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Abstract

This paper studies a fusion of concepts from stochastic optimization and non-parametric statistical
learning, in which data is available in the form of covariates interpreted as predictors and responses.
Such models are designed to impart greater agility, allowing decisions under uncertainty to adapt to
the knowledge of the predictors (leading indicators). Specialized algorithms can be looked upon as
learning enabled optimization (LEQO) algorithms. This paper focuses on equipping LEO with non-
parametric estimation approaches (LEON) which provide asymptotically optimal decisions without
requiring the specification of a distribution. In particular, our framework accommodates several
non-parametric estimation schemes, including k nearest neighbors (kNN), and other standard kernel
estimators under one unified framework. Several techniques to improve the quality of decisions
are discussed. Finally, we demonstrate the computational performance of Robust LEON-ANN and
Robust LEON-kernel for a well-known instance arising in logistics.
Keywords: mini-batch first-order method, stochastic quasi-gradient method, non-parametric statis-

tical estimation, k-NN estimation, kernel estimation

Introduction.

Bertsimas and Kallus [2] proposed a new model to accommodate covariates (Z, W) as follows

Here F(z,-) is a real-valued random function defined over the sample space of W|Z = z. Unlike ordinary

stochastic programming (SP), this model allows data in the form of tuples {(z;,w;)}Y,, associated

min f(z,z) =E[F(z,W)|Z = z].
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with covariates (Z, W) (i.e., Z is the predictor and W is the response). As shown in Bertsimas and
Kallus [2], ordinary Sample Average Approximation (SAA [I8| 26]) can produce non-optimal decisions
when the conditional distribution of W given Z = z is unknown. They also show that non-parametric
estimation can overcome this handicap. On the other hand, without considering predictor-response
structure within covariates, the use of non-parametric estimation appears in Hanasusanto and Kuhn
[16] and Pflug and Pichler [23]. The former uses kernel regression to estimate the cost-to-go function
in approximate dynamic programming, and the latter uses kernel density estimation to approximate
the stochastic process in multistage stochastic programming. Depending on the specific structure of the
interplay between data and decisions, there are other variations of . For readers interested in a general
review of solving stochastic optimization problems using machine learning techniques, we recommend
[25].

Bertsimas and Kallus [2] proposed a way to approximate by using a weight function as shown

below,

X

grzrél;(l fN(x, z) = » UNVZ‘(Z)F(JE, Wz), (2)

where A is the size of dataset {(Z;, W;)}Y,. Equation should be considered as a non-parametric
analog of SAA and they use supervised machine learning methods, such as k nearest neighbors (kNN),
kernel estimation, and random forest, to calculate z-dependent weights vy ;(z). They show that under
certain assumptions (e.g., equi-continuity of the random objective function), solving provides a sta-
tistically consistent estimate of an optimal solution to . In addition, Bertsimas and Kallus [2] propose
an index (coefficient of prescriptiveness) which is based on two quantities: a) regret due to imperfect
information, b) regret due to unconditional sample average approximation (ignoring dependencies be-
tween Z and W). Here the term regret refers to the difference of the objective function estimate of a
proposed decision and that obtained by exploiting perfect information. Overall, the objective of [2] is
to incorporate non-parametric estimation within a new class of SP models (with covariates in the form
of predictors and responses). In this formulation, the power of non-parametric tools helps exploit the
information of underlying predictors, which are usually ignored by classical stochastic programming.

In order to motivate this paper, we note that can become very demanding (or even intractable)
without appropriate algorithmic support. Non-parametric models generally require large amount of data
(large A') and this in turn gives rise to a large-scale SP models which becomes increasingly demanding
as N increases. Further details regarding complexity of calculating kNN version of weight function are
provided in Section [l In an event, there is a need for algorithmic schemes that produce the estimated
solutions in a numerically realizable way.

This paper provides a mini-batch first-order method based on non-parametric subgradient estimation



to solve . The benefits of using such a method are: a) It avoids depending on the knowledge of
conditional probability distributions as required within SP; b) Each estimated solution update is not
particularly demanding. Towards this end, the mathematical structure focuses on the weighted average
of subgradients where the weights cover a batch (of size V) of data points, instead of the entire data set
(i.e. N << N). It is also worth noting that if vy ;(z) = & for all i = 1,2, ..., N, then the method reduces
to mini-batch stochastic approximation (SA), which is independent of the realization of Z. However,
we illustrate via examples that such methods may not converge. In fact, Figure [I| below shows that
both mini-batch SA and mini-batch Robust SA fail to converge to the true optimal value/solution of a
two-stage shipment problem introduced by [2]. The details associated with this instance are provided

below.

Example 1. [2] Suppose that predictor Z, is a 3-dimensional ARMA(2,2) time series, whose formulation
is given below:

Zy — O1Zi1 — G229 = Up + ®1Us_1 + ©4_oU;_o, (3)

where U is a 3-dimensional normal random variable with mean 0 and variance-covariance matrix X .
The response W is a 12 dimensional random vector which is a function of Z and some white noise. The

it" component of W, W;, is written as follows,

W; = max{0, AT (Z + 6;/4) + (B Z)e;} i€ {1,2,...,12}, (4)

where §; and ¢; are normal random variates with mean 0 and standard deviation 1, and A; and B; are
given constant vectors. Let  be a candidate solution and let {W7,...,W§. } be the samples generated
from the conditional distribution given Z = z. Note that for a synthetic instance such as this, it is
possible to choose a validation data set of size N, such that the con dence interval of the estimated cost
is small enough. In practice, we choose N, (which is the size of validation data set) so that the width of
con dence interval of the estimated cost is small enough. In particular, for a vector W, its i*" component
is given below

W7 = max{0, AT (2 + 6;/4) + (Bl 2)e;} i€ {1,2,...,12}. (5)

The estimated cost of & is

) 1 X .
0,(2) = N _ F(z,W7), (6)
and
* : 1 X z
9 :;nel;(lmiilF(x,Wi) (7)

is the estimated \optimal" cost of the perfect-foresight problem. Because the validation data is gener-



ated by assuming the known conditional distribution, the value of 6* de ned in must agree with that
obtained by the non-parametric scheme of [2]. The mini-batch SA procedure in this computational exper-

iment is summarized in the Appendix. The estimates shown in Figure [ reveal that using nite sample

Figure 1: Computational performance of Mini-batch SA and Robust Mini-batch SA in two stage shipment
problem
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SA or Robust SA is a misguided attempt to estimate the optimal value 6*. There are several reasons for
this failure: a) Problem is not expressed as a nite sum problem. b) It does not exploit the covariate

structure of (T).

In view of the above example, one question we wish to answer is: What kind of algorithmic scheme
would provide a consistent and asymptotically convergent method? Another question is that can we build
an SP algorithm which allows simultaneous estimation and optimization so that the synergy between
statistical modeling and optimization algorithms can be exploited in manner that results in a distribution-
free modeling-cum-algorithmic process? We will provide a concrete approach to overcome the dilemma
posed by non-convergence illustrated in Figure Other than using the non-parametric estimation of
the true objective function as in [2], we study a variety of non-parametric methods to estimate the true
subgradient for updating the estimated solution in our algorithm, which we refer to as learning enabled
optimization with non-parametric estimation (LEON).

In formulating the combined estimation-optimization process, we adopt a k nearest-neighbor (kNN)/
kernel approach for true subgradient estimation and a stochastic quasi-gradient method for optimization
([I0]). Despite the fact that kNN /kernel estimates are biased, we will show the convergence of numerical
algorithms which yield asymptotic optimality of problems such as . It is worth noting that since the

response is assumed to be parametrized by the predictor, the convergence of the proposed algorithm



is consistent for all possible realizations of the predictor. Inspired by Polyak’s averaging approach in
stochastic approximation [22] 24], we utilize the proposed LEON methodology to develop a first-order
method, which we refer to as Robust LEON. We will also revisit the computational example provided
on the previous page, and show how the Robust LEON algorithm discovers an optimal solution and the
optimal value.

The organization of this paper is as follows. In section [2] we present the mathematical setting for
LEON and the update rule for the estimated solution based on a combination of first-order method and
non-parametric statistical method. In section we provide a Robust LEON algorithm to solve (|1)). The
asymptotic convergence of Robust LEON algorithm is shown at the end of section |3] With the help of
the generalized structure of Robust LEON, we also investigate Robust LEON-ENN as well as Robust
LEON-kernel in sections [f] and [5 respectively. The computational results of Robust LEON are finally
demonstrated in section |§| using the two-stage shipment problem of [2]. These computations justify the
labels of Robust LEON applied to methodologies presented in this paper. Overall this paper overcomes

an important criticism that input distributions are necessary to even get started with SP models.

2 Mathematical Setting for LEON

In this section, we mainly focus on building the mathematical foundations of LEON, which will be shown
to be related to stochastic quasi-gradient method (SQG). Throughout this paper, we use the Euclidean
distance to measure the distance between the two predictors. We let ||z|| denote the Euclidean norm of
vector z, and let ITx denote projection operator onto set X. Let Z; (z) denote the it" closest neighbor
of z. We use P and E denote the probability and expectation operators, respectively.

As outlined earlier, we assume that W depends on Z, and both are continuous random variables
which take values in measurable spaces (R"z, R"z) and (R™, R"™) respectively. Let uz and py denote
the marginal distribution functions of Z and W, respectively. Let p(z,w) be the joint density function

of Z and W, and assume that the joint distribution 7 of (Z, W) exists and has the following form,
7w(dz, dw) = p(z,w)dzdw z € R"? w e R"™

Let m(z) = gn, P(2, w)dw and suppose that the conditional distribution given that Z = z is as follows

(B))- 8

Eiﬂ(ilz(’j;”) if m(z) >0
n ®
= gne P2 w)p(dz’) ifm(z) =0

k(z,w) =



Given z as an observation of Z, we study under the following assumptions.

(A0) (Non-negativity of the weight function) Let vy ; : R% +— R. The weight function, vy ;(2),
is non-negative for all .

(Al) (Probabilistic existence of Z = z) Although we do not require the knowledge of the distri-
bution underlying the uncertainty, we do need some assumptions about the structure of the distribution.
We assume that the joint density function p(z,w) between W and Z exists and the conditional distribu-
tion is defined by (), which obeys P(Z € Bc(z)) > 0 Ve > 0, where B.(2) is a closed ball with radius
e centered around z. Note that p(z,w) does not depend on the decision = and hence for the class of
problems we study, the distribution underlying the uncertainty is not decision-dependent.

(A2) (i.i.d assumption on data pairs) (Z1,W1),...,(Zn, W) are independent and identically
distributed.

(A3) (Compact and convex feasible region) X C R" is a compact and convex set.

(A4) (Convex objective function and related boundedness properties) Let F': X x R™ —
R. For every w € R™, F(-,w) is convex on X, and its subdifferential is bounded on X almost surely
(i.e. there exits Mg > 0 such that ||G(z, W)|| < Mg < o0 a.s.). We also assume that E[|F(z, W)|] < oo
for all x € X.

(A5) (Lipschitz-type continuity of true objective function) Let f : X x R"2 — R. There
exists a continuous function, C'(z) < oo, and p > 0 such that |f(z,z1) — f(z, 22)| < C(z)||z1 — 22||P, for
every x € X and puz almost all z1, zo € R"=.

The interplay between the different assumptions reflects the interplay between statistics and opti-
mization in this paper. Assumptions AO - A2 are standard in the statistical learning literature. However,
the fact that the data process is independent of the decisions (A1) is also common in the SP literature.
For decision-dependent uncertainty in the context of simultaneous estimation and optimization, we re-
fer to [20]. Moreover, convexity and boundedness assumptions in A3 are common in the optimization
literature, and similarly assumption A4 refers to the convexity of a family of functions parametrized
by w and the subgradients parameterized by w. Thus these assumptions are somewhat different from
convexity requirements in standard stochastic programming. As for assumption A5, there are several
ways to bound the errors from the combination of optimization and non-parametric estimation. Since
our algorithm is restricted to first-order approximations, we use Lipschitz-type continuity assumption
(AD) for z given fixed x in the objective function. By assumption A5, for any x € X, f(x, z) is Hélder
continuous in z. To compare this assumption with that of Bertsimas and Kallus [2], we note that they
allow more general approximations and thus their requirements are less demanding. Focusing further
on A5, note that while our requirement is stated in a point-wise manner (given z), it is a slight gener-

alization of standard Lipschitz continuity assumptions imposed on various non-parametric methods in



[15]. A5 is important when analyzing the property of bias in each particular case of non-parametric
estimation. Because this brand of Lipschitz continuity is somewhat di erent from standard Lipschitzian
property used in optimization, we will provide an illustrative example in the Appendix.

We begin by stating a result from [8], which de nes the comparison between the values of two

conditional expectations.

Lemma 1. [8] Let ( ;F;P) be a probability space. LeFy F andYi; Y, 2 F. Suppose thatE[jY1j] < 1
and E[jY2j]< 1 . Then Y1 Y, implies E[Y1jFo] E[Y2jFo] a.s.

Next, Lemma [2 shows the true objective function and its non-parametric estimation, which are

provided in () and (@), are convex under the assumptions given above.

Lemma 2 (Convexity of objective functions). Suppose assumption®0 - A4 are satis ed. Then the
following hold:
(Q) f(;2z) is convex onX, for 7 almost everyz 2 R"z,

() f\ (;2) is convex onX, for ; almost everyz 2 R":.
Proof. See the Appendix.

Lemmas 1 and 2 establish the structure of the model (convexity) and on a conceptual level, it is
amenable to large scale optimization. Moreover, the convexity of bothf (x; z) and ' (x; z) with respect
to x implies the continuity of both f (x;z) and f\ (x; z) with respect to x over the relative interior of X .
Another consequence of convexity is that for points where the value is nite, the standard subdi erential
of convex analysis exists.

Stochastic quasi-gradient is a generalization of a Monte Carlo sample of a subgradient. Before we
provide the speci c form of statistical estimate of the subgradient of f (x; z), we give a formal de nition

of stochastic quasi-gradients below.

De nition 1.  [9] Let i (x;z) and Gy (x;z) be the statistical estimate off (x;z) and its subgradient,
g(x; z), respectively. Furthermore, letx be an optimal solution. ThenGy (x;z) is the stochastic quasi-

gradient of f (x;z) of f (x;z) if it satis es the following condition:

f(x;z) f(x;z) hE[Gy(X;2)];x xi+ y; where y! OasN!1 (9)

Unlike Monte Carlo estimates of subgradients, estimation using stochastic quasi-gradient is biased. It
is worth noting that inequality (9) is the guiding force for asymptotic convergence of Robust LEON. In

the following, we let G(x; W) denote a subgradient ofF (x; W). By the scaling and addition properties



of subdi erentials, a subgradient of the non-parametric estimator, Gy (x; z), is written as the weighted
sum below.

X
Gu(x2)= i (2)G(GW)) (10)
i=1

Accordingly, a non-parametric estimator (KNN estimator and kernel estimators) is often biased [1]. But
under mild assumptions, we show that the bias of bothkNN estimator and kernel estimators of true

subgradients decrease to zero as the sample size increases to in nity.

Lemma 3. Suppose assumptionsAO - A4 are satised. For a given z, we further suppose that
EIfN (X 2)] (X 2)] n (X;2) forany x 2 X and y (;z) converges uniformly to 0 onX, asN !'1

Then Gy (x; z) is the stochastic quasi-gradient by de nition 1.
Proof. See the Appendix.

It is worth noting that if the assumption of uniform convergence of y (x;z) is replaced by point-wise
convergence Gy (x; z) is still stochastic quasi-gradient of f (x;z). However, uniform convergence of the
non-parametric estimation [15] is essential in proving asymptotic convergence of Robust LEON.

We end this section by introducing the update rule for the rst-order method equipped with stochastic

quasi-gradient.

LEON Update Rule
Inputs: 1, x;, | > 0, S' = f(z.1;Wi1);(ZL2: Wi 2); 5 (Zen s Win )9 (Assume that an oracle

generates a datasetS', with N, pairs of predictors and responses).

1. (Stochastic quasi-gradient calculation) Calculate stochastic quasi—gradientGN‘ (X1;2) by using
the formula below:
X
Gn, (xi32) = Wi (2)G (X1 Wiy ):
i=1

2. (Estimate solution update) Compute the new estimated solution by using the following formula:

Xi+1 = x (X |GNI (x1;2)), where x () denotes the projection operator. N4y Ny + .

3 Algorithmic Setting for LEON

It turns out that convergence properties of the above update (Basic LEON) rule are not entirely satisfac-

tory because of the biased non-parametric estimates. Consequently, this section presents a \robusti ed"



algorithm for solving (1). Here, we use the expected optimality gap as the metric to measure the con-

vergence of Robust LEON algorithm, which is formally stated in Theorem 1.

Robust LEON

1. (Initialization) Set the maximum of the norm of the subgradient, Mg. Start with xg 2 X and
o> 0and setDyx =maxx2x jjX Xopjj. Let n and m be some positive integer constants (e.g.

n=1 m=2). q 0. Ifn> 1, use theLEON Update Rule to generatexi, Xz,....Xn 1.
Setiq nandjgq n 1 (the updates in step 2 will make sure thatiq <j 4). Choose the

maximum number of outer iterations, Gnax -

2. (Constant stepsize setup) Sey g+1 and M—fﬁ‘ﬁ.

3. (Averaging window setup for inner loops) Setiq iq 1+ m(q 1)andjq jq 1+ mq. Start
with xj, 1, useLEON Update Rule  with xed step size to generateXi,, Xi +1 .- Xjq-

ij X

4. (Averaging) Setx; ——4—

mq

5. (Stopping rule) If g gmax ,» Stop and output the estimated solution. Otherwise, repeat from

Step 2.

The motivation for referring to the above update as Robust LEON derives from the step size rule of
Robust SA. However, as illustrated in the previous section, Robust SA does not provide a convergent
algorithm for (1). By increasing the size of the averaging window (i.e. increasen in mq), we generate
a sequence of averaged estimated solutions,,~which is shown to produce an optimality gap which
converges to 0.

Before we prove the asymptotic convergence of Robust LEON, we need to show the su cient reduction

by using LEON Update Rule.

Lemma 4 (Su cient reduction in LEON Update Rule) . Let x; and x;+; be thel™ and (I1+1) ™ iterates,
respectively, generated by LEON Update Rule. Suppose th&l0 - A4 are satis ed. Suppose that there
exists () such thatjE[f\ (x;2)] f (X;2)] N (x;2) for all x 2 X. For any x°2 X the following

inequality holds:

Efixia  x3%1 Elixi x%% 2.(Elf (x;2) f(x52)]+ M§

+2 (B[ N (X152)+ N, (X% 2)]

Proof. SinceF (;W;)is convex onX andvy,; 0, by Lemma 2,f\ (x;z) is convex, which implies that



the following inequality holds,
fN(x%2) fn(xz)+ (X% x)” Gy, (x1;2) (11)

By the non-expansiveness property of projection operator, we havg x (x9 x (X)ji ji x° xjj. On

the other hand, if x 2 X, then x (x) = x. Hence, we have

iixer x%5iZ=0i x(xi 16w (x1;2) x (x9)jj2
i xi iGn (xi5z) xYj?

=jixi xY9%+ FiGn (xi;2)ii2 21 x97 Gy, (x1;2)

Note that there exits Mg > 0 such thatjjG(x;W)jj Mg < 1 a.s.. Therefore, by taking the expectation

of the both sides of inequality above, we have

Elixies  xY%5%1  Elixi  x5%5%1+ PELiGn, (xi; 2)ii]
2 1 E[(xi  x9YT Gy, (x1;2)] (12a)

Efixi  x%%1+ fM& 2 E[xi  x9” Gy, (x;2)] (12b)

Let SI be the dataset generated at thej™ iteration by using the LEON Update Rule. By taking

conditional expectation of (11) on the event that fS’ g} :01 are given and moving N (x;;2) to the left

hand side of (11), we get
E[fn, (x%2) i, (x1;2)jS% 58" 11 E[(X° x))” Gy, (x1;2)jS% S 1] (13)
Based on the assumption thatjE[f\ (x;z)]  f (X;z)j N (X; 2), we have

E[f (x%2) f(x;2)+ n(x%2)+ n,(x1;2)jS% ;S 1]

(14)
ElfN, (x%2) i, (x1;2)iS% 58" 1]
By combining (13) and (14), we obtain
Elf (x%2) f(xi;2)+ N (x%2)+ n,(x;2)jS% S 1]
(15)

E[(x° x)” Gy, (x;2)jS% ;S 4

We take the expectation of both sides of the inequality above and obtain

10



Ef (x%2) f(xi;2)+ n(X%2)+ n, (Xi52)]
(16)
E[(x° x1)” Gn, (xi1;2)]
By using (16) to replaceE[(x; X)” Gn (xi;2)] in (12b) with E[f (x%2z) f(x;;2)+ n,(xX%2)+ N, (X1;2)],
we have
Elixi+x  x%%  Elixi  x%%1+ M§
+2 (E[f (x%2) f(xi2)+ N (xG2)+ N (xi52)]
= Eliixi xYi% 2 E[f(xi;2) f(x%2)]

+ IME+2 E[ N (i) + N, (X5 2)]

This completes the proof.

It is worth noting that there are two types of estimated solution updates in Robust LEON algorithm.
We refer to the process of using LEON Update Rule andx, to update x,+; as an iteration of LEON
update, while we refer to the process of calculating«4' (i.e. running steps 2-5 in Robust LEON) as an
iteration of Robust LEON algorithm. It is interesting to note that while neither Robust SA nor Basic
LEON provides convergence guarantee for solving (1), the Robust LEON approach does. Notwithstand-
ing the bias associated with stochastic quasi-gradients, Robust LEON assures asymptotic convergence by
extending the averaging process in which we use an ever-increasing size of the window. In the following,

we usec (z) = f(x ;2).

Theorem 1 (Asymptotic convergence of Robust LEON). Let z be xed. Let x4 be generated by Robust
LEON, where g stands for the iteration number. Suppose assumption80 - A5 are satis ed. Suppose
that there exists () such thatjE[f\ (x;2)] f (X;2)j N (X;z) for all x 2 X. Further assume that
n(;2) n+1(;2) forall N > 0 and for almost everyz, \(;z) converges to O uniformly onX as
N goes to innity. Let | denote thel™ iteration of LEON Update. In each iteration of LEON update

(process of generatingx;), a new dataset with larger size is generated. Then the following holds:

Elf (x;2) c(2)]! 0 asq!l

Proof. Our proof is similar to that of convergence of Robust SA in [22]. We continue using the notation

in the proof of Lemma 4. Futhermore, denote

X = x (x)

c(z)=f(x;z)forx 2 X :

11



By the Projection Theorem, we have
IXier X i I Xie2 X0 (17)
According to Lemma 4 and (17), we have

Elixia X0 0i®1 Elixi x %1 2 (Elf (xi;2)  f(x;2)]+ M
(18)
+2 B[ v (Xi52)+ N (X152)]
Let & = E[jx; X, jj?], we have

axa a2 E[f(x;2) c(2]+2 PME+2 (E[ N, (X;2)+ N, (X ;2)] (19)

Let Aj =supf n,(X;2) :x 2 Xg. Since n(;2) n+1(;2z) forall N> O0andN; <N 1, we have
Ap =supf N, (X2):x2 Xg supf n,, (X2):x2Xg= A (20)
Since n(;2)! Ouniformlyon X asN !'1 |, we knowthat Aj! Oasl!1 . Itfollows from (19) that

as a2 E[f(x;2) c(2]+ EME+4 A

which implies

1 1 1
E[f (xi;2) c(z2) 2Al 4 At MG (21)
Weletl i | and get
X X o1 1 X1,
[Ef(xi2) c@] 2]  (Ga Zaa)+ 5 PM3 (22)
=i I=i I=i
1 1 %
=5a saat MG F (22b)
I=i
1 1 R
satoME T 7 (22c)
I=i
SinceA; A foranyl> 0, we have
X X
1A 1A (23)

12



The combination of (22) and (23) implies

X 1 1, X .
IE[f (XI;Z) c (Z)] Ai | éai + EMG |
I=i =1 I=i
; and obtain

P
Divide both side of the inequality above by

P.
=i (Eff(xi;2) ¢ (2] A
I'J' |

P .
P%I. Since |_;vi =1 and v; > 0, by the convexity of f (x;z) for a given z, we have

Let v, =
I=i
X X
f( vix;2) vif (xi;2)
=i I=i
P
We let xI = {_, vix; and get
P
H ;a + ;M 2 J_ 2
E[f (x;2) f(x;2)] A 2P 1= (24)
=i |
Compared to [22], we have an extra term,A; here. Now we letDx = maXyz2x jjX Xgjj and thus
a = Efixi  xji¥1 Ellixi Xojj + jixo x;jj)?] 4DZ. Then it follows from (24) that
P.
2 1 2 J 2
Ai + X +FéMG I=i | (25)

Elf (x;2) f(x;2)

l,..,ig=n+m L sandjq=

Now let us taken > Oandm > 0, we leti; = n;j; = m+n
P _ _ . . I
n+m J s ig=mg 1. Forig | jq, we use a constant stepsize, which is

~g. It follows from (25) that

1. And we getjq

. 2 +1M2mq~
Elf ()2 F0c52) A+ . (26)
q

We minimize the right hand side of (26) and get the minimizer below
(27)

~ = Dx
17 MoP Mg

(27) shows that the constant stepsize used in Robust LEON is optimized. By substituting the optimal
constant stepsize into (26), we have

Ef(1i2) @) A+ P (28)

13



Let xq = x{;‘ and construct a sequencd xqg with respectto g. Asq!1 , from the left hand side of the
(20), we have

4DXMGI 0
i S ———

Ai,! 0 and
mq
which implies that

E[f (x;2) c(2))]! O

Note that Ajq in (28) does not depend on the trajectory of the estimated solution.

4 Robust LEON with kNN Estimation

In this section, we begin by providing the mathematical formulations of both kNN estimator of the true
objective function and kNN estimator of the true subgradient and then analyze the bias of thekNN
estimate. Next, we show that the bias from thekNN estimation satis es the conditions in Theorem 1.

After Fix and Hodges Jr [11] proposed the nearest-neighbor method in 1951, several articles [6, 7, 15,
28, 29] have contributed to the consistency olkNN regression, among which Walk [28] shows that the
kNN estimate converges to its true conditional expectation almost surely wherk(N) 'l ‘<<,TN) 'l as
N ! 0 andk(N) varies regularly with exponent (e.g. k(N) = bN c¢). We will utilize the Strong Law
of Large Numbers of thek™ nearest point (see [15] in Lemma 6.1) to analyze the bias &NN estimator
of true objective function. One bright side of kNN estimation is that model- tting is not necessary [12].
Given a positive integer k, a dataset with size N containing f(zy;w1), (z2;W>),..., (zn ;Wn)g and an
observation of predictor whose value iz, we aim to nd the k data points from this dataset closest (in
distance) to z. We require that ties are broken randomly andk must be smaller than N .

Here, we provide the details of how to calculatevy: (z), which corresponds to data pointz;, via kNN
estimation. If z; belongs to the set ofk nearest neighbors ofz, vy (z) is set to be 1; otherwise,vn;i (2)
is set to be 0. kNN estimation is very sensitive to the choice ofk and the units of measurement in the
predictor space. Sometimes it is useful to do the min-max normalization on the predictors to eliminate
the e ect of units of measurement beforekNN estimation.

We let Si.n (2) be the set of k nearest neighbors ofz from a dataset with size N and formulate a
kNN estimator of \true" problem (1) approximated by (29) below.

min fiw (62)= 1 FOW)I(Zi 2 Se (2) (29)

k

i=1
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It has been discussed that the optimal solution of approximation problem (29) can be used as an
eligible estimate of the true optimal solution [2]. However, since the runtime of naivekNN algorithm is
proportional to the dimension of the vector Z and the sample size (calculating distances dil data points
from a dataset consumesO(N) time and sorting all the distances by using quick sort takesO(N logN)
time), nding such a set of k nearest neighbors of a given point can be computationally expensive for
large datasets. On the other hand, Robust LEONKNN uses far fewer data points in each iteration and
also keeps improving estimated solutions. In general, Robust LEONeNN requires a small dataset to
update the estimate when it is far from the optimal solution set and a large dataset to further improve
the estimate when it is very close to the optimal solution set.

Sincevy; (z) = %I(Zi 2 Sin (2)) 0, which satis es assumption A0, Lemma 2 impliesf’}(;N (x;2) is

convex onX for 7 (a.s.). The subgradient off'\k;N (x;z) can be written as follows.
1 X
Gin (%2) = © GOW)IZi 2 S (2) (30)
i=1

We refer to (30) as thekNN estimate of SQG. It is worth noting that z is xed throughout this paper.
The bound provided next will be useful for the analysis of speci ¢ non-parametric methods such akNN

and kernel estimation.

Lemma 5. Suppose thatAO, A1 and A3 - A5 are satis ed. Then the following holds:
Elf (¢:Z1)  f(x2)ivn;1(2)]  EIC(X)jiZy  zjjPun;1(2)]:

Proof. See the Appendix.

Lemma 6 shows that the bias of thekNN estimate satis es conditions of Theorem 1.

Lemma 6. Let z be xed. Let vy = %I(Zi 2 Skn (2)). and A0 - A5 are satis ed. Further suppose
that jjZjj is bounded almost surely (i.e. there exitsT > 0 such thatjjZjj T a.s.). Then the following
hold:

(1) There exists n (x;z) such thatjE[f'\k;N (x;2)] f(x;2)j N (X;2).

(2) n(x%2z)! 0,asN!1 ,forany x°2 X.

(3) n(;z) decreases monotonically withN .

4 AsN"1, n(;2)!" Ouniformly on X.
Proof. See the Appendix.

Using Theorem 1 and Lemma 6, we are able to show that the expected optimality gap from the
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sequence of estimated solutions generated by Robust LEOKNN converges to 0. The formal corollary

is provided below.

Corollary 1  (Asymptotic convergence of Robust LEONKNN). Let z be xed. Let %y be generated
by Robust LEONKNN, where q stands for the iteration number. Suppose assumption®0 - A5 are
satis ed. Further assume that jjZjj is bounded almost surely. Letl denote thel™ iteration of LEON

Update. In each iteration of LEON update (process of generating,), a new dataset with larger size is

generated (i.e. Nj;2  N; +1 for | 2 N). Then the following holds:

Elf (*;2) c(2)]! 0 asq!l

Proof. Lemma 6 implies that there exists y, (x;z) such that

Elfin, (2] F(62)] N (62):

SincefN,g is an increasing sequence antll; /1 asl!1 , Lemma 6 also implies that ,(;z)! O
uniformly on X, asl!'1 and moreover, it also implies that y (;z) is also monotonically decreasing

with respect to N. Thus, all the conditions in Theorem 1 are satis ed, which completes the proof.

5 Robust LEON with Kernel Estimation

Since Nadaraya [21] and Watson [30] proposed the famous Nadaraya-Watson kernel estimate in 1964,
it has been used in biostatistics [4], economics [3], image processing [27] etc. Several papers [13, 14,
6, 19, 15, 29] further re ned the theory of kernel estimation. Walk [29] proved the strong pointwise
consistency of Nadaraya-Watson kernel regression estimate under mixing and  mixing. Given the
range of applications they represent, we are hopeful that decision models in these areas will be able to
integrate non-parametric estimation within decision models in the future. For these reasons, we extend
the scope of our algorithmic procedures to a much larger domain.

Let K (x) be a kernel function. Let hy be the bandwidth, which is a smoothing parameter depending

on N. The Nadaraya-Watson kernel estimator of true objective function and its subgradient are written

as follows. Py .
izg_F (G Wi)K (%:5)
f’\ . — i ]P hn
v ¥ K2 o
P G(x; WK (&2
. — i:]n ’ I hn
Gn (x;2) PN K (52 (32)
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We shall restrict the choices to kernel functions with compact support, such as the naive kernel,
Epanechikov kernel and quartic kernel. The mathematical formulations of these kernel functions are
provided below [29].

Naive kernel : K (z) = I 25 1g-

Epanechnikov kernel : K(z)=(1 jj zjj2)lf,-j Zji 1g-

Quartic kernel : K(2)=(1 jj zjj®)?lg 25 1g-

In the literature on kernel method, hy is known as bandwidth, and it decreases as N increases.
One example is thathy = CN ;2 (0;&). For simplicity, we let Ky; = K(%:2-) and (N) =
E[Kn:1] = K(%)dP. One diculty associated with Nadaraya-Watson kernel estimation whose
kernel has compact support, is that there is a non-zero probability thatP iN:1 Kn:i = 0, which implies
that there is positive probability that both numerators and denominators of f\ are 0. In that case, the
value of f\y is unde ned. In other words, it is possible that there is no data point in a ball with radius
hy centered aroundz from a dataset with size N, which makes the kernel estimation meaningless. To

overcome this situation, we propose to use a result due to [14].

Lemma 7. Assume that the following hold:

(1) There exists positive ¢ and r such that clg 5 g K (z). There exists H(t) which is bounded,
decreasing in[0;1 ) and tYH (t)! Oast!1

(2) For H() in (1), there exists ¢; and ¢, such thatc;H (jjzjj)) K (z) coH (jjzjj).-

(3) hy! OandNhd !1 asN!1

(4) P Nz @xp( NhF)<1 (orhy=CN ; 2(0; ).

Then

las. asN!1

Proof. See the proof of case for convergence Bf,, in Theorem 2 [14].

PN . Py ,
We let y = Nli(ﬁ“)‘ Since Lemma 7 [14] shows that—= (ﬁ’;" !

the following alternative model when analyzing the asymptotic property of Robust LEON-kernel. After

1 a.s., we should consider

P
replacing iN:1 Kni by N (N), the estimator of true objective function can be written as follows.

N (x%z) P N FOG WK g
- N (N)

N (X 2) =

P
In practice, N (N) is unknown, but it can be estimated via iN:l Kn:i . Similarly, a subgradient of

N (X;z) can be written as
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P Ny .
i=1 G(XvWi)KN|;i

Gn(x2) = N (N)

(33)

It is obvious that naive kernel, Epanechnikov kernel and quartic Kernel satisfy the the conditions in
Lemma 7. Note that all of the kernels mentioned above are bounded by 1, and they become 0 when
exceeds 1. More details are provided in the Appendix. We shall restrict our focus to the class of Robust

LEON-kernel in which the weight function vy is calculated by NK “EN y-

The following lemma shows that the bias offy (x; z) satis es the condition in Theorem 1.

Lemma 8. Let z be xed. Suppose thathy = CN ( 2 (0; iz)), where dz is the dimension of Z,

K N;i

and vy is calculated bym.

Further suppose thatK is naive kernel, Epanechikov kernel or quartic
kernel, AO - A5 are satis ed. Then the following holds:

(1) There exists y (x;z) such thatjE[fy (x;2)] f(X; 2)j N (X 2).

(2) n~(;2) is monotonically decreasing with respect ta\

(3)As N "1, y(;2)! Ouniformly on X.
Proof. See the Appendix.

As for Lemma 8, A5 can be relaxed to that there existsr, > 0 such that jf (x;z1) f(X;z2)j
C(X)jjzz zjjP, foreveryx 2 X andjjzz zyjj r;. Thatis, the inequality in A5 can only be required
to be locally true. The reason is that there exists a nite N such that the bandwidth, hy, will be
smaller thanr, (i.e. hy r; forall N N ), which implies that Lemma 8 will hold for large enough
N. We end this section with the following result which uses both Lemma 8 and Theorem 1 to show that
the expected optimality gap from the sequence of estimated solutions generated by Robust LEON-kernel

converges to 0.

Corollary 2  (Asymptotic convergence of Robust LEON-kernel) Let z be xed. Let x4 be generated by
Robust LEON-kNN/LEON-kernel, where g stands for the iteration number. Suppose assumption#&0
- A5 are satis ed. Let | denote thel! iteration of LEON Update. In each iteration of LEON update
(process of generatingx;), a new dataset with larger size is generated (i.eNj.;  N; +1 for | 2 N).
Then the following holds:

Elf (x;2) c(2)]! 0 asqg!l

Proof. The proof is similar to the proof of Corollary 1. See the Appendix.
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6 Numerical Experiments

One practical example of the problems of interest is a two-stage stochastic linear programming, whose

mathematical formulation is given below.

min ¢; x + E[Q(x; W)jZ = Z]
X
s.t. Aix= by

x 0

where Q(x; W) depends on the realization ofZ, and it is the optimal cost of the following subproblem

min ¢
y' Gy
s.t. Apy + Box = (W)

x 0

Here, ¢1, ¢; and by are deterministic column vectors. A;, A, and B, are deterministic matrices. (W)
is stochastic column vector which depends oW . To draw a connection with the standard problem (1),

note that F(x; W) = ¢ x+ Q(x;W), f(x;z) = ¢ x+ E[Q(Xx;W)jZ = z],and X = fx : A;x = by;x  Og.

6.1 A Two-Stage Shipment Planning Problem

In this section, we analyze the computational performance of Robust LEON by solving a two-stage
shipment planning problem introduced by Bertsimas and Kallus [2]. Here is a brief introduction of this
shipment planning problem. In the rst stage, we have 4 warehouses which allow us to store the products
at the cost of $5 before they are sold in the second stage. In the second stage, the stored products in
the 4 warehouses are shipped to 12 locations to satisfy each individual demands. The cost of shipment
from one warehouse to one location is proportional to their distance. We are allowed to make last-minute
replenishment from the 4 warehouses at a cost of $100 to satisfy extra demands. The goal of this problem
is to decide the number of products stored in each of the 4 warehouses in the rst stage to minimize the
total costs.

We also follow the procedure in [2] to generate predictor and response pairs. The responses are the
demands, and predictors are 3 dimensional ARMA(2,2) time series and responses are generated by the
linear transformation of corresponding predictors and standard normal errors. We elaborate on scenario

generation in the I™ iteration below.
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1. Inputs: o and are positive integers.l st and leng are start index and end index in the last
iteration, respectively. | is iteration number. For | =1, Z1;Z,;U; and U, are the initial points.
For1>1,7.. 1:Zig 2:Ug. 1andU., 2 arethe initial points. (See equation (3)

for the de nition of U)

2. Setlstart lstat + o+ (I 2), and lgng lena + o+ (I 1). Generate a sequence of
3 dimensional ARMA(2,2) time series and its responsef (Z, Wica )5 (21 Wi )0

start 7

which is the dataset used in thelth iteration.

We provide an illustration of two approaches used to measure solution quality below. In the rst
approach (validation approach 1), which is introduced by Bertsimas and Kallus [2], the performance
(true cost of estimated solution) is estimated by the average cost of one hundred thousand scenarios
from the true conditional distribution given the observed predictor, z, (as shown in equation (5)). For
the mathematical formulation of calculating this metric, please see equation (6).

In the second approach yalidation approach Il), we strive to use kNN to calculate the estimated
true cost. In particular, one thousand nearest neighbors of observed from a validation dataset with
size one million are generated as candidate scenarios (as shown in equation (4)). The performance of a
given estimated solution is quanti ed as the average cost of these 1000 candidate scenarios by using the
same solution. We let ¢;; W;) denote a sample from the validation set,Sy = f(Z1;W1);::5(Zn ; Wh) G,
generated by unconditional distribution. Let Sy.n (z) be the set ofk nearest neighbors o from Sy . The
estimated true cost of a candidate solution and thekNN estimate of the true optimal cost are written

below.

X
®)= 2 122 Sen Q)F(&W) (34)
i=1

kNN = MmN IiIX: I(Zi 2 Sk (2))F (% Wi) (35)
Next, we provide the speci ¢ algorithmic parameters, including parameters (e.g. bandwidth) for non-
parametric estimation as well as the ones for optimization. We consider the case in which the observed
predictor is [ 0:3626 0:5871 0:2987]. The initial point of x is [2C, 20; 20; 20]. As for Robust LEON, we
set Dy =40, M =30 and m = 5. Initial batch size is set to 100 and the increment on the batch size
per iteration is 10. The parameter for kNN is k = 20, while parameters for kernel estimation areC =1,

n, = 3 (dimension of the predictor), = ?]—2 and bandwidth hy = CN . Iteration nhumber of Robust
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LEON in the following graphs is the iteration number of LEON updates. For the purpose of comparison,
stochastic subgradient in the ™ iteration from Mini-batch SA or Mini-batch Robust SA is calculated
by the average of all the scenarios of the dataset generated in thd" iteration. The initial step size for
mini-bacth SA is 0.8.

Table 1: Computational results of the rst setup

Algorithm L Obij(I) Obj(11)
Mini-batch SA 600 | 327:7690( 0:4190) | 3281570( 4:8240)
Robust Mini-batch SA 600 | 327:8040( 0:4290) | 3282600( 4:9540)
Robust LEON-kNN 600 | 2965420( 0:9180) | 2987950( 10:8370)
Robust LEON-naiveKernel 600 | 2961540( 1:0230) | 2982510( 11:9000)
Robust LEON-EpanechnikovKernel | 600 | 2959950( 1:0200) | 2980750( 11:8610)
Robust LEON-quarticKernel 600 | 2959280( 1:0190) | 297:9960( 11:8600)

a Observed predictor is [ 0:3626 0:5871 0:2987]. Initial point is [20; 20; 20; 20]. Initial
stepsize is 0.8. Initial batch size is 100. Increment on the batch size per iteration is
10. Parameter for kNN is k = 20. Parameters for kernel estimation areC =1, n, =3

(dimension of the predictor), = ?{—2 and bandwidth hy = CN . Parameters for

Robust LEON are Dy = 40, M = 35, n=1and m = 5. = 295:792 in validation
approach | and N = 297:748 in validation approach Il. L is number of iterations in
Mini-batch SA. L is the total number of times calling LEON Update Rule in Robust
LEON. L is the total number of times calling mini-batch SA in Robust Mini-batch SA.

Figure 2: Computations of Robust LEON-kNN and Robust LEON-naiveKernel (Validation Approach | )

Initial point is [20,20,20,20], and initial step size is 0.8.

The data in Table 1 shows the solution quality (the lower the value, the better the solution quality) of
each algorithm after 600 iterations. Figures 2 and 3 show the computational progress of each algorithm
in terms of solution quality based onvalidation approach | introduced earlier in this section. The dotted
lines in Figures 2 and 3 are plotted according to (7), which is the estimated optimal cost. The vertical
bar on each point shows the 95% con dence interval of the corresponding estimated cost. For the reader
interested in the graphs of solution quality evaluated byvalidation approach Il, please see the Appendix.
Basically, the converging trends shown in graphs from both types of validation approaches are similar.

It is worth noting that the interval shown in the column of Obj(ll) from the tables suggest that the
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Figure 3: Computations of Robust LEON-EpanechnikovKernel and Robust LEON-quarticKernel (Vali-
dation Approach I.

Initial point is [20,20,20,20], and initial step size is 0.8

deviation of KNN point estimate may not be a rigorous 95% con dence interval, whereas the interval
in the column of Obj(l) shows the 95% con dence interval. The main di erence of two approaches is
that validation approach Il has larger deviation than validation approach I, which can also be veri ed in
Table 1. In particular, Figure 2 and Figure 3 show that the optimality gap of (Robust) Mini-batch SA
converges to a positive number while the optimality gap of the Robust LEON converges to 0.

For the readers who are interested in changing the initial setup of Robust LEON, please see the
Appendix. The same two-stage shipment planning problem is also used to numerically analyze the bias
of KNN estimator, where we replicate the experiments 60 times. The bias analysis in the appendix sheds

some light on the claim the bias ofkNN estimator decreases as the sample size increases.

7 Conclusions

Bertsimas and Kallus [2] provide the formulation and consistency analysis of problem (1). For algorithmic
purposes, they recommend using any SA algorithm for solving an approximation (i.e., (2)). In such an
implementation, the SA algorithm does not encounter a randomized but a deterministic function as in
(2). In contrast, for each LEON update of Robust LEON algorithm, the functional estimate is updated
based on a new dataset. Thus, our approach adopts a simultaneous estimation-optimization process,
whereas the recommendation of [2] separates the estimation from optimization.

Under mild assumptions, such as probabilistic existence oZ = z, compact and convex feasible set,
convex cost function, and the i.i.d. assumption for the predictor-response pairs, we have shown the
convexity of the true objective function, and its non-parametric estimator (Lemma 2). Next, Lemma 2
and Lemma 4 (su cient reduction in LEON Update Rule) are used to prove the asymptotic convergence

of Robust LEON (Theorem 1), which is the mathematical foundation of Robust LEON-kNN and Robust
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LEON-kernel. Since the entire framework is parametrized byz, it needs to be highlighted that the
convergence of Robust LEON is consistent with ; almost every z. With further assumption on the

Lipschitz-type continuity of the true objective function with respect to the predictor ( A5), we prove the
asymptotic convergence of both Robust LEONKNN (Corollary 1) and Robust LEON-kernel (Corollary

2). Finally, computational results in a two-stage shipment planning problem con rm the conclusions of
Robust LEON.

Despite some of the advances suggested in this paper, there are several challenges that remain. One
challenge is that in-sample stopping rule of Robust LEON algorithm is under study. Another one is that
the universal performance of Robust LEON for all the possible realizations of the predictor is unknown.
One future direction can be the analysis of the rate of convergence of LEON in the context of its universal
performance. It is still unknown whether the bias of kernel estimator via kernel function with noncompact
support (e.g., Gaussian kernel), converges uniformly on a bounded compact set. Besides, when a true
subgradient is estimated by the Nadaraya-Watson kernel weighted average, direct proof of asymptotic
convergence of such class of LEON-kernel is still under study.

While kernel approximations have been used to approximate dynamic programming value functions,
we are not aware of SP algorithms which have imported kernel and other non-parametric estimation as
an integral part of the solution algorithm. We expect this combination of estimation and optimization

to be the fundamental step for distribution-free algorithms in SP.

Acknowledgements

We thank Prof. Phebe Vayanos for her participation in early discussion of this research. This research

was supported by grants from NSF-1822327 and AFOSR FA9550-20-1-0006.

Appendix

Mini-batch SA

1. Choose a diminishing step size rulé g, the maximum number of iterations (Inax ), batch size
(N), initial points of predictor ( Z; and Z;), and correspondingU; and U, in the 3-dimensional
ARMA(2,2) time series. Set the iteration number | 0, the start indeX | geart 1 and the

end index | gng N.

2. Set | I+ 1. Generate a sequence of time series and its response,
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F(Z1gan Wigar )i (Zigy i Wiew )9: (Note: For | = 1, the initial points are Z;;Z5;U; and

U,. For | > 1, the initial points are Z,_., 1214 2:Uig, 1andU. 2).

P
3. Calculate the stochastic subgradient,G,(x/) = Ni  end G(x;; W;).

i = start

4. Update the estimated solution, Xj+1 = x (X 1G1(X1)), where x () denotes the standard

projection operator.

5. If |  Inhax , Stop and output the estimated solution. Otherwise, setl gart lstart + N, and

| end lend + N and repeat from step 2.

Example of Lipschitz-type continuous function

Let W and Z be one dimensional random variables. Suppose thgZj aa.s.andW = Z + , where

is standard normal random variable. Forjzj a we want to solve the following problem:
minf (x;z) = E[(x W)3}Z = z]:
X
Here, the objective function can be written as

f(x;z)= E[(x z )3
=1+(x 2z)?

Here, X + z is normal random variable with mean x + z and variance 1. Forjz;j a;jz,j awe

have

ifGz) f(6z2)i J (x z)® (X 22)?
j 2 zji2x  z1 2z
(i2xj+2a)jzs 2o

Thus, for this example, C(x) = 2(jxj + a). Furthermore, if the feasible region, X, of x is compact, then
f (x;z) is Hedler continuous in z. (For jz;j a;jz2j &, there existsC such that jf (x;z1) f(X;z2)j

Cjzz zpjforall x2 X.)

Proof of Lemma 2

Proof. Proof of (1). Let x1;Xx, 2 X and 2 [0;1]. SinceF( ;W) is convex onX a.s., we have

F(x1+(1 )X2; W) F (x;;W)+(1 VE (X2; W) ais:; (36)
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Based on Lemma 1, we have

EF(x1+(@  )xzW)jZz=12z] E[F (xp;W)+(@1  )F(x2;W)JZ = z]: (37)

Sincef(x 1 +(1 )X2;2) = E[F(x 1 +(1 )X2;W)jZ = z] and f (X1;2) + (1 i (x2;2) =
E[F (x;;W)+(1 )F (x2; W)jZ = z], it follows from (37) that

f(x1+(@Q  Ixz2) f (Xi;2)+(1  )f (x2;2):

Since 2 [0; 1] is arbitrary, it shows that f ( ;z) is convex on X for a givenz 2 R"z,

Proof. Proof of (2). SinceF( ;w) is convex onX for any w 2 supp(W), we have that, for x;;x, 2 X

andi 2f1;:::;Ng, (36) holds for all W; and 2 [0; 1]. Sincevn; (z) 0 for all (N;i), it follows that

Wi F(X o+ (1 )xsWi) v F(x; W)+ (1 )i F(X2; W) (38)

By the de nition of f\ (x;z), summing (38) over all indices, i, yields

fN(x 1+ xzz) a2 +@ )f(x22)

Since is arbitrary, this completes the proof.

Proof of Lemma 3

Proof. Let x;x 2 X, wherex denotes an optimal solution. By assumption, we have

Efn(62)] f(xz) ~(X2); (39)

E[fn(x ;2)] f(x:2)+ n(X;2): (40)

By the convexity of f\ ( ;z) with respect to x for a given z, we have

f'\N(x;z) fAN(x;z) h Gy (x;z);x  xi:

By taking the expectation of the both sides of the equation above, we get

E[f\ (x ;2)] EIfN(%2)] hEGN(%2)ix  xi (41)
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Combining equations (39), (40) and (41), we obtain

f(x;z)+ n(x;2) [f(xz) N(2z)] hEGN(xZ);x  Xi;

which implies that

f(x;2) f(xz) hE[Gy(xz);x Xxi+( n(X:;2) N(X2)

Let n = nN(X;2) nN(X2). Since y(x;z) converges uniformly to 0 onX asN !'1 |, we conclude
that y ! OasN !'1 . By Denition 1, it shows that Gy (x;z) is the stochastic quasi-gradient of

f (x;2).

Proof of Lemma 5

Proof. Let H = f! :jf(x;Z.(!)) f(Xx2)jvn:1(2) C(X)jjiZ1(') zjjPg. Then based on assumption
A4, we haveE[l(Z, 2 H)]= P(H)=1. E[JF(x;W)j] < 1, implies that there exists Mg < 1 such that
E[jF (x;W)jjZ] <M g for 7 (a.s.). Hence, we have

f(x;Z)= E[F(x;W)jZ] E[F(X;W)jZ]<MEe
Consequently,
Eif (x:Z1) f(x2)ivw1(2)]  Elf(xZ1)  f(X%2)ivw1(2)1(Z1 2 H))
+ E[jf (x;Z1) f(X2)jvn:1(2)1(Z1 2 H))] (42a)

EIC(XiiZ1  zjiPvn;1(2)1(Z1 2 H)]

+2MEeE[I(Z1 2 H)] (42D)

Since E[I(Z; 2 H)] = P(I(Z; 2 H)) = 0 and E[C(X)jjZ1  zjjPvn.1(2)I(Z1 2 H)] E[C(X)jjZ1
zjjPvn: 1(2)], it follows from (42b) that E[if (x;Z1) f(X;2)jvn:1(2)] E[C(X)jjZ1  zjjPvn: 1(2)].

Proof of Lemma 6

Proof. Proof of (1). Let S= fZ; :i 2 1;2;::;;Ng denote the -algebra generated byfz; : i 2

1;2;::;;Ng. Since (Z1; Wh1),...,(Zn ; Wy ) are independent and identically distributed, the expectation of
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k-NN estimate in (29) can be decomposed into the following form [28]:

X
Elfin (62)]= = E[EIF (6 Wi)I(Zi 2 Sk (2))iS]]
i=1

_1 AT .
= E ~ E[E[F (x; Wi)jZi]I(Z; 2 Sk;N (2)] (43)
= %E[E[F (X;W)jZ111(Z1 2 Skn (2))]]
- %E[f (Z1)1(Z1 2 Sen (2))]
On the other hand, we haveE[I(Z; 2 Sk (2))] = P(Z1 2 Skn (2)) =1 % = A becauseZ;,... Zy

are equally likely to be in the set of k nearest neighbors ofz. Hence, it implies that for any constant

a2 R, the following equality holds.
N
a= | Efal(Z1 2 Sen (2)] (44)
By using equation (43) and (44), we attain an upper bound oij[f’}(;N (x;2)] f(x;z)j below,

Elfin (62)] (x2)] %Eﬁf (x21) (X 2)jl(Z1 2 Skn (2))]

" (45)
W COELZy ZiPI(Z1 2 Scn (2))]
Dening n(X;2):= %C(X)E[jjzl ZjjP1(Z1 2 Skn (2))], (45) simpli es to
JElfin 62 F(62)i  n(X2) (46)

Proof. Proof of (2). Let Z[’}‘(](z) be the k" nearest neighbor ofz in the dataset with size N. By the
SLLN of kNN (Lemma 6.1 in [15]), we have

iZjy(2) zjj! Oas: asN!1

which implies that

iz zij®! Oas: asN!1 (47)

Equation (47) can be generalized to
izp(@  zZi’! Oas: asN!1  fori Kk
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Sincek is nite, we have

1 X
" iZj(@ zji®! Oas: asN!1 (48)
i=1
which implies that
% izN (@) zj*1(Zi 2 Skn (2)) ! Oas: asN 1 (49)
i=1

SincejjZjj T <1 as.,jjiZ zj* ((2T)? <1 a.s.. By the Dominated Convergence Theorem (or

Bounded Convergence Theorem), it follows from (49) that
ELiZp(2)  zjiP1! 0 asN!1 fori k; (50)
and equation (50) implies that

X i} .
E[E iZf(@ zji’]! 0 asN!1 fori Kk (51)
i=1
SinceC(x) is nite, for x 2 X, (51) implies that
1 X
E[COXY §Zi Z[P1(Zi2 Sen (@)1 O asN 1 (52)
i=1
SinceZz};Z};:::; Zy, are independent and identically distributed, we have

X
ELCOY) iz ZiPN(Zi 2 Sen (@) o
i=1 53

- %C(XO)E[ijZl ZjiP1(Z1 2 Sen (2N = n (X% 2)

The combination of (52) and (53) implies that n (x%z)! OasN !1

Proof. Proof of (3). We shall show that y n+1 pointwise for N >k . Let fZ1;Z5;::5ZnZN+1 0
beN +1 independent copies ofZ. Let Z['i“]+1 (z) be thei™ nearest neighbor ofz from fZ4;Z5; 5 Zn ; Zn +1 O.
Let Z[’}‘] (2) be the i" nearest neighbor ofz from fZ4;Z5;:::; Zy g. It is obvious that ij['i“]+1 (z) zj®

ij[’i\'](z) zjjP, which implies

Elizy™ (@ zi’l Elizp2)  zj’] (54)
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Since (54) holds fori 2 f 1;2;3;:::; kg, it implies that

X
E[iJ'Z[’i“]+1 (2)  zjj*] EGiZfy(2)  ZjiP] (55)
i=1 i=1
We also have
1 X
N (X 2) = E[E CX)IiZi  zjjPI(Zi 2 Skn (2))]
=1 (56)
X

C(x) Elizg(2) zi®]
i=1
and
1 X
N+ (X 2) = E[E C)iiZi  zjjPUZi 2 Sk +1 (2))]
i=1 (57)
=C(x) ELZ)™ (@) i’
i=1

So the combination of (55), (56) and (57) implies y (X;2) N+ (X Z2).
It is worth noting that if we generate Z9;z9;z%;::;;Z%, which is another set ofN independent copies of

Z. We let S\ (z) be the kNN set of z from this new set. Then

1 X 1 X
Bl CIiz? zjiP1(ZP2 Sey ()] = B[, CXiiZi ZjiPI(Zi 2 Skn (2))]
i=1 i=1

= n(X2)
This argument is very useful in understanding dynamics of our algorithm.

Proof. Proof of (4). According to (2) and (3) from Lemma 6, we know that §(;z)! O pointwise onX
and y (;2z) is monotonically decreasing with respect toN . SinceC(x) is continuous on X, it is obvious
that N (;2) is continuous on X . By Dini's Theorem [17], n(;z) converges uniformly to 0 onX, as

NI1

Kernel properties

For naive kernel, putting K(z) = lg 5 19, We let H(t) = Iy 14. Then we can choosec; = 0:9 and
c; = 1:1, and condition (2) is satised. When t > 1, H(t) = 0, which implies that lim {;; tH (t) = 0.
Thus, H (t) is nonincreasing, and the second part of condition (1) is also satis ed. As for the rst part
condition (1), we can chooser =1 and c= 1.

For Epanechnikov kernel K (z) = (1 jj zjj2)lfjj zji 19> We can letH (t) = (1 t2) 15, 1g- Then we can

pick ¢; = 0:9 and c, = 1:1. Then condition (2) is satised. When t> 1, H(t) = 0, which implies that

limyy  tH (t) = 0. Again, H(t) is nonincreasing, and the second part of condition (1) is also satis ed.
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As for the rst part of condition (1), we can chooser =0:5andc=1 0:5? =0:75.

For quartic kernel, K (z) = (1 jj zji?)?l4j 5 19, We can letH(t) = (1  t?)2l¢;4 . We can choose
¢t = 0:9 and c, = 1:1. Then condition (2) is satised. When t > 1, H(t) = 0, which implies that
limy:  tH(t) = 0, and H (t) is nonincreasing. So the second part of condition (1) is also satis ed. As

for the rst part of condition (1), we can chooser =0:5andc=(1 0:5%)2 = 0:5625.

Proof of Lemma 8

Proof. Let S be the sigma algebra generated by, Z», ...,Zn . Then

X X
E[  FOGWHDKni)I=  E[E[FOGWi)K; S]] (58a)
i=1 i=1
= NE[E[F (x; W1)jS]Kn; 1] (58b)
=N E[E[F (X; Wl)jzl]K N: 1] (58C)
= NE[f (x;Z1)Kn;1]: (58d)

In the above sequence of equations, (58b) is true, becausey. ;1 is measurable onS. SinceZi;Z;; 5 Zn
are independent, we haveE[F (x; W1)jS] = E[F (x; W1)jZ1;Z52; 5 Zn] = E[F (X; W1)jZ41]. Sincef (x;z) is

a constant for givenx and z, we have

Elf (;2)Kn;a] = f(x;2) (N) (59)

where (N)isdenedas (N)= E[Kn:1]. The combination of (58) and (59) implies that

. E[f (X; Z]_)K N: 1]

Elfn(2)] f(xz)i=] N) f(x;2)]
:ﬁjE[(f(X;Zl) f(x:2))Kn;li (60)
~EDF06Z2) F (2K ]
By Assumption A5 , it follows from (60) that
L Ef(6Z) T(62)iKna]  —s-COOEiZ1  ZiPK 1] (61)
(N) 1w |
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By the de nition of naive kernel, Epanechikov kernel or quartic kernel, we haveK n.1 = 0if jjZ; zjj hy.

So we obtain 8
o 20z, ziPKyy f§iZy Zj hw
iZ1 ZjjPKn;1 = 5 (62)
T0 otherwise

(62) implies that jjZ;  zjjPKn:1  h} Kn:1. Hence, it follows from (61) that

ﬁC(x)Emzl Z§/PK ;1] ﬁC(x)h"NE[KN;ﬂ
= c)h?
We let y(x;z) = C(x)h} and have
Ef(2)] fa2)  w(2) (63)

For xed x,

n(X;z)= C(x)hR ! OasN !1

N  NO%implies that hy  hyo, which further implies that

N(XZ)  No(XZ)

Since C(x) is continuous, y( ;z) is also continuous onX. Then by the Dini's theorem (see [17]),

n(;2) ! 0 uniformly on a compact setX,asN !'1

Proof of Corollary 2

Proof. Lemma 8 implies that there exists y, (x;z) such that

iElfin, (62)] f(62)i N, (X2)

SincefN;g is an increasing sequence antl; !'1 asl!1 , Lemma 8 also implies that y,(;z)! O
uniformly on X, asl!1 . Lemma 8 also implies that \ ( ;z) is also monotonically decreasing with

respect toN . Thus, all the conditions in Theorem 1 are satis ed, which completes the proof.

Evaluation of solution quality by validation approach Il

Figures 4 and 5 show the computational performance of each algorithm in terms of solution quality based

on Validation Approach Il . It is worth noting that the interval shown in the gures are based on the
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