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Abstract

Branching on a set of variables, rather than on a single variable, can give tighter bounds
at the child nodes and can result in smaller search trees. However, selecting a good set
of variables to branch on is even more challenging than selecting a good single variable to
branch on. Generalized strong branching extends the strong branching concepts developed
for choosing a single variable to choosing a set of variables. As the computational require-
ments of a full implementation of strong branching are prohibitive, we use extreme gradient
boosting to train a model to predict the ranking of (sets of) candidate variables. An extensive
computational study using instances from three well-known classes of optimization problems
demonstrates that branching on sets of variables outperforms branching on a single variable,
that a learned model can be used effectively to select among (sets of) candidate variables,
and that the learned strong branching strategies outperform the default branching strategy
of state-of-the-art commercial solver CPLEX in terms of both the number of nodes explored
in the search tree and the time it takes to explore the search tree.

Keywords— branch and bound, machine learning, binary optimization

1 Introduction

Mixed integer programming (MIP) is a powerful mathematical modeling framework that has been applied
in various domains, e.g., airline crew scheduling, service network design, online advertising, and cloud
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computing. Because of the tremendous algorithmic advances in state-of-the-art commercial MIP solvers,
such as CPLEX and Gurobi, many practically relevant instances can be solved efficiently and reliably.
However, there remain settings, for example operational settings in which the time available to make
decisions is limited, where the use of MIP technology is not yet a viable option because instances still
take too long to solve. This motivates research into techniques that can accelerate the solution of MIPs.
Our research falls in this category and investigates whether machine learning (ML) techniques can be
used to achieve speedups in solution time.

An effective branching strategy is critically important for modern MIP solvers, such as SCIP, CPLEX,
and Gurobi. A computational study in Achterberg and Wunderling (2013), using CPLEX 12.5, shows
that a naive branching scheme, i.e., branch on the most infeasible variable, increases computation time
by a factor of 4.5 and number of nodes explored by a factor of 6.5 times compared to the default
branching scheme. Therefore, it is not surprising that branching strategies, especially the choice of
a (single) branching variable, has received much attention over the years, e.g., pseudo-cost branching
(PB) (Bénichou et al. 1971), strong branching (SB) (Applegate et al. 1995), hybrid strong and pseudo-
cost branching (HB) (Gauthier and Ribière 1977, Linderoth and Savelsbergh 1999), reliability branching
(RB) (Achterberg et al. 2005), backdoor branching (Fischetti and Monaci 2011) . We refer the interested
reader to Achterberg (2007) for a more in-depth review of branching strategies. Branching on sets
of variables has also been explored, but mostly in the context of a specific problem structure or with
a specific set of variables, e.g., special ordered set branching (Beale and Tomlin 1970, Beale 1979),
constraint branching (Ryan and Foster 1981), explicit-constraint branching (Appleget and Wood 2000),
and hyperplane branching (Pataki and Tural 2010).

We investigate a multi-variable or set branching strategy that does not rely on a specific problem
structure or specific set of variables. Specifically, for an arbitrary set S of indices of integer variables
with


i∈S xLP

i = f , where xLP is the solution of the linear programming (LP) relaxation at the current
node in the search tree, and f is fractional, we create two branches where


i∈S xi ≥ ⌈f⌉ is imposed

in the up branch and


i∈S xi ≤ ⌊f⌋ is imposed in the down branch. This is a natural generalization
of single-variable dichotomy branching, which is recovered when S is restricted to be a singleton. The
computational study in Yang et al. (2021) demonstrates the potential of this set branching scheme for 0-1
knapsack problems. It is worth noting that we (implicitly) assume that there are at least three variables
in an instance. Therefore, when xLP

1 = xLP
2 = 0.5, there is at least one other variable x3. If xLP

3 is
fractional, then we can pick the set S = {1, 2, 3}. If xLP

3 is integer, then we can pick S = {1, 3} or
S = {2, 3}. In case there are only two variables, we can pick S = {1} or S = {2}, which reduces to the
standard single-variable branching.

The primary challenge associated with the use of a set branching strategy is the efficient selection
of an effective branching set. Almost all single-variable branching schemes, pure pseudo-cost branching
being the exception, in one way or another rely on strong branching concepts. Strong branching (SB)
is a look-ahead strategy in which for each fractional variable in the LP relaxation at the current node
in the search tree, the optimal LP relaxation values of the up and the down branch are computed and
converted into a SB score, which is subsequently used to select the fractional variable to branch on.
Strong branching has been shown to result in small search trees, but is computationally prohibitive. To
reduce the computational burden, only a subset of fractional variables is considered, or the SB score for a
variable is computed only the first time the variable is fractional and pseudo-costs are used afterwards, or
the SB score for a variable is computed the first time it is fractional and whenever the pseudo-cost is no
longer deemed reliable. SB scores can be computed for sets of variables as well. We will use generalized
strong branching (GSB) to refer to using SB scores to select a set of variables to branch on. If only sets
of variables of up to size k are considered, this will be denoted as GSB-k.
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The computational challenges associated with computing SB scores for sets of variables are even
greater, as the number of sets of variables with a fractional value in the LP relaxation at the current node
is likely to be much larger than the number of variables with a fractional values in the LP relaxation.
Furthermore, the number of sets of size less than or equal to k grows exponentially with k, which makes
GSB-k impractical for all but very small values of k. Even for k = 2, straightforward approaches to
limiting the time spent computing SB scores are insufficient to lead to a viable implementation of GSB-2.
Therefore, we devise an effective strategy to limit the number of variable sets considered and exploit
advances in ML to (efficiently) select a good set to branch on.

The use of ML techniques to mimic the behavior of SB is not new. The idea is to solve many instances
offline using a strong branching strategy, and collect information throughout the solution process, e.g.,
features of candidate branching variables, SB scores, ranking of SB scores at a node, and then train a ML
model to predict SB scores or a ranking of candidate variables based on their features. The trained model
is then applied in an online fashion to select the variables to branch on. Such an offline-online approach
has been used in other contexts as well, see for example Jiménez-Cordero et al. (2021), Bertsimas and
Stellato (2021). The promising computational results reported in papers such as Àlvarez et al. (2014,
2016), Khalil et al. (2016), Gasse et al. (2019) (see Section 2) suggest that by carefully choosing a ML
model for carefully selected set of features a branching strategy can be developed that is effective (mimics
SB) and efficient (does not require solving LPs to compute SB scores).

We explore similar ideas, but focus on mimicking GSB-2, as it can yield search trees that are sig-
nificantly smaller than those produced with SB. More specifically, we focus on learning GSB-2 for three
well-known classes of integer programs (IPs): set covering, set packing, and 0-1 knapsack. As mentioned
above, practical implementations of SB only compute SB scores for a small set of candidates. Our strat-
egy for limiting the set of candidate pairs in GSB-2 is to consider only pairs that include the variable
identified as the best single variable to branch on. Thus, our approach relies on two learned models: one
to select the best single variable to branch on from among a small set of candidate variables, and one to
select the best pair of variables to branch on from among a small set of candidate pairs of variables.

We employ a systematic approach to identify the features to be used to train the ML model. We
start from 25 features that we believe, based on our domain knowledge and on insights in the published
literature discussed above, provide meaningful information for predicting the ranking of candidates by SB
scores. After training data has been gathered for a particular problem class, a feature selection procedure
is applied to eliminate features that are insignificant for that class, and to reduce the computational
burden of variable set selection. The result is a small set of significant features (about 5) that can
be computed efficiently. The learned model based on this small set of features is thus dependent on
the problem class, and so can exploit problem class structure to arrive at a computationally effective
approach.

The main contributions of our research are summarized as follows.

• We show that branching on sets of variables, as proposed in Yang et al. (2021), can be implemented
effectively by carefully limiting the sets of variables to consider; multi-variable GSB outperforms
single-variable SB in terms of the size of branch-and-bound search trees for three classes of well-
known integer programs.

• We demonstrate that both SB and GSB can be enhanced by a ML technique, i.e., by learning to
rank variables via gradient boosting. We show, for the first time, that learned branching strategies
can outperform the default branching strategy of the state-of-the-art commercial solver CPLEX
in terms of both the number of nodes explored in the search tree and the time taken to explore
it. Furthermore, the learned GSB mostly outperforms the learned SB, which indicates that the
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benefits of branching on more than one variable can be retained in the ML process.

The remainder of the paper is organized as follows. In Section 2, we review recent attempts on
leveraging ML to enhance decisions made inside MIP solvers. In Section 3, we introduce GSB-k and our
implementation of GSB-2. In Section 4, we present our methodology for learning SB and extend this
framework to learn GSB-2. Section 5 presents the results of an extensive computational study. We finish,
in Section 6, with final remarks.

2 Literature Review

Combinatorial optimization has been applied to tackle decision problems involving discrete variables that
lie at the heart of some ML techniques (see Gambella et al. 2021). At the same time, there have been many
attempts to leverage ML techniques to accelerate the solution of combinatorial optimization problems (see
Lodi and Zarpellon 2017, Bengio et al. 2021, Karimi-Mamaghan et al. 2021). In particular, it has been
shown that important decisions inside MIP solvers, such as selecting primal heuristics, search strategies,
branching variable selection, and cutting planes can be done more effectively using ML techniques.

Khalil et al. (2017) apply logistic regression to learn a binary classification model that predicts whether
a heuristic will succeed at a given node of the search tree. Their numerical study demonstrates that the
performance of one of the fastest open-source solvers, SCIP can be improved by up to 6% on a set of
benchmark instances, and by up to 60% on a family of hard Independent Set instances. Chmiela et al.
(2021) propose a data-driven framework for scheduling heuristics in an exact MIP solver. Compared to
the default settings of SCIP, their learned scheduling method can reduce the average primal integral by
up to 49% on a class of challenging instances.

In He et al. (2014), an adaptive node selection strategy is learned by imitation learning for four
different classes of problems. The learned node selection strategy is able to significantly enhance the
performance of SCIP. Yilmaz and Yorke-Smith (2021) use imitation learning but focus on deciding which
of a node’s child node to select. Empirical results on five MIP datasets indicate that their method
significantly outperforms the state-of-the-art precedent in the literature but fails to beat SCIP.

A deep reinforcement learning (RL) method is developed for intelligent adaptive selection of cutting
planes in Tang et al. (2020). Their numerical study across a wide range of benchmark problems shows that
their trained RL agent significantly outperforms human-designed heuristics. Huang et al. (2021) propose
a data-driven cut selection approach, which is demonstrated to be effective and generalizes better across
multiple problems with different properties compared to commonly used heuristics for cut selection.

In Àlvarez et al. (2014) extremely randomized forests are used to train a ML model of SB offline.
Their computational study shows that the learned model is faster than full SB, but that it is outperformed
by RB. Àlvarez et al. (2016) use online learning (using simple linear regression) to predict SB scores.
The authors observe improvement over (their implementation of) full SB and RB, but it is difficult to
tell from the performance profile how significant the improvement is. Khalil et al. (2016) propose an
online ML model trained by SVMrank to predict a ranking of candidate variables by SB scores. Their
computational study shows that using the ML model has some benefits over using PB, but cannot compete
with the default branching scheme of CPLEX. Gasse et al. (2019) use imitation learning (using a graph
convolutional neural network) to learn SB and report that the resulting branching scheme outperforms
the default branching scheme of SCIP on three classes of optimization problems.
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3 Generalized Strong Branching

GSB refers to a branching strategy in which set branching is employed and in which the set of variables
to branch on is determined using the SB score. To obtain the SB score for a candidate set S at the
current node in the search tree, two LPs have to be solved: one in which the branching constraint

i∈S xi ≥ ⌈f⌉ is added (the up branch) and one in which the branching constraint


i∈S xi ≤ ⌊f⌋
is added (the down branch). The SB score is computed using a score function score(∆−,∆+), where
∆− = |z − z−|, ∆+ = |z − z+|, and z, z+, and z− are the objective values of the LP relaxations at the
current node, the up branch, and the down branch, respectively. The candidate set S with the largest
SB score is selected to branch on. If no restrictions are imposed on the candidate sets S, GSB becomes
computationally intractable as the number of sets of size k is O(nk). To explore the benefits of GSB, we
therefore only consider GSB-2, i.e., branching on sets of size up to 2.

3.1 Score Function

Achterberg (2007) shows that the score function used can significantly impact the performance of SB.
His computational study shows that

score(∆−,∆+) = max{∆−, } ·max{∆+, }

with  = 10−6, the product form, outperforms

score(∆−,∆+) = (1− µ)min{∆−,∆+}+ µmax{∆−,∆+},

the more traditional sum form, by almost 15%. The reason, most likely, is that the product form better
balances the contribution of the two branches than the sum form. When one of ∆− and ∆+ is much
larger than the other, the SB score is dominated by the larger one in the sum form, which implies that
the SB score does not fully capture the information provided by the two branches. On the other hand,
with the product form, even a small value affects the SB score as it pushes down the value of the product.

Even though the product form of the score function outperforms the sum form of the score function,
we believe it should be slightly modified when used for set branching. Consider, for example, set covering
problems, where all constraints have the form


k∈K xk ≥ 1. When branching on a single variable,

the effect of fixing a variable to zero or fixing a variable to one is somewhat similar because no further
variables can be fixed directly. As result, the search tree is likely somewhat balanced. When branching
on a pair of variables, this is no longer the case. There is a difference between adding xi + xj ≤ 0, which
fixes two variables, and adding xi + xj ≥ 1, which fixes no variables, and less balanced search trees may
result. A simple product does not capture these differences. By placing more importance on the branch
with more freedom a more effective SB score may be obtained. Therefore, we use a weighted product
score function

max{z/z − 1.0, }α ·max{z/z − 1.0, }β , (1)

where z is the LP value of the branch with more freedom, z is that of the other branch, α > 1, β < 1,
α+ β = 2 and  = 10−6.

We derive our score function from the following standard product form:

score(∆−,∆+) = max{∆−, } ·max{∆+, },

where ∆− = |z − z−|, ∆+ = |z − z+|, and z, z+, and z− are the objective values of the LP relaxations
at the current node, the up branch, and the down branch, respectively. For minimization problem, we
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have z− ≥ z and z+ ≥ z and by convention, an infeasible node has objective value +∞ (or equivalently,
a very large number). Thus, ∆− = z− − z, ∆+ = z+ − z, and

score = max{z− − z, } ·max{z+ − z, } = max{z − z, } ·max{z − z, },

where z is the LP value of the branch with more freedom, which can be either z− or z+, and z is that of
the other branch. If we normalize by dividing the above score by z2, then it reduces to

score = max{z/z − 1.0, /z} ·max{z/z − 1.0, /z}
≈ max{z/z − 1.0, } ·max{z/z − 1.0, }
= max{z/z − 1.0, }α ·max{z/z − 1.0, }β ,

where α = β = 1, and thus α+ β = 2. Essentially, instead of using the changes in the absolute value, we
use relative changes. In our score function, we further take into account the degree of freedom of the two
branches, and the one with more freedom will have a higher power α > 1. The power of the other branch
will be set accordingly to β = 2−α < 1. The restriction that α+ β = 2 is not dependent on the number
of variables considered. It is decided by the number of new branches created each time, or equivalently,
the number of items in the product for computing the score. Thus if three variables are considered, we
still use α+ β = 2.

The results of a small computational experiment using 100 randomly generated set covering instances,
in which we compare the performance of the weighted product score function (with α > 1 and β < 1)
to the original product score function (with α = 1 and β = 1) for different values of α and β revealed
that the weighted product score function is not very sensitive to the values of α and β and performs
well as long as α > 1 and β < 1. Therefore, in all further experiments, we use α = 1.5 and β = 0.5.
The benefit of using this weighted produce score function is illustrated in Figure 1, where we show the
number of nodes in the search tree for both the original and the weighted product score function for
the 100 instances (in nondecreasing order of nodes in the search tree when using the weighted product
function). On average the weighted product score reduces the number of nodes in the search tree by
about 20%.

3.2 Variable Selection

When the number of variables, n, is large, considering every possible set of size up to 2 will be computa-
tionally prohibitive. A straightforward way to reduce the number of candidates is to randomly select a
small number of qualifying variable pairs, i.e., a pair (xi, xj) with xLP

i + xLP
j fractional. However, given

that there are O(n2) potential candidates, the chance that a small subset contains a good pair of variables
to branch on is small. Therefore, we adopt the following scheme. Given that the variable xi∗ with the
highest SB score is highly likely to result in effective branching if used by itself, we include it in all the
candidate pairs of variables, i.e., we consider only pairs of the form (xi∗ , xj) with xLP

i∗ + xLP
j fractional.

Preliminary computational experiments revealed that it is also beneficial to consider only variables xj

that are active in the solution to the LP relaxation, i.e. with xLP
j > 0. These experiments also showed

that there can still be a prohibitively large number of variable pairs satisfying these properties. Hence
we limit the number whose SB score is evaluated by choosing at most M variables xj with xLP

j > 0 and

xLP
i∗ + xLP

j fractional, where M is a parameter. Finally, let (xi∗ , xj∗) be the variable pair from amongst
these with the largest SB score ŝ∗ and let the SB score of xi∗ be s∗. If ŝ∗ > s∗, then we choose to branch
on the pair (xi∗ , xj∗), otherwise, we choose to branch on xi∗ . We refer to this selection scheme as GSB:
it is summarized diagrammatically in Figure 2.
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Figure 1: A comparison of the weighted product score function and the simple product score
function on 100 randomly generated set covering instances.
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Figure 2: Practical implementation of GSB.

To assess the performance of the GSB selection scheme, where we randomly generate M = 50 can-
didate pairs, we compare its performance with three other selection schemes on 100 randomly generated
set covering instances. The other selection schemes proceed as follows. Scheme 1 randomly selects 100
pairs (xi, xj) with xLP

i + xLP
j fractional, which implies that at least one of the variables is active in the

LP relaxation. Scheme 2 randomly selects 100 pairs (xi, xj) with xLP
i + xLP

j fractional and xLP
i > 0 and

xLP
j > 0; both variables are active. Scheme 3 selects randomly selects 100 pairs (xi, xj) with xLP

i + xLP
j

fractional and xLP
i + xLP

j > 1, so both variables are active and at least one has a “high” value. These
schemes are given in order of increasing restrictions on the variable pairs considered, which correspond
to increasing “activity” of the variables in the LP relaxation. As for GSB, the SB score of every pair
selected is calculated, and the pair with highest score is used for branching, unless its score does not
exceed that of the best single-variable SB score, in which case the single variable is branched on.
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GSB Scheme 1 Scheme 2 Scheme 3

Total # of nodes explored 5286 9687 6216 5570
# of times with smallest search tree 51 6 19 24

Table 1: Comparison of candidate pair selection schemes.

As variables selected are increasingly restricted to those that are “more active” in the LP relaxation,
the performance of the method improves, with decreasing number of nodes explored. However, even with
only half the potential pairs to consider (at most 50 versus 100), the GSB selection scheme explores fewer
nodes and most often results in the smallest search tree than the best of the other schemes. This confirms
that always including the variable with the highest SB score is beneficial.

4 Learning Generalized Strong Branching

To decide the candidate sets in GSB, we first identify the variable with the highest SB score. Therefore,
learning strong branching is a prerequisite to learning generalize strong branching.

4.1 Learning Strong Branching

4.1.1 Methodology

We train a separate model that mimics SB for each problem class and the learning is performed offline.
More specifically, we start by using our implementation of SB to solve instances in a training set. At the
current node of the search tree, our implementation of SB selects ℓ = min{50, v} integer variables with a
fractional value in the solution to the LP relaxation, where v is the number of such variables1, computes
their SB scores, and then selects the one with the largest SB score to branch on. The computation of
each SB score requires the solution of two LP relaxations. For each variable xi in the candidate set,
we collect a feature vector fi and its SB score si. Since the ranking by SB scores suffices to select the
variable to branch on, predicting the actual SB scores is not necessary. Predicting the exact ranking is
not necessary either, because candidates with similar SB scores are expected to behave similarly, and,
thus, can be ranked similarly. Doing so introduces some flexibility and tolerance for errors in the model.

We transform a set of SB scores {si1 , . . . , siℓ} into an r-level ranking by a mapping

g : {(1, si1), . . . , (ℓ, siℓ)} → {1, . . . , r}.

Without loss of generality, we suppose si1 ≥ si2 ≥ . . . ≥ siℓ . Since we are particularly interested in the
candidates with the highest SB scores, we assign rank 1 to the candidates with SB score greater than
ηsi1 , where η ∈ (0, 1) and close to 1, a strategy also adopted by Khalil et al. (2016). Since SB score is
not a perfect predictor of the benefit of branching on a variable, it is (too) risky to assign rank 1 to just
one or two variables, which can happen if there is only one score that is significantly larger than others.
To avoid overfitting and thus improve robustness in the training process, we assign rank 1 to at least the
top t variables. More specifically, if k′ = argmaxk{sik > ηsi1} and k′ < t, then we assign rank 1 to all
t candidates with highest SB scores. Thus we assign rank 1 to t′ = max{t, k′} variables. We go further

1If v > 50, the 50 variables are selected at random from among the set of v variables, with each having equal
probability of selection.

8



than the binary labeling scheme in Khalil et al. (2016). The remaining candidates are ranked from 2 to
r by evenly distributed quantile:

g(k, sik) =


1, 1 ≤ k ≤ t′

p+ 1, t′ + 1 ≤ k ≤ ℓ, sit′ − pq < sik ≤ sit′ − (p− 1)q,

where q =
si

t′
−siℓ

r−1 + , p ∈ {1, 2, . . . , r − 1},  = 10−15.
Our goal is to train a model that takes in features (fi1 , . . . , fiℓ) of the ℓ candidate variables and predicts

a ranking (ri1 , . . . , riℓ) close to the true ranking g. We use extreme gradient boosting (XGBoost), an
optimized distributed gradient boosting library (see Chen and Guestrin 2016), to accomplish this goal.
In addition to its high efficacy and efficiency, proved in various ML competitions2, XGBoost offers an
API in the C language. This is essential for our numerical experiments, since we work with the CPLEX C
API to take advantage of its built-in callback functions. In our training, we choose the learning objective
to be rank:pairwise, which uses LambdaMART (Wu et al. 2010) to obtain a ranking. We also tested the
other two objective functions available in XGBoost, i.e., rank:ndcg and rank:map, but they yielded worse
performance in terms of the XGBoost performance metric (ndcg) and the branching scheme performance
metrics (runtime and search tree size).

In the training process, we solve a set of instances (the training set, TS) to obtain the data for
training a ML model. The set TS is split into two subsets: a set, denoted by ML-train, on which the
ML algorithm is trained and a set, denoted ML-val, on which the training quality is evaluated by ndcg.
We use another, distinct, set of instances (the validation set, VS) to assess the performance of the solver
when using the learned model to make branching decisions.

To achieve the best performance on the set VS, we perform a two-stage tuning process. The first
stage uses the set ML-val and the metric is ndcg, while the second uses the set VS and the metrics
are the runtime and the number of nodes explored, which are what we really care about. We tune the
following hyperparameters of XGBoost: max depth for the maximum depth of a tree, eta for learning
rate, tree method for the tree construction algorithm used in XGBoost.

After tuning has been completed, the performance of the learned model is finally evaluated on a set
of instances (the testing set TEST) that have not been used in any part of the training process.

4.1.2 Features

As computational efficiency is critical, and since features can be expensive to compute, we start from
a set of 25 features that we believe can provide meaningful information to predict the ranking. The
25 features can be grouped into three categories: static features, dynamic “history-free” features, and
dynamic “history-dependent” features. Static features do not change during the solution process and
can be computed once before the solution process starts. The dynamic features change during the
solution process and need to be computed or updated at every node of the search tree that is not
fathomed. Dynamic “history-free” features only use information at the current node, whereas dynamic
“history-dependent” features embed information from previously evaluated nodes in the search tree.
History-dependent features, especially, require more computational effort. Hence, even if they have high
predictive value, their use may not necessarily result in more efficient branching schemes.

Several of these 25 features have been employed in earlier work on the use of ML concepts to develop
effective and efficient branching strategies, i.e., Àlvarez et al. (2014), Khalil et al. (2016), Àlvarez et al.

2https://github.com/dmlc/xgboost/tree/master/demo#machine-learning-challenge-winning-solutions
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(2017), and Gasse et al. (2019), but some are used here for the first time. Furthermore, even if a feature
has been employed in earlier research, it may not have been used in exactly the same form; details on
normalization, for example, are often not provided. Distinguishing three categories of features is also
common, but the terms used to describe the categories are sometimes different. For example, what we
refer to a as dynamic history-dependent features are referred to in Àlvarez et al. (2014) as dynamic
optimization features.

In defining the 25 features, we ensure that all features are independent of instance size and parameter
scale by normalizing feature values with the average of their values over all candidate variables. We use
the following notation. Let z0, z, z

−
j and z+j be the objective values of the LP relaxations at the root

node, at the current node, at the down branch, and at the up branch, if variable xj is branched on,
respectively. Furthermore, let cj be the coefficient of variable xj in the objective function, Aij be the
coefficient of variable xj in the i-th constraint, and xLP be the solution to the LP relaxation at the current
node. Finally, let m and n be the number of constraints and variables, respectively, and [m] = {1, . . . ,m}
and [n] = {1, . . . , n}. The 25 features associated with variable xj are as follows.
Static features

• f1: Number of constraints xj participates in divided by the total number of constraints.

• f2:
cj−mink∈[n] ck

maxk∈[n] ck−mink∈[n] ck
.

• f3:
f2

mean({Aij , Aij ∕=0, i∈[m]}) .

• f4, f5, f6: Mean, min, max of
Aij

k∈[n] Aik/n
over i ∈ [m].

Dynamic “history-free” features
Node-based

• f7: Depth of the current node.

• f8: Current node gap, i.e., |z − z0|/|z0|.

• f9: Current node infeasibility, i.e.,


k∈[n] min{xLP
k −⌊xLP

k ⌋, ⌈xLP
k ⌉−xLP

k } divided by the number
of fractional variables in the solution to the LP relaxation.

Variable-based

• f10: x
LP
j − ⌊xLP

j ⌋.

• f11: ⌈xLP
j ⌉ − xLP

j .

• f12: x
LP
j · f2.

• f13, f14, f15: Pseudo costs of xj (up, down, geometric mean) divided by z.

• f16: Number of times xj appears in a constraint that is binding divided by the number of binding
constraints.

Dynamic “history-dependent” features
Variable-based

• f17: Number of times xj has been branched on divided by the number of nodes that required
branching (so far).

• f18: Number of times xj appears in the basis divided by number of nodes evaluated (so far).
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• f19, f20: Average improvement of the bound on the up and down branches when branching on xj ,
i.e., of |z+j − z|/z and |z−j − z|/z (so far).

• f21: Average of the reduced cost of xj divided by z (so far).

• f22, f23, f24: Average pseudo costs (down, up, geometric mean) of xj divided by z (so far).

• f25: Average of the value of xj in the solution to the LP relaxation (so far).

As mentioned above, several of these 25 features are used in one or more of Àlvarez et al. (2014), Khalil
et al. (2016), Àlvarez et al. (2017) and Gasse et al. (2019), although not necessarily in the same form
(in particular, normalizations may differ). Other features are introduced here, based on our knowledge
of the domain. For example, we introduce three node-based features, f7, f8 and f9, related to depth,
gap, and infeasibility of the LP solution, because past work has shown these criteria have been useful in
branch-and-bound search strategies (Linderoth and Savelsbergh 1999, Achterberg et al. 2005, Achterberg
2007). As far as we are aware, features f1, f7, f8, f9, f12, f16 and f18 are all new; they have not appeared
in previous papers. Furthermore, we believe this is the first time history-dependent versions of reduced
cost, pseudocost and LP solution values have been proposed, so, in that sense, f21, · · · , f25 are also new
here.

4.1.3 Feature Selection

Some features, especially the dynamic “history-dependent” ones, are time-consuming to compute and
may not be necessary for training the model. Thus, we perform feature selection to identify features
important for the prediction. We use Recursive Feature Elimination (Guyon et al. 2002) to obtain an
effective, but efficiently computable feature set, relying on the importance score provided by XGBoost.

Once a model is trained, XGBoost can report an importance score for each feature as shown on the
left in Figure 3. Our feature selection algorithm uses these importance scores and proceeds as follows. We
repeatedly drop features that have the smallest importance score in the current model and train a new
model using the remaining features. For each model, we compute the prediction accuracy, defined as the
ratio of the correct ranking predictions and the total number of ranking predictions, where a predicted
ranking is deemed correct if an item ranked 1 in the prediction is in the top 5 of the true ranking. We seek
to identify a model with a high prediction accuracy and a small number of features. More specifically,
we select a model with at least five features and more if a significant drop (more than 20%) in accuracy
occurs. A plot of the accuracy changes in the feature selection process of learning SB for set covering
problems is shown on the right in Figure 3 – the model with five features is selected.

XGBoost offers five importance scores which can yield different results for our feature selection pro-
cedure. We observed that the use of different importance scores usually result in models with similar
accuracy even when the features selected are not the same. This suggests that some of the features
capture similar information and using different importance scores results in different sets of features that
jointly capture the necessary information. Since the resulting accuracy is not sensitive to the type of
importance score in use, we decide to use the default importance type ‘weight’, which is the number of
times a feature is used to split the data across all trees, for our feature selection.

11
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Figure 3: Feature selection of learning SB for set covering problems. At the top: importance
scores of the original 25 features in the first model trained (features with importance score 0 are
not shown). At the bottom: accuracy changes in the feature selection process. Note that more
than one feature may be dropped each time depending on the importance score.

4.2 Learning Generalized Strong Branching

4.2.1 Methodology

Similar to learning SB, we train a model that mimics GSB for each problem class and the learning is
performed offline. We start by using GSB (as described in Section 3) to solve instances in a training

set. For each candidate pair of variables (xi, xj), we collect a feature vector f̂ij and its SB score ŝij . We
introduce an artificial pair of variables (xi∗ , xi∗) with SB score si∗ , which represents branching on a single
variable (i.e., the variable selected by SB). This captures our desire to branch on the variable xi∗ if its
SB score si∗ is larger than SB score ŝi∗j∗ of the the candidate pair of variables (xi∗ , xj∗) with the highest

score. Again, we train a model LRN-GSB using XGBoost which takes in features (̂fi∗j1 , . . . , f̂i∗jℓ , f̂i∗i∗)
and predicts a ranking (rj1 , . . . , rjℓ , ri∗). If ri∗ = 1, then we branch on the variable xi∗ , otherwise, we
branch on a variable pair (xi∗ , xj) with rj = 1.
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4.2.2 Features

Let u be the number of single-variable features resulting from the feature selection process of learning
SB in Section 4.1. For each candidate pair (xi∗ , xj), we collect the following (6 + 2u) features. The first
6 features are features that seek to capture the interaction of the two variables xi∗ and xj . The next u
features are single-variable features of the variable xj and the last u features are pairwise products of
single-variable features of the two variables xi∗ and xj . For the artificial pair (xi∗ , xi∗), the first 6 and
last u features are set to 0.

Interaction features

• f ′
1:

|ci∗−cj |
maxk∈[n] ck−mink∈[n] ck

.

• f ′
2: Number of times xi∗ and xj appear in the same constraint divided by the number of constraints.

• f ′
3: Number of times xi∗ and xj appear in the same binding constraint divided by the number of
binding constraints.

• f ′
4: x

LP
i∗ + xLP

j − ⌊xLP
i∗ + xLP

j ⌋.

• f ′
5: Indicator function {xLP

i∗ +xLP
j >1}.

• f ′
6: Indicator function {i=j}.

Single-variable features

• f ′
7, . . . , f

′
6+u: The u features of the second variable xj .

Transformed single-variable features

• f ′
7+u, . . . , f

′
6+2u: Pairwise product of the u features of the two variables xi∗ and xj .

4.2.3 Feature selection

We go through the same feature selection process as described in Section 4.1.3.

5 Computational Study

5.1 Settings

We use CPLEX 12.8 for all experiments. We selected CPLEX from among the many choices of solver
platform available since it is representative of the leading group of solvers. This group includes FICO
Xpress and Gurobi. Both these solvers and CPLEX outperform other solvers by some margin in inde-
pendent benchmarking tests (see, for example, Mittelmann (2018), available at http://plato.asu.edu/
talks/informs2018.pdf). They show relatively similar performance on benchmark instances and it is
recognized as extremely difficult to outperform default CPLEX in computational tests.

To be able to focus on the impact of the branching strategy, we allow cuts to be added only at the
root and turn off heuristics. We also turn off root presolve as variable aggregation can significantly alter
the structure of an instance. All performance evaluation experiments have a node limit of 106 and are
conducted using a single thread to ensure a fair comparison. We observed in our experiments that both
LRN-SB and LRN-GSB are able to nd an optimal solution for all instances tested before reaching the
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node limit and, thus, there is no reason to include the solution quality in the reported results. We use
α = 1.5 and β = 0.5 in the score function (1).

Let CPLEX-D denote CPLEX with default branching, let CPLEX-SB denote CPLEX with its im-
plementation of SB, let OUR-SB denote CPLEX with our implementation of SB, and let LRN-SB and
LRN-GSB denote CPLEX with default branching overwritten by the learned SB and learned GSB-2,
respectively.

5.2 Set Covering Problem

We consider the set covering problem, i.e., integer programs of the following form:

min cTx

s.t. Ax ≥ 1,

x ∈ {0, 1}n,

where c ∈ Rn, A is a m×n (0,1)-matrix. When we branch on the variable pair (xi, xj) and xLP
i +xLP

j ∈
(0, 1), then the down branch will have more freedom than the up branch, and the opposite is true when
xLP
i + xLP

j ∈ (1, 2). This observation is used when evaluating the score function (1).

5.2.1 Instances

We have two classes of instances, OR-Library instances and randomly generated instances. All randomly
generated instances have n = 10m. The cost cj of variable xj for j = 1, . . . , n is drawn from a discrete
uniform distribution on {1, 2, . . . , 100}. The number of nonzero elements ni in row i of A is drawn from
a discrete uniform distribution on { 2n

25 +1, . . . , 3n
25 − 1}, and coefficient aij is set to 1 with probability ni

n .
Given that n = 10m, we have that the density of A is about 10%.

The details of the instances used in training, validation, and testing are shown in Table 2, where w
indicates the density of the coefficient matrix and q the number of instances in the subset.

5.2.2 Training and feature selection

We use strategy SB to solve instances in training set TS1 to generate data to train LRN-SB. The feature
selection process described in Section 4.1.3 results in the following five features being chosen:

1. Current node infeasibility, i.e.,


k∈[n] min{xLP
k − ⌊xLP

k ⌋, ⌈xLP
k ⌉ − xLP

k } divided by the number of

fractional variables in the solution to the LP relaxation (f9).

2. xLP
j − ⌊xLP

j ⌋ (f10).

3.
xLP
j ·(cj−mink∈[n] ck)

maxk∈[n] ck−mink∈[n] ck
(f12).

4. Number of times xj appears in a constraint that is binding divided by the number of binding
constraints (f16).

5. Average of the value of xj in the solution to the LP relaxation so far (f25).
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TS1 m n w q

Random a1 300 3000 10% 20

Random a2 400 4000 10% 20

OR-LIB a1 200 1000 5% 5

OR-LIB a2 200 2000 2% 5

OR-LIB a3 300 3000 5% 5

OR-LIB a4 300 3000 2% 5

TS2 m n w q

Random a1 300 3000 10% 20

VS m n w q

Random b1 400 4000 10% 10

Random b2 500 5000 10% 10

Random b3 600 6000 10% 10

TEST m n w q

Random c1 300 3000 10% 20

Random c2 400 4000 10% 20

Random c3 500 5000 10% 20

Random c4 600 6000 10% 20

OR-LIB b1 500 5000 10% 5

OR-LIB b2 500 5000 20% 5

Table 2: Details of the instances used in training, validation, and testing.

Next, we use strategy GSB to solve instances in training set TS2, with TS2 a small subset of TS1,
to generate to train LRN-GSB. The reason why we use a small subset is that solving instances using
strategy GSB is very time-consuming. Feature selection results in the following five features being chosen
(Figure 4 presents information related to the feature selection process):

1. xLP
i∗ + xLP

j − ⌊xLP
i∗ + xLP

j ⌋ (f ′
4).

2. xLP
j − ⌊xLP

j ⌋ (f ′
8).

3. Number of times xj appears in a constraint that is binding divided by the number of binding
constraints (f ′

10).

4. (xLP
i∗ − ⌊xLP

i∗ ⌋) · (xLP
j − ⌊xLP

j ⌋) (f ′
13).

5. Average of the value of xj in the solution to the LP relaxation so far times average of the value of
xi∗ in the solution to the LP relaxation so far (f ′

16).

Instances in the validation set VS are used to tune XGBoost to train LRN-SB and LRN-GSB for
better performance. Finally, the performance of trained models is evaluated by solving instances in
the test set TEST. For randomly generated instances, the instance used for validation and testing are
different.

5.2.3 Results

To measure the accuracy of the learned models, we use “Top k accuracy%” defined as the ratio of number
of times LRN-SB branches on a variable in the top k of the ranking computed by OUR-SB and the total
number of nodes in the search tree that were not fathomed.
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Figure 4: Feature selection of learning GSB for set covering problems. On the left: importance
scores of the original 16 features in the first model trained (features with importance score 0 are
not shown). On the right: accuracy changes in the feature selection process.

The results for the instances in the test set can be found in Table 3 and 4. We report totals for each
of the subsets, and, for convenience, also the percentage reduction compared to CPLEX with default
branching – the largest percentage reduction is highlighted using the underline style.

Name
Number of nodes explored Top 5

CPLEX-D CPLEX-SB OUR-SB LRN-SB LRN-GSB Accuracy

Random c1 17,005 3,415 7,862 10,120 9,437
65.73%

Savings — 79.92% 53.77% 40.49% 44.50%
Random c2 83,630 20,673 38,808 50,763 50,087

67.21%
Savings — 75.28% 53.60% 39.30% 40.11%

Random c3 677,597 147,493 289,853 363,609 294,524
66.71%

Savings — 78.23% 57.22% 46.34% 56.53%
Random c4 6,042,591 1,441,345 4,121,957 3,005,899 2,660,864

66.59%
Savings — 76.15% 31.78% 50.25% 55.96%

OR-LIB b1 379,338 91,224 147,818 248,353 180,839
67.24%

Savings — 75.95% 61.03% 34.53% 52.33%
OR-LIB b2 502,572 49,353 284,273 86,598 190,993

74.40%
Savings — 90.18% 43.44% 82.77% 62.00%
Total 7,702,733 1,753,503 4,890,571 3,765,342 3,386,744

66.95%
Savings — 77.24% 36.51% 51.12% 56.03%

Table 3: Comparison of the number of nodes explored for set covering instances.

We observe that LRN-SB significantly outperforms CPLEX-D, on average a reduction of around 51%
in terms of the number of nodes explored and of almost 39% in terms of computing time. LRN-GSB
performs even better in terms of the number of nodes explored and on average, the reduction is around
56%. As for the computing times, the reduction is around 37%. In Figure 5, we provide more detail
and report the performance of CPLEX-D and LRN-GSB for all 90 test instances. We see that LRN-
GSB consistently performs better than CPLEX-D (the values are on a logarithm scale, so the the actual
differences are much larger than what is shown in the figure).

To further assess the performance of LRN-GSB, we generate and solve additional large instances
(with m = 600 and n = 6000), but with different matrix densities (with w = 5% and w = 20%). The
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Run time (seconds)
Name CPLEX-D CPLEX-SB OUR-SB LRN-SB LRN-GSB

Random c1 24.01 65.95 222.53 16.44 16.52
Savings — -174.68% -826.82% 31.53% 31.20%

Random c2 117.77 497.69 1,225.79 86.61 94.36
savings — -322.59% -940.83% 26.46% 19.88%

Random c3 1,087.91 4,248.86 11,916.94 738.8 675.07
Savings — -290.55% -995.40% 32.09% 37.95%

Random c4 12,608.06 57,573.18 231,886.18 7,747.28 7,940.78
Savings — -356.64% -1739.19% 38.55% 37.02%

OR-LIB b1 566.12 2,648.44 6,233.16 491.19 390.28
Savings — -367.82% -1001.03% 13.24% 31.06%

OR-LIB b2 659.74 1,642.62 25,724.2 173.53 388.76
Savings — -148.98% -3799.14% 73.70% 41.07%
Total 15,063.61 66,676.74 277,208.8 9,253.85 9,505.77

Savings — -342.63% -1740.25% 38.57% 36.90%

Table 4: Comparison of the solution times for set covering instances.

results can be found in Table 5, where, for completeness sake, we also report the results for matrix
density w = 10%. We observe that for all matrix density levels, LRN-GSB consistently and significantly
outperforms CPLEX-D. As CPLEX-D reaches the limit of one million nodes in the search tree for 3 of
the 20 instances with w = 20%, the results are even somewhat biased in favor of CPLEX-D for w = 20%.
What is especially interesting about the results for w = 20% is that none of the instances used in training
were this large and had such high matrix density; however, the learned model still performs extremely
well.

Number of nodes explored Run time (seconds)
w CPLEX-D CPLEX-GSB CPLEX-D CPLEX-GSB

5% 1,307,090 550,800 2,809.15 1,667.00
Savings — 57.86% — 40.66%
10% 6,042,591 2,660,864 12,608.06 7,940.78

Savings — 55.96% — 37.02%
20% 8,793,859 2779239 17107.46 7780.01

Savings — 68.40% — 56.05%

Table 5: Comparison of number of nodes explored and solution times for large set covering
instances with m = 600, n = 6000.

5.3 Set Packing Problem

Next, we consider the set packing problem, i.e., integer programs of the form:

max cTx

s.t. Ax ≤ 1,

x ∈ {0, 1}n,

where c ∈ Rn, A is a m × n (0,1)-matrix. Consider a constraint


k∈K xk ≤ 1. When we branch on
the variable pair (xi, xj) with i, j ∈ K, on the down branch xi and xj are fixed to 0, but on the up
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Figure 5: Performance of CPLEX-D and LRN-GSB on all instances in the test set (sorted in
order of non-decreasing LRN-GSB values). On the left: Number of nodes explored. On the
right: Computing time. The y-axis is set to log scale.

branch all variables xk with k ∈ K \ {i, j} are fixed to 0. Thus, the down branch has more freedom. This
observation is used when evaluating the score function (1).

5.3.1 Instances

Instances are randomly generated in the same way as in 5.2.1 except that n = 5m. The details of the
instances used in training, validation, and testing are shown in Table 6.

TS1 m n w q

Random d1 100 500 10% 20

Random d2 150 750 10% 20

Random d3 200 1000 10% 20

TS2 m n w q

Random e1 100 500 10% 10

Random e2 150 750 10% 10

VS m n w q

Random f1 150 750 10% 10

Random f2 200 1000 10% 10

Random f3 250 1250 10% 10

TEST m n w q

Random g1 100 500 10% 20

Random g2 150 750 10% 20

Random g3 200 1000 10% 20

Random g4 250 1250 10% 20

Random g5 300 1500 10% 20

Table 6: Details of the instances used in training, validation, and testing.
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5.3.2 Training and feature selection

Using feature selection as described in Section 4.1.3, the following five features are selected for training
LRN-SB:

1. Number of constraints in which xj appears divided by the number of constraints (f1).

2. xLP
j − ⌊xLP

j ⌋ (f10).

3. ⌈xLP
j ⌉ − xLP

j (f11).

4. Number of times xj appears in a constraint that is binding divided by the number of binding
constraints (f16).

5. Average of the value of xj in the solution to the LP relaxation (so far) (f25).

Similarly, the following five features are selected for training LRN-GSB.

1. Number of times xi∗ and xj appear in the same constraint divided by the number of constraints
(f ′

2).

2. xLP
i∗ + xLP

j − ⌊xLP
i∗ + xLP

j ⌋ (f ′
4).

3. xLP
j − ⌊xLP

j ⌋ (f ′
8).

4. (xLP
i∗ − ⌊xLP

i∗ ⌋) · (xLP
j − ⌊xLP

j ⌋) (f ′
13).

5. (⌈xLP
i∗ ⌉ − xLP

i∗ ) · (⌈xLP
j ⌉ − xLP

j ) (f ′
14).

5.3.3 Results

The results on the instances in the test set can be found in Table 7 and Table 8.

Name
Number of nodes explored Top 5

CPLEX-D CPLEX-SB OUR-SB LRN-SB LRN-GSB Accuracy

Random1 g1 35,489 5,604 13,348 18,008 21,659
57.24%

savings — 84.21% 62.39% 49.26% 38.97%
Random1 g2 187,742 44,354 79,289 105,175 100,326

67.53%
savings — 76.38% 57.77% 43.98% 46.56%

Random1 g3 217,579 72,191 108,008 134,939 124,652
77.43%

savings — 66.82% 50.36% 37.98% 42.71%
Random1 g4 344,339 103,481 165,997 197,382 203,088

81.77%
savings — 69.95% 51.79% 42.68% 41.02%

Random1 g5 345,463 104,276 168,075 184,140 183,097
83.91%

savings — 69.82% 51.35% 46.70% 47.00%
Total 1,130,612 329,906 534,717 639,644 632,822

73.58%
Savings — 70.82% 52.71% 43.42% 44.03%

Table 7: Comparison on the number of nodes explored for set packing instances.

We see that LRN-GSB outperforms CPLEX-D both in terms of the number of nodes explored and
the computing time. However, the improvements are not as significant, on average, a 44% reduction in
the number of nodes explored and a 12% reduction in computing time. Although LRN-GSB, on average,
explores a smaller number of nodes than LRN-SB, its computing time, on average, is slightly higher than
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Run time (seconds)
Name CPLEX-D CPLEX-SB OUR-SB LRN-SB LRN-GSB

Random1 g1 24.44 64.6 137.54 14.75 19.26
savings — -164.32% -462.77% 39.65% 21.19%

Random1 g2 217.02 823.88 1,576.46 159.92 166.8
savings — -279.63% -626.41% 26.31% 23.14%

Random1 g3 549.65 1,993.62 4,039.72 434.57 442.44
savings — -262.71% -634.96% 20.94% 19.51%

Random1 g4 991.08 3,714.48 9,016.01 833.85 862.34
savings — -274.79% -809.72% 15.86% 12.99%

Random1 g5 1,682.15 6,104.38 17,382.97 1,511.29 1,548.72
savings — -262.89% -933.38% 10.16% 7.93%
Total 3,464.34 12,700.96 32,152.7 2,954.38 3,039.56

Savings — -266.62% -828.10% 14.72% 12.26%

Table 8: Comparison of solution times for set packing instances.

LRN-SB. This is because more time is spent on each branching decision. Furthermore, possibly more
importantly, LRN-GSB adds constraints to enforce branching decisions, whereas LRN-SB only changes
variables bounds to enforce branching decisions. Another interesting observation is that the prediction
accuracy of LRN-SB for instances of the set packing problem appears to be higher than for instances of
the set covering problem, which suggests that LRN-SB already performs very well and it is more difficult
for LRN-GSB to achieve further improvements.

5.4 0-1 Knapsack Problems

Next, we consider the 0-1 knapsack problem, i.e., integer programs of the form:

max pTx

s.t. wTx ≤ b,

x ∈ {0, 1}n,

where p, w ∈ Rn. We make a minor change in the way we select candidate pairs of variables. Rather than
requiring that xLP

j > 0, we require that xj is not fixed, i.e., its lower and upper bound at the current
node are not equal.

5.4.1 Instances

All instances are randomly generated as follows. The profit pj and the weight wj for j = 1, . . . , n are
drawn from a discrete uniform distribution on {1, 2, . . . , 10n} and we set b = ⌊

n
i=1 wi/5⌋. The details

of the instances used in training, evaluating, and testing are shown in Table 9.

5.4.2 Training and feature selection

The five features selected for training LRN-SB are as follows:

1.
cj−mink∈[n] ck

maxk∈[n] ck−mink∈[n] ck
(f2).

2. Mean of
Aij

k∈[n] Aik/n
w.r.t i ∈ [m] (f4).
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TS1 n q

Random h1 2000 20

Random h2 3000 20

Random h3 4000 20

TS2 n q

Random i1 2000 10

Random i2 3000 10

VS n q

Random j1 2000 10

Random j2 3000 10

TEST n q

Random k1 2000 20

Random k2 3000 20

Random k3 4000 20

Random k4 5000 20

Random k5 6000 20

Table 9: Details of the instances used in training, validation, and testing.

3. Max of
Aij

k∈[n] Aik/n
w.r.t i ∈ [m] (f6).

4. Up pseudo-cost of xj divided by z (f13).

5. Average of value of xj in the solution to the LP relaxation (so far) (f25).

The five features selected for training LRN-GSB are as follows:

1. Number of times xi∗ and xj appear in the same constraint divided by the number of constraints
(f ′

2).

2. xLP
i∗ + xLP

j − ⌊xLP
i∗ + xLP

j ⌋ (f ′
4).

3. Indicator function {xLP
i∗ +xLP

j >1} (f ′
5).

4.
cj−mink∈[n] ck

maxk∈[n] ck−mink∈[n] ck
(f ′

7).

5. Product of up pseudo-cost of xi∗ and xj divided by z2 (f ′
15).

5.4.3 Results

Even though there is only a single constraint in the 0-1 knapsack problem (which should imply that there
is only a single fractional variable in a solution to the LP relaxation), CPLEX-D, CPLEX-SB, OUR-SB,
RAND, and LRN-SB can still exhibit different behavior because we allow cuts to be added at the root.
However, we have observed that the number of cuts added at the root is very small and so is the number
of fractional variables – usually fewer than five. Therefore, we report “Top 1 accuracy%” instead of “Top
5 accuracy%”.

The results on the instances in the test set can be found in Table 10 and Table 11. We observe,
again, that LRN-SB and LRN-GSB significantly outperform CPLEX-D in terms of both number of nodes
explored and computing time, where LRN-GSB is, again, better than LRN-SB. What is most surprising
is that CPLEX-SB has the worst performance, even in terms of number of nodes explored.
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Name
Number of nodes explored Top 1

CPLEX-D CPLEX-SB OUR-SB LRN-SB LRN-GSB Accuracy

Random k1 33,813 121,798 27,219 25,862 21,056
99.62%

Savings — -260.21% 19.50% 23.51% 37.73%
Random k2 269,145 113,748 37,421 36,372 50,045

99.06%
Savings — 57.74% 86.10% 86.49% 81.41%

Random k3 128,406 153,494 51,736 52,593 55,048
99.39%

savings — -19.54% 59.71% 59.04% 57.13%
Random k4 401,585 151,681 69,477 65,193 34,219

99.46%
savings — 62.23% 82.70% 83.77% 91.48%

Random k5 403,323 441,979 78,708 86,559 45,403
99.57%

savings — -9.58% 80.49% 78.54% 88.74%
Total 1,236,272 982,700 264,561 266,579 205,771

99.42%
Savings — 20.51% 78.60% 78.44% 83.36%

Table 10: Comparison of the number of nodes explored for 0-1 knapsack instances.

Run time (seconds)
Name CPLEX-D CPLEX-SB OUR-SB LRN-SB LRN-GSB

Random k1 13.46 34.96 46.79 19.96 18.07
Savings — -159.73% -247.62% -48.29% -34.25%

Random k2 88.12 47.39 289.44 41.65 51.11
Savings — 46.22% -228.46% 52.73% 42.00%

Random k3 80.64 72.51 463.88 72.74 72.23
Savings — 10.08% -475.25% 9.80% 10.43%

Random k4 248.98 98.73 698.41 112.33 75.78
Savings — 60.35% -180.51% 54.88% 69.56%

Random k5 301.1 303.76 870.23 172.96 115.32
Savings — -0.88% -189.02% 42.56% 61.70%
Total 732.3 557.35 2,368.75 419.64 332.51

Savings — 23.89% -223.47% 42.70% 54.59%

Table 11: Comparison of computing times for 0-1 knapsack instances.

5.5 Observations

The excellent performance of the branching schemes for the three problem classes is enabled by the
selected features – those found to be most useful – in the trained models. For learning SB branching, 11
of the 25 features were selected in at least one of the three problem classes: 4 of the 6 static features, 6
of the 10 dynamic history-free features and 1 of the 9 dynamic history-dependent features.

Four features were selected in more than one problem class. The lower and upper fractional parts of
a variable in the LP solution (f10 and f11), which are widely used, were both selected for set covering
and set packing. Another dynamic history-free feature, newly introduced, was also selected for both set
covering and set packing: the number of times a variable appears in a binding constraint in the current
LP relaxation normalized by the number of such binding constraints (f16). The features selected for 0-1
knapsack problems have little overlap with those selected for set covering and set packing problems (which
may not be surprising as constraint coefficients of 0-1 knapsack instances are general integers whereas
the constraint coefficients of set covering and set packing instances are either 0 or 1). The exception was
the only dynamic history-dependent feature selected: the average value of a variable in all LP relaxation
solutions seen so far in the tree (f25), which is one of the new features we introduce here. This feature
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was selected for both knapsack and set partitioning problems.
In addition to f16 and f25, a further 3 of the features newly introduced in this paper were selected:

f1, f9 and f12. The first of these, f1, is a static feature giving the proportion of constraints a variable
appears in, and was selected for set packing. The only dynamic node-based feature selected, the average
infeasibility of a fractional variable in the current LP solution (f9), was selected for set covering. Another
new dynamic history-free feature, which weights the cost of a variable relative to the minimum over all
variables (normalized by the cost range) by the value of the variable in the current LP solution (f12) was
also selected for set covering.

Interestingly, the features selected in learning GSB-2 for set covering and set partitioning were all
either some combination of fractional parts of variables in the current LP relaxation, or were based on
one of the new features introduced. Specifically, the GSB-2 versions of f12 and f16 were selected for set
covering and the GSB-2 interaction feature based on f1 was selected set packing. This feature was also
selected for 0-1 knapsack problems, as was another interaction feature that we introduced for GSB-2, f ′

5,
which indicates whether the sum of two variables in the current LP solution exceeds 1 or not.

We conclude that the new features proposed have played a useful role and expand the set of features
worth considering in learned models for branching.

5.6 Default Settings

In the computational experiments present in the previous subsections, we have turned off CPLEX prepro-
cessing, CPLEX heuristics, and CPLEX cut generation in nodes other than the root, in order to be able
to “isolate” the effect of the branching strategy. One may argue that provides only limited information
on the value of the proposed learned branching strategies. Therefore, we have rerun all set covering and
set packing instances, but this time with all default settings of CPLEX, except for the branching scheme.
In these experiments, we exclude the 0-1 knapsack instances. CPLEX uses a variety of techniques, e.g.,
preprocessing, primal heuristics, and cut generation, when solving an instance. Among the cuts that
CPLEX generates are lifted 0-1 knapsack covers, which are extremely effective when solving instances
of 0-1 knapsack problems. As a result, even solving very large instances of 0-1 knapsack problems only
leads to very small search trees, which implies that improved branching schemes have little or no benefit.

5.6.1 Set Covering Problem

The results of the computational experiments can be found in Table 12 and 13. We observe that LRN-SB
and LRN-GSB still significantly outperform CPLEX-D, with, on average, a reduction of 52% and 53% in
computing time, respectively. In fact, the improvements could be even greater if the learned strategies
are fully integrated into CPLEX when its internal data structure is accessible.
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Number of nodes explored Top 5
CPLEX-D CPLEX-SB OUR-SB LRN-SB LRN-GSB Accuracy

Random c1 9,238 2,643 5,191 6,272 6,440
65.76%

Savings — 71.39% 43.81% 32.11% 30.29%
Random c2 62,769 17,474 30,884 40,715 40,527

67.07%
savings — 72.16% 50.80% 35.14% 35.43%

Random c3 540,532 126,479 221,347 339,488 297,053
66.76%

Savings — 76.60% 59.05% 37.19% 45.04%
Random c4 5,987,841 1,091,251 1,802,029 2,255,752 2,068,149

66.23%
Savings — 81.78% 69.91% 62.33% 65.46%

OR-LIB b1 473,797 54,144 122,734 210,230 179,626
66.88%

Savings — 88.57% 74.10% 55.63% 62.09%
OR-LIB b2 300,003 67,455 197,604 230,369 132,475

72.86%
Savings — 77.52% 34.13% 23.21% 55.84%
Total 7,374,180 1,359,446 2,379,789 3,082,826 2,724,270

66.84%
Savings — 81.56% 67.73% 58.19% 63.06%

Table 12: Comparison of the number of nodes explored for set covering instances (default CPLEX
settings).

Run time (seconds)
CPLEX-D CPLEX-SB OUR-SB LRN-SB LRN-GSB

Random c1 24.21 43.32 71.55 19.68 20.35
Savings — -78.93% -195.54% 18.71% 15.94%

Random c2 96.3 295.66 433.41 78.66 81.95
Savings — -207.02% -350.06% 18.32% 14.90%

Random c3 772.68 2,611.14 3,846.96 580.91 561.94
Savings — -237.93% -397.87% 24.82% 27.27%

Random c4 10,841.31 31,735.29 39,472.03 4,747.77 4,768.34
Savings — -192.73% -264.09% 56.21% 56.02%

OR-LIB b1 636.05 1,162.46 2,270.96 355.49 337.84
Savings — -82.76% -257.04% 44.11% 46.88%

OR-LIB b2 388.75 1,384.31 3,286.55 334.5 224.93
Savings — -256.09% -745.41% 13.95% 42.14%
Total 12,759.3 37,232.18 49,381.46 6,117.01 5,995.35

Savings — -191.80% -287.02% 52.06% 53.01%

Table 13: Comparison of computing times for set covering instances (default CPLEX settings).

5.6.2 Set Packing Problems

The results of the computational experiments can be found in Table 14 and 15. As with the set covering
instances, LRN-SB and LRN-GSB still significantly outperform CPLEX-D, with, on average, a reduction
of 26% and 24% in computing time, respectively.
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Number of nodes explored Top 5
CPLEX-D CPLEX-SB OUR-SB LRN-SB LRN-GSB Accuracy

Random g1 26,189 4,654 11,070 15,937 15,299
57.24%

Savings — 82.23% 57.73% 39.15% 41.58%
Random g2 151,127 39,372 62,337 79,206 78,037

67.53%
Savings — 73.95% 58.75% 47.59% 48.36%

Random g3 213,988 56,722 84,836 94,442 96,379
77.43%

Savings — 73.49% 60.35% 55.87% 54.96%
Random g4 328,638 76,617 138,657 145,188 147,282

81.77%
Savings — 76.69% 57.81% 55.82% 55.18%

Random g5 315,255 77,508 138,175 143,052 142,063
83.91%

Savings — 75.41% 56.17% 54.62% 54.94%
Total 1,035,197 254,873 435,075 477,825 479,060

73.58%
Savings — 75.38% 57.97% 53.84% 53.72%

Table 14: Comparison of number of nodes explored for set packing instances (default CPLEX
settings).

Run time (seconds)
Name CPLEX-D CPLEX-SB OUR-SB LRN-SB LRN-GSB

Random g1 28.11 61.58 118.58 20.6 21.77
savings — -119.07% -321.84% 26.72% 22.55%

Random g2 244.17 778.98 1,322.18 167.79 176.02
savings — -219.03% -441.50% 31.28% 27.91%

Random g3 674.14 1,879.89 3,731.11 503.74 518.55
savings — -178.86% -453.46% 25.28% 23.08%

Random g4 1,312.1 3,645.31 9,613.23 985.79 1,004.31
savings — -177.82% -632.66% 24.87% 23.46%

Random g5 2,284.04 5,989.27 17,901.58 1,704.14 1,737.75
savings — -162.22% -683.77% 25.39% 23.92%
Total 4,542.56 12,355.03 32,686.68 3,382.06 3,458.4

Savings — -171.98% -619.57% 25.55% 23.87%

Table 15: Comparison of computing time for set packing instances (default CPLEX settings).

6 Final Remarks

We have shown that complex branching strategies, specifically, strong branching and generalized strong
branching, can be implemented efficiently by incorporating a model that mimics their behavior and is
learned offline. The resulting performance, on specific classes of integer programs, is not only competi-
tive with the branching strategies found in a state-of-the-art commercial solver, they outperform these
branching strategies significantly (even given the disadvantages of having to implement these branching
strategies using callback functions and not having access to customized internal data structures). Equally
important is the fact that the learned models are robust in the sense that even though they are trained
on only small (easy) instances, the trained models are able to solve large (difficult) instances effectively
and efficiently.

Using the ML approach presented in this paper to develop a model that selects branching variable
sets of cardinality larger than two becomes too time-consuming. New ideas will be needed to be able
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to limit the number of variable sets considered, and to do the learning more efficiently. As branching
on larger sets of variables has the potential to reduce the size of the search tree even more, this is an
interesting direction for future research.
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