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Abstract: We analyze the conditional gradient method, also known as Frank- Wolfe method, for
constrained multiobjective optimization. The constraint set is assumed to be convex and com-
pact, and the objectives functions are assumed to be continuously differentiable. The method is
considered with different strategies for obtaining the step sizes. Asymptotic convergence proper-
ties and iteration-complexity bounds with and without convexity assumptions on the objective
functions are stablished. Numerical experiments are provided to illustrate the effectiveness of the
method and certify the obtained theoretical results.

Keywords: Conditional gradient method; multiobjective optimization; Pareto optimality; con-
strained optimization problem

1 Introduction

In the constrained multiobjective optimization, we seek to simultaneously minimize several objec-
tive functions on a set C. One strategy for solving multiobjective problems that has become very
popular consists in the extension of methods for scalar-valued to multiobjective-valued optimiza-
tion, instead of using scalarization approaches [23]. As far as we know, this strategy originated
from the work [14] in which the authors proposed the steepest descent methods for multiobjec-
tive optimization. Since of then, new properties related to this method have been discovered and
several variants of it have been considered, see for example [4,5,16,19,20,26,27]. In recent years,
there has been a significant increase in the number of papers addressing concepts, techniques, and
methods for multiobjective optimization, see for example [6,9,13,15,25,41,42, 45,46, 48,53, 54].
Following this trend, the goal of present paper is analyze the conditional gradient method in this
setting.

The conditional gradient method also known as Frank-Wolfe optimization algorithm is one
of the oldest iterative methods for finding minimizers of differentiable functions onto compact
convex sets. Its long history began in 1956 with the work of Frank and Wolfe for minimizing
convex quadratic functions over compact polyhedral sets, see [17]. Ten years later, the method
was extended to minimize differentiable convex functions with Lipschitz gradients over compact
convex feasible sets, see [39]. Since then, this method has attracted the attention of the scientific
community working on this subject. One of the factors that explains this interest is its simplic-
ity and ease of implementation: at each iteration, the method requires only access to a linear
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minimization oracle over a compact convex set. In particular, allowing a low cost of storage and
ready exploitation of separability and sparsity, it makes the application of the conditional gradient
method in large scale problems very attractive. It is worth mentioning that, in recent years, there
has been an increase in the popularity of this method due to the emergence of machine learning
applications, see [31,35,36]. For these reasons, several variants of this method have emerged and
properties of it have been discovered throughout the years, resulting in a wide literature on the
subject. Papers that address this method include, for example, [3,8,18,24,28,34,37,43].

The aim in this paper is twofold. First, asymptotic analysis to multiobjective conditional
gradient method will be done for Armijo and adaptative step sizes. Second, iteration-complexity
bounds will be stablished for Armijo, adaptative, and diminishing step sizes. Numerical experi-
ments will be provided to illustrate the effectiveness of the method in this new setting and certify
the obtained theoretical results.

The organization of this paper is as follows. In Section 2, some notations and auxiliary
results, used throughout of the paper, are presented. In Section 3, we present the algorithm and
the step size strategies that will be considered. The results related to Armijo’s step sizes will be
presented in Section 4 and the ones related to adaptative, and diminishing step sizes in Section 5.
In Section 6, we present some numerical experiments. Finally, some conclusions are given in
Section 7.

Notation. The symbol (-,-) is the usual inner product in R™ and || - || denotes the Euclidean
norm. If K = {kq, ka,...} CN, with k; < kj4q for all j € N, then we denote K CN.
o

2 Preliminaries

In this section, we present the multicriteria problem studied in the present work, the first order
optimality condition for it, and some notations and definitions. Let J := {1,...,m}, R} := {u €
R™: u; >0,j € J},and R, ={u e R :u; >0,j € J}. Foru,v e R, v>=u (oru=0v)
means that v —u € R} and v > u (or u < v) means that v —u € R, . Consider the problem of
finding a optimum Pareto point of F' : R™ — R™ in a compact convex set C C R", i.e., a point
x* € C such that there exists no other z € C with F(z) < F(z*) and F(z) # F(z*). We denote
this constrained problem as

mingec F(x). (1)

A point z* € C is called weak Pareto optimal point for Problem (1), if there exists no other x € C
such that F(z) < F(z*). Throughout of the paper we assume that F : R™ — R™ is a continuously
differentiable function given by F := (f1,..., fm). The Jacobian of F' at x € R™ denoted by JF

is the m x n matrix with entries oF
[JF(z)]i; = 833; (z),

and Im(JF(z)) stands for the image on R™ by JF(x) .

Definition 1. The function F := (f1,..., fm) has Jacobian JF componentwise Lipschitz contin-
uwous, if there exist constants Ly, Lo, ..., Ly, > 0 such that

IVfi(z) =Vl < Lille —yl,  Vzyel, Vijied.

For future reference we set L := max{L;: j € J}.



Next lemma presents a result related to vector functions satisfying Definition 1. Hereafter,
we denote:
e:=(1,....,0)T er™,

Lemma 1. Assume that F' := (f1,..., fm) satisfies Definition 1. Then, for all z,p € C and
X € (0,1], there holds

F(z+Ap—2) = F(z)+ (ew §||P—x||2)\2> e. (2)

where § := maxjc 7 <ij(:v),p - :1:>
Proof. Since F satisfies Definition 1, by using the same idea in the proof of [11, Lemma 2.4.2],
we conclude that
B B L, 22
F(z+Ap—2)) 2 F(z) + AF(2)(p—2) + 5 P = 2l*Ae.
On the other hand, 8 > (Vf;(z),p — x), for all j € J. Hence,

T
JF(z)(p— ) = ((Vi(x),p —2),....(Vfn(z),p—2))" = be.
Therefore, (2) follows by combining the two previous vector inequalities. O
The first order optimality condition for Problem (1) of a point z € C' is
R, NJF(@)(C - 1) = 2, 3)

where C —z := {y —x : y € C}. The geometric optimality condition (3) is also equivalently
stated as

max;e gy <ij(£i’),p — .i‘> >0, VpeC. (4)
In general, condition (3) is necessary, but not sufficient for the optimality. Thus, a point z € R”

satisfying (3) is called a critical Pareto point or a stationary point of Problem (1). The function
F is said to be convex on C if

F(Az+(1-XNy) 2AF(z)+(1-NF(y), Va,yel, VAe[0,1],

or equivalently, for each j € J, the component function f; : R" — R of F'is convex. If F'is
convex on C, then

i) = fi(@) > (Vfjx), y—z), Vayel, VjeJ.

Next lemma shows that, in the convex case, the concepts of stationarity and weak Pareto opti-
mality are equivalent. Since this is a well known result (see, for example, [26]), we will omit its
proof here.

Lemma 2. If F' is convex and T is a critical Pareto point, then T is also a weak Pareto optimal
point of Problem (1).

Since we are assuming that C C R" is a compact set, its diameter is a finite number defined
by
diam(C) := max {||z — y| : =,y €C}.
We end this section stating two results for sequences of real numbers, which will be useful for our

study on iteration complexity bounds for the conditional gradient method. Their proofs can be
found in [49, Lemma 6] and [2, Lemma 13.13], respectively.



Lemma 3. Let {ax} be a nonnegative sequence of real numbers, if Fai < ap — apy1 for some
I'>0 and for any k=1,....¢, then

< ag < 1
g < ——— < .
=11 (Tay ~ T

Lemma 4. Let p be a positive integer, and let {ar} and {by} be nonnegative sequences of real
numbers satisfying

A
ak+lgak_bk6k+5ﬂg7 k:071727"'7

where B, = 2/(k +2) and A is a positive number. Suppose that ap, < by, for all k. Then

2A
(i) akg?,forallkzl,l....

N 8A
(i1) Millye (&9 4y by < o for all k =3,4,..., where, |k/2] = max{n eEN: n< k:/2} .

3 The conditional gradient method

The search direction of the conditional gradient (CondG) method at a given x € C is defined to
be d(z) := p(x) — z, where p(z) an optimal solution of the scalar-valued problem

mingec maxje s <ij(x), u— 33> , (5)

i.e.,
p() € argmin,ee maxje y (Vj(x),u— ). (6)

Note that, since the minimand of (5) is a convex function and C is a compact convex set, this
problem has an optimal solution (possibly not unique) and, as consequence, p(x) is well defined.
Although (5) is a constrained convex non-differentiable problem, a solution of it can be calculated
by solving for 7 € R and u € C the following constrained linear problem

min, , T
st. (Vfj@),u—z)<T, jeJT, (7)
u € C.

Whenever C is compact and has a simples structure, the solution of problem (7) can be obtained
by using a linear optimization oracle. Denote by (z) the optimal value of (5) given by

0(z) == maxjes (Vfj(2),p(x) - 2), (8)

where p(z) € C is as in (6). Following, we characterize 0(x) with respect to stationarity. Next
proposition is a variation of the results in [26, Propositions 3 and 4] (see also [21, Proposition 4.1]).

Proposition 5. Let 6 : C — R be as in (8). Then, there hold:
(i) 0(x) <0 for allx € C;
(ii) 6(-) is continuous;

(i1i) x € C is stationary if and only if O(x) = 0.



Proof. (i) Since z € C, it follows from (6) and (8) that 6(z) < max,cy (Vfj(z),z —z) = 0.
(i) Let = € C and consider a sequence {2*} C C such that limj_,., ¥ = 2. On one hand, since
p(x) € C, using (6) and (8) we have (z*) < maxjes <ij(:c’“),p(3:) - :ck> which implies that

limsup 0(z*) < 6(x), 9)

k—o00

because F' is continuously differentiable and R™ > u +— max;e 7 u; is continuous. On the other
hand, since p(z¥) € C, we obtain

0(2) < maxjeq (Vf;(@),p(a") — )
= max;cs <ij(x),p(xk) —zF 2k~ $>
< maxjes <ij(x),p(azk) - xk> + maxjc s <ij(:v),a:k — x> )

Therefore, taking liminfy_,., on both sides of the above inequality and using continuity argu-
ments, we have

0(z) < likrgg;f maxje g <ij($),p(33k) - $k>

= lim inf <9(£Ck) + maxjec s <ij(3:),p(xk) - $k> — maxjcy <ij(a:k),p(xk) - :Uk>>

k—o0

<liminf (6(:") + HJF(:Ek) _ JF(x)H Hp(xk) - x"“H) ,

k—o0

where the second inequality holds because u — max ;¢ 7 u; is Lipschitz continuos with constant 1.

Since F' is continuously differentiable, C is compact, and H p(zF) — ka < diam(C), we obtain

O(x) < lim inf@(mk). (10)
k—o0
Combining (9) and (10) yields limy,_,. #(2*) = 6(z), concluding the proof of the second statement.
(i4i) Assume that x € C is stationary point of Problem (1), i.e., maxjey (V f;(z),u —z) > 0 for
all u € C. Since p(z) € C, we obtain #(z) = max;cy (Vfj(z),p(z) — ) > 0 which, together with
item (i), implies §(z) = 0. Reciprocally, suppose that 8(z) = 0. It follows from the definition of
6(-) in (8) that
0=0(z) < maxjes (Vfj(z),u—x), Vuec,

which implies that x satisfies the optimality condition (4). O

A direct consequence of Proposition 5 is that if x € C is a nonstationary point of Problem (1),
then 0(x) < 0 and p(z) # x. This means that, in this case, d(z) := p(z) — z is nonnull and is a
descent direction for F at x in the sense that (V f;(z),d(z)) < 6(z) < 0 for all j € J. In the
following, we present formally the conditional gradient method for multiobjective optimization
problems.



Algorithm 1: CondG method for multiobjective optimization
Step 0. Initialization
Choose 2" € C and initialize k < 0.

Step 1. Compute the search direction
Compute an optimal solution p(z*) and the optimal value 8(z*) as

p(z*) € arg min,ec maxje s <ij (%), u — ZL‘k>

and
(") 1= maxjc s <ij(afk),p(xk) — xk> : (11)
Define the search direction by d(z*) := p(2*) — 2.

Step 2. Stopping criteria
If (x*) = 0, then stop.

Step 3. Compute the step size and iterate
Compute A\ € (0,1] and set
M= ok \ed (). (12)

Step 4. Beginning a new iteration
Set k <+ k4 1 and go to Step 1.

In view of Proposition 5, Algorithm 1 successfully stops if a stationary point of Problem 1 is
found. Thus, hereafter, we assume that 6(z*) < 0 for all k = 0,1, ..., meaning that Algorithm 1
generates an infinite sequence {z*}. Since 20 € C, p(z¥) € Cand A € (0,1] forallk = 0,1,..., and
C is a convex set, it follows from inductive arguments that {z*} C C. Therefore, the proposed
CondG method is a projection-free algorithm that generates feasible iterates. The choice for
computing the step size Ay at Step 2 remains deliberately open. In the next sections, we study
convergence properties of the sequence generated by Algorithm 1 with three different well defined
strategies for the step sizes shown below.

Armijo step size. Let ( € (0,1) and 0 < w1 < wg < 1. The step size A\ is chosen according the
following line search algorithm:

Step LSO. Set Aiyja = 1.

Step LS1. If
F (a* 4 Ausalp(a®) — 21) < F(@®) + Ousaib(ab)e,

then set g := Apriar and return to the main algorithm.
Step LS2. Find Apew € [W1Atrial; W2 Atrial], S€t Atrial <= Anew, and go to Step LS1.
Next proposition shows that the line search algorithm of Armijo’s step size is well defined.

Proposition 6. Let ¢ € (0,1), x € C be a nonstationary point, and p(x) and 6(x) as in (6) and
(8), respectively. Then, there exists 0 <7 < 1 such that

F (z +nlp(x) — z]) < F(z) + (nd(z)e, v n € (0,7].



As a consequence, the line search algorithm of the Armijo step size is well-defined.

Proof. Since (Vf;(z),p(z) — ) < 6(z) < 0 for all j € J, the proof follows directly from [14,
Lemma 4]. O

Adaptative step size. Assume that F := (f1,..., fm) satisfies Definition 1. Define the step
size as

Ak :=min< 1 () = argmin, g1 3 0(z")\ + £Hp(wk) — PPN} (13)
' Llp(a*) — 22 = 2

Since f(x) < 0 and p(x) # x for nonstationary points, the adaptative step size for Algorithm 1
is well defined. We end this section showing the third step size strategy.

Diminishing step size. Define the step size as

4 Analysis of CondG with Armijo’s step size

Throughout this section we assume that {2*} is generated by Algorithm 1 with the Armijo step
size strategy. Next result is a partial asymptotic convergence property that requires neither
convexity nor Lipschitz assumptions on F'.

Theorem 7. Let {zF} be generated by Algorithm 1 with the Armijo step size strategy. Then,
every limit point T of {x*} is a Pareto critical point for the Problem 1.

Proof. Let Z € C be a limit point of {2*} and consider K C N such that limgcg ¥ = Z. According
oo
to the Armijo step size strategy and (12), {F(z*)} satisfies

0 < —C\pb(zF)e < F(aF) — F(2M1), k=0,1,.... (14)

Considering that I is continuous, we have limgcx F(2¥) = F(z). Thus, due to {F(z*)} be
monotone decreasing, it follows that limy_,o F(2*) = F(Z). Then, taking limits in (14), we
obtain 0 =< limy_,0o —CAe0(2%)e < limg_yoo[F(2F) — F(2*+1)] = 0. Hence, limy_so0 Ap0(z¥) = 0
which, in particular, implies limgex A;0(z¥) = 0. Therefore, there exists K; OCOK such that at

least one of the two following possibilities holds:
(a) hmkEK1 Q(xk) = 0;
(b) limk€K1 >\k =0.

In case (a), by the continuity of 6(-), we obtain #(z) = 0. Thus, Proposition 5 (iii) implies that
Z is Pareto critical. Now consider case (b). Without loss of generality, assume that A\ < 1 for
all k € K; and that there exists p € C such that limgex, p(z¥) = p (recall that C is compact
and {p(z¥)} c C). Therefore, by the Armijo step size strategy, for all & € Kj, there exists
Ak € (0, A\ /w1] such that

F (:ck + Me[p(a®) — xk]) £ F () + Cb(a")e,



which means that R X
Fie (2 + Melp(a") = 2) > f(2%) + CAub(a®),
for at least one ji € J. Since J is a finite set of indexes, there exist Ko CK; and j, € J such
o0
that, for all k € Ko, we have

fi. (o + Alp(a®) = at1) > £, () + Chibab). (15)

On the other hand, by the mean value theorem, for all k& € Ky, there exists & € [0, 1] such that
<ij* (" + &ehulp(a) - 2*])  Aulp(a®) - xk]> = fi. (e + Aulpe®) - 2*) - £1. ("),
Therefore, by (11) and (15), for all £ € Ky, we have
<ij* (= + GAulp(a®) = 2*1)  Alp(a) - xk]> > O (Vi (a¥), pla®) = ).

Since A\x € (0, \x/wi], it follows that limyek, Aillp(z*) — 2F|| = 0. Thus, dividing both sides of
the above inequality by Ax > 0 and taking limits for k € Ko, we obtain

(Vi (@),p—7) > (V. (2),p—T).
Owing to ¢ € (0, 1), this implies that
(V5. (@), p— ) > 0. (16)

On the other hand, since 6(z*) < 0 for all k, we have limyek, 6(2*) = max;c 7 (V f;(z),p — z) < 0.
Therefore, using (16), we conclude that limgeg, 6(x*) = 0 and, by the continuity of 6(-), we obtain
6(xz) = 0. Thus, Proposition 5 (iii) implies that Z is Pareto critical, which concludes the proof. [

Next, we present our first iteration-complexity bounds for Algorithm 1. For simplicity, let us
define the following positive constant:

0 <p=sup{l|Vfj(z)[: z€C, jeT} (17)

Theorem 8. Assume that F := (f1,..., fm) is conver on C and satisfies Definition 1. Let {x*}
be generated by Algorithm 1 with the Armijo step size strategy. Assume that limg_, o F(2¥) =
F(x*). Then, the following inequality holds

, 11 , 1 2wy (1 — ()
mitjes (fj($ )= i@ )) —ACk’ 7 mm{pdiam((?)7 L diam(C)? (18)
forallk=1,2,....
Proof. We first claim that
A > —0(zF), k=0,1,..., (19)

where v > 0 is defined in (18). Since A\ € (0,1], for all £k = 0,1,..., let us consider two
possibilities: Ay =1 and 0 < Ay < 1. Assume that Ay = 1. It follows from (11) that

0< —0(*) < (Vi) 2" — () < IV LEH e~ pat)],

8



for all j € J. Thus, using (17), we have —f(x*) < pdiam(C) or, equivalently, 1 > —60(z*)/[p diam(C)].
Therefore, from the definition of v in (18), we have 1 > —~0(x*), which corresponds to (19) with
A = 1. Now consider 0 < A < 1. Therefore, by the Armijo step size strategy, there exist
0< M\ < min{1, \g/w1} and ji € J such that

Fi (25 + Malp@®) = 2) > 1, (0%) + Chud(a®).
On the other hand, applying Lemma 1 with A\ = N, =2k, p = p(z¥), and 6 = 6(z*), we obtain
fi (2" + Alp(a®) = 2M) < fi(a®) + 0(aF) A + §Hp<x’“> — 2 |PA%,
for all j € J. Thus, combining the two previous inequality, we conclude that
CA0() < (M)A +  lpla¥) — o A2

The last inequality implies that

L . L diam(C)%\
0a)(1 - ) < L) - a2 < PO A
w1

which together with the definition of 7 in (18) gives (19). This proves our claim. Now since Ay is
obtained through the Armijo step size strategy, by (19) and taking into account that (z*) < 0,
for all k =0,1,..., we obtain

F (:ck o\ [p(zh) — xk]) ~ F(z*) < F(zF) — F(z*) + Owl(zF)e < F(zF) — Fz*) — (y0(aF)2e,
which implies that
minge s (f;(@) = f;(@")) < mingeg (f55) = f5) = 0@, k=01, (20)

On the other hand, by the convexity of F, we have f;(z*) — fj(z¥) > <ij (z%), z* — xk>, for all

j € J. Since {F(2*)} is monotone decreasing and limy,_; o, F(z¥) = F(z*), the last inequality
together with the optimality of p(z¥) in (11) yields

0> maxjes (fi(a%) = fi(a")) > maxje s (Vf(5), 2" = 2*) > 0(a"),

which implies 0 > — minjec s ( (k) — fj(g;*)) > (z*). Hence,

2
0< fminges (1) - f0)| <062
The combination of the last inequality with (20) yields
2
¢y [minjej (/3" ~ fj<x*>)] < minjeg (fi(e*) = fi(")) = minjeg (£ = f(27).

for all, & = 0,1,2,.... Finally, applying Lemma 3, with a; = minjcs <f](ack) — f](m*)) and
I’ = (v, we obtain the desired inequality in (18), which concludes the proof. ]



5 Analysis of CondG with adaptative and diminishing step sizes

In this section, we analyze Algorithm 1 with adaptative and diminishing step sizes. Throughout
the section, we assume that F := (f1,..., fm) satisfies Definition 1 with constant L > 0 . We
begin by applying Lemma 1 to show that the sequence {z*} generated by Algorithm 1 with the
adaptative step size satisfies an important inequality, which is a version of [3, Lemma A.2] for
multicriteria optimization.

Proposition 9. Let {*} be generated by Algorithm 1 with the adaptative step size. Then,

F(mk+/\k[p(:ck)—a:k]) =< F(z*) — ;min{—G(xk),lm}e, E=0,1,.... (21)
Proof. Lemma 1 with A = A, 2 = zF, p = p(2*), and 0 = 0(2*) yields

F (mk A [p(ab) — m) < F(a¥) + <9(xk)>\k + ng(a:k) - xk\mg) e, k=0,1,.... (22)

We will consider two separate cases: A\, = 1 and A\, = —0(2F)/(L||p(z*) — 2¥||?). First, assume

that Ay = 1. By the definition of \;, in (13), we have L|p(z*) — 2*||> < —0(z*). Thus inequality
(22) becomes

1
F (xk +[p(ab) — a:k]> = F(ah) + 0(b)e. (23)
Now, we assume that A\, = —0(z*)/(L||p(«*) — x*||?). In this case, inequality (22) becomes

B 9(:::’“)2
2L[|p(aF) — 2F[2°

F (mk + Ae[p(z®) — :ck]> < F(z")

The combination of (23) with the last vector inequality yields

ZL’k 2
F (a:k + \p(a®) — xk]> < F(zk) - %min {—G(xk), LHp(i(k) ikaQ } e, k=0,1,....

Since diam(C) > ||p(z*) — 2*||, the above inequality implies (21) and the proof is concluded. [

Remind that we are assuming that {z*} generated by the Algorithm 1 is infinite and then
6(x*) <0, for all k= 0,1,.... As an application of Proposition 9, without convexity assumptions
on the objectives, we establish below convergence properties of the CondG algorithm with adap-
tative step sizes. We point out that these results is a multicriteria version of [2, Theorem 13.9)].
Let us define:

—00 < fji-nf = inf{f;(z) : = eC}, jedJ. (24)

Corollary 10. Assume that {z*} is generated by Algorithm 1 with the adaptative step size. Let
j« € J be an index such that f;, (z%) — f;‘:f ‘= min {fj(ato) — }nf NS J}. Then,

(i) limg_, o0 0(2%) = 0;

(i1) for every N € N, there holds

201y (a°) = 121 diamw 21U (@) = [

min{‘ﬁ(:ﬂkﬂ ;k::(),l,...,Nfl}gmaX N N

10



Proof. By Proposition 9, {f;,(z*)} is nonincreasing because 6(z*) < 0, for all k = 0,1, .... Since
this sequence is also bounded from below by f]i-ff defined in (24), it turns out that {f;, (z*)}
converges. Moreover, by (12), Proposition 9 also implies

l’k 2
0 < min {_e(xk)7 Ldel(arn)(C)Q} < 2[fj*(xk) — fi. (xk+1)]v k=0,1,.... (25)

Since {fj,(x*)} converges, we have limy_, oo[fj. (z¥) — f;, (z**1)] = 0. Thus, taking limits in
(25), we have
. ) H(xk)z
1 (k) L
koo mm{ 6", L diam(C)? 0

which proves (i). By summing both sides of the second inequality in (25) for £k =0,1,...,N —1
and taking into accont that f}ff = inf{f; () : x € C}, we obtain

N—-1 ‘ ; L H(mk)Q <9 0 inf
Zmln —0(x ),W < 2[fj. (") — j*]'

k=0

Therefore,

H(CCk)2

[£5. (%) — ]
" Ldiam(C)? '

N

2
min min{—@(:rk) };k:O,l,...,N—l <

In particular, the last inequality implies that there exists & € {0,1,..., N — 1} such that

o 2050 = £ ; 2L115.(+°) — 13
_ k < J* Jx o k < di VE I
0(z") < N , or 0(2") < diam(C) N ,
which gives the statement of item (ii). O

Remark. A direct consequence of Corollary 10 (i) and Proposition 5 (ii) and (i) is that every
limit point T of {x*} generated by Algorithm 1 with adaptative step sizes is a Pareto critical point.
Moreover, by Proposition 9, f;(Z) = inf{f;(z*): k=0,1,...}, for all j € J. In addition, if F
is convex on C, by Lemma 2, then T is a weak Pareto optimal point of Problem (1).

Following, we establish two iteration-complexity bounds for Algorithm 1 with adaptative or
diminishing step sizes for the cases where F' is convex on C. We begin by proving a useful auxiliary
result.

Lemma 11. Consider {z*} generated by Algorithm 1 with adaptative or diminishing step sizes.
Then,

L
F (4l - 1) < P+ (0554 5l - P ) e (0
where By == 2/(k +2).
Proof. By Lemma 1 with A = A\, z = 2¥, p = p(2¥), and § = 6(z*), we obtain

F (xk + Milp(a®) — :ck]> < F(z*) + <9(xk)>\k + ng(a:k) - $k‘2/\%> e. (27)
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For the diminishing step size where Ay = B, inequality (26) follows trivially from (27). Now,
consider that \; is obtained using the adaptative step size strategy. By (13), we have 8(zF)\, +
L|jp(z*) — 2||A2/2 < 0(z*)B), + L||p(z*) — 2*||8%/2. Combining this inequality with (27), we
obtain (26). O

Now we are able to present the iteration-complexity bounds.

Theorem 12. Assume that F = (f1,..., fm) is convex on C. Let {x*} be generated by Algo-
rithm 1 with adaptative or diminishing step sizes. Assume that limy_, oo F(z¥) = F(2*). Then,
the following inequalities holds:

: 2
(i) minje (e~ () < ZZERET gk

(ii) for every ¢ € N, there holds

: 8 Ldiam(C)*
K —
mlnée{L§J+27...,k}|9(x )‘ < T h_9 Vk=3,4,...,

where |k/2] = max{n € N: n <k/2}.

Proof. By Lemma 11, we obtain
* * L
F (4 Alple) = 24) = Fa') < Fab) = ')+ (00816 + 5 In(e) - o152 )

where S, := 2/(k + 2). Therefore, since ||p(z*) — 2*|| < diam(C), for all k = 0,1,..., we have

F (:Uk + Xe[p(zF) — xk]> — F(z*) < F(2¥) — F(2*) + <H($k)5k + 5 dlam(C)25%> e,
which implies that

. k+1 * . k * k L . 2 n2

minje 7 (fj(x ) = fi(@ )) < minjes (fj(SU ) = fi(x )) +0(z") By, + 5 diam(C)” 5.
On the other hand, since F is convex we have f;(z*) — f;(z*) < — <ij(33k),a:* - xk>, for all
j € J. Hence, by the optimality of p(z¥) in (11), it follows that

0 < minjes (fj(:):k) - fj(:c*)> < —maxjes <ij(:vk),:n* - xk> < —0(zh).

Thus, we can applying Lemma 4 with a; = minjcs (fj(xk) - fj(ac*)> < by = —6(zF) and

A = Ldiam(C)? to obtain the desired results. O

5.1 Iteration-complexity bound under strong convexity of constraint set

Under strong convexity assumptions of constraint set C, we are able to improve the convergence
rate of the first item of Theorem 12 for the sequence generated by Algorithm 1 with adaptative
step sizes. Let us assume that C C R" is a o—strongly convex set for some o > 0, i.e., for any
z,y € C and A € [0, 1], the following inclusion holds

Az + (1= Ny + %m Nz —yl?zeC, VzeR" |z =1.
For simplicity, for each x € C, let us define

K(z) == minjes [Vfi()ll, &= mingec K£(2).
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Theorem 13. Assume that C is a o—strongly convex set and F := (f1,..., fm) is convex on C.
Let {z*} be the sequence generated by Algorithm 1 with the adaptative step size. Assume that
limg 400 ¥ = 2* and kK > 0. Then,

minje s (fj(xkﬂ) — f](x*)> <q* mine 7 (fj(mo) — f](m*)) , k=0,1,...,
where q := max{l/Q, 1-— (O‘/{/8L)} .

Proof. Consider w* € argmin||, - Max;jes <'U},ij($k)>. Since C is strongly convex and z*,
p(x*) € C, we have
e o W Lt (20 BN
2 8
Thus, the optimality of p(z*) in (11) yields

H(xk) = maxjes <ij(azk)7p(xk) — :ck> < maxjcy <ij(xk), 2k a:k> ,
which gives

p(=M)|?
8

k _
G(xk) < %manej <ij(xk),p(:zk) - xk> + ol max;c s <ij(xk), wk> . (28)

By the definition of w* and taking into account that z* is a nonstationary point, it follows
that max;ec s <ij(:ck),wk> < —K(2*). Also, by using the optimality of p(z*) in (11) and the
convexity of F', we conclude that

maxjeg (Vf(a"), pla®) = o) < maxjes (Vfi(ah),a" — 2t < maxjeq (f(") - £5(29)).

which implies max;c 7 <ij(xk),p(:nk) — xk> < —minjey (f](ack) - f](x*)) Thus, from (28) we
e 2 — pla*)
1. . ollz" — p(x
0(a") <~ mines (£(*) - f5(27)) - F—
On the other hand, by using Lemma (1) with A = A, 2 = 2, p = p(z¥), and 6 = 0(2*), we
obtain

K(z*). (29)

L
F (xk + Ae[p(z®) — mk]> < F(z®) + (H(xk)/\k + §Hp(:ck) — xk\z)\i> e,
which, subtracting F'(z*) on both sides of this inequality and taking the minimum in j, yields
: * . " L
minjeg (@) = fi(@") < mingeg (£@*) = ) + 0@+ 5 Ip*) = FIPAR - (30)
We will analyze two possibilities, considering initially that okC(2*)/(4L) > 1. From the optimality

of A in (13), we have 0(z*)\, + (L/2)|p(z*) — 2*|?X2 < 0(2*) + (L/2)||p(z*) — 2¥||?. Thus, by
(30), we conclude

minge () = () < minge (164 — ) +06*) + ) - 2*2
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Combining the last inequality with (29), and considering that okC(2*)/4L > 1, we have

k) — 2|2 ok (zk
minje 7 <fj(xk+1) - fj(w*)) < %minjej (fj(xk) - fj(%'*)> + HP()QH [L - Kfl)]
< gminges (H5 - [6). (31)

Now, we consider that o/C(z¥)/(4L) < 1. In this case, by the optimality of \;, in (13), we have

2
L ok(zF) L oK (z%)
k Lok k232 < gk Lo ky k2
Ok I+ () — 2128 < 09 ) 4 Dty k) [ =

Therefore, combining last inequality with (29) and (30), we obtain

oK (zF)
-8

minjeg (f;(2") = f3(a) < [1 mingeg (f;(2") = (")) (32)

By (31), (32), and considering that K(z*) > x > 0, we have

. N 1 oK ) "
minje 7 <fj(mk+1) — fi(z )) < max {2, 1-— 8L} minje 7 (fj(xk) — fi(z )) ,
which implies the desired inequality and the proof is completed. ]

Note that if ¢ < 1, then Theorem 13 implies that {x*} converges to z* at the rate of a
geometric progression.

6 Numerical experiments

In this section, we present some numerical experiments to verify the applicability of the proposed
conditional gradient scheme for multiobjective optimization problems. We are concerned with
two objectives: the effectiveness of the method itself and its ability to generate Pareto curves
properly. Each of these objectives will be addressed in the following sections. Our experiments
were done using Fortran 90. The codes, as well as the formulation of each test problem considered,
are freely available at https://orizon.ime.ufg.br/.

6.1 Comparisons with the projected steepest descent method

We begin the experiments by showing numerical comparisons between the proposed conditional
gradient method with the projected steepest descent method [26]. The projected steepest descent
direction dyq(x) for F' at = € C is defined as

dsq(z) = psa(z) — z, (33)

where

1
Sl —a|?. (34)

pea(w) = argmin,ee maxje s (V.fj(@),u—x) + 3

14



Since the minimand in (34) is proper, closed, and strongly convex, this problem has a unique
minimizer. The optimal value of (34) will be denoted by 6s4(z), i.e.,

1
Osa() := maxje 7 (Vf;(2),dsa()) + §Hdsd(37)H2- (35)
For practical purposes, psq(z) can be computed by solving for 7 € R and u € C

minu,T T+ %”u - ZL‘H2
st. (Vfj@@u—-z)<7, jeJ, (36)
u € C,

which is a convex quadratic problem with linear inequality constraints. In connection to Prepo-
sition 5, it is possible to show that Osq(z) < 0, 6sq(-) is continuous, and x € C is stationary if
and only if 0sq(z) = 0. All properties mentioned can be found in [26]. Essentially, the projected
steepest descent method corresponds to Algorithm 1 with the search direction given as in (33)
and using fgq(x*) at the stopping criterion.

We implemented both the conditional gradient and the projected steepest descent methods
using the Armijo step size strategy with parameters ¢ = 1074, w; = 0.05, and ws = 0.95. We
remark that the Armijo line search was coded based on quadratic polynomial interpolations of
the coordinate functions. We refer the reader to [42] for line search strategies in the vector
optimization setting. For computing the search directions, we used the free software Algencan [7]
(an augmented Lagrangian code for general nonlinear programming) to solve problems (7) and
(36) for the conditional gradient and the projected steepest descent methods, respectively. All
runs were stopped at an iterate ¥ declaring convergence if

l* — 2o

-5 k 1/2
= <10 and  |fsa(z")| <5 x eps /2, (37)

where eps = 2752 ~ 2.22 x 10716 is the machine precision. Some words about this stopping
criterion are in order. First, given = € C, the values of f(x) in (8) and 6sq(x) in (35) are different,
so we prefer to use only sq(z) to standardize the stopping criteria for both methods. Second,
the first criterion in (37) seeks to detect the convergence of the sequence {x*}, while the second
guarantees to stop at an approzimately stationary point. Third, for the projected steepest descent
method, we only calculate fyq(z*) when the first criterion in (37) is satisfied. We will see that
the latter condition is, in general, sufficient for detecting stationary points. We also consider a
stopping criterion related to failures: the maximum number of allowed iterations was set to 1000.

The set of test problems consists of 63 convex and nonconvex multiobjective problems found
in the literature. In all of them, set C is formed by box constraints, i.e., C = {x € R": | <z < u}.
Table 1 shows the main characteristics of the problems. The first two columns identify the problem
name and the corresponding reference (e.g., AP1 corresponds to the fist problem proposed by
Ansary and Panda in [1]). Columns “n” and “m” report the number of variable and objectives,
respectively. “Convex” informs whether the problem is convex or not. The last two columns show
the bounds of the corresponding set C. For each problem, we random generated a starting point
beloging to C and run both algorithms. We compared the methods with respect to the number of
iterations and the number of evaluations of the objectives. We remark that we considered each
evaluation of an objective to compute the total number of functions evaluations needed for an
algorithm to stop. The results in Figure 1 are shown using performance profiles [12].
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T

Problem  Source n m  Convex u
AP1 1] 2 3 Y (=10, —10) (10, 10)
AP2 [ 1 2 Y —100 100
AP3 1] 2 2 N (=100, —100) (100, 100)
AP4 [ 3 3 Y (-10,—10,—10) (10,10, 10)
BK1 [30] 2 2 Y (=5,—5) (10,10)
DD12 [10] 5 2 N (—20,...,—20) (20,...,20)
DGO1 [30] 1 2 N —10 13
DGO2 [30] 1 2 Y -9 9
FA1 [30] 3 3 N (0,0,0) (1,1,1)
Farl [30] 2 2 N (=1,-1) (1,1)
FDS [13] 5 3 Y (=2,.--,=2) 2,...,2)
FF1 [30] 2 2 N (=1,-1) (1,1)
Hill [29] 2 2 N (0,0) (1,1)
IKK1 [30] 2 3 Y (=50, —50) (50,50)
IM1 [30] 2 2 N (1,1) (4,2)
JOs1 [32] 100 2 Y (=100, ...,—100) (100, ...,100)
JOSs4 [32] 100 2 N (=100, ...,—100) (100, ...,100)
KW2 [33] 2 2 N (—3,-3) (3,3)
LE1 [30] 2 2 N (=5,—5) (10,10)
Lovl [40] 2 2 Y (-10,-10) (10,10)
Lov2 [40] 2 2 N (—0.75,—0.75) (0.75,0.75)
Lov3 [40] 2 2 N (—20, —20) (20,20)
Lov4 [40] 2 2 N (—20, —20) (20, 20)
Lov5 [40] 3 2 N (=2,-2,-2) (2,2,2)
Lov6 [40] 6 2 N (0.1,-0.16,...,—0.16)  (0.425,0.16,...,0.16)
LTDZ [38] 3 3 N (0,0,0) (1,1,1)
MGH9P [47] 3 15 N (-2,-2,-2) (2,2,2)
MGH16>  [47] 4 5 N (—25,—5,—5,—1) (25,5,5,1)
MGH26P [47] 4 4 N (-1,-1,-1-1) (1,1,1,1)
MGH33P [47] 10 10 Y (=1,...,—1) 1,...,1)
MHHM?2 [30] 2 3 Y (0,0) (1,1)
MLF1 [30] 1 2 N 0 20
MLF?2 [30] 2 2 N (=100, —100) (100, 100)
MMRI1 [44] 2 2 N (0.1,0) (1,1)
MMR3 [44] 2 2 N =15=1) (1,1)
MMR4 [44] 3 2 N (0,0,0) (4,4,4)
MOP2 [30] 2 2 N (—4,—4) (4,4)
MOP3 [30] 2 2 N (—=m,—m) (m, )
MOP5 [30] 2 3 N (—30, —30) (30, 30)
MOP6 [30] 2 2 N (0,0) (1,1)
MOP7 [30] 2 3 Y (—400, —400) (400, 400)
PNR [50] 2 2 Y (=2,-2) (2,2)
QV1 [30] 10 2 N (=5.12,...,-5.12) (5.12,...,5.12)
SD [52] 4 2 Y (1,v2,v2,1) (3,3,3,3)
SK1 [30] 1 2 N —100 100
SK2 [30] 4 2 N (-10,-10,-10,—10) (10,10,10,10)
SLCDT1 [51] 2 2 N (=1:5,=1.5) (1.5,1.5)
SLCDT2 [51] 10 3 Y (=1,...,-1) 1,...,1)
SP1 [30] 2 2 Y (—100, —100) (100, 100)
SSFYY?2 [30] 1 2 N —100 100
TKLY1 [30] 4 2 N (0.1,0,0,0) (1,1,1,1)
Toi4P [55] 4 2 Y (-2,-2,-2,-2) (5,5,5,5)
Toi8P [55] 3 3 Y (=1,-1,-1,-1) (1,1,1,1)
Toi9P [55] 4 4 N (=1,-1,-1,-1) (1,1,1,1)
ToilQP [55] 4 3 N (=2,=2,=%,=2) (2,2,2,2)
VU1 [30] 2 2 N (—3,-3) (3,3)
VU2 [30] 2 2 Y (=3,=3) (3,3)
ZDT1 [56] 30 2 Y (,...,0) ,...,1)
ZDT?2 [56] 30 2 N (0.01,...,0.01) 1,...,1)
ZDT3 [56] 30 2 N (0.01,...,0.01) 1,...,1)
ZDT4 [56] 30 2 N (0.01,—-5,...,-5) 1,5,...,5)
ZDT6 [56] 10 2 N (,...,0) 1,...,1)
ZLT1 [30] 10 5 Y (—1000, . .., —1000) (1000, . . ., 1000)

2 This is a modified version of DD1 problem that can be found in [45].
b This is an adaptation of a single-objective optimization problem to the multiobjective setting that can

be found in [45].

Table 1: List of test problems.
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Figure 1: Performance profile comparing the conditional gradient and the projected steepest
descent methods using: (a) number of iterations; (b) number of function evaluations.

As can be seen, the methods are competitive. In general, the conditional gradient method
required fewer iterations to find a stationary point than the projected steepest descent method.
With respect to the number of functions evaluations, both methods behaved in an equivalent
manner. Considering the number of iterations (resp. number of functions evaluations), the
conditional gradient method was more efficient in 60.3% (resp. 55.6%) of the problems and the
projected steepest descent method in 52.4% (resp. 46.0%) of the problems. Both methods had
the same robustness: each of them successfully solved 59 of the 63 problems. The conditional
gradient method failed to solve the problems DGO2, SK2, TKLY1, and Toil0, while the projected
steepest descent method was unsuccessful for the problems JOS1, QV1, TKLY1, and ToilO.

We observe that for the conditional gradient method, except for problem MMRI1, the fulfill-
ment of the first criterion in (37) was sufficient to detect a stationary point. This means that in
these cases, g (xk) was calculated only once. For the MMRI1 problem, Gsd(mk) was computed 8
times in 25 iterations required for the conditional gradient method to stop.

It is worth mentioning that if C is formed by linear constraints, then (7) is a linear program-
ming problem while (36) is a quadratic programming problem. Taking into account that a linear
problem is simpler than a quadratic problem, the present results suggest that in these cases the
conditional gradient method is a promising alternative to the projected steepest descent method.

6.2 Pareto frontiers

Following, we check the ability of the conditional gradient method to generate Pareto frontiers
properly. In the present section, we stopped the execution of the conditional gradient method
algorithm at z* declaring convergence if

‘H(xk)‘ <5 x eps'/?,

where 6(2*) is given in (11) and eps is given as in section 6.1. We considered all bicriteria problems
in Table 1 for which n = 2, 3 or 4. We also used the problems DGO1, DGO2, and MLF1 for which
n = 1 and the versions with n = 2 and m = 2 of the problems JOS4, MGH26, MGH33, QV1, Toi8,
Toi9, ZDT1, ZDT2, ZDT3, ZDT4, and ZDT6. The results are in Figure 2. For each problem,
there as two graphics. The first ones were obtained by discretizing the corresponding boxes C
by a fine grid and plotting all the image points. These figures provide good representations of
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the image spaces of F' in C and give us a geometric notion of the Pareto frontiers. The second
graphics were obtained by running for each considered problem the conditional gradient method
300 times using randomly generated starting points belonging to the corresponding sets C. In
these graphics, a full point represents a final iterate while the beginning of a straight segment
represents the associated starting point. Figure 2 shows that for the chosen set of test problems,
considering a reasonable number of starting points, the conditional gradient method was able to
satisfactorily estimate the Pareto frontiers. We end the numerical experiments observing that,
in agreement with theoretical results, the conditional gradient method can converge to global
Pareto points, local (nonglobal) Pareto points (see Farl, Hill, KW2, Lov2, Lovs, MLF1, MMRI,
MMR4, MOP3, QV1, SK2, ZDT4, ZDT6) as well as to weak Pareto points (see IM1, JOS4, Lov2,
MGH26, MMR3, MOPG6, Toi4, Toi8, and the ZDT family).
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Table 2: Image sets and value spaces generated by the conditional gradient method using 300
starting points for each considered problem.
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7 Conclusions

This paper extends the conditional gradient method for constrained multiobjective problems, con-
tributing to the understanding of the connections between iteratives methods for scalar-valued
and multiobjective-valued optimization. We established results on the asymptotic behavior and
iteration-complexity bounds for the sequence generated by the conditional gradient method. Our
analysis was carried out with and without convexity and Lipschitz assumptions on the objective
functions and considering different strategies for the step sizes. The numerical experiments indi-
cate that the conditional gradient method is competitive with the the projected steepest descent
method on the chosen set of test problems. Moreover, it was able to satisfactorily estimate the
Pareto frontiers of several convex and nonconvex problems.

In the scalar-valued optimization, it is well known that under strong convexity of the objective
function and constraint set, the functional values of the sequence generated by the conditional
gradient method converges with exponential convergence rate, see for example [39]. In particular,
Theorem 13 extends this result to the multiobjective context. It would be also interesting to show
that the sequence of functional values {f(z*)}, where {z*} is generated by the multiobjective
conditional gradient method, converges with the rate of 1/k?, as in the scalar context, see [22].
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