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Abstract Optimization problems with orthogonality constraints appear widely
in applications from science and engineering. We address these types of prob-
lems from a numerical approach. Our new framework combines the steepest
gradient descent, using implicit information, with a projection operator in
order to construct a feasible sequence of points. In addition, we adopt an
adaptive Barzilai–Borwein steplength mixed with a globalization technique in
order to speed–up the convergence of our procedure. The global convergence,
and some theoretical related to our algorithm are proved. The effectiveness
of our proposed algorithm is demonstrated on a variety of problems includ-
ing Rayleigh quotient maximization, heterogeneous quadratics minimization,
weighted orthogonal procrustes problems and total energy minimization. Nu-
merical results show that the new procedure can outperform some state–of–
the–art solvers on some practically problems.

Keywords Orthogonality constrained optimization · Riemannian opti-
mization · gradient–type methods · eigenvalue problem · total energy
minimization.

1 Introduction.

A large range of problems in dimension reduction and machine learning [27],
data mining and pattern recognition [16,27], compressive sensing [7], p–harmonic
flow on spheres [21], joint diagonalization [3,38,42], computer vision, matrix
completion [8,10,29,46], procrustes analysis [18,35] and image processing [47]

The author was financially supported by FGV (Fundação Getulio Vargas) through the ex-
cellence post–doctoral fellowship program.

H. Oviedo
Escola de Matemática Aplicada, Fundação Getulio Vargas (FGV/EMAp). Rio de Janeiro,
RJ, Brazil. E-mail: harry.oviedol@gmail.com



2 Harry Oviedo

can be modeled as optimization problems where the variables lie on a Rie-
mannian manifold. These kind of problems can be mathematically formulated
as

min f(x) s.t. x ∈M, (1)

where f :M→ R is a smooth cost function andM is a Riemannian manifold.
A specific case of problem (1) is the well–known Stiefel manifold constrained
optimization problem, which can be formulated as

min
X∈Rn×p

F(X) s.t. x ∈ St(n, p), (2)

where F : Rn×p → R is a continuously differentiable function and St(n, p) :=
{X ∈ Rn×p : X>X = Ip} is so–called the Stiefel manifold, which was due to
Eduard Stiefel (see [41]). Particularly in case of p = 1, problem (2) reduces
to the spherically constrained optimization problem. In case of p = n, the
feasible set becomes orthogonal group O(n). The feasible set of (2) endowed
with the Frobenius inner product can be seen as an embedded Riemannian
sub–manifold of the Euclidean matrix space Rn×p, whose dimension is equal

to np− p(p+1)
2 , see [4]. This particular Riemannian optimization problem ap-

pears frequently in principal component analysis [26,51], Kohn–Sham total
energy minimization [25,45], the leakage interference minimization [30], or-
thogonal procrustes problem [12,18] and low–rank correlation matrix problem
[36].

The non–convexity and the nonlinearity of St(n, p) are two of the ma-
jor challenges of problem (2) since there might be several local minimizers,
from which finding global minimizers is generally difficult. In fact, only a few
instances of problem (2) (for example, finding the extreme eigenvalues, or-
thogonal procrustes problems) have global solutions with closed expressions.
In most cases, we need to use some iterative method to approximate the so-
lution of this kind of problems. In particular, applications such as the maxcut
problem and the leakage interference minimization [30] are NP–hard.

Several Riemannian line–search methods have been developed to address
the numerical solution of (2), which typically require the use of geodesics or
projection operators, and are characterized by exploiting the geometric struc-
ture of St(n, p) and by preserving the structure of the problem (avoid the vec-
torization of X). For instance, there exists Riemannian gradient–like methods
[2,4,12,11,15,18,31,34,40,45], Riemannian conjugate gradiente methods [1,4,
15,33,40,50], Newton’s methods, such as those in [4,38,40]. Riemannian and
implicit Riemannian trust–region methods are proposed in [4,5]. Other ap-
proaches to deal with problem (2) have been introduced in [19,25,28,32,44].

In this paper, we introduce and analyse a new gradient type optimization
method to deal with Stiefel manifold constrained optimization problems. Es-
sentially, our approach build the new trial point by performing a curvilinear
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search on the Stiefel manifold, using an approximation of the implicit gra-
dient of the Lagrangian function along the iterations. The feasibility of any
iterate generated by our procedure is preserved by using a projection oper-
ator. The numerical performance of our implicit gradient method is further
improved by incorporating an adaptive Barzilai and Borwein step–size [6], in
combination with the Zhang–Hager non–monotone line–search [48]. The con-
vergence analysis is studied. In addition, we conduct some numerical exper-
iments to compare the behavior of our approach with some state–of–the–art
algorithms, considering sphere constrained optimization problems, weighted
orthogonal procrustes problems, heterogeneous quadratics minimization prob-
lems and nonlinear eigenvalues problems.

Outline. The rest of this paper is organized as follows. In section 2, we
introduce some important notations and tools. In subsection 2.1, we establish
the Karush–Khun–Tucker conditions for problem (2). In section 3, we describe
our gradient–type method with implicit information to tackle optimization
problems with orthogonality constraints, and we establish some theoretical
properties related to our proposal. A theoretical analysis concerning the global
convergence of our procedure is presented in section 4. Numerical results are
reported in section 5 in order to illustrate the efficiency and the effectiveness
of our approach. Finally, we give some concluding remarks in section 6.

2 Notations and important tools.

In this section, we introduce some important notations for the well understand-
ing of this work, and review the geometry of the Stiefel manifold, as discussed
in [4,45]. We also give the Karush–Kuhn–Tucker conditions associated to (2).

Throughout this paper, we say that W ∈ Rn×n is skew–symmetric if W =
−W>. The trace of X is defined as the sum of the diagonal elements which we
denote by Tr[X]. The Frobenius inner product of two matrices A,B ∈ Rm×n
is given by 〈A,B〉 :=

∑
i,j aijbij = Tr[A>B]. The Frobenius norm is defined

by ||A||F =
√
〈A,A〉. Let F : Rn×p → R be a differentiable function, we

denote by G := DF(X) = (∂F(X)
∂Xij

) the matrix of partial derivatives of F (the

Euclidean gradient of F). Additionally, the directional derivative of F along
a given matrix Z at X is defined by:

DF(X)[Z] := lim
t→0

F(X + tZ)−F(X)

t
= 〈DF(X), Z〉. (3)

The tangent space TXSt(n, p) of the Stiefel manifold at X ∈ St(n, p) is
given by

TXSt(n, p) = {Z ∈ Rn×p : Z>X +X>Z = 0}. (4)

In addition, under the standard metric 〈ξ1, ξ2〉 = Tr[ξ>1 ξ2], the orthogonal
projection PX [·] at X onto TXSt(n, p) is expressed as

PX [ξ] = ξ −Xsym(X>ξ), with ξ ∈ Rn×p, (5)
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where sym(W ) = 1
2 (W> + W ) denotes the symmetric part of the matrix

W ∈ Rm×m.

The following proposition establishes a useful relationship between the
Frobenius norm of a particular skew–symmetric matrix and the trace func-
tion.

Proposition 1 Given L,R ∈ Rn×p two rectangular matrices and define W =
LR> −RL>. Then

||W ||2F = 2Tr[L>WR ]. (6)

Proof By using trace properties we have

||W ||2F = Tr[W>W ]

= Tr[ (LR> −RL>)>(LR> −RL>) ]

= Tr[ (RL> − LR>)(LR> −RL>) ]

= Tr[RL>LR> ]− Tr[RL>RL> ]− Tr[LR>LR> ] + Tr[LR>RL> ]

= Tr[RL>LR> ] + Tr[LR>RL> ]− 2Tr[RL>RL> ]

= 2Tr[LR>RL> ]− 2Tr[RL>RL> ]

= 2(Tr[L>LR>R ]− Tr[L>RL>R ] )

= 2Tr[L>LR>R− L>RL>R ]

= 2Tr[L> (LR> −RL> )R ]

= 2Tr[L>WR ],

which proves the proposition. 2

Another important tool that we shall employ is the projection operator
over the Stiefel manifold, which is define by

π(X) = arg min
P∈St(n,p)

||X − P ||F . (7)

The following proposition, demonstrated in [31], provides us with a close
expression to compute the projection of any matrix over St(n, p).

Proposition 2 Let X ∈ Rn×p be a rank p matrix. Then, π(X) is well de-
fined. Moreover, if the singular value decomposition of X is X = UΣV >, then
π(X) = UIn,pV

>, where In,p ∈ Rn×p is the rectangular diagonal matrix with
diagonal entries equal 1.

Remark 1 In view of p ≤ n, we can compute the projection π(X) efficiently
using the spectral–decomposition based SVD computation. Specifically, we
have

π(X) = XVD−1/2V >,

where V ∈ Rp×p is an orthogonal matrix and D is a diagonal matrix satisfying
the eigenvalue decomposition X>X = V DV >. This procedure corresponds to
the Algorithm 3 in [17].
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2.1 Optimality conditions.

The Lagrangian function associated to the optimization problem (2) is given
by

L(X,Λ) = F(X)− 1

2
Tr[Λ>(X>X − Ip) ], (8)

where Λ represents the Lagrange multipliers matrix, which is symmetric be-
cause the constraint X>X is also symmetric. By differentiating the Lagrangian
function with respect to the primal and dual variables, we obtain the first order
necessary optimality conditions related to problem (2):

∇XL(X,Λ) = G−XΛ = 0, (9)

∇ΛL(X,Λ) = X>X − Ip = 0. (10)

The following technical result, taking from [45], provides us with an im-
portant tool to identify critical points of Lagrangian function.

Lemma 1 Suppose that X is a local minimizer of problem (2). Then X sat-
isfies the first order optimality conditions (9)–(10) with the associated La-
grangian multiplier Λ = G>X. Define

∇F(X) := G−XG>X and A(X) := GX> −XG>,

then ∇F(X) = A(X)X. Moreover, ∇F(X) = 0 if and only if A(X) = 0.

Remark 2 Let X ∈ St(n, p) be an arbitrary matrix. If we endow the Stiefel
manifold with the canonical metric given by

〈ξX , ηX〉c := Tr

[
ξ>X

(
I − 1

2
XX>

)
ηX

]
, ∀ξX , ηX ∈ TXSt(n, p),

then ∇F(X) coincides with the Riemannian gradient of the function F :
St(n, p) → R (the restriction of the objective function to the Stiefel mani-
fold), for an entire description about this fact see [46,Section 4].

3 A feasible implicit gradient method.

In this section, we specify our implicit gradient projection method. It repre-
sents our efficient feasible optimization scheme that consists of two main steps.
In order to introduce the new approach, let us consider the gradient flow of an
energy F : M → R defined on a Riemannian manifold M (for the purposes
of this work, the Riemannian manifold M is St(n, p)),

Ż(τ) = −∇MF(Z(τ)), Z(0) = X0, (11)
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where X0 ∈ M, and ∇MF(·) denotes the Riemannian gradient of F . Now, if
we apply the forward Euler method to solve the ordinary differential equation
(11), we get the update formula of the classical gradient method

Zk+1 = Zk − τk∇MF(Zk), (12)

which becomes the Riemannian gradient method, if we incorporate some re-
traction to preserve the feasibility of each iterate.

Another possibility to iteratively solve the gradient flow (11) is by applying
the backward Euler method (or also known as the implicit Euler method).
The backward Euler method for the gradient flow on matrix Lie groups, is
considered in [22]. Specifically, the authors in [22] mention this method to solve
gradient flows over the orthogonal group O(n) ≡ St(n, n), this set admits a Lie
group and its Lie algebra is the set of skew–symmetric matrices. In particular,
we propose a slight modification of this method but applied on the Stiefel
manifold instead of matrix Lie groups (note that the Stiefel manifold is not a
Lie group). The implicit Euler method for the ODE defined in (11) leads to
the following update scheme

Zk+1 = Zk − τk∇MF(Zk+1). (13)

Since the iterative process (13) is implicitly defined and the Riemannian gra-
dient of F is typically a highly nonlinear functional, in practice it is difficult
to implement this approach in its theoretical form. To overcome this difficulty,
we propose to approximate the Riemannian gradient ∇MF(Zk+1) as follows

∇MF(Zk+1) = A(Zk+1)Zk+1

≈ A(Zk)Zk+1. (14)

By combining (13) and (14), we obtain part of the update formula of our
procedure,

Zk+1 = Zk − τkA(Zk)Zk+1. (15)

Based on this idea, we propose a two–phase scheme to update the iterates.
Firstly, we generate an auxiliary point Z(τ) by using the gradient method with
implicit information described in (15), which can be seen as an adaptation of
the classical steepest descent method (12), after that we compute the new
iterate by projecting the auxiliary point over the Stiefel manifold, in order to
preserve the manifold structure. Specifically, in the first step, we compute a
trial point, from the previous point X ∈ St(n, p), determined by the following
approximated implicit gradient descent scheme

Z(τ) = X − τA(X)Z(τ), (16)

where τ > 0 represents the step–size. Notice that the implicit scheme (16) can
be explicitly rewritten as

Z(τ) = (In + τA(X))−1X. (17)
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Since the auxiliary point Z(τ) may not verify the constraints of the optimiza-
tion problem (2), we use the projection operator over the Stiefel manifold (7).
Thus, given the previous point X ∈ St(n, p), the new iterate Y (τ) is deter-
mined by the following scheme

Y (τ) := π(Z(τ)) = π((In + τA(X))−1X). (18)

Observe that if we replace the matrix product A(X)Z(τ) with A(X)X, in
equation (16), then the proposed method would be reduced to the Rieman-
nian steepest descent method proposed by Manton in [31] and improved by
Oviedo et. al. in [34]. Hence, the update scheme given by (18) can be seen as a
modified version of the Manton’s method that introduces implicit information
based on the gradient approximation ∇F(Z(τ)) ≈ A(X)Z(τ).

Our main idea focuses on the adaptation of the implicit Euler method to
solve (2). However, other well–studied methods in numerical ODEs can also
be applied to solve the gradient flow (11) and can lead to new optimization
methods to solve (2), e.g., Runge–Kutta methods. This observation was also
partly investigated in [12,45] and [20]. In particular, in [45] Wen and Yin are
inspired by the Crank–Nicolson method to derive an efficient method for the
solution of (2). In addition, Dalmau and Oviedo in [12] adapted the Adams–
Moulton method to solve the manifold constrained optimization problem (2).

Remark 3 There is a direct relationship between the Crank–Nicolson based
method [45], the Manton’s Riemannian gradient method [31] and our proposed
method (18). In particular, The Riemannian gradient method based on the
Crank–Nicolson formula is implicitly defined as follows

YCN(τ) = X − τA(X)

(
1

2
X +

1

2
YCN(τ)

)
. (19)

Then, the new iterate is calculated as Xk+1 = YCN (τ). Since this curve pre-
serves the manifold structure, we have that Xk+1 = π(YCN (τ)) = YCN (τ).
Note that we can write our method and the Wen and Yin method in a single
update formula

Yθ(τ) = X − τA(X) ((1− θ)X + θYθ(τ)) , (20)

where θ ∈ [0, 1], and then we compute the new iterated by Xk+1 = π(Yθ(τ)).
Observe that if we select θ = 0.5 then the update scheme (20) reduces to
the Crank–Nicolson based method (19), while if we choose θ = 1 then we
recover our proposed implicit gradient method, see the equations (16)–(18).
In addition, if we select θ = 0 in (20), we obtain the Riemannian steepest
descent method proposed by Manton in [31].

Example 1: In order to show the numerical behavior of our procedure, we
present a numerical example to compare the performance of our update scheme
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Fig. 1 Convergence history of implicit gradient method (18) and steepest descent method,
from the same initial point, for the minimization of a quadratic function over the Stiefel
manifold. The y-axis is on a logarithmic scale.

(18) with the steepest descent method proposed by Manton [31], both using the
adaptive Barzilai–Borwein step–size described in subsection 3.1. To do this,
we maximize the function F(X) = 1

2Tr[X
>AX] over the Stiefel manifold,

considering n = 5000 and p = 3, where the data matrix A and the starting
point X0 are randomly generated by the following Matlab commands:

randn(′seed′, 1); A = randn(n); A = 0.5 ∗ (A′ +A),

and

X0 = randn(n, p); [X0,∼] = qr(X0, 0).

For this example, we fix the tolerance ε = 1e-5, (the termination rules of
our algorithm are explained in detail in Section 5). In Figure 1, we plot the
convergence history of the gradient norm of the Lagrangian function along the
iterations, for both methods. From Figure 1, we clearly see that the incorpo-
ration of implicit information can improve the numerical performance of the
Riemannian steepest descent method.

The following lemma establishes some interesting properties of our scheme
(18).

Lemma 2 Consider the curve Y (τ) defined in (18), with X ∈ St(n, p). Then
the following properties are satisfied.

1. The matrix In + τA is positive definite for all τ ∈ R.
2. The derivative of Y (τ) with respect to τ at τ = 0 is

Ẏ (0) = −∇F(X). (21)
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3. If we rewrite the matrix A as A = UV > where U = [G,X] and V = [X,−G]
then (17) is equivalent to the following scheme

Z(τ) = X − τU(I2p + τV >U)−1V >X. (22)

Proof 1. In view of A(X) = GX> −XG> is skew–symmetric, q>A(X)q = 0
holds for any non–zero vector q ∈ Rn, which implies that In + τA(X) is
positive definite for all τ ∈ R.

2. By differentiating the curve Z(τ) defined in (17) with respect to τ , we
obtain

Ż(τ) = −A(X)Z(τ)− τA(X)Ż(τ), (23)

or equivalently,

Ż(τ) = −(In + τA(X))−1A(X)Z(τ), (24)

Substituting τ = 0 in (24) we obtain Ż(0) = −∇F(X). From Lemma 7 in
[12], we have

Ẏ (0) = PX [Ż(0)] = −PX [∇F(X)] = −∇F(X).

3. To obtain this equivalence, we apply the Sherman–Morrison–Woodbury
formula to the matrix (In + τA(X))−1, that is

(In + τA(X))−1 = (In + τUV >)−1 (25)

= In + τU(I2p + τV >U)−1V >. (26)

Substituting (26) in the update scheme (17), we obtain

Z(τ) = (In + τA(X))−1X (27)

= (In + τU(I2p + τV >U)−1V >)X (28)

= X + τU(I2p + τV >U)−1V >X, (29)

which completes the proof. 2

Now, we derive a relation between the directional derivative of F(·), con-
sidering the curve (18), and the Riemannian gradient norm of F(·).

Lemma 3 Given X ∈ St(n, p) and consider the update scheme (18). Then,

DF(X)[Ẏ (0)] ≤ −1

2
||∇F(X)||2F , (30)

that is, Y (τ) is a descent curve at τ = 0.
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Proof By differentiating the curve Y (τ) respect τ and evaluating at τ = 0, we
obtain that Ẏ (0) = −∇F(X). It follows from the definition of the directional
derivative (3) and Proposition 1 that

DF(X)[Ẏ (0)] = −Tr[G>∇F(X)]

= −Tr[G>(GX> −XG>)X]

= −1

2
||A(X)||2F . (31)

On the other hand, using the Lemma 2 demonstrated in [34], we obtain

||∇F(X)||2F = ||A(X)X||2F = ||X>A(X)||2F ≤ ||A(X)||2F .

Finally, merging this last expression with (31), we arrive at

DF(X)[Ẏ (0)] ≤ −1

2
||∇F(X)||2F ,

which proves the lemma. 2

3.1 Step–size selection rules.

This section is devoted to describe the selection of the step–size τ in our
iterative approach (18). It is well–known that the Barzilai–Borwein [6] step–
sizes (BB–steps) can greatly speed up the convergence of the gradient type
methods, and require low computational demand per iteration. In fact, the
BB–steps may allow some significant reduction in the number of line searches
and also in the number of function evaluations. In view of these numerical
advantages, we use the following two BB–steps,

τBB1
k =

||Sk−1||2F
|〈Sk−1, Yk−1〉|

and τBB2
k =

|〈Sk−1, Yk−1〉|
||Yk−1||2F

, (32)

where Sk−1 = Xk−Xk−1 and Yk−1 = ∇F(Xk)−∇F(Xk−1). In this work, we
adopt an adaptive approach to select the step–size τk for the k–th iteration.
Such approach considers to choose τk as follow

τABBk =

{
τBB1
k for odd k;
τBB2
k for even k.

(33)

Since BB–steps do not necessary guarantee descent of the objective func-
tion along the iterations, these step–sizes are frequently used in combination
with some globalization technique in order to assure the global convergence.
For this end, we use the non–monotone globalization technique proposed by
Zhang and Hager in [48]. The above description leads us to Algorithm 1.
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Algorithm 1 Implicit Steepest Descent Method for Optimization with Or-
thogonality Constraints (Implicit–SD)

Require: X0 ∈ St(n, p), τ > 0, 0 < τm ≤ τM , η ∈ [0, 1), ρ1, ε, δ ∈ (0, 1), Q0 = 1,
C0 = F(X0), k = 0.

Ensure: X∗ an ε–KKT point.
1: while ||∇F(Xk)||F > ε do
2: while F(Y (τ)) > Ck + ρ1τDF(Xk)[Ẏ (0)] do
3: τ = δτ ,
4: end while
5: Update Xk+1 = Y (τ), with Y (·) according to (18).
6: Calculate Qk+1 = ηQk + 1 and Ck+1 = (ηQkCk + F(Xk+1))/Qk+1.
7: Choose τ = τABB

k+1 with τABB
k+1 defined as in (33).

8: τ = max(min(τ, τM ), τm).
9: Increment k as k = k + 1.

10: end while
11: X∗ = Xk.

4 Convergence Analysis.

In this section, we analyse the global convergence of Algorithm 1. The con-
vergence analysis of our method follows the proof of the global convergence
of the Riemannian gradient method with the Zhang–Hager’s non–monotone
technique [48] presented in [23, Theorem 3], which also appear in [20, Theorem
5.6]. Unlike the Theorem 3 that appear in [23]; in our analysis, we completed
the missing steps of the proof of Theorem 3, following the steps of Theorem
4.3.1 described in [4]. In addition, note that in [20,23] the convergence analysis
is presented only for the Riemannian gradient method (Euler explicit). How-
ever, we observe that the same convergence analysis can be used to demon-
strate the global convergence of any curvilinear procedure Yk(τ) that satisfies
Ẏk(0) = −∇F(Xk). Observe that this particular property is demonstrated for
our approach in Lemma 2. Therefore, in this section, we follow the demonstra-
tion presented in [23], adapted for the case of the Stiefel manifold, in order to
make our manuscript self–contained.

Lemma 4 Let {Xk} be an infinite sequence generated by Algorithm 1. Then
we have

F(Xk) ≤ Ck, ∀k. (34)

Proof From equation (31), we have DF(Xk)[Ẏ (0)] = − 1
2 ||A(Xk)||2F < 0. Now,

define ψ : R→ R by

ψ(α) =
αCk−1 + F(Xk)

α+ 1
.

Observe that the derivative of ψ(α) is

ψ̇(α) =
Ck−1 −F(Xk)

(α+ 1)2
.
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Then using the fact that DF(Xk)[Ẏ (0)] < 0, it follows from the non–monotone
Zhang–Hager condition that

F(Xk) ≤ Ck−1 + ρ1τDF(Xk)[Ẏ (0)] < Ck−1, (35)

which implies that ψ̇(α) ≥ 0, for all α ≥ 0. Hence, the function ψ(·) is nonde-
creasing, and F(Xk) = ψ(0) ≤ ψ(α), for all α ≥ 0. Then, taking ᾱ = ηQk−1
we obtain

F(Xk) = ψ(0) ≤ ψ(ᾱ) = Ck, (36)

which completes the proof. 2

Lemma 5 Let {Xk} be an infinite sequence generated by Algorithm 1. Then
the sequence {Ck} is monotonically decreasing.

Proof It follows from Lemma 3 and the algorithm construction that

Ck+1 =
ηQkCk + F(Xk+1)

Qk+1

≤ ηQkCk + Ck + ρ1τkDF(Xk)[Ẏ (0)]

Qk+1

≤
ηQkCk + Ck − 1

2ρ1τk||∇F(Xk)||2F
Qk+1

<
(ηQk + 1)Ck

Qk+1

= Ck.

Therefore, {Ck} is monotonically decreasing and converges to some limit C∗ ∈
R ∪ {−∞}. 2

Theorem 1 Let {Xk} be an infinite sequence generated by Algorithm 1. Then
any accumulation point X∗ of {Xk} satisfies the Karush–Kuhn–Tucker condi-
tions (9)–(10).

Proof Let X∗ ∈ St(n, p) be an arbitrary accumulation point of {Xk} and let
{Xk}K be a corresponding subsequence that converges to X∗. It follows from
the continuity of F that limk∈K F(Xk) = F(X∗), then using Lemma 4 and 5
we can infer that C∗ ∈ R. Hence, we have

∞∑
k=0

−ρ1τkDF(Xk)[Ẏ (0)]

Qk+1
≤
∞∑
k=0

Ck − Ck+1 = C0 − C∗ <∞. (37)

Merging this result with the fact since Qk+1 = 1 + ηQk = 1 + η + η2Qk−1 =

· · · =
∑k
i=0 η

i < (1− η)−1 we arrive at

lim
k∈K
−τkDF(Xk)[Ẏ (0)] = lim

k∈K

τk
2
||A(Xk)||2F = 0. (38)
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On the other hand, by contradiction, let us suppose that ∇F(X∗) 6= 0.
Note that, this assumption implies that ||A(X∗)||F 6= 0. Now, from (38) and
Lemma 2 we have

lim
k∈K

τk = τ̂ = 0, (39)

and consequently, due to the step–size τk is chosen by carrying out a backtrack-
ing process, then for all k greater than some k̄, τk = δmkτABBk , where mk ∈ N
is the smallest positive integer number such that the non–monotone Armijo
condition is fulfilled. Thus, the parameter τ̄ = τk

δ violates the non–monotone
Armijo condition, i.e., it holds

ρ1τ̄DF(Xk)[Ẏ (0)] < F(Y (τ̄))− Ck ≤ F(Y (τ̄))−F(Xk), ∀k ≥ k̄. (40)

Let’s set Zk(τ) := F ◦ Y (τ), then (40) is equivalent to

−Zk(τ̄)− Zk(0)

τ̄ − 0
< −ρ1DF(Xk)[Ẏ (0)], ∀k ≥ k̄. (41)

It follows from the mean value theorem, that there exists t ∈ (0, τ̄) such that
−Żk(t) < −ρ1DF(Xk)[Ẏ (0)] for all k ≥ k̄, or equivalently

−Tr[DF(Y (t))>Ẏ (t)] <
ρ1
2
||A(Xk)||2F , ∀k ≥ k̄. (42)

Taking limit in (42) and considering (39), we arrive at

Tr[G>∗ ∇F(X∗)] ≤
ρ1
2
||A(X∗)||2F , (43)

or equivalently, ||A(X∗)||2F ≤ ρ1||A(X∗)||2F . Since ρ1 < 1 then we haveA(X∗) =
0, which contradicts the assumption ∇F(X∗) 6= 0. Therefore, X∗ also satisfies
the condition (9). That is, any subsequence {Xk}k∈K asymptotically satisfies
the KKT conditions (9)–(10). 2

The following result establishes the global convergence of the Algorithm 1.

Corollary 1 Let {Xk} be an infinite sequence generated by Algorithm 1. Then
limk→∞ ||∇F(Xk)||F = 0.

Proof Suppose, by contradiction, that there exists a subsequence {Xk}k∈K
and ε > 0 such that ||∇F(Xk)||F > ε, for all k ∈ K. Since Xk ∈ St(n, p)
for all k ∈ K and St(n, p) is a compact set, then the sequence {Xk} has an
accumulation point X∗ ∈ St(n, p). In addition, taking limits and considering
that the Riemannian gradient ∇F(·) is continuous, we have ||∇F(X∗)||F ≥
ε > 0, which contradicts Theorem 1. 2
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5 Numerical results.

The experiments of this section aim to show the practical usefulness of our
Implicit–SD for eigenvalue computations, weighted orthogonal procrustes prob-
lems, the solution of heterogeneous quadratics minimization problems and the
solution of nonlinear eigenvalue problems. All the numerical tests were carried
out by using MATLAB running on an intel(R) CORE(TM) i7–4770, CPU
3.40 GHz with 500GB HD and 16GB RAM. To illustrate the efficiency of
our algorithm, we compare our Algorithm 1, which we denote by Implicit–
SD, with the Riemannian steepest descent method SD introduced by Man-
ton in [31], the Riemannian gradient method based on the Cayley trans-
form OptSt developed in [45]1, the Riemannian conjugate gradient methods
Algor.1a, Algor.1b and Algor.1b+ZH proposed in [50]2, and also with the
“manopt” toolbox [9]3. The implementation of our algorithm is available in
http://www.optimization-online.org/DB_HTML/2020/03/7682.html.

In our numerical tests, we consider the following stopping rules. We stop the
algorithms if one of the following conditions holds: (i) k ≥ N ; (ii) ||∇F(Xk)||F ≤
ε, where N = 5000 is the maximum number of iteration. We set ε = 1e-5 for
all methods. In addition, in our Algorithm 1, we set τm = 1e-15, τM = 1e+15,
η = 0.85 and δ = 0.2. For all experiments we randomly generate the starting
point X0 using the following Matlab command [X0,∼] = qr(randn(n, p), 0).

Additionally, Time, Nfe, Nitr, NrmG and Fval denote the averaged total
computing time in seconds, the averaged number of function evaluations, the
averaged number of iterations, the averaged residual ||∇F(X∗)||F where X∗

is the optimum estimated by the method, respectively. In all experiment we
solve 10 independent instances for the different values of (n, p) and then we
report all these averages.

5.1 The Rayleigh quotient maximization

In this subsection, we consider the problem of maximizing the Rayleigh’s quo-
tient, which can be formulated as:

max
x∈Rn−{0}

F(x) =
x>Ax

x>x
, (44)

where A is a symmetric matrix with real entries. This problem appears in many
applications in engineering and pattern recognition. Observe that problem (44)
is equivalent to the following unitary sphere constrained optimization problem

max
x∈Rn

F(x) = x>Ax s.t. ||x||2 = 1, (45)

1 The OptSt Matlab code is available in https://github.com/wenstone/OptM
2 The Riemannian conjugate gradient methods Algor.1a, Algor.1b and Algor.1b+ZH can

be downloaded from http://www.optimization-online.org/DB_HTML/2016/09/5617.html
3 The manopt tool–box is available in http://www.manopt.org/
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which is a particular case of problem (2).

In order to illustrate the efficiency and effectiveness of the proposed algo-
rithm on real data problems, we compare our Algorithm 1 with the Crank–
Nicolson type method [45] OptSt and also with the Adams–Moulton type
method [12] AdamsMoulton, computing the largest eigenvalue using the 27
instances of large scale sparse symmetric and positive definite matrices with
n ≥ 4000 taken from the UF Sparse Matrix Collection [13]. In Table 1, we
report the average values Time, Nitr, NrmG and Fval required by the three
methods with 5 different randomly generated starting points over the unitary
sphere for this set of problems. The maximum number of iterations allowed
for all algorithms was Nmax = 100000. A summary of the numerical results on
27 real data testing problems is reported in Table 1.

From Table 1, we can see that our procedure outperforms the OptSt pro-
cedure in terms of total number of iterations. In fact, the Implicit–SD method
successfully performed 9 problems faster than the OptSt, while the pack-
age OptSt obtained the solution, for 3 problems, in less number of iterations
than the rest of the methods. Additionally, we observe that our method was
considerably competitive with the AdamsMoulton procedure. However, the
AdamsMoulton was the best method in terms of number of iterations. In ad-
dition, we clearly note that our Algorithm 1 was the best method in terms
of CPU–time. To illustrate the effectiveness of our approach, we adopt the
performance profile [14] introduced by Dolan and More to compare the whole
performance of all the methods, considering the all 135 (27×5) tests. In Figure
2, we plot the performance profile considering the number of iterations and the
total computational time for all the methods. From these figure, we observe
that the percentage of victory in terms of iterations for the algorithms OptSt,
AdamsMoulton and Implicit–SD methods were 11.11%, 59.2% and 33.33%
respectively; while in terms of total computational time the corresponding
percentages were 25.92%, 33.33% and 40.74%, which suggests that the most
efficient method to solve this set of problems was our Implicit–SD.

5.2 The weighted orthogonal procrustes problem

The weighted orthogonal Procrustes problem (WOPP) is a linear least–squares
problem defined on a Stiefel manifold. The WOPP problem, defined by Viklands
in [43] and studied in [34,39], aims to find an orthogonal transformation that
reduces the distance between two matrices in terms of the Frobenius norm.
Formally, for any three matrices A ∈ Rm×n, B ∈ Rm×q and C ∈ Rp×q, the
WOPP problem minimizes:

min
X∈Rn×p

1

2
||AXC −B||2F s.t. X>X = Ip, (46)
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Table 1 Numerical results on the Rayleigh quotient maximization.

OptSt AdamsMoulton Implicit–SD
Name n NrmG Nitr Time NrmG Nitr Time NrmG Nitr Time
msc04515 4515 8.88e-6 1384 0.493 9.72e-6 658 0.298 9.81e-6 1076 0.515
s1rmq4m1 5489 8.67e-6 211 0.080 9.51e-6 197 0.082 4.59e-6 196 0.077
s1rmt3m1 5489 9.99e-6 317 0.160 3.33e-6 302 0.128 9.92e-6 338 0.145
s2rmq4m1 5489 5.01e-6 208 0.075 7.85e-6 177 0.068 8.39e-6 192 0.071
s2rmt3m1 5489 9.94e-6 419 0.266 7.79e-6 220 0.072 6.62e-6 247 0.081
s3rmq4m1 5489 8.38e-6 164 0.064 8.97e-6 162 0.065 9.08e-6 218 0.083
s3rmt3m1 5489 8.55e-6 199 0.062 2.12e-6 246 0.084 4.71e-6 235 0.086
s3rmt3m3 5357 5.42e-6 215 0.069 9.59e-6 202 0.066 3.44e-6 213 0.066
fv1 9604 9.79e-6 1394 0.541 9.96e-6 1475 0.551 9.89e-6 2048 0.716
fv2 9801 8.48e-6 1272 0.489 1.00e-5 1150 0.442 9.65e-6 1307 0.464
fv3 9801 9.95e-6 1776 0.670 9.75e-6 1478 0.557 9.94e-6 1482 0.548
Kuu 7102 9.21e-6 192 0.081 8.64e-6 177 0.084 9.50e-6 191 0.094
Muu 7102 9.28e-6 17 0.005 6.32e-6 18 0.007 8.67e-6 16 0.007
bcsstk16 4884 2.46e-6 117 0.046 3.23e-6 51 0.024 7.96e-6 46 0.020
bcsstk17 10974 4.99e-6 227 0.176 5.39e-6 62 0.057 4.95e-6 67 0.056
bcsstk18 11948 1.94e-6 132 0.079 7.17e-6 50 0.035 3.53e-6 45 0.030
bcsstk28 4410 7.65e-6 26 0.009 1.66e-6 23 0.101 4.01e-6 23 0.009
bcsstk36 23052 7.05e-6 121 0.278 6.35e-6 153 0.347 9.66e-6 124 0.279
cfd1 70656 9.15e-6 110 0.535 8.47e-6 107 0.569 9.52e-6 96 0.443
ex15 6867 9.98e-6 758 0.314 9.59e-6 230 0.063 9.64e-6 274 0.067
finan512 74752 5.04e-6 84 0.277 9.48e-6 82 0.321 8.10e-6 103 0.341
mhd4800b 4800 1.97e-6 16 0.003 1.48e-6 16 0.004 5.09e-6 14 0.003
msc23052 23052 4.01e-7 163 0.384 6.21e-6 124 0.273 3.12e-6 132 0.276
nasa4704 4704 9.77e-6 9605 5.101 6.40e-6 735 0.256 1.91e-6 309 0.066
nd3k 9000 9.30e-6 162 0.550 6.55e-6 109 0.385 2.51e-6 112 0.375
pwtk 217918 9.95e-6 3919 239.969 9.94e-6 2042 111.448 6.54e-6 2124 122.373
sts4098 4098 5.97e-6 33 0.007 2.45e-6 30 0.008 6.82e-6 27 0.007

(a) Performance profile based on the number
of iterations

(b) Performance profile based on computa-
tional time

Fig. 2 Performance profile based on the number of iterations and the total computational
time of all the method for the Rayleigh quotient maximization.
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this kind of problem is often used to find rigid body transformations that de-
scribe relationships between two objects [37].

In this subsection, we compare the numerical performance of our Implicit–
SD procedure versus the OptSt, SD and AdamsMoulton methods, solving
WOPPs randomly generated as follows: m = n, q = p, A = QDR> and
C = V ΣV >, where Q and R are random orthogonal matrices, V ∈ Rp×p is
a Householder matrix, Σ ∈ Rp×p is a diagonal matrix with entries uniformly
distributed in the interval [12 , 2] and D ∈ Rn×n is a diagonal matrix, whose

diagonal elements are generated as follows: Di,i = 1 + 99(i−1)
n+1 + 2ui, with ui

uniformly distributed in the interval [0, 1]. As a initial point X0, we gener-
ate a random matrix satisfying X0 ∈ St(n, p) using the following Matlab’s
command:

[X0,∼] = qr(randn(n, p), 0).

All unspecified random values are generated with the randn function of Mat-
lab. In addition, the matrix B ∈ Rn×p is given by B = AX∗C, where X∗ is a
random matrix belonging to the Stiefel manifold. This experiment design was
taken from [34].

In Table 2, we show the average of the numerical results achieved for all
the methods, from 30 simulations generated for each value of (n, p). According
to the numerical results contained in Table 2, we note that all the methods
obtain very similar results for problems with small p values (p < n/2). In par-
ticular, in this case, the most efficient methods were our Implicit–SD and the
AdamsMoulton solver. On the other hand, for the cases p > n/2, we observe
that the SD, OptSt and Implicit–SD methods show competitive results, while
the AdamsMoulton method was the least efficient.

5.3 The heterogeneous quadratics minimization problem

The heterogeneous quadratics minimization problem minimizes a sum of quadratic
functions over a permutation the Stiefel manifold as

min
X∈Rn×p

F(X) =

p∑
i=1

X>[i]AiX[i] s.t. X>X = Ip, (47)

whereX[i] ∈ Rn denotes the i–th column ofX and Ai’s are n×n real symmetric
matrices. This problem is also considered in [50]. Following [50], we build two
test problems of dimension n = 5000, 10000 and n = 500, 1000 respectively,
where the Ai’s matrices having the following different distributions,

1. Experiment 1: Ai = diag( (i−1)n+1
p : 1

p : inp ),

2. Experiment 2: Ai = diag( (i−1)n+1
p : 1

p : inp ) +Bi +B>i ,
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Table 2 Numerical results on the weighted orthogonal procrustes problem.

Methods Nfe NrmG Nitr Time

n = 200, p = 200
OptSt 958 6.27e-6 910 3.396
SD 934 7.98e-6 896 5.354
AdamsMoulton 791 9.73e-6 757 10.653
Implicit–SD 802 9.76e-6 785 4.388

n = 300, p = 200
OptSt 1901 8.92e-6 1846 10.074
SD 1140 9.58e-6 1111 7.298
AdamsMoulton 2702 9.79e-6 2630 33.441
Implicit–SD 2027 8.60e-6 1993 12.853

n = 1000, p = 100
OptSt 1342 8.94e-6 1298 13.182
SD 1379 8.45e-6 1332 11.7453
AdamsMoulton 1019 9.41e-6 983 9.267
Implicit–SD 1107 9.36e-6 997 11.379

n = 5000, p = 100
OptSt 1350 9.89e-6 1306 166.437
SD 1236 7.69e-6 1201 138.295
AdamsMoulton 1040 8.88e-6 1006 136.121
Implicit–SD 1001 9.43e-6 971 128.920

where Bi’s were random matrices generated using the Matlab command Bi =
0.1randn(n).

In our implementation, all the parameters of each solver were set to be
their default values except the termination criteria of the Riemannian con-
jugate gradient methods presented in [50] were changed to the ones exposed
at the beginning of this section. Table 3 collects the numerical results related
to these experiments. From the results, we see that our Implicit–SD performs
better than the rest of solvers in terms of the CPU time and the number of
iterations. Additionally, we observe that all methods achieve the required ac-
curacy for the gradient norm ||∇F(Xk)||F . Furthermore, we clearly note that
our procedure are more efficient than the three versions of the Riemannian
conjugate gradient methods.

In Figure 3, we present the average convergence history of all the methods
for Experiment 1 with (n, p) = (10000, 10) and Experiment 2 with (n, p) =
(1000, 10). Figure 3 shows that our algorithm can achieve the required tol-
erance in fewer iterations than the other methods. However, all the methods
show a very similar average behavior.

5.4 Total energy minimization problem.

In this subsection, we consider a class of nonlinear eigenvalue problem, which
can be regarded as a simplified version of the Hartree–Fock (HF) total energy
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(a) Experiment 1 with (n, p) = (10000, 10) (b) Experiment 2 with (n, p) = (1000, 10)

Fig. 3 Convergence behaviour of Implicit–SD, SD, OptSt and the best CG method, from
the same initial point, for the minimization of the heterogeneous quadratics function.

Table 3 Numerical results on the heterogeneous quadratics minimization problems.

Methods Nfe NrmG Fval Nitr Time

Experiment 1 (47): n = 1000, p = 500
OptSt 241 7.84e-6 2.50e+5 222 19.7
SD 273 6.33e-6 2.50e+5 254 33.0
Implicit–SD 251 8.25e-6 2.50e+5 238 23.1
Algor.1a(CG) 254 5.72e-6 2.50e+5 233 36.3
Algor.1b(CG) 226 8.09e-6 2.50e+5 199 28.1
Algor.1b(CG+ZH) 236 6.07e-6 2.50e+5 231 31.0

Experiment 1 (47): n = 10000, p = 10
OptSt 2473 8.90e-6 4.50e+4 1732 6.7
SD 1368 8.42e-6 4.50e+4 1235 5.1
Implicit–SD 1531 9.37e-6 4.50e+4 1448 5.9
Algor.1a(CG) 2463 9.20e-6 4.50e+4 1538 8.5
Algor.1b(CG) 2615 8.17e-6 4.50e+4 1636 8.9
Algor.1b(CG+ZH) 2225 9.15e-6 4.50e+4 1611 8.3

Experiment 2 (47): n = 500, p = 100
OptSt 2381 9.92e-6 2.43e+4 1470 195.8
SD 1666 7.93e-6 2.43e+4 1606 142.8
Implicit–SD 1340 8.69e-6 2.43e+4 1300 110.8
Algor.1a(CG) 1858 8.32e-6 2.43e+4 1172 152.5
Algor.1b(CG) 1653 7.65e-6 2.43e+4 1070 135.3
Algor.1b(CG+ZH) 1571 7.68e-6 2.43e+4 1144 127.6

Experiment 2 (47): n = 1000, p = 10
OptSt 1217 9.82e-6 4.49e+3 729 57.4
SD 684 8.66e-6 4.49e+3 640 31.5
Implicit–SD 604 9.11e-6 4.49e+3 570 27.0
Algor.1a(CG) 1085 9.38e-6 4.49e+3 670 49.0
Algor.1b(CG) 953 8.67e-6 4.49e+3 597 41.7
Algor.1b(CG+ZH) 1198 7.78e-6 4.49e+3 883 52.4
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minimization problem. Specifically we consider the following problem

min
X∈Rn×p

Etotal(X) =
1

2
Tr[X>LX] +

µ

4
ρ(X)>L†ρ(X) s.t. X>X = Ip (48)

where L is a discrete Laplacian operator, µ > 0 is a constant, L† denote
the Moore–Penrose generalized inverse of L and ρ(X) := diag(XX>) is the
vector containing the diagonal elements of the matrix XX>. The problem (48)
appears in electronic structure calculations (see for details [33,45,49]). Note
that the first–order optimality conditions for the total energy minimization
problem (48) are given by:

H(X)X −XΛ = 0 (49)

X>X = Ip, (50)

where H(X) := L+µDiag(L†ρ(X)) and Λ is the Lagrange multipliers matrix.
Here, the symbol Diag(x) is a diagonal matrix with a vector x on its diagonal.
Observe that the equations (49)–(50) can be seen as a nonlinear eigenvalue
problem due to the matrix H(X) is not constant.

The Experiment 3, described below, is similar to the test considered in [33,
49], we replay the experiments over ten independent instances with different
initial points, moreover, we use a maximum number of iterations N = 15000
and tolerance of ε = 1e-5. In order to show the efficacy of our methods solv-
ing the problem (48), we present the numerical results considering different
choices of n and p, while setting µ = 1. In this subsection, we compare our
Algorithm 1 with the OptSt solver, and with the following solvers contained
in the “manopt” toolbox: the Riemannian conjugate gradient method (CG),
the Riemannian trust–region method (Trust–Reg), proposed in [24] and also
with the Riemannian BFGS method (BFGS).

Experiment 3: We consider the nonlinear eigenvalue problem for µ = 1,
and varying n = 200, 300, 400, 1000, 5000, 10000 and p = 10, 100, 150, 200.

In all instances, the L matrix is built as the one–dimensional discrete Lapla-
cian with 2 on the diagonal, and 1 on the sub–diagonal and the super–diagonal.
The numerical results are shown in Table 4. From Table 4, we observe that
our proposal, the OptSt and the trust region method converge faster than the
rest of methods when p approaches n. In addition, in these cases (when p ≈ n
or p = n/2), the most efficient method was the Trust–Reg approach. How-
ever, if p << n then the rest of methods outperform the Trust–Reg method in
terms of CPU–time. Additionally, we can see that when p << n the two most
efficient methods were the OptSt and the Implicit–SD.

6 Concluding remarks.

In this article, we have proposed an implicit steepest descent procedure for
Stiefel manifold constrained optimization problems. In particular, our pro-
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Table 4 Numerical results for Experiment 3.

Method Nitr Time NrmG Nitr Time NrmG

(n, p, µ) = (200, 150, 1) (n, p, µ) = (300, 200, 1)
CG 736 7.024 1.61e-6 945 15.866 4.27e-6
OptSt 1010 2.763 8.38e-6 1274 8.265 7.49e-6
BFGS 534 16.735 7.79e-6 689 39.139 2.10e-6
Trust–Reg 12 3.266 8.92e-10 10 7.048 1.48e-9
Implicit–SD 938 2.613 8.72e-6 1369 9.616 8.09e-6

(n, p, µ) = (400, 200, 1) (n, p, µ) = (1000, 100, 1)
CG 800 25.024 3.02e-6 558 12.236 4.33e-6
OptSt 1430 36.320 9.83e-6 870 14.219 8.57e-6
BFGS 693 57.046 1.67e-6 396 25.402 3.52e-6
Trust–Reg 10 11.884 1.59e-9 12 13.525 3.51e-8
Implicit–SD 1103 33.212 8.66e-6 668 9.201 9.28e-6

(n, p, µ) = (5000, 10, 1) (n, p, µ) = (10000, 10, 1)
CG 63 5.226 5.06e-7 63 16.9387 5.05e-7
OptSt 58 4.177 8.83e-6 59 16.0531 4.04e-6
BFGS 63 5.649 3.40e-7 63 17.645 3.38e-7
Trust–Reg 9 13.175 5.90e-9 9 46.606 5.94e-9
Implicit–SD 56 4.151 4.46e-6 57 14.7851 6.91e-6

posal can be seen as a modified version of the Manton’s method [31] that
incorporates implicit information based on an approximation of the Rieman-
nian gradient of the cost function. In order to accelerate the convergence of
our algorithm, we have adopted the non–monotone globalization technique
developed by Zhang and Hager [48], combined with the Barzilai–Borwein’s
step–sizes. The global convergence is analyzed by extending the idea of the
demonstration presented in [48] to the Riemannian optimization context.

Our numerical results indicate that the new approach is suitable for solving
large–scale and sparse, as well as small and dense, optimization problems with
orthogonality constraints.
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