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Abstract

We propose a dynamic version of the classical node packing problem, also called the stable
set or independent set problem. The problem is defined by a node set, a node weight vector,
and an edge probability vector. For every pair of nodes, an edge is present or not according
to an independent Bernoulli random variable defined by the corresponding entry in the prob-
ability vector. At each step, the decision maker selects an available node that maximizes the
expected weight of the final packing, and then observes edges adjacent to this node. We formu-
late the problem as a Markov decision process and show that it is NP-Hard even on star graphs.
Next, we introduce relaxations of the problem’s achievable probabilities polytope, analogous
to the linear and bilinear edge-based formulations in the deterministic case; we show that these
relaxations can be weak, motivating a polyhedral study. We derive classes of valid inequalities
arising from cliques, paths, and cycles. For cliques, we completely characterize the polytope
and show that it is a submodular polyhedron. For both paths and cycles, we give an implicit
representation of the polytope via a cut-generating linear program of polynomial size based
on a compact dynamic programming formulation. Our computational results show that our
inequalities can greatly reduce the upper bound and improve the linear relaxation’s gap, par-
ticularly when the instance’s expected density is high.

1 Introduction

The node packing problem, also known as the stable set or independent set problem, is a funda-
mental model in combinatorial optimization. Taking an undirected graph as input, the decision
maker seeks the most valuable subset of pairwise non-adjacent nodes, either in terms of weight
or cardinality. Node packing is well known to be equivalent to both the maximum clique and
minimum vertex cover problems, and is also related to other classical problems, such as vertex
coloring and set packing.

Node packing has received much attention from the optimization, operations research, graph

theory, and computer science communities, in part due to its fundamental nature, but also owing



toits varied applications. One such important application area is scheduling [27, 50]. In the variant
of single-machine job scheduling where each job has an associated time interval(s) in which it
must be performed if accepted, the decision maker may construct a graph in which job-interval
pairs are nodes, and nodes are adjacent when the corresponding job-interval pairs are conflicting,
i.e. when they overlap in time or job. This idea is generalized by resource-constrained project
scheduling models, where jobs require multiple resources and have more complex interactions,
such as precedence requirements; an example of this type of model appears in [33].

Another important application area for node packing is wireless network design and opera-
tion. In large-scale wireless networks, it is often desirable to cluster nodes in order to facilitate
more efficient communication. This is done by selecting cluster heads that drive the communica-
tion in and out of a cluster. Ideally, every node in a network should belong to a cluster and cluster
heads should be out of each other’s immediate range. The problem of optimally selecting clus-
ter heads can be modeled as a weighted node packing problem [4]. Another example in wireless
network design stems from selecting RFID readers to activate in a given network, as readers can
interfere with each other if they both try to read from the same target. The problem of selecting
which readers to activate at a given time to maximize the total number of read targets can be
modeled as a weighted node packing problem [30].

Additional application examples include computer vision [10], train routing [52], coding the-
ory [44], and military planning [29]. For a further discussion of applications, we refer the reader
to [38, 48] and the references within.

In our proposed model, each node pair is associated with a probability that the correspond-
ing edge appears in the graph. Nodes are selected dynamically, and after the decision maker
commits to selecting a node, each potential edge between the chosen node and other nodes is
sampled independently as a Bernoulli random variable with its corresponding probability. The
decision maker’s goal is to maximize the expected cardinality or weight of the resulting packing.
This model generalizes classical deterministic node packing in two ways: It incorporates proba-
bilistic graph topology akin to the Erd6s-Rényi random graph model, and it introduces aspects of
dynamic decision making.

One of our primary motivations for studying this model comes from dynamic scheduling
problems arising in areas such as cloud computing. Consider a single-machine scheduling sce-
nario in which jobs may have, for instance, known start times but random processing times that
are only revealed once the job is scheduled. Therefore, we cannot construct an entire conflict
graph beforehand, but we do have some probabilistic knowledge of possible edges present in
the graph. This scheduling problem and others like it can be modeled using our dynamic node
packing problem with additional modifications, such as allowing correlations between edges, and
requiring the nodes to be considered in a particular order. As a first step, in this paper we consider
a more fundamental model that does not have additional features.

Our contributions can be summarized as follows.

1. We propose a dynamic node packing model that incorporates uncertainty in the edge set;



the model is new, to our knowledge. We formulate the model as a Markov decision process
and study its theoretical difficulty; in particular, it is NP-Hard even on star graphs.

2. We introduce basic relaxations of the model analogous to the standard linear and bilinear
edge-based formulations of the deterministic node packing problem, and demonstrate that
both relaxations can scale linearly with node count. Motivated by this negative result, we
perform a polyhedral study of the dynamic node packing polytope and derive valid inequal-
ities arising from cliques, paths and cycles.

3. We perform a computational study of the dynamic node packing problem, demonstrat-
ing the empirical effectiveness of our proposed inequalities. As a secondary contribution,
our empirical results also reveal the remarkably good performance of a probabilistic and
weighted generalization of the minimum-degree ordering heuristic.

The remainder of the paper is organized as follows. The next section includes a brief literature
review. Section 3 introduces and formulates the problem, and gives preliminary results. Section
4 then includes our polyhedral study, with Section 5 detailing our computational study. Finally,
Section 6 concludes.

2 Literature Review

The deterministic node packing problem has been studied extensively; in addition to being one
of the most well known NP-Hard problems [26], it is also hard to approximate within a factor of
n'=€ [24]. Numerous algorithms have been proposed for solving the node packing problem: Cur-
rent leading exact algorithms are primarily based on branch-and-bound, such as those compared
in [32]. The methods generally differ based on how the upper- and lower-bounds are computed
during the branching process. Heuristics are also often employed to solve the problem approx-
imately; despite the negative approximability results, simple heuristics are observed to perform
quite well in practice [49].

The node packing polytope has also been studied extensively as a way to derive polyhedral
relaxations and bounds. Given a graph G = (N, E) and associated weight vector w € RY, the

standard edge formulation for the node packing problem is

max Z wiX;i

ieN
st.xi+x <1 v{i,j} € E
x; € {0,1} Vi e N.

The linear relaxation of this formulation is half-integral, meaning the extreme points of the cor-
responding polytope take on values in {0,1/2,1}. Furthermore, for the cardinality case, in any

extreme point optimal solution of the relaxation, any variable taking value one also appears in at



least one optimal solution [36]. This edge formulation yields a weak linear relaxation in general,
only capturing the integer hull in the case of bipartite graphs. Many polyhedral results for the
node packing problem utilize specific types of graph structures to derive valid inequalities that
strengthen the linear relaxation. Early results in this vein provided important classes of valid in-
equalities arising from cliques, odd holes, and odd antiholes [35, 37]. Additional examples include
grilles [11], webs [47], and wheels [12].

The node packing problem may also be formulated as a bilinear programming problem,

maxX Z wiX;

ieEN
s.t. XiXj = 0 V{l,]} €E
0<x; <1 VieV.

This model is commonly then relaxed to a semidefinite programming formulation. The value
of this relaxation is equivalent to the Lovaz ¢ function [31], which can then be used to solve the
problem exactly in the case of perfect graphs [22]. Claw-free graphs are another special case where
the problem is polynomially solvable [34]. For further information regarding the node packing
polyhedron and node packing algorithms, we refer the reader to [41, 43, 51] and the references
within.

Combinatorial optimization in the presence of uncertainty has received much attention in re-
cent years, and many different ways of capturing uncertainty have been proposed. The models
most closely related to ours are those in which some input parameters are only known proba-
bilistically, and we are interested in static or adaptive algorithms that optimize the expected total
reward. Examples of problems in which this type of paradigm has been studied include schedul-
ing [40], equipment replacement [17], knapsack [6, 7, 8, 16], traveling salesman and vehicle routing
[39, 45], and general packing [15]. These problems may be framed as Markov decision processes;
for a general reference we refer the reader to [42].

Often in these models the curse of dimensionality makes exact methods intractable, motivat-
ing heuristics and bounding methods collectively known as approximate dynamic programming.
The methods falling under this umbrella term vary significantly; the ones most relevant to our
purposes include the study of polyhedra of achievable probabilities, e.g. [5, 13, 46], and approxi-
mate linear programming techniques, e.g. [1, 6, 14].

To the best of our knowledge, a dynamic model of this type has not been previously introduced
for node packing. However, an alternative way of modeling uncertainty is via online models,
where the decision maker optimizes against an adversarial input sequence. In particular, an online
node packing model was proposed in [23]: Nodes are presented sequentially, and the decision
maker must either irrevocably admit the node into the packing or permanently reject it. When a
node is presented, it includes potential adjacencies to any previously admitted node. Traditional
worst-case analysis shows that any deterministic algorithm in this setting has a competitive ratio
of 1/(n —1). To address this, various relaxations and alternative models of the the online model



have been proposed, including multi-solution models [23], stochastic input models [21], models
with advice [9, 19], and known graph models [18].

Another area of relevant research is node packing in random graphs. In the Erd8s-Rényi ran-
dom graph G(n,1/2), the largest node packing is almost surely in {2log,(n) —1,2log,(n)}, and
a greedy algorithm almost surely finds a node packing of size log,(n) [3]. Furthermore, the ¢
function is a loose bound on random graphs, almost surely giving a value of @(y/n) in G(n,1/2)
[25]. In fact, the stronger Lovasz-Schrijver hierarchy is also weak in random graphs; for G(n,1/2),
after r iterations of the hierarchy, the value of the relaxation is almost surely @(y/n/27), and the

hierarchy almost surely requires ©(logn) iterations for a tight bound [20].

3 Problem Statement and Preliminary Results

The dynamic node packing (DNP) problem is defined by a node set N = {1,...,n}, probability
vector p € [0,1]©2), and node weight vector w € RY. Each pij represents the probability that an
edge is present between nodes i, j € N; for convenience, we denote the complementary probability
as q;j = 1 — p;j. When pj;; is constant across all pairs, we recover the Erd6s-Rényi random graph
model (we discuss this special case in detail below and in Section 4).

The decision maker constructs a packing sequentially, one node at a time. Upon selection of a
node i, for every other remaining node j # i, the edge {i, j} appears according to an independent
Bernoulli random variable with probability p;;. After the potential edges are sampled, the neigh-
bor set of i, I'(i), is known exactly; the decision maker collects i’s weight w; and can no longer
add any node j € T'(i) to the packing. The process continues, with the decision maker selecting
an available node until no eligible nodes remain. The objective is a policy that maximizes the
expected total weight of the final packing. DNP may be formulated as an n-stage Markov deci-
sion process (MDP) defined on states S C N, with initial state N, and defined by the following

recursion and boundary condition:

vy = 0. (1b)

The transition probabilities from state S to state s, given selection of node i € S, are calculated as

P(s'|s, i) = 4 1Ues Billies\aus) Pi S’ CS\i
0 S"Z S\i.
In other words, the probability of transitioning from state S to S’ after selecting node i is the

probability of edges between i and nodes in S\ (i U S’) realizing, and of edges between i and

nodes in S’ not realizing.



The value linear program (LP) associated with the above recursion is then

min vy (2a)
s.t. vg — ]E[’US\(Z'Ur(i))} > wj M%) 75 SCN,Vies (2b)
Op > 0. (ZC)

The value LP provides a strong dual to the MDP. Specifically, the value v}, given by (1) is the
optimal objective of (2), and any feasible solution provides an upper-bound on vy;.

The dual of (2) is known as the policy LP. Any feasible solution to the policy LP implies a policy
in the MDP, with each variable corresponding to a state-action pair that can be interpreted as the
probability of reaching that state and then selecting the corresponding action. The policy LP for
the DNP is formulated as

max E Zwixsli (3a)

SCNieS

s.t. Z XN, = 1 (3b)
ieN
Y oxsi=Y, Y P(S|9,))xs, VO#SCN,Vies (30)
i€S §'25jeS\S
xg; >0 VS C N, Vi € S. (3d)

As there are 2" possible subsets of N, this LP contains ©(n2") variables and ©(2") constraints.

3.1 DNP on Star Graphs

In the general case, DNP is NP-Hard, as deterministic node packing is a special case in which
all edge probabilities are binary. However, there are many cases in which the deterministic node
packing problem is not only easy, but trivial. One such case is star graphs; a star graph is a tree of
depth 1, a graph with one central root node (which we denote as 0 here) and n leaves connected
only to the root. In the deterministic model, the decision maker may only select the root node
if they do not select any leaf node and vice versa. The optimal objective value is then obviously
max{wo, Y/ w; }, with the optimal solution being either to take the center node or to take all the
leaf nodes.

Surprisingly, even on star graphs the DNP is NP-Hard; we prove this next. For simplicity of
notation, in this section we use N to represent the leaf nodes only (and not the root), and denote
the edges of the star graph by their corresponding leaf node, so that {0, i} is simply i.

Observation 3.1. Solving DNP on star graphs is equivalent to selecting the optimal subset S C N of
leaves to add to the packing before trying to add the root node 0.

In other words, the DNP on star graphs reduces to a static subset selection problem. This

observation stems from two facts: First, if the decision maker commits to taking a subset of leaf



nodes before the root, the order does not matter. Second, whenever the root node is added to the
packing or is covered by one of its leaf nodes, any uncovered leaf may be added to the packing.
This observation leads to the following formulation of the DNP on star graphs,

max{Zwi+ (1—1_[‘71') ij+nqi<w0+2quj)}. 4)
SEN ics ics / jgs ics j#s

The first term represents the immediate value of nodes added to the packing before trying to add
the root node; the second term represents the probability-weighted value of the scenario in which
at least one of the nodes in S covers the root node; and the third term represents the probability-
weighted value of the root node being successfully added to the packing and then trying to add
the leaf nodes in N\ S.

Theorem 3.2. The DNP on star-graphs is NP-Hard.

Proof. First, by rearranging and applying a natural logarithm, (4) is equivalent to

rsrlcaK]({Zln g;i +In (wo — Z PrWk + Z piwl) } (5)
i€S keN ieS

We show (5) is NP-Hard via a reduction from the partitioning problem. Given a set of numbers
N with positive weights a;, i € N, the partitioning problem asks for a subset S C N such that
Yies i = Y¢saj; without loss of generality, we assume that ) ;cy a; = 2. By setting parameters
for(S)asgi=e %, pi=1—e% w; =a;/(1 —e %), and wy = Y ;cn a;, (5) becomes

max— Y _a;+In()_a;).

SENies ics
Proceeding similarly to [2], a set S € N with } ;cga; = 1 exists if and only if the optimal solution
to (5) is -1. O

This result is surprising in two ways. First, as mentioned before, node packing on star graphs
is trivial in the deterministic case, but by simply adding uncertainty in the edge set the problem
becomes NP-Hard. Second, the DNP on star graphs loses the dynamism of the general case; the
order in which leaves are added to the packing only matters with respect to whether they are
selected before attempting to add the root.

Our proof relies on a reduction from the partition problem, and thus only establishes that the
DNP on star graphs is weakly NP-hard. We next sketch a pseudo-polynomial-time dynamic pro-
gramming algorithm. In (5), we can interpret the inclusion of node i in S as paying an immediate
cost of — Ing; (since In g; is non-positive), and then receiving a terminal reward depending on the

final value of ¥;.s pjw;. Assuming w € ZN0

and that the probabilities are rational, let K be a
scaling factor such that Kp;w; € Z for i € N; note that K is bounded above by the least common
multiple of the denominators defining the p;’s. We define states as (i, W) fori = 1,...,n+ 1 and

W = 0,1,...,KY;cn piw;, where state (i, W) denotes the decision maker currently considering
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node i with K'Y ;cg pjw; = W. The initial state is (1,0); letting 070 represent its optimal value, we
get the recursion

oy w = max{Ing; + oiy1,w4Kkpw, Tir1,w

Cpriw = In (wo - Z Prwi + W/K).
keN

The recursion can be solved in O(nK Y ;cy piw;) time, and is therefore polynomial for instances
where K'Y ;cn piw; is polynomial in #; this holds, for example, if K max;{p;w;} is a constant. Fur-
thermore, because of the logarithm function, the recursion assumes exact real arithmetic; in prac-
tice this can be replaced with a numerical approximation of sufficient precision.

As a final note on the hardness result, the proof relies on varying both node weights and edge
probabilities. If either the node weights or probabilities are uniform, the problem is polynomially
solvable. If weights are uniform (the cardinality case), a trivial optimal solution is to take all leaf
nodes before the root. If probabilities are uniform, suppose leaves are ordered by non-increasing
value of weight, w; > --- > w,. A simple exchange argument shows that an optimal set is of the
form {1,...,i} for some i € N; therefore, we only need to consider the 1 + 1 sets of this form and

select the one maximizing (4).

3.2 Relaxations of the DNP Polytope

The DNP can be solved using standard MDP techniques such as backwards induction or the value
and policy LP’s [42]. However, these exact approaches become intractable for even small instance
sizes. Additionally, since DNP is NP-Hard for stars, it is unlikely efficient algorithms exist for
any instance containing stars as induced subgraphs. One alternative is to consider relaxations of
the DNP that may be computed efficiently and provide an upper bound on the true objective.
Specifically, we are interested in relaxations of the polytope obtained by projecting the policy LP
(3) into the space of achievable node probabilities, where each variable represents the probability
of ever selecting the node. Denote this polytope by Q, and define it as

Q:= {z e RN :3x satisfying (3b)—(3d) such that z; = ZXS,I}-

S3i

That is, we consider relaxations of the problem

max w;Z;. 6
max ¥ wi ©)

Note that Q is full-dimensional in RN. A simple relaxation of (6) is to consider a probabilistic

version of the standard edge formulation of node packing. Given two nodes i, j, the probability of



selecting both of them is at most g;;. Using this, we arrive at the relaxation

max Z w;iz; (7a)
ieN

st.zi+zj < 1+ qij Vi,j €N (7b)

0<z <1 Vi e N. (7¢)

Many of the inequalities included in this relaxation are necessary to describe Q. The non-negativity
constraint in (7c) is facet-defining for Q for every i € N, while the upper bound is facet-defining
as long as p;; < 1for j € N\ i. Similarly, for any pair of nodes i, j with p;; > 0, constraints (7b) are
facet-defining for Q aslong asno k € N\ {i,j} has pjx = pjx = 1.

As in deterministic node packing, this relaxation is quite loose. For example, consider the
cardinality DNP on the random graph G(n,1/2). A feasible solution for (7) sets z; = 3/4,i € N,
which results in an objective value of 3n/4. In other words, the objective scales linearly with .

Unfortunately, unlike the deterministic case, passing to a bilinear relaxation is not much better.

The relaxation analogous to the deterministic bilinear formulation is

max Z w;z;

ieN
s.t. ZiZj < Jij Vl,] EN
0<z <1 Vi € N.

Using the same instance as before, a feasible solution sets z; = 1/ V2,i € N, resulting in an ob-
jective value of 1/+/2 =~ 0.71n, hardly improving on the linear relaxation; meanwhile, the largest
node packing in G(n,1/2) is ©(logn) almost surely [3], and this quantity upper bounds the DNP
since it allows the decision maker to observe the entire graph before choosing a packing. We
discuss the DNP’s optimal value for this instance in more detail in the next section.

The problem with both of these relaxations is that they only capture the probability relation-
ships between pairs of nodes. It is possible to create tighter relaxations by introducing valid in-
equalities derived from larger structures within the instance; that is our goal.

4 Polyhedral Study

In this section we perform a polyhedral study of the polytope of achievable probabilities for the
DNP. These inequalities can be added to the linear relaxation (7) to create a stronger upper bound.
Specifically, we focus on two types of inequalities, those arising from cliques with uniform proba-
bilities, and those arising from paths and cycles.



4.1 Cliques with Uniform Probabilities

A clique is a subset of pairwise adjacent nodes within a graph; we are interested here in the prob-
abilistic analogue, node subsets for which every pair i, j has the same edge probability p € (0,1),
and call them a probabilistic clique. To differentiate such substructures that may appear in a larger
instance from entire instances with this structure, we use Kfl for the former, and keep the random
graph notation G(#, p) for the latter. We begin by showing that the DNP on G(n, p) is efficiently

solvable via a simple greedy policy.
Proposition 4.1. The policy of selecting a highest-weight remaining node is optimal for DNP on G(n, p).

Proof. Take some optimal policy 77 and consider the first time it does not choose a highest-weight
remaining node. Let S be the subset of remaining nodes, i be the node the policy selects, and j be
a node with the highest remaining weight. We can write the expected value of the current state S
as

wi+ Y Prk)wy,
kes\{i}

where P (k) is the probability of getting to pick node k under 7t. Now consider the policy 7’ that
only differs from 7t in that we swap nodes j and i, selecting node j now and node i at any point

where we would have selected j. The value of 77" at subset S then becomes

w;j + Z ]Pn/(k)wk.
keS\{j}

By construction P, (j) = IP,(i), the difference in value between the two policies at subset S is
wj — w; + P (i) (w; — wj) > 0.

So we can create a better policy by modifying 7t as described, a contradiction. O

Although straightforward, this result allows us to derive an efficient recursive formula for the
expected value of the DNP on probability cliques. For the remainder of this section, we denote the
expected value of the policy on G(n, p) as v, in the cardinality case (where any available node is
chosen, since w; = 1foralli € N), and vg’,p in the weighted case. We also assume that nodes are

labeled in non-increasing order of weight, so w; > wy > -+ - > w,,.

Proposition 4.2. The expected value of the DNP on G(n, p) in the cardinality case is defined recursively
as

v —1—|—ni1 n—1 ign—l=iy ;
np — i P q n—1—i,ps
i=0
whereq =1—p,vop = 0and vy, = 1.

Proof. In the cardinality case, all nodes are equivalent up to relabeling. As such, it suffices to define
the states of our recursion based on the number of nodes in the resulting subgraph, which at state

n is a binomial random variable with parameters n — 1 and p. O

10



We can equivalently write v,,, = 14 1P(2) 4 - - - +IP(n), where again IP(i) is the probability of
adding i to the packing. Therefore, v;, — v;_1, = IP(i); that is, the probability of adding i can be
expressed as a difference in two expected values. With this we can compute the expected value of
the weighted DNP using the following result.

Theorem 4.3. For G(n, p) and weight vector w € RY satisfying w1 > wy > ... > wy,

Uyp = W1+ wr(v2,p — V1) + -+ Wn(Vnp — Vp1,p)-

Proof. It follows from Proposition 4.1 that we only need to consider the policy of selecting nodes
in non-increasing weight order. We may then write the expected value as

Oyp = w1+ w2P(2) + -+ - +w,P(n).

Then by substituting IP(i) with v; , — v;_1,, we arrive at our result. O

Theorem 4.3 and Proposition 4.2 allow for the direct computation of the optimal objective value
of the DNP on probabilistic cliques. Proposition 4.2 also implies a class of valid inequalities for Q.
For G(n,p) and S C N, we obtain the inequality

) _zi S s )

ieS

In addition to being valid for the clique itself, (9) is valid in the general case, when K}, is embedded
in a larger instance, as the left side of the inequality is maximized when a policy attempts to
add every node in the clique to the packing first. Having established their validity, a natural

subsequent question concerns the facial dimension of the constraints.
Lemma 4.4. For an instance given by G(n, p), (9) is facet-defining for Q, for any @ # S C N.

Proof. Suppose first that S = N, and consider the matrix of points

1 (UZ,p - Ul,p) (03,;7 - UZ,p) e (Un,p - Unfl,p) |
(Onp — Vu-1,p) 1 (02p —v1p) ~++ (On-1p—Vn-2,p)
(Unfl,p - vn—Z,p) (Un,p - Unfl,p> 1 e (Un—Z,p - Un—S,p)
(v2p —1,p) (vsp —02p)  (Vap—V3p) - 1 i

The rows correspond to the n cyclic shifts of the selection ordering (1,2,...,n) and each satisfies
(9) at equality. The above matrix is a circulant matrix, each entry is positive, and the sequence
(1, (v2,p — v1p), (V3p — V2,p), s (Vn,p — Vn—1,p)) is monotonically decreasing. It follows from [28,
Proposition 24] that the matrix is non-singular, i.e. we have 7 affinely independent points. As Q is
full-dimensional, the result follows.

11



For S C N, relabel nodes so that members of S appear before other nodes. We can construct
an analogous |S| x |S| matrix by applying the policy only to nodes in S; we can then append
zero entries for columns corresponding to N \ S to get |S| points satisfying (9) at equality. For
the remaining n — |S| rows, apply the policy corresponding to the ordering (1,2, ...,|S|) and then
choosei € N\ Sifit’s still available. This creates a block-lower-triangular matrix; we have already
argued above that the upper-left block is non-singular, and subsequent diagonal blocks are all of
size one with positive entries equal to (v|s|41,, — V|g,»), thus the entire matrix is also non-singular,

and the result follows. O

In addition to being valid in the general case when Kh appears as a substructure of a larger

instance, the inequalities remain facet-defining under mild conditions.

Theorem 4.5. Suppose a DNP instance contains K}, and let S be its node set. Constraint (9) is facet-
defining if and only if no node in N \ S is adjacent to every node in S with probability 1.

Proof. The proof is analogous to that of Lemma 4.4. For nodes i € N\ S, we proceed as in the
second part of the proof: Without loss of generality, suppose p1; < 1. (Otherwise, permute nodes
in S so the first one satisfies this property.) Then after applying the policy on S, i is still available
with some positive probability, and thus the matrix is again non-singular. For the reverse direction,
if some i € N\ S is connected to all nodes in S with probability 1, any point in Q that satisfies (9)
at equality must have z; = 0. O

Finally, we show that these inequalities are sufficient to describe the polytope of achievable
probabilities.

Theorem 4.6. For G(n, p), Q is given by constraints (9) for @ # S C N and non-negativity constraints.

Proof. We proceed by arguing that for any weight vector w € RY, the optimal value is the conse-
quence of an upper bound resulting from a conic combination of the mentioned constraints. First,
we argue that we only need to consider weight vectors with positive entries. If there is an w; < 0,
in any optimal solution the we can set z; = 0 and consider the problem in a lower dimension. So
assume w > 0 and wy > wp > ... > wy,. Let z* be optimal; the optimal expected value is

n n n—1
Y wizf =wy Y zf + (Wee1 —wn) Y zf A+ (W — w2)z)
i=1 i=1 i=1

S WyVnp + (Wpo1 — W) Vp_1,p + ... + (W1 — W2)01,p

=w + (02,;7 — Ullp>w2 + ...+ (Un,p - Unfl,p)wnl

where the inequality follows from applying constraints (9) to each summand. Theorem 4.1 then
implies that this inequality holds at equality for an optimal solution. O

Corollary 4.7. For G(n, p), Q is a submodular polyhedron. Constraints (9) can be separated in polynomial

time via a greedy separation routine.

12



Proof. The expected value v, is concave in n, and therefore vg) , is submodular in S. Given any
z € [0,1]N, we can separate over constraints (9) by ordering z’s coordinates in non-increasing
order: Suppose we relabel nodes so that z; > z, > --- > z,; then it suffices to check (9) for sets
{1},{1,2},...,N. O

In some instances, it may be unlikely to find a large clique with uniform probabilities, reducing
the effectiveness of constraints (9). This can be partially remedied by relaxing the constraints:
Given a clique with non-uniform probabilities, a valid constraint of form (9) can be generated
using the minimum probability among any pair in the clique.

Naturally, there are other valid inequalities for the non-uniform case as well; the next section

treats one such case.

411 Triangles

We next derive valid inequalities for triangles with possibly non-uniform edge probabilities. We
denote the three nodes comprising the triangle as i, j, k and without loss of generality assume
pii = pjx = pik > 0. For triangles, any policy reduces to a selection ordering; furthermore, the
policy’s expected cardinality is in fact entirely determined by the first node selection, as we show

next.
Proposition 4.8. For triangles, a policy’s expected cardinality is determined by the first node choice.

Proof. Consider policies in which i is selected first. There are two orders in this case, i, j, k and
i,k,j. The expected cardinalities of these selection orders are respectively

L+ qi + qi(pij +9ij95) = 1+ qij + pij — pijpix + 9ii9x9ik = 2 — PijPik + 9ij9jk ik,
and
L+ qi + i (pix + 9iiqj) = 1+ qix + pix — Pijpix + 9ij95x9ik = 2 — PijPix + 9i9jxqik-
That is, the expected size of the packing is the same for both orderings. O
This result implies that the following inequality is valid for any policy in which z; = 1:
zj+zi < 1= pijpic + qijqjx k-
We may combine this with z; = 1 to rewrite the inequality as

zi+ (zj+zk) /0 <2, (10)

where a; = 1 — pjjpix + 9ijqikqjk- Inequality (10) is not necessarily valid for policies in which node
i is not selected first. To create an inequality that is valid for the entire polytope, we lift the z;
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variable to create a new inequality of the following form
,31'21‘ —+ (Z] —+ Zk)/txi <1+ ,Bi. (11)

We need a §; in (11) satisfying
(Zj —|—zk)/le~ —1

>
piz (12)
for all feasible values of z;, zj, z.
Proposition 4.9. Suppose N = {i, j, k}. Inequality (11) is valid for Q when
(I+pi)/ei—=1  (I+pp)/ai—1
Bi = max , ,
1—qii(pjx + qxqi)” 1 — qi(pjx + 95457 13)

(1 +qjx(pix +qixgij)) /i =1 (L4 qi(pij + qij9i) ) /ai — 1
(1—qgix) ’ (1—qi)

Proof. We argue the inequality is valid for all orders. For orders in which i is selected first, the
inequality is valid by construction. There are four possible orderings in which i is not selected
tirst. Consider the two orderings in which node j is selected first; these result in the two points
(9ij(Pix + qjxqi), 1, qix) and (qij, 1, qi(pij + qjxqix))- Similarly, the orderings in which k is selected
first result in the points (g (pjx + 4jqjk), 9jk, 1) and (qix, 9k (pix + gijqix), 1). Each of the four terms
in (13) correspond to evaluating (12) at one of the four points. Therefore, taking the maximum
over the four points results in a valid lifted inequality. O

A constraint of the form (11) can be generated for each node in the triangle, corresponding
to that node being selected first. Note that if p;; = pj = pi, this inequality is equivalent the
corresponding clique inequality (9).

Proposition 4.10. Constraints (11) are facet-defining for Q on triangles.

Proof. It is easy to check that the inequality z; + (z; + zx) /a; < 2 is facet-defining for the intersec-
tion of Q and the hyperplane defined by z; = 1. The result then follows because we have applied
maximal lifting to obtain ;. O

Finally, we show how these constraints define Q on triangles, when added to the linear relax-
ation (7).

Theorem 4.11. The constraints (11) generated for each first node choice i, j, k, along with (7b) and (7c),
fully describe Q on triangles.

Proof. We show how to construct the extreme point corresponding to the selection order i, j, k
using the given constraints. The probability vector corresponding to this selection order is

(1, 95, 9xi (pij + 9ijqjx))-
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Consider the constraints

z; <1, Zi+Zj§1+Qijr ﬁiZi+(Zj+Zk)/Dci§1+ﬁi.

Taking all three at equality, the first two imply z; = 1 and z; = g;;. Substituting these into the third
equation yields

zk = i — 4ij = 1 — pijpik + 9ijq9idjx — qij
= PijPik — Pij T 9ii9ik9jk = Pijdik + Gij9ikqjk = qik(sz + %’jﬂjk)-

The argument follows similarly for the other orderings.

For the extreme points in which zero, one, or two nodes are selected with non-zero probability,
e.g. (0,0,0), (1,0,0), (1,q1-]-,0), it is simple to verify that they are already extreme points of the
polytope defined by only (7b) and (7c). O

4.2 Paths

In our context, a (probabilistic) path is a non-repeating sequence of nodes where each node is
adjacent to the node that precedes it with positive probability. In this section we analyze the DNP
on paths and use it to derive a cut-generating LP based on paths for the general case. We also
extend the approach to cycles below.

Given an n-node path with nodes labeled in the path’s order, 1,2, ..., n, we denote the optimal
expected value of the DNP on the path as u,. Similarly, for any i-j sub-path, i < j, we use u; ;.
Because there are only quadratically many sub-paths, the recursion (1) simplifies to

ujj = gﬁgj{wk + Pe-1klik—2 + Ge-1fMik-1 + Prhr1tir2j + ekttt 1<i<j<n (l4a)

Ujj = 0 i> ] (14b)

In the recursion, we consider which node in a path to choose; this necessarily cuts the path in two,
but it may do so in several ways, depending on whether the node’s edges realize or not.
Recursion (14) runs in O(n%) time, as there are O(n?) sub-paths and we consider O(n) node

choices for each. As a consequence, we can efficiently solve the LP formulation

min uq ,

St Ujj — Pro1hMik—2 — Gk—1kMUik—1 — Pkht1lkt2j — Qkribkil = W 1<i<k<j<n

Ujj = 0 i> j,
and its dual,

max Z wkxf,j (15a)

1<i<k<j<n
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n
st. Y xf, =1 (15b)
k=1
j L i—1 - i—2 -
IETEDS qi-1i%p; + ) Pi-2,i-1Xy

n n
o e
+ ) GinaXy T ) piaeex)
=1 =532

x>0 Vi<i<k<j<nm. (15d)

1<i<j<n (15¢)

In (15), xf j represents the probability of encountering the i-j path and choosing node k.
As with cliques, our main goal is not to solve the DNP on paths, but rather to derive valid

inequalities we can apply to the general problem. We summarize this in the next result.
Theorem 4.12. Let £ € [0,1]N. Then £ € Q for the 1-n path if and only if the following LP has optimal
value equal to zero:
n
min uy , — Z AiZ; (16a)
i=1
st Uij — Pro1hMik—2 — Gk—1kMik—1 — Pkhks1tkt2j — Gekribkrlj = M V1 <i<k<j<n (16b)

Ujj = 0 Vi > ] (16c)

If the LP is unbounded, any ray (A, 1) with negative objective value generates the valid inequality
n ~
Y Aizi <
i=1
which cuts off Z.

Proof. As in the general case (6), £ is an achievable probability if some £ feasible in (15) satisfies

=Y %, keN.
i<k
>k

Applying Farkas” lemma to this equation and the feasible region of (15) yields (16). O

In the general DND, for any fixed path we may iteratively improve the linear relaxation using

(16) to generate cutting planes. Next, we discuss extending this approach to cycles.

421 Cycles

The probabilistic path concept naturally extends to cycles, and our approach can also capture
Q for cycles in a cut-generating LP. Extending our path notation, we now suppose we have a
probabilistic cycle with nodes 1, ..., n, where i is connected to i + 1 with positive probability and

1 is connected to n with positive probability as well. To hopefully ease the notational burden in
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our exposition, we adopt in this section the convention that all indices use modular arithmetic; for
example, 0 is identified with n and n + 1 is identified with 1. Note also that we address the special
case of triangles above; we are able to describe Q for triangles explicitly, while here we give an
implicit description that applies to any cycle. Therefore, we assume without loss of generality that
n>4.

The recursion (14) can be extended to cycles. After the decision maker selects a first node, the
resulting subgraph is in fact a path, and therefore after the first decision the recursion proceeds
exactly as in that case. The only difference is that this path may have a starting node with a higher
index than its end node, so we adopt modular arithmetic in our notation. Define the optimal
expected value of the cycle as uy, and extend our previous notation to u;; for any i,j € N. In
particular, if i < j, this corresponds to the path (i,i +1,...,j), whereas if i > j, the variable
corresponds to the path (i,i+1,...,n,1,2,...,j). We then obtain the recursion

UN = Igaﬁ({wi + Pic1iPiivitivei-2 F Qio1iPiicitic2,io1 + Pio1ifiic1isti-2 T Gio1ifiiv14ii1io1)
1

ujj = max{wi + L>ipopPr—1xtik—2 + Lisip1qx—1hMix—1
i<k i

v

+ Mk<j2Prkr1tikraj + Tk<j1qkki1tkr1; )

uij; =wi, i€ N.

We use indicator functions to avoid notational overlap, but otherwise the recursion is similar
to (14), with the exception of uy. The complexity remains O(n®), as we have only doubled the
number of paths. From this recursion, we can proceed exactly as in the path case to derive a cut-
generating LP to use in the general case, when cycles appear as substructures. Moreover, although
this LP doubles the number of variables, we significantly increase the number of cutting planes
we can generate, since a single cycle of length n captures n different paths with n nodes.

5 Computational Study

The primary objective of our computational experiments is to evaluate the effectiveness of in-
equalities derived in our polyhedral study, in terms of their bound improvement over the basic
linear relaxation (7). To benchmark these various bounds, we also study a probabilistic extension

of the minimum degree ordering heuristic; see, e.g. [49]. At any state S C N, the heuristic chooses
argmax{wi - Y pijw; }
ieS jes\i

In other words, the heuristic adds a node to the packing that maximizes the immediate net ex-
pected value, where the positive element of the value is the chosen node’s weight, while the neg-
ative element is the probabilistically discounted value of the node’s possible neighbors. In the

cardinality case, this reduces to choosing the node with the minimum expected degree in S, and
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further reduces precisely to the minimum degree ordering in the deterministic case. We refer to
this heuristic as the max expected weight heuristic (MEWH) in our experiments.

For instances in which all non-zero probabilities are uniform, we also define a dual-based value
function approximation heuristic. Specifically, the heuristic approximates the expectation in the
value function (1) by the dual prices of probabilistic clique constraints at an optimal solution of (7)
strengthened with constraints (9). Let C be the set of probability cliques and y be the corresponding

vector of dual prices; at any state S C N we select a node according to

afgmax{wi + ) YcE[vjcns\uri)))p) }
ies cec
where p again denotes the uniform edge probability and v, is defined in Proposition 4.2. Each

expectation is calculated as

Vicns),p — 1 ieC

E[o/cns\@uriie] = TS vy nensp )NCns|—j '
p <’)’( ) ' |>P](1 _ p)\’y(z)ﬂCﬂS| ]U\Cﬂ5|—j,p i¢C,

=0 J

where (i) C N\ i denotes nodes adjacent to i with probability p. Recall that although C may con-
tain an exponential number of probabilistic cliques, an optimal extreme point solution of the LP
has at most n corresponding constraints with non-zero dual prices. This method can be viewed as
maximizing the immediate reward of the chosen node’s weight and the expectation of the sum of
dual prices multiplied by the expected size of a packing in the appropriate probability clique. The
multipliers v|cng) , scale dynamically as nodes are packed and covered. We refer to this heuristic
as the dual cligue heuristic (DCH). In addition to providing another benchmark, the DCH allows us
to test our tightened relaxation’s potential to guide heuristic policies.

As a final benchmark, we also consider the expected value of an instance’s max-weight node
packing, the generalization of the expected max-cardinality packing in random graphs. Unlike the
DNP, this benchmark allows the decision maker to observe the entire graph’s realization before
selecting a packing. In stochastic programming terms, we allow the decision maker to violate
non-anticipativity by giving them earlier access to information. Equivalently, it is the “hindsight-
optimal” value, what the decision maker would have liked to do with the benefit of hindsight;
therefore, we refer to it as HSO below. Whereas our polyhedral bounds are computed via LP, the
MEWH, DCH, and HSO must be approximated via simulation.

5.1 Instances

We conduct experiments using two types of instances designed to evaluate the performance of
our bounds and benchmarks on sparser and denser instances. For dense instances, we use ran-
dom graphs to generate a topology. Specifically, to generate each instance, we sample a ran-
dom graph from G(100, p1), and assign each realized edge the uniform probability p,, where
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p1,p2 € {0.5,0.75,0.9}. For each of the nine value pairs of p; and p,, we generate ten instances
in this manner, all with the cardinality objective, yielding 90 total instances, each with 100 nodes.
Note that the effect of the two probability parameters is multiplicative: In an instance’s realization,
the probability that any node pair will have an edge is p;p2, which ranges between 0.25 and 0.81.

For sparse instances, we use binary trees. Each instance’s topology is given by a full binary
tree of depth six, which has 26 = 64 leaves and 27 — 1 = 127 total nodes. We assign node weights
uniformly at random from [1,10], and each edge in the tree has uniform edge probability p €
{0.5,0.75,0.9}. For each value of p, we generate ten instances that only vary in their node weights,

for a total of 30 instances.

5.2 Experiments

For dense instances, we test four bounds: Relaxation (7), (7) strengthened by path and cycle cuts,
relaxation (7) strengthened by probabilistic clique cuts, and (7) strengthened by path, cycle, and
clique cuts.

For each instance, we generate path and cycle cuts by greedily searching for 200 paths of max-
imum length ten and then, if possible, connecting the start and end of the path to form a cycle. At
each iteration, given a current probability vector, we solve (16) for each path and the analogous
LP for each cycle, and then re-optimize. We use three stopping criteria: Either we find no new
cuts, the absolute change in objective is less than 0.5, or we reach a maximum of 50 iterations.
We elected to generate path and cycle cuts in this manner after exploratory tests suggested better
bounds came from many shorter paths, rather than a smaller number of longer paths.

To compare probabilistic cliques, for each topology we compute the 5,000 largest maximal
probabilistic cliques, resulting in 5,000 initial cuts. We then re-optimize, adding violated cuts (9)
for node subsets until we find none, or reach the same alternative termination conditions as with
paths and cycles. For the experiments that combined the two inequality classes, we perform both
types of cut generation in each each iteration.

For the sparse instances, since their topology is based on binary trees, we can only compare
the relaxation (7) and (7) with path inequalities. However, unlike in the dense instances, we can
enumerate all maximal paths (corresponding to all pairs of leaves), and thus add any violated
path inequality using (16); this is what we do in the experiments until we find no more violated
inequalities or, again, the alternate termination criteria are met.

For the simulation-based benchmarks, we calculate each by simulating 100 realizations of the
instance and taking sample averages. For MEWH, this simply amounts to running the heuristic
on each realization. For DCH, we use the optimal solution to the relaxation (7) with probabilistic
clique constraints added, and also run the heuristic on each realization. We only test the DCH on
dense instances, as the sparse instances have no probabilistic cliques beyond node pairs. For HSO,
we solve a deterministic node packing problem on each realization; for dense instances, this entails
solving 100 node packing integer programs (IP), while for the sparse instances the realization is

guaranteed to be a forest, and thus an LP suffices.
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We conduct all experiments on a MacBook with a 2.7GHz Dual-Core Intel i5 processor. Our
base code and simulation use Python 3.7.3, and the LP and IP solves use Gurobi 9.0. For all
instances, the solution of (7) takes less than one second. For dense instances, adding path and cycle
inequalities to the bound increases the solve time to between 10 and 20 seconds, while adding
probability clique inequalities raises solution times to between five seconds and five minutes,
generally increasing with the size of the cliques. For the simulation-based benchmarks, the entire
MEWH simulation runs in one or two seconds, the DCH takes approximately one minute per
instance, while the HSO simulation takes an average of three minutes per instance. On the sparse
instances, adding path inequalities to (7) results in solve times of about three minutes, as the
number of paths to check is (624) = 2,016.

5.3 Summary of Results

Table 1 below presents average results for the dense instances. We report results as the geometric
mean of the ratio between the corresponding value and the HSO bound over the 10 instances of
each type; the Appendix includes detailed results. We choose this presentation because the HSO
bound is independent of our proposed methods and such bounds are known to be strong for many
dynamic problems.

Table 1: Geometric mean and standard deviation of dense instance results as ratios of the HSO
bound.

n e O |?)+P/C | () +Clq. | (7)+P/C+Clq. | MEWH DCH
05 |05 [ 445+005 [3.93+£004 |229+001]229+0.01 0.83 £ 0.01 | 0.74 £ 0.01
05 | 075|518 +0.04 |4.63+£004 | 2244005224 +0.05 0.85 £ 0.01 | 0.74 £ 0.01
05 |09 || 541+005 |506+004 |1.98+035]1.98+0.33 0.88 + 0.01 | 0.73 £ 0.03
075|105 [ 617+0.07 |541+£006 |237+0.02 237 +0.02 0.79 £ 0.02 | 0.72 £ 0.02
0.75 | 0.75 || 7.69 £ 0.06 | 6.84 £0.06 | 2.41 4+ 0.07 | 2.41 £ 0.07 0.82 £ 0.01 | 0.71 £ 0.02
07509 | 854+0.13 |796+£011 |2274049 | 227 +047 0.86 £ 0.01 | 0.71 £ 0.04
09 |05 [731+007 |640+£007 |2.64+002]263+0.02 0.75 £ 0.02 | 0.71 £ 0.01
09 075 9.66+0.15 |857+£0.14 |295+0.10 | 2.94 + 0.10 0.78 £ 0.02 | 0.72 £ 0.01
09 |09 | 11.04+0.09 | 10.28 £ 0.08 | 2.98 & 0.57 | 2.97 + 0.56 0.82 £ 0.01 | 0.70 = 0.02

From these results, we see that the probabilistic clique cuts are able to greatly improve the
bound provided by the relaxation (7), particularly so when the expected density is high, where
they nearly cut the ratio by 75%. However, their overall performance is better when the expected
density is low, which is in line with the performance of linear relaxations of the deterministic node
packing problem. Path and cycle cuts do not decrease the bound as much as clique cuts in all of the
dense instances. Possible improvements could come from increasing the number or length of the

path and cycle cuts, but there is a corresponding computation time increase, and our preliminary
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experiments did not show better bounds with longer paths.

Surprisingly, the MEWH performs relatively well across the board, consistently achieving a
ratio between 0.75 and 0.88, with the best performance coming when p; = 0.5 and p, = 0.9,
i.e. when the topology has relatively low density but edges are very likely to realize. The DCH
performs worse than the MEWH across all instances, achieving ratios between 0.70 and 0.74. Its
performance is fairly consistent among all the instances, in absolute terms performing best when
the expected density is low. Interestingly, the DCH maintains its performance better than the
MEWH as the expected density increases. This is likely a result of the probabilistic clique con-
straints increasing in strength as the expected density rises.

Table 2 below summarizes results for the sparse instances, following a similar format to Table
1; the Appendix again includes full results. We observe that all the tested bounds perform better
than they did in dense instances. The base relaxation (7) has at most a 9% gap and improves
with p; this is not surprising, because when p = 1, (7) coincides with the linear relaxation of
the deterministic model’s edge formulation, which is tight for trees. The path cuts are able to
reduce the gap to nearly zero in all cases, improving again as p increases. Finally, the MEWH also
performs extremely well here, with a gap under 1% in all cases.

Table 2: Geometric mean and standard deviation of sparse instance results as ratios of the HSO
bound.

r @ (7) + Path MEWH

0.5 | 1.091 & 0.008 | 1.011 & 0.004 | 0.992 + 0.002
0.75 || 1.071 & 0.009 | 1.005 == 0.003 | 0.993 & 0.003
0.9 | 1.033 £0.004 | 1.001 = 0.001 | 0.992 & 0.004

5.4 Impact of Non-Uniform Probabilities

In the previous experiments, all instances have a uniform non-zero probability. In particular,
for the dense instances we obtained the best bound with the probabilistic clique inequalities (9);
however, if the non-zero probabilities are not uniform, we must use a relaxed version of (9) with
the minimum probability of all pairs in the clique. We now explore the impact of non-uniform
probabilities on the quality of this upper bound.

As in the previous section, we consider graph topologies generated using G(100, p1) for p1 €
{0.5,0.75,0.9}. We now choose edge probabilities uniformly at random from the intervals [0.75 —
5,0.75 + 6] for 6 € {0,0.05,0.15,0.25}; for 6 = 0 this is equivalent to our prior experiment with
p2 = 0.75. For each instance we compare the upper bound (UB) provided by (7) strengthened
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with path, cycle, and clique constraints against the HSO bound. The chart in Figure 1 plots the
ratio UB/HSO as a function of the half-width of the edge probability intervals.

UB / HSO

T
0 05 .15 25
Interval Half-width

Figure 1: Effect of edge probability variation on bound quality.

As expected, the bound’s quality is negatively affected by increasing variation in the edge
probabilities; increasing the half-width from 0 to 0.25 increases the ratio by approximately 30% to
45% in relative terms for all three values of p;.

6 Conclusion

We introduced a dynamic model of the weighted node packing problem. Our model generalizes
the deterministic node packing problem by introducing both elements of uncertainty and dynamic
decision making. Specifically, we provide a model in which edge information is revealed dynam-
ically during the node packing process. We formulate the DNP as a Markov decision process
and focus on studying the corresponding polytope of achievable probabilities. Our study yields
the achievable probability polytope for two important structures; for cliques, we gave an explicit
representation and showed that it is a submodular polyhedron, while for paths and cycles we
implicitly characterized the polytope via a separation routine using a cut-generating LP. Our in-
equalities are instrumental in reducing the upper bound of the egde-based linear relaxation; for
dense instances, clique cuts can reduce the gap by nearly 75%, while in sparse instances based on
trees, our path inequalities suffice for near-optimality.

Nevertheless, there is a significant gap left to close, especially in denser instances. For example,
a natural question is how to extend our results on probabilistic cliques with non-uniform edge
probabilities beyond the case of triangles, although our preliminary results in this direction show
that even for probabilistic analogues of K4 the number of facets is very large, and their different
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structures are quite varied. Another promising direction is to study probabilistic analogues of
other simple graph structures, such as claws, which are known to be important in the deterministic

case.
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A Appendix: Experiment Data

Table 3: Raw data from dense instance experiments.

p2 P2 Ins. | 7 7+P/C | 7+Clq. | 7+P/C+Clq. | MEWH | DCH | HSO
05 |05 |1 75 | 66.20 38.58 38.58 14.07 12.49 | 16.86
05 |05 |2 75 | 66.30 38.13 38.13 13.8 12.58 | 16.76
05 |05 |3 75 | 66.35 38.44 38.44 14.12 12.58 | 16.77
05 |05 |4 75 | 66.07 38.41 38.41 13.65 12.56 | 16.77
05 |05 |5 75 | 66.21 39.14 39.14 14.23 12.83 | 17.3
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05 |05 |6 75 66.21 38.81 38.81 14.02 12.62 | 17.04
05 |05 |7 75 66.21 38.24 38.24 13.47 12.03 | 16.65
05 |05 |8 75 66.01 38.66 38.66 14.04 12.59 | 16.84
05 |05 |9 75 66.07 38.47 38.47 13.73 12.51 | 16.75
05 |05 |10 |75 66.19 38.46 38.46 13.94 122 | 16.75
05 | 075 |1 62.5 | 55.80 27.05 27.05 10.28 934 | 1215
05 | 0752 62.5 | 56.09 26.68 26.68 10.23 8.92 | 12.04
05 | 0753 62.5 | 55.88 26.93 26.93 10.36 9.01 12.13
05 | 075 | 4 62.5 | 55.92 2691 26.91 9.99 8.71 11.95
05 | 075 |5 62.5 | 55.97 27.50 27.50 10.44 899 | 12.29
05 | 07516 62.5 | 55.87 27.24 27.24 10.29 9.13 | 12.23
05 | 075 |7 62.5 | 55.72 26.77 26.77 9.92 8.68 | 11.77
05 | 07518 62.5 | 5591 27.12 27.12 10.8 873 | 12.14
05 | 07519 62.5 | 55.94 26.95 26.95 10.08 8.86 | 12.06
05 | 075|10 | 625 | 5591 26.95 26.95 10.06 8.58 | 11.89
05 |09 |1 55 51.49 20.19 20.19 9 737 | 10.19
05 |09 |2 55 51.47 19.90 19.90 8.85 798 | 10.23
05 |09 |3 55 51.52 20.10 20.10 8.98 7.78 | 10.08
05 |09 |4 55 51.45 20.09 20.09 8.7 7.56 | 10.07
05 |09 |5 55 51.51 20.55 20.55 9.18 7.84 | 10.39
05 |09 |6 55 51.51 20.35 20.35 9.03 737 | 10.22
05 |09 |7 55 51.46 19.97 19.97 8.57 7.01 10
05 |09 |8 55 51.35 20.25 20.25 9.42 712 | 10.37
05 |09 |9 55 51.44 20.11 20.11 8.83 748 | 10.14
05 |09 |10 |55 51.52 20.11 20.11 8.48 728 | 10.01
075105 |1 75 65.76 28.50 28.50 9.56 8.73 | 12.22
075|105 |2 75 65.87 28.34 28.34 9.55 8.67 | 12.03
075105 |3 75 65.72 29.71 29.70 9.78 8.64 | 12.16
075 |05 | 4 75 65.75 29.52 29.49 9.65 875 | 12.24
075105 |5 75 65.70 28.77 28.77 9.59 8.74 | 12.08
075|105 |6 75 65.80 28.22 28.22 9.74 853 | 12.24
075|105 |7 75 65.74 29.20 29.20 9.62 8.58 | 12.06
075|105 |8 75 65.85 28.93 28.93 9.7 8.88 | 12.17
075105 |9 75 65.67 28.00 28.00 9.54 899 | 12.22
075|105 |10 |75 65.72 29.57 29.57 9.64 9.2 12.23
0751075 |1 62.5 | 55.61 19.22 19.22 6.77 6.05 | 82
075|075 | 2 62.5 | 55.58 19.21 19.20 6.53 5.78 | 8.01
07510753 62.5 | 55.60 20.35 20.35 6.73 551 | 8.07
075|075 | 4 62.5 | 55.67 20.22 20.22 6.87 5.65 | 8.13
0751075 |5 62.5 | 55.68 19.60 19.60 6.71 594 | 8.07
075|075 | 6 62.5 | 55.60 18.99 18.99 6.71 5.7 8.12
075|075 |7 62.5 | 55.55 19.87 19.87 6.57 5.66 | 8.14
075|075 | 8 62.5 | 55.58 19.55 19.55 6.75 5.7 8.12
0751075 |9 62.5 | 55.61 18.80 18.80 6.7 5.8 8.19
075|075 | 10 | 62.5 | 55.52 20.13 20.13 6.68 576 | 8.22
075109 |1 55 51.37 14.24 14.24 5.51 466 | 6.54
075109 |2 55 51.27 14.34 14.34 5.57 444 | 6.27
075109 |3 55 51.27 15.31 15.31 548 465 | 632
075109 |4 55 51.39 15.20 15.20 5.51 453 | 6.46
075109 |5 55 51.31 14.68 14.68 5.56 425 | 6.37
075|109 |6 55 51.23 14.06 14.06 5.49 452 | 641
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07509 |7 55 51.29 14.85 14.85 5.46 429 | 6.35
075109 |8 55 51.27 14.49 14.49 5.82 529 | 6.57
075109 |9 55 51.27 13.90 13.90 5.51 444 | 6.6
075|109 |10 | 55 51.32 15.03 15.03 5.56 498 | 6.54
09 |05 |1 75 65.64 25.21 25.18 7.8 7.33 | 10.32
09 |05 |2 75 65.62 24.59 24.54 7.84 7.31 10.34
09 |05 |3 75 65.69 23.06 23.06 791 742 | 10.38
09 |05 |4 75 65.73 28.44 28.19 7.75 7.27 | 10.22
09 |05 |5 75 65.61 25.16 25.17 7.81 7.4 10.27
09 |05 |6 75 65.63 27.58 27.44 7.59 7.41 10.22
09 |05 |7 75 65.72 30.39 30.29 7.57 7.31 10.19
09 |05 |8 75 65.67 31.61 31.27 7.56 72 10.18
09 |05 |9 75 65.73 23.96 23.94 7.75 728 | 10.29
09 |05 |10 |75 65.75 32.82 32.24 7.73 721 10.22
09 |075 |1 62.5 | 55.49 17.65 17.65 5.09 454 | 6.44
09 | 0752 62.5 | 55.55 16.94 16.94 52 47 6.46
09 | 0753 62.5 | 55.47 15.59 15.59 5.15 472 | 6.65
09 | 0754 62.5 | 55.45 20.49 20.45 5.06 451 | 641
09 | 0755 62.5 | 55.46 17.55 17.47 5.14 4.63 | 6.47
09 |075|6 62.5 | 55.48 19.42 19.42 4.94 481 | 6.46
09 |075|7 62.5 | 55.44 21.80 21.75 5.05 463 | 6.49
09 |075|8 62.5 | 55.44 23.11 22.94 491 4.63 | 6.36
09 |0751]9 62.5 | 55.43 16.38 16.38 524 457 | 6.58
09 |075|10 | 625 | 55.53 24.19 23.83 5.02 4.63 | 6.41
09 |09 |1 55 51.22 13.56 13.55 4 339 | 497
09 |09 |2 55 51.18 12.92 12.92 4.03 344 | 494
09 |09 |3 55 51.25 11.61 11.61 4.07 3.37 | 5.04
09 |09 |4 55 51.18 16.18 16.13 4.03 35 4.94
09 |09 |5 55 51.20 13.49 13.49 4.09 352 | 499
09 |09 |6 55 51.22 14.95 14.95 3.95 359 | 499
09 |09 |7 55 51.19 17.17 17.08 4.17 3.6 4.99
09 |09 |8 55 51.20 18.58 18.43 4.01 355 | 494
09 |09 |9 55 51.21 12.38 12.38 4.18 3.58 | 5.05
09 |09 |10 |55 51.17 19.68 19.54 4.12 351 | 495

Table 4: Raw data from sparse instance experiments.

p | Ins. | @) (7) + Path | MEWH | HSO
05 |1 | 518.50 | 480.53 17154 | 47424
05 |2 | 555.00 | 521.19 511.74 | 515.01
05 |3 | 495.00 | 458.11 14871 | 453.85
05 |4 | 50550 | 469.27 16094 | 463.93
05 |5 |573.50 | 531.09 52048 | 522.86
05 |6 | 491.50 | 454.67 44613 | 449.05
05 |7 | 47350 | 441.21 43579 | 439.71
05 |8 | 598.00 | 55091 537.61 | 541.63
05 |9 | 54550 | 503.89 19645 | 499.94
05 |10 | 515.00 | 474.96 46597 | 471.38
075 | 1| 463.75 | 436.15 432.05 | 43526
0.75 | 2 | 436.50 | 414.37 40950 | 413.03
0.75 | 3| 489.00 | 460.26 15515 | 457.07
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075 | 4 495.00 | 463.77 459.04 | 461.25
075 | 5 474.25 | 444.95 440.10 | 443.03
075 | 6 476.25 | 444.19 437.16 | 44231
075 |7 467.75 | 439.44 435.08 | 436.94
075 | 8 430.00 | 406.07 401.81 405.95
075 |9 483.00 | 452.44 44514 | 449.15
0.75 | 10 | 508.75 | 471.93 463.81 467.32
09 |1 436.60 | 423.04 419.01 423.12
09 |2 44290 | 428.75 42486 | 427.94
09 |3 430.30 | 416.50 414.31 416.96
09 |4 435.40 | 419.77 416.19 | 419.08
09 |5 469.40 | 457.15 453.48 | 456.88
09 |6 405.00 | 394.64 392.01 394.70
09 |7 400.10 | 387.28 384.07 | 386.64
09 |8 404.60 | 390.60 382.99 389.90
09 |9 459.60 | 445.66 443.53 | 444.45
09 |10 | 477.80 | 464.98 461.41 464.38

Table 5: Raw data from non-uniform probability experiments.

p1 Inst. | Half-width | 7+ P/C + Clq. | HSO
05 |1 0 27.05 12.15
05 |2 0 26.68 12.04
05 |3 0 26.93 12.13
05 | 4 0 26.91 11.95
05 |5 0 27.50 12.29
05 | 6 0 27.24 12.23
05 |7 0 26.77 11.77
05 |8 0 27.12 12.14
05 |9 0 26.95 12.06
05 | 10 0 26.95 11.89
05 |1 0.05 29.05 12.17
05 |2 0.05 28.65 12
05 |3 0.05 28.96 12.2
05 | 4 0.05 28.92 12.04
05 |5 0.05 29.48 12.34
05 |6 0.05 29.23 12.3
05 |7 0.05 28.79 11.79
05 |8 0.05 29.13 12.12
05 |9 0.05 28.95 12.1
05 | 10 0.05 28.94 11.95
05 |1 0.15 33.10 12.17
05 |2 0.15 32.70 12.16
05 |3 0.15 33.03 12.16
05 | 4 0.15 32.99 12.03
05 |5 0.15 33.40 12.31
05 | 6 0.15 33.24 12.27
05 |7 0.15 32.86 11.77
05 |8 0.15 33.27 12.08
05 |9 0.15 32.94 12.14
05 | 10 0.15 32.98 11.91
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05 |1 0.25 37.27 12.11
05 |2 0.25 36.97 12.11
05 |3 0.25 37.13 12.25
05 | 4 0.25 37.18 11.93
05 |5 0.25 37.34 12.35
05 |6 0.25 37.26 12.26
05 |7 0.25 36.97 11.83
05 |8 0.25 37.61 12.14
05 |9 0.25 36.98 12.07
05 |10 0.25 37.06 11.95
075 |1 0 19.22 8.2
075 ]2 0 19.20 8.01
075 | 3 0 20.35 8.07
075 | 4 0 20.22 8.13
075 | 5 0 19.60 8.07
075 | 6 0 18.99 8.12
075 |7 0 19.87 8.14
075 | 8 0 19.55 8.12
07519 0 18.80 8.19
0.75 | 10 0 20.13 8.22
075 | 1 0.05 20.82 8.18
075 | 2 0.05 20.75 8.07
075 | 3 0.05 21.93 8.13
075 | 4 0.05 21.79 8.14
075 |5 0.05 21.20 8.06
075 | 6 0.05 20.59 8.14
075 |7 0.05 21.47 8.17
075 | 8 0.05 21.20 8.12
07519 0.05 2041 8.23
0.75 | 10 0.05 21.79 8.2
075 |1 0.15 2421 8.22
075 | 2 0.15 24.06 8.13
075 |3 0.15 25.24 8.12
075 | 4 0.15 25.04 8.12
075 |5 0.15 24.46 8.04
075 | 6 0.15 23.98 8.17
075 | 7 0.15 24.81 8.18
075 | 8 0.15 2470 8.12
07519 0.15 23.84 8.14
075 | 10 0.15 25.19 8.18
075 | 1 0.25 28.08 8.3
075 ]2 0.25 27.76 8.08
075 | 3 0.25 28.85 8.1
075 | 4 0.25 28.55 8.16
075 | 5 0.25 28.01 8.1
075 | 6 0.25 27.79 8.16
075 | 7 0.25 28.58 8.09
075 | 8 0.25 28.64 8.14
07519 0.25 27.69 8.19
075 | 10 0.25 28.93 8.23
09 |1 0 17.65 6.44
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09 |2 0 16.94 6.46
09 |3 0 15.59 6.65
09 |4 0 20.45 6.41
09 |5 0 17.47 6.47
09 |6 0 19.42 6.46
09 |7 0 21.75 6.49
09 |8 0 22.94 6.36
09 |9 0 16.38 6.58
09 |10 0 23.83 6.41
09 |1 0.05 18.77 6.42
09 |2 0.05 18.07 6.54
09 |3 0.05 16.84 6.65
09 | 4 0.05 21.48 6.49
09 |5 0.05 18.74 6.54
09 |6 0.05 20.77 6.53
09 |7 0.05 22.81 6.62
09 |8 0.05 23.92 6.39
09 |9 0.05 17.69 6.56
09 |10 0.05 25.03 6.35
09 |1 0.15 21.06 6.46
09 |2 0.15 20.42 6.42
09 |3 0.15 19.50 6.63
09 | 4 0.15 23.49 6.41
09 |5 0.15 21.19 6.45
09 |6 0.15 22.99 6.46
09 |7 0.15 25.06 6.49
09 |8 0.15 26.04 6.36
09 |9 0.15 20.21 6.65
09 |10 0.15 26.61 6.39
09 |1 0.25 23.39 6.48
09 |2 0.25 22.98 6.43
09 |3 0.25 2243 6.8

09 |4 0.25 25.78 6.47
09 |5 0.25 23.81 6.49
09 |6 0.25 25.33 6.54
09 |7 0.25 27.04 6.5

09 |8 0.25 27.50 6.4

09 |9 0.25 22.89 6.68
09 |10 0.25 28.08 6.49
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