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Abstract: We introduce a new class of distributionally robust optimization problems under decision-dependent

ambiguity sets. In particular, as our ambiguity sets, we consider balls centered on a decision-dependent probability

distribution. The balls are based on a class of earth mover’s distances that includes both the total variation

distance and the Wasserstein metrics. We discuss the main computational challenges in solving the problems of

interest, and provide an overview of various settings leading to tractable formulations. Some of the arising side

results, such as the mathematical programming expressions for robustified risk measures in a discrete space, are

also of independent interest. Finally, we rely on state-of-the-art modeling techniques from humanitarian logistics

and machine scheduling to arrive at potentially practical applications, and present a numerical study for a novel

risk-averse scheduling problem with controllable processing times.
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1. Introduction The classical stochastic programming literature relies on the assumption that the

probability distribution of uncertain model parameters is given as a model input, often as set of scenarios

along with their probabilities. However, in many decision-making applications the true parameter dis-

tribution is unknown. Distributionally robust optimization (DRO) is a recent and appreciated approach

to hedge against such distributional uncertainty. Instead of assuming that there is a known underlying

probability distribution, in DRO one considers an ambiguity set that consists of probability distributions,

and solves a minimax-type problem to determine decisions that provide hedging against the worst-case

parameter distribution in the ambiguity set (see, e.g., Goh and Sim, 2010; Wiesemann et al., 2014).

Another common fundamental assumption in the stochastic programming literature is that the under-

lying probability space is independent of the decisions. In other words, it is usually assumed that the

probability distributions of random model parameters are exogenously given. In the DRO setting this atti-

tude translates to the assumption that the specified ambiguity set of distributions is decision-independent.

However, in certain situations decisions can directly affect the distribution of the parameters, either by

changing the parameter realizations or by changing the probabilities of underlying random events that

occur after the decisions are taken. This phenomenon is known as decision-dependent or endogenous

uncertainty. For example, in the context of pre-disaster planning, if the links of a transportation network

are subject to random failure in case of a disaster, then the investment decisions on strengthening such

links (seismic retrofitting of bridges/viaducts on links) can reduce the failure probabilities and improve

network survivability (Peeta et al., 2010).

In our study we aim to simultaneously address distributional and decision-dependent uncertainty. We

next provide a brief overview of the relevant literature on these two concepts.

Distributionally robust optimization. The two most widely used types of ambiguity sets in the
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DRO literature are moment-based and statistical distance-based ones (for a review, see Postek et al.,

2016). Moment-based ambiguity sets contain all probability distributions that satisfy certain general

moment conditions (see, e.g., Delage and Ye, 2010; Zymler et al., 2013; Wiesemann et al., 2014). A

common example is the ambiguity set consisting of distributions that exactly match the empirical first

and second moments; however, such exact moment-based ambiguity sets typically do not contain the true

distribution. In addition, as very different distributions can have the same (or similar) lower moments, and

the use of higher moments can be impractical, moment-based approaches often lead to overly conservative

solutions.

In the present work we therefore limit our attention to statistical distance-based ambiguity sets. These

sets consist of probability distributions that are in the vicinity of a nominal distribution—often the em-

pirical one—thought to approximate the true distribution. The vicinity is defined here as a ball centered

on the nominal distribution. A wide variety of statistical distances, which provide a measure of dis-

similarity between two probability distributions, have been employed to construct such balls. These

range from Wasserstein metrics (see, e.g., Pflug and Wozabal, 2007; Esfahani and Kuhn, 2018), the Pro-

horov metric (see, e.g., Erdoğan and Iyengar, 2006), and ζ-structures (Zhao and Guan, 2018) such as the

Kolmogorov–Smirnov statistic and the bounded Lipschitz metric, to the class of φ-divergences (see, e.g.,

Jiang and Guan, 2015). Distances in the latter class are frequently employed in a data-driven context

(for an overview see Bayraksan and Love, 2015), and include the Kullback–Leibler divergence (see, e.g.,

Calafiore, 2007; Hu and Hong, 2012), the Burg entropy (Wang et al., 2016), the total variation distance,

the Hellinger distance, the χ2 distance, and the modified-χ2 distance. Several studies have highlighted

the fact that utilizing a distance-based approach in DRO leads to desirable statistical properties, includ-

ing consistency and good out-of-sample performance (see, e.g., Lam, 2016; Esfahani and Kuhn, 2018;

Van Parys et al., 2017). On a related note, many of the popular regularization methods that are utilized

in the machine learning literature to improve out-of-sample performance have recently been shown to be

equivalent to statistical distance-based DRO models (see, e.g., Blanchet et al., 2017; Gao et al., 2017).

A significant number of DRO studies focus on φ-divergences, which are often shown to work well if the

uncertain parameters are known to be supported on a discrete set. However, when the possible realiza-

tions of parameters form a continuous spectrum, the use of φ-divergences can be problematic (as pointed

out by, e.g., Blanchet et al., 2017; Gao and Kleywegt, 2016) due to ignoring the metric structure of the

realization space, and limiting the support of the measures in the ambiguity set.

An attractive feature of any distance-based approach is that one can control the degree of conservatism

simply by adjusting the radius. When using certain distances, such the Wasserstein-1 metric, an appro-

priate choice of radius can also guarantee that, with a prescribed level of confidence, the true probability

distribution belongs to the ambiguity set (see Esfahani and Kuhn, 2018; Zhao and Guan, 2015). This is

in contrast to, for example, the Kullback-Leibler divergence, which does not permit the construction of

a confidence set that includes the true probability distribution (Esfahani and Kuhn, 2018). We refer to

Gao and Kleywegt (2016) for a more elaborate discussion of the pros and cons associated with various

ambiguity sets, and in particular the advantages of Wasserstein metrics over φ-divergences. Due to these

advantages the use of Wasserstein distances in DRO has seen a recent sharp increase, including stud-

ies by Pflug and Wozabal (2007), Wozabal (2014), Gao and Kleywegt (2016), Gao and Kleywegt (2017),

Ji and Lejeune (2017), Luo and Mehrotra (2017), Esfahani and Kuhn (2018), Ji and Lejeune (2018), and

Zhao and Guan (2018). In line with these developments our focus will be on a general class of earth

mover’s distances, introduced in a discrete context by Rubner et al. (1998). Our chosen class includes

both the total variation distance and the Wasserstein-1 metric (also known simply as the Wasserstein

metric, or the Kantorovich-Rubinstein metric, Kantorovich and Rubinshtein, 1958), allows the construc-

tion of ambiguity sets based on higher-order Wasserstein distances, and also has favorable tractability

properties.
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Decision-dependent uncertainty. As highlighted in Haus et al. (2017), while decision-dependent

uncertainty—endogenous uncertainty—is straightforward to express in the framework of Markov de-

cision processes, its use in stochastic programming remains a tough endeavor, and is far from being a

well-resolved issue. Hellemo et al. (2018) discuss the modeling and applications of decision-dependent un-

certainty in mathematical programming, and present a taxonomy of stochastic programming approaches

with decision-dependent uncertainty. The relevant literature primarily focuses on two types of optimiza-

tion problems (Goel and Grossmann, 2006): problems with decision-dependent information revelation,

and problems with decision-dependent probabilities. In problems of the first type, decisions can partially

resolve the uncertainty, affect the timing of uncertainty resolution, and alter the set of possible future

random outcomes. In problems of the second-type, decisions alter the probability measures. The first

problem type has been addressed more widely (see, e.g., Jonsbr̊aten et al., 1998; Goel and Grossmann,

2004; 2006; Khaligh and MirHassani, 2016) in the literature. Accordingly, in our study, we aim to con-

tribute to the literature by focusing on problems of the second type, where decisions can affect the

likelihood of underlying random future events and/or can affect the possible realizations of the random

parameters.

Stochastic problems with decision-dependent probability measures are notoriously difficult to model

and solve, and, not surprisingly, the relevant literature is quite sparse. Dupacova (2006) briefly dis-

cusses optimization under decision-dependent uncertainty, without providing specific formulations or

solution methods. Studies that feature algorithmic developments are relatively recent, and typically rely

on additional structural properties that are specific to their problems of interest. A significant part of

the literature focuses on one particular stochastic pre-disaster investment problem, where the links of

a transportation network are subject to probabilistic failures. This problem—originally introduced by

Peeta et al. (2010)—aims to use a limited budget to increase the survival probabilities of selected links in

such a way that the total expected shortest-path distance between a number of origin-destination pairs

is minimized. Modeling the problem in a straightforward fashion involves expressing probabilities as

non-linear functions of decision variables, which gives rise to highly non-linear models that are often in-

tractable. Several relevant studies (Flach and Poggi, 2010; Laumanns et al., 2014; Schichl and Sellmann,

2015; Haus et al., 2017) have instead focused on developing efficient alternative solution methods for this

particular pre-disaster investment problem. Among these studies, the working papers by Laumanns et al.

(2014) and Haus et al. (2017) consider a class of problems where the decisions are binary, and the inher-

ent uncertainty is characterized by a set of binary vectors whose components are independent random

variables. They develop effective and exact mixed-integer programming formulations for this class by

introducing novel distribution shaping and scenario bundling techniques. These techniques enable an

efficient characterization of the decision-dependent scenario probabilities via a set of linear constraints.

More recently, Dentcheva and Ruszczyński (2018) have established a new framework, which addresses

decision-dependent uncertainty in the context of risk-averse two-stage optimization models with partial

information and decision-dependent observation distribution.

DRO with decision-dependent uncertainty. In this study, we incorporate decision-dependent

uncertainty into distributionally robust stochastic programming problems via decision-dependent ambi-

guity sets. Until recently, DRO with decision-dependent ambiguity sets has been an almost untouched

research area. Zhang et al. (2016) consider decision-dependent ambiguity sets defined via parametric mo-

ment conditions with generic cone constraints. Adopting the total variation metric, the authors establish

quantitative stability results for the ambiguity set, the optimal values and solutions. Royset and Wets

(2017) utilize recent developments from the variational theory of bivariate functions to establish conver-

gence results for approximations of a class of DRO problems with decision-dependent ambiguity sets.

Their discussion covers a variety of ambiguity sets, including moment-based and stochastic dominance-

based ones. A major part of their toolset relies on the so-called hypo-distance between CDFs, which
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is shown to be a metrization of weak convergence. The recent working paper by Luo and Mehrotra

(2018), contemporaneously with our initial report on this subject (Noyan et al., 2018), provides formu-

lations for problems that feature distributional ambiguity sets with decision-dependent radii, as well

as for problems with ambiguity sets defined by decision-dependent bounds on moments. Finally, we

highlight the recent interest in the tangentially related area of traditional robust optimization mod-

els with decision-dependent uncertainty sets (Bertsimas and Vayanos, 2014; Lappas and Gounaris, 2018;

Nohadani and Sharma, 2018).

Our contributions. We present a unified modeling framework for a class of DRO problems with

decision-dependent earth mover’s distance-based ambiguity sets. Our models typically give rise to non-

convex non-linear programs, which are in general very hard to solve. However, we provide an overview of

several settings where it is possible to obtain tractable formulations. Some of the side results that make

these formulations possible are also of independent interest, including novel mathematical programming

expressions for robustified risk measures in a discrete space. We also discuss potential practical applica-

tions, utilizing state-of-the-art modeling techniques from the fields of humanitarian logistics and machine

scheduling. In particular, we emphasize that we also contribute to the machine scheduling literature by

introducing a new risk-averse machine scheduling problem, which simultaneously addresses distributional

and decision-dependent uncertainty of controllable stochastic processing times. As a proof of concept

for our modeling framework, we also present a computational study, which is one of the very first in the

literature for DRO problems with endogenous uncertainty.

Outline. The rest of the paper is organized as follows. In Section 2 we establish necessary notation

and recall some basic definitions. Section 3 describes the class of DRO problems of interest. Sections 4–6

are dedicated to developing the corresponding mathematical programming formulations, with Section 5 in

particular dedicated to the aforementioned side results about robustified risk measures in a discrete space.

Section 7 highlights potential applications: a class of stochastic network problems (with an expanded

treatment in the Appendix), and a novel risk-averse scheduling problem with controllable processing

times. In Section 8 we present our computational study, and Section 9 contains our concluding remarks

regarding future research directions.

2. Preliminaries The set of the first n positive integers is denoted by [n] = {1, . . . , n}, while the

positive part of a number η ∈ R is denoted by [η]+ = max{η, 0}. The extended real numbers are denoted

by R̄ = R
⋃

{−∞,+∞}.

The family of all probability measures on a measurable space (Ω,A) is denoted by P(Ω,A). Let us

denote by Lm(Ω,A) the family of all measurable mappings from (Ω,A) to (Rm,Am
B ), where Am

B is the σ-

algebra of m-dimensional Borel sets, and denote the set of m-dimensional random vectors by Vm(Ω,A) =

P(Ω,A)×Lm(Ω,A). In a pair [P, ξ] ∈ Vm(Ω,A) we view the mapping ξ : Ω → R

m as a random variable

on the probability space (Ω,A,P), with corresponding CDF F[P,ξ]. If we denote the family of all m-

variate CDFs by Fm, then we trivially have {F[P,ξ] | [P, ξ] ∈ Vm(Ω,A)} ⊂ Fm, and equality holds if and

only if (Ω,A) is a continuous space, i.e., if it admits a standard continuous uniform random variable. One

such continuous space is the standard Borel space ((0, 1),AB) on the unit interval; we will denote the

Borel probability measure on this standard space (i.e., the restriction of the Lebesgue measure to AB) by

B. For 1 ≤ p ≤ ∞ we introduce the standard Lp-space LS
p =

{

X ∈ L1((0, 1),AB,B) : ‖X‖Lp
< ∞

}

,

where ‖ · ‖Lp
is the Lp-norm for random variables on the standard probability space. In the remainder

of the paper we use the common convention whereby p and q refer to a dual pair of values that satisfy

1 ≤ p < ∞, 1 < q ≤ ∞, and 1
p
+ 1

q
= 1.

We define the law of a random vector [P, ξ] ∈ Vm(Ω,A) as the push-forward probability measure

law[P, ξ] ∈ P(Rm,Am
B ) given by [law[P, ξ]] (A) = P(ξ ∈ A) for A ∈ Am

B . Two random vectors have the
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same law if and only if they have the same CDF. By definition, for any measurable space (Ω,A) we have

{law[P, ξ] : [P, ξ] ∈ Vm(Ω,A)} ⊂ P(Rm,Am
B ), and equality again holds for continuous spaces such as

((0, 1),AB).

Finally, we establish some notational conventions for working with a finite sample space Ω =

{ω1, . . . , ωn}. Probability measures on (Ω, 2Ω) are denoted by blackboard bold (double struck) characters,

and the probabilities of elementary events by corresponding lowercase letters, e.g., given P ∈ P(Ω, 2Ω)

we write pi = P
(

{ωi}
)

. Similarly, we use uppercase letters for scalar-valued random variables, and use

the corresponding lowercase letters for their realizations, e.g., given Z : Ω → R we write zi = Z(ωi).

Finally, random vectors are typically denoted by bold Greek letters, and upper indices are used to refer

to their realizations, e.g., given ξ : Ω → R

m we write ξi = ξ(ωi).

2.1 Earth mover’s distances We now introduce a general class of earth mover’s distances (EMDs).

Consider a function δ : Rm × Rm → R+, typically chosen to be a symmetric measure of dissimilarity

(or distance) between m-dimensional real vectors. We will always assume that δ is reflexive, i.e., that

δ(x,x) = 0 holds for all x ∈ R

m. If the stronger condition δ(x1,x2) = 0 ⇔ x1 = x2 holds for

all x1,x2 ∈ Rm, we say that δ is definite. We remark that the choice of Rm as the native space of

realizations is somewhat arbitrary, and for the purposes of the following definitions the space Rm could

be replaced with a general ground set; in the literature the ground set is commonly assumed to be a

Polish space with distinguished metric δ. However, we restrict ourselves to working with real vectors, as

all of the examples and applications that we discuss later will naturally fit this framework.

The function δ, which measures dissimilarities among vectors in the ground space Rm, induces an

EMD ∆ : P(Rm,Am
B )×P(Rm,Am

B ) → R̄+ that measures dissimilarities among probability distributions

on Rm. The EMD between distributions P1,P2 ∈ P(Rm,Am
B ) is given by

∆(P1,P2) = inf
P

∗∈Π(P1,P2)

∫

R

m×Rm

δ(x1,x2)P
∗ (d(x1,x2)) , (1)

where the infimum is taken over the family of distributions with marginals P1 and P2,

Π(P1,P2) =

{

P

∗ ∈ P(Rm ×Rm,Am
B ×Am

B ) :
P

∗(S ×Rm) = P1(S),

P

∗(Rm × S) = P2(S)
for all S ∈ Am

B

}

.

The above definition can naturally be extended to quantify dissimilarities between any twom-dimensional

random vectors. With a slight abuse of notation, for any two measurable spaces (Ω1,A1) and (Ω2,A2)

the EMD ∆ : Vm(Ω1,A1)× Vm(Ω1,A2) → R̄+ will be given by

∆ ([P1, ξ1], [P2, ξ2]) = ∆ (law[P1, ξ1], law[P2, ξ2])

= inf







∫

R

m×Rm

δ(x1,x2)P
∗ (d(x1,x2)) : P∗ ∈ Π(law[P1, ξ1], law[P2, ξ2])







.
(2)

We aim to incorporate distributional uncertainty into decision problems via EMD balls centered on a

nominal random vector [P, ξ] ∈ Vm(Ω,A). Let us first assume that random vectors can take their values

from a continuum of possible realizations, and there is ambiguity both in the probability measure and in

the realizations. To model such cases, we can construct an EMD ball on the standard probability space,

and refer to it as a continuous EMD ball. This ball will represent all possible m-dimensional distributions

within κ distance from the nominal one:

BPδ,κ(ξ) = {ζ ∈ Lm((0, 1),AB) : ∆ ([P, ξ], [B, ζ]) ≤ κ} . (BALL-C)
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On the other hand, if the realizations of random vectors always belong to some discrete set (e.g., if

they are binary), it is not meaningful to consider small variations in realizations. For such cases a natural

approach is to construct the EMD ball on the native measurable space of the nominal random vector by

allowing the probability measure to change while keeping the realization mapping ξ fixed. We will refer

these balls given below as discrete EMD balls.

Bξ
δ,κ(P) = {Q ∈ P(Ω,A) : ∆ ([P, ξ], [Q, ξ]) ≤ κ} . (BALL-D)

A similar approach is seen, for example, in Pflug and Wozabal (2007), as well as in Pflug and Pichler

(2011), where the Wasserstein distance to a reference distribution is minimized among probability distri-

butions with a fixed finite support.

Remark 2.1 We introduced the definition (BALL-C) instead of the perhaps more natural

Bδ,κ ([P, ξ]) = {Q ∈ P(Rm,Am
B ) : ∆ (law[P, ξ],Q) ≤ κ} .

The two definitions are essentially equivalent, as it is easy to see that ζ ∈ BPδ,κ(ξ) holds if and only if we

have law[B, ζ] ∈ Bδ,κ ([P, ξ]). The definition (BALL-C) was chosen both for notational convenience, and

to emphasize that distributions in continuous spaces can be specified via varying outcome mappings (as

opposed to varying probability measures). This approach is taken by Pflug et al. (2012) to constructively

prove the crucially important Proposition 4.2, which underlies our development in Section 4.

The EMD balls defined in (BALL-C) and (BALL-D) are non-empty for any κ ≥ 0, since due to the

reflexivity of δ they always contain the nominal distribution. We also note that the domain of the EMD ∆

implicitly depends on the construction used: In (BALL-C) we have ∆ : Vm(Ω,A)×Vm((0, 1),AB) → R̄+,

while in (BALL-D) we have ∆ : Vm(Ω,A)×Vm(Ω,A) → R̄+. Unless specified otherwise, outside of this

preliminary section we will always assume that the sample space Ω is finite, with A = 2Ω.

The family of EMDs includes widely used metrics such as the total variation distance, which (see, e.g.,

Lindvall, 1992, Theorem 5.2) is the EMD induced by the discrete metric

δ(x1,x2) =

{

0 if x1 = x2

1 if x1 6= x2.
(3)

Wasserstein metrics are also closely related to EMDs. For p ∈ [1,∞) the Wasserstein-p metric Wp :

Vm(Ω1,A1)× Vm(Ω2,A2) → R̄+ is defined as

Wp ([P1, ξ1], [P2, ξ2]) = inf















∫

Ω1×Ω2

‖ξ1(ω1)− ξ2(ω2)‖
p
pP

∗(dω1,dω2)





1/p

: P∗ ∈ Π(law[P1, ξ1], law[P2, ξ2])











.

It is easy to see that the Wasserstein-1 metric is the EMD induced by the 1-norm distance δ(x1,x2) =

‖x1 − x2‖1. More generally, for any p ∈ [1,∞) we have Wp ([P1, ξ1], [P2, ξ2]) = ∆p ([P1, ξ1], [P2, ξ2])
1
p ,

where ∆p is the EMD induced by δp(x1,x2) = ‖x1 − x2‖
p
p. It follows that a Wasserstein-p ball of radius

κ is identical to the corresponding EMD ball with the same center, and a radius of κp.

2.2 Risk measures Unless specified otherwise, the definitions and results in this section are pre-

sented for risk measures that are natively defined on a standard Lp space. Any such risk mea-

sure ρ : LS
p → R can be naturally extended to p-integrable random variables defined on an arbi-

trary probability space (Ω,A,P) via inverse transform sampling as follows: It is well-known that if

X : Ω → R is a random variable, then its generalized inverse CDF F
(−1)
X : (0, 1) → R, given

by F
(−1)
X (α) = inf {x ∈ R : FX(x) ≥ α} and viewed as a random variable on the standard space
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((0, 1),AB,B), has the same CDF as X itself. Consequently, X is p-integrable if and only if we have

F
(−1)
X ∈ LS

p , in which case with a slight abuse of notation we will write ρ ([P, X ]) = ρ(X) = ρ
(

F
(−1)
X

)

.

Risk measures are functionals that represent the risk associated with a random variable by a

scalar value, and their desirable properties, such as law invariance and coherence, are axiomatized in

Artzner et al. (1999). Throughout this paper we limit our attention to law invariant coherent risk mea-

sures. We say that a mapping ρ : LS
p → R is a coherent risk measure if ρ has the following properties

(for all V, V1, V2 ∈ LS
p ):

• Monotone: V1 ≤ V2 ⇒ ρ(V1) ≤ ρ(V2).

• Convexity: ρ(λV1 + (1− λ)V2) ≤ λρ(V1) + (1 − λ)ρ(V2) for all λ ∈ [0, 1].

• Translation equivariant : ρ(V + λ) = ρ(V ) + λ for all λ ∈ R.

• Positive homogeneous : ρ(λV ) = λρ(V ) for all λ ≥ 0.

The more general class of convex risk measures is obtained by dropping positive homogene-

ity (Föllmer and Schied, 2002). For a more general discussion on quantifying risk we refer to

Müller and Stoyan (2002), Pflug and Römisch (2007), and Shapiro et al. (2009). We now introduce an

important family of coherent risk measures. The conditional value-at-risk at confidence level α ∈ [0, 1)

for a random variable Z is defined (Rockafellar and Uryasev, 2000) as

CVaRα(Z) = min

{

η +
1

1− α
E ([Z − η]+) : η ∈ R

}

. (4)

The minimum in (4) is attained at the α-quantile, which is known as the value-at-risk (VaR) at confidence

level α: VaRα(Z) = min{η ∈ R : P (Z ≤ η) ≥ α}. For risk-averse decision makers typical choices for

the confidence level are large values such as α = 0.9.

Suppose that Z is a discrete random variable with realizations z1, . . . , zn, and corresponding proba-

bilities p1, . . . , pn. Then VaRα(Z) = zj holds for at least one j ∈ [n], which implies

CVaRα(Z) = min
j∈[n]

zj +
1

1− α

∑

i∈[n]

pi[zi − zj]+. (5)

It is also well known that the optimization problem in (4) can equivalently be formulated as the following

linear program:

min







η +
1

1− α

∑

i∈[n]

pivi : vi ≥ zi − η ∀ i ∈ [n], v ∈ Rn
+, η ∈ R







. (6)

CVaR has been widely used in decision-making problems under uncertainty due to a number of useful

properties. It captures a wide range of risk preferences, including risk-neutral (for α = 0) and pessimistic

worst-case (for sufficiently large values of α, when α → 1) preferences. It is also a spectral risk measure

(Acerbi, 2002) and thus can be viewed as a weighted sum of the least favorable outcomes as illustrated

by the following dual representations of CVaRα:

max







1

1− α

∑

i∈[n]

βizi :
∑

i∈[n]

βi = 1− α, 0 ≤ βi ≤ pi ∀ i ∈ [n]







=
1

1− α

∫ 1

α

VaRa(Z) da. (7)

The knapsack-type maximization problem in (7) is equivalent to the linear programming dual of (6), and

to the well-known risk envelope-based dual representation of CVaR (see, e.g., Rockafellar, 2007). Due to

the last equality, CVaR is also known in the literature as average value-at-risk and tail value-at-risk.

CVaR is of particular importance as it serves as a fundamental building block for other coherent risk
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measures (Kusuoka, 2001). It was shown in Noyan and Rudolf (2015) that the class of risk measures

that can be obtained by extending a law invariant coherent risk measure from LS
p via inverse transform

sampling coincide with the class of operators with so-called Kusuoka representations of the form

ρ(X) = sup
µ∈M

∫ 1

0

CVaRα(X)µ(dα) for all X ∈ Lp(Ω,A,P),

where M is a family of probability measures on (0, 1). When this family consists of finitely many finitely

supported measures, we say that ρ is finitely representable (we note that such risk measures are dense

among coherent ones, see Noyan and Rudolf, 2013). If the family M consist only of a single such measure,

i.e., if ρ is a convex combination of finitely many CVaRs, then ρ is called a mixed CVaR measure. Finally,

we note that for finite probability spaces the class of mixed CVaR measures coincides with the class of

spectral risk measures (Noyan and Rudolf, 2015).

3. Distributionally Robust Optimization Models We are now ready to introduce the main

focus of the present work, a class of distributionally robust stochastic optimization problems with decision-

dependent ambiguity sets. To begin, let us consider a simple stochastic optimization problem: The

decision maker aims to minimize the expected value of an outcome G(x, ξ), where x is a decision belonging

to some feasible set X , and the outcome, given by the mapping G : X × Rm → R, depends on an m-

dimensional random vector ξ. In particular, we are interested in problems with endogenous uncertainty,

where the distribution of the parameter vector ξ can depend on the decision x. More precisely, given

mappings P : X → P(Ω,A) and ξ : X → Lm(Ω,A) the problem takes the form

min
x∈X

E

P(x) (G(x, ξ(x)) . (8)

The next step is to account for uncertainty about the distribution of the parameters. To this end, we

introduce as our ambiguity set an EMD ball, either of type (BALL-C) or of type (BALL-D), centered

on the nominal random parameter vector [P(x), ξ(x)] ∈ Vm(Ω,A). This leads to the following DRO

variants of the (risk-neutral) underlying problem (8):

min
x∈X

sup
ζ∈B

P(x)
δ,κ

(ξ(x))

E

B

(G(x, ζ)) (DRO-RNC)

min
x∈X

sup
Q∈B

ξ(x)
δ,κ

(P(x))

E

Q

(G(x, ξ(x))) . (DRO-RND)

Recalling our notation from Section 2.1, here κ is the radius of the ball, and δ is the underlying distance

or dissimilarity measure on Rm. In an applied context the appropriate choices of κ and δ, as well as the

choice between the models (DRO-RNC) and (DRO-RND) will be driven both by the specifics of the base

problem and by tractability concerns.

Aiming to minimize the expected value of an outcome represents a risk-neutral attitude. To incorporate

risk-aversion into our decision problems we can replace the expected value operator in (DRO-RNC) and

(DRO-RNC) with an appropriately chosen risk measure ρ, leading to the problems

min
x∈X

sup
ζ∈B

P(x)
δ,κ

(ξ(x))

ρ (G(x, ζ)) , (DRO-RAC)

min
x∈X

sup
Q∈B

ξ(x)
δ,κ

(P(x))

ρ ([Q, G(x, ξ(x))]) . (DRO-RAD)

Remark 3.1 While our focus in this paper is on the decision-dependent nominal distribution of the

parameter vector, our framework could also allow for the radius κ of the ambiguity set to be decision-
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dependent (as considered by Luo and Mehrotra, 2018). One possible approach is to make κ itself a decision

variable and add to the objective function a term that penalizes low values of κ, effectively introducing a

cost of robustness (analogous to the cost associated with the reliability level in chance-constrained opti-

mization, see, e.g., Lejeune and Shen, 2016).

3.1 Specifying the nominal distribution One of the main distinguishing features of our approach

is that the nominal distribution at the center of the ambiguity set is decision-dependent; in this section

we briefly discuss possible ways to describe this dependence.

The case when parameter realizations are decision-dependent, but the probabilities of underlying

events are not, is fairly straightforward, as it is sufficient to specify the mappings x 7→ ξi(x) for each

scenario i ∈ [n]. In Section 7.2 we present two representative examples of such mappings in the context

of machine scheduling problems, where the uncertain parameters are the processing times of jobs. The

first example introduces linearly compressible processing times with continuous control decisions, while

the second example—control with discrete resources—features binary control decisions.

We next turn our attention to the opposite case, when parameter realizations are fixed, but probabili-

ties are decision-dependent. While this setting formally appears quite similar to the one discussed above,

it is typically very challenging to construct scenario probability mappings x 7→ pi(x) that can properly

model problems of practical interest while maintaining a reasonable level of tractability. In Section 7.1

we discuss the recently developed technique of distribution shaping, which allows one to express multi-

plicative probabilities via linear constraints for certain problem classes with binary decisions. Another

interesting special case is when the random parameter vector is drawn from a population that consists

of subpopulations whose proportions are decision-dependent (see, e.g., Dupacova, 2006; Hellemo et al.,

2018). For example, in a revenue management context the subpopulations would correspond to various

customer types or market segments whose proportions are influenced by marketing or pricing decisions.

More precisely, given a fixed outcome mapping ξ : Ω → R let P1, . . . ,PS ∈ P(Ω) denote the probability

measures associated with the S subpopulations, and let π1(x), . . . , πS(x) denote the corresponding pro-

portions of each subpopulation in the population. Then the nominal parameter vector follows a mixture

distribution [P, ξ] with P =
∑S

s=1 πs(x)Ps. If we have X ⊂ Rr for some r ∈ N, and the mappings πs are

affine, with πs(x) = π0
s + π⊤

s x for some π1, . . . ,πS ∈ Rr, then scenario probabilities can be expressed

via the linear constraints pi(x) =
∑S

s=1 π
0
sp

i
s + π⊤

s xp
i
s for i ∈ [n].

4. Formulations for continuous Wasserstein balls We now turn our attention to a class of

problems where outcome mapping G has a bilinear structure, and the ambiguity set is a continuous

Wasserstein-p ball. Our principal tool to obtain potentially tractable formulations for problems in this

class will be Proposition 4.2, due to Pflug et al. (2012), which generalizes the following well-known con-

sequence of Hölder’s inequality to a stochastic context.

Proposition 4.1 For any two vectors v,y0 ∈ Rm and κ ≥ 0 we have

sup
y∈B

p
κ(y0)

y⊤v = y⊤
0 v + κ‖v‖q,

where Bp
κ(y0) = {y ∈ Rm : ‖y − y0‖p ≤ κ} is the p-norm ball of radius κ centered on y0.

The above proposition concerns the robustification of a scalar product with respect to one of its factors,

using a p-norm ball as the ambiguity set. We next consider a stochastic variant of this problem where

we replace the central vector y0 with a nominal random vector [B, ξ], and replace the p-norm ball with a

Wasserstein-p ball as the ambiguity set. When working in a risk-averse framework, our focus will be on an
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appropriate risk measure of the arising random scalar products. Following along the lines of Pflug et al.

(2012) we introduce an important class of risk measures.

Definition 4.1 Let ρ : LS
p → R be a law-invariant convex risk measure that admits a representation of

the form ρ(V ) = max
{

E

B

(V Z)−R(Z) : Z ∈ LS
q

}

where R : LS
q → R̄ is a convex functional. When

p > 1, we say that ρ is well-behaved with factor C ∈ R+ if

‖Z‖Lq
= C holds for all Z ∈

⋃

V ∈LS
p

argmax
{

E

B

(V Z)−R(Z) : Z ∈ LS
q

}

.

When p = 1, we say that ρ is well-behaved with factor C if, for the random variables Z specified in the

above condition, in addition to ‖Z‖L∞
= C we also have Z ∈ {0, C} almost everywhere.

Before we state the following key result from Pflug et al. (2012), we recall from Section 2.1 that the

Wasserstein-p ball of radius κ centered on a random vector [B, ξ] ∈ Vm((0, 1),AB) is identical to the

EMD ball BBδp,κp(ξ) with radius κp, where δp is the measure of dissimilarity induced by the p-th power

of the p-norm.

Proposition 4.2 Consider a random vector [B, ξ] ∈ Vm((0, 1),AB), and assume that the law invariant

convex risk measure ρ : Lp → R is well-behaved with factor C. Then for any v ∈ Rm such that ξ⊤v ∈ LS
p

we have

sup
ζ∈BB

δp,κp (ξ)

ρ(ζ⊤v) = ρ(ξ⊤v) + Cκ‖v‖q. (9)

Wozabal (2014) applies this result to provide robustified versions of many popular risk measures; here we

only mention the following important corollary:

sup
ζ∈BB

δ1,κ
(ξ)

CVaRα(ζ
⊤v) = CVaRα(ξ

⊤v) +
1

1− α
κ‖v‖∞. (10)

Remark 4.1 Proposition 4.2 provides a closed-form robustification of convex risks for the case of a

bilinear outcome mapping. Zhao and Guan (2018), Gao and Kleywegt (2016), and Esfahani and Kuhn

(2018) present similarly-structured results for more general classes of outcome functions. However, these

results are restricted to the risk-neutral case, and in place of a closed formula they employ duality to

express the robustified value as the optimum of a minimization problem.

We next examine the implications of Proposition 4.2 on the optimization problems introduced in Section 3,

focusing on the case when the outcome mapping has a bilinear structure. More precisely, we assume that

the outcome mapping is of the form G(x, ζ) = ζ⊤v(x) for some vector-valued mapping v : X → R

m. We

first observe that in this case, due to the linearity of expectation, the risk-neutral underlying problem (8)

is equivalent to the deterministic problem minx∈X ξ̄ ⊤(x)v(x), where the mapping ξ̄ : X → R

m is given

by ξ̄(x) = E(ξ(x)). Noting that the expected value operator is trivially well-behaved with factor 1, it is

easy to verify that for ρ = E the formula (9) becomes equivalent to the conclusion of Proposition 4.1 with

y0 = E(ξ). Therefore the risk-neutral DRO problem (DRO-RNC) with decision-dependent ambiguity

set BBδp,κp(ξ) can be equivalently reformulated as the following deterministic optimization problem:

min
x∈X

ξ̄ ⊤(x)v(x) + κ‖v(x)‖q . (11)

The risk-averse variant of the problem, where ρ is an arbitrary law invariant convex risk measure that is



Noyan, et al.: Decision-Dependent DRO 11

well-behaved with some factor C, can be similarly reformulated using Proposition 4.2, leading to

min
x∈X

ρ
(

ξ⊤(x)v(x)
)

+ Cκ‖v(x)‖q . (12)

In contrast to the risk-neutral case, this reformulated problem typically remains inherently stochastic.

5. Robustified risk measures in finite spaces In Section 4 we managed to convert the minimax

DRO problem (DRO-RAC), which features a continuous EMD ball of type (BALL-C) as its ambiguity set,

to a straightforward minimization. Our eventual goal is to similarly convert the problem (DRO-RAD),

which arises when the ambiguity set is a discrete EMD ball of type (BALL-D). The primary difficulty lies

in the fact that Proposition 4.2, which provided an elegant way to robustify risk measures in a continuous

context by replacing the supremum over the ambiguity set with the closed-form formula (9), is no longer

valid in a discrete setting, as the following example shows.

Example 5.1 Let ξ be a 2-dimensional random vector with possible realizations (1, 0)⊤ and (0, 1)⊤, and

let x = (1, 1)⊤. Then E
Q

(x⊤ξ) = 1 < 1 + κ‖x‖q for any probability distribution Q.

We mention that a one-sided version of Proposition 4.2, analogous to Lemma 1 of Pflug et al. (2012),

remains true for discrete EMD balls:

Proposition 5.1 Consider an arbitrary measurable space (Ω,A) and a random vector [P, ξ] ∈

Vm(Ω,A). If the law invariant convex risk measure ρ : Lp → R is well-behaved with factor C, then

for any v ∈ Rm such that ξ⊤v ∈ LS
p we have

sup
Q∈Bξ

δp,κp (P)

ρ
(

[Q, ζ⊤v]
)

≤ ρ
(

[P, ξ⊤v]
)

+ Cκ‖v‖q. (13)

Proof. The discrete EMD ball Bξ
δp,κp(P) can be trivially embedded into the continuous ball BPδp,κp(ξ)

as follows. Consider a probability measure Q ∈ Bξ
δ,κ(P). Using the well-known fact that every finite-

dimensional distribution can be realized on a probability space that admits a continuous uniform distri-

bution, there exists a mapping ζ ∈ Lm([0, 1]) such that law[B, ζ] = law[Q, ξ]. As EMDs are defined in

a law-invariant fashion, ζ ∈ BPδ,κ(ξ) immediately follows. Furthermore, since ρ is also law-invariant, we

have ρ
(

[Q, ξ⊤v]
)

= ρ
(

[B, ζ⊤v]
)

. Therefore the supremum in (13) is taken over a smaller set than the

one in (9), which implies our proposition. �

While we do not have a closed-form analogue to formula (9) for discrete spaces, in this section we develop

some mathematical tools to replace the supremum involved in the robustification of certain risk measures

with an equivalent minimization. These tools will then be utilized to recast (DRO-RAD) as a conventional

optimization problem; in Section 6.1 we examine certain important cases where this approach leads to

potentially tractable formulations. Throughout the remainder of this section ξ : Ω → R

m will denote

a fixed mapping from a finite sample space of size n, and we will use the notation δij = δ
(

ξi, ξj
)

for

distances among the realizations of ξ, where i, j ∈ [n].

5.1 A parametric relation between random variables For two scalar-valued random variables

X,Y ∈ L1(Ω, 2Ω) the usual ordering relation X ≥ Y holds if and only if we have xi ≥ yi for all i ∈ [n].

A key idea behind the developments of this section is that one can robustify certain risk expressions

by replacing the usual ordering with a parametric family of relations, and introducing a corresponding

“penalty term”.
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Definition 5.1 Given a threshold τ ≥ 0 we define the relation �τ as follows. For X,Y ∈ L1(Ω,A)

X �τ Y holds if and only if we have xi ≥ yj − δijτ for all i, j ∈ [n].

While �τ is typically not a preorder among random variables, it is closely related to the usual ordering.

The properties below are easily verified:

(i) The relation X �τ Y implies X ≥ Y , due to the reflexivity of δ.

(ii) If δ is definite, then for sufficiently high values of τ the relations X �τ Y and X ≥ Y are

equivalent. In particular, the equivalence holds when τ ≥ max
i,j∈[n]

yj−xi

δij
.

(iii) The relation X �0 Y is equivalent to X ≥ sup(Y ).

(iv) When δ is the discrete metric, the relation X �τ Y is equivalent to the conventional inequality

X ≥ max (Y, sup(Y )− τ).

Remark 5.1 The relation X �τ Y is equivalent to X(ωi) ≥ R(τ, i) for all i ∈ [n], where R : R+× [n] →

R is given by supj∈[n] Y (ωj)− τδij . Here −R can be viewed as a regularization operator of Y : Ω → R,

providing a discrete analogue to Definition 3 of Gao and Kleywegt (2016) (which in turn generalizes the

classical Moreau-Yosida regularization).

We next present and discuss the main results of Section 5, which will then be proved in Section 5.3.

5.2 Robustified risk formulas Let P ∈ P(Ω, 2Ω) be a fixed nominal probability measure. Given

a risk measure ρ : LS
p → R and a radius κ ≥ 0 we define the robustified risk measure ρκ : L1(Ω, 2Ω) → R

on our finite probability space by

ρκ(Z) = sup
{

ρ ([Q, Z]) : Q ∈ Bξ
δ,κ(P)

}

for Z ∈ L1(Ω, 2Ω). (14)

We now present the robustified versions of several important risk measures; the corresponding proofs can

be found in the next section.

5.2.1 Robustified expectation The following expression closely parallels the trivial formula

E

P

(Z) = inf {E
P

(V ) : V ≥ Z} for the nominal expectation, with the relation �τ playing a similar

role to that of the usual ordering ≥:

E

κ(Z) = inf {E
P

(V ) + κτ : τ ≥ 0, V �τ Z} . (15)

The additional “robustification term” κτ , which also appears in the results below, is analogous to the

term seen when robustifying the expected value operator in a continuous space (see Section 4).

Example 5.2 (Total variation distance) When the ambiguity set is based on the total variation

distance, it is easy to identify the worst-case distribution, as it can be obtained by greedily “transferring

probability” from favorable outcomes (starting with the lowest outcome value) to the worst-case (highest)

outcome, until either the boundary of the ambiguity set is reached, or all probability is transferred to

the worst case. As it has been observed in the literature (Jiang and Guan, 2018, Theorem 1; see also

Rahimian et al., 2018, Proposition 3), this implies that the robustified expectation is a convex combination

of the worst-case outcome and the nominal CVaR at an appropriate level, and thus a coherent risk measure

of the outcome. More precisely, if δ is the discrete metric, then, introducing the notation z+ = sup(Z),

for κ ∈ [0, 1] we have Eκ(Z) = κz+ +(1− κ)CVaRκ(Z). Using the representation (6) for CVaR, we can
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then express Eκ(Z) as the optimum of the following LP:

min κz+ + (1− κ)



η +
1

1− κ

∑

i∈[n]

piv̂i



 (16a)

s.t. v̂i ≥ zi − η, ∀i ∈ [n] (16b)

v̂i ≥ 0, ∀i ∈ [n] (16c)

η ≤ z+. (16d)

Here the redundant constraint (16d) reflects the trivial inequality VaRκ(Z) ≤ sup(Z). The above for-

mulation turns out to be essentially the same as the LP formulation of (15) given in (26). To see the

correspondence between these two LPs, we first note that in accordance with Property (iv) we can rewrite

constraints (26b) as

vi ≥ zi, ∀i ∈ [n]

vi ≥ z+ − τ, ∀i ∈ [n].

Let us introduce the change of variables η = z+ − τ , v̂i = vi + τ − z+ for i ∈ [n]. It is now easy to verify

that the formulations (16) and (26) are equivalent. We note that the preceding argument constitutes an

alternative proof for Theorem 1 of Jiang and Guan (2018) in our discrete setting. Additionally, it follows

that the optimum in (15) can be attained when we have τ = sup(Z)−VaRκ(Z).

5.2.2 Robustified CVaR Recalling the definition of CVaR from (4), for a probability level α ∈ [0, 1)

we have

CVaRκ
α(Z) = inf

{

η +E
P

(S) + κτ : η ∈ R, τ ≥ 0, S �τ

1

1− α
[Z − η]+

}

. (17)

This robustified expression exhibits a similar structure to (4), again with an additional robustification

term. By applying a scaling factor of (1− α) to S and τ , we can also rewrite (17) as

CVaRκ
α(Z) = inf

{

η +E
P

(

1

1− α
S

)

+
1

1− α
κτ : η ∈ R, τ ≥ 0, S �τ [Z − η]+

}

. (18)

This version better highlights the parallels with the corresponding continuous result in (10), where the

robustification term for CVaRα(ξ
⊤z) took the form 1

1−α
κ‖z‖∞. However, in contrast to (17), the formula

(18) does not generalize in a straightforward fashion to mixed CVaR measures.

Example 5.3 (Total variation distance) Similarly to the case of robustified expectation, when the

ambiguity set is based on the total variation distance, we can express CVaRκ
α(Z) as a convex combination

of the worst-case outcome, and a nominal CVaR of the outcome at an appropriate level. Recalling our

notation from Example 5.2, we first observe that if κ ≥ 1 − α holds, then the ambiguity set contains

a distribution where Z takes value z+ with a probability of at least 1 − α, which immediately implies

CVaRκ
α(Z) = z+. On the other hand, in the non-trivial case when κ ≤ 1− α holds, we have

CVaRκ
α(Z) =

κ

1− α
z+ +

1− α− κ

1− α
CVaRα+κ(Z). (19)

While we are not aware of the above formula appearing elsewhere in the literature, it can be proved

analogously to Theorem 1 in Jiang and Guan (2018), because the worst-case distribution is obviously the

same as for the case of robustified expectation. To obtain an alternative proof, we can also start from the

LP representation (28) of the formula (17), and apply the same change of variables as in Example 5.2

to obtain an LP representation of (19). Like before, this approach also shows that the optimum in (17)

can be obtained when we have τ = z+ −VaRα+κ(Z).
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5.2.3 Robustified mixed CVaR Making explicit the definition from Section 2.2, given a finitely

supported probability measure µ on the interval [0, 1), the mixed CVaR risk measure ρ{µ} : LS
p → R is

given by

ρ{µ}(Z) =

1
∫

0

CVaRα(Z)µ(dα) =
∑

α∈supp(µ)

µ ({α})CVaRα(Z). (20)

We note that, according to the above expression, the risk measure ρ{µ} can be interpreted as the expected

value of CVaRα when the level α is randomly selected from the interval [0, 1) according to the probability

measure µ. More precisely, if we denote the identity function of the interval by A : [0, 1) → [0, 1), then

we have ρ{µ} ([P, Z]) = Eµ (CVaRA ([P, Z])). The robustification of ρκ{µ} is now given by the following

generalization of (17):

ρκ{µ}(Z) = inf

{

Eµ(H) +E
P

(S) + κτ : H ∈ R[0,1), τ ≥ 0, S �τ Eµ

(

1

1−A
[Z −H ]+

)}

. (21)

Here A (“capital alpha”) is viewed as the probability level of CVaR, selected randomly according to µ.

Similarly, the random variable H (“capital eta”) plays the role of the VaR value at level A.

5.2.4 Robustified finitely representable risk measures As discussed in Section 2.2, a finite

family M of finitely supported probability measures on [0, 1) defines a finitely representable risk measure

ρM : LS
p → R given by

ρM(Z) = sup
µ∈M

ρ{µ}(Z). (22)

While the motivation behind the next formula is to robustify this important class of risk measures, it

remains valid even when the cardinality of the family M is infinite.

ρκM(Z) = inf

{

R ∈ R : H ∈ R[0,1), τ ∈ RM
+ ,

Sµ �τµ Eµ

(

1
1−A

[Z −H ]+

)

,

R ≥ Eµ(H) +E
P

(Sµ) + κτµ
∀µ ∈ M

}

. (23)

We remark that the domain of the mapping H : [0, 1) → R in the above formulas can be restricted

from [0, 1) to the support set
⋃

µ∈M supp(µ). Similarly to the role of the threshold η in the expected

excess-based representation (4) of CVaR, we can view H as representing the VaR functional under the

worst-case distribution in the ambiguity set. More precisely, if for ρ = ρM the supremum in (14) is

attained at P∗ ∈ Bξ
δ,κ(P), then the choice H∗(α) = VaRα ([P∗, Z]) is optimal in (21) and (23).

5.2.5 Robustification in discrete and continuous cases We would like to highlight that the

above robustification formulas exhibit fundamentally different qualitative properties than their counter-

parts in continuous spaces, despite the similar formal structures, due to the boundedness of the distance

operator δ. In more detail, Pflug et al. (2012) show that, when taking the supremum in a Wasserstein

ball of type (BALL-C), the worst-case distribution can be obtained by starting from the nominal random

realization vector, and moving in a fixed direction until we reach the boundary of the ball. This leads

to the robustified risk growing linearly in terms of the ball radius, as seen in (9). By contrast, when

considering balls of type (BALL-D), the supremum is bounded by the risk attained at the degenerate

distribution where all probability is concentrated on the worst-case outcome. Therefore, if the ambiguity

ball is large enough to contain this degenerate distribution, further increasing the radius has no impact on

the robustified risk. These behaviors are illustrated in Figure 1, which compares the Wasserstein-1 robus-

tifications of CVaR0.5 for an equal-weight three-asset portfolio, where the nominal asset loss realizations

have been randomly generated, and are equally likely.

5.3 Proof of robustified risk formulas We will use linear programming duality to derive the

formulas of the previous section. To this end, let us begin by establishing a characterization of EMD
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Figure 1: Continuous vs. discrete robustification
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balls in finite probability spaces via a system of linear inequalities. We mention that this result has been

established for the case of p-norm distances in Gao and Kleywegt (2016) via more general strong duality

results.

Lemma 5.1 For two probability measures P,Q ∈ P(Ω, 2Ω) and a radius κ ≥ 0 we have Q ∈ Bξ
δ,κ (P) if

and only if the following system of inequalities is feasible.

∑

j∈[n]

γij = pi, ∀ i ∈ [n] (24a)

∑

i∈[n]

γij = qj , ∀ j ∈ [n] (24b)

∑

i∈[n]

∑

j∈[n]

δijγij ≤ κ, (24c)

γ ∈ Rn×n
+ . (24d)

Proof. Introducing the notation P̂ = law[ξ,P] and Q̂ = law[ξ,Q], the condition Q ∈ Bξ
δ,κ (P) is

by definition equivalent to the inequality ∆(P̂, Q̂) ≤ κ. This inequality is in turn is equivalent to the

feasibility of the following system of inequalities:

∑

y∈supp(Q̂)

γ̂(x,y) = P̂ ({x}) , ∀ x ∈ supp(P̂) (25a)

∑

x∈supp(P̂)

γ̂(x,y) = Q̂ ({y}) , ∀ y ∈ supp(Q̂) (25b)

∑

x∈supp(P̂)

∑

y∈supp(Q̂)

δ(x,y)γ̂(x,y) ≤ κ, (25c)

γ̂ : supp(P̂)× supp(Q̂) → R+. (25d)

We can obtain this second equivalence by directly applying the EMD definition (1) to finitely supported

measures, with the joint probability measure P∗ supported on supp(P̂) × supp(Q̂) and given there by

P

∗ ({(x,y)}) = γ̂(x,y). The lemma then follows immediately from the two observations below:

• Assume that the system (24) has a feasible solution γ. Keeping in mind the trivial equalities
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P̂ ({x}) =
∑

i : ξi=x

pi and Q̂ ({y}) =
∑

j : ξj=y

qj , it is easy to verify that the aggregated values

γ̂(x,y) =
∑

i : ξi=x

∑

j : ξj=y

γij solve the system (25), which implies Q ∈ Bξ
δ,κ (P).

• If Q ∈ Bξ
δ,κ (P) holds, then the system (25) has a feasible solution γ̂. It is again easy to verify

that the disaggregated values γij = γ̂
(

ξ(ωi), ξ(ωj)
)

pi

P̂(ξi)

qj

Q̂(ξj)
, where 0

0 is understood as zero,

solve the system (24).

�

5.3.1 Robustified expectation We first point out that the formula (15) follows directly from

applying the CVaR formula (17) with α = 0. Here we also present a short stand-alone proof, which will

serve as a template for our later more complex arguments. By Lemma 5.1 we can express the robustified

expectation Eκ(Z) as the optimum value of the following LP:

max







∑

j∈[n]

zjqj : (24a)–(24d)







.

We can somewhat simplify this LP by replacing each variable qj with the sum
∑

i∈[n] γ
ij , and removing

the now redundant defining constraints (24b). By taking the dual of the simplified LP we can express

E

κ(Z) via linear minimization as

min
∑

i∈[n]

pivi + κτ (26a)

s.t. vi ≥ zj − δijτ, ∀i, j ∈ [n] (26b)

τ ≥ 0. (26c)

Noting that
∑

i∈[n]

pivi = E

P

(V ), and that the constraints (26b) are equivalent to the relation V �τ Z,

the desired formula (15) follows.

5.3.2 Robustified CVaR Following the same logic as before, we can combine Lemma 5.1 with the

dual representation of CVaR given in (7) to obtain the robustified CVaR value CVaRκ
α(Z) as the optimum

value of the LP

max
1

1− α

∑

j∈[n]

zjβj (27a)

s.t. (24a)–(24c), (27b)

βj ≤ qj , ∀ j ∈ [n] (27c)
∑

j∈[n]

βj = 1− α, (27d)

γ ∈ Rn×n
+ , β ∈ Rn

+. (27e)

We can again simplify the LP formulation by eliminating the qj variables, and take the dual afterwards.

Applying a scaling factor of 1−α to each dual variable, we arrive at the following expression of CVaRκ
α(Z):

min η +
1

1− α

∑

i∈[n]

pivi +
1

1− α
κτ (28a)

s.t. vi ≥ zj − η − δijτ, ∀i, j ∈ [n] (28b)

v ∈ Rn
+, (28c)
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τ ≥ 0. (28d)

The constraints (28b) are clearly equivalent to the relation V �τ Z − η, and the non-negativity of V

immediately implies V �τ 0. Combining these two relations we obtain V �τ [Z − η]+, and the formula

(18), which is trivially equivalent to the desired (17), follows. We mention that, in addition to its role

in proving our concise formulas, the LP formulation (28) will also prove valuable as a tool to explicitly

incorporate robustified risk into mathematical programming formulations.

5.3.3 Robustified mixed CVaR Linear formulations involving CVaR can be extended to mixed

CVaR measures by introducing duplicate variables and constraints corresponding to each probability level

in the (finite) support of the mixing measure (see Noyan and Rudolf 2013 or Noyan and Rudolf 2018 for

more detailed discussion and examples). The desired formula (21) follows from these extended linear

formulations via LP duality in exactly the same fashion as before, so for the sake of conciseness we omit

the lengthy details.

5.3.4 Robustified finitely representable risk measures Finally, bypassing a direct LP duality

argument, the formula (23) follows directly from (21). Combining the observation that we have

ρκM(Z) = sup
Q

sup
µ

ρ{µ} ([P, Z]) = sup
µ

sup
Q

ρ{µ} ([P, Z]) = sup
µ

ρκ{µ}(Z)

with the trivial formula supA = inf{R ∈ R : R ≥ a ∀a ∈ A} for expressing the supremum of a set

A ⊂ R we immediately obtain (23), with one slight difference: The formula (23) features a single variable

H , while the direct approach we outlined would introduce an indexed family (Hµ)µ∈M, similarly to other

duplicated variables. However, as discussed at the end of Section 5.2, it can be assumed without loss of

generality that these Hµ variables all express the VaR functional under the worst-case distribution, and

therefore coincide.

6. Formulations for discrete EMD balls The robustification formula (17) and its LP expression

(28) enable us to recast our minimax DRO problem as a conventional minimization problem for the case

ρ = CVaRα. Using the system (28) to represent the supremum in (DRO-RAD) we obtain the formulation

min η +
1

1− α

∑

i∈[n]

pi(x)vi +
1

1− α
κτ (29a)

s.t. vi ≥ G(x, ξj(x))− η − δijτ, ∀i, j ∈ [n] (29b)

δij = δ
(

ξi(x), ξj(x)
)

, ∀i, j ∈ [n] (29c)

v ∈ Rn
+, τ ∈ R+, x ∈ X . (29d)

The case when we have α = 0 and ρ = CVaR0 = E is somewhat simpler, because we can utilize (26) in

place of (28) to formulate (DRO-RND) as

min
∑

i∈[n]

pi(x)vi + κτ (30a)

s.t. vi ≥ G(x, ξj(x))− δijτ, ∀i, j ∈ [n] (30b)

δij = δ
(

ξi(x), ξj(x)
)

, ∀i, j ∈ [n] (30c)

v ∈ Rn, τ ∈ R+, x ∈ X . (30d)

We saw in Section 4 that the risk-neutral underlying problem (8) is deterministic. However, this is no

longer the case for the above DRO variant. As Example 7.4 shows, it is possible that, given two nominal

distributions with the same mean, the resulting robustified expectations are different.
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Remark 6.1 The LP expression of the robustified CVaR formula (17) facilitates a conventional opti-

mization formulation of (DRO-RAD). As discussed in Section 5.3, analogous, although more complex,

linear expressions can be obtained for the robustification formulas (21) and (23) for mixed and finitely

representable coherent risk measures. Similarly to (29), these linear formulations can then be used to cast

(DRO-RAD) as a conventional minimization problem when the risk measure ρ belongs to one of these

more general classes. As our primary focus in the remainder of this paper is on problems that feature

the canonical risk measure ρ = CVaRα, the arising extended versions of (29) are omitted for the sake of

brevity.

6.1 Towards tractable formulations We have seen that, under appropriate assumptions, it is

possible to reformulate (DRO-RAD) as a (typically non-linear) optimization problem of the form (29).

We now turn our attention to the computational challenges involved in solving such problems, and will

examine several important problem classes where these challenges can be mitigated.

6.1.1 Decision-independent nominal realizations If the uncertain vector ξ(x) depends on the

decision x in a non-trivial fashion, then this dependence becomes a significant source of non-linearity

in (29). However, if the nominal realizations are decision-independent, then we can drop the argument

x from the terms ξi(x), ξj(x) for all i, j ∈ [n], and replace them with a common uncertain vector ξ.

Consequently, the distance values δij can also be viewed as fixed parameters, defined by the equations

δij = δ
(

ξi, ξj
)

. If the set X of feasible decisions is polyhedral, and the mapping x 7→ G(x, ξ) is linear,

then (29) becomes a linearly constrained problem (apart from the possible non-linearity implicit in the

constraint x ∈ X ). A more general version of this statement is given precise form in the remark below.

Along similar lines, if P(x) depends on x in a linear fashion, then the objective function is quadratic.

Remark 6.2 Consider a feasible set X ⊂ R

r1 for some r1 ∈ N, and assume that we can express

G(x, ξj) as the minimum of an LP. More precisely, we assume that for each j ∈ [n] there exist matrices

Aj ∈ Rr3×r2 , Bj ∈ Rr3×r1 and vectors cj ∈ Rr1 , dj ∈ Rr2 , bj ∈ Rr3 for some r2, r3 ∈ N such that for

every decision x ∈ X the outcome G(x, ξj) is the minimum of the LP

min c⊤j x+ d⊤
j y

s.t. Ajy ≥ Bjx+ bj ,

y ∈ Rr2 .

Then we can formulate (29) as the following linearly constrained program:

min η +
1

1− α

∑

i∈[n]

pi(x)vi +
1

1− α
κτ

s.t. vi ≥ c⊤j x+ d⊤
j yj − η − δijτ, ∀i, j ∈ [n]

Ajyj ≥ Bjx+ bj , ∀j ∈ [n]

v ∈ Rn
+, τ ∈ R+, x ∈ X ,

yj ∈ R
r2 , ∀j ∈ [n].

6.1.2 Using the discrete metric Let us assume that δ is the discrete metric given by (3). As

discussed in Section 2.1, this choice of δ allows us to use total variation distance-based balls as ambiguity

sets. We now present a streamlined formulation of our DRO problem under the additional assumptions

that neither the nominal realizations nor the outcome realizations are decision-dependent. Remarkably,

while these assumptions appear to be highly restrictive, the resulting problem class still contains highly

non-trivial instances of practical interest, such as our formulations for the pre-disaster planning problems
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detailed in Section 7.1. Let us again denote the nominal realizations by ξi ∈ Rm, and the corresponding

outcome realizations by Gi ∈ R, for i ∈ [n]. In addition, let G+ = maxj∈[n] G
j . We can then reformulate

(29) as follows (matching Property (iv) in Section 5.1):

min η +
1

1− α

∑

i∈[n]

pi(x)vi +
1

1− α
κτ

s.t. vi ≥ Gi − η, ∀i ∈ [n]

vi ≥ G+ − η − τ, ∀i ∈ [n]

v ∈ Rn
+, τ ∈ R+, x ∈ X .

Analogously to the difference between (29) and (30), when the underlying problem is risk-neutral, i.e.,

when we have α = 0, we can further simplify the above formulation by removing (or setting to zero) the

auxiliary variable η, and dropping the non-negativity requirement for the variables v.

6.1.3 Using the Wasserstein-1 metric When the nominal realizations are decision-dependent,

the distances between pairs of realizations are represented by the variables δij in (29). Whether the

corresponding defining constraints (29c) can be represented in a fashion that is amenable to computations

depends on the choice of the reflexive mapping δ : Rm × Rm → R+. We now examine the important

case when δ is the 1-norm distance, i.e., when the ambiguity set is a Wasserstein-1 ball. Let us assume

that the decision-dependent parameters are bounded, i.e., that there exists some M ∈ R+ such that we

have ‖ξ(x)‖L∞

< M
4 for all x ∈ X .

Remark 6.3 The scaling for the constant M
4 in the previous condition was chosen in order to simplify

the notation in our optimization formulations. It is easy to see that the condition is satisfied when X

is compact and the mapping x 7→ ξ(x) is continuous. In the general case the boundedness condition can

be replaced by the following weaker requirement: We assume that the range of each coordinate of the

parameter vector is bounded by a decision-independent constant, i.e., that there exists M ∈ R+ such that
∣

∣

∣ξik(x)− ξjk(x)
∣

∣

∣ < M
2 holds for all i, j ∈ [n], k ∈ [m], and x ∈ X .

Noting that the equations in (29c) will take the form

δij = δ
(

ξi(x), ξj(x)
)

=
∥

∥ξi(x)− ξj(x))
∥

∥

1
=
∑

k∈[m]

∣

∣

∣ξik(x)− ξjk(x)
∣

∣

∣ , (32)

let us introduce the auxiliary variables νijk to represent the values |ξik(x) − ξjk(x)| for all i, j ∈ [n] and

k ∈ [m]. We can then equivalently reformulate our problem as

min η +
1

1− α

∑

i∈[n]

pi(x)vi +
1

1− α
κτ (33a)

s.t. vi ≥ G(x, ξj(x))− η −
∑

k∈[m]

νijk τ, ∀ i ∈ [n], j ∈ [n] (33b)

νijk ≤ ξik(x) − ξjk(x) +Mλij
k , ∀ i ∈ [n], j ∈ [n], k ∈ [m] (33c)

νijk ≤ −ξik(x) + ξjk(x) +M(1− λij
k ), ∀ i ∈ [n], j ∈ [n], k ∈ [m] (33d)

λ ∈ {0, 1}n×n×m, ν ∈ Rn×n×m
+ , (33e)

v ∈ Rn
+, τ ∈ R+, x ∈ X . (33f)

We note that the constraints (33c)–(33e) are equivalent to the inequalities νijk ≤ |ξik(x) − ξjk(x)| for all

i, j ∈ [n], and k ∈ [m]. It is possible to ensure (without changing the optimum of the problem) that the

opposite inequalities νijk ≥ |ξik(x) − ξjk(x)| also hold, by adding the corresponding redundant constraints
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νijk ≥ ξik(x)− ξjk(x) and νijk ≥ −ξik(x) + ξjk(x) to (33).

6.1.4 Utilizing a comonotone structure The formulation (33) features the auxiliary variables

λij
k , along with the corresponding constraints (33c)–(33e), which represent the potentially non-convex

relations νijk ≤ |ξik(x)− ξjk(x)|. The introduction of binary variables and big-M constraints often leads to

significant computational challenges. However, this issue can be avoided when the mappings i 7→ ξik(x1)

and i 7→ ξik(x2) are comonotone for any x1,x2 ∈ X and k ∈ [m]. If this condition is satisfied, then for

any i, j ∈ [n] and k ∈ [m] there are two possibilities: Either ξik(x) ≥ ξjk(x) holds for all x ∈ X , in which

case we can set νijk = ξik(x) − ξjk(x), or ξik(x) ≤ ξjk(x) holds for all x ∈ X , in which case we can set

νijk = −ξik(x) + ξjk(x). Since these new equality constraints ensure that we have νijk = |ξik(x)− ξjk(x)| for

all i, j ∈ [n] and k ∈ [m], the auxiliary λij
k variables can be dropped from the formulation along with the

constraints (33c)–(33e).

While the above comonotonicity condition is naturally satisfied for certain applications, including

some of the machine scheduling problems we discuss in Section 7.2, it is somewhat restrictive. However,

it is possible to take partial advantage of the above improvements even if the condition is violated. Let

us partition the index set I = [n] × [n] × [m] into sets I+ = {(i, j, k) ∈ I | ξik(x) ≥ ξjk(x)∀x ∈ X},

I− = {(i, j, k) ∈ I | ξik(x) ≤ ξjk(x)∀x ∈ X}, and I0 = I \ (I+ ∪ I−). Then constraints (33c)–(33e) can be

replaced with their simpler variants outlined above for indices in I+ ∪ I−, and kept in their original form

for indices in I0.

6.1.5 A parametric programming approach We again consider the general setting where nom-

inal realizations are decision-dependent, and note that the non-convex quadratic terms δijτ in the con-

straints (29b) constitute a significant potential obstacle when working toward a tractable approach to

solving the problem (29). Fortunately, all of these terms feature the variable τ as a common factor.

Therefore, if we fix the value of τ , all of the quadratic terms in question become linear. In certain cases

this leads to an optimization problem that belongs to a more tractable class than the original. For ex-

ample, if the mapping x 7→ G (x, ξ(x)) was linear, then fixing the value of τ would change quadratic

constraints into linear ones. We can therefore attempt to solve (29) by performing a single-parameter

search over the possible values of τ .

This approach is closely related to the field of of parametric programming. In this context, calculating

the optimum of (29b) for a fixed value of τ can be seen as evaluating the optimum value function (OVF)

of a parametric non-linear program (see, e.g., Kyparisis and Fiacco, 1987, both for a quick introduction

to the subject, and for a precise statement of the convexity results discussed below). If the OVF has

certain favorable properties, such as convexity or unimodality, then the aforementioned single-parameter

search can potentially lead to a viable solution strategy (e.g., by using the bisection or golden section

search method) with performance guarantees. While there are a variety of results that prove generalized

convexity properties for OVFs, they typically require objective and constraining functions to be jointly

convex in all variables. It appears that establishing joint convexity for general problems in the classes that

we study is highly non-trivial, except under very restrictive assumptions (such as requiring all probabilities

pi and realization distances δij to be decision-independent). However, it still seems plausible that this

approach can be leveraged for problems with additional underlying structure. Along similar lines, it can

be relatively straightforward to obtain a Lipschitz constant for the OVF in specific problem instances.

While the algorithmic consequences are less dramatic than those of, say, unimodality, efficient derivative-

free global optimization methods exist in the literature for minimizing univariate Lipschitz-continuous

functions (see, e.g., Hansen et al., 1992).
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7. Applications We next provide some examples of how our results can be utilized to provide

tractable formulations for specific applied problems. In Section 7.1 we briefly describe a class of net-

work problems that feature decision-dependent nominal probabilities and decision-independent nominal

realizations. Noting that problems with this type of endogenous uncertainty have received significant at-

tention in the recent literature, we apply our DRO approach to them, using the natural choice of a total

variation-based ball as the ambiguity set. We use the ideas of Sections 6.1.1 and 6.1.2, in combination

with some recent developments from the literature, to obtain mixed-integer linear programming (MILP)

formulations; some technical details and additional discussions are relegated to the Appendix. Then in

Section 7.2 we turn our attention to a novel distributionally robust machine scheduling problem with

discrete control options, featuring decision-independent nominal probabilities and decision-dependent

nominal realizations. We again obtain MILP formulations, this time making use of the developments in

Sections 6.1.3 and 6.1.4. These formulations will also be the focus of the computational study in Section

8.

7.1 Network models with independent component failures We first examine an important

general class of optimization problems with decision-dependent uncertainty, which includes stochastic

network reliability and network interdiction problems. Problems in this class, as discussed in Haus et al.

(2017), typically feature an underlying system represented by a graph whose edges and/or nodes are

subject to random failures. Accordingly, possible states of the system can be represented by binary

vectors, where each coordinate corresponds to a network component. By convention, a value of 1 signifies

the survival of the component, while a value of 0 indicates failure. These binary vectors can then be

viewed as scenarios, with corresponding scenario probabilities determined by the (independent) survival

probabilities of system components. Decision-dependent uncertainty arises when design decisions can be

made to affect these survival probabilities, with the aim of improving the post-failure performance of the

system. Performance is usually evaluated using an outcome function that quantifies network properties

such as connectivity or shortest path lengths. An important assumption is that the outcome can be

expressed solely as a function of the state of the system. Under this assumption, the objective function of

a decision maker who is interested in minimizing the expected outcome (or, more generally, a risk measure

of the outcome) will only depend on decisions through their effect on scenario probabilities. Before

introducing a formal description of models in this problem class, we present two important applications,

which were the primary motivation behind the developments in this section.

Stochastic pre-disaster investment planning problem (SPIPP). As discussed in the introduction,

this problem (originally proposed by Peeta et al., 2010) has been receiving significant attention in the

recent literature. The problem models a transportation network as an undirected graph, where the edges

correspond to highway links, and the edge lengths correspond to traversal costs. In the event of a disaster

(such as an earthquake), the links are subject to random failures, which are assumed to be independent.

The failure probability of each link can be reduced by making an investment to strengthen it, and the

goal is to use a limited budget to improve the post-disaster connectivity of the network. In the simplest

case connectivity is quantified as the length of the shortest path between an origin-destination (O-D)

pair. To obtain a more nuanced measure of connectivity, one can also consider an appropriately weighted

sum of shortest path lengths between multiple O-D pairs.

Stochastic network interdiction problem (SNIP). In this problem, introduced by Cormican et al.

(1998), a defender attempts to block arcs in a capacitated network, using a limited budget, in order to

diminish an attacker’s ability to perform a task such as the distribution of nuclear weapons or illegal

drugs. Blocking attempts are assumed to randomly succeed or fail in a binary fashion, independently for

each arc. The attacker’s goal is then to maximize a flow through the remaining network.
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7.1.1 Description of the base model Let us consider a system that consists of L components,

which—keeping in mind the motivating pre-disaster planning problem—we will refer to as ‘links’. Each

link ℓ ∈ [L] has a baseline survival probability of σ0
ℓ ∈ [0, 1], which increases to σ1

ℓ ∈ [σ0
ℓ , 1] if the link is

strengthened (or “reinforced”). We introduce the binary decision variables x ∈ {0, 1}L, where xℓ takes

value 1 if and only if an investment is made to strengthen link ℓ ∈ [L]. For the sake of our discussions we

assume that the set X ⊂ {0, 1}L of feasible decisions is defined by a set of linear inequalities (in practice

typically by a single budget constraint), although our formulations remain valid for the general case.

The post-failure state of the system can described via a binary vector of length L, whose ℓth component

takes value 1 if and only if link ℓ ∈ [L] survives. In order to be consistent with the formalism of the

preceding sections, we introduce the following notation. Observing that there are n = 2L possible system

states (“scenarios”), let {ξ1, . . . , ξn} = {0, 1}L be a list of all L-dimensional binary vectors. For i ∈ [n],

ℓ ∈ [L] we will interpret the equality ξiℓ = 1 as “link ℓ survives in scenario i”, and conversely interpret the

equality ξiℓ = 0 as “link ℓ fails in scenario i”. Given the reinforcement decision xℓ ∈ {0, 1}, the survival

probability of link ℓ ∈ [L] is (1−xℓ)σ
0
ℓ +xℓσ

1
ℓ , while its failure probability is (1−xℓ)(1−σ0

ℓ )+xℓ(1−σ1
ℓ ).

Therefore, under the assumption that link failures are independent, the decision-dependent probability

distribution P(x) is given by the following formula for the probability of scenario i ∈ [n]:

pi(x) =
∏

ℓ∈[L] : ξi
ℓ
=1

[

(1− xℓ)σ
0
ℓ + xℓσ

1
ℓ

]

∏

ℓ∈[L] : ξi
ℓ
=0

[

(1− xℓ)(1− σ0
ℓ ) + xℓ(1 − σ1

ℓ )
]

. (34)

Finally, recalling that under our assumption the outcome function is decision-independent, let us denote

its value in scenario i ∈ [n] by Gi. We can then formulate the risk-neutral version of our base problem as

min
x∈X

∑

i∈[n]

pi(x)Gi. (35)

In Appendices A.1 and A.2 we describe in detail how to specify the components of the above general

model for our motivating applications, SPIPP and SNIP.

The base problem (35) presents two major challenges. First, the probability expression (34) is a highly

non-linear function of the decision variables. Second, the number of scenarios is exponential in terms of

the number of links, which leads to prohibitively large formulations. In the next sections we discuss two

recently developed and closely related techniques that help tackle these issues.

7.1.2 Distribution shaping Peeta et al. (2010) have solved an approximate version of SPIPP,

which is obtained by replacing the highly polynomial objective of (35) with a multilinear function.

Significant effort has been made in the recent literature to develop efficient solution methods that improve

on this rough approximation (Flach and Poggi, 2010; Laumanns et al., 2014; Schichl and Sellmann, 2015;

Haus et al., 2017). Here, with the goal of a straightforward and intuitive presentation in mind, we

closely follow the work of Laumanns et al. (2014), who provide efficient exact methods that will also

remain applicable in our DRO context. A key element of their approach is the technique of distribution

shaping, which enables one to characterize the decision-dependent scenario probabilities via a set of linear

constraints.

Given a decision vector x ∈ X , we introduce for all ℓ ∈ [L] the truncated vector x̌ℓ given by x̌ℓ
j = xj

if 1 ≤ j ≤ ℓ, and by x̌ℓ
j = 0 if ℓ < j ≤ L. Let us denote the corresponding scenario probabilities

by πi
ℓ = pi(x̌ℓ), and note that the trivial equality x = x̌L implies pi(x) = πi

L for all i ∈ [n]. The

key observation behind scenario shaping is that, in accordance with Bayes’ rule, the probability measures

defined by successive truncations x̌ℓ−1 and x̌ℓ have a linearly expressible relationship (see Laumanns et al.,
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2014, for the exact details). We can therefore formulate (35) as the MILP

min
∑

i∈[n]

πi
LG

i (36a)

s.t. πi
ℓ ≤

σ1
ℓ

σ0
ℓ

πi
ℓ−1 + 1− xℓ, ∀ ℓ ∈ [L], i ∈ [n] : ξiℓ = 1 (36b)

πi
ℓ ≤

1− σ1
ℓ

1− σ0
ℓ

πi
ℓ−1 + 1− xℓ, ∀ ℓ ∈ [L], i ∈ [n] : ξiℓ = 0 (36c)

πi
ℓ ≤ πi

ℓ−1 + xℓ, ∀ ℓ ∈ [L], i ∈ [n] (36d)
∑

i∈[n]

πi
ℓ = 1, ℓ ∈ [L] (36e)

π ∈ [0, 1]n×L, (36f)

x ∈ X , (36g)

where πi
0 =

∏

ℓ:ξi
ℓ
=1

σ0
ℓ

∏

ℓ:ξi
ℓ
=0

(1−σ0
ℓ ) denotes the baseline probability of scenario i ∈ [n]. It is straightforward

to verify that, due to the distribution shaping relations (36b)–(36f), the defining equalities πi
ℓ = pi(x̌ℓ)

will hold for all ℓ ∈ [L], i ∈ [n].

7.1.3 Scenario bundling We now turn our attention to the crucial problem of reducing the number

of scenarios. Sampling methods are often used for this purpose; we will briefly discuss their applicability

in our setting at the end of Appendix A.7, but for the moment we keep our focus on exact methods.

Taking advantage of the crucial assumption that outcomes are decision-independent, it is possible to

group together scenarios that lead to the same outcome. Two important goals need to be kept in mind

when attempting to implement this idea. First, suitable scenario groups should be identified without

having to perform an excessive number of outcome function evaluations. Second, the highly effective

distribution shaping approach should remain applicable. To accomplish these goals, one can follow the

scenario bundling technique described in Laumanns et al. (2014), which was demonstrated to work well

on both SPIPP and SNIP. Appendix A.5 explains in detail how to apply this technique in our setting.

7.1.4 DRO problem variants We now proceed to introduce DRO variants of the underlying prob-

lem (35). To account for uncertainty about the scenario probabilities, we will use a discrete EMD ball of

type (BALL-D) with radius κ around the decision-dependent nominal distribution P(x) as our ambiguity

set. Noting that the assumptions of Section 6.1.1 are satisfied, we can formulate the arising instance of

(DRO-RND) as the following simple variant of (30):

min
∑

i∈[n]

pi(x)vi + κτ (37a)

s.t. vi ≥ Gj − δijτ, ∀i, j ∈ [n] (37b)

v ∈ Rn, τ ∈ R+, x ∈ X . (37c)

The probabilities pi(x) in the objective are given by the highly non-linear formula (34). As seen in Section

7.1.2, distribution shaping allows us to eliminate this non-linearity. To this end, we can simply introduce

the auxiliary variables πi
ℓ for ℓ ∈ [L], i ∈ [n], add the corresponding defining constraints (36b)–(36f) to

the problem (37), and replace pi(x) in (37a) with πi
L. While the resulting formulation will be valid for

any choice of the “scenario distance” δ, from now on we will restrict ourselves to the special case where δ

is the discrete metric. Accordingly, ambiguity sets will be based on the total variation distance, which has

the downside of ignoring potentially meaningful information about degrees of similarity between various

scenarios. However, as outlined in Appendix A.6, this choice of δ will eventually enable us to use scenario
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bundling methods for our DRO problems in a straightforward fashion.

7.1.5 MILP formulations for the total variation ball When δ is the discrete metric, we can

combine distribution shaping with the ideas of Section 6.1.2 to reformulate (37) as

min
∑

i∈[n]

πi
Lv

i + κτ (38a)

s.t. vi ≥ Gi, ∀i ∈ [n] (38b)

vi ≥ G+ − τ, ∀i ∈ [n] (38c)

(36b)–(36f), (38d)

v ∈ Rn, τ ∈ R+, x ∈ X . (38e)

The constraints of the above mixed-integer program are linear, but the summation in the objective

function features non-convex quadratic terms. Our next goal is to linearize these terms. According to

Example 5.2, as we are using a total variation-based ambiguity set, the optimum of (38) is a convex

combination of the worst-case outcome G+ and the nominal CVaRκ(G). Moreover, this optimum is

attained when we have τ = G+ − VaRκ(G). Keeping in mind the representation (5) of CVaR as a

minimum taken over the finite set of realizations (interpreted as the possible VaR values), we can now

solve our DRO problem as follows. If we fix the value of the variable τ in (38), then we can also fix

the values vi by setting vi = max{Gi, G+ − τ} for all i ∈ [n], and the problem becomes an MILP. Let

us then separately solve the n different MILPs obtained from (38) by fixing τ = G+ − Gj for some

j ∈ [n]. The MILP with the smallest optimum value will also provide the solution for (38). While the

solution of the n MILPs can naturally be parallelized, in Appendix A.3 we also present an alternative

disjunction-based approach, which combines these subproblems into a single MILP formulation that can

be significantly strengthened via the reformulation-linearization technique (Sherali and Adams, 1994;

Sherali et al., 1998).

Throughout this section we considered the DRO version of the risk-neutral underlying problem (35),

which was observed to be equivalent to a (non-DRO) risk-averse variant of the underlying problem.

Notably, we did not consider the DRO version of a risk-averse underlying problem. The reason behind

this omission is the following: Let us assume that κ ≤ 1−α holds. When δ is the discrete metric, we know

from Section 5.2.2 that the κ-robustification of CVaRα is a convex combination of the worst case outcome

and CVaRα+κ. When outcomes are scenario-independent, the worst-case outcome is constant. Therefore

in this case minimizing the robustified risk measure CVaRκ
α is equivalent to minimizing CVaRα+κ, which

is in turn equivalent to minimizing the robustified expectation CVaRα+κ
0 = E

α+κ. On a related note,

while the MILP formulations in Appendix A.3 are derived from the starting point of robustifying a risk-

neutral underlying problem, the above arguments show that equivalent formulations can be obtained

starting from a non-DRO CVaR-minimization problem. Appendix A.4 explores this perspective in more

detail.

All of the formulations we encountered so far rely on a full (exponential sized) scenario set, which

usually makes it impossible to solve problem instances of practical interest. In Appendix A.6 we outline

how the concept of scenario bundling (which was introduced in Section 7.1.3 and further detailed in

Appendix A.5) can be applied in a DRO context to ameliorate this situation by reducing problem sizes.

This is followed in Appendix A.7 by a discussion of the limitations to the bundling approach.

7.2 Stochastic Single-Machine Scheduling We now introduce a new risk-averse machine

scheduling problem with controllable stochastic processing times. Risk-averse developments in the

scheduling literature are relatively recent. We refer to Pinedo (2008) for an overview of conventional
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stochastic machine scheduling, and to Atakan et al. (2017) for a review on risk-averse approaches to

single-machine scheduling (including traditional robust optimization). The studies by Hradovich et al.

(2018) and Chang et al. (2017), along with the aforementioned Atakan et al. (2017), are among the very

limited number of studies in the field that involve the use of a risk measure, and therefore are of particular

relevance to our work. There has also been some recent interest in adopting a DRO approach to hedge

against distributional uncertainty in processing times (see, e.g., Chang et al., 2017; Zhang et al., 2018;

Niu et al., 2019). However, to the best of our knowledge the present work is the first attempt to apply

these risk-averse approaches to scheduling problems with endogenous uncertainty.

Let us consider a simple single-machine scheduling problem featuring L jobs, with processing times ξl

and importance weights wl for l ∈ [L]. Schedules will be evaluated based on the total weighted completion

time (TWCT) of the jobs, which is a widely used performance measure (see, e.g., Pinedo, 2008). It will

be helpful to assume that the TWCT is interpreted on a monetary scale; this can be accomplished by

appropriately scaling the weights wl.

We are primarily interested in the case where the processing times are stochastic, and can be affected

by control decisions. Accordingly, let (Ω,A,P) be an arbitrary (not necessarily finite) probability space,

and let us introduce the mapping ξ : U → LL(Ω,A). Here U is the set of feasible control decisions, and

ξl(u) ∈ L1(Ω,A) is the random processing time of job l ∈ [L] given decision u. In addition, we denote

the cost associated with decision u by h(u); the cost mapping h : U → R is often chosen to be linear.

In the deterministic scheduling literature a wide variety of schemes have been proposed to control

processing times, see, e.g., Shabtay and Steiner (2007). We will now adapt two important models of

control to our stochastic setting.

• Linearly compressible processing times take the form ξl(u) = ξ̂l− âlul, where ξ̂l ∈ L1(Ω,A) is the

baseline random processing time of job l ∈ [L], and âl ∈ L1(Ω,A) is the corresponding stochastic

compression rate. Feasible control decisions will then constitute a set

U ⊂

{

u ∈ RL : 0 ≤ ul ≤ ess inf
ξ̂l
âl

∀l ∈ [L]

}

.

Example 7.1 In the case âl = ξ̂l processing times are given by ξl(u) = (1 − ul)ξ̂l, and the

decision ul ∈ [0, 1] can be interpreted as a proportional decrease in the processing time of job l.

• Control with discrete resources : A finite set of T control options is available for every job, and

selecting option t ∈ [T ] for job l ∈ [L] leads to a random processing time of ξ̂tl. Let us introduce

the binary decision variables utl for t ∈ [T ], l ∈ [L], that take value 1 if and only if control option

t is selected for job l. Then the processing time of job l is given by ξl(u) =
∑

t∈[T ] utlξ̂tl for

l ∈ [L], and the feasible control decisions constitute a set

U ⊂







u ∈ {0, 1}T×L :
∑

t∈[T ]

utl = 1 ∀l ∈ [L]







. (39)

Example 7.2 Assume that for each job the decision maker can choose to apply one of T pos-

sible linear compression rates, given by âtl ∈ [0, 1] for t ∈ [T ], l ∈ [L], and let us denote the

corresponding speedup factors by atl = 1 − âtl. The controllable processing times then take the

form ξil (u) = ξ̂il

(

1−
∑

t∈[T ]

âtlutl

)

= ξ̂il
∑

t∈[T ]

atlutl, where ξ̂l again denotes the baseline random

processing time.
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It is easy to verify that the comonotonicity condition discussed in Section 6.1.4 holds both for Example

7.1 and for Example 7.2.

We next describe the sequencing aspect of our scheduling problems using the well-known linear ordering

formulation. Let us introduce the binary decision variables θkl for k, l ∈ [L] that take value 1 if job k

precedes job l in the processing sequence, and take value 0 otherwise. Then the set T of feasible scheduling

decisions consists of the binary matrices θ ∈ {0, 1}L×L that satisfy the system

θll = 1, ∀l ∈ [L] (40a)

θkl + θlk = 1, ∀k, l ∈ [L] : k < l (40b)

θkl + θlh + θhk ≤ 2, ∀k, l, h ∈ [L] : k < l < h. (40c)

Here constraints (40a) express the convention that each job is considered to precede itself, constraints

(40b) ensure that no job simultaneously precedes and succeeds a different job, while constraints (40c)

prevent cyclic subsequences of length three.

If we assume zero release dates for all jobs, then the completion time of job l ∈ [L] is given by
∑

k∈[L] ξk(u)θkl. Introducing the matrix Θ = (θkl)k,l∈[L], we can express the TWCT objective as

∑

l∈[L]

wl

∑

k∈[L]

ξk(u)θkl =
∑

k∈[L]

∑

l∈[L]

ξk(u)θklwl = ξ⊤(u)Θw.

The risk-averse version of our stochastic single-machine scheduling problem can now be formulated as

min
(θ,u)∈T ×U

h(u) + ρ
(

ξ⊤(u)Θw
)

, (41)

where ρ is a law-invariant coherent risk measure. We next proceed to examine DRO variants of this

underlying problem.

7.2.1 Continuous Wasserstein balls Let us first consider the case when processing times can take

their values from a continuous spectrum and are subject to ambiguity, with a continuous Wasserstein-p

ball of radius κ as the ambiguity set. As outlined in Section 4, the DRO variant of the underlying

risk-averse problem (41) then takes the form

min
(θ,u)∈T ×U

h(u) + sup
ζ∈BP

δp,κp (ξ(u))

ρ
(

ζ⊤Θw
)

. (42)

If the risk measure ρ is well-behaved with some factor C, then it immediately follows from Proposition

4.2 that the problem (42) can be equivalently reformulated as

min
(θ,u)∈T ×U

h(u) + ρ
(

ξ⊤(u)Θw
)

+ Cκ‖Θw‖q. (43)

The only difference between this formulation and the underlying problem (41) is the additional ro-

bustification term Cκ‖Θw‖q, which, due to the convexity of the q-norm, is a convex function of the

sequencing variables θkl. The example below shows that this term can affect the optimal schedule, even

when the underlying scheduling problem is deterministic with no compression decisions.

Example 7.3 Consider the following deterministic instance of the scheduling problem introduced in Sec-

tion 7.2. There are two jobs (Job 1 and Job 2) with respective weights 2 and 3, and respective non-

compressible processing times 21 and 32. Scheduling Job 1 before Job 2 (“ schedule 1 ≺ 2”) leads to a

TWCT of 201, which is superior to the TWCT of 202 for schedule 2 ≺ 1. However, in the DRO version

of the problem where the ambiguity set for the processing time vector is the 2-norm ball B2
4((21, 32)

⊤) of

radius 4 around the nominal values, the robustified TWCT for schedule 1 ≺ 2 becomes (approximately)
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224.32, which is inferior to the robustified TWCT of 223.54 for schedule 2 ≺ 1. We note that, in ac-

cordance with our observations at the end of Section 4, the same results will hold for any risk-neutral

stochastic version of the problem with expected nominal processing times 21 and 32, and a continuous

Wasserstein-2 ball of radius 4 as the ambiguity set.

However, in certain settings the underlying problem (41) and the robustified problem (43) are guaran-

teed to have the same solution. In the case p = 1 it is easy to verify that the robustification term is always

equal to the constant Cκ
∑

l∈[L] wl, and thus has no impact on the optimal solution. Along similar lines,

if we replace the total weighted completion time in the objective function by the (unweighted) total com-

pletion time, i.e., if we set wl = 1 for all l ∈ [L], then the robustification term becomes Cκ
(

∑L
l=1 l

q
)

1
q

,

which again does not depend on the decision variables.

To finish this subsection, we briefly discuss two further cases when (42), our DRO problem with

decision-dependent uncertainty, reduces to a more familiar type of problem.

Observation 7.1 Assume that the processing times are compressed in a scenario-independent fashion,

i.e., that we have ξ(u) = ξ̂ − â(u) for some baseline random processing time vector ξ̂ ∈ Lm(Ω,A),

and a deterministic compression mapping â : U → R

L. We can then rewrite (42) as a “traditional”

DRO problem without decision-dependent uncertainty. More precisely, it is easy to verify that a random

vector [B, ζ] belongs to the decision-dependent ambiguity set BPδ,κ(ξ(u)) if and only if it is of the form

ζ = ζ̂ − â(u), where ζ̂ belongs to the decision-independent ambiguity set BPδ,κ(ξ̂).

Observation 7.2 Let us examine the risk-neutral case, where we have ρ = E. In Section 4 we es-

tablished that, for a general class of problems, the arising DRO instance (DRO-RNC) is equivalent to

the deterministic problem (11). In our scheduling context this result leads to the following deterministic

reformulation of (42):

min
(θ,u)∈T ×U

h(u) + ξ̄ ⊤(u)Θw + Cκ‖Θw‖q,

where the operator ξ̄ : U → R

L gives the decision-dependent expected processing time vector ξ̄(u) =

E (ξ(u)) for u ∈ U .

7.2.2 Discrete EMD balls We now consider the case when processing times can take their values

from some discrete set, and accordingly the ambiguity set is a discrete EMD ball of type (BALL-D).

We begin with a simple example that illustrates the impact of the DRO approach on optimal scheduling

decisions, and also shows that equivalent underlying problems can have non-equivalent robustifications.

Example 7.4 We consider an instance of the stochastic scheduling problem introduced in Section 7.2

with two scenarios, which in the nominal distribution P both have probability 0.5. There are two jobs,

with non-compressible nominal processing times as follows: ξ11 = 2, ξ21 = 4 for Job 1, and ξ12 = ξ22 = 6

for Job 2. We take a risk-neutral approach, and aim to minimize the expected TWCT when the respective

weights of Jobs 1 and 2 are 20 and 39. Scheduling Job 1 before Job 2 (“schedule 1 ≺ 2”) leads to an

expected TWCT of 411, which is superior to the expected TWCT of 414 for schedule 2 ≺ 1. On the other

hand, in the DRO variant of the problem where the ambiguity set for the random processing time vector

is the discrete Wasserstein-1 ball Bξ

δ1,0.1(P) of radius 0.1, the robustified expected TWCT for schedule

1 ≺ 2 is 416.9, which is inferior to the robustified expected TWCT of 416 for schedule 2 ≺ 1.

To obtain the deterministic counterparts of these problems, we need to replace [P, ξ] with the trivial

distribution where the processing time of Job 1 is changed to its expected value of 3 in both scenarios. As

discussed at the end of Section 4, in the risk-neutral case the underlying (i.e., non-robustified) stochastic
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problem is equivalent to its deterministic counterpart. However, DRO variants of these two equivalent

problems are no longer equivalent. More precisely, since any EMD ball of type (BALL-D) around a deter-

ministic nominal vector is trivial (i.e., it contains only its center), all DRO variants of the deterministic

problem are equivalent to the underlying non-robustified one. However, as we have just seen, robustifying

the original stochastic underlying problem can affect the optimal schedule.

In this section we study the following DRO variant of the risk-averse scheduling problem (41):

min
(θ,u)∈T ×U

h(u) + sup
Q∈B

ξ(u)
δ,κ

(P)

ρ
(

w⊤Θ⊤ξ(u)
)

. (44)

For the case ρ = CVaRα we can adapt the general formulation (29) to equivalently express our problem

(44) as

min h(u) + η +
1

1− α

∑

i∈[n]

pivi +
1

1− α
κτ (45a)

s.t. vi ≥
∑

l∈[L]

wl

∑

k∈[L]

ξjk(u)θkl − η − δijτ, ∀i, j ∈ [n] (45b)

δij = δ
(

w⊤Θ⊤ξi(u),w⊤Θ⊤ξj(u)
)

, ∀i, j ∈ [n] (45c)

(θ,u) ∈ T × U , v ∈ Rn
+, τ ≥ 0. (45d)

Remark 7.1 In order to keep the presentation simple, we implicitly assumed that the costs associated with

our decisions are deterministic. For risk-neutral problems this assumption is without loss of generality,

because stochastic costs can be equivalently replaced with their expected values. While this is no longer

the case in a risk-averse context, we can easily adapt our formulations to a setting with stochastic costs.

Denoting the cost of decision u ∈ U under scenario i ∈ [n] by hi(u), we can simply remove h(u) from

the objective function in (45a), and instead incorporate the costs into the random outcome mapping by

adding the term hi(u) to the right-hand side of constraint (45b).

The formulation (45) is generally a very challenging mixed-integer non-linear program (MINLP), due in

part to the non-convex quadratic terms in constraints (45b), and in part to the possible non-linearity

in constraints (45c). We next provide potentially tractable forms of this problem for the case of control

with discrete resources, when using a Wasserstein-1 ambiguity set.

Let us assume that the processing time of job l ∈ [L] is ξl(u) =
∑

t∈[T ] utlξ̂tl for l ∈ [L], where the

set U of feasible control decisions is given as in (39). Then in constraints (45b) we can rewrite ξjk(u)θkl

as
∑

t∈[T ] ξ̂
j
tlutkθkl, and use McCormick envelopes (McCormick, 1976) to linearize the arising quadratic

terms utkθkl. In addition, when δ is the 1-norm distance, we can express the δij values as in (32), and

incorporate them into our optimization problem via mixed-integer big-M constraints as in (33). The

problem (45) then takes the following form:

min h(u) + η +
1

1− α

∑

i∈[n]

pivi +
1

1− α
κτ (46a)

s.t. vi ≥
∑

l∈[L]

∑

k∈[L]

∑

t∈[T ]

wlξ̂
j
tkztkl − η −

∑

l∈[L]

νijl τ, ∀i, j ∈ [n] (46b)

ztkl ≤ utk, ∀t ∈ [T ], k, l ∈ [L] (46c)

ztkl ≤ θkl, ∀t ∈ [T ], k, l ∈ [L] (46d)

ztkl ≥ utk + θkl − 1, ∀t ∈ [T ], k, l ∈ [L] (46e)
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νijl ≤ ξil (u)− ξjl (u) +Mλij
l , ∀i, j ∈ [n], l ∈ [L] (46f)

νijl ≤ −ξil (u) + ξjl (u) +M(1− λij
l ), ∀i, j ∈ [n], l ∈ [L] (46g)

λ ∈ {0, 1}n×n×L, ν ∈ Rn×n×L
+ , (46h)

(θ,u) ∈ T × U , v ∈ Rn
+, τ ≥ 0, z ∈ [0, 1]T×L×L. (46i)

Keeping in mind that the auxiliary variables z are non-negative, the constraints (46c)–(46e) ensure that

ztkl = utkθkl holds for all t ∈ [T ], k, l ∈ [L]. Also, since the boundedness condition established at the

start of Section 6.1.3 trivially holds in the case of discrete control decisions, for sufficiently high values of

the parameter M the constraints (46f)–(46h) are equivalent to the inequalities νijk ≤ |ξil (u) − ξjl (u)| for

all i, j ∈ [n], l ∈ [L].

Remark 7.2 Due to the symmetry of the absolute value function we can assume that νijk = νjik and λij
k =

λji
k hold for all i, j ∈ [n] and l ∈ [L]. Taking into account the trivial observation νiil = |ξil (u)− ξil (u)| = 0,

it is clearly sufficient to only define the variables νijk and λij
k for indices that satisfy i < j. Our MILP

formulations detailed in Section 8.3.1 all take advantage of the resulting reduction in the number of

auxiliary variables.

We mention that the reformulation-linearization technique yields the valid inequalities
∑

t∈[T ] ztkl = θkl

for all k, l ∈ [L], which can be added to strengthen the formulation (46). Recalling our discussions from

Section 6.1.5, we also point out that, while the constraints still feature continuous non-convex quadratic

terms, these terms all involve the common scalar variable τ . Therefore, if we fix the value of τ , then the

above problem becomes a linearly constrained mixed-integer program.

We briefly outline another approach to eliminating these quadratic terms from our problem under

certain linearity assumptions; a detailed discussion of the arising tractable MILP formulations can be

found in Section 8.3.1. It is possible to linearize terms of the form νijl τ by introducing auxiliary variables

to represent them, and employing McCormick envelopes. Alternatively, as we have seen in Section 6.1.4,

under appropriate comonotonicity assumptions it is possible to significantly simplify (46) by eliminating

the auxiliary variables ν and λ. We can then again apply McCormick envelopes to obtain streamlined

MILP formulations.

8. Computational study The purpose of this section, where we focus on solving certain variants

of the risk-averse scheduling problem, is twofold. First, we are interested in the impact of our modeling

approach and parameter choices (in particular, the degree of robustness and the degree of risk aversion)

on optimal decisions and objectives. Second, we aim to examine the tractability of our optimization

problems.

8.1 Problem variants and data generation We generate instances of the risk-averse scheduling

problem introduced in Section 7.2, keeping baseline number ranges largely in line with those presented

in Atakan et al. (2017). All randomly generated parameter values are drawn from independent (integer

or continuous) uniform distributions. Importance weights of jobs are chosen to be integers drawn from

[1, 3]. Nominal probabilities of all scenarios are taken to be equal, and baseline realizations of processing

times are integer values from the range [10, 90], drawn separately for each job and each scenario.

We assume that two control options are available for each job. The first option, which leaves baseline

processing times unchanged, has zero cost. The second option, which decreases the processing times in

each scenario, has a cost directly proportional to the nominal expectation of the decrease. Our primary

focus is on problems that exhibit the comonotone structure outlined in Section 6.1.4, and therefore allow

us to utilize streamlined MILP formulations. Let us recall the notation established in Example 7.2, and
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set all factors a1l to a value of 1. The factors a2l, which describe the proportional time reduction effected

by control decisions, are drawn from the range [0.4, 0.6] for each job l ∈ [L]. We refer to the arising

problems as comonotone instances. For the sake of comparison we also want to generate some problem

instances without comonotone structure. To accomplish this, we allow the control decisions to reduce

processing times by scenario-dependent factors drawn separately from [0.2, 0.8] for all l ∈ [L], i ∈ [n], and

refer to the arising problems as non-comonotone instances.

In scheduling problems with control decisions one typically aims to achieve good performance (rep-

resented in our case by a low TWCT) while simultaneously maintaining low control costs. To model

this multi-objective perspective, we consider two formulation variants. In the budget-constrained variant

control decisions are subject to a budget constraint, and the objective is to minimize TWCT. In the cost

minimizing variant of our problem the control decisions are unconstrained, and the objective is to mini-

mize a weighted combination of TWCT and control costs. When taking this approach, control decisions

can become trivial if either component of the objective function dominates the other. Keeping in mind

that TWCT typically exhibits quadratic growth as the number of jobs increases (in contrast to the linear

growth of potential costs), if we are to generate meaningful decision problems, we need to appropriately

calibrate the ratio between control costs and expected decreases in nominal processing times. In our

examples we set this ratio as 10% of the expected sum of the randomly generated importance weights

(taken over all L jobs), to ensure that the two components of the objective function are of comparable

magnitude.

8.2 Analysis and interpretation of results In this section we study a randomly generated

comonotone problem instance with L = 15 jobs and n = 100 scenarios, to evaluate the impact of key

modeling parameters on optimal objective values.

We have observed in Section 5.2.5 that when the radius of the ambiguity set is sufficiently high,

the DRO approach becomes equivalent to the simpler traditional robust model that optimizes worst-

case performance across all scenarios. This limiting behavior already occurs at the radius κmax =
∑

l∈[L]maxt∈[T ](ξ̂
max
lt −

¯̂
ξlt), where ξ̂max

lt = maxi∈[n] ξ̂
i
lt denotes the maximal possible processing time

of job l ∈ [L] under control option t ∈ [T ], while
¯̂
ξlt denotes its nominal expected processing time. Ac-

cordingly, in our tables and figures we represent the radius κ on a 0–1 scale, as a proportion of κmax.

Unless noted otherwise, we use certain base settings for model parameters throughout Section 8. The

base radius of the ambiguity set is κ = 0.01κmax, which is high enough to make a non-trivial impact on

decisions, while typically remaining below the threshold for the limiting behavior.

Keeping in mind that in risk-averse decision making practice high CVaR confidence levels are commonly

employed, we set the base value at α = 90%. We consider our base budget to be half of the sum of all

potential control costs. The reason behind this choice is that setting the budget closer to either the low or

the high end of the spectrum could potentially reduce the combinatorial complexity of control decisions.

When the available budget is varied, we represent it via a budget ratio (BR for short), as a proportion of

the base budget value. Figure 2a shows how increasing the budget lowers the optimal objective value for

the budget-constrained problem, eventually outperforming the cost-minimization variant. This behavior

is expected, because with a sufficiently high budget it becomes possible to reduce the processing time of

every job, for zero cost in the objective.

Figure 2b shows that if the CVaR confidence level α is higher, then the limiting (worst-case robust)

behavior is reached at a lower value of κ. This pattern, which will be illustrated in more detail by Figure

3b of the next section, reflects the following simple observation.

Observation 8.1 Assume that the CVaR confidence level in the objective function is α. If the ambiguity
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set contains a distribution in which the worst-case scenario has probability at least 1−α, then the robus-

tified CVaRα of the outcome equals the worst-case outcome. The supremum in the DRO problem (44) is

therefore equal to the worst-case outcome, and it is attained at this “bad” distribution. Consequently, if

α is high, then even an EMD ball with a small radius κ will contain a “bad” distribution, and thus lead

to the worst-case robust optimal solution.

Figure 2: Optimal objective function value (robustified CVaRα of TWCT) for varying radius and budget
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For any fixed scheduling and control decisions, the objective function is typically a non-constant

monotone increasing function of both the radius κ and the CVaR confidence level α. It follows that the

changes we observe in optimal objective values do not automatically correspond to changes in optimal

decisions. Therefore, in order to better understand the decision-making impact of our modeling approach,

we will now more closely examine a specific smaller problem instance.

8.2.1 An illustrative example We consider a budget-constrained scheduling problem of comono-

tone type with five jobs, and ten, nominally equally likely scenarios. Baseline processing times of jobs

1–5 are given in Table 1a; the respective importance weights are 6, 6, 1, 9, and 6. Control decisions can

be made to reduce the processing time of up to two chosen jobs by 50% (uniformly in every scenario).

Solving the problem for a range of κ and α values produces six distinct optimal decisions, listed in

Table 1b. For example, in the risk-neutral optimal Solution A one makes the control decision to speed up

the processing of jobs 1 and 4, and employs a sequence that starts with job 4 and ends with job 3. The

stochastic optimal solutions we find are typically different from the deterministic ones: while Solution B

is also the deterministic optimal solution for scenarios 1 and 8, none of the other solutions in Table 1b are

scenario-optimal. In particular, the worst-case robust optimal Solution F is not the optimal deterministic

solution for the worst-case Scenario 3. Figure 3 shows optimal objective values for various parameter

values, and indicates the corresponding optimal decisions.

The similarity between Figures 2b and 3b, indicates that the behavior of objective values is consistent

with what we have seen for larger instances. We now turn our attention to the decisions. Certain

scheduling and control choices appear to be intuitively obvious. For example, Job 3 has both a low

importance weight, and a low nominal expected processing time. Accordingly, it is the last job in every

optimal schedule, and optimal control decisions never reduce its processing time. However, optimal

solutions do not always conform to naive expectations. Job 4 has the highest weight by a significant

margin, and its processing time is reduced in every optimal control decision. However, while it is scheduled

first in both the risk-averse Solution A and the worst-case robust Solution F, somewhat surprisingly this
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is not the case for Solutions B and D. This highlights the fact that our complex decision criteria lead to

non-trivial variation in optimal decisions between the risk-neutral and maximally risk-averse ends of the

spectrum.

From a managerial point of view both κ and α can be seen to express degrees of conservatism. For

the case of total variation-based ambiguity sets this connection was made explicit in formula (19), which

showed that it is possible to equivalently convert between these two parameters. In contrast, our current

results indicate that when we use a Wasserstein-1 ball, κ and α play qualitatively different roles. For

example, Solution D is only optimal for high values of κ and low values of α, while, conversely, solution

C is only optimal for lower κ and higher α values. Our model therefore has the capacity to express a

range of risk-averse preferences that would not be possible to capture by either a “purely robust” or a

“purely CVaR-based” approach.

Table 1: Illustrative example

Job 1 Job 2 Job 3 Job 4 Job 5

Sce. 1 5 5 5 9 9
Sce. 2 3 10 6 10 10
Sce. 3 10 2 4 8 4
Sce. 4 8 9 5 4 6
Sce. 5 8 1 8 5 9
Sce. 6 6 1 9 1 2
Sce. 7 4 3 7 4 1
Sce. 8 3 3 7 8 4
Sce. 9 2 2 4 7 6
Sce. 10 2 3 1 10 1

(a) Baseline processing times

Solution Job sequence Control dec.

A 4 1 2 5 3 1 0 0 1 0
B 2 4 1 5 3 0 1 0 1 0
C 4 2 1 5 3 0 1 0 1 0
D 1 4 2 5 3 1 0 0 1 0
E 4 5 1 2 3 0 0 0 1 1
F 4 1 5 2 3 0 0 0 1 1

(b) Optimal solutions

Figure 3: Optimal objective function values and solutions for illustrative example (A-F: Optimal deci-
sions)
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8.3 Computational performance Optimization problems were modeled with the AMPL mathe-

matical programming language, and solved using CPLEX 12.6 with its default set of options and parameters.

Experiments were carried out on four threads of a Lenovo R© workstation with two Intel R© Xeon R© 2.30

GHz CE5-2630 CPUs and 64 GB memory running on Microsoft Windows Server 8.1 Pro x64 Edition.

All data points in Tables 2–4 have been averaged over two instances. Reported times are the elapsed
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solution times of the branch-and-bound algorithm, and the time limit is set to 7200 seconds. If optimal-

ity is not proven within the time limit, we record both the best lower bound on the optimal objective

value (retrieved from CPLEX and denoted by LB) and the best available objective value (denoted by UB).

Relative optimality gap values ROG = (UB−LB)/UB are then reported.

8.3.1 Overview of solved MILP formulation variants In this section we derive some equiv-

alent MILP formulations for our DRO machine scheduling problem. Our starting point is (46),

with the functional forms h(u) =
∑

t∈[T ]

∑

l∈[L]

htlutl and ξil (u) =
∑

t∈[T ]

ξ̂itlutl substituted into it, and

incorporating the symmetry considerations from Remark 7.2. Introducing the reduced index sets

I = {(i, j, l) ∈ [n]× [n]× [L] : i < j} and J = {(i, j ∈ [n]× [n] : i < j}, we have:

min
∑

t∈[T ]

∑

l∈[L]

htlutl + η +
1

1− α

∑

i∈[n]

pivi +
1

1− α
κτ (47a)

s.t. (46c)–(46e),

vi ≥
∑

l∈[L]

∑

k∈[L]

∑

t∈[T ]

wlξ̂
j
tkztkl − η, ∀i ∈ [n] (47b)

vi ≥
∑

l∈[L]

∑

k∈[L]

∑

t∈[T ]

wlξ̂
j
tkztkl − η −

∑

l∈[L]

νijl τ, ∀(i, j) ∈ J (47c)

vj ≥
∑

l∈[L]

∑

k∈[L]

∑

t∈[T ]

wlξ̂
i
tkztkl − η −

∑

l∈[L]

νijl τ, ∀(i, j) ∈ J (47d)

νijl ≤
∑

t∈[T ]

ξ̂itlutl −
∑

t∈[T ]

ξ̂jtlutl +M ij
l λij

l , ∀(i, j, l) ∈ I (47e)

νijl ≤ −
∑

t∈[T ]

ξ̂itlutl +
∑

t∈[T ]

ξ̂jtlutl +M ij
l (1− λij

l ), ∀(i, j, l) ∈ I (47f)

(θ,u) ∈ T × U , v ∈ Rn
+, τ ≥ 0, z ∈ [0, 1]T×L×L, λ ∈ {0, 1}I, ν ∈ RI

+. (47g)

Note that we have replaced the generic big-M constant with constraint-specific ones, which can be calcu-

lated as M ij
l = 2max

t∈[T ]
|ξ̂itl − ξ̂jtl|. While this change does not affect the feasible set of the problem, it has

been observed in the literature that using tighter big-M bounds often leads to significantly improved com-

putational performance. The above problem is an MINLP, with a non-convex continuous relaxation. We

will obtain our first, basic MILP reformulation in three steps. First, we introduce non-negative auxiliary

variables q ∈ R
I
+, where qijl represents the quantity νijl τ . We can then replace constraints (47c)–(47f)

with the following set of inequalities:

vi ≥
∑

l∈[L]

∑

k∈[L]

∑

t∈[T ]

wlξ̂
j
tkztkl − η −

∑

l∈[L]

qijl , ∀(i, j) ∈ J (48a)

vj ≥
∑

l∈[L]

∑

k∈[L]

∑

t∈[T ]

wlξ̂
i
tkztkl − η −

∑

l∈[L]

qijl , ∀(i, j) ∈ J (48b)

qijl ≤





∑

t∈[T ]

ξ̂itlutl −
∑

t∈[T ]

ξ̂jtlutl +M ij
l λij

l



 τ, ∀(i, j, l) ∈ I (48c)

qijl ≤



−
∑

t∈[T ]

ξ̂itlutl +
∑

t∈[T ]

ξ̂jtlutl +M ij
l (1− λij

l )



 τ, ∀(i, j, l) ∈ I. (48d)

Second, we introduce auxiliary variables y ∈ R
T×L
+ and r ∈ R

I
+ to linearize terms of the form utlτ and

λij
l τ , respectively, via two sets of McCormick inequalities:

ytl ≤ Mτutk, ∀t ∈ [T ], l ∈ [L] (49a)
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ytl ≤ τ, ∀t ∈ [T ], l ∈ [L] (49b)

ytl ≥ Mτutk + τ −Mτ , ∀t ∈ [T ], l ∈ [L] (49c)

rijl ≤ τ, ∀(i, j, l) ∈ I (49d)

rijl ≤ Mτλ
ij
l , ∀(i, j, l) ∈ I (49e)

rijl ≥ Mτλ
ij
l + τ −Mτ , ∀(i, j, l) ∈ I, (49f)

where Mτ is an upper bound for τ . We can calculate a suitable big-M bound as

Mτ =





∑

l∈[L]

wl









∑

l∈[L]

max
t∈[T ]

ξ̂max
lt



 / min
(i,j)∈J





∑

l∈[L]

min
t∈[T ]

|ξ̂itl − ξ̂jtl|



 .

Third, we substitute the auxiliary variables y and r into (48c)–(48d). The resulting equivalent basic

MILP reformulation of the MINLP (47) then reads

min
∑

t∈[T ]

∑

l∈[L]

htlutl + η +
1

1− α

∑

i∈[n]

pivi +
1

1− α
κτ

s.t.(46c)–(46e); (48a)–(48b); (49a)–(49f),

qijl ≤
∑

t∈[T ]

ξ̂itlytl −
∑

t∈[T ]

ξ̂jtlytl +Mrijl , ∀(i, j, l) ∈ I (50a)

qijl ≤ −
∑

t∈[T ]

ξ̂itlytl +
∑

t∈[T ]

ξ̂jtlytl +M(τ − rijl ), ∀(i, j, l) ∈ I (50b)

(θ,u) ∈ T × U , v ∈ Rn
+, τ ≥ 0, z ∈ [0, 1]T×L×L, λ ∈ {0, 1}I, ν ∈ RI

+, (50c)

q ∈ R
I
+, y ∈ R

T×L
+ , r ∈ R

I
+. (50d)

As this formulation does not assume, or make use of, any comonotone structure in the data, we refer to

it as the non-comonotone MILP, or NCM for short.

We also aim to take advantage of any comonotone structure that might be present in our dataset. Let

us recall our notation from Section 6.1.4. Keeping in mind our symmetry considerations, we introduce

the index sets I+ =
{

(i, j, l) ∈ I | ξ̂itl ≥ ξ̂jtl ∀t ∈ [T ]
}

, I− =
{

(i, j, l) ∈ I | ξ̂itl ≤ ξ̂jtl ∀t ∈ [T ]
}

, and I0 =

I \ (I+ ∪ I−). For index triplets in (i, j, l) ∈ I+ ∪ I− we can eliminate the variables qjil from constraints

(48a)–(48b), and instead for all (i, j) ∈ J write

vi ≥
∑

l∈[L]

∑

k∈[L]

∑

t∈[T ]

wlξ̂
j
tkztkl − η −

∑

l : (i,j,l)∈I0

qijl −
∑

l : (i,j,l)∈I+

∑

t∈[T ]

(ξ̂itl − ξ̂jtl)ytl −
∑

l : (i,j,l)∈I−

∑

t∈[T ]

(−ξ̂itl + ξ̂jtl)ytl,

vj ≥
∑

l∈[L]

∑

k∈[L]

∑

t∈[T ]

wlξ̂
i
tkztkl − η −

∑

l : (i,j,l)∈I0

qijl −
∑

l : (i,j,l)∈I+

∑

t∈[T ]

(ξ̂itl − ξ̂jtl)ytl −
∑

l : (i,j,l)∈I−

∑

t∈[T ]

(−ξ̂itl + ξ̂jtl)ytl.

The variables λji
l , q

ji
l , rjil , and the corresponding constraints (49d)–(49f), (50a)–(50b) then only need to

be defined for indices (i, j, l) ∈ I0. We will refer to the arising reduced formulation, which takes advantage

of the comonotone structure present in the dataset, as the partially comonotone MILP, or PCM for short.

Finally, as noted at the end of Section 7.2.2, using the reformulation-linearization technique we can add

the valid inequalities
∑

t∈[T ] ytl = τ and
∑

t∈[T ] ztkl = θkl for all k, l ∈ [L] to our partially comonotone

MILP, to obtain the formulation PCM-RLT. We also point out that under the strong comonotonicity

assumption of Section 6.1.4 we have I0 = ∅, so in this case the auxiliary variables λji
l , q

ji
l , rjil , along with

the corresponding constraints, can be completely dropped from PCM and PCM-RLT. We refer to the

resulting streamlined formulations as completely comonotone MILPs (CCM and CCM-RLT for short).

Remark 8.1 All of the formulations in this section were presented for the cost minimizing variant of the
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problem. We can obtain the budget-constrained variants by dropping the cost term
∑

t∈[T ]

∑

l∈[L]

htlutl from

the objective, and adding a constraint of the form
∑

t∈[T ]

∑

l∈[L]

htlutl ≤ B.

8.3.2 Solution times First, in order to evaluate the performance of the completely comonotone

formulation variants introduced in Section 8.3.1, we have considered comonotone datasets of various sizes

(changing the number n of scenarios between 50 and 500, and the number L of jobs between 10 and 50).

As Table 2 shows, the cost minimizing and the budget-constrained models are of comparable difficulty.

This is not surprising, because adding a budget constraint reduces the space of feasible control decisions

at the cost of introducing additional combinatorial complexity, and the impact of this tradeoff can vary

significantly between individual instances. We also see that (with the exception of the smallest, 10-job

scheduling problems) the reformulation-linearization technique consistently and dramatically improves

computational performance. Notably, several large problem instances which could not be solved within

the time limit using the basic comonotone formulationCCM are rendered tractable by employing CCM-

RLT instead.

We next examine the performance impact of modeling parameters, using the overall best-performing

CCM-RLT formulation on problems with comonotone data. Table 3 shows that, somewhat contrary to

expectations (cf. Noyan and Rudolf, 2013, Section 7.2.1), problems with higher CVaR confidence levels

are not always easier to solve than their counterparts with lower α values. In line with our observations

in Section 8.2, lowering the budget to 30% of its base value reduces the space of feasible control decisions,

and thus typically leads to lower running times.

We have seen that with completely comonotone formulations it is often possible to solve moderate-

sized comonotone problems within reasonable time. However, non-comonotone instances prove to be

significantly more challenging. The relevant performance data can be found in Table 4. Notably, using

the PCM formulation, which exploits the partial comonotone structure present in the data, drastically

improves computational efficiency even when the entire data set is not comonotone. As before, for

instances with 15 or more jobs the performance is further improved by applying the reformulation-

linearization technique, which makes PCM-RLT overall the most efficient of our formulations for non-

comonotone instances. However, larger instances typically cannot be solved to optimality within the

two-hour time limit. We therefore also report the results when we add an alternative stopping criterion

of a 2% optimality gap, and note that it is consistently possible to find near-optimal solutions for instances

that feature up to 30 jobs and 100 scenarios.

Remark 8.2 To quantify how far the datasets used in the construction of Table 4 are from being comono-

tone, for each instance we calculated the Kendall rank correlation coefficients between baseline and com-

pressed processing times for each job. The average of these coefficients (taken over all jobs) will be equal

to 1 if and only if our comonotonicity condition is satisfied, and will be strictly less than 1 otherwise.

For our randomly generated non-comonotone data sets typical values of these averages were around 0.61,

with a standard deviation of approximately 0.01.

The performance results in Tables 2–4 reflect the increasing complexity of our MILP formulations for

larger instances. In non-comonotone formulations the number of binary variables, continuous variables,

and constraints all grow as O(n2L + L2). Completely comonotone formulations reduce the number of

binary variables to O(L2); in the partially comonotone case the extent of the reduction is typically

smaller, depending on the structure of the particular data set. Therefore, consistently with the patterns

generally seen in the deterministic scheduling literature, considering a larger number L of jobs leads to

a rapid increase in difficulty in all cases, due to the higher combinatorial complexity. As often observed



Noyan, et al.: Decision-Dependent DRO 36

in stochastic optimization, increasing the number n of scenarios also presents a major computational

bottleneck; the effect is especially pronounced for non-comonotone data sets. Since our problems combine

the challenges of two already computationally demanding fields, they can only be solved efficiently when

one takes advantage of additional structure in the data.

Table 2: Computational performance – comonotone data.

Time [ROG (%)]

Cost Minimizing Budget-Constrained

L n CCM CCM-RLT CCM CCM-RLT

10 50 8.4 7.4 8.9 7.4
100 52.9 46.6 61.6 23.5
150 271.3 137.0 226.2 175.5
200 567.2 539.9 615.3 359.4
250 1210.0 775.6 1626.2 451.8
300 1002.6 1023.4 1251.2 2077.5
400 1991.6 3155.5 1963.7 1742.2
500 5160.7 †6046.3[0.13] 4496.1 †5783.11[0.45]

15 50 113.1 43.0 172.2 34.5
100 603.3 190.0 627.8 155.3
150 2513.8 555.4 2460.8 376.1
200 5240.7 1221.9 5891.9 510.6

250 †6737.8[3.29] 2659.1 ††[4.47] 2135.5

300 ††[9.54] 3581.7 ††[12.92] 2524.2

400 – ††[1.34] – 5013.1
500 – ††[1.89] – ††[10.91]

20 50 2318.6 62.4 3357.8 71.6
100 ††[7.89] 462.6 ††[18.87] 523.0

150 ††[16.87] 1326.7 ††[29.79] 1044.5
200 – 2768.2 – 2697.5
250 – 5411.8 – 5035.7
300 – ††[1] – 6057.3

400 – ††[4.71] – ††[3.23]

25 50 ††[14.45] 157.0 ††[24.83] 121.7

100 ††[32.41] 1353.8 ††[46.12] 1514.4
150 – 5274.7 – 1611.7

200 – ††[0.42] – 5390.6
250 – ††[1.22] – †6985[0.1]

300 – ††[1.58] – ††[1.19]

30 50 ††[28.39] 284.4 ††[43.13] 383.0
100 ††[47.15] 1942.9 ††[55.13] 3551.4

150 – †5590.2[0.06] – ††[0.46]

50 50 ††[60.97] 5614.17 ††[74.09] 2402.6

100 ††[69.19] ††[1.21] ††[85.5] ††[0.23]
†: Each dagger sign indicates one instance hitting the time limit with an integer feasible solution.

9. Further avenues of research One of the main distinguishing features of our approach is that

the nominal distribution at the center of the ambiguity set is decision-dependent. In this regard, it

would be essential to investigate possible ways to describe this dependence, and in particular to develop

meaningful and tractable characterizations of decision-dependent nominal parameter realizations and/or

scenario probabilities (akin to the distribution shaping equations) for practical applications.

While scenario bundling is a very effective method of reducing problem sizes, most EMDs are not
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Table 3: Impact of modeling parameters on performance of CCM-RLT

Time [ROG (%)]

Cost Minimizing (α) Budget-Constrained (BR,α)

L n 0.7 0.9 (1, 0.7) (1, 0.9) (0.3, 0.9)

15 50 37.8 43.0 31.7 34.5 17.3
100 179.1 190.0 100.4 155.3 79.9
150 526.0 555.4 367.8 376.1 274.4
200 902.2 1221.9 814.6 510.6 540.5
250 3155.5 2659.1 1909.5 2135.5 1132.5
300 2921.2 3581.7 2640.6 2524.2 2815.5
400 ††[0.95] ††[1.35] †5469.5[1.78] 5013.1 3457.6

20 50 80.5 62.4 62.1 71.6 49.4
100 367.7 462.6 337.3 523.0 260.6
150 972.1 1326.7 833.2 1044.5 592.2
200 3146.0 2768.2 1742.4 2697.5 1226.6
250 5459.7 5411.8 3172.8 5035.7 2408.3

300 4820.1 ††[1] †5973.3[1.28] 6057.3 †5080.345[0.53]
†: Each dagger sign indicates one instance hitting the time limit with an integer feasible solution.

Table 4: Computational performance on non-comonotone instances

Time [ROG (%)]

L n NCM PCM PCM-RLT PCM-RLT
CPLEX mipgap=2%

10 50 3036.7 151.6 149.5 138.8[0.84]

100 ††[13.87] 1361.3 4050.3 1618.8[0.93]

150 ††[38.88] ††[0.78] ††[3.14] –
200 – ††[23.15] ††[10.41] –

250 – ††[10.10] ††[4.03] –

15 50 ††[0.59] 1375.8 398.5 40.9[1.23]
100 ††[25.25] ††[4.14] ††[0.42] 1403.4[1.9]

150 ††[76.41] ††[22.66] ††[2.27] †4538.4[2.48]

200 – – ††[2.60] –

20 50 ††[18.9] 4570.5 1405.3 105.5[0.68]
100 ††[65.81] ††[23.54] ††[1.28] 2598.2[1.71]

150 – ††[43.5] ††[2.21] †5140.6[2.28]

25 50 ††[42.27] ††[19.04] 1670.8 161.7[1.95]
100 ††[79.21] ††[43.98] ††[0.52] 1156.6[1.11]

150 – – ††[2.69] –

30 50 ††[57.81] ††[36.44] 4501.7 234[0.54]

100 – – ††[1.37] 3220.5[1.78]
†: Each dagger sign indicates one instance hitting the time limit with an integer feasible solution.
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compatible with this approach. As we have seen, the total variation metric is a notable exception. In

Remark A.2 we briefly touched on another, potentially more informative, class of outcome-based scenario

distances, which give rise to EMDs that can be used in conjunction with bundling. However, as many

of our developments strongly depend on the structural properties of the variation metric, incorporating

this new class of distances into our formulations would require additional work.

For problems of practical interest where bundling methods are not applicable, one might instead

consider sampling methods to reduce the number of scenarios. The use of sampling, however, comes with

two important caveats. First, sampling typically sacrifices exact solutions in exchange for tractability.

Second, even in cases where a particular sampling method (such as importance sampling) is known to

work well for the underlying problem, this does not automatically translate to a performance guarantee

for the DRO variant. For example, when using an ambiguity set based on the discrete metric, the worst-

case distribution will be highly sensitive to the worst scenario included in a sample. However, studies

such as Bardou et al. (2009) indicate that sampling approaches could be better suited for CVaR-based

and other risk-averse formulations which do not explicitly feature the ambiguity set. Along similar lines,

the use of scenario reduction techniques could also be explored.

In line with the majority of the DRO literature, we have adopted a risk-averse pessimistic viewpoint,

focusing on the worst outcome in the ambiguity set. In contrast, optimistic robust optimization has

recently been suggested to be meaningful and relevant for certain application areas, including machine

learning (see, e.g., Norton et al., 2017). Taking an optimistic view in our problems would lead us to

replace maximization over the ambiguity set with minimization, typically making the resulting problems

significantly more straightforward. Therefore, this seems to be a worthwhile avenue to explore whenever

an optimistic view is warranted by a particular application.
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Appendix A. Stochastic network models This appendix contains supplementary materials and

discussions for Section 7.1. In A.1 and A.2 we detail how the components of the general model (35), and

its DRO variant (37), can be specified for our motivating applications. We then discuss disjunction-based

MILP formulations in A.3, and explore a CVaR-based alternative perspective in A.4. The remaining

sections of the Appendix are dedicated to describing scenario bundling (A.5), its application to our DRO

setting (A.6), and the limitations of the bundling approach (A.7).
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A.1 Model specifics for stochastic pre-disaster investment planning problem (SPIPP)

Let us assume that a highway network is modeled by the undirected graph (V,E) on vertex set V

with edge set E = {e1, . . . , eL}, and edge lengths represent traversal costs. The interpretation of the

reinforcement decision variables x and the survival probabilities σ0
ℓ , σ

1
ℓ is self-explanatory. If the cost of

reinforcing the highway link ℓ ∈ [L] is cℓ, and the available budget is C, then the set of feasible decisions

is given by X =
{

x ∈ {0, 1}L :
∑

ℓ∈[L] cℓxℓ ≤ C
}

. The post-disaster state of the network in scenario

i ∈ [n] can be modeled by the graph (V,Ei), where Ei = {eℓ : ξiℓ = 1} is the set of edges that survive

in scenario i. In the simplest case, when we consider only single O-D pair, the outcome Gi in scenario

i ∈ [n] is given by the length of the shortest O-D path in the surviving graph (V,Ei). However, in practice

this value is modified: if the shortest path length exceeds a certain acceptability threshold, or if no O-D

path exists in (V,Ei), then the value of Gi is set to a fixed penalty parameter. This parameter typically

represents the traversal costs associated with an alternate mode of transportation (such as helicopter),

which relief organizations can resort to when no acceptable routes survive in the network. When multiple

O-D pairs are given, along with corresponding importance weights, the outcome Gi naturally becomes

the weighted sum of the (modified) shortest O-D path lengths in (V,Ei).

A.2 Model specifics for stochastic network interdiction problem (SNIP) Specifying the

model components in accordance with the conventions we established is not always as straightforward

as for SPIPP. Let us now assume that a transportation network for SNIP is modeled by a digraph

(V,A) with arc set A = {a1, . . . , aL}, specified source and sink nodes, and given arc capacities. We

recall that under our assumptions the ordering of survival probabilities is fixed for every link: we have

σ0
ℓ ≤ σ1

ℓ for all ℓ ∈ [L]. Since adherence to this convention will be necessary when applying the so-

called distribution shaping methods discussed in the next section, we need to denote the baseline survival

probability of arc aℓ by σ1
ℓ . If an attempt is made to block this arc, its survival probability is reduced

to σ0
ℓ . Accordingly, our decision variables will have a somewhat counterintuitive interpretation, wherein

xℓ = 1 holds if and only if the defender does not attempt to block arc aℓ. If the cost of attempting

to block arc aℓ is cℓ, and the defender’s budget is C, then the set of feasible decisions is given by

X =
{

x ∈ {0, 1}L :
∑

ℓ∈[L] cℓ(1− xℓ) ≤ C
}

. Analogously to the case of SPIPP, the surviving digraph

in scenario i ∈ [n] is (V,Ai), with Ai = {aℓ : ξiℓ = 1}. The capacities of surviving arcs remain unchanged,

and the outcome Gi in scenario i ∈ [n] is given by the value of the maximum source-sink flow on (V,Ai).

A.3 A disjunctive approach Our goal is to formulate the DRO problem (38) as a single MILP.

To this end, let us introduce for all j ∈ [n] a binary variable βj that takes value 1 if and only if

the nominal κ-level Value-at-Risk of G equals the realization Gj . Then, recalling the condition τ =

G+−VaRκ(G), at an optimum solution of (38) we have vi = max{Gi, G+−τ} = max{Gi,
∑

j∈[n] G
jβj} =

∑

j∈[n] max{Gi, Gj}βj . We can now use McCormick envelopes to linearize the quadratic terms πi
Lv

i in

the objective (38a) by introducing the auxiliary variables zij = πi
Lβ

j , which leads to the following MILP

formulation of (38):

min
∑

i∈[n]

∑

j∈[n]

max{Gi, Gj}zij + κ



G+ −
∑

j∈[n]

Gjβj



 (52a)

s.t. (36b)–(36f), (52b)

zij ≤ πi
L, ∀i, j ∈ [n] (52c)

zij ≤ βj , ∀i, j ∈ [n] (52d)

zij ≥ πi
L + βj − 1, ∀i, j ∈ [n] (52e)

∑

j∈[n]

βj = 1, (52f)
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β ∈ {0, 1}n, z ∈ [0, 1]n×n. (52g)

Keeping in mind that the auxiliary variables z are non-negative, the constraints (52c)–(52e) will ensure

that the defining equations zij = πi
Lβ

j hold for all i, j ∈ [n].

We can significantly strengthen the above MILP. Introducing the notation 1 = (1, . . . , 1) ∈ Rn, in any

feasible solution of (52) the triple (z,β,πL) belongs to the mixed-integer set

T =
{

(z,β,πL) ∈ [0, 1]n×n × {0, 1}n × [0, 1]n : z = πLβ
⊤, β⊤

1 = 1, 1
⊤πL = 1

}

.

Sets of similar structure appear in so-called pooling problems, as discussed, for example, by Gupte et al.

(2017), who use the reformulation-linearization technique to describe the convex hull (see also

Sherali et al., 1998). Adapting their result to our setting, we obtain

conv(T ) =
{

(z,β,πL) ∈ [0, 1]n×n × [0, 1]n × [0, 1]n : 1
⊤z = β⊤, z1 = πL, 1

⊤πL = 1
}

.

Incorporating the arising valid inequalities into an MILP can dramatically improve computational per-

formance, as observed for example by Liu et al. (2017) in a different context. We then arrive at the

following formulation:

min
∑

i∈[n]

∑

j∈[n]

max{Gi, Gj}zij + κ



G+ −
∑

j∈[n]

Gjβj



 (53a)

s.t. (36b)–(36f), (53b)
∑

i∈[n]

zij = βj , ∀j ∈ [n] (53c)

∑

j∈[n]

zij = πi
L, ∀i ∈ [n] (53d)

∑

j∈[n]

βj = 1, (53e)

β ∈ {0, 1}n, z ∈ [0, 1]n×n. (53f)

A.4 Non-DRO risk-averse optimization perspective In this appendix we provide an alterna-

tive view of the developments in Section 7.1.5 and Appendix A.3, under the same assumptions, and

keeping our previous notation. Let us recall from Example 5.2 that, when we use a total variation-based

ball of radius κ ∈ [0, 1], the robustified expectation is a convex combination of the worst-case outcome

(with weight κ) and the κ-level CVaR of the outcome. Accordingly, under our assumptions (DRO-RND)

is equivalent to the following problem:

min
x∈X

κG+ + (1− κ)CVaRκ ([P(x), G]) . (54)

We remark that (54) is equivalent to a non-DRO CVaR minimization problem, because the worst-case

outcome G+ is not decision-dependent. In settings without decision-dependent uncertainty it is possible

to obtain a linear formulation for CVaR minimization problems by using representation (5). A direct

implementation of this approach in the presence of decision-dependent probabilities gives rise to a highly

non-linear model. As we saw in Section 7.1.2, distribution shaping can be used to get rid of the nonlinearity

in probability expressions of the form (34), and reformulate (54) as follows:

min κG+ + (1− κ)
∑

j∈[n]



Gj +
1

1− κ

∑

i∈[n]

πi
L[G

i −Gj ]+



βj (55a)

s.t. (36b)–(36g), (55b)
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∑

j∈[n]

βj = 1, (55c)

β ∈ {0, 1}n. (55d)

It is well-known that in settings without decision-dependent uncertainty CVaR minimization can be

expressed in a linear fashion. In contrast, the formulation (55) still has a non-convex quadratic objective.

Analogously to the case of problem (38), one way to obtain an optimal solution of the problem (55) is to

separately solve the n MILP formulations that arise when we fix βj = 1 for j ∈ [n]. Alternatively, we can

again use McCormick envelopes to linearize the objective function, introducing the auxiliary variables

zij = πi
Lβ

j . We omit the details here, as the arising formulation will be essentially equivalent to (52).

To see that this equivalence holds, it is sufficient to verify that the objective functions (52a) and (55a)

are equal, which in turn follows by straightforward calculation from the simple observation that we have

[Gi −Gj ]+ = max{Gi, Gj} −Gj for i, j ∈ [n].

It is also possible to obtain an MILP formulation of (54) without linearizing the quadratic terms πi
Lβ

j .

Let us introduce the auxiliary variable µ to represent CVaRκ ([P(x), G]). Then, using a disjunction-based

representation of the finite minimum in the CVaR representation (5), we arrive at

min κG+ + (1− κ)µ (56a)

s.t. (36b)–(36g), (56b)

µ ≤ Gj +
1

1− κ

∑

i∈[n]

πi
L[G

i −Gj ]+, ∀j ∈ [n] (56c)

µ ≥ Gj +
1

1− κ

∑

i∈[n]

πi
L[G

i −Gj ]+ − (1− βj)M, ∀j ∈ [n] (56d)

(55c)− (55d). (56e)

Here, if M ∈ R+ is a suitably large constant, the constraints (56c)–(56e) ensure the validity of the

defining equation

µ = CVaRκ ([P(x), ξ]) = min
j∈[n]

Gj +
1

1− κ

∑

i∈[n]

πi
L[G

i −Gj ]+. (57)

We could also have arrived at an equivalent form of the MILP (56) by applying a similar disjunctive

approach, but with the formulation (38) as our starting point. As discussed in Section 7.1.5, the optimum

in (38) can be expressed as a finite minimum. More precisely, the optimum is attained when we have

τ = G+ − Gj for some j ∈ [n], with corresponding values vi = max{Gi, Gj}. Recalling that we have

max{Gi, Gj} = [Gi − Gj ]+ + Gj for i, j ∈ [n], we can now express the optimum value of (38) as the

minimum of the following expression, taken over all (x,π) satisfying (36b)–(36g):

min
j∈[n]

∑

i∈[n]

πi
L max{Gi, Gj}+ κ(G+ −Gj) (58a)

= κG+ + min
j∈[n]

∑

i∈[n]

πi
Lmax{Gi, Gj} − κGj (58b)

= κG+ + min
j∈[n]

∑

i∈[n]

πi
L([G

i −Gj ]+ +Gj)− κGj (58c)

= κG+ + min
j∈[n]

∑

i∈[n]

πi
L[G

i −Gj ]+ +
∑

i∈[n]

πi
LG

j − κGj (58d)

= κG+ + min
j∈[n]

∑

i∈[n]

πi
L[G

i −Gj ]+ + (1− κ)Gj (58e)
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= κG+ + (1− κ) min
j∈[n]

Gj +
1

1− κ

∑

i∈[n]

πi
L[G

i −Gj ]+ (58f)

= κG+ + (1− κ)µ, (58g)

where µ is given by the expression in (57).

A.5 Scenario bundling We introduce the symbol ∗ to indicate that status of a link is

unknown, and say that a ternary vector s ∈ {0, 1, ∗}L represents the scenario set Bs =
{

i ∈ [n] : ξiℓ = sℓ ∨ sℓ = ∗ ∀ℓ ∈ [L]
}

. If we have Gi = Gj for all i, j ∈ Bs, that is, if the vector s

represents a set of scenarios that all result in the same outcome, then we call s a scenario bundle, and

denote this common outcome by Gs. Given a decision x ∈ X we define the probability of bundle s as

p̄s(x) =
∑

i∈Bs
pi(x). If the elements of a family S of scenario bundles represent a partition

⋃∗
s∈S Bs = [n]

of the scenario set, then we call S a bundling. We note if S is a bundling, then
∑

s∈S p̄s(x) = 1 holds for

any decision x ∈ X .

The distribution shaping method extends naturally to scenario bundlings. Analogously to Section 7.1.2,

we introduce the notation φs
ℓ = p̄s(x̌ℓ) for bundle probabilities corresponding to truncated decisions, and

observe that we have φs
L = p̄s(x). If S is a bundling, then with slight modification of the distribution

shaping relations (36b)–(36f) we can now reformulate (36) as

min
∑

i∈[n]

φs
LG

s (59a)

s.t. φs
ℓ ≤

σ1
ℓ

σ0
ℓ

φs
ℓ−1 + 1− xℓ, ∀ ℓ ∈ [L], s ∈ S : sℓ = 1 (59b)

φs
ℓ ≤

1− σ1
ℓ

1− σ0
ℓ

φs
ℓ−1 + 1− xℓ, ∀ ℓ ∈ [L], s ∈ S : sℓ = 0 (59c)

φs
ℓ ≤ φs

ℓ−1, ∀ ℓ ∈ [L], s ∈ S : sℓ = ∗ (59d)

φs
ℓ ≤ φs

ℓ−1 + xℓ, ∀ ℓ ∈ [L], s ∈ S (59e)
∑

s∈S

φs
ℓ = 1, ∀ ℓ ∈ [L] (59f)

φ ∈ [0, 1]S×L, (59g)

x ∈ X , (59h)

where φs
0 =

∏

l:sl=1

σ0
ℓ

∏

l:sl=0

(1− σ0
ℓ ) denotes the baseline probability of bundle s ∈ S.

If we can find a small bundling S, then the above formulation allows us to significantly reduce the

problem size. Laumanns et al. (2014) show that, for the case of SPIPP with a single O-D pair, it is

indeed possible to efficiently construct such small bundlings, which on a real-world instance can reduce

230 scenarios to a few hundred bundles. We mention that, while for the base problem these advances

translate readily to the case of multiple O-D pairs, this is no longer the case for DRO variants; see Section

A.7 for a more detailed discussion.

Remark A.1 A more refined version of the scenario bundling technique, shown to be effective both for

SPIPP and SNIP, is developed in Haus et al. (2017). The key difference is that, instead of defining a

bundle by specifying the statuses of some links, this scenario aggregation method utilizes binary decision

diagrams. The methodology and results outlined in Appendix A.6 can be naturally adapted to this more

general scheme. However, to keep our presentation straightforward, we do not discuss details of this

approach.
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A.6 DRO and scenario bundling Our goal in this section is to incorporate scenario bundling into

the formulations (38), (52), and (53), in order to reduce problem sizes. The first natural step—recalling

the definitions and notation from Appendix A.5—is to everywhere replace the full scenario set [n] with

a bundling S, and the scenario-based indexing i ∈ [n] with bundle-based indexing s ∈ S. Accordingly,

we also replace the scenario probabilities π with the bundle probabilities φ, the distribution shaping

constraints (36b)–(36f) with their bundle-based counterparts (59b)–(59g), and the scenario outcomes Gi

with bundle outcomes Gs. The last step is to replace the scenario distances δij with suitably defined

bundle distances.

For a general distance δ this last step is highly non-trivial, and typically leads to undesired conse-

quences, such as formulations whose optimal solution depends on the particular choice of bundling. In

more detail: Let S be a bundling, as defined in Appendix A.5. Any probability distribution P on the

scenario set then induces a distribution P̄ on the bundles, given by p̄s =
∑

i∈Bs
pi for s ∈ S. Let us now

consider an EMD ball around P, based on some distance δ. In order for the scenario bundling approach

to work in a DRO context, we would need to characterize the family of probability distributions on S

that are induced by the elements of this EMD ball. Furthermore, if we aim to achieve this goal via

a straightforward adaptation of our previous MILP formulations, the characterization should be in the

form of an EMD ball around the induced distribution P̄, with respect to some distance δ̄ among bundles.

Unfortunately, there is no general scheme to define such a bundle distance. In particular, applying nat-

ural schemes (such as a Hausdorff distance-like maximin approach, or defining the distance between two

bundles as the smallest distance between any two of their respective scenarios) to our problems can lead

to results that are not only inexact, but depend strongly on the particular choice of bundling. However,

as the next lemma shows, adopting the total variation distance (i.e., setting δ as the discrete metric)

neatly sidesteps such issues.

Lemma A.1 Let us denote the discrete metric on {0, 1}L by δ, and the discrete metric on a bundling S

by δ̄. Then, denoting the identity map of S by ξ̄, for any radius κ > 0, we have

Bξ̄

δ̄,κ
(P̄) =

{

Q̄ : Q ∈ Bξ
δ,κ(P)

}

. (60)

Proof. Let us first consider a distribution Q ∈ Bξ
δ,κ(P). According to Lemma 5.1, there exists a

corresponding solution γ ∈ Rn×n
+ to system (24). Let us now define the aggregated solution γ̄ ∈ RS×S

+

by γ̄st =
∑

i∈Bs

∑

j∈Bt
γij for s, t ∈ S, and observe that for all i ∈ Bs, j ∈ Bt we have δ̄st ≤ δij . Then,

using Lemma 5.1 again, Q̄ ∈ Bξ̄

δ̄,κ
(P̄) follows from the next set of inequalities:

∑

t∈S

γ̄st =
∑

t∈S

∑

i∈Bs

∑

j∈Bt

γij =
∑

i∈Bs

∑

j∈[n]

γij =
∑

i∈Bs

pi = p̄s, ∀ s ∈ S

∑

s∈S

γ̄st =
∑

s∈S

∑

i∈Bs

∑

j∈Bt

γij =
∑

j∈Bt

∑

i∈[n]

γij =
∑

j∈Bt

qj = q̄t, ∀ t ∈ S

∑

s∈S

∑

t∈S

δ̄stγ̄st =
∑

s∈S

∑

t∈S

∑

i∈Bs

∑

j∈Bt

δ̄stγij ≤
∑

s∈S

∑

t∈S

∑

i∈Bs

∑

j∈Bt

δijγij =
∑

i∈[n]

∑

j∈[n]

δijγij ≤ κ.

Now let us consider a distribution T ∈ Bξ̄

δ̄,κ
(P̄), along with the corresponding γ̄ ∈ RS×S

+ guaranteed by

Lemma 5.1. As the bundling S represents a partition of [n], for every i ∈ [n] there exists a unique bundle

s(i) ∈ S such that i ∈ Bs(i) holds. Using this notation, let us define the disaggregation γ ∈ Rn×n
+ by

γij =











pipj

p̄s(i)p̄s(j) γ̄
s(i)s(j) if s(i) 6= s(j),

pi

p̄s(i) γ̄
s(i)s(i) if i = j,

0 otherwise.



Noyan, et al.: Decision-Dependent DRO 48

If we define the probability distribution Q on the scenarios by qj =
∑

i∈[n] γ
ij , then it is easy to verify

that have T = Q̄. Observing that γij 6= 0 implies δij = δ̄s(i)s(j), it is also straightforward to verify that

γ is a solution of the system (24). It follows that we have Q ∈ Bξ
δ,κ(P), which completes the proof. �

Remark A.2 The above lemma remains valid if we replace the discrete metric with a reflexive scenario

distance δ that depends only on the outcomes. More precisely, let us assume that for all i, j ∈ [n] we have

δij = d(Gi, Gj), for some mapping d : R × R → R+ that satisfies d(G,G) = 0 for all G ∈ R. Then,

given two scenario bundles s, t ∈ S, for any i1, i2 ∈ Bs and j1, j2 ∈ Bt we have δi1j1 = d(Gi1 , Gj1) =

d(Gi2 , Gj2) = δi2j2 . Let us denote this common value by δ̄st to define a reflexive bundle distance δ̄ :

S × S → R+. The equality (60) then follows by using the same proof as before.

A.7 Limitations of scenario bundling The SPIPP problem originally introduced in Peeta et al.

(2010) features multiple O-D pairs with corresponding weights. The formulations (37), (38), (52), and

(53) can all be naturally adapted to this case by having the random outcome G represent the weighted

sum of shortest path lengths between these pairs. However, bundling methods can no longer be directly

applied here, as links that are irrelevant to the length of a shortest path for one O-D pair will typically not

be irrelevant to the lengths of shortest paths between other pairs. As proposed in Laumanns et al. (2014),

it is possible to instead perform bundling separately for each O-D pair, and again use distribution shaping

to express the marginal distribution of the shortest path length for each O-D pair. When solving the

risk-neutral underlying problem, these marginal distributions will suffice, because—due to the linearity

of expectation—the expected shortest path lengths for the individual O-D pairs can be aggregated into

a global objective.

This approach is unfortunately no longer viable when working either in a risk-averse or in a DRO

context. Expressing CVaR, or any more complex risk measure, of the global objective would require

knowledge of the joint distribution of shortest path lengths, because the risk of a weighted sum is in

general not equal to the weighted sum of individual risks. Similarly, the obstacle for DRO problems is

that the ambiguity set around the joint distribution cannot be reduced to ambiguity sets around the

marginal distributions. Therefore, while we might be able to find the worst-case distribution for each

O-D pair, this does not give us the global worst-case distribution. The scope of the methods we outlined

is thus limited to cases where either scenario bundling can effectively be applied in terms of the global

objective function, or the overall number of scenarios is relatively small. Notably, in addition to the single

O-D pair SPIPP problem we explored here, the “global bundling” approach is also reported (Haus et al.,

2017) to provide good results for SNIP.


