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Abstract. This paper deals with a general framework for inexact forward–backward algorithms aimed at
minimizing the sum of an analytic function and a lower semicontinuous, subanalytic, convex term. Such framework
relies on an implementable inexactness condition for the computation of the proximal operator, and a linesearch
procedure which is possibly performed whenever a variable metric is allowed into the forward–backward step. The
main focus of the work is the convergence of the considered scheme without additional convexity assumptions on
the objective function. Toward this aim, we employ the recent concept of forward–backward envelope to define a
continuously differentiable surrogate function, which coincides with the objective at its stationary points, and satisfies
the so-called Kurdyka– Lojasiewicz (KL) property on its domain. We adapt the abstract convergence scheme usually
exploited in the KL framework to our inexact forward–backward scheme, and prove the convergence of the iterates
to a stationary point of the problem, as well as the convergence rates for the function values. Finally, we show the
effectiveness and the flexibility of the proposed framework on a large-scale image restoration test problem.
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1. Introduction. Several tasks in image processing, machine learning and statistical infer-
ence, require solving an optimization problem of the form

(1.1) argmin
x∈Rn

f(x) ≡ f0(x) + f1(x)

where f0 : Rn → R is continuously differentiable on an open set Ω ⊆ Rn and f1 : Rn → R̄ is proper,
convex and lower semicontinuous. Typical examples of applications encompassed by (1.1) include
image deblurring and denoising [9], image inpainting [39], image blind deconvolution [4, 16, 41],
compressed sensing [42] and probability density estimation [29].
The forward–backward (FB) algorithm is one of the most exploited tools to tackle problem (1.1),
thanks to its simple implementation and low computational cost per iteration [23, 24]. Such tech-
nique consists in iteratively alternating a gradient step on the differentiable part f0 to a proximal
step on the convex part f1, possibly followed by a linesearch procedure in order to ensure some
sufficient decrease condition on the objective function. In other words, the FB scheme writes as

(1.2)

{
y(k) = proxDkαkf1(x(k) − αkD−1

k ∇f0(x(k)))

x(k+1) = x(k) + λk(y(k) − x(k))

where αk > 0 is a steplength parameter, Dk ∈ Rn×n is a symmetric positive definite matrix,
λk ∈ (0, 1] is a linesearch parameter and proxDαf1 denotes the proximal operator of f1 in the metric
induced by α and D, namely

proxDαf1(x) = argmin
z∈Rn

1

2α
‖z − x‖2D + f1(z).
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Despite its simplicity, the FB scheme presented in (1.2) is applicable only to problems in which the
proximal operator of f1 is explicitly computable by means of an analytical formula. This leads to
exclude many concrete applications, such as total variation based image restoration [45] or, more
generally, structured sparsity based regularization in inverse problems and machine learning [5], in
which a closed-form solution for the proximal operator of f1 is not available. The usual remedy
to this limitation consists in approximating the proximal–gradient point by means of an inner
numerical routine, which is run at each outer iteration and ultimately stopped when the inner iterate
is sufficiently close to the exact proximal evaluation. An alternative approach to circumvent the
inexact computation of the proximal–gradient operator consists in reformulating (1.1) as a convex-
concave saddle point problem and then address it by means of primal–dual schemes [20, 21, 38],
which have proved to be effective and competitive tools in comparison with inexact FB methods.
Several recent works have proposed novel inexact FB approaches suited for convex minimization
problems. In [46], the authors study an inexact version of the FB scheme (1.2) whose parameters
are selected as αk ≡ 1

L , D ≡ I and λk ≡ 1, where L is the Lipschitz constant of the gradient
∇f0 and I is the identity matrix. Under the hypothesis that both f0 and f1 are convex and the
precision of the proximal computations increases at a certain rate, an O( 1

k ) sublinear convergence
rate result is provided for the function values, which is improved to O( 1

k2 ) for an inertial variant of
the algorithm. By further assuming that f0 is strongly convex, linear convergence is obtained for
both variants of the proposed approach. In [49], an inertial inexact FB algorithm based on the so-
called Nesterov’s estimate minimizing sequences is treated, proving similar convergence rate results
to those obtained in [46]. The authors in [14] propose the so-called variable metric inexact linesearch
based algorithm (VMILA), whose main features are the variable selection of the parameters αk and
Dk in compact sets, the performance of a linesearch procedure along the feasible direction and the
inexact computation of the proximal operator. The convergence of the VMILA iterates towards
a solution of (1.1) is proved in the convex case without any Lipschitz hypothesis on ∇f0, by
only requiring that Dk converges to the identity matrix at a certain rate [14, Theorems 3.3–3.4].
Sublinear and linear rates for the function values are obtained by assuming Lipschitz continuity
and possibly strong convexity of the objective function [14, Theorem 3.5], [35, Theorem 1].
Convergence of inexact FB algorithms without convexity assumptions on the data fidelity term f0

is also crucial, since f0 may fail to be convex in several practical contexts, such as when the data
acquisition model is nonlinear [4,8,32,43], the noise corrupting the data is impulsive [47] or signal-
dependent [22]. In this setting, one may replace convexity with the assumption that the objective
function satisfies the Kurdyka– Lojasiewicz (KL) inequality at each point of its domain [11, 37].
Such analytical property guarantees the convergence to a stationary point of any iterates sequence
satisfying a sufficient decrease condition on the function values and a relative error condition on the
subdifferential of the objective function [3]. FB algorithms with exact proximal evaluations [3,13,15]
and inexact FB schemes with errors on the gradient step [27] easily comply with both conditions;
however, to the best of our knowledge, the convergence of inexact FB scheme with errors in the
proximal step has not been framed yet into the KL framework. This might be due to the fact that
the relative error condition requires information on the exact subdifferential at the current iterate,
whereas the inexact methods studied in [14, 46, 49] implicitly employ the notion of approximate
subdifferential. As a result, the desired relative error condition holds for the gradient of f0 plus an
approximate subgradient of the convex part f1 [15, Lemma 3], which struggles with the fact that
the KL property is inherently related to the exact subdifferential of the objective function.
The aim of this paper is to study the convergence of a general inexact FB scheme in the absence
of convexity for the term f0. The proposed scheme introduces an error into the computation of the
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proximal operator, in the spirit of the methods treated in [14,15,46,49], and allows the combination
between a variable metric in the FB step and a linesearch procedure along the descent direction.
Two alternative settings will be considered: we either neglect the variable metric and choose the
tolerance parameters for the proximal operator as a sequence converging to zero sufficiently fast,
or adopt a variable metric and select the tolerance in an adaptive manner. In the first case, the
method reduces to the inexact FB algorithm proposed in [46], whereas in the second one we get
a variant of the VMILA method [14, 15], equipped with a slightly more severe stopping criterion
for the proximal evaluation. Under the assumption that f0 and f1 are analytic and subanalytic
respectively, we prove the convergence of the iterates sequence to a stationary point, as well as the
expected convergence rates for the function values, by building an appropriate surrogate function
for problem (1.1) which exploits the so-called forward–backward envelope [48]. Such surrogate
function satisfies the KL property, coincides with f at each stationary point and, notably, complies
with the relative error condition required in the KL framework. Our convergence analysis is then
complemented with a numerical illustration on image deblurring with Cauchy noise [47], where we
show the efficiency of our method equipped with a variable metric and compare its performance
with a more standard implementation of it.
The paper is organized as follows. In section 2, we recall some standard results from convex and
nonconvex analysis, as well as introduce the KL framework and the notion of forward–backward
envelope. In section 3, we present the algorithm and provide the related convergence analysis.
Section 4 features the numerical experience on a large-scale image restoration problem. Finally, the
conclusions and future work are provided in section 5.

2. Problem description and preliminaries.

2.1. Notations. The symbol R̄ = R ∪ {−∞,+∞} denotes the extended real numbers set.
We denote with Rn×n the set of n × n real-valued matrices, I ∈ Rn×n the identity matrix and
S++(Rn) ⊆ Rn×n the set of symmetric positive definite matrices. Given D ∈ S++(Rn), the norm

induced by D is given by ‖x‖D :=
√
xTDx for all x ∈ Rn. For all µ ≥ 1, we denote with

Mµ ⊆ S++(Rn) the set of all symmetric positive definite matrices with eigenvalues contained in
the interval [ 1

µ , µ]. Recall that, for any D ∈ Mµ, we have D−1 ∈ Mµ and the following basic
inequalities hold:

(2.1)
1

µ
‖x‖2 ≤ ‖x‖2D ≤ µ‖x‖2, ∀ x ∈ Rn.

The domain of f : Rn → R̄ is the set dom(f) = {x ∈ Rn : f(x) < +∞} and f is proper if
dom(f) 6= ∅ and f is finite on dom(f). Given −∞ < υ1 < υ2 ≤ +∞, we denote with [υ1 <
f < υ2] := {z ∈ Rn : υ1 < f(z) < υ2} the sublevel set of f at levels υ1 and υ2. The symbol
B(x̄, δ) = {x ∈ Rn : ‖x − x̄‖ ≤ δ} denotes the ball of center x̄ ∈ Rn and radius δ > 0. Finally,
given z ∈ Rn and Ω ⊆ Rn, the distance between z and Ω is defined as dist(z,Ω) = inf

x∈Ω
‖x− z‖.

2.2. Problem description. In this paper we are interested in solving the optimization prob-
lem

(2.2) argmin
x∈Rn

f(x) ≡ f0(x) + f1(x) ,

under the following blanket assumptions:

Assumption 1.
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(i) f0 : Rn → R is continuously differentiable on an open set Ω ⊇ dom(f1) with L−Lipschitz
continuous gradient on dom(f1), i.e.

‖∇f0(x)−∇f0(y)‖ ≤ L‖x− y‖, ∀ x, y ∈ dom(f1);

(ii) f1 : Rn → R̄ is proper, convex and lower semicontinuous;
(iii) f = f0 + f1 is bounded from below.

Assumption 1 is quite standard in the framework of forward–backward methods. In order to
carry out our convergence analysis, however, we will need some more regularity on both f0 and f1.
On one hand, we require f0 to be analytic and, on the other hand, f1 to be subanalytic. While the
concept of analytic function is standard, subanalyticity might be less known to the reader and, for
that reason, we report its definition below.

Definition 1. [11, Definition 2.1] A subset A ⊆ Rn is called subanalytic if each point of A
admits a neighborhood V and m ≥ 1 such that A ∩ V = {x ∈ Rn : ∃ y ∈ Rm, (x, y) ∈ B}, where
B is bounded and

B =

p⋃
i=1

q⋂
j=1

{v ∈ Rn × Rm : gij(v) = 0, hij(v) < 0}

where the functions gij, hij : Rn × Rm → R are real analytic for all 1 ≤ i ≤ p, 1 ≤ j ≤ q.
A function f : Rn → R̄ is called subanalytic if its graph is a subanalytic subset of Rn × R.

As a fundamental example, the class of semi-algebraic functions, i.e. functions whose graph can
be expressed as finite unions and intersections of polynomial equalities and inequalities, satisfies
Definition 1 [11]: consequently, finite sums, products and compositions of p−norms and indicator
functions of semi-algebraic sets, which typically play the role of the function f1 in image and signal
processing, are subanalytic [13].
We now state the additional assumptions on the involved functions. As some of the results reported
in the upcoming sections will require only twice differentiability of f0 in place of its analyticity,
we distinguish between two separate assumption environments, with the second one being more
restrictive than the first one.

Assumption 2.
(i) f0 : Rn → R is twice continuously differentiable on Ω.

Assumption 3.
(i) f0 : Rn → R is real analytic on Ω;

(ii) f1 : Rn → R̄ is subanalytic and bounded from below.

2.3. Basic results from variational analysis. In the following, we report some basic no-
tions arising from convex and nonconvex analysis. Let us begin with the definition of limiting
subdifferential of a function.

Definition 2. [44, Definition 8.3] Let Ψ : Rn → R̄ and z ∈ dom(Ψ). The Fréchet subdiffer-
ential of Ψ at z is defined as the set

∂̂Ψ(z) =

{
w ∈ Rn : lim inf

u→z,u 6=z

Ψ(u)−Ψ(z)− (u− z)Tw
‖u− z‖

≥ 0

}
.

The limiting subdifferential of Ψ at z is the set

∂Ψ(z) = {w ∈ Rn : ∃ z(k) → z, Ψ(z(k))→ Ψ(z), w(k) ∈ ∂̂Ψ(z(k))→ w as k →∞}.
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When the function of interest has a nice structure, the limiting subdifferential is easy to com-
pute. For instance, this is the case of convex functions and the sums of differentiable functions plus
convex terms, as stated in the following lemma.

Lemma 1. [44, Proposition 8.12, Exercise 8.8(c)] Let Ψ : Rn → R̄ be a proper function and
z ∈ dom(Ψ). The following properties hold:

(i) if Ψ is convex, then ∂Ψ(z) = ∂̂Ψ(z) = {w ∈ Rn : Ψ(u) ≥ Ψ(z) + (u− z)Tw ∀u ∈ Rn};
(ii) if Ψ = f0 + f1 with f0, f1 satisfying Assumption 1, then ∂Ψ(z) = ∇f0(z) + ∂f1(z).

Remark 1. Let Ψ : Rn → R̄ be a proper function. Then
(i) if z ∈ Rn is a local minimum point of Ψ, then 0 ∈ ∂Ψ(z) [3, p. 96];

(ii) a point z ∈ Rn is said to be stationary (or critical) for Ψ if 0 ∈ ∂Ψ(z).

It is useful to recall the definition of ε−subdifferential of a convex function which, for ε = 0,
reduces to the standard Fenchel subdifferential.

Definition 3. [51, p. 82] Let Ψ : Rn → R̄ be a proper, convex function. Given ε ≥ 0, the
ε-subdifferential of Ψ at a point z ∈ Rn is the set

(2.3) ∂εΨ(z) = {w ∈ Rn : Ψ(u) ≥ Ψ(z) + (u− z)Tw − ε ∀u ∈ Rn}.

In the following theorem, we introduce the concept of Moreau envelope of a convex function
Ψ and we enlist some of its favourable properties: it is convex, continuously differentiable and its
gradient can be computed by evaluating the proximal operator of Ψ; furthermore, it minorizes Ψ
and has its same minimizers, i.e. the Moreau envelope represents an exact penalty function for the
problem of minimizing Ψ.

Theorem 1. [30, p. 314, p.348] Let Ψ : Rn → R̄ be a proper, lower semicontinuous, convex
function, α > 0, D ∈ S++(Rn) and Ψα,D : Rn → R the Moreau envelope of Ψ in the metric induced
by α and D, i.e.

(2.4) Ψα,D(x) = min
z∈Rn

1

2α
‖z − x‖2D + Ψ(z), ∀ x ∈ Rn.

Then the following properties hold:
(i) Ψα,D(x) ≤ Ψ(x), ∀ x ∈ Rn;

(ii) Ψα,D is convex, continuously differentiable with ∇Ψα,D(x) = 1
αD

(
x− proxDαΨ(x)

)
;

(iii) argmin
x∈Rn

Ψ(x) = argmin
x∈Rn

Ψα,D(x).

2.4. The Kurdyka– Lojasiewicz property. The Kurdyka– Lojasiewicz (KL) property [2, 3,
11] has been widely employed in the nonconvex setting to prove convergence of the iterates generated
by first–order descent methods to stationary points, as well as guarantee convergence rates for both
the function values and the iterates.

Definition 4. [13, Definition 3] Let Ψ : Rn −→ R̄ be a proper, lower semicontinuous function.
The function Ψ is said to have the KL property at z̄ ∈ dom(∂Ψ) if there exist υ ∈ (0,+∞], a
neighborhood U of z̄ and a continuous concave function φ : [0, υ) −→ [0,+∞) with φ(0) = 0,
φ ∈ C1(0, υ), φ′(s) > 0 for all s ∈ (0, υ), such that

φ′(Ψ(z)−Ψ(z̄))dist(0, ∂Ψ(z)) ≥ 1, ∀ z ∈ U ∩ [Ψ(z̄) < Ψ < Ψ(z̄) + υ].

If Ψ satisfies the KL property at each point of dom(∂Ψ), then Ψ is called a KL function.
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Several convex and nonconvex functions arising in signal processing satisfy the KL property,
such as real analytic functions [37], lower semicontinuous convex subanalytic functions [11, Theorem
3.3] and strongly convex functions [13, Example 6]. Since the sum of a real analytic and a subanalytic
function is still subanalytic [50, p. 1769], it follows that also the composite objective function (2.2),
under Assumption 3, satisfies the KL property.
For our purposes, it will be convenient to make use of the following adjustment of the KL property,
which goes under the name of uniformized KL property and has been formerly exploited in [13] to
simplify the proof of convergence of the PALM algorithm under the KL assumption.

Lemma 2. [13, Lemma 6] Let Ψ : Rn → R̄ be a proper, lower semicontinuous function and
X ⊆ Rn a compact set. Suppose Ψ satisfies the KL property at each point of X and that Ψ is
constant on X, i.e. Ψ(x̄) = Ψ̄ < ∞ for all x̄ ∈ X. Then there exist ρ > 0, υ > 0 and φ as in
Definition 4 such that, if we define the set

(2.5) B̄ = {z ∈ Rn : dist(z,X) < ρ} ∩ [Ψ̄ < Ψ < Ψ̄ + υ]

then we have

(2.6) φ′(Ψ(z)−Ψ(x̄)) dist(0, ∂Ψ(z)) ≥ 1, ∀ x̄ ∈ X, ∀ z ∈ B̄.

2.5. The forward–backward envelope. As explained in [48], when a function f is noncon-
vex, but can be splitted into the sum of a differentiable part and a convex term, one can still define
a generalized tool which works as the nonconvex counterpart of the Moreau envelope, namely, the
forward–backward (FB) envelope [48, Definition 2.1]. Here we recall its definition with respect to
the norm induced by a symmetric positive definite matrix.

Definition 5. Let f : Rn → R̄ satisfy Assumption 1, α > 0, D ∈ S++(Rn) and x ∈ dom(f1).
The forward–backward envelope of f in the metric induced by α and D is

(2.7) fα,D(x) = min
z∈Rn

f0(x) +∇f0(x)T (z − x) +
1

2α
‖z − x‖2D + f1(z).

Furthermore, the metric function associated to f with parameters α and D is given by

(2.8) hα,D(z, x) := ∇f0(x)T (z − x) +
1

2α
‖z − x‖2D + f1(z)− f1(x).

Finally, the forward–backward operator of f with parameters α and D is defined as

(2.9) pα,D(x) = argmin
z∈Rn

hα,D(z, x) = proxDαf1(x− αD−1∇f0(x)).

Remark 2. Since the minimum value of the metric function hα,D(·, x) is attained at pα,D(x),
it follows that

(2.10) fα,D(x) = f(x) + hα,D(pα,D(x), x).

Simple algebraic computations show that (2.7) is also equivalent to

(2.11) fα,D(x) = f0(x)− α

2
‖∇f0(x)‖2D−1 + fα,D1 (x− αD−1∇f0(x))

where fα,D1 is the Moreau envelope of f1 in the metric induced by α and D.
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The following theorem, which is proved in [48, Theorem 2.6] for any vectorial norm induced
by an inner product over Rn, is the counterpart of Theorem 1 for the FB envelope, even if some
differences must be highlighted. Similarly to the Moreau envelope, the function fα,D minorizes f ,
it is continuously differentiable and evaluating its gradient amounts to computing the FB operator
of f (in place of the proximal operator, which was involved in the gradient of the Moreau envelope);
however, it is not guaranteed to be convex and, even though each stationary point of f is also
stationary for fα,D, the converse is generally not true.

Theorem 2. Let f : Rn → R̄ satisfy Assumption 1, α > 0 and D ∈ S++(Rn). Then
(i) fα,D is a lower bound for f , i.e.

(2.12) fα,D(x) ≤ f(x), ∀ x ∈ dom(f1).

If f also satisfies Assumption 2, then
(ii) fα,D is continuously differentiable on dom(f1) and

(2.13) ∇fα,D(x) =
1

α

(
I − αD−1∇2f0(x)

)
D (x− pα,D(x)) , ∀ x ∈ dom(f1);

(iii) for all x̄ ∈ dom(f1), we have

0 ∈ ∂f(x̄) ⇒

{
∇fα,D(x̄) = 0

fα,D(x̄) = f(x̄)
.

Proof. The result is an application of [48, Theorem 2.6] to the special case where the norm
induced by the matrix D is adopted. For the sake of completeness, we report its proof below.
(i) The thesis follows from (2.10) combined with hα,D(pα,D(x), x) ≤ hα,D(x, x) = 0.
(ii) The first part of the thesis follows from equation (2.11), Theorem 1, and the fact that f0 is
twice continuously differentiable. Starting from (2.11), we can write

∇fα,D(x) = ∇f0(x)− αD−1∇2f0(x)∇f0(x) +
1

α

(
I − αD−1∇2f0(x)

)
D
(
x− αD−1∇f0(x)− pα,D(x)

)
=
(
I − αD−1∇2f0(x)

)(
∇f0(x)−∇f0(x) +

1

α
D(x− pα,D(x))

)
which proves the second part of the thesis.
(iii) As proved in [14, Proposition 2.3], the following equivalences hold

(2.14) 0 ∈ ∂f(x̄) ⇔ x̄ = pα,D(x̄) ⇔ hα,D(pα,D(x̄), x̄) = 0.

Then the thesis follows from equations (2.13) and (2.10).

The recent work [36] has focused on deriving conditions on f under which fα,D is a KL function.
Remarkably, as shown in [36, Theorem 3.2], we can prove that fα,D satisfies the KL property on all
Rn by additionally assuming that Assumption 3 holds, namely if f0 is analytic and f1 subanalytic.

Theorem 3. Suppose that f : Rn → R satisfies Assumptions 1 and 3. For all α > 0 and
D ∈ S++(Rn), the following statements hold:

(i) fα,D is subanalytic;
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(ii) for all x̄ ∈ dom(f1), there exist θ ∈ (0, 1), c, δ > 0 such that

(2.15) c|fα,D(x)− fα,D(x̄)|θ ≤ ‖∇fα,D(x)‖

for all x ∈ Rn such that ‖x − x̄‖ ≤ δ. In particular, fα,D satisfies the KL property at x̄
with φ(t) = 1

c t
1−θ, υ = +∞ and U = B(x̄, δ).

Proof. (i) The function f0(·) − α
2 ‖∇f0(·)‖2D−1 is clearly analytic on Ω by Assumption 3, and

thus subanalytic. Furthermore, fα,D1 is the Moreau envelope of a function satisfying Assumption
1(ii)-3(ii), hence it is subanalytic and continuous [11, Proposition 2.9]. Since the composition of two

continuous subanalytic functions is subanalytic [25, p. 597], it follows that fα,D1 (·−αD−1∇f0(·)) is
subanalytic. Finally, since the sum of continuous subanalytic functions is subanalytic [25, p. 597],
we deduce, from (2.11), that fα,D is subanalytic.

(ii) Since fα,D is subanalytic with closed domain dom(fα,D) = dom(f1) and continuous therein, we
can apply the result in [11, Theorem 3.1].

We now prove a key inequality for the FB envelope evaluated at (possibly inexact) FB points.
To this aim, we introduce the concept of ε−approximation, which has been extensively used in
many works concerning inexact first order methods [14,15,17,46,49].

Definition 6. Let f : Rn → R̄ be as in Assumption 1, α > 0, D ∈ S++(Rn), ε ≥ 0, x ∈
dom(f1) and set y = pα,D(x). A point ỹ is an ε−approximation of y if

(2.16) hα,D(ỹ, x)− hα,D(y, x) ≤ ε.

The parameter ε controls the distance of the approximation from x and y, as claimed below.

Theorem 4. Let f : Rn → R̄ satisfy Assumption 1, α > 0, µ ≥ 1, D ∈ Mµ, ε ≥ 0 and
x ∈ dom(f1). Let ỹ be an ε−approximation of y = pα,D(x). Then, we have

(i) ‖ỹ − y‖2 ≤ 2αµε;
(ii) 1

4αµ‖ỹ − x‖
2 ≤ 2ε− hα,D(ỹ, x).

Proof. (i) See [14, Lemma 3.2].
(ii) This part can be proved by relying on similar arguments to those employed in [15, Lemma 3,
Equation (A.1)].

We now present the promised inequality, which can be considered as an extension of [48,
Proposition 2.2(ii)] to the case where an ε−approximation of the FB operator is introduced.

Theorem 5. Let f : Rn → R̄ satisfy Assumption 1, α > 0, D ∈ S++(Rn), ε ≥ 0 and x ∈
dom(f1). Let ỹ be an ε−approximation of y = pα,D(x). Then, we have

(2.17) f(ỹ) +
1

2α
‖ỹ − x‖2D ≤ fα,D(x) +

L

2
‖ỹ − x‖2 + ε.

Proof. Applying (2.10), Definition 6 and the descent lemma on f0 [3, Lemma 3.1], we can write

fα,D(x) = f(x) + hα,D(y, x)

≥ f(x) + hα,D(ỹ, x)− ε

= f0(x) + f1(x) +∇f0(x)T (ỹ − x) +
1

2α
‖ỹ − x‖2D + f1(ỹ)− f1(x)− ε

≥ f0(ỹ)− L

2
‖ỹ − x‖2 +

1

2α
‖ỹ − x‖2D + f1(ỹ)− ε

from which the thesis follows.
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3. Algorithm and convergence analysis.

3.1. Description of the algorithm. We now present the inexact FB scheme of interest,
which is reported in Algorithm 3.1.

Algorithm 3.1 Variable Metric Inexact Line–search based Algorithm (VMILA)

Choose 0 < αmin ≤ αmax, µ ≥ 1, δ, β ∈ (0, 1), x(0) ∈ dom(f1).
For k = 0, 1, 2, ...
Step 1 Choose αk ∈ [αmin, αmax] and Dk ∈Mµ.
Step 2 Set y(k) = pαk,Dk(x(k)) and compute ỹ(k) such that

hαk,Dk(ỹ(k), x(k)) < 0(3.1)

hαk,Dk(ỹ(k), x(k))− hαk,Dk(y(k), x(k)) ≤ εk.(3.2)

Step 3 Set d(k) = ỹ(k) − x(k).
Step 4 Compute the smallest nonnegative integer ik such that

(3.3) f(x(k) + δikd(k)) ≤ f(x(k)) + βδikhαk,Dk(ỹ(k), x(k))

and set λk = δik .
Step 5 Compute the new point as

(3.4) x(k+1) =

{
ỹ(k) if f(ỹ(k)) < f(x(k) + λkd

(k))

x(k) + λkd
(k) otherwise.

At each iteration of Algorithm 3.1, the following steps are performed:
• Step 1: the steplength αk ∈ [αmin, αmax] and the scaling matrix Dk ∈ Mµ defining

the variable metric are selected according to some adaptive rule chosen by the user; for
instance, the Barzilai–Borwein rules and their several variants [6,28,40] could be used for the
steplength, whereas the split-gradient [33] or the majorization–minimization techniques [22]
are commonly adopted strategies for the scaling matrix;

• Step 2: an inexact proximal–gradient point ỹ(k) is computed by means of (3.1)-(3.2), the
first condition ensuring that the vector d(k) = ỹ(k) − x(k) is a descent direction and the
second one imposing that ỹ(k) approximates the exact point y(k) with εk−precision; note
that, since y(k) satisfies hαk,Dk(y(k), x(k)) ≤ hαk,Dk(x(k), x(k)) = 0 with the equality holding
if and only if y(k) = x(k), it follows that there always exists a point satisfying (3.1) except
when x(k) is stationary [14, Proposition 2.3];

• Step 3-Step 4: a linesearch along the descent direction d(k) is performed with the aim of
producing a sufficient descent for the objective function; note that condition (3.1) guaran-
tees that the linesearch is well-defined, i.e. it terminates in a finite number of steps [14,
Proposition 3.1];

• Step 5: the new point is either ỹ(k) or the convex combination x(k) + λkd
(k), depending

on where the objective function retains the lowest value.
Algorithm 3.1 allows to choose the parameters αk and Dk in a free manner, provided that they

belong to compact sets. Nonetheless, we remark that the error parameter εk has to converge to
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zero at a certain rate and/or to be computed in a very specific manner, in order to ensure the
convergence of the iterates to a stationary point. More in detail, we study Algorithm 3.1 under
two different settings: either we discard the variable metric and choose the error parameters εk as
any non-negative sequence converging to zero at a certain rate, or we keep the variable metric and
select the errors εk according to a specific adaptive criterion. These two alternative assumptions
are summarized below.

Assumption 4. Either of the following assumptions holds.
(i) Given αmin = αmax = α ∈ (0, 1

L ) and µ = 1, choose

(3.5) αk ≡ α, Dk ≡ I,
∞∑
k=1

√
εk <∞.

(ii) There exists a sequence {τk}k∈N ⊆ R such that

(3.6) εk = −τk
2
hαk,Dk(ỹ(k), x(k)), τk ≥ 0,

∞∑
k=1

√
τk <∞.

Under Assumption 4(i), Algorithm 3.1 reduces to the inexact forward–backward method without
linesearch presented in [46], except for condition (3.1), which here is needed to guarantee the
sufficient decrease of the objective function. Indeed in this case, by combining the descent lemma
with α ∈ (0, 1

L ), we get

f0(ỹ(k)) < f0(x(k)) +∇f0(x(k))T (ỹ(k) − x(k)) +
1

2α
‖ỹ(k) − x(k)‖2.

Summing f1(ỹ(k)) to both members yields

f(ỹ(k)) < f(x(k)) +∇f0(x(k))T (ỹ(k) − x(k)) +
1

2α
‖ỹ(k) − x(k)‖2 + f1(ỹ(k))− f1(x(k))

= f(x(k)) + hα,I(ỹ
(k), x(k))

< f(x(k)) + βhα,I(ỹ
(k), x(k))(3.7)

where inequality (3.7) follows from condition (3.1). This tells us that the linesearch at Step 4 is
automatically satisfied with λk = 1 for all k ∈ N and therefore x(k+1) = ỹ(k).
When Assumption 4(ii) holds, Algorithm 3.1 can be considered as a variant of the Variable Metric
Inexact Line–search based Algorithm (VMILA), which has been formerly introduced in [14,15], fur-
ther treated in [35] and recently extended to block coordinate problems in [16]. The only difference
with VMILA can be seen in condition (3.6), since here the parameter τk is variable and vanishing
at a certain rate, whereas in [14,15] the factor τk is constant with respect to the iteration number.
Furthermore, the inexactness condition (3.2) combined with (3.6) can be rewritten as

(3.8) hαk,Dk(ỹ(k), x(k)) ≤
(

2

2 + τk

)
hαk,Dk(y(k), x(k))

which means that ỹ(k) approximates the exact proximal–gradient point y(k) up to a variable 2/(2 +
τk) multiplicative constant. The inexactness criterion (3.8) has been formerly employed in [10] in the
context of inexact gradient projection methods and recently extended to proximal–gradient methods
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in [14, 15, 35] under the name of η−approximation. Unlike in these works, here the parameter
η = 2/(2 + τk) defining the η−approximation in (3.8) is variable and converging to 1. Note also
that (3.8) implies the negative sign of hαk,Dk(ỹ(k), x(k)), thus making condition (3.1) automatically
satisfied.

3.2. Limitations of the KL framework. In the following, we will be concerned with filling
the gap in the convergence analysis of Algorithm 3.1 under the KL assumption, by proving the
convergence of the iterates and the related rates when the proximal operator is computed inexactly.
We remark that, to the best of our knowledge, the convergence of the iterates to a stationary point
and the corresponding rates for Algorithm 3.1 under the KL assumption have been proved only
when the proximal operator is computed exactly, i.e. when εk ≡ 0. Indeed, the results available
in [15, Theorems 1–3] under Assumption 4(ii) (with τk ≡ τ) are obtained by imposing a relative
error condition on the subdifferential of f at point x(k+1) which is unlikely to hold in general, unless
one requires εk ≡ 0 (see equation (3.10) and the upcoming discussion); the only results available
under Assumption 4(i) are also given with exact proximal evaluations [3, Section 5.1].
Proving convergence for Algorithm 3.1 will require a modification of the standard abstract con-
vergence scheme usually adopted in the KL framework, according to which a general sequence
{x(k)}k∈N is assumed to satisfy the following properties [3, 27]:

(i) there exists a > 0 such that

(3.9) f(x(k))− f(x(k+1)) ≥ a‖x(k+1) − x(k)‖2, ∀ k ∈ N;

(ii) there exist b > 0, {ζk}k∈N with ζk ≥ 0,
∞∑
i=1

ζk <∞ and v(k) ∈ ∂f(x(k+1)) such that

(3.10) ‖v(k)‖ ≤ b‖x(k+1) − x(k)‖+ ζk, ∀ k ∈ N;

(iii) there exists K ⊆ N and x̄ such that

(3.11) lim
k∈K

x(k) = x̄, lim
k∈K

f(x(k)) = f(x̄),

being (3.9) a sufficient decrease condition of the function values, (3.10) a relative error condition,
due to the minimization subproblem that one is required to solve at each iteration of most first-
order methods, and (3.11) a continuity condition, which is naturally ensured by many algorithms
under the assumption that f is lower semicontinuous. We claim that the abstract model (3.9)-(3.11)
may be unfit for Algorithm 3.1: indeed, while conditions (3.9) and (3.11) easily follow from the
properties of the algorithm, condition (3.10) might not be necessarily true when the inexactness
criterion (3.2) is adopted. We support this claim by providing a counterexample.

Example 1. Let f0(x) = 1
2 (x− 1)

2
, f1(x) = |x| and f(x) = f0(x) + f1(x) for all x ∈ R. The

metric function associated to f with parameters α = 1
2 and D = I can be written as

(3.12) hα,I(y, x) =

{
y(y − x), x, y ≥ 0

(y − 2)(y − x), x, y ≤ 0.

Choose p > 2 and let {x(k)}k∈N be the sequence defined as follows

x(k) = − 1

kp
, k ≥ 1.
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Note that the sequence converges to the unique minimum point x̄ = prox|·|(1) = 0. Furthermore

pα,I(x
(k)) = prox 1

2 |·|

(
1

2
x(k) +

1

2

)
= 0

where the last equality is due to the fact that 0 < 1
2x

(k) + 1
2 <

1
2 . Using (3.12), we easily get

hα,I(x
(k+1), x(k)) = (x(k+1) − 2)(x(k+1) − x(k)) < 0

and, as a result, we also obtain the following majorization

hα,I(x
(k+1), x(k))− hα,I(pα,I(x(k)), x(k)) < −hα,I(pα,I(x(k)), x(k)) = −2x(k) =

2

kp
.

Therefore, setting εk = 2
kp , the sequence {x(k)}k∈N can be framed into Algorithm 3.1 with parameters

αk ≡ α, Dk ≡ I, {εk}k∈N satisfying Assumption 4(i). However, |f ′(x(k+1))| = 1
(k+1)p + 2 > 2 while

|x(k+1) − x(k)| → 0, so that there is no choice of constant b > 0 and sequence {ζk}k∈N for which
condition (3.10) is satisfied.

Actually, it must be noted that a slightly weaker condition than (3.10) can be proved for Algo-
rithm 3.1, in which the vector v(k) is not a subgradient of f at ỹ(k), but belongs to an enlargement of
the subdifferential, namely v(k) ∈ {∇f0(ỹ(k))}+ ∂εkf1(ỹ(k)) [15, Lemma 3]. In order to recover the
standard outline of proof used in the KL setting, it would be easy to combine this weaker condition
on the iterate with the following ε−approximate version of the KL property

φ′(f(x)− f(x̄))dist(0, {∇f0(x)}+ ∂εf1(x)) ≥ 1

for an appropriate neighbourhood of x̄. Therefore, the issue of whether and when an objective
function f satisfies such an approximate KL property arises. Unfortunately, the answer is negative
even for really basic convex functions, as we show in the following example.

Example 2. Let f(x) = |x| for all x ∈ R. The ε−subdifferential of f at point x is given by

∂εf(x) =


[−1, −x−εx ], if x < − ε

2 ,

[−1, 1], if x ∈ [− ε
2 ,

ε
2 ],

[x−εx , 1], if x > ε
2 .

Given any ε > 0, f satisfies the ε−KL property at the unique critical point x̄ = 0 if there exists a
function φ as in Definition 4 and an appropriate neighbourhood U of 0 such that

(3.13) φ′(f(x)) dist(0, ∂εf(x)) ≥ 1, ∀ x ∈ U.

However, we have

dist(0, ∂εf(x)) =

{∣∣∣ |x|−εx

∣∣∣ , if x /∈ [− ε
2 ,

ε
2 ],

0, if x ∈ [− ε
2 ,

ε
2 ]

which implies that, for any ε > 0, the inequality (3.13) fails on the entire ball B(0, ε2 ).
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3.3. Convergence analysis under the KL property using the FB envelope. The reader
should now be convinced about the need of an alternative way to prove convergence of Algorithm
3.1 under the KL assumption. To this aim, given α > 0 and D ∈ S++(Rn), we define the following
surrogate function for the objective f :

(3.14)

{
Fα,D : Rn × Rn × R→ R
Fα,D(x, y, λ) = fα,D(x) + L

2 ‖y − x‖
2 + λ2, ∀ x ∈ dom(f1), y ∈ Rn, λ ∈ R.

The function Fα,D enjoys analogous properties to those proved in Theorems 2-3 for the FB en-
velope and, based on Theorem 5, it also majorizes the function f evaluated at any ε−approximation
of a forward–backward point. We enlist these properties in the theorem below.

Theorem 6. Suppose that f satisfies Assumption 1. Given α > 0, D ∈ S++(Rn), we have:
(i) if ε ≥ 0 and ỹ is an ε−approximation of y = pα,D(x), then

(3.15) Fα,D(x, ỹ,
√
ε) ≥ f(ỹ) +

1

2α
‖ỹ − x‖2D.

If f also satisfies Assumption 2, then
(ii) Fα,D is continuously differentiable on dom(f1)× Rn × R;

(iii) if x̄ ∈ dom(f1) is a stationary point for f , then (x̄, x̄, 0) is a stationary point for Fα,D and
Fα,D(x̄, x̄, 0) = f(x̄).

Finally, if Assumption 3 holds, then
(iv) for all x̄ ∈ dom(f1), there exist θ ∈ (0, 1) and c > 0 such that Fα,D satisfies the KL property

at x̄ with φ(t) = 1
c t

1−θ, υ = +∞ and U = B(x̄, δ).

Proof. (i) A straightforward application of Theorem 5 to (3.14).
(ii) This is a consequence of Theorem 2(ii).
(iii) The thesis follows by writing the gradient of Fα,D and applying Theorem 2(iii).
(iv) By Theorem 3, fα,D is continuous subanalytic and g(x, y, λ) = L

2 ‖y− x‖
2 + λ2 is real analytic,

hence continuous subanalytic. Being the sum of two continuous subanalytic functions, Fα,D is itself
continuous subanalytic. Finally, we can apply the result in [11, Theorem 3.1].

Therefore, we have now at our disposal a differentiable function Fα,D which satisfies the KL
property, coincides with f at each stationary point of f and majorizes f at ε−approximations of FB
points. Furthermore, we will show that the relative error condition (3.10) holds for the gradient of
Fα,D evaluated at the iterates generated by Algorithm 3.1. All the previous facts, in combination
with the properties of the proposed algorithm and the KL inequality, will ensure the convergence
of the iterates to a stationary point and the typical rates of convergence which hold in the KL
setting [2, 27].
From now on, we denote with {x(k)}k∈N, {ỹ(k)}k∈N and {εk}k∈N the sequences generated by Algo-
rithm 3.1, while also making use of the following notation

z(k) = (x(k), ỹ(k),
√
εk), ∀ k ∈ N.

Furthermore, the symbol Fαmin,µ := Fαmin,µI will denote the surrogate function of parameters αmin

and µI defined in (3.14).
We start by proving a technical lemma concerning the boundedness away from zero of {λk}k∈N and
the summability of the sequence {√εk}k∈N, which holds thanks to Assumption 4.
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Lemma 3. Suppose that Assumptions 1 and 4 hold. Then
(i) there exists 0 < λmin ≤ 1 such that

λk ≥ λmin, ∀ k ∈ N;

(ii) the sequence {√εk}k∈N is summable.

Proof. (i) Suppose that Assumption 4(i) holds. Then, based on (3.7), we can set λmin = 1.
If Assumption 4(ii) holds, the thesis can be proved similarly to [14, Proposition 3.2] by setting

λmin = min
{

2(1−β)δ
αmaxµL(2+τ) , 1

}
, where τ = max

k∈N
τk.

(ii) Under Assumption 4(i), there is nothing to prove. Then suppose Assumption 4(ii) holds.
Combining (3.3) with (3.4) and bounding λk from below yields

(3.16) − βλminhαk,Dk(ỹ(k), x(k)) ≤ f(x(k))− f(x(k+1))

Since {f(x(k))}k∈N is monotone nonincreasing, there exists ` ∈ R such that lim
k→∞

f(x(k)) = `.

Hence taking the limit on (3.16) for k →∞ leads to lim
k→∞

−hαk,Dk(ỹ(k), x(k)) = 0 and, as a result,

max
k∈N
−hαk,Dk(ỹ(k), x(k)) = M < ∞. Since the sequence {εk}k∈N is assumed to be computed as

εk = − τk2 hαk,Dk(ỹ(k), x(k)), we can write the following bound for the parameters
√
εk:

√
εk ≤

√
Mτk

2
.

The thesis then follows from the summability of the sequence {√τk}k∈N.

In the next theorem, we state some crucial properties concerning the objective function f and
the surrogate function Fαmin,µ evaluated at the point z(k).

Theorem 7. Suppose that Assumption 1 holds. Then the following statements are true:
(i) for all k ∈ N, we have

(3.17) f(x(k+1)) ≤ Fαmin,µ(z(k)) ≤ f(x(k)) +
L

2
‖ỹ(k) − x(k)‖2 + εk;

(ii) if Assumption 4 holds, then for all k ∈ N, we have

(3.18) f(x(k))− f(x(k+1)) ≥ a‖x(k+1) − x(k)‖2

for some a > 0;
(iii) if Assumption 2 holds, then for all k ∈ N, we have

(3.19) ‖∇Fαmin,µ(z(k))‖ ≤ b‖x(k) − x(k+1)‖+ c
√
εk

for some b > 0, c > 0.

Proof. (i) By exploiting Theorem 6(i) with x = x(k), ỹ = ỹ(k), α = αk, D = Dk and ε = εk,
in combination with (3.4), the definition of Fαk,Dk , the bound αmin ≤ αk, the right inequality in
(2.1) and Theorem 2(i) with α = αmin and D = µI, we can write

f(x(k+1))
(3.4)

≤ f(ỹ(k))
(3.15)

≤ Fαk,Dk(z(k)) ≤ Fαmin,µ(z(k))
(2.12)

≤ f(x(k)) +
L

2
‖ỹ(k) − x(k)‖2 + εk.
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(ii) Suppose that Assumption 4(i) holds. In this case, from (3.7), it follows that x(k+1) = ỹ(k) for
all k ∈ N. Therefore writing down condition (3.1) yields

(3.20) ∇f0(x(k))T (x(k+1) − x(k)) +
1

2α
‖x(k+1) − x(k)‖2 + f1(x(k+1))− f1(x(k)) < 0.

Using the descent lemma on f0, we obtain

∇f0(x(k))T (x(k+1) − x(k)) ≥ f0(x(k+1))− f0(x(k))− L

2
‖x(k+1) − x(k)‖2.

Applying the previous inequality to (3.20), we get

f(x(k+1))− f(x(k)) +

(
1

2α
− L

2

)
‖x(k+1) − x(k)‖2 < 0

which gives the thesis with a = 1
2α −

L
2 .

Suppose now that Assumption 4(ii) is met. By applying Theorem 4(ii) with x = x(k), ỹ = ỹ(k),
α = αk, D = Dk and ε = εk = − τk2 hαk,Dk(ỹ(k), x(k)), we obtain

(3.21)
1

4αkµ
‖ỹ(k) − x(k)‖2 ≤ −(1 + τk)hαk,Dk(ỹ(k), x(k)).

Plugging (3.21) into (3.3) leads to

f(x(k) + δikd(k)) +
βδik

4αkµ(1 + τk)
‖ỹ(k) − x(k)‖2 ≤ f(x(k)).

From (3.4) and λk = δik ≤ 1, it follows that f(x(k+1)) ≤ f(x(k) + δikd(k)) and ‖x(k+1) − x(k)‖ ≤
‖ỹ(k) − x(k)‖. By applying these last two facts to the previous inequality, together with λk ≥ λmin,
αk ≤ αmax and τk ≤ τ , we get the thesis with a = βλmin

4αmaxµ(1+τ) .

(iii) By observing that ∇Fαmin,µ(z(k)) = (∇fαmin,µI(x
(k)) +L(x(k)− ỹ(k)), L(ỹ(k)−x(k)), 2

√
εk) and

recalling (2.13), we obtain the following chain of inequalities

‖∇Fαmin,µ(z(k))‖ ≤ ‖∇fαmin,µI(x
(k))‖+ 2L‖ỹ(k) − x(k)‖+ 2

√
εk

≤ µ

αmin

∥∥∥∥I − αmin

µ
∇2f0(x(k))

∥∥∥∥ · ‖x(k) − pαmin,µI(x
(k))‖+ 2L‖ỹ(k) − x(k)‖+ 2

√
εk

≤
(

µ

αmin
+ 3L

)
‖x(k) − ỹ(k)‖+

(
µ

αmin
+ L

)
‖ỹ(k) − pαk,Dk(x(k))‖

+

(
µ

αmin
+ L

)
‖pαk,Dk(x(k))− pαmin,µI(x

(k))‖+ 2
√
εk(3.22)

where the third inequality follows from Assumption 1(i) and the triangular inequality.
Now let us properly bound the quantity ‖pαk,Dk(x(k)) − pαmin,µI(x

(k))‖. To this aim, let us recall
that the function hα,D(·, x) is 1

α−strongly convex with respect to the norm induced by D, i.e.

(3.23) hα,D(z, x) ≥ hα,D(z̄, x) + wT (z − z̄) +
1

2α
‖z − z̄‖2D, ∀ z, z̄ ∈ Rn, ∀ w ∈ ∂hα,D(z̄, x).
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We use equation (3.23) twice: first, we set x = x(k), α = αk, D = Dk, z̄ = pαk,Dk(x(k)), z =
pαmin,µI(x

(k)) and, recalling that 0 ∈ ∂hαk,Dk(pαk,Dk(x(k)), x(k)), we obtain

1

2αmaxµ
‖pαmin,µI(x

(k))− pαk,Dk(x(k))‖2 ≤ 1

2αk
‖pαmin,µI(x

(k))− pαk,Dk(x(k))‖2Dk

≤ hαk,Dk(pαmin,µI(x
(k)), x(k))− hαk,Dk(pαk,Dk(x(k)), x(k))

≤ hαmin,µI(pαmin,µI(x
(k)), x(k))− hαk,Dk(pαk,Dk(x(k)), x(k))(3.24)

where the first and last inequalities follow from αk ∈ [αmin, αmax], Dk ∈ Mµ and (2.1). Second,
we set x = x(k), α = αmin, D = µI, z̄ = pαmin,µI(x

(k)), z = pαk,Dk(x(k)) and, recalling that
0 ∈ ∂hαmin,µI(pαmin,µI(x

(k)), x(k)), we obtain

1

2αminµ
‖pαmin,µI(x

(k))− pαk,Dk(x(k))‖2 ≤ hαmin,µI(pαk,Dk(x(k)), x(k))− hαmin,µI(pαmin,µI(x
(k)), x(k)).

(3.25)

Summing (3.24) with (3.25) yields

1

2µ

(
1

αmin
+

1

αmax

)
‖pαmin,µI(x

(k))− pαk,Dk(x(k))‖2 ≤

≤ hαmin,µI(pαk,Dk(x(k)), x(k))− hαk,Dk(pαk,Dk(x(k)), x(k))

=
µ

2αmin
‖pαk,Dk(x(k))− x(k)‖2 − 1

2αk
‖pαk,Dk(x(k))− x(k)‖2Dk

≤ 1

2

(
µ

αmin
− 1

αmaxµ

)
‖pαk,Dk(x(k))− x(k)‖2

where the last inequality follows from αk ≤ αmax, Dk ∈ Mµ and (2.1). Dividing the previous

inequality by 1
2µ

(
1

αmin
+ 1

αmax

)
, we come to

(3.26) ‖pαmin,µI(x
(k))− pαk,Dk(x(k))‖2 ≤

(
αmaxµ

2 − αmin

αmax + αmin

)
‖pαk,Dk(x(k))− x(k)‖2.

Finally, by taking the square root and applying the triangular inequality, we conclude that

‖pαmin,µI(x
(k))− pαk,Dk(x(k))‖ ≤

√
αmaxµ2 − αmin

αmax + αmin
‖pαk,Dk(x(k))− x(k)‖

≤

√
αmaxµ2 − αmin

αmax + αmin

(
‖pαk,Dk(x(k))− ỹ(k)‖+ ‖ỹ(k) − x(k)‖

)
.(3.27)

Plugging (3.27) into (3.22) and recalling that ‖ỹ(k)− pαk,Dk(x(k))‖ ≤
√

2αkµεk (see Theorem 4(i)),
allows to obtain

‖∇Fαmin,µ(z(k))‖ ≤

( µ

αmin
+ L

)1 +

√
αmaxµ2 − αmin

αmax + αmin

+ 2L

 ‖x(k) − ỹ(k)‖

+

2 +
√

2αmaxµ

(
µ

αmin
+ L

)√αmaxµ2 − αmin

αmax + αmin
+ 1

√εk.
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The thesis now follows by observing that ‖ỹ(k) − x(k)‖ ≤ 1
λmin
‖x(k+1) − x(k)‖.

On the basis of Theorem 7(iii), we conclude that, while condition (3.10) might not hold for the
subdifferential of f at point ỹ(k), it does hold for the gradient of the surrogate function Fαmin,µ at
z(k). Therefore, in order to prove convergence of Algorithm 3.1, one can combine the KL property
with the sufficient decrease on f and the relative error condition on ∇Fαmin,µ. Keeping in mind
this key idea, we now state and prove the core result of our analysis.

Theorem 8. Suppose that the sequence {x(k)}k∈N is bounded and Assumptions 1 and 4 hold.
Let Ω(x(0)) = {x̄ ∈ Rn : ∃ K ⊆ N, lim

k∈K
x(k) = x̄} be the set of all limit points. Then

(i) for all x̄ ∈ Ω(x(0)), x̄ is a stationary point of f and

lim
k→∞

f(x(k)) = f(x̄).

If also Assumption 3 holds, then
(ii) the sequence {x(k)}k∈N has finite length, i.e.

∞∑
k=0

‖x(k+1) − x(k)‖ <∞.

Therefore {x(k)}k∈N converges to a stationary point of f .

Proof. (i) Since {f(x(k))}k∈N is monotone nonincreasing, lim
k→∞

f(x(k)) exists. Then taking

the limit for k → ∞ over (3.18) yields lim
k→∞

‖x(k+1) − x(k)‖ = 0. Combining this limit with the

inequality ‖ỹ(k) − x(k)‖ ≤ 1
λmin
‖x(k+1) − x(k)‖, we deduce that

(3.28) lim
k→∞

‖ỹ(k) − x(k)‖ = 0.

Let x̄ ∈ Ω(x(0)). Since {αk}k∈N and {Dk}k∈N are contained in the compact sets [αmin, αmax] and
Mµ respectively, we can find a subset of indices K ⊆ N such that lim

k∈K
x(k) = x̄, lim

k∈K
αk = ᾱ

and lim
k∈K

Dk = D̄ with ᾱ > 0, D̄ ∈ Mµ. Then, using (3.28), Theorem 4(i), the continuity of the

forward–backward operator pα(x) w.r.t. its arguments x, α and D and lim
k→∞

εk = 0, we conclude

that x̄ = lim
k→∞

ỹ(k) = pᾱ,D̄(x̄), which is equivalent to say that x̄ is stationary.

The lower semicontinuity and boundedness from below of f guarantee that lim
k→∞

f(x(k)) ≥ f(x̄).

Now we prove that also the converse is true. By making use of the left-hand side of (3.17), (3.28),
lim
k→∞

εk = 0, the continuity of Fαmin,µ and Theorem 6(ii), we can write the following inequalities

lim
k→∞

f(x(k)) = lim
k∈K

f(x(k+1)) ≤ lim
k∈K

Fαmin,µ(x(k), ỹ(k),
√
εk) = Fαmin,µ(x̄, x̄, 0) = f(x̄)

from which the thesis follows.
(ii) From now on, Ω(z(0)) denotes the set of all limit points of the sequence {z(k)}k∈N and f̄ =
lim
k→∞

f(x(k)). We remark that Ω(z(0)) can be seen as a countable intersection of compact sets, hence

it is compact. Furthermore, Fαmin,µ is finite and constant on Ω(z(0)): this follows from observing, by
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(3.28) and the uniqueness of the limit point of {√εk}k∈N, that Ω(z(0)) = {(x̄, x̄, 0) : x̄ ∈ Ω(x(0))},
and combining this with the equalities

Fαmin,µ(x̄, x̄, 0) = f(x̄) = f̄ <∞, ∀ x̄ ∈ Ω(x(0))

where the first equality follows from Theorem 6(iii) and the second one from point (i) of this theorem.
Therefore, based on Theorem 6(iv) and Lemma 2, we conclude that there exist X = Ω(z(0)), ρ, φ,
υ as in Lemma 2 such that Fαmin,µ satisfies the uniformized KL property (2.6) on Ω(z(0)).
Let us also make the following considerations on the sequence {z(k)}k∈N. First, from point (i) of
this theorem, (3.17), (3.28) and lim

k→∞
εk = 0, we have lim

k→∞
Fαmin,µ(z(k)) = f̄ . Using this fact,

combined with the left-hand side of (3.17), we conclude that there exists k1 ∈ N such that

(3.29) f̄ ≤ f(x(k)) ≤ Fαmin,µ(z(k−1)) < f̄ + υ, ∀ k ≥ k1.

Second, based on the boundedness of {z(k)}k∈N and the definition of limit point, we also have

(3.30) lim
k→∞

dist(z(k),Ω(z(0))) = 0.

Then there exists k2 ∈ N such that

(3.31) dist(z(k−1),Ω(z(0))) < ρ, ∀ k ≥ k2.

Setting k̄ = max{k1, k2}, we now prove the following key inequality:

(3.32) 2‖x(k+1) − x(k)‖ ≤ ‖x(k) − x(k−1)‖+ φk +
c

b

√
εk−1, ∀ k ≥ k̄

where φk = b
a [φ(f(x(k))− f̄)− φ(f(x(k+1))− f̄)], which is well-defined in virtue of (3.29).

If x(k+1) = x(k), inequality (3.32) holds trivially. Then we assume x(k+1) 6= x(k). Combining
this assumption with (3.18), we get f(x(k)) > f(x(k+1)) ≥ f(x̄) and, consequently from (3.29), we
obtain f(x̄) < f(x(k)) ≤ Fαmin,µ(z(k−1)). Hence we deduce that the quantity φ′(f(x(k))− f(x̄)) is
well defined and, recalling (3.29) with (3.31), also that

z(k−1) ∈ {z : dist(z,Ω(z(0))) < ρ} ∩ [f̄ < Fαmin,µ < f̄ + υ].

Therefore, we can apply the KL inequality at the point z(k−1), which writes as

(3.33) φ′(Fαmin,µ(z(k−1))− f̄)‖∇Fαmin,µ(z(k−1))‖ ≥ 1.

From (3.33), it follows that ∇Fαmin,µ(z(k−1)) 6= 0. Then, we can combine (3.33) with (3.19) to get

(3.34) φ′(Fαmin,µ(z(k−1))− f̄) ≥ 1

‖∇Fαmin,µ(z(k−1))‖
≥ 1

b‖x(k) − x(k−1)‖+ c
√
εk−1

.

Since φ is concave, its derivative is nonincreasing, thus Fαmin,µ(z(k−1))− f̄ ≥ f(x(k))− f̄ implies

φ′(f(x(k))− f̄) ≥ φ′(Fαmin,µ(z(k−1))− f̄).

Applying this fact to inequality (3.34) leads to

(3.35) φ′(f(x(k))− f̄) ≥ 1

b‖x(k) − x(k−1)‖+ c
√
εk−1

.
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Using the concavity of φ, (3.18) and (3.35), we obtain

φ(f(x(k))− f̄)− φ(f(x(k+1))− f̄) ≥ φ′(f(x(k))− f̄)(f(x(k))− f(x(k+1)))

≥ φ′(f(x(k))− f̄)a‖x(k+1) − x(k)‖2

≥ a‖x(k+1) − x(k)‖2

b‖x(k) − x(k−1)‖+ c
√
εk−1

.

Rearranging terms in the last inequality yields

‖x(k+1) − x(k)‖2 ≤ φk
(
‖x(k) − x(k−1)‖+

c

b

√
εk−1

)
,

which, by applying the inequality 2
√
uv ≤ u+ v, gives relation (3.32).

Summing inequality (3.32) over i = k̄, . . . , k leads to

2

k∑
i=k̄

‖x(i+1) − x(i)‖ ≤
k∑
i=k̄

‖x(i) − x(i−1)‖+
k∑
i=k̄

φi +
c

b

k∑
i=k̄

√
εi−1

≤
k∑
i=k̄

‖x(i+1) − x(i)‖+ ‖x(k̄) − x(k̄−1)‖+
b

a
φ(f(x(k̄))− f̄) +

c

b

k∑
i=k̄

√
εi−1

where the second inequality follows from the definition of φi and the positive sign of φ. By rear-
ranging terms in the previous inequality, we get

k∑
i=k̄

‖x(i+1) − x(i)‖ ≤ ‖x(k̄) − x(k̄−1)‖+
b

a
φ(f(x(k̄))− f̄) +

c

b

k∑
i=k̄

√
εi−1.

Taking the limit for k →∞ and recalling that {√εk}k∈N is summable (see Lemma 3(ii)), we easily
deduce that

∞∑
k=0

‖x(k+1) − x(k)‖ <∞

which implies that the sequence {x(k)}k∈N converges to some x̄.

We now provide a convergence rate result for the sequence {f(x(k))}k∈N generated by Algorithm
3.1 which is quite classical in the KL framework. In particular, according to the value of the
parameter θ ∈ (0, 1) for which the function Fαmin,µ satisfies the KL property at (x̄, x̄, 0) with
φ(t) = 1

c t
1−θ, we can prove either the finite termination (θ = 0), R−linear convergence (θ ∈ (0, 1

2 ])
or polynomial convergence (θ ∈ ( 1

2 , 1)) of the algorithm. This result holds provided that the errors
satisfy the adaptive condition (3.6). The outline of the proof followed here resembles the one
adopted in [27, Theorem 3.4] for the forward–backward algorithm with exact proximal evaluations,
which in turns extends the results obtained in [1, 12] for the proximal point algorithm. Note that
a similar result is presented for the VMILA(n) algorithm also in [15, Theorem 3]; however, it is
provided under the assumption that the relative error condition (3.10) holds for the subdifferential
of f , which is not realistic and hardly implementable when dealing with inexact forward–backward
methods, as we have extensively seen in Section 3.2.
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Theorem 9. Suppose that the sequence {x(k)}k∈N is bounded and Assumptions 1-3-4(ii) hold.
Let x̄ be the (unique) limit point of {x(k)}k∈N and θ ∈ (0, 1), c > 0 and φ as in Theorem 6(iv) such
that Fαmin,µ satisfies the KL property at (x̄, x̄, 0). The following statements hold.

(i) If θ = 0, then {x(k)}k∈N converges in a finite number of steps.
(ii) If θ ∈ (0, 1

2 ], then

f(x(k))− f(x̄) = O
(
e−k
)
.

(iii) If θ ∈ ( 1
2 , 1), then

f(x(k))− f(x̄) = O
(
k−

1
2θ−1

)
.

Proof. Throughout the proof, we use the notation s(k) = f(x(k)) − f(x̄). If s(k) = 0, the
algorithm terminates in a finite number of steps. Then assume s(k) > 0 for all k ∈ N. In this case,
as seen in the proof of Theorem 8, we have that, for all sufficiently large k, the quantity φ′(s(k)) is
well defined and z(k−1) ∈ {z : dist(z,Ω(z(0))) < ρ} ∩ [f(x̄) < Fαmin,µ < f(x̄) + υ], where ρ, υ > 0
comes from the (uniformized) KL property at point x̄. This means that, for all sufficiently large k,
we can apply the KL inequality at point z(k−1).
Taking the squares on both sides of (3.19), dividing and multiplying them by b2 and a respectively,
we obtain

a

b2
‖∇Fαmin,µ(z(k))‖2 ≤ a‖x(k+1) − x(k)‖2 +

ac2

b2
εk +

2ac

b

√
εk‖x(k+1) − x(k)‖.

By applying condition (3.18) to the previous inequality, we get the following relation

(3.36)
a

b2
‖∇Fαmin,µ(z(k))‖2 ≤ (s(k) − s(k+1)) +

ac2

b2
εk +

2ac

b

√
s(k) − s(k+1)

√
εk.

Combining Assumption 4(ii) with (3.3), (3.4) and Lemma 3(i), we can bound the sequence {εk}k∈N
in terms of the function values as follows

εk ≤
τ

2βλmin
(s(k) − s(k+1))

being τ = max
k∈N

τk. Inserting the previous bound in (3.36) ensures the existence of a constant m > 0

such that

(3.37)
a

b2
‖∇Fαmin,µ(z(k))‖2 ≤ m(s(k) − s(k+1)).

Set t(k) = Fαmin,µ(z(k))− f(x̄). Then the following chain of inequalities holds:

mφ′(s(k+1))2(s(k) − s(k+1)) ≥ mφ′(t(k))2(s(k) − s(k+1)) ≥ a

b2
φ′(t(k))2‖∇Fαmin,µ(z(k))‖2 ≥ a

b2
,

where the first inequality follows from the monotonicity of φ′ and (3.17), the second one from (3.37)
and the third one by applying the KL inequality (3.33) in z(k). In conclusion, we can write

(3.38) φ′(s(k+1))2(s(k) − s(k+1)) ≥ a

mb2
.

Equation (3.38) is analogous to [27, Theorem 3.4, Equation 6], from which the thesis follows by
exploiting the properties of the function φ(t) = 1

c t
1−θ and the fact that lim

k→∞
s(k) = 0.
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4. Numerical experience. In this section, we report some numerical results obtained by
applying Algorithm 3.1 to a specific image deblurring and denoising problem. All the routines have
been implemented in Matlab R2017b on a laptop equipped with a 2.60 GHz Intel(R) Core(TM)
i7-4510U processor and 8 GB of RAM.

4.1. Image deblurring and denoising with Cauchy noise. The problem of interest is the
restoration of blurred images corrupted by Cauchy noise, a type of impulsive degradation which
frequently appears in biomedical imaging, wireless communication systems or radar and sonar
applications (see [47] and references therein). If g ∈ Rn denotes the distorted image, x ∈ Rn is
the true image and H ∈ Rn×n is the discretized blurring operator, the imaging model is given by
g = Hx+v, where the random noise v ∈ Rn is modelled by the Cauchy probability density function
pV (v) = γ(π(γ2 + v2))−1, γ > 0. According to [47], one can remove Cauchy noise by defining a
suitable variational model and then imposing total variation regularization on the image. Here we
follow the same approach and, in addition, we force the pixels of the image to be nonnegative, thus
obtaining the following discrete optimization problem

(4.1) argmin
x∈Rn

f(x) ≡ ρ

2

n∑
i=1

log
(
γ2 + ((Hx)i − gi)2

)
︸ ︷︷ ︸

:=f0(x)

+

n∑
i=1

‖∇ix‖+ ι≥0(x)︸ ︷︷ ︸
:=f1(x)

where ρ > 0 is the regularization parameter, ∇i ∈ R2×n represents the discrete gradient operator
at pixel i and ι≥0 is the indicator function of the nonnegative orthant, namely

ι≥0(x) =

{
0 x ≥ 0

∞ otherwise.

It is easy to see that the discrepancy function f0 is nonconvex, continuously differentiable and has
a Lipschitz continuous gradient. Indeed, denoting with {Hij}i,j=1,...,n the elements of the blurring
matrix, its second partial derivatives write as

∂2f0(x)

∂xi∂xj
= ρ

n∑
k=1

HkjHki(γ
2 − ((Hx)k − gk)2)

(γ2 + ((Hx)k − gk)2)2

for all x ∈ Rn and i, j = 1, . . . , n. Then the absolute values of the derivatives can be bounded in
the following manner:∣∣∣∣∂2f0(x)

∂xi∂xj

∣∣∣∣ ≤ ρ n∑
k=1

HkjHki

γ2 + ((Hx)k − gk)2
≤ ργ−2

n∑
k=1

HkjHki.

This leads to the following upper bound for the infinity norm of the Hessian matrix:

‖∇2f0(x)‖∞ ≤ ργ−2 max
i=1,...,n

n∑
j=1

n∑
k=1

HkjHki = ργ−2 max
i=1,...,n

n∑
j=1

(HTH)ji = ργ−2‖HTH‖∞.

Since ‖∇2f0(x)‖2 ≤ ‖∇2f0(x)‖∞, the above inequality allows us to conclude that ∇f0 is Lipschitz
continuous, and provides us with the following upper bound for the Lipschitz constant:

(4.2) L(f0) ≤ L̄ = ργ−2‖H‖1‖H‖∞.
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Figure 1. Dataset for the peppers test problem. From left to right: ground truth, blurred and noisy image and
reconstruction provided by VMILA SGP after 1000 iterations.

Note that the previous bound resembles the one obtained for the gradient of the Kullback–Leibler
functional, the fit-to-data term exploited in Poisson image deblurring [31, Lemma 1].
Since ∇f0 is Lipschitz continuous and f1 is convex and continuous, the objective function f in
(4.1) satisfies Assumption 1. Furthermore, f0 is analytic, since it can be expressed by finite sums
and compositions of analytic functions, and f1 is subanalytic, as it is the sum of two semialgebraic
functions; hence f satisfies also Assumption 3. Additionally, f0 is coercive, meaning that any level
set of the form [f ≤ α] is bounded. Combining all the previous statements with Theorems 8-9,
we conclude that any sequence {x(k)}k∈N generated through Algorithm 1 converges to a stationary
point of problem (4.1) at least with rate O( 1

kp ), p > 1.
For our numerical experience, we consider a 256× 256 grayscale version of the test image peppers,
which has already been used in [47, Section 5.2] for the same Cauchy deblurring/denoising problem.
The blurring matrix H is associated to a Gaussian blur with window size 9 × 9 and standard
deviation equal to 1, with periodic boundary conditions assumed. The scale parameter γ and the
regularization parameter ρ are fixed equal to 0.02 and 0.35, respectively. The blurred and noisy
image is obtained by convolving the true object with H and then adding Cauchy noise as described
in [47, Section 5.1]; the corrupted image obtained with this procedure is reported in Figure 1.

4.2. Parameters setting. We have implemented two versions of Algorithm 3.1, the first
one involving variable steplengths and scaling matrices (see Assumption 4(ii)) and the second one
equipped with a fixed steplength which makes the Armijo–like condition (3.3) automatically sat-
isfied (see Assumption 4(i)). From now on, we refer to these two alternative versions as VMILA
(variable metric inexact linesearch algorithm) and iFB (inexact forward–backward algorithm) re-
spectively.

The VMILA algorithm. For this instance of Algorithm 3.1, we choose αmin = 10−5, αmax = 102

as the lower and upper bounds on the steplengths αk, µ = 1010 as the bound on the eigenvalues
of Dk and β = 10−4, δ = 0.4 as the linesearch parameters. The scaling matrix Dk is computed
according to the following three alternative rules.

• VMILA I: in this case Dk ≡ I, so that the metric of the proximal operator reduces to the
standard Euclidean one.

• VMILA SG: according to the split-gradient (SG) strategy [15,33,34], if the gradient of the
differentiable part is decomposable into the difference of a positive part and a nonnegative
one, namely ∇f0(x) = V (x) − U(x) where V (x) = (V1(x), . . . , Vn(x)) > 0 and U(x) =
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(U1(x), . . . , Un(x)) ≥ 0, then an effective diagonal scaling matrix can be computed as
follows

(4.3) (Dk)−1
ii = max

{
min

{
x

(k)
i

Vi(x(k)) + ε
, µ

}
,

1

µ

}
, i = 1, . . . , n

where ε > 0 is the machine precision. For the test problem (4.1), the gradient writes as
∇f0(x) = ρHT Hx−g

γ2+(Hx−g)2 , and thus we can compute the scaling matrix according to (4.3)

by setting V (x) = ρHT Hx
γ2+(Hx−g)2 , which is positive thanks to the nonnegativity constraint

and the properties of the blurring matrix H.
• VMILA MM: exploiting the so-called Majorization-Minimization (MM) technique, we

can provide a suitable diagonal scaling matrix by setting

(Dk)−1
ii = max

{
min {(Ak)ii, µ} ,

1

µ

}
, i = 1, . . . , n

where the matrix Ak ∈ Rn×n is computed through [22, formula (36)] with ε = 0, and it is
defined in such a way that the quadratic function Q(x, x(k)) = f0(x(k)) +∇f0(x(k))T (x −
x(k)) + 1

2‖x− x
(k)‖2Ak majorizes f0, namely Q(x, x(k)) ≥ f0(x) for all x ∈ dom(f1).

• VMILA 0-BFGS: in this case, the scaling matrix is computed according to a lim-
ited memory quasi-Newton approach (see [7, 18] and references therein). Following the
so-called 0−memory BFGS strategy successfully adopted in [7, Section 5], defining the
vectors s(k−1) = x(k) − x(k−1), r(k−1) = ∇f0(x(k)) − ∇f0(x(k−1)), the scalar ρk−1 =

(r(k−1)T s(k−1))−1 and the matrix Vk−1 = I − ρ(k−1)r(k−1)s(k−1)T , we compute the scaling
matrix as follows

(4.4) (Dk)−1 =

{
V Tk−1(γBB2

k−1 I)Vk−1 + ρk−1s
(k−1)s(k−1)T , if c1 ≤ γBB2

k−1 , γ
BB1
k−1 ≤ c2

(Dk−1)−1, otherwise

where c1, c2 > 0 are prefixed positive constants and γBB1
k−1 = ‖s(k−1)‖2/(r(k−1)T s(k−1)),

γBB2
k−1 = (r(k−1)T s(k−1))/‖r(k−1)‖2 are the classical Barzilai-Borwein rules. Note that the

two safeguards conditions on γBB1
k−1 , γBB2

k−1 in (4.4) are imposed in order to guarantee that
the matrices Dk are symmetric positive definite with uniformly bounded eigenvalues (see
for instance [18, Lemma 3.1]).

For all the above variants of VMILA, the steplength αk is selected according to a recent limited-
memory rule which was first proposed for unconstrained problems in [26] and then extended to
a more general setting in [40]. In the unconstrained quadratic case, such procedure consists in
approximating m eigenvalues of the Hessian matrix of the objective function, by computing the
eigenvalues of a symmetric, tridiagonal matrix Φ̃ ∈ Rm×m defined using the last m steplengths
{αk−i}i=1,...,m and m gradients {∇f0(x(k−i))}i=1,...,m; the next m steplengths are then selected as
the reciprocals of the approximated eigenvalues. This strategy can be successfully extended to a
general objective function of the form (2.2) when the nonnegativity of the solution is imposed and
a scaling matrix in the proximal–gradient step is introduced; for more details, we refer the reader
to [40] and also to [15, Section 4.3], where this strategy is applied to the image reconstruction
problem (4.1). Note that it is fundamental to select a small m in order to keep the procedure
inexpensive; here we choose m = 2 for all numerical tests.
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Finally, the inexact FB point ỹ(k) satisfying conditions (3.2)-(3.6) (or equivalently (3.8)) is computed
by considering the dual problem associated to the computation of the exact FB point. Setting
AT = (∇T1 , . . . ,∇Tn , I) ∈ Rn×3n, z(k) = x(k) − αkD−1

k ∇f0(x(k)) and C = B2(0, 1)× B2(0, 1)× Rn≤0

where B2(0, 1) is the 2−dimensional ball with center 0 and radius 1 and Rn≤0 is the nonpositive
orthant, the dual problem writes as

(4.5) max
v∈R3n

Ψαk,Dk(v, x(k)) = min
y∈Rn

hαk,Dk(y, x(k))

where the dual function Ψ(·, x(k)) is given by

Ψαk,Dk(v, x(k)) = − 1

2αk
‖αkD−1

k AT v−z(k)‖2Dk+ιC(v)−f1(x(k))−αk
2
‖∇f0(x(k))‖2

D−1
k

+
1

2αk
‖z(k)‖2Dk .

According to [14, Section 4], if there exists v(k) ∈ R3n such that

(4.6) hαk,Dk(ỹ(k), x(k)) ≤
(

1

1 + τk

)
Ψαk,Dk(v(k), x(k))

then the point ỹ(k) satisfies condition (3.8). Therefore, in order to compute the inexact FB point,
one needs to generate a dual sequence {v(k,`)}`∈N converging to the solution of the dual problem in
(4.5), define the corresponding primal sequence ỹ(k,`) = proxι≥0

(z(k)−αkD−1
k AT v(k,`)) and, finally,

compute the desired point as ỹ(k) = ỹ(k,¯̀) where ¯̀ is the first index for which condition (4.6) is met
by the primal-dual sequence. In our tests, we generate the dual sequence by means of the FISTA
algorithm [19], namely as{

v̄(k,`) = v(k,`) + γ`(v
(k,`) − v(k,`−1))

v(k,`+1) = PC

(
v̄(k,`) + 1

Lk
A(z(k) − αkD−1

k AT v̄(k,`))
) , ` = 0, 1, 2, . . .

where PC denotes the projection operator onto the set C, Lk = αk‖AD−1
k AT ‖ is the Lipschitz con-

stant of the differentiable part of Ψαk,Dk and γ` = `−1
`+a , a = 2.1, is the FISTA inertial parameter.

Finally, we set τk = 1010

k2.1 in (4.6) in order to comply with Assumption 4(ii).

The iFB algorithm. In this case, we set αk ≡ α = 1
L̄

, being L̄ the upper bound on the Lipschitz

constant computed in (4.2), and Dk ≡ I. The inexact FB point ỹ(k) is computed by means of the
inexactness criterion (3.2) equipped with an error sequence {εk}k∈N which is either adaptive as in
(3.6) or apriori selected and converging at a sufficiently fast rate. Hence, we distinguish between
the following two variants of the iFB algorithm, which require two different stopping criteria for
the primal-dual sequence {(ỹ(k,`), v(k,`))}`∈N generated by FISTA:

• iFB τk: in this case, we adopt the stopping criterion (4.6) described in the previous section;
• iFB p: here we stop the primal-dual sequence when the primal-dual gap is sufficiently

small, namely when

(4.7) hα,I(ỹ
(k), x(k))−Ψα,I(v

(k), x(k)) ≤ εk.

Since Ψα,I(v, x
(k)) ≤ hα,I(y, x

(k)) for all y ∈ Rn, v ∈ R3n, condition (4.7) is sufficient to
guarantee that ỹ(k) satisfies (3.2). Denoting with G0 = hα,I(ỹ

(0,0), x(0))−Ψα,I(v
(0,0), x(0))
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Test problem Data I SG MM 0-BFGS iFB τk
peppers 18.41 29.26 29.25 29.25 29.24 29.28

Table 1
PSNR values of the reconstructions obtained by running the algorithms for 1000 iterations.

the primal-dual gap at the very first primal-dual iterate, we compute the error sequence as

εk = min

{
0.5 · G0,

G0

kp

}
where p > 2, so that Assumption 4(i) is satisfied. In the upcoming numerical experience,
we test the values p ∈ {2.1, 3, 4}.

4.3. Results. We run all the previously described algorithms on our test image for 1000
iterations. Each method is initialized with the noisy and blurred image artificially computed from
the ground truth. In Figure 1, we report the successfully reconstructed peppers image obtained by
executing the VMILA SGP algorithm. The top row of Figure 2 shows the decrease of the objective
function values with respect to both iteration number and time. We can observe that the VMILA
variants of Algorithm 3.1 exhibit a faster decrease than iFB, especially in the first iterations: this
acceleration seems mostly due to the adoption of a variable steplength αk, even if occasionally
the addition of a variable scaling matrix leads to major improvements, as it can be seen from the
VMILA MM performance. On the other hand, the iFB slow convergence rate towards its limit
point is inevitably related to the fixed value of the steplength, even though this choice preserves
the stability of the algorithm. Note that the iFB p variant is also quite sensitive to the choice of
the parameter p, with a major slowdown occurring for higher values of p.
We remark that former implementations of the VMILA algorithm [14, 15] were equipped with
the same stopping criterion (4.6) for the inner routine of the inexact proximal point ỹ(k), but
with a constant parameter τ appearing in (4.6) in place of the vanishing sequence {τk}k∈N. Such
modification does not seem to represent a major burden in terms of computational time: in support
of this, we report in the bottom row of Figure 2 the objective function decrease obtained by VMILA I
in the first 10 seconds, using the stopping criterion (4.6) with both a variable τk and several constant
values τ . From these plots, it is clear that the novel τk−version of VMILA does not perform much
differently from the previous implementation, even if the algorithm might slow down a bit in the
very first seconds.
Concerning the quality of the reconstructed images, if we define the peak signal-to-noise ratio
(PSNR) of an image x ∈ Rn with respect to the ground truth xtrue as

PSNR(x) = 20 log10

√
n|max(x)−min(x)|
‖xtrue − x‖

,

then we can see from Table 1 that the reconstructions provided by the VMILA variants are similar
in terms of the measured PSNR values.

5. Conclusions. In this paper, we have carried out a novel convergence analysis for an inexact
forward–backward algorithm suited for minimizing the sum of an analytic function and a lower
semicontinuous, subanalytic, convex one. Such analysis is based on the definition of a continuously
differentiable surrogate function which satisfies the KL inequality and coincides with the objective
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Figure 2. Top row: decrease of the objective function with respect to the iteration number (left) and computa-
tional time (right). Bottom row: decrease of the objective function with respect to time for the VMILA I algorithm
equipped with either a decreasing τk (solid line) or different constant values τ (dashed and starred lines).

function at each of its stationary points. By exploiting the KL property on the surrogate function,
we have proved the convergence of the iterates towards a stationary point, as well as the convergence
rates for the function values. Numerical results on a large-scale image deblurring and denoising
problem show the efficiency and accuracy of the proposed scheme in providing a good estimate of the
solution. Future work will concern the convergence analysis of the proposed algorithm without any
convexity assumptions on both terms, and the proposal of novel inner routines for the approximate
computation of the proximal operator, with the aim of reducing the computational burden due to
the solution of the inner subproblem.
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