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ABSTRACT

In this note, we consider several polynomial optimization formulations of the max-
imum independent set problem and the use of the Lasserre hierarchy with these
different formulations. We demonstrate using computational experiments that the
choice of formulation may have a significant impact on the resulting bounds. We
also provide theoretical justifications for the observed behavior.
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1. Introduction

Polynomial optimization and its close connections with semidefinite and conic opti-
mization have attracted a lot of attention in recent years [I]. It is well known that
semidefinite optimization has had a tremendous impact on combinatorial optimization,
particularly with the groundbreaking results of Lovdsz and Schrijver [2] and Goemans
and Williamson [3]. This motivates the study of the application of polynomial opti-
mization to combinatorial optimization problems, particularly through the use of the
Lasserre hierarchy [4]. A comparison of the Lasserre hierarchy in this context with
other hierarchies from the literature was carried out by Laurent [5].

Combinatorial problems can typically be formulated in different ways, and it is
known that different formulations of the same combinatorial problem may lead to
different semidefinite relaxations and hence to different global bounds; the example of
maximum-cut is explored in [6]. Therefore it is of interest to study the impact of the
choice of formulations when using relaxations from the Lasserre hierarchy.
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In this note, we consider several polynomial optimization formulations of the maxi-
mum independent set problem and the use of the Lasserre hierarchy with these differ-
ent formulations. We demonstrate using computational experiments that the choice of
formulation may have a significant impact on the resulting bounds. We also provide
theoretical justifications for the observed behavior.

The paper is organized as follows. In Section [2] we give some preliminaries about
polynomial optimization, while Section [3] introduces the maximum independent set
problem and computationally motivates the interest of looking at different polynomial
formulations for the problem. Section 4] provides the theoretical content of the paper
and in Section [5| we draw some concluding remarks.

2. Preliminaries

Polynomial optimization is NP-hard in general, and the Lasserre hierarchy has great
theoretical and practical appeal because it provides a sequence of tractable relaxations
whose optimal objective values converge to the global optimum. We briefly review the
construction of the Lasserre hierarchy (in the dual form). For more details about
Lasserre hierarchy, see e.g. [1J47)8].

Given polynomials f, g1 ...gm, we consider the following general polynomial opti-
mization problem:

fmin = min f(:ll)

st. gj(x)>0,Vji=1,...,m.

(1)

Let {2}, cn» be a canonical basis for R[z], and let y = {ya },en» be a given sequence
indexed by that basis. Given y = {ya}qenns let Ly : R[z] — R be the linear functional

f= Z fax® _>Ly(f) = Z JaYa-

aeN? aeN”

The moment matriz My(y) is a matrix with rows and columns indexed in the basis
{z%}oeny of R[z]g, and it has entries

Md(y)(avﬁ) = Yo+, &, 6 € Nna ’Oé’, |B’ S d.

Given a polynomial 6(z) = >_ . 0,27, the localizing matriz Mq(6 * y) is also a

. of R[z]g, and it has

matrix with rows and columns indexed in the basis {z%} s

entries

Md(a*y)(aw@> = Z waa+,8+~/a Q, /8 € Nnv ‘04‘7 ’/8‘ < d.
yEN"

Let the degree of g; is 2v; or 2v; — 1. Then, for problem , the Lasserre relaxation



of order d provides a lower bound pg for fiin:

pa =min  Ly(f)
s.t. Mg(y) =0,

. 2
Md_vj(g;y) EO,V‘]ZI,...,W’L, ( )
L,(1)=1.
The sequence of Lasserre relaxations of increasing order d = 1,2,3,... forms the

Lasserre hierarchy.

3. Maximum independent set

Given a graph G = (V, E), the maximum independent set problem consists of deter-
mining the maximum cardinality of any subset of vertices such that no two vertices in
that subset are connected by an edge of G. We consider four different formulations of
this problem using quadratic polynomials. The formulations are:

p = max Z%

eV
rix; =0, V(i,5) € E,
st 6.9 (3)
r; —x; =0, VieV.
zix; <0, V(i,j) € F,
or s.t. 5 B ( ])' (4)
x; —x; =0, VieV.
ri+x; <1, V(i,j) € F,
or s.t. ; ! ( J), (5)
x; —x; =0, VieV.
x; =0, V(i,j) € F,
or s.t. ity (i j), (6)
0<z; < 1, VieV.

Let us compute the upper bounds arising from the Lasserre relaxation of order
d =1 for each of the above four formulations. The bounds are reported in Table
where C,, denotes the cycle with n vertices and K4 denotes the complete graph with
4 vertices.

We observe that the bounds obtained using and are always equal, and are the
best for all of these graphs. On the other hand, the bounds from @ are consistently
the weakest; indeed the bound obtained using (6] is always equal to the trivial upper
bound |V, as we prove formally in Proposition below. Finally, the bounds from
are equal or moderately weaker than those from and .

Although these results are only for 7 small graphs, they clearly show that the choice
of formulation dramatically impacts the quality of the resulting bound. The remainder
of this note is concerned with providing some theoretical justification for the results
in Table [I



Table 1.: Bounds from the Lasserre relaxation of order d = 1 for different formulations

Graph Optimal | Bound Bound Bound Bound
bound | from from from from @

Cs 1 1 1 1.5 3

Cy 2 2 2 2 4

Ky 1 1 1 2 4

Cs 2 2.236 2.236 2.5 5

Cs 3 3 3 3 6

Cr 3 3.318 3.318 3.5 7
Peterson graph 4 4 4 5 10

4. Independent Set Formulations and Lasserre Relaxations

4.1. Notation

Let us consider the following polynomials of R

g;;(x) = Tily,
95 () = —xizj,
hi(x) = 2} — @i,
hi (x) = —x7 + i,
q;r(ﬁ) = Ti,

() =1—x;,

169

(x)

Let (e;)iev be the canonical basis of RIVI.

For a fixed degree d, the Lasserre relaxations of order d of the above formulations

are:

Vi

V(i,j) € E
V(i,j) € E

VieV
VieV
VieV
VieV

V(i,j) € E

pag = max  Ly(f)
s.t. Md(y) >0,
My 1 (g5 xy) =0, VY(i,j) € E,
My_1(hf *y)=0, Vi€V,
L,(1) =1




pdf = max
s.t.
pdf] = max
s.t.
pdfg = max
s.t.

Ly(f)

Ma(y) = 0,
Ma—1(g9;; *y) = 0,
Md_l(h;F *y) =0,
L,(1) = 1.

Ly(f)
Ma(y) = 0,

Mg_1(lij *y) = 0,
Mgy (b *y) =0,
L(1) = 1.

4.2. Value of p1fg for every graph G

Proposition 4.1. For every graph G, pig = |V|.

v(i,j) € E,
Viev,

V(i,j) € E,
VieV,

V(i,j) € E,
VieV,
VieV,

Proof. For every feasible solution {y,}, we have 0 < y., <1, Vi € V, therefore

D Yo = Ly(f) < [VI.

eV

To show attainment, consider y* = {y} such that:

Yo =1,

ys =1, Vi eV,

Yse, = V|+1, VieV,

y:,i—i-ej = 07 V(Z,j) € V27 i 7& ]

Our first result is the proof that the optimal value of the Lasserre relaxation of order
d = 1 using formulation (@ is equal to |V/| for every graph G.

It is straightforward to check that y* is a feasible solution of the Lasserre relaxation
of order d = 1 for formulation @7 and that this solution achieves the objective value

O



4.3. Relationship between pqp and pag

The next proposition shows that the set of feasible solutions of the d order Lasserre
relaxation for formulation is a subset of the set of feasible solutions the relaxation
with the same order for formulation . Moreover, for d > 2, the two feasible sets are
equal, and hence so are the bounds.

Proposition 4.2. For every graph G and order d > 1, pap) < pap. Moreover, if d > 2,
then pag = pap-

Proof. The first claim follows from the observation that Md_l(g;; *y) = 0 implies
Mdfl(gi_j * y) = 0.

To prove the second claim, let y = {y,} be a feasible solution of the Lasserre

hierarchy of order d for formulation (4). We know that for every (o, 3) € N'Clvjl X N‘d‘ﬂl

Md—l(gi; *y)(aaﬁ) = “Ya+pB+eite; V(Za]) € Ea
Md—l(hj *y)(avﬁ) = Ya+B+2e; — Yat+B+e; = 07 VieV.

then for every a € N'd‘i‘Q and k eV,

Md—l(g;j * y)(a) Oé) = —Y2a+te;te;
= —Y2a+2¢;+e;

= —Y2a+2e;+2¢;
= —My(y)(a+ e +ej,a+e; +ej).

and

“Y2a+eite; “Y2a+te,+eite;
“Y2a+te,teite;  TY2a42e,teite;

det Mdfl(g@'; *y){ma—i—ek},{a,a-i-ek}] = ‘

— _y2a+€i+6j _y2a+€k+€i+ej
“Y2a+terteite; TY2oterteite;

_ 2
= Y2a+eite; Y2aterteite; — Y2ate,+eite;-

Since Mg-1(g;; xy) and My(y) are semi-definite positive matrices then

My (g5 % 9)(e @) > 0,
Mi(y)(a+e;+ej,a+e +e5) >0,

det {Md—l(gi} *Y){a,atent {aateny| = 0-

Which implies that

Y2ate+e; = 0,
2
_y201+6k+61‘,+6j > 0’



and so

Y20+e+e; = 0,
2 —
y2a+26k+ei+ej =0.

This proves that Mg_1(g;; * y)(e,a) = 0 for every a € Nljv_‘l. Therefore

Mg+ (g; *y) is semi-definite positive matrix with zero on the diagonal. It is the

zero matrix and this proves that y is also a feasible solution of the level d of the
Lasserre hierarchy for formulation . O

4-4. Relationship between pqg and pafp

The next result is that the feasible set of the Lasserre relaxation of order d using ({4
is a subset of the feasible set of the relaxation of the same order for formulation (/5)).
Hence, the bound pgp is always dominated by the bound pag.

Proposition 4.3. For every graph G and order d > 1, pag < pa

Proof. Let y = {yn} be a feasible solution of the relaxation of of order d. We
know that for every (o, 3) € Ngill X N'd‘i‘lz

Ma-1(9;; *y)(@t, B) = —YatBteite; v(i,j) € E,
Md—l(h;r *Y) (@, B) = Yatp+2e; — Yatpe, VieV,
Ma—1(lij xy) (e, B) = YatB — YatBtes — YatBte, v(i,j) € E.

Let A be the matrix indexed by N'Clvjl X N‘dw such that:

1 if v = a,

-1 ify=a+e,,
-1 ify=a+ej,
0 otherwise.



For every (a, 3) € Ngﬂl X Nld‘ﬂli

[AMd(y)AT] (Oé,ﬁ) = Z Z A(avv)Md(y)(f%é)AT(é? ﬁ)

veNY! 5en))’!

= > > Ale,7)Ma(y)(v,8)A(B,6)

veN, ! sen)’!
= Z Z A(a77)y7+5"4(575)
venI sen’!

= Ya+8 — Yat+pB+e; — Yat+B+e;
—Yate+8 + yoz—s—ei—&—ﬁ—&-ej + yoc—l—ei-i—ﬂ-i-ej
“Ya+e;+8 + Yate;+B+e; + Yate;+B+e;

= Ya+B8 — Ya+B+e; — Yat+B+e; T YatpB+2e; — YatpB+e;

=Md—1(lij*y)(aﬂ) :Md—l(h?*y)(aﬁ)
+ Ya+p+2e; — Ya+pB+e; +2 Yo+B+ei+e; )
~ ————
=Ma-1(h} *y)(a.B) =—Ma-1(g;;%y) (. 3)

which implies that
Mdfl(lij * y) = AMd(y)AT + 2Md,1(gi; * y) — Mdfl(h;'_ * y) — Md,l(h:’_ * y).

Since My(y) = 0 then AMy(y)AT = 0. Moreover

Md—l(gi; *y) i 07
Ma-1(hj xy) = Mg_1(hi xy) = 0.

Then Mg_1(l;jxy) = 0 for all (i,5) € E, and thus y is a feasible solution of the d order
Lasserre relaxation for formulation (). O]

4.5. Relationship between pam and pafg

The next result is that the feasible set of the Lasserre relaxation of order d using
is a subset of the feasible set of the relaxation of the same order for formulation @
Hence, the bound pgp) is always dominated by the bound pap;

Proposition 4.4. For every graph G and order d > 1, pag < paf

Proof. Let y = {yn} be a feasible solution of the relaxation of of order d. We
know that for every («, ) € N‘d‘ill X Nld‘i‘lz

Mg_1(g;; *y)(, B) = —YatBteite, v(i,j) € E,
Mdfl(hj *y)(, B) = Yatpr2e; — Yatpes Vi eV,
Ma-1(g;" * y)(, B) = Yot e, VieV,
Ma-1(q; *y)(, B) = Yats — Yatfte, VieV.



Let A be the matrix indexed by Nld‘ﬂl X Nlel such that:

1 ify=a+e¢g
Ala,vy) = ’
(@,7) {0 otherwise.

For every (a, f3) € N|V|1 X N|V|

[AM,(y) AT = > > Ala,)Maly)(y.8)AT (6, 8)

yeNyY! sen!

= 33 Al ) May) (1,8 A8, )

veN, ! senl’!
= > > Al )yysA(B,06)
veN, ! senl!

= Yate;+B+e;
= Ya+B+2e; — Yot+B+e; T YotBte;
= Md—l(hz—‘i_ * y)(a’ 6) + Md—l(qz‘—i_ * y)(av 5)7

which implies that
Ma1(q *y) = AMy(y) A" — My_1 (B} *y).

Since My(y) = 0 then AMy(y)AT = 0. Moreover My_1(h; *y) = 0. Then My_1(q %

y) = 0 for all i € V. On the other hand, let B be the matrix indexed by va‘ X N|V|
such that:

1 if v = a,
B(a,y)=4¢ -1 ify=a+e,
0 otherwise.

For every (a, 3) € N|V|1 X N'Vl

[BMq(y)B" = > > Blay)Maly)(v,0)B"(4,5)
ven ! sen)!
= > > Bla,")Ma(y)(y,6)B(8,9)
veN} T sen)!
= > Y Bla)y,+sB(5.9)
veNV T sen!)!

= Ya+B — Yo+B+e; — Yate+8 + Ya+e;+B+e;
= Ya+8 — Yat+Bte; — YatBte; T Yatpf+2e;
= Md—l (ql_ * y) (Oé, /8) + Md—l(hj_ * y)(a, 5)7



which implies that
Ma-1(g; *y) = BMa(y)B" — Ma_1(h x ).

Since My(y) = 0 then BMy(y) BT = 0. Moreover My_1(h xy) = 0. Then My_1(q; *
y) = 0 for all i € V. Since My_1(g;; *y) = 0, y is a feasible solution of the d order
Lasserre relaxation for formulation @ O

4.6. Relationships with the linear programming relaxations of maxrimum
independent set

In this section, we establish the relationship among some of the formulations discussed
above and two famous linear programming (LP) relaxations for the maximum inde-
pendent set problem. More precisely, we consider two LP formulations and we refer to
them as “weak” and “strong”. The weak formulation is that with constraints

."L‘Z'—i—l'jﬁl V(i,j)EE (7)

and nonnegativity, whereas the strong formulation replaces constraints with con-
straints

Y m<1 vCec, (8)
e’

where C is the set of all maximal cliques in G.
Proposition 4.5. For every graph G = (V, E), the optimal value of the order 1 of the

Lasserre hierarchy for formulation s equal to the value of the LP-relazation of the
weak formulation of the independent set problem.

Proof. Let y = {ya}a be a feasible solution of the order 1 of the Lasserre hierarchy
of formulation , then

y0:17
yei = y2€i’ V/L E ‘/7
y€¢+y€j§17 V(’l,j)EE 17&]

This proves that

Yo :17
0 <y <1, VieV,
Ye, T ¥e; <1, V(i,j) € E i+#7,

and (ye,)iev is a feasible solution of the LP-relaxation of the weak formulation of
the independent set problem. Conversely, let (x;);cy be a feasible solution of the LP-
relaxation of the weak formulation of the independent set problem, let

10



Proposition 4.6. For every graph G =

X erVi+t , JX0=1
Xi=x;, VieV,

A diagonal,
Ae RV Ly
Am‘ = xi(l — a:z) Vi eV,

and y = {Ya},cnivi Such that

Yo = ]-a
Ye, = Y2e;, = Ti, VieV,

Then,
Ly(l) =y =1,
Mo(lij*y) =1 —=Ye, = Ye, =1 — s —2; >0, V(i,j) € E,
Mo(hl ) - y2€7‘, - ye,; - Oa VZ S V,
Mi(y) = XXT+A4>0.

This proves that the y is a feasible solution of the level 1 of the Lasserre hierarchy

of formulation with the value equal to D ;v Ye, = D ey Ti-

(V, E), the optimal value of the order 1 of the

Lasserre hierarchy for formulation 1s smaller than the value of the LP-relazation
of the strong formulation of the independent set problem.

Proof. Let y = {ya}a be a feasible solution of the level one of the Lasserre hierarchy

of formulation , then

Yo =1,
yei = er“ VZ € V7
Yei+e,; < 0, V(’La]) €k

Let W be a clique of G and X € RIVI*1 such that :

Xo =1,
X, =-1, ifieW,
X; =0, otherwise.

Then,

11



0< XTMl(y)X =yo—2 Z Ye, + Z Y2e, + Z Yei+e;

ieW ieW (1,§)EW?2,
i#]
=Y0—2> Yo+ D e,
ieW ieW
€W

This proves that (ye,)icy is a feasible solution of the LP-relaxation of the strong
formulation of the independent set problem. O

5. Summary of Results and Future Research

We have investigated the relationship among different Lasserre relaxations originated
by different polynomial formulations of the maximum independent set problem. Using
the notation previously defined, we summarize our results as follows:

For d =1:

P1p3 < P1A < LPstrong < preak = P1[ < |V| = P16}

and for d > 2:

pdg = pag < pdp and  pag = piE < Pdf}

We believe these results give an interesting, initial perspective on evaluating the
quality of a formulation not only in terms of its relaxation but also with respect to
the Lasserre relaxations originated by it.
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