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1 Introduction

The classical proximal point algorithm (PPA) to minimize a convex function
of scalar value f : Rn → R was originally introduced by Martinet [15] and
deeply studied by Rochafellar [22]. This PPA generates a sequence {xk} via
the following iterative procedure: Given a starting point x0 ∈ Rn, then

xk+1 = argmin{f(x) + (λk/2)‖x− xk‖2 | x ∈ Rn}, (1)

where for each k, λk is a positive real number and ‖.‖ is the usual Euclidean
norm.

In recent decades the convergence analysis of this proximal point algo-
rithm has been extensively studied and, consequently, the literature of proxi-
mal point methods has come to include a large number of papers presenting
generalizations of this PPA for several classes of problems: variational inequal-
ity problems, equilibrium problems, etc.

In the paper of Bonnel et al. [3], Rochafellar’s results are extended from
the scalar case to the vectorial optimization case. More specifically, these au-
thors proposed a vector-valued PPA (in exact and inexact versions) to solve
unconstrained convex vector/multi-objective optimization problems.

Motivated by the results of Bonnel et al., several studies have emerged in
the literature presenting variations/generalizations of the vector-valued PPA,
including: Ceng and Yao [5], Villacorta and Oliveira [25], Chuong [6], Chen et
al. [7], Bento et al. [2], Rocha et al. [21], Apolinário et al [1] and Papa Quiroz
et al. [19].

This paper proposes an inexact version of the proximal point method to find
efficient solutions of unconstrained convex multi-objective minimization prob-
lems and Pareto-Clarke critical points of unconstrained quasiconvex multi-
objective minimization problems. One of its main contributions is the intro-
duction of quasi-distances into subproblems of this proximal point algorithm,
which has important applications in computer theory [4,12], economics [18,
24], and other fields. According to Rockafellar [22] and many researches, the
importance of inexact versions is that for a proximal method to be practical it
is important that it also work with approximate solutions of the subproblems.

The organization of the paper is the following: Section 2 presents con-
cepts and results related to quasi-distances, subdifferential theory and multi-
objective optimization. Section 3 describes the inexact proximal algorithm to
solve convex multi-objective minimization problems, proving the existence of
iterations, establishing some properties and proposing a convergence analysis
for efficient solutions. Section 4 the inexact proximal algorithm is extended to
solve quasiconvex multi-objective minimization problems and we prove that
each accumulation point is a Pareto-Clarke critical point of the problem. Fi-
nally, in Section 5, the algorithm is tested and numerical examples are offered.
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2 Basic definitions and preliminary results

Throughout this paper Rm+ and Rm++ represent, respectively, the non-negative
orthant of Rm and its topological interior and we will use the following con-
ventions: If x, y ∈ Rm, then (i) x � y, iff xi < yi, ∀i = 1, ..,m; (ii)
x ≤ y, iff xi ≤ yi,∀i = 1, ..,m and (iii) x < y, iff x ≤ y and x 6= y.

Consider a map G : Rn → Rm and the following multi-objective optimiza-
tion problem (MOP)

min
Rm+
{G(x) | x ∈ Rn}. (2)

Definition 2.1 (a) a ∈ Rn is a local efficient solution to the problem (2)
if there is a disc Bδ(a) ⊂ Rn, with δ > 0, such that there is no x ∈ Bδ(a) that
satisfies G(x) < G(a); (b) a ∈ Rn is a weak local efficient solution to the
problem (2) if there is a disc Bδ(a) ⊂ Rn, with δ > 0, such that there is no
x ∈ Bδ(a) that satisfies G(x)� G(a).

IfG is convex in (2), then every local solution (efficient and weak efficient) is
also a global solution. Let argmin{G(x) | x ∈ Rn} and argminw{G(x) | x ∈ Rn}
denote the local efficient solution set and the weak local efficient solution set
to the problem (2), respectively. It is easy to see that

argmin{G(x) | x ∈ Rn} ⊂ argminw{G(x) | x ∈ Rn}.

Remark 2.1 Given an map G : Rn −→ Rm, consider the multi-objective
optimization problem

min
Rm+
{exp(G(x)) | x ∈ Rn}, (3)

where exp(G(x)) = (exp(G1(x)), . . . , exp(Gm(x))). Then,

argmin{G(x) | x ∈ Rn} = argmin{exp(G(x)) | x ∈ Rn}.

Note also that, if the problem (2) is a convex problem, then the problem (3)
is also convex. Hence, without loss of generality, we can assume that for all
z ∈ Rm+ \ {0}, 〈G(x), z〉 ≥ 0, ∀x ∈ Rn.

Next, we will recall the concepts of Fréchet and limiting subdifferential.

Definition 2.2 Let h : Rn → R ∪ {+∞} be a proper function and x ∈ Rn.

1. O subdiferencial Fréchet (also known as regular-subdifferential) de h em

x ∈ Rn, ∂̂h(x), is defined as follows:

∂̂h(x) :=


{
x∗ ∈ Rn : lim inf

y 6=x,y→x

h(y)− h(x)− 〈x∗, y − x〉
‖x− y‖

≥ 0

}
, se x ∈ dom(h)

Ø, se x /∈ dom(h)

2. O subdiferencial-limite (also known as Mordukhovich basic subdifferential)
de h em x ∈ Rn, ∂h(x), is defined as follows:
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∂h(x) :=
{
x∗ ∈ Rn : ∃xn → x, h(xn)→ h(x), x∗n ∈ ∂̂h(xn)→ x∗

}
Remark 2.2 a) If x̄ ∈ dom(h), then the sets ∂̂h(x̄) e ∂h(x̄) are closed, with

∂̂h(x̄) convex, and ∂̂h(x) ⊂ ∂h(x); b) Let C ⊆ Rn. If a proper function

h : C → R∪ {+∞} has a local minimum at x̄ ∈ C, then 0 ∈ ∂̂(h+ δC)(x̄) and
0 ∈ ∂(h+ δC)(x̄), where δC : Rn → R∪ {+∞} is the indicator function of C.

Proposition 2.1 (Mordukhovich, [16], Theorem 2.33) Let f, g : Rn → R ∪
{+∞} proper functions such that f is locally Lipschitz at x ∈ dom(f)∩dom(g),
and g is lower semicontinuous function at this point. Then

∂(f + g)(x) ⊂ ∂f(x) + ∂g(x).

The subproblems of the our inexact PPA that we will present in the next
section involve quasi-distances.

Definition 2.3 A function q : Rn × Rn → R+ is called a quasi-distance if,
for all x, y, z ∈ Rn,
(i) q(x, y) = q(y, x) = 0 iff x = y and (ii) q(x, z) ≤ q(x, y) + q(y, z).

Remark 2.3 a) Various examples of quasi-distance can be found in Moreno
et al. [18]; (b) If a quasi-distance q is also symmetric, that is, for all x, y ∈ Rn,
q(x, y) = q(y, x), then q is a distance; (c) A quasi-distance is not necessarily a
convex function, nor continuously differentiable, nor even a coercive function
in any of its arguments (see [18, Remarks 3 and 4]).

Throughout our paper we will consider quasi-distances that are locally
Lipschitz continuous and coercive in any of their arguments. The following
proposition provides us a class of quasi-distances that satisfy these properties.

Proposition 2.2 Let q : Rn × Rn → R+ be a quasi-distance. Suppose there
are positive constants α and β such that

α‖x− y‖ ≤ q(x, y) ≤ β‖x− y‖, ∀x, y ∈ Rn. (4)

Then, for each z ∈ Rn, q(z, .) and q(., z) are Lipschitz continuous functions
on Rn, q2(z, .) and q2(., z) are locally Lipschitz continuous functions on Rn,
and q(z, .), q(., z), q2(z, .) and q2(., z) are coercive functions.

Proof See [18, Propositions 3.6 and 3.7 and Remark 5]. ut

Remark 2.4 a) If q(x, y) = ‖x−y‖ then q satisfies property (4); b) The quasi-
distance of example 3.3 of Moreno et al.[18] is non-symmetric and satisfies the
property (4).
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3 A inexact Proximal Algorithm

In this section, we propose an inexact PPA with quasi-distances, denoted by
QDIP, to solve the unconstrained multi-objective minimization problem:

min
Rm+
{F (x) : x ∈ Rn}, (5)

where F = (F1, F2, ..., Fm)T : Rn → Rm is convex , i.e., Fi : Rn → R is convex,
for all i ∈ {1, ...,m}.

For the definition of QDIP algorithm we will consider the following as-
sumptions:

(H1) q : Rn × Rn → R+ is a quasi-distance satisfying the property (4);
(H2) {βk} ⊂ R a sequence of parameters satisfying 0 < c1 < βk < c2; ∀k ∈ N;
(H3) {zk} ⊂ Rm+ \ {0} a bounded sequence whose points of accumulation be-
long to Rm++.

QDIP Algorithm generates a sequence {xk} ⊂ Rn as follows:

QDIP

1. Choose x0 ∈ Rn.
2. Given xk, if xk ∈ argminw {F (x) | x ∈ Rn}, then xk+p = xk,∀p ≥ 1.
3. Given xk, if xk /∈ argminw {F (x) | x ∈ Rn}, then consider as xk+1 any

vector x ∈ Ωk such that it exists εk ∈ R+ satisfying

0 ∈ ∂εk(〈F (.), zk〉)(x) + βkq(x, x
k)∂(q(., xk))(x) +NΩk(x), (6)

q2(x, xk) ≤ c̄ ‖F (x)− F (xk)‖ and lim
k→∞

εk = 0. (7)

where NΩk(x) denotes the normal cone at the point x related to the set Ωk,
∂εk(〈F (.), zk〉)(x) is the εk−subdifferential of convex function 〈F (.), zk〉 at
point x, c̄ ∈ R++ and Ωk = {x ∈ Rn | F (x) ≤ F (xk)}.

Remark 3.1 a) If {xk} is a sequence generated by QDIP Algorithm, then
Ωk ⊇ Ωk+1, ∀k. Thus, xk ∈ Ωk−1 ⊆ Ω0,∀k ≥ 1. Therefore, Ω0 bounded im-
plies that {xk} is bounded, b) If lim‖x‖→∞ Fr(x) =∞ for same r ∈ {1, ...,m},
then Ω0 is bounded (see [20, Lemma 4.1]), c) The hypothesis (H3) implies
convergence for efficient solution (see proof of Theorem 3.1). If it were not
guaranteed that the accumulation points of {zk} belong to Rm++, then the con-
vergence would be for weak efficient solution (Remark 3.3), d) The importance
of efficient solutions is due to the fact that, in real-world applications, it is
often the case that only efficient solutions (instead of weak efficient) are of in-
terest (see, e.g., [11, Section 2.3]) and e) Any sequence generated by the exact
proximal algorithm of Rocha et al. [21], satisfies (6) and (7) to εk ≡ 0 (see
[21, proof of Theorem 3.1]). In this sense, the QDIP algorithm generalizes the
proximal algorithm of Rocha et al. [21].
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Proposition 3.1 (Well-posedness of QDIP algorithm) If F : Rn →
Rm is a convex map, q : Rn × Rn → R+ is a quasi-distance satisfying the
conditions (H1)-(H3) and Ω0 is bounded, then the sequence generates by the
QDIP algorithm is well defined.

Proof x0 ∈ Rn is chosen in the initialization step. Assuming that the algorithm
reaches iteration k, we show next that an appropriate xk+1 exists. By the stop
criterion, if xk ∈ argminw {F (x), x ∈ Rn} then xk+p = xk, ∀p ≥ 1. Otherwise,
define ϕk : Rn → R such that ϕk(x) = 〈F (x), zk〉+ βk

2 q
2(x, xk). The convexity

of F in Rn implies the convexity of
〈
F (.), zk

〉
in Rn and then that

〈
F (.), zk

〉
is a

continuous map in Rn. From assumption (H1) and Proposition 2.2, q2(., xk) :
Rn → R+ is a continuous map, then ϕk : Rn → R is also a continuous
map in Rn. Since F is convex in Rn, Ωk ⊇ Ωk+1,∀k and Ω0 is bounded
(hypothesis), we have that the set Ωk,∀k is convex and compact. Then, the
set argmin{ϕk(x) | x ∈ Ωk} is nonempty. Let xk+1 ∈ argmin{ϕk(x) | x ∈ Ωk}.
So, by Remark 2.2, b,

0 ∈ ∂(〈F (.), zk〉+
βk
2
q2(., xk) + δΩk)(xk+1). (8)

Since 〈F (.), zk〉 : Rn → R is convex, 〈F (.), zk〉 is locally Lispschitzian in Rn;
by Proposition 2.2, βk2 q

2(., xk) is locally Lispschitzian in Rn; Ωk closed implies
δΩk is lower semi-continuous (see [23, page 11]). Then, using the Theorem 2.33
of [16] in (8), we obtain

0 ∈ ∂(〈F (.), zk〉)(xk+1) + ∂(
βk
2
q2(., xk))(xk+1) + ∂(δΩk)(xk+1). (9)

Since Ωk is convex and xk+1 ∈ Ωk we have ∂ (δΩk) (xk+1) = NΩk(xk+1),
where NΩk(xk+1) denotes the normal cone at the point xk+1 related to the
set Ωk. From Proposition 2.2, q(., xk) is Lipschitzian on Rn. Therefore, as
q(x, y) ≥ 0; ∀(x, y) ∈ Rn × Rn, taking ϕ1 = ϕ2 = q(., xk) in the Theorem 7.1

of [17], we obtain ∂
(
βk
2 q

2(., xk)
)

(xk+1) = βkq(x
k+1, xk)∂

(
q(., xk)

)
(xk+1),

and then from (9),

0 ∈ ∂
(
〈F (.), zk〉

)
(xk+1) + βkq(x

k+1, xk)∂
(
q(., xk)

)
(xk+1) +NΩk(xk+1).

Thus, since ∂f(x) = ∂0f(x) ⊂ ∂εf(x) for any convex function f : Rn → R,
all x ∈ Rn and all ε ∈ R+, xk+1 satisfies (6) for εk ≡ 0. As xk ∈ Ωk;∀k and
xk+1 ∈ argmin{ϕk(x) | x ∈ Ωk} we have ϕk(xk+1) ≤ ϕk(xk); ∀k. Therefore,
since q(xk, xk) = 0,

〈F (xk+1), zk〉+ βk
2 q2(xk+1, xk) ≤ 〈F (xk), zk〉.

Then, from assumption (H2) and (H3) we have 0 < c1 < βk, ‖zk‖ ≤ m, and
thus we obtain

0 ≤ q2(xk+1, xk) ≤ 2

c1
〈F (xk)− F (xk+1), zk〉 ≤ 2m

c1
‖F (xk)− F (xk+1)‖.

Therefore xk+1 satisfies (6) and (7). ut
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Remark 3.2 We are interested in the asymptotic convergence of the QDIP
algorithm, so we assume that xk+1 6= xk,∀k. Otherwise, it is easy to prove that
xk is a efficent solution of the problem, that is, xk ∈ argmin {F (x) | x ∈ Rn} .

The following properties are fundamental for proof of the convergence of QDIP
algorithm.

Proposition 3.2 (Properties) Let F : Rn → Rm be a convex map, q :
Rn×Rn → R+ be a quasi-distance satisfying the condition (H1), Ω0 is bounded
and the conditions (H2)-(H3) are satisfied. Let {xk} be a sequence generated
by QDIP algorithm, then we have:

(a) {xk} is bounded;
(b) ∀z ∈ Rm+ \ {0}, {〈F (xk), z〉}k∈N is nonincreasing and convergent;

(c) lim
k→∞

‖F (xk+1)− F (xk)‖ = 0;

(d) lim
k→∞

q(xk+1, xk) = 0;

(e) lim
k→∞

‖xk+1 − xk‖ = 0.

Proof (a) Since Ωk ⊇ Ωk+1, k = 0, 1, ..., we have xk ∈ Ωk−1 ⊆ Ω0, ∀k ≥ 1.
Then, as Ω0 is limited (by hypothesis), {xk} is limited.
(b) Since F (xk+1) ≤ F (xk) (xk+1 ∈ Ωk) and z ∈ Rm+ \ {0} we have〈

F (xk+1), z
〉
≤
〈
F (xk), z

〉
∀k ∈ N,

i.e.,
{〈
F (xk), z

〉}
k∈N is nonincreasing. By Remark 2.1,

{〈
F (xk), z

〉}
k∈N is

bounded lower and therefore convergent.
(c) Let z̄ ∈ Rm++ be fixed. From (b),

{〈
F (xk), z̄

〉}
k∈N is convergent. Then,

lim
k→∞

〈F (xk)− F (xk+1), z̄〉 = lim
k→∞

m∑
i=1

(Fi(x
k)− Fi(xk+1))z̄i = 0. (10)

As xk+1 ∈ Ωk, F (xk+1) ≤ F (xk), i.e., Fi(x
k+1) ≤ Fi(x

k), ∀i = 1, ...,m. Thus
(Fi(x

k)− Fi(xk+1))z̄i ≥ 0, ∀i = 1, ...,m. Then, of (10),

lim
k→∞

(Fi(x
k)− Fi(xk+1))z̄i = 0, ∀i = 1, ...,m.

Since that z̄i > 0, i = 1, ...,m, we have lim
k→∞

(Fi(x
k) − Fi(xk+1)) = 0, ∀i =

1, ...,m, and then lim
k→∞

(F (xk)− F (xk+1)) = 0 ∈ Rm. Therefore

lim
k→∞

‖F (xk+1)− F (xk)‖ = 0.

(d) By (7), q2(xk+1, xk) ≤ c̄ ‖F (xk+1)−F (xk)‖. Then, since that q(x, y) ≥ 0,
the result is a consequence of the previous item.
(e) From assumptiom (H1), 0 ≤ α‖xk+1−xk‖ ≤ q(xk+1, xk), ∀k ∈ N . There-
fore, the result is a consequence of the previous item. ut
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Next we will enunciate and prove our main result. Assuming that the stop-
ping criterion of the QDIP algorithm never applies, we demonstrate that any
sequence generated converges to a efficient solution of the problem (5).

Theorem 3.1 (Convergence) Suppose that F : Rn → Rm is a convex map
and q : Rn × Rn → R+ be a quasi-distance satisfying the condition (H1). If
the set Ω0 is bounded and the assumptions (H2) and (H3) are satisfied, then
every sequence generated by QDIP algorithm is bounded and its accumulation
points are efficient solutions to the problem (5).

Proof Let {xk} be a sequence generated by the QDIP algorithm. By Proposi-
tion 3.2(a), there are x∗ ∈ Rn and {xkj}j∈N, a subsequence of {xk}, such that
limj→∞ xkj = x∗. By (H3) there are z̄ ∈ Rm++ and {zkl}l∈N, a subsequence of
{zk}, such that liml→∞ zkl = z̄. Fix z ∈ Rm+ \ {0}. The convexity of applica-
tion 〈F (.), z〉 in Rn implies it is continuous. ∀z ∈ Rm+ \{0};

{〈
F (xk), z

〉}
k∈N is

nonincreasing and convergent (Proposition 3.2(b)). Therefore, ∀z ∈ Rm+ \ {0};
limj→∞〈F (xkj ), z〉 = 〈F (x∗), z〉 = infk∈N{〈F (xk), z〉}. Then,

〈F (x∗), z〉 ≤ 〈F (xk), z〉, ∀z ∈ Rm+ \ {0} and k ∈ N. (11)

By (6), there are ζkl+1 ∈ ∂(q(., xkl))(xkl+1) e vkl+1 ∈ NΩkl (xkl+1), such that

−βklq(xkl+1, xkl)ζkl+1 − vkl+1 ∈ ∂εkl (〈F (.), zkl〉)(xkl+1).

Therefore, from the εkl -subgradient inequality for convex function 〈F (.), zkl〉,
we have: ∀x ∈ Rn,

〈F (x), zkl〉 ≥ 〈F (xkl+1), zkl〉 − βklq(xkl+1, xkl)〈ζkl+1, x− xkl+1〉
−〈vkl+1, x− xkl+1〉 − εkl .

As vkl+1 ∈ NΩkl (xkl+1), we have −〈vkl+1, x−xkl+1〉 ≥ 0 ∀x ∈ Ωkl . Since Ω0

is limited, Ωk ⊆ Ω0,∀k and F is continuous, we have Ωk,∀k ∈ N is a compact

set. Therefore, as Ωk+1 ⊆ Ωk,∀k ∈ N we have Ω =
∞⋂
k=0

Ωk 6= ∅. Then, in

particular,

〈F (x), zkl〉 ≥ 〈F (xkl+1), zkl〉
−βklq(xkl+1, xkl)〈ζkl+1, x− xkl+1〉 − εkl , ∀x ∈ Ω. (12)

By (11), 〈F (xkl+1), zkl〉 ≥
〈
F (x∗), zkl

〉
. Then, of (12),

〈F (x), zkl〉 ≥ 〈F (x∗), zkl〉
−βklq(xkl+1, xkl)〈ζkl+1, x− xkl+1〉 − εkl , ∀x ∈ Ω. (13)

By [21, Proposition 2.3], ‖ζkl+1‖ ≤ M. Therefore, as the sequences {xk} and
{βk} are bounded, using the Cauchy-Swartz inequality, we conclude that

| βkj < ζkl+1, x− xkl+1 >|≤M1.
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Then, provided that, from the Proposition 3.2(d), lim
k→∞

q(xk+1, xk) = 0, we

have

| βklq(xkl+1, xkl) < ζkl+1, x− xkl+1 >|→ 0 when l→∞.

Therefore, recalling that lim
l→∞

zkl = z̄ ∈ Rm++ and lim
k→∞

εk = 0, from (13)

〈F (x), z̄〉 ≥ 〈F (x∗), z̄〉, ∀x ∈ Ω. (14)

We will demonstrate that x∗ ∈ argmin{F (x) | x ∈ Rn}. Suppose, by contra-
diction, that there exists x̄ ∈ Rn such that

F (x̄) ≤ F (x∗) and Fr(x̄) < Fr(x
∗) for some r ∈ {1, ...,m}. (15)

As z̄ ∈ Rm++ we have:

〈F (x̄), z̄〉 < 〈F (x∗), z̄〉. (16)

Since, Ωk+1 ⊆ Ωk, ∀k ≥ 0 and xkj ∈ Ωkj−1, ∀j with xkj → x∗; j → ∞, we
have x∗ ∈ Ω, i.e., F (x∗) ≤ F (xk),∀k ∈ N. Therefore, from (15),

F (x̄)� F (xk),∀k ∈ N,

i.e., x̄ ∈ Ω, which contradicts (14) and (16). ut

Remark 3.3 If in the Theorem 3.1 we were not guaranteed that z̄ ∈ Rm++,
i.e., if we only had z̄ ∈ Rm+ \ {0} then, we would conclude that x∗ is weak
efficient solution (instead of efficient) of the problem (5). Indeed, suppose by
contradiction that x∗ is not a weak efficient solution of problem (5). Then,
there is x̄ ∈ Rn such that

F (x̄)� F (x∗). (17)

x∗ ∈ Ω, z̄ ∈ Rm+ \ {0} and (17) imply x̄ ∈ Ω and 〈F (x̄), z̄〉 < 〈F (x∗), z̄〉. This
is a contradiction because (14) is valid.

4 Quasiconvex case

In this section we extend the algorithm introduced in the previous sec-
tion to solve quasiconvex multi-objective minimization problems. We start
with some facts as Clarke subdifferential, descent direction and Pareto Clarke-
critical point. Then we present the algorithm and analyze the convergence of
the generated sequence.
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4.1 Clarke subdifferential

Definition 4.1 Let f : Rn → R∪{+∞} be a proper locally Lipschitz function
at x ∈ dom(f), and d ∈ Rn.

1. The Clarke directional derivative of f at x in the direction d, denoted by
fo(x, d), is defined as:

fo(x, d) = lim sup
y→x
t↓0

f(y + td)− f(y)

t
.

2. The Clarke subdifferential of f at x, denoted by ∂of(x) is defined as

∂of(x) = {w ∈ Rn : 〈w, d〉 ≤ fo(x, d), ∀d ∈ Rn}.

3. The ε−Clarke subdifferential of f at x, denoted by ∂oε f(x) is defined as

∂oε f(x) = {w ∈ Rn : 〈w, d〉 ≤ fo(x, d)− ε, ∀d ∈ Rn}.

Lemma 4.1 Let f, g : Rn → R ∪ {+∞} be proper locally Lipschitz functions
at x ∈ dom(f) ∩ dom(g). Then, for all d ∈ Rn:

i) (f + g)o(x, d) ≤ fo(x, d) + go(x, d);
ii) (λf)o(x, d) = λfo(x, d), ∀λ ≥ 0;

iii) fo(x, λd) = λfo(x, d), ∀λ ≥ 0.

Proof. It is immediate from Clarke directional derivative.

Lemma 4.2 (Clarke [8], Proposition 2.3.1.)Let f : Rn → R∪{+∞} be proper
locally Lipschitz function at x ∈ dom(f), and λ an arbitrary scalar, then

∂o(λf)(x) = λ∂of(x). (18)

Lemma 4.3 Let fi : Rn → R∪{+∞}, i = 1, · · · , p, be proper locally Lipschitz
functions at x ∈ ∩pi=1dom(fi), then

∂o

(
p∑
i=1

fi

)
(x) ⊂

p∑
i=1

∂ofi(x). (19)

Proof. It is immediately followed from Lemma 4.1 (i).

Proposition 4.1 (Clarke [8], Proposition 2.1.1, (b)) Let f : Rn → R∪{+∞}
be a proper locally Lipschitz function on Rn, then fo is upper semicontinuous,
i.e, if (x, d) ∈ Rn × Rn and {(xk, dk)} is a sequence in Rn × Rn such that
lim

k→+∞
(xk, dk) = (x, d), then

lim sup
k→+∞

fo(xk, dk) ≤ fo(x, d). (20)
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4.2 Descent direction

We are now able to introduce the definition of Pareto-Clarke critical point
for locally Lipschitz functions on Rn which will play a key role in the paper.

Definition 4.2 (Custdio et al. [9], Definition 4.6) Let F : Rn → Rp be a
locally Lipschitz function on Rn. We say that x̂ ∈ Rn is a Pareto-Clarke critical
point of F , if for all directions d ∈ Rn, there exists i0 = i0(d) ∈ {1, · · · , p}
such that F oi0(x̂, d) ≥ 0.

The previous definition essentially tells us that there is no direction in Rn
that is descent for all the objective functions Fi. If a point is a Pareto solution,
then it is necessarily a Pareto-Clarke critical point.

Remark 4.1 It follows from the previous definition that, if a point x is not a
Pareto-Clarke critical point, then there exists a direction d ∈ Rn satisfying

F oi (x, d) < 0, ∀ i ∈ {1, · · · , p};

this implies that, for each i ∈ {1, · · · , p}, d is a descent direction, for each
function Fi, i.e, there exists ε > 0, such that

Fi(x+ td) < Fi(x), ∀ t ∈ (0, ε] and ∀ i ∈ {1, · · · , p}.

In other words, d is a descent direction for the multiobjective function F at x,
i.e, exist ε > 0 such that

F (x+ td) ≺ F (x), ∀ t ∈ (0, ε]. (21)

4.3 A inexact proximal algorithm for quasiconvex minimization

We consider the function F = (F1, F2, ..., Fm)T : Rn → Rm as a locally
Lipschitz quasiconvex map, that is, each Fi : Rn → R is a locally Lipschitz and
quasiconvex function on Rn, where i ∈ {1, ...,m}. CQDIP Algorithm generates
a sequence {xk} ⊂ Rn as follows:

CQDIP

1. Choose x0 ∈ Rn.
2. Given xk, if xk is a Pareto-Clarke critical point, then xk+p = xk,∀p ≥ 1.
3. Given xk, if xk is not a Pareto-Clarke critical point, then consider as xk+1

any vector x ∈ Ωk such that it exists εk ∈ R+ satisfying

0 ∈ ∂0
εk

(〈F (.), zk〉)(x) + βkq(x, x
k)∂(q(., xk))(x) +NΩk(x), (22)

q2(x, xk) ≤ c̄ ‖F (x)− F (xk)‖ and lim
k→∞

εk = 0. (23)

where NΩk(x) denotes the normal cone at the point x related to the set Ωk,
∂0
εk

(〈F (.), zk〉)(x) is the εk−Clarke subdifferential of 〈F (.), zk〉 at point x,

c̄ ∈ R++ and Ωk = {x ∈ Rn | F (x) ≤ F (xk)}.
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Proposition 4.2 (Well-posedness of CQDIP algorithm) If F : Rn →
Rm is a locally Lipschitz quasiconvex map, q : Rn × Rn → R+ is a quasi-
distance satisfying the conditions (H1)-(H3) and Ω0 is bounded, then the se-
quence generates by the CQDIP algorithm is well defined.

Proof Define ϕk(x) = 〈F (x), zk〉 + βk
2 q

2(x, xk). This function is continuous
and Ωk is compact, then, from Remark 2.2, b, there exists xk+1 such that

0 ∈ ∂
(
ϕk + δΩk(.)

)
(xk+1)

Using Proposition 2.1 we have

0 ∈ ∂(〈F (.), zk〉)(xk+1) + ∂(
βk
2
q2(., xk))(xk+1) + ∂(δΩk)(xk+1)

Since δΩk(.) is convex and from [18, Proposition 3.15], then

0 ∈ ∂
(
〈F (.), zk〉

)
(xk+1) + βkq(x

k+1, xk)∂
(
q(., xk)

)
(xk+1) +NΩk(xk+1).

From [1, Remark 2.51] we obtain

0 ∈ ∂0
(
〈F (.), zk〉

)
(xk+1) + βkq(x

k+1, xk)∂
(
q(., xk)

)
(xk+1) +NΩk(xk+1),

that is, the condition (22) is satisfied with εk = 0. The proof of the condition
(23) is simmilar to the convex case. ut

Remark 4.2 We are interested in the asymptotic convergence of the CQDIP
algorithm, so we assume that xk+1 6= xk,∀k. Otherwise, it is easy to prove
that xk is a Pareto-Clarke critical point of the problem (5).

Proposition 4.3 (Properties) Let F : Rn → Rm be a locally quasiconvex
map, q : Rn×Rn → R+ be a quasi-distance that satisfies the condition (H1), Ω0

is bounded and the conditions (H2)-(H3) are satisfied. Let {xk} be a sequence
generated by CQDIP algorithm, then we have:

(a) {xk} is bounded;
(b) ∀z ∈ Rm+ \ {0}, {〈F (xk), z〉}k∈N is nonincreasing and convergent;

(c) lim
k→∞

‖F (xk+1)− F (xk)‖ = 0;

(d) lim
k→∞

q(xk+1, xk) = 0;

(e) lim
k→∞

‖xk+1 − xk‖ = 0.

Proof Simmilar to Proposition 3.2 ut

Theorem 4.1 (Convergence) Suppose that F : Rn → Rm is a locally Lip-
scitz quasiconvex map and q : Rn × Rn → R+ is a quasi-distance that satis-
fies the condition (H1). If the set Ω0 is bounded and the assumptions (H2)
and (H3) are satisfied, then every sequence generated by CQDIP algorithm is
bounded and its accumulation points are Pareto-Clarke critical points of the
problem (5).
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Proof Let {xk} be a sequence generated by the CQDIP algorithm. By Propo-
sition 4.3(a), there are x̂ ∈ Rn and {xkj}j∈N, a subsequence of {xk}, such that
limj→∞ xkj = x̂. We will prove that x̂ is a Pareto-Clarke critical point. By
contradiction, suppose that there is some vector d ∈ Rn, such that

F oi (x̂, d) < 0, ∀i ∈ {1, · · · ,m}. (24)

Therefore d is a descent direction for the multiobjective function F at x̂, so,
∃ δ > 0 such that F (x̂+ λd) ≺ F (x̂) for all λ ∈ (0, δ] and thus (x̂+ λd) ∈ Ωk.
On the other hand, taking vk+1 ∈ NΩk(xk+1) and ζk+1 ∈ ∂(q(., xk))(xk+1) in
(22), we have

−βkq(xk+1, xk)ζk+1 − vk+1 ∈ ∂oεk(〈F (.), zk〉)(xk+1).

Using Definition 4.1, (2), in the previous expression we have

〈−βkq(xk+1, xk)ζk+1 − vk+1, q〉 ≤ 〈F (.), zk〉o(xk+1, q)− εk, ∀q ∈ Rn,

where 〈F (.), zk〉o(xk+1, q) represents the directional derivative of Clarke. Using
properties of inner product and taking into account that βk > 0, the previous
expression implies

−βkq(xk+1, xk)〈ζk+1, q〉 − 〈vk+1, q〉 ≤ 〈F (.), zk〉o(xk+1, q)− εk, ∀q ∈ Rn.

Considering q = (x̂+λd)−xk+1 and taking into account that vk+1 ∈ NΩk(xk+1)
in the previous expression we have

−βkq(xk+1, xk)〈ζk+1, q〉 ≤

(
m∑
i=1

zki Fi(.)

)o
(xk+1, q)− εk. (25)

Applying respectively the items (i), (ii) and (iii) of Lemma 4.1, in the term of
the right side of the previous inequality, we have(

m∑
i=1

zki Fi(.)

)o
(xk+1, q) ≤

m∑
i=1

(
zki Fi(x

k+1, q)
)o

=

m∑
i=1

F oi (xk+1, zki q),

where zki are the components of vector zk. Replacing the previous expression
in (25), we have to

−βkq(xk+1, xk)〈ζk+1, q〉 ≤
m∑
i=1

F oi (xk+1, zki q)− εk, (26)

Considering k = kj in (26), using 0 < βk < c2, considering that {ζkj} is
bounded, Proposition 4.3,d, and taking lim sup we have

0 ≤ lim sup
j→+∞

m∑
i=1

F oi (xkj+1, zikjq
′) =

m∑
i=1

lim
j→+∞

supF oi (xkj+1, zikjq
′).
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Since F is locally Lipschitz then from Proposition 4.1, F 0
i is semicontinuous

superior and limj→+∞ supF oi (xkj+1, z
kj
i q
′) ≤ F oi (x̂, ziλd); so the above ex-

pression becomes

0 ≤
m∑
i=1

lim sup
j→+∞

F oi (xkj+1, z
kj
i q
′) ≤

m∑
i=1

F oi (x̂, ziλd). (27)

Making use of Lemma 4.1 (iii), and taking into account that λ > 0, in the
previous expression we have

m∑
i=1

ziF
0
i (x̂, d) = z1F 0

1 (x̂, d) + · · ·+ zpF 0
p (x̂, d) ≥ 0. (28)

As z ∈ Rm++, then in (28) there exists i0 ∈ {1, 2, ...,m} such that F 0
i0

(x̂, d) ≥ 0,
which contradicts (24). Thus x̂ is a Pareto-Clarke critical point of the problem
(5). ut

5 Numerical experiments

Consider F : Rn → Rm a convex map, q : Rn × Rn → R+ a quasi-distance
map satisfying the condition (4), {zk} ⊂ Rm+ \ {0} a limited sequence whose
points of accumulation belong to Rm++, {βk} ⊂ R a sequence of parameters
satisfying 0 < c1 < βk < c2; ∀k ∈ N and {xk} a sequence generated by the
QDIP algorithm.

It follows from the proof of proposition 3.1 that, for each fixed k, the crit-
ical points of the problem

min 〈F (x), zk〉+
βk
2
q2(x, xk)

s.a. F (x) ≤ F (xk) (29)

are solutions of (6) and (7), that is, satisfy

0 ∈ ∂(〈F (.), zk〉)(x) + βkq(x, x
k)∂(q(., xk))(x) +NΩk(x) and

q2(x, xk) ≤ c̄ ‖F (x)− F (xk)‖.

The iterative procedure of Problem (29) was implemented in Matlab and
tested in three groups (G1,G2 and G3) of multi-objective continuous test in-
stants. An important feature of the instances is that the efficient solution sets
are known and that the number n of variables can be chosen. The instances
of groups G1 and G2 have two objective functions and, the those of group G3
have three objective functions. Table 1 presents the definition of the objectives
and the respective efficient solution sets of instances.

In all tests, we considered the quasi-distance q : Rn×Rn → R+ of Moreno

et al. [18] given by: q(x, y) =
n∑
i=1

qi(xi, yi), where
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Table 1 Objectives and efficient sets of the test instances.

Group Objectives and efficient sets

f1 = 1− exp(−((x1 − 3)2 + (x2 − 3)2 + ...+ (xn − 3)2)),
G1 f2 = (x1 − 3)2 + (x2 − 3)2 + ...+ (xn − 3)2.
[10] Its efficient set is {(3, 3, ..., 3)}.

f1 = 1 + 1
2

[
(x1 − 1)2 + x2

2 + ...+ x2
n

]
,

G2 f2 = 1 + 1
2

[
x2
1 + (x2 − 1)2 + x2

3 + ...+ x2
n

]
.

[13] Its efficient set is the line segment joining the points (1, 0, ..., 0) and (0, 1, 0, ..., 0).

f1 = cos(x1π/2) cos(x2π/2) + 2
|J1|

∑
j∈J1

(
xj − 2x2 sin

(
2πx1 + jπ

n

))2
,

G3 f2 = cos(x1π/2) sin(x2π/2) + 2
|J2|

∑
j∈J2

(
xj − 2x2 sin

(
2πx1 + jπ

n

))2
,

[14] f3 = sin(x1π/2) + 2
|J3|

∑
j∈J1

(
xj − 2x2 sin

(
2πx1 + jπ

n

))2
,

where Ji = {j|3 ≤ j ≤ n, and j − 1 is a multiple of 3}, i = 1, 2.

Its efficient set is xj = 2x2 sin
(

2πx1 + jπ
n

)
, j = 3, . . . , n

qi(xi, yi) =

{
2(yi − xi) if yi − xi > 0
3(xi − yi) if yi − xi ≤ 0.

All numerical experiments were performed using an Intel Core 2 Quad CPU
Q9550 2.83 GHz, 4GB of RAM, running a 32-bit Linux. In the experiments
we analyzed the convergence of the QDIP algorithm in different instances of
each group. For each instance, we execute the QDIP algorithm with 100 initial
iterations chosen randomly at [0, 1]n. We represent the results in the table 2,
where the ITER, TIME and DIST columns represent, respectively, the mean
number of iterations, the mean CPU time and the mean Euclidean distance
between the 100 solutions obtained by the QDIP algorithm and the respective
efficient set. The results show that the algorithm converges for the efficient
set.

Table 2 Mean number of iterations (ITER), mean CPU time in seconds (TIME) and mean
Euclidean distance (DIST) between solutions obtained by the QDIP algorithm and the
efficient set.

Group n m ITER TIME DIST
G1 04 02 11.46 1.25 2.89E-05
G1 08 02 23.86 6.36 8.53E-05
G1 12 02 46.37 17.35 3.15E-04
G2 04 02 10.92 1.36 1.87E-05
G2 08 02 27.76 5.98 6.89E-05
G2 12 02 51.27 18.76 1.16E-05
G3 04 03 17.29 1.87 8.23E-05
G3 08 03 35.83 7.12 1.46E-05
G3 12 03 56.58 19.64 2.86E-04

6 Conclusions

This paper proposes a generalized inexact proximal point algorithm to solve
unconstrained convex and quasiconvex multi-objective minimization problems.
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Based on results of convex analysis, multi-objective optimization, techniques
of convex and non-convex variational analysis and generalized differentiation,
we prove that the proposed algorithm generates a sequence where each accu-
mulation point is an efficient solution for the convex case and a Pareto-Clarke
critical point for the quasiconvex ones. Numerical examples are also offered
that confirm the convergence of the algorithm.

As future research, the authors are interested in studying the behavior of
the (CQDIP) algorithm to solve quasiconvex vectorial minimization problems.

Acknowledgements The authors thank the referees for their helpful comments and sug-
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