton method.
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Fig. 3: Detailed summary of solution time, # of PDE solves, objective value
of the original problem, and objective and IoU values of integer feasible solu-
tions obtained by the näıve, mass-preserving, and gap-reduction roundings of
the solution at each iteration in the NLP-based heuristic. Top row is for 2D
instance and bottom row is for 3D instance.

6.3 An Integrated Rounding Heuristic and Trust-Region Approach

We now apply our new trust-region approach to the intermediate solutions
from the NLP-based rounding approach of Section 6.1 for both the 2D and 3D
instances. Note that the first iteration in the NLP-based heuristic corresponds
to the relaxation of (5). For each iteration we consider three rounding schemes
(näıve, mass-preserving, and objective gap-reduction) and two versions of the
trust-region approach (full region and neighborhood of one pixel), resulting
in six combinations of our algorithm (at each iteration). For the 2D instance,
Figure 4 shows the objective and IoU values from each of these combinations
at each iteration; left and right columns are for the trust-region approach on
full-space and neighborhood of one pixel, respectively. From our computa-
tional results we see that for the 2D instance, for all the iterations (other than
iteration 7) the mass-preserving has performed better than the other round-
ing schemes. Also, the mass-preserving and objective gap-reduction roundings
give better solutions in terms of objective than does näıve rounding for the
trust-region approach in all the iterations other than the last two. In the last
two iterations the integrality gap in small and all three roundings result is
the same initial and thus final solutions. Similar results for the 3D case are
reported in Figure 5.
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MIPDECO solution, full region MIPDECO solution, 1 pixel

Fig. 4: Objective and IoU values of trust-region approach on the solutions
obtained by the näıve, mass-preserving, and gap-reduction roundings of the
solution at each iteration in the penalization-based NLP heuristic for 2D in-
stance.

Figure 6 shows the source reconstructions for the first iterate of the penalty
method applied to the 2D instance for each of the six combinations of our algo-
rithm (first three rows), and the last iterate considering only mass-preserving
rounding (since the integrality gap is small, all the three rounding schemes
give same initial solution) in the last row. Each row depicts the initial guess,
the reconstruction computed by the full-space trust-region method, and the
reconstruction from the neighborhood trust-region method for a given round-
ing scheme. The superimposed red lines depict the shape of the true source. In
each case, the overlap is improved by the trust-region method. Similar results
for the 3D case are reported in Figure 7.

In the 2D case, we observe that for the first few iterations in the NLP-
based heuristics näıve rounding identified the larger of the two sources and
completely failed to identify the second smaller source. However, the other
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MIPDECO solution, full region MIPDECO solution, 1 pixel

Fig. 5: Objective and IoU values of trust-region approach on the solutions
obtained by the näıve, mass-preserving, and gap-reduction roundings of the
solution at each iteration in the penalization-based NLP heuristic for 3D in-
stance.

Table 4: Final objective function value of rounding heuristics and trust-region
approach.

Rounding 2D 3D
Full region 1 pixel Full region 1 pixel

Näıve 0.0473 0.0784 0.0209 0.0207
Mass-preserving 0.0431 0.0427 0.0208 0.0207
Gap-reduction 0.0428 0.0429 0.0209 0.0207
NLP heuristic 0.0428 0.0428 0.0204 0.0204

two roundings, mass-preserving and gap-reduction, identified both sources.
When only one of the sources is recovered by using a rounding schemes the
neighborhood trust-region approach cannot identify the second source, because
it can change wi only near the initial guess. On the other hand, the full-space
trust-region algorithm discovers the second smaller source as well, independent
of the starting guess.
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starting guess MIPDECO solution, full region MIPDECO solution, 1 pixel

Fig. 6: 2D results of the full-space and neighborhood variant of the trust-region
approach for different rounding heuristics (row-wise). The left column shows
the starting guess, obtained by rounding the solution of the relaxed problem
at the α value selected from the L-curve. The middle and right columns depict
the solutions obtained using the trust region methods. The superimposed red
line indicates the location of the true source. The overlap is quantified using
the intersection-over-union score (IoU) and printed in the lower-right corner
of each image.

In 2D (3D) instances, the added runtime of the trust-region approaches
is around 7 seconds (between 58 and 129 seconds) when the initial guess is
obtained from the first iteration of the NLP-based heuristic and less than 3
(between 10 and 74 seconds) seconds when the initial guess is from any other
iteration (the largest number of PDE solves for the trust-region scheme was
102 (82); combining this with the PDE solves required for solving the relaxed
problem, the total number of PDE solves was 564 (647)). We note that the
number of PDE solves is significantly lower than the total number of binary
variables, indicating that our solution approach is efficient for solving these
large-scale MINLPs.

In Table 4 we report the final objective value obtained from our algorithms.
In the first three rows, the initial guess is obtained from rounding the relaxation
solution. For the NLP heuristic we used as a starting guess the final iteration
solution with the näıve rounding, because the other two rounding schemes also
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Fig. 7: 3D results of the full-space and neighborhood variant of the trust-region
approach for different rounding heuristics (row-wise). The left column shows
the starting guess, obtained by rounding the solution of the relaxed problem at
the α value selected from the L-curve. The middle and right columns depict the
solutions obtained using the trust region methods. The overlap is quantified
using the IoU and printed in the lower-right corner of each image.

result in the same integer feasible solution (due to the very small integrality
gap).

Figure 8 shows the progress in objective value and the change in the trust-
region radius for the MIPDECO instances. Here we use the first iteration of the
penalty method as an initial guess. We observe that the trust-region algorithm
terminates in a modest number of iterations (typically in the range [25, 51]),
which implies that we solved at most twice the PDEs to obtain function and
adjoint information (we do not need to solve the adjoint equation on iterations
on which we reject the step). These results are encouraging, given that the bulk
of the computational effort is the initial factorization of the stiffness matrix,
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Fig. 8: Convergence histories of the MIPDECO heuristics. Each plot shows the
values of the objective function (blue line) and the trust-region radius (red line)
at each iteration. The columns correspond to the instances obtained for the
näıve, the mass-preserving, and the gap-reduction rounding, respectively. The
columns represent the 2D (first two columns) and 3D (last two columns) results
of the full-space (odd columns) and reduced space (even columns) methods.

which we do once during the solution of the relaxed discretized MIPDECO
and after which we can reuse the factors for fast PDE solves. The reduction
in the function value that we obtain is also encouraging, showing that we can
significantly improve the objective value in our trust-region iterations.

7 Conclusions

In this paper, we apply several solution approaches to a discrete source inver-
sion problem for the convection-diffusion equation. We discretize the problem
using finite elements and obtain a mixed-integer PDE-constrained optimiza-
tion (MIPDECO) problem. Using numerical examples, we demonstrate that
the discretization of this problem can be solved neither by rounding solutions
of the relaxed problem nor by state-of-the-art MINLP solvers. We propose
a new heuristic for MIPDECO that combines a problem-specific rounding
scheme with an improvement heuristic. The method is motivated by trust-
region methods for nonlinear optimization and is related to the neighborhood
search and local-branching heuristics for MINLP.

We show that our proposed heuristic can solve both 2D and 3D problem
instances with more than 65,000 binary variables. In particular, our full-space
trust-region approach can add sources even if the initial guess misses an ex-
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isting source. The algorithm solves at most two PDEs per iteration, and our
Julia implementation reuses factorizations of the stiffness matrix for compu-
tational efficiency. In most cases, the trust-region approach converges in a
modest number of iterations (often around 30).

There are several ways to further improve the efficiency of MINLP solvers,
which use Ipopt to solve the continuous relaxations and the nodes in the
branch-and-bound tree. Because Ipopt is a general-purpose framework for
solving optimization problems, it does not take advantage of the structure
of the PDE. In particular, Ipopt refactors the stiffness matrix on every iter-
ation, although in principle one could rewrite the linear algebra inside Ipopt
to take advantage of these factors. On the other hand, the PDECO solver
jInv is geared toward PDE-constrained problems and includes a number of
choices that reduce the runtime for the specific instance. Since in the problem
at hand the PDE-operator does not depend on the optimization variable, our
jInv uses a direct method to factorize the stiffness matrix before solving the
relaxed problem. While computing the factorization in 3D takes a significant
amount of time, subsequent evaluations of the objective function, gradients,
and matrix-vector products with the Hessians can be computed quickly. We
include open-source implementations in Julia and AMPL that allow others to
reproduce and improve the results shown here.

Acknowledgements This work was initiated as a part of the SAMSI Program on Opti-
mization 20162017. Any opinions, findings, and conclusions or recommendations expressed
in this material are those of the authors and do not necessarily reflect the views of the
National Science Foundation. Part of this material is based upon work supported by the
U.S. Department of Energy, Office of Science, Office of Advanced Scientific Computing Re-
search, under Contract DE-AC02-06CH11357. This work was also supported by the U.S.
Department of Energy through grant DE-FG02-05ER25694. Ruthotto’s work was partially
supported by the US National Science Foundation award DMS 1522599. Sandia National
Laboratories is a multimission laboratory managed and operated by National Technology
and Engineering Solutions of Sandia LLC, a wholly owned subsidiary of Honeywell Interna-
tional, Inc., for the U.S. Department of Energy’s National Nuclear Security Administration
under contract DE-NA-0003525. SAND2019-10626 J. Hahn’s work was supported by the
DFG (German Research Foundation) under SPP 1962 and by the German Federal Ministry
of Education and Research (BMBF) under grant 05M2018-P2Chem. We are grateful to Prof.
Martin Siebenborn who helped us with the FEM derivation and deriving the weak form of
the PDE.

References

1. Abhishek, K., Leyffer, S., Linderoth, J.T.: FilMINT: An outer-
approximation-based solver for nonlinear mixed integer pro-
grams. INFORMS Journal on Computing 22, 555–567 (2010).
DOI:10.1287/ijoc.1090.0373

2. Achterberg, T.: SCIP — a framework to integrate constraint and mixed
integer programming. Tech. Rep. ZIB-Report 04-19, Konrad-Zuse-
Zentrum für Informationstechnik Berlin, Takustr. 7, Berlin (2005)



30 Sharma et al.

3. Achterberg, T.: Scip: Solving constraint integer programs. Mathematical
Programming Computation 1(1), 1–41 (2009)

4. Akcelik, V., Biros, G., Draganescu, A., Ghattas, O., Hill, J., van Bloe-
men Waanders, B.: Dynamic data-driven inversion for terascale simula-
tions: Real-time identification of airborne contaminants. In: Proceedings
of SC2005, Seattle, WA (2005)
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A Finite-Element Discretization of the Source Inversion Problem

Here, we briefly review how we discretize the variational problem (1) on a computational
mesh. We employ the first-discretize-then-optimize approach, which is a common strategy
in PDE-constrained optimization; see; for example, [58, Sec. 2.9].

We begin by discretizing the PDE-constraint in (1) following the usual procedure of
finite-element methods. To obtain a weak form of the constraint, we multiply both sides
of the PDE constraint in (1) with a test function φ P H1pΩ,Rq, the Sobolev space of all
functions whose first derivative is square integrable over Ω, with φpxq “ 0 for x P ΓD,
Bφpxq
Bn

“ 0 for x P ΓN , and then apply Green’s identity and integration by parts:

ż

Ω
wφdx “

ż

Ω
p´c∆u` vJ∇uqφdx (16)

“

ż

Ω
cp∇uqJ∇φ` pvJ∇uqφdx`

ż

BΩ
φ

ˆ

´c
Bu

Bn

˙

ds (17)

“

ż

Ω
cp∇uqJ∇φ` pvJ∇uqφdx, (18)

where the last identity is obtained by using the Neumann boundary conditions on ΓN and
the fact that φpxq “ 0 on ΓD. The weak problem then is to find a u P H1pΩ,Rq that
satisfies (18) for all test functions φ P H1pΩ,Rq.

Next, we discretize the state u and the control w in the weak form of the PDE con-
straint (18) using compactly supported Ansatz functions on a computational mesh. For
ease of presentation we assume that our computational domain Ω “ r0, 1sd is divided into
Nd quadrilateral finite elements of edge length L “ 1{N . We assume a lexicographical or-
dering of the elements Ω1, . . . , ΩNd in the mesh, which in our case consists of pixels and
voxels for d “ 2, 3, respectively. We note that extensions to more general domains and
anisotropic or unstructured meshes are straightforward. For example, the implementation
used in our numerical experiments uses rectangular meshes whose elements have different
edge lengths along the coordinate direction. We use the standard bi-/trilinear Ansatz func-
tions φ1, φ2, . . . , φpN`1qd for d “ 2 and d “ 3, respectively, as test functions and to discretize
the state variable u:

upxq “

pN`1qd
ÿ

i“1

uiφipxq. (19)

Because the Ansatz functions form a Lagrange basis (i.e., for the jth node of the mesh we
have φipxjq “ δij), the elements in u correspond to the value of u at the nodes of the mesh.
We represent the control variable w as a linear combination of piecewise constant Ansatz
functions ψ1, ψ2, . . . , ψNd :

wpxq “
Nd
ÿ

i“1

wiψipxq. (20)

Similar to above, the Ansatz functions form a Lagrange basis (i.e., ψipxq “ 1 if x P Ωi and
ψpxq “ 0 else); hence the entries in w correspond to the values of w in the pixels/voxels of
our mesh.

The finite-dimensional approximations of u and w in (19) and (20) allow us to write the
weak form of the PDE-constraint (18) in terms of the coefficient vectors u and w as

Su “Mw ´ r, (21)

where S P RpN`1qdˆpN`1qd is the (nonsingular) stiffness and M P RpN`1qdˆNd
is the

(full-rank) mass matrix, respectively. We compute the entries of both matrices, M and S,
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approximately by applying a 5th-order Gaussian quadrature rule to (18):

Sij «

ż

Ω
cp∇φjqJ∇φi ´ φjvJ∇φidx (22)

Mij «

ż

Ω
ψjφidx. (23)

rj «

ż

ΓD

φjgpv
Jnqds. (24)

Because of the compact support of the basis functions, the integrands vanish on all but a
few elements, which leads to both matrices being sparse.

We now derive our discretization of the total variation regularizer (3). In this work, we
use a first-order finite-difference discretization of the regularizer. This choice is motivated
by its simplicity and computational efficiency. We refer to the recent work in [70] for a
more extensive discussion and finite-element discretizations of the total variation. Because
we assume a quadrilateral mesh, the discrete gradient operators for d “ 2 and d “ 3 are

G “

ˆ

IN bD
Db IN

˙

and G “

¨

˝

IN b IN bD
IN bDb IN
Db IN b IN

˛

‚. (25)

Here, IN P RNˆN is the identity matrix, b denotes the Kronecker product, and the one-
dimensional difference operator is

D “
1

L

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

´1 0 0 ¨ ¨ ¨ ¨ ¨ ¨ 0
´1 1 0 ¨ ¨ ¨ ¨ ¨ ¨ 0

0 ´1 1 0 ¨ ¨ ¨ 0
...

. . .
. . .

...
...

. . .
. . . 0

0 ¨ ¨ ¨ ¨ ¨ ¨ 0 ´1 1
0 ¨ ¨ ¨ ¨ ¨ ¨ 0 0 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

P RN`1ˆN .

We note that this discretization involves a grid change (from the N cell-centers to the N `1
nodes). To accommodate for the grid change, the relaxed form includes the average matrix
A

A “
`

IN bB Bb IN
˘

for d “ 2 and

A “
`

IN b IN bB IN bBb IN Bb IN b IN
˘

,

for d “ 3, respectively, where we use the one-dimensional average matrix

B “
1

2

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

2 0 ¨ ¨ ¨ ¨ ¨ ¨ 0
1 1 0 ¨ ¨ ¨ ¨ ¨ ¨ 0
0 1 1 0 ¨ ¨ ¨ 0
...

. . .
. . .

...
...

. . .
. . . 0

0 ¨ ¨ ¨ ¨ ¨ ¨ 0 1 1
0 ¨ ¨ ¨ ¨ ¨ ¨ 0 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

P RNˆN`1.

This leads to the discrete regularization function

Risopwq “ LdeJ
b

ApGwq2 ` κ, (26)

where e is a vector of all ones, the factor Ld represents the volume of the cells, and κ ą 0 is
a conditioning parameter (in our experiments, we use κ “ 10´3). Note that the square and
the squareroot are applied component-wise.
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B Finite-Difference Discretization of the Source Inversion Problem

We discretize both the source, w, and the state, u, in the cell-centered points of our NxˆNy
computational mesh:

Wkl » w pkLx ´ Lx{2, lLy ´ Ly{2q , Uij » u piLx ´ Lx{2, jLy ´ Ly{2q ,

where Lx “ 2{Nx and Ly “ 1{Ny are the discretization steps in the x and y direction,
respectively, and k “ 1, . . . , Nx, l “ 1, . . . , Ny , i “ 0, . . . , Nx ` 1, j “ 0, . . . , Ny . Here, the
variables Ui,0,UNx`1,j ,Ui,Ny`1 approximate the PDE solution at ghost points placed
along ΓN , and the variables U0,j are the ghost points near ΓD.

Let us further define V P Rm to obtain the bilinear interpolation from the cell-centered
points of the mesh closest to the receiver locations r1, r2, . . . , rm. Mathematically, for each
receiver location rk “ prkx, r

k
y q, k “ 1, . . . ,m, we define variable Vk as

Vk “
1

LxLy

¨

˚

˝

iLx `
Lx

2
´ rkx

rkx ´ iLx `
Lx

2

˛

‹

‚

T
ˆ

Ui,j Ui,j`1

Ui`1,j Ui`1,j`1

˙

¨

˚

˝

jLy `
Ly

2
´ rky

rky ´ jLy `
Ly

2

˛

‹

‚

, (27)

where, i “ t
rkx
Lx

` 0.5u and j “ t
rky

Ly
` 0.5u, leading to the following mixed-integer quadratic

program:

min
U,W

1

2σ

´

m
ÿ

k“1

´

Vk ´ bk

¯2¯

` αLxLy

Nx
ÿ

k“2

Ny
ÿ

l“2

d

ˆ

Wkl ´Wpk´1ql

Lx

˙2

`

ˆ

Wkl ´Wkpl´1q

Ly

˙2

` κ,

s.t. c
4Uij ´Upi´1qj ´Upi`1qj ´Uipj´1q ´Uipj`1q

Lx2Ly2
(28)

`
Uij ´Upi´1qj

Lx
“Wij , i “ 1, . . . , Nx, j “ 1, . . . , Ny

UNx`1,j “ UNx,j , Ui,0 “ Ui,1, Ui,Ny`1 “ Ui,Ny ,U0,j “ ´U1,j ,

i “ 0, . . . , Nx, j “ 0, . . . , Ny

W P t0, 1uNxˆNy ,U P RpNx`2qˆpNy`2q.

Here, the fifth row explicitly encodes the Neumann and Dirichlet boundary conditions.
As before, we can again eliminate the state variables U using the discretized PDE and
boundary conditions and the state variables V using (27), resulting in a problem that has
similar structure to (6). As before, the objective function is second-order cone representable.

C Selection of Regularization Parameter for the Relaxed Problem

To find an effective regularization parameter, we consider the continuous relaxation (7) and
follow the L-curve procedure; see [65] for details. In the inversions we use coarser meshes
with 256 ˆ 128 and 96 ˆ 48 ˆ 48 cells for the 2D instance and 3D instance, respectively.
We consider the datasets generated in the preceding section and perturb the generated data
with 10% iid Gaussian white noise.

To compute the L-curve, we solve 30 instances of the continuous relaxation for different
values of α that are logarithmically spaced between 1 and 10´6. To accelerate the computa-
tion, we initialize the optimization with the solution from the previous α. For each value of
α, we use up to 20 Gauss-Newton iterations and approximately compute the search direction
using 5 iterations of projected preconditioned CG that use the Hessian of the regularization
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Fig. 9: L-curve plots for the relaxed optimization problem (7) for the two-
dimensional instance (left) and three-dimensional instance (right). In both
cases, we solve the relaxed problem for 30 α values logarithmically spaced be-
tween 1 and 10´6. We plot the value of the regularizer and misfit at the com-
puted solution in a loglog plot. To highlight the impact of α on the smoothness
of the reconstructed images, we provide snapshots of the reconstructed source
at the extremal values and one value that provides a good trade-off (values
are marked with a circle).

function as a preconditioner. For each experiment, we store the reconstructed source, the
predicted data, the value of the misfit function, and the values of the regularization function
(without the factor α). The L-curve shown in Figure 9 show the value of the regularizer and
the value of the misfit of these optimal solutions. As is common, the axes are scaled logarith-
mically; and to provide additional insight, we have added visualizations of the reconstructed
sources for the largest and smallest value of α (resulting in overly smoothed and very noisy
reconstructions, respectively) as well as solutions that provide a good trade-off. Using this
process we select the regularization parameters α “ 8.531 ¨ 10´3 for the two-dimensional
instance and α “ 5.298 ¨ 10´3 for the three-dimensional instance, respectively. Computing
the L-curves took about 4 and 48 minutes and involved 32,580 and 30,892 PDE solves in
2D and 3D, respectively. The large number of PDE solves underscores the importance of
computing a factorization (or a good preconditioner in large-scale problems) apriori.



Inversion of Convection-Diffusion Equation with Discrete Sources 41

The submitted manuscript has been created by UChicago Argonne, LLC, Operator of Argonne
National Laboratory (Argonne). Argonne, a U.S. Department of Energy Office of Science labo-
ratory, is operated under Contract No. DE-AC02-06CH11357. The U.S. Government retains for
itself, and others acting on its behalf, a paid-up nonexclusive, irrevocable worldwide license in
said article to reproduce, prepare derivative works, distribute copies to the public, and perform
publicly and display publicly, by or on behalf of the Government. The Department of Energy
will provide public access to these results of federally sponsored research in accordance with the
DOE Public Access Plan. http://energy.gov/downloads/doe-public-access-plan Sandia National
Laboratories is a multimission laboratory managed and operated by National Technology and
Engineering Solutions of Sandia LLC, a wholly owned subsidiary of Honeywell International, Inc.,
for the U.S. Department of Energys National Nuclear Security Administration under contract
DE-NA-0003525.

http://energy.gov/downloads/doe-public-access-plan

	Introduction
	Background
	Mixed-Integer Programming
	PDE-Constrained Optimization
	MIPDECO

	Mathematical Formulation of the Model
	Variational Formulation of the Source Inversion Problem
	Finite-Dimensional Approximations of the Source Inversion Problem

	An Integrated Rounding and Trust-Region Heuristic
	Rounding Schemes for MIPDECO
	Trust-Region-Based Improvement Heuristic
	Solving the Trust-Region Subproblems

	Implementation and Experimental Setup
	Implementation Details
	Generation of Test Problems and Regularization Parameter
	Penalization-Based NLP Heuristics

	Numerical Results and Discussion
	Performance of MINLP Solvers on 2D Instances
	Results for Rounding Approaches
	An Integrated Rounding Heuristic and Trust-Region Approach

	Conclusions
	Finite-Element Discretization of the Source Inversion Problem
	Finite-Difference Discretization of the Source Inversion Problem
	Selection of Regularization Parameter for the Relaxed Problem

