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Abstract We develop a dual decomposition of two-stage distributionally ro-
bust mixed-integer programming (DRMIP) under the Wasserstein ambiguity
set. The dual decomposition is based on the Lagrangian dual of DRMIP, which
results from the Lagrangian relaxation of the nonanticipativity constraints and
min-max inequality. We present two Lagrangian dual problem formulations,
each of which is based on different principle. We show that the two dual
problems have the same Lagrangian bound. We develop and implement the
dual decomposition method that solves the Lagrangian dual of DRMIP, which
requires only minor modifications of the existing method for stochastic mixed-
integer programming. We also present extensive numerical results on eighty
dynamic capacity acquisition and assignment problem test instances (DCAP,
one of the SIPLIB test instances) and demonstrate the computational perfor-
mance of the method and the impact of the discretization properties.

Keywords dual decomposition - distributionally robust optimization -
two-stage stochastic mixed-integer programming

1 Problem Statement

We consider the two-stage distributionally robust mixed-integer programming
(DRMIP) problem of the form

z= gél)r(l {ch + max Ep [Q(a:,w)]} ) (1a)
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where M is an ambiguity set of probability distributions, the expectation is
taken with respect to some probability distribution P € M, w is a random
evant taken from sample space {2, and the second-stage recourse function @)
is defined by

Qr,w) := 2%1}1/1 {bw)"y : W(w)y > h(w) — T(w)z} . (1b)
Here, X C R™ and Y C R™ can be mixed-integer sets. We assume that
X is defined by a set of linear inequalities for the first-stage feasible solu-
tions. The second-stage problem data comprise random variables b(w) € R™v,
W(w) € R™v>*™  h(w) € R™v, and T(w) € R™v*"= for a given realization
w € 2. DRMIP is a distributionally robust variant of two-stage stochastic
mixed-integer programming (SMIP), which accounts for the worst-case real-
ization of the underlying distribution for the second-stage uncertainty. There-
fore, DRMIP offers a statistically robust solution to the uncertainty of the
empirical distribution.

In this paper, we focus on the Wasserstein ambiguity set, which is defined
as a set of distributions around the empirical distribution. While reformulation
approaches have been actively studied (e.g., [11,32,31]), only a few studies have
developed numerical algorithms for solving two-stage distributionally robust
optimization under the Wasserstein (or generic) ambiguity set (e.g., [5,24,6,

1), of which even fewer studies consider discrete variables in the first and/or
second stage. For example, a Benders decomposition method has been devel-
oped with a distribution separation procedure for solving two-stage DRMIP
with the Wasserstein ambiguity set [5]. A disjunctive programming method,
developed for SMIP [29], has been adapted to solve DRMIP within the Ben-
ders decomposition framework [24]. However, the class of two-stage DRMIP
addressed in [5,24] is limited to having pure-binary variables in the first stage.
As in SMIP, the presence of first-stage continuous variables and second-stage
integer variables makes DRMIP extremely challenging, because the recourse
function is nonconvex and discontinuous in the first-stage variables and also
because the first-stage feasible solutions are infinitely many.

The dual decomposition method was developed by Carge and Schultz [3]
and has been used successfully for solving SMIP (e.g., [19,16,20,1,26,4,14,

]) as well as other structured optimization problems (e.g., [27,33,9,10]).
The dual decomposition is obtained by applying a Lagrangian relaxation of
the nonanticipativity constraints on the first-stage variables. Most important,
the resulting Lagrangian dual problem is decomposed for each scenario and can
be solved in parallel. Since the Lagrangian dual problem is a single-scenario de-
terministic equivalent problem, the dual decomposition can naturally address
mixed-integer variables in the first and second stages by using state-of-the-
art MIP algorithms and solvers. Moreover, an open-source software package
DSP [20] enables researchers to prototype, test, and develop new algorithmic
features for SMIP. For example, the dual decomposition has been advanced to
asynchronous parallel computation [18] and a global optimization solver with
branch-and-bound method [17].
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In this paper, we develop a dual decomposition method for solving DRMIP
under the Wasserstein ambiguity set M. To this end, we derive a deterministic
equivalent problem of DRMIP as a large-scale deterministic MIP problem for
a given finite support. We present two different formulations of the Lagrangian
dual of DRMIP, which leads to the dual decomposition. One formulation is
obtained by applying the Lagrangian relaxation of the nonanticipativity con-
straints on the first-stage variables and the min-max inequality, while the other
is obtained by considering the deterministic equivalent problem as a SMIP. We
then present the dual decomposition method that can be implemented with
minor modifications to that for SMIP. We also perform extensive numerical
experiments to demonstrate the computational performance of the dual de-
composition and the impact of the discretization properties.

The remainder of this paper is organized as follows. In Section 3 we present
the deterministic equivalent formulation of DRMIP. Section 4 presents the
Lagrangian dual problems. The dual decomposition method is developed in
Section 5. In Section 6 we present the implementation of the method in DSP
and numerical experiments. In Section 7 we summarize the paper and discuss
directions of future work.

2 Preliminaries and Assumptions

We assume that each probability distribution P € M has finite support {2
such that [£2| is finite. For each w € {2, we define a random vector &(w)? :=
()T, h(w)T, W (w), ..., W, (), T1(w), ..., T, (w)] € R™. The Wasserstein Do we need

distance of order p between P and P is defined by to define the

dimension?

1/p
W, (P, P) := (mm > w) — E@)|P(¢ (w),§(@))> (2

mell(P,P) S20 Sch

where IT(P, P) is the set of all joint probability distributions of &(w) and &(&)
with marginals P and P, and || - || is a norm on R"™. Then, for € > 0, the
Wasserstein ambiguity set is defined as the Wasserstein ball of probability
distributions

P = {PeM(m LW, (P, P) Se}. (3)

Let {&1,...,wn} be the set of empirical observations with the correspond-
ing probability estimates p1,...,pn. We denote Py = Zivzl Dsbs, - We define
the ambiguity set of distributions based on the Wasserstein metric at the em-
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pirical observations as

S S @) — ) < e,

we s=1

Zus(w)z;ﬁs Vs=1,...,N,

P:={PecM: ; (4)
N

Zus(w) = P(w) Yw € 02,

s=1
us(w) >0 Ywe R, s=1,...,N

where € is the Wasserstein distance limit.

3 Deterministic Equivalent Formulation

We present the deterministic equivalent formulation of DRMIP, which is of
large-scale MIP. As a special case of Theorem 1 in [13] for finite support, the
following duality property is key to deriving our reformulation.

Lemma 1 (Theorem 1 in [13]) Suppose that P is as defined in (4). Con-
sider any function f defined on 2 such that f(©s) < oo for s = 1,...,N.
Then, the strong duality property holds for the following linear programming
problem:

max Ep [f(w)]. (5)

Furthermore, its dual is given as the following linear program:
N
. » .
min, ea+;¥ms (6a)

st JE(@s) —E(W)|Pa+Bs > flw) Ywe 2, s=1,...,N. (6b)

Proof We observe that the maximization problem is a linear programming
problem. Consider problem (5) given by

max Z P(w)f(w) (7a)

P(w),us(w)

5.t }:}:% ME@s) —EW)P < €, () (7b)

weN s=1

S @) =ps Vs=1,....N, (B) (7c)

wes?

N
Zus(w) = P(w) Ywe N, (7d)
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> Plw) =1, (7e)

wesn
Pw) >0 Ywe (2, (7f)
us(w) >0 Vs=1,...,N, we Q. (7g)

By substituting P(w) with Zivzl ug(w) from (7d), the problem can be refor-
mulated as the following form,

N
max > > us(w)f(w) (8a)

us(w) wef s=1

s.t. (7Tb) — (7¢), (Tg),

N
S usw) =1, (8b)

we2 s=1

N

Zus(w) >0 Ywe . (8¢)
s=1

Note that constraints (8b) and (8c) are implied by constraints (7c¢) and (7g),
respectively, and can further be removed from the problem (8). Let («, fs)
be the Lagrangian multipliers with respect to the constraints. Then, the dual
of (8) is given in (6). O

The strong duality result allows us to derive the reformulation of two-stage
DRMIP as follows.

Proposition 1 Suppose that P is defined by (4). Two-stage DRMIP (1) can
be written as a deterministic MIP of the form

N
. T ~

T )
st [|€(@s) — EW)|[Pa+ Bs —d(w)Ty(w) >0 Ywen s=1,...,N,
(9b)
T(w)z + W(w)y(w) > h(w) Yw e 2, (9¢)
zeX, a>0, yw eY Ywel (9d)

Proof The problem (1) can be written as the following problem:
min letr (10a)

zeX,reRy(w)eYy

st. r>Ep[dw)Tyw)] VPeTP, (10b)
T(w)z + W(w)y(w) > h(w) Yw e 2. (10c)

The constraint (10b) is equivalent to 7 > maxpep Ep [d(w)Ty(w)] = (6) by
Lemma 1, and thus

N
r>ea+ Yy pifs (11a)

s=1
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[1€(0s) — E(W)||Pa+ Bs > d(w)Ty(w) Ywe R, s=1,...,N. (11b)
Substituting variable r in (10b) and (11a) results in (9). O

The MIP reformulation (9) embeds the block-angular structure that is
observed in two-stage SMIP (or two-stage robust optimization), in which vari-
ables (z, «, ;) can be considered as the first-stage (i.e., nonanticipative) vari-
ables. Specifically, problem (9) can be written as

N
IR {g(x,a,m =zt Pa+) phit Y, G(z,w,w)} :
E2 s=1 weN

where X := X x R, x RV is the feasible set of first-stage variables, 3 :=
(ﬁlv"wﬁN)a and

G(z,a,f,w) :=min 0

y(w)

st dw)Ty(w) < [IE@s) —EW)IPa+ By ¥s=1,...,N,
W(w)y(w) =z h(w) = T(w)z,
y(lw) €Y.

4 Lagrangian Dual of DRMIP

It may be impractical to solve the deterministic equivalent problem partic-
ularly with a large finite support set (2. In this section, we present the La-
grangian dual of DRMIP, which would enable us to use the existing dual
decomposition methods (e.g., [18,23,17,26]) with only minor modifications.
Similar to that of SMIP, the Lagrangian dual is based on the Lagrangian
relaxation with respect to the nonanticipativity constraints.

Specifically, we present two approaches for deriving the Lagrangian dual of
DRMIP. One approach is developed by applying the mix-max inequality. This
approach is independent of the definition of the ambiguity set and can be seen
as a direct extension from the dual decomposition of SMIP. The other approach
is developed for the Wasserstein-based ambiguity set, as defined in (4), by
applying the Lagrangian relaxation technique used for SMIP. In particular,
the problem (9) can be seen as a SMIP, where (x,«, 8s) are the first-stage
variables and y(w) is the second-stage variable. Most interesting, we show that
the Lagrangian dual problems resulting from the two different approaches are
equivalent. We first derive the Lagrangian dual of the problem (1) by using
the min-max inequality.

Proposition 2 The Lagrangian dual of problem (1) is given by

= P(w 12
= B 2 PP e
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s.t. Z P(w)A(w) = ¢, (12b)

wen
where
D(M\w),w) = zer)r(l};ley Mw) Tz +dw) Ty (13a)
st T(w)z+Ww)y > h(w). (13b)

Proof The proof is given by applying the min-max inequality. We consider the
equivalent formulation of (1) as

Tn;g) max Ep [z + Q(z(w),w)] (14a)
st. [r—z(w)]Plw)=0 Ywe (2, (14b)
r(w) e X VYwe (14c)

where (14b) are called the nonanticivativity constraints. By taking the La-
grangian relaxation with respect to (14b), we have the following Lagrangian
function:

Lmin max Ep |(c~ Aw))” o+ Aw) () + Qaw), )]

where A(w) are the Lagrangian multipliers corresponding to the constraints (14b).
For the Lagrangian function value to be bounded, we need

Ep[Aw)] = ¢, (15)

and thus the corresponding term in the objective function is eliminated. Hence,
the objective function is written as

max Ep [A\(w)z(w) + Qz(w),w)]-

In addition, by the min-max inequality, we have

min maxEp Aw)z(w) + Q(z(w),w)]

z(w)eX PEP
> in E .
= max min Ep Aw)z(w) + Qz(w), w)]
With constraint (15), we have the dual problem (12). O

Note that the weak duality holds; that is, z(£2) > zp(£2). The Lagrangian
dual problem (12) can be seen as a direct extension from SMIP to DRMIP
and is equivalent to that of SMIP for a singleton P (i.e., when the distribution
is known). As in the dual decomposition of SMIP, evaluating the Lagrangian
dual function D can be parallelized for each w € (2. In addition, regardless
of the specification of P, the scenario subproblems D(\(w),w) are equivalent
to those for SMIP. The Lagrangian dual (12) of DRMIP differs from that of
SMIP only by perturbing the probability measure defined in P.

However, the Lagrangian dual problem (12) can be nonlinear even with
the piecewise linear concave function D because of the bilinear term in the
objective function. The bilinear term can linearized as follows.
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Corollary 1 The Lagrangian dual problem (12) is equivalent to

- D(u(w), P(w), 16
o= e 3 D) P)) (160)
s.t. Z p(w) =, (16b)
we
where
D(u(w), P@),w) = min_ p()’z+Pdw)Ty  (17a)
zeX,yeY
st T(w)x+W(w)y > h(w). (17b)
Proof The equivalent formulation (16) is obtained by substituting A(w)P(w)

by p(w) in (12) and (13). O

We now present the Lagrangian dual of the deterministic equivalent DR-
MIP (9) with the Wasserstein ambiguity set. To this end, we consider the
following equivalent formulation of DRMIP (9):

N
. T » .

rasea@a@ C T ;psﬂs (150)
st.z—z(w) =0 Yw € 0, (18b)
a—aw)=0 Ywe (18c¢)
Bs —Bs(w)=0 Ywen s=1,...,N, (18d)

1€(@s) = E()[IPa(w) + Bs(w) = Q(z,w)
Ywe 2, s=1,...,N, (18e)
alw) >0 Ywe £, (18f)

where (18b)—(18d) are the nonanticipativity constraints. Note that the refor-
mulation technique used in (18) has been commonly used to derive the dual
or scenario decomposition of SMIP (e.g., [8,1,20]).

The following equivalent formulation relaxes the nonanticipativity con-
straints (18c) and (18d) to inequalities, which may benefit to the dual de-
composition method by reducing the size of dual search space.

Proposition 3 DRMIP (9) is equivalent to

N
: T .
SRR PR R ;psﬁs (192)
st r—z(w)=0 Ywe L, (19b)
a—aw)>0 Ywe 2, (19¢)
Bs —Bs(w) >0 VYwe 2, s=1,...,N, (19d)
1€(@s) — (W) [Pe(w) + Bs(w) — d(w)Ty(w) 2 0

Voe, s=1,...,N, (19¢)
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T(w)z(w) + W(w)y(w) > h(w) VYwe 2, (191)
rz(w)e X, aw)>0, yw eY VYweR
Ywe 2, s=1,...,N. (19g)

Proof We rewrite the problem (18) by introducing slack variables to con-
straints (18e) as follows:

N
. T ~
min c a:+epa+2ps,83 (20a)
z(w),a(w),8s (w), s=1

o (w), B (w),7s (w)
s.t. (18b) — (18d), (18f)
1€(@s) = £ (w) = & (w)) + (Bs(w) = BL(w)) = s(w)
=Q(zr,w) Ywe R, s=1,...,N, (20Db)
a(w) = o/ (w) 2 0, B(w) =0, 7s(w) 20, (20c)
where o/ (w), 8/ (w),vs(w) are the nonnegative slack variables. By substituting
a(w) == a(w) — o/(w) and Bs(w) := Bs(w) — B(w), the constraints of prob-
lem (20) can be written as
r—z(w)=0 Ywe
a—aw)—dw)=0 Ywe N,
Bs — Bs(w) — Bi(w) =0 Ywe N, s=1,...,N,
[6(@s) — EW)IPa(w) + Bs(w) — 7s(w) = Qa,w) Vwe R, s=1,....N,
d(OJ) > 03 O/(OJ) > 07 ﬁ;(w) > 03 VS(w) >0 Vw € '(27 s = ]-7"'3N7

or equivalently,

r—zw)=0 Ywe N,
a—aw)>0 Ywe (2,

65*35((*]) 20 Yw € Q, S:].,...,N,
16(@s) — E(W)Pa(w) + Bs(w) > Qz,w) VYwe R, s=1,...,N,
aw) >0 Ywe .
This results in the formulation as in (19). O

For the rest of the paper, we use the deterministic equivalent formulation as
in (19).

Proposition 4 The Lagrangian relaxation of (19) with respect to the nonan-
ticipativity constraints (19b), (19¢), and (19d) gives the following Lagrangian
dual problem:

Z DW(#(W),V(W),U(W),W) (21&)

wes?

ZWLD — max
(@)1 (@)>0,us (w) >0
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s.t. Z uww) = e, (21b)

wen
Z v(w) = €, (21c)
wen
> usw)=ps Vs=1,...,N, (21d)
wen
where w(w) = (u1(w),...,un(w)) is defined for w € 2 and the Lagrangian
function Dy (p(w), v(w), u(w),w) is defined for each w € £2 as
N
: T
+ + ug(w)Bs 22a
Jmin - p(w)Te +v(w)a ; (@)B (22a)
st IE(@s) — EW)IPa+ By —dw)Ty >0 Vs=1,...,N,  (22b)
T(w)z +W(w)y > h(w), (22¢)
reX, a>0, yeY. (22d)

Proof Let pu(w), v(w) > 0, and us(w) > 0 be the Lagrangian multipliers asso-
ciated with the nonanticipativity constraints (19b), (19¢), and (19d), respec-
tively. The Lagrangian relaxation of the nonanticipativity constraints gives the
Lagrangian dual function of the form

min o) (c— Z u(w)) x+ Z p(w)z(w)

z,0,8,7(w),a(w),Bs (w ey T

+ (ep - Z V(w)) a+ Z v(w)a(w)

wes? wes?

N N
D CE WAR) EFD 9p pIEL®
s=1

wes? wef s=1
s.t. (19e) — (19g).

In order to ensure the boundedness of the Lagrangian dual function value, the
Lagrangian multipliers are subject to

Z,u(w):c, Zu(w):ep, Zus(w):ﬁs Vs=1,...,N. (23)
wen wen wesn

As a result, the variables z, «, and 35 are removed from the problem, and thus
the Lagrangian dual function is given by

N
e > u(w)w(w)+V(w)a(w)+;us(wws(w)

wesn
s.t. (19e) — (19g),

which can be decomposed for each w € 2. With the boundedness condi-
tions (23), we have the Lagrangian dual problem as in (21). O
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We highlight that Proposition 4 is independent to the choice of Wasserstein
norm in (22b). This will provide the additional flexibility to the modeling of
DRMIP in practice. We note that the Lagrangian dual problem (21) may
be computationally more expensive than the problem (12). Specifically, each
scenario subproblem (22) of the new dual problem (21) has N + 1 variables
and N constraints more than those of (12). Nevertheless, the Lagrangian dual
problem (21) results in the same Lagrangian bound as the problem (12) does.

Theorem 1 Suppose that P is defined as (4). zwrp = 2LD-

Proof Introducing variables rg, the scenario subproblem (22) for a given w € {2
is equivalent to

8, PO et ) U
st [|€(@s) — EW)|[Pa+ Bs —dw) Ty —r,=0 V¥s=1,...,N,
(22¢) — (22d), rs >0 Vs=1,...,N.
Eliminating variables s from this equivalent problem, we have

N
min pw)z 4+ |v(w) - Zus(w)\lf(ws) —{W)["| @

z,0,Bs,75,Y

N N
+ Z us(w)d(w)Ty + Z ug(W)rs
s=1 s=1
st (22¢) —(22d), rs >0 Vs=1,...,N.

We observe that o = 0 if

N

vw) = us(w)[[€(@s) = E@)|P = 0. (24)

s=1

Otherwise, the subproblem is unbounded. In addition, rs = 0 since ug(w) > 0
for all s =1,...,N. Therefore, the scenario subproblem (22) is equivalent to

z,y

N
min { pw) "z + > ug(w)d(w)y : (220) — (22d), (24)} ,
s=1

and thus also equivalent to the scenario subproblem (17) by substituting
Zivzl us(w) with P(w); that is,

N
Pw) = Zus(w) Yw € £2. (25)
s=1

By adding the constraints (24) and (25) to the problem (21), we have the
Lagrangian dual problem (16). O
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A key advantage of using the Lagrangian dual problem (21) may be that
existing scenario decomposition methods and solvers for SMIP can be used
without any modification (e.g. [1,26,17]). Note, however, that scenario sub-
problems can be unbounded for some dual variable values, particularly if in-
equality (24) is violated. The unbounded solutions may be avoided by intro-
ducing arbitrarily large bounds to a and Ss. In our numerical experiments,
however, we found that the dual decomposition method implemented in DSP
suffered from numerical instability unless good (tight) bounds are set for «
and 5. On the other hand, only minor modification to existing SMIP solvers
would be required for solving the Lagrangian dual problem (16).

5 Dual Decomposition

We present the dual decomposition method that can be applied to the La-
grangian dual problem (16). We adapt the dual decomposition method that
has been developed for SMIP in [8,20] with the additional dual constraints
defined by P.

A main idea of the dual decomposition is the outer approximation of the
Lagrangian dual function D(u(w), P(w),w) by a set of linear inequalities (i.e.,
subgradients), which has been developed to bundle methods. The bundle meth-
ods have been particularly successful in the dual decomposition of SMIP, be-
cause the methods guarantee the finite termination at optimum, as compared
with subgradient methods that require tuning step size. Extensive numerical
experiments are also available in [20]. The bundle methods are also capable of
easily incorporating additional constraints from the ambiguity set P as well
as regularization (e.g., [20,18]).

After t iterations, the outer approximation of the Lagrangian dual prob-
lem (16) is given by

zp = e(w),g(lng(w) ;}9@) (26a)
s.t. Z p(w) = ¢, (26b)
wesn?
(P(w))wen € P, (26¢)
O(w) < &;(w) " p(w) + d(w) g, (w)P(w)
Vi=1,....t, we R, (26d)
[u(w) — ()] <Ay Yw € L2, (26e)

t
|P(w) — Py(w)|| < Ay Vw € 2, (26f)
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where P is defined as

N
Z ZUS(W)”f(@s) —¢W)P < e,

we? s=1

Zus(w):ﬁs Vs=1,...,N,
P .= PEM wen s (27)

N
Zus(w) = P(w) Ywe N,
s=1

u;(w)ZO Vwe 2, s=1,...,N

the right-hand side of constraints (26d) are the subgradients of D at each
iteration j = 1,...,¢ for each w € (2; and constraints (26e) and (26f) are
the trust-region (TR) constraints with center (ji;(w), P;(w)) and size A, at
iteration .

The problem (26) is a large-scale linear program with |2|(n, + N + 2)
variables and |£2| 4+ n, + N + 1 constraints, excluding the outer-approximation
cuts (26d) and TR column bounds (26e) and (26f). We remark that the se-
quence of linear programs can be efficiently resolved with warm-starting by
off-the-shelf solvers. Note, however, a decomposition approach can also be em-
ployed for extremely large problems. An example of the decomposition can be
obtained by iteratively generating P(w) with respect to the linear cuts (26d),
where the corresponding cut generation solves a linear program over P.

We dynamically adjust the TR center and size in order to regularize the
iterates. Let A and A be the minimum and maximum values of the TR size Ay,
respectively. We denote by (Z;(w), :(w)) an optimal solution of the Lagrangian
subproblem (17) for (u:(w), P;(w)) at iteration t. We also denote by D; :=
> weo D(p(w), Py(w),w) the Lagrangian dual value at iteration t. We update
the TR center if the Lagrangian function value is sufficiently increased at
iteration t as

Dy > D+ nGt, (28)

where n € (0,0.5), D, is the Lagrangian dual value at the TR center, and
Gi=z—Dy (i.e., predicted increase). Then, the bundle master problem (26) is
solved with the updated TR. This iteration is called a serious step. Otherwise,
we call the iteration a null step, where a new set of cuts (26d) may be added
to improve the outer approximation.

A careful update of the TR size 4, is significant for the performance (i.e.,
number of iterations). For example, if the size is too large, the bundle master
may suffer from oscillating the solutions and take a number of unnecessary
null steps before each serious step is taken. On the other hand, if the size is
too small, the bundle master may take serious steps with marginal decreases
of the Lagrangian function value. We adapt the update procedure developed

in [18] for the TR size A;. We define the approximation error measured by
. pe(w) — fie(w) H} max{D; — Dy, 1}
:=min< 1, - , 29
4 { Pi(w) — Py(w) 2 (29)
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and the model linearization error measured by

I = §% [0(@) i (w) + (@) Gu(@) B(w)] - Di. (30)

The TR size is updated as follows:

1. If p > 0, then set 7411 + 7 + 1.
2. If p>por(pe(0,p) and 74 > p), then set 7441 < 0 and

Ay -
Awlewmm{,,A}. (31)
win{p. p}

Here 7; counts the number of iterations in which TR is not reduced, and p and
p are given parameters. On the other hand, we may detect that the TR is too
small if the solution is bounded by the TR and if Diy1 > Dy + 0.5¢;. Then,
we increase the TR by A;y; + min{24;, A}. More details of the algorithm
development (e.g., serious and null steps, TR updates) are available in [22, 18].
We have implemented an algorithm to find upper bounds for first-stage
solution x¢(w). Suppose that the first-stage solutions z;(w) are given for w € 2
at iteration ¢. We evaluate the recourse function Q(z¢(w),w) for each w € (2.
Note that each iteration can have at most k different first-stage solutions for
the evaluation and that each evaluation can be parallelized as described in [20].
Then, an upper bound can be computed at the first-stage solution x; by solving

the following linear programming problem:

N
_ T . ~

Z(xy) == m + RU + ;psﬂs (32a)
st ||ws —wlla+Bs > Q(zy,w) Ywe 2, s=1,...,N.
(32b)

We summarize the algorithmic steps of the dual decomposition method for
DRMIP as follows.

Algorithm 1 is adapted from the BTR method [18] that implements a bun-
dle TR method for SMIP. The algorithm initializes a dual feasible solution
(1o(w), Po(w)) for all w € 2 and other parameters, including optimality gap
d and serious-step condition 1 (see lines 12 and 15, respectively). The initial
steps of the algorithm include the Lagrangian subproblem solution (line 2)
and generating outer-approximation cuts (line 6). We emphasize that the La-
grangian subproblem solutions (lines 2 and 10) can be parallelized by utilizing
multiple CPUs. We also compute the upper bounds for some z;(w) obtained
from the subproblems (lines 3 and 11). The iterative steps (lines 8-24) are
taken by solving the bundle master (line 9) and the subproblems (line 10) un-
til the optimality condition (line 12) is satisfied. In addition, the serious steps
are taken in lines 16-18 in order to update the best dual bound D; (line 16)
and the TR (lines 17 and 18). The TR size may be increased to aggressively
search for dual variable values. When the null steps are taken in lines 20-23,
the outer approximation cuts are added, and the TR size may be decreased.
We follow the TR updates as described above.
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Algorithm 1 A dual decomposition method for DRMIP

1: Initialize a feasible (uo(w), Po(w)) for w € 2, Ag € [A, 4], § > 0,7 € (0,0.5), zyp + oo,
and t < 0.

2: Solve D(u¢(w), Pr(w),w) to find Dy and (z¢(w), y¢(w)) for all w € (2.

3: Compute z(z¢(w)) for some w € 2 and update zyp

4: Set ﬁt+1 «— Dt.

5: Set firr1(w)  pe(w) and Py (w) + Py(w) for w € 2.

6

7

8

: Add the cuts (26d) at (z¢(w), yt(w)) for all w € £2.
: loop
: Sett+t+1
9:  Solve the bundle master (26) to find z; and (u¢(w), Pr(w)).
10:  Solve D(pt(w), Pt(w),w) to find Dy and (z¢(w), yi(w)) for all w € £2.

11:  Compute Z(z¢(w)) for some w € 2 and update zyp

12: if min{zt,zUB} — ﬁt < (5(1 —+ ‘Dtl) then

13: Stop.

14: end if

15: if Dy > Ds + n(ze — ljt) then

16: Set ﬁt+1 <+ Dt.

17: Set fizt1(w) < pe(w) and Py (w)  Pi(w) for w € £2.
18: Choose Ayy1 € [Ag, A].

19: else

20: Set ﬁt+1 +— Dt.

21: Set fits1(w) < fir(w) and Py (w)  Pi(w) for w € £2.
22: Add the cuts (26d) at (z¢(w),ye(w)) for all w € £2.

23: Choose A1 € [A, A¢].

24:  end if

25: end loop

Theorem 2 (Theorem 2.4 in [18]) Assume that the subproblems (17) can
be solved within a finite time. Algorithm 1 finds a sequence {(p(w), Pr(w))}

of dual iterates such that lim;_ s Zwefzt D; = zip.

The convergence property is exactly the same as the BTR method devel-
oped in [18]. We remark that by Theorem 2, Algoritmm 1 terminates after a
finite number of iterations with d-optimum for 6 > 0. We also remark that the
algorithm convergence result is independent of the choice of the TR norm (see
Lemma 2.3 in [18]) and the bundle management strategy.

A global optimal solution can be found by employing a branch-and-bound
method. For example, a branch-and-bound method has been proposed for
branching on the nonanticipativity constraints in [3], which has been improved

and implemented by [17]. In particular, the global optimal solutions are re-
ported in [17] for all the SIPLIB test instances [3]. The same branching method,
as in [8,17], can be implemented to the dual decomposition for DRMIP.

6 Computational Experiments

We present our computational experiments for solving DRMIP test instances
by using Algorithm 1. The aim of the experiments is to demonstrate (i) the
computational performance of the dual decomposition method for discretized
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problems and (ii) the impact of the discretization property. As briefly dis-
cussed at the end of Section 4, the Lagrangian dual problem (21) suffers from
numerical instability with arbitrarily large bounds for a and §s. Therefore,
the numerical results from the problem (21) could not obtained or reported in
this section.

6.1 Implementation

We have implemented Algorithm 1 in the open-source software package DSP
v1.5.2 [20]. We have used and modified the existing bundle TR method devel-
oped in [18] and implemented in DSP. The master problem (26) and scenario
subproblems (17) were solved by CPLEX v20.1.0.0. The master problem was
solved by using a barrier method without crossover. The choice of barrier
method over simplex method has been extensively discussed in the literature
(e.g., [28,25,20]) for its implicit regularization effect. However, the simplex
method was used only for the iterations at which the barrier method resulted
in numerical issue. All the other CPLEX parameters were set to the default
values.

We have generated test instances by using the Julia StructJuMP pack-
age [15] and writing the StructJuMP models into SMPS file format [7] with
one additional file to specify reference scenarios ws, their probabilities ps, and
the Wasserstein size €. Hence, DSP reads a DRMIP problem from four files
(i.e., *.cor, *.tim, *.sto, and *.dro). All computations were run on a Linux
workstation with Intel Xeon Gold 6140 CPU@2.30 GHz and 512 GB of RAM.
For a given number k of possible events w in (2, we set uo(w) = ¢/k, and
Py(w) = ps if &5 = w; otherwise, Py(w) = 0. Note that the initial dual value
is feasible to the Lagrangian dual problem (16). We also set the parameters
p=3,p=4,A=10"2, A=10% Ag=0.1,7=10"%, and 6 = 107°. We used
lso-norm for the TR constraints (26¢) and (26f). At each iteration, we choose
only one first-stage solution z;(w) to compute an upper bound.

6.2 Test instances

We generate test instances based on the dynamic capacity acquisition and
assignment problem [2], also known as DCAP instances available in STPLIB [3].
The test problem considers the multiperiod capacity expansion for m resources
in order to satisfy the requirements of n tasks over 7' time periods under
uncertain scenarios.

Let x;; > 0 be the continuous variables for the capacity acquisition of
resource ¢ at time ¢, and let u;; € {0, 1} be the indicator variable corresponding
to the acquisition variable x;;. For a capacity expansion decision made at the
first stage, the second stage assigns resource i to task j at time ¢ for scenario
w, indicated by variable y;;;(w) € {0,1}. Let a;; and b;; respectively be the
variable and fixed cost of resource ¢ at time ¢, and let ¢;j;(w) be the cost of
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assigning resource i to task j at time ¢ under scenario w. We also denote by
d;i(w) the task j requirement at time ¢ under scenario w. As a result, the
problem is formulated as follows.

t n
— Z Tir + Zdjt(w)yijt(w) <0 Vituw,
=1 7j=1

m
Zyz_]t(w) =1 Vj,t,w,
i=0

Tt 2 07 Uit S {07 1}7 yijt(w) € {071}7 Vivjatvw'

Table 1 describes the characteristics of the test problem instances used
in our experiments. The problem has mixed-binary variables in the first stage
and pure binary variables in the second stage. We denote by |£(w)] in the table
the dimension of the uncertain parameters. The instances are named with the
number k of events and the Wasserstein size e. We generated the instances for
k € {20, 50, 100, 200,300} and € € {1,100, 500, 1000}. For all the instances, we
used 10 reference scenarios (i.e., N = 10) with the corresponding probabilities
ps = 0.1 for s =1,...,N. As a result, we generated 80 problem instances in
total. Note that the instances with ¢ = 0 are equivalent to SMIP with the
reference scenarios and probabilities.

Table 1: Description of test problem instances

First stage Second stage
Name m n T [§w)] Rows Cols Ints Rows Cols Ints
dcap233_k_e 2 3 3 36 7 12 6 15 27 27
dcap243_k_e 2 4 3 48 6 12 6 18 36 36
dcap332_k_e 3 3 2 30 6 12 6 12 24 24
dcap342_k_e 3 4 2 40 6 12 6 14 32 32

We randomly generated the deterministic parameter values of a;; and b
from [5,10] and [10, 50], respectively. We assume that the supports of ¢;;¢(w)
and dj;(w) are defined by [5,10] and [0.5, 1.5], respectively, for every ¢ > 0, j, t.
The support of ¢g;¢(w) is defined by [500, 1000] for every j, t. That is, the values
can be anything randomly in the given ranges. The Wasserstein distance was
calculated by using two-norm.
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6.3 Performance of the dual decomposition

Tables 2 and 3 present the computational results from the dual decomposition
method (Algorithm 1) for solving the DRMIP test instances.

Table 2: Numerical results from the dual decomposition solutions for
dcap233_k_e and dcap243_k_e instances for k € {20,50,100,200,300} and
e € {1,100, 500, 1000}.

Name Iteration UB LB Gap (%) Time (s)
dcap233-20-1 57 1880.73  1879.50 0.07 12
dcap233-20-100 75 2100.54  2099.32 0.06 18
dcap233-20-500 114 2741.32  2741.05 0.01 17
dcap233-20-1000 103 2741.32  2741.07 0.01 16
dcap233-50_1 68 1675.51  1674.36 0.07 44
dcap233_-50_100 117 2029.82  2027.50 0.11 73
dcap233-50_500 153  2816.81 2813.62 0.11 54
dcap233.-50_1000 184  2822.60 2814.93 0.27 62
dcap233.100_1 79 1694.39  1693.06 0.08 156
dcap233-100-100 144 2213.38  2211.42 0.09 240
dcap233.-100_-500 162  3488.44  3482.17 0.18 143
dcap233-100-1000 136  3546.85  3526.07 0.59 91
dcap233-200-1 82 1640.55 1639.03 0.09 667
dcap233-200-100 157 2284.52  2282.64 0.08 987
dcap233-200-500 193  3556.47 3538.24 0.51 425
dcap233-200-1000 179  3586.52  3549.04 1.05 329
dcap233.300_1 87 1644.77 1643.16 0.10 1798
dcap233-300-100 233  2365.09 2363.40 0.07 3225
dcap233-300-500 349 3557.37 3538.38 0.53 2085
dcap233-300-1000 212 3578.18 3549.03 0.81 881
dcap243-20-1 49  3019.25  3017.75 0.05 11
dcap243-20-100 72 3217.67 3216.18 0.05 17
dcap243_-20_500 81 4112.12 4109.48 0.06 16
dcap243-20-1000 89 4122.40 4119.18 0.08 16
dcap243.50_1 75 2813.10 2811.59 0.05 52
dcap243_-50-100 72 3041.94 3041.71 0.01 45
dcap243-50_500 141  4116.31 4113.31 0.07 72
dcap243_50_1000 124 412240 4119.18 0.08 49
dcap243.100_1 79  2698.69  2696.52 0.08 144
dcap243-100-100 86  2969.73  2967.56 0.07 146
dcap243.-100-500 184  4419.90 4398.73 0.48 154
dcap243-100-1000 175  4432.84  4406.02 0.60 154
dcap243-200_1 79  2629.55  2627.46 0.08 507
dcap243-200-100 119 2934.67 2932.54 0.07 648
dcap243-200-500 189  4528.29  4504.64 0.52 437
dcap243-200-1000 204 454779  4517.71 0.66 434
dcap243_300_1 98  2575.92  2573.77 0.08 1700
dcap243-300-100 152 2912.39  2910.39 0.07 2207
dcap243-300-500 292 4627.86 4623.75 0.09 1624
dcap243-300-1000 296  4772.96 4766.51 0.14 1282

We found the Lagrangian dual bounds (LB) and upper bounds (UB) for
all 80 problem instances. Among the 80 problem instances, 72 instances result
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Table 3: Numerical results from the dual decomposition solutions for
dcap332_k_e and dcap342_k_e instances for k& € {20,50,100,200,300} and
e € {1,100, 500, 1000}.

Name Iteration UB LB Gap (%) Time (s)
dcap332.20-1 57 1637.94 1631.04 0.42 12
dcap332-20-100 71 2005.21  1997.67 0.38 11
dcap332-20_-500 89  2235.99 2223.13 0.58 11
dcap332-20-1000 83 2236.28 2223.11 0.59 10
dcap332.50_1 65 1649.69 1641.94 0.47 40
dcap332_50-100 130  2366.27  2359.41 0.29 61
dcap332_50-500 101 2910.43 2847.81 2.15 25
dcap332_50-1000 108  2903.17 2847.83 1.91 29
dcap332.100-1 80  1527.75 1518.85 0.58 176
dcap332.100-100 167  2413.72  2406.47 0.30 237
dcap332-100-500 184  3007.50 2951.72 1.85 93
dcap332-100-1000 207  3008.55  2951.70 1.89 116
dcap332.200-1 78 1474.64 1463.33 0.77 725
dcap332-200-100 291  2516.95 2507.81 0.36 1520
dcap332-200-500 231  3169.43 3152.62 0.53 376
dcap332-200-1000 255 3168.99  3152.59 0.52 457
dcap332_300-1 86 1446.34  1435.24 0.77 2069
dcap332_300-100 415  2586.38  2579.03 0.28 5368
dcap332-300-500 272 3165.69  3152.96 0.40 991
dcap332_-300-1000 289 3167.63 3152.96 0.46 1096
dcap342.20-1 50  2243.60 2238.53 0.23 11
dcap342-20-100 65  2665.18  2659.50 0.21 13
dcap342_-20_-500 109  3415.21  3415.16 0.00 16
dcap342-20-1000 124  3418.43  3418.43 0.00 18
dcap342.50-1 67 2052.34  2047.22 0.25 46
dcap342_50-100 104 252297 2518.33 0.18 57
dcap342_50-500 190 3418.43 3418.41 0.00 66
dcap342_50-1000 178  3418.43  3418.41 0.00 58
dcap342.100_1 76 1989.02 1981.78 0.36 148
dcap342.100-100 124 2507.82  2500.08 0.31 188
dcap342-100-500 149  3556.09 3549.94 0.17 107
dcap342-100-1000 154  3553.86  3549.93 0.11 103
dcap342-200_1 98 1990.85 1983.75 0.36 it
dcap342-200-100 163 2663.65 2658.36 0.20 1071
dcap342-200-500 264 4173.51 4129.66 1.05 565
dcap342-200-1000 249  4180.99 4144.94 0.86 431
dcap342_300-1 93 1983.80 1976.62 0.36 1989
dcap342_300-100 224 2749.20 2744.43 0.17 3308
dcap342_300-500 322 4192.24  4140.68 1.23 1495
dcap342_300-1000 267  4199.15  4144.96 1.29 1195

in an optimality gap less than 1%, of which 7 instances result in an optimality
gap less than 0.01%. The results imply that the Lagrangian dual problem (16)
is effective for finding the solutions of DRMIP with very small optimality
gaps. The number of iterations ranges from 49 to 415. The total solution
time ranges from 10 to 5368 seconds. Note, however, that the solution time
could be significantly reduced with parallelization, since the solution times
were larger for the instances with larger numbers of scenarios. In particular,
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the dual decomposition has been shown to scale strongly with the number of
scenarios [20].
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Fig. 1: Total solution times for the test instances under different values of the
Wasserstein distance limit e for k& € {20, 50, 100, 200, 300}.

Figure 1 shows the changes of total solution time as the Wasserstein dis-
tance limit € increases for each k € {20, 50, 100, 200, 300}. Significant increases
in the total solution time are observed with the Wasserstein distance limit
€ = 100.0 for the problem instances with larger numbers of scenarios such as
k = 300. The reason is that the size of the DRMIP problem (9) increases with
the number of discretization points and also results in more Lagrangian dual
subproblems (17). Moreover, we observe consistently from all the instances
that solving each Lagrangian dual subproblem took longer time for a particu-
lar Wasserstein distance limit ¢ = 100.0 than the other values of e.

Figure 2 shows the Lagrangian dual bounds zyp of the test instances by
increasing the Wasserstein distance limit e for each k& € {20, 50, 100, 200, 300}.
We recall that the Lagrangian dual bound may increase with larger Wasser-
stein ambiguity set by € (i.e., being more robust to the uncertainty of our
empirical distribution). However, the problem instances with smaller numbers
of discretization points k can result in the lower bound being significantly
lower than the instances with larger numbers of discretization points, partic-
ularly with larger e. This result implies that a sufficiently large number of
discretization points are significant to achieve statistically robust solution. We
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Fig. 2: Lagrangian dual bounds z1,p({2x) for the test instances under different
values of the Wasserstein distance limit e for k € {20, 50, 100, 200, 300}.

emphasize that the dual decomposition can potentially be parallelized to scale
with the number of discretization points, which will allow us to address finer
discretizations of {2 without much increase in solution time. In fact, the strong
scalability of the method has been shown for SMIP [20,18].

6.4 Numerical comparison with Benders decomposition

Benders decomposition is based on the outer approximation of the second-
stage recourse function. The distributionally robust variant has been developed
for the problems with pure-binary varialbes in the first stage [5]. Therefore,
the distributionally robust Benders decomposition method can also be used
by binarizing the first-stage continuous variables. We have implemented the
method, as described in [5], in DSP, where the Benders master problem is
solved by the SCIP Optimization Suite 7.0.1 [12] and the distribution sepa-
ration problem and scenario subproblems are solved by CPLEX 12.8.0. The
algorithmic differences from [5] include (i) that we use a single cut strategy,
as compared with a sophisticated, adaptive strategy, and (ii) that we use the
initial lower bound obtained by the dual decomposition.

In this section, we report the numerical results from the distributionally
robust Benders method in compariton to those from the dual decomposition.
To this end, each first-stage continuous variable z;; is binarized with only five
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binary varialbes for each x;; that is, z;; := 215:1 2=(U=1) ... where zy is a
binary variable for [ = 1,...,5. Note that our choice of binarization uniformly
discretizes [0,2) by the interval of 2=%. Therefore, the binarization results in
36 binary varialbes in the first stage for all instances.

Table 4: Numerical restuls from the Benders decomposition solutions for
dcap233_k_e and dcap243_ ke for k € {20,50,100,200,300} and ¢ =
{1, 100, 500, 1000}.

Name Nodes UB LB Gap (%) Time (s)
dcap233.20-1 159902 2649.3  1848.86 43.29% 7200
dcap233-20-100 159594  2721.01  1848.86 47.17% 7200
dcap233-20-500 146872  2741.63  1848.86 48.29% 7200
dcap233.-20-1000 150937  2741.55  1848.86 48.28% 7200
dcap233.50-1 69813  2649.11 1639.65 61.57% 7200
dcap233-50-100 67459  2720.86 1639.65 65.94% 7200
dcap233-50-500 77562  2780.77  1639.65 69.60% 7200
dcap233-50-1000 56890  2820.89  1639.65 72.04% 7200
dcap233-100-1 41421 2649.14  1656.63 59.91% 7200
dcap233-100-100 41191  2776.16  1656.63 67.58% 7200
dcap233-100-500 39815  3260.64 1656.63 96.82% 7200
dcap233-100-1000 37707  3543.69 1656.63 113.91% 7200
dcap233-200-1 20560  2649.17 1598.7 65.71% 7200
dcap233-200-100 20538  2775.88 1598.7 73.63% 7200
dcap233-200-500 17418  3260.74 1598.7 103.96% 7200
dcap233-200-1000 18468  3577.25 1598.7  123.76% 7200
dcap233-300-1 12277  2649.31  1600.96 65.48% 7200
dcap233-300-100 13250 2775.99  1600.96 73.40% 7200
dcap233-300-500 10213 3260.68 1600.96  103.67% 7200
dcap233-300-1000 13507 3577.25 1600.96  123.44% 7200
dcap243.20-1 124133  3839.25  2981.26 28.78% 7200
dcap243-20-100 117127 3981.84  2981.26 33.56% 7200
dcap243-20-500 116424 4122.8  2981.26 38.29% 7200
dcap243-20-1000 122630 4122.8  2981.26 38.29% 7200
dcap243.50-1 58109  3839.23  2764.42 38.88% 7200
dcap243-50-100 54110 3981.86 2764.42 44.04% 7200
dcap243_50_500 50617  4122.84  2764.42 49.14% 7200
dcap243_-50-1000 51908  4122.84 2764.42 49.14% 7200
dcap243-100-1 31015  3839.26  2648.54 44.96% 7200
dcap243-100-100 31709  3988.01  2648.54 50.57% 7200
dcap243-100_500 29624  4406.41  2648.54 66.37% 7200
dcap243-100-1000 28636  4432.59  2648.54 67.36% 7200
dcap243-200-1 15329  3839.22  2580.99 48.75% 7200
dcap243-200-100 14905 3988.06  2580.99 54.52% 7200
dcap243-200-500 15806  4414.16  2580.99 71.03% 7200
dcap243-200-1000 15413  4545.29  2580.99 76.11% 7200
dcap243-300-1 10163  3839.25  2527.54 51.90% 7200
dcap243_-300-100 9969  3988.11  2527.54 57.79% 7200
dcap243_300-500 9448  4429.69  2527.54 75.26% 7200
dcap243-300-1000 9526  4767.08  2862.44 66.54% 7200

In Tables 4 and 5, the numerical results are reported by using the method
for solving the test instances. All the experiments were run with 2-hour wall-
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Table 5: Numerical restuls from the Benders decomposition solutions for
dcap332_k_e and dcap342_ke for k € {20,50,100,200,300} and e =
{1,100, 500, 1000}.

Name Nodes UB LB Gap (%) Time (s)
dcap332.20-1 256705  2100.05 1531.3 37.14% 7200
dcap332-20-100 227826  2176.15 1531.3 42.11% 7200
dcap332_-20_-500 210121 2217.05 1531.3 44.78% 7200
dcap332-20-1000 21977  2225.39 1531.3 45.33% 7200
dcap332.50-1 117348  2100.02  1530.29 37.23% 7200
dcap332_50-100 99275  2256.79  1530.29 47.47% 7200
dcap332_50-500 108175  2847.52  1530.29 86.08% 7200
dcap332_50-1000 108554  2897.96  1530.29 89.37% 7200
dcap332.100-1 58351  2100.32 1415.7 48.36% 7200
dcap332.100-100 52103  2267.34 1415.7 60.16% 7200
dcap332-100-500 47723  2902.85 1415.7 105.05% 7200
dcap332.100-1000 55083  3004.84 1415.7  112.25% 7200
dcap332.200-1 24410 2101.06  1358.38 54.67% 7200
dcap332-200-100 26053  2267.44  1358.38 66.92% 7200
dcap332.200-500 20763  2903.23  1358.38 113.73% 7200
dcap332-200-1000 26032 3156.72  1358.38 132.39% 7200
dcap332_300-1 16248  2102.09  1330.77 57.96% 7200
dcap332_300-100 13173 2268.32  1330.77 70.45% 7200
dcap332-300-500 15111  2903.98 1330.77  118.22% 7200
dcap332_300-1000 19315 3159.16 1330.77  137.39% 7200
dcap342.20-1 189862  3169.97  2206.48 43.67% 7200
dcap342_-20-100 173728  3284.55  2206.48 48.86% 7200
dcap342_-20_500 162907  3402.65 2206.48 54.21% 7200
dcap342-20-1000 174926  3419.19  2206.48 54.96% 7200
dcap342.50-1 84193 3170  1998.52 58.62% 7200
dcap342_50-100 79907 3284.8  1998.52 64.36% 7200
dcap342_50-500 79770  3402.56  1998.52 70.25% 7200
dcap342_50-1000 79805  3419.46  1998.52 71.10% 7200
dcap342.100_1 43322  3170.18 1931.5 64.13% 7200
dcap342.100-100 44374 3284.99 1931.5 70.07% 7200
dcap342-100-500 43637  3484.77 1931.5 80.42% 7200
dcap342-100-1000 41648  3552.56 1931.5 83.93% 7200
dcap342-200-1 18591 3170.3  1932.86 64.02% 7200
dcap342-200-100 21660 3330.21 1932.86 72.29% 7200
dcap342_-200-500 21250 3915.8  1932.86 102.59% 7200
dcap342_-200-1000 23933  4178.01 1932.86 116.16% 7200
dcap342_300-1 12973  3171.03  1923.77 64.83% 7200
dcap342_300-100 12413 3331.89  1923.77 73.20% 7200
dcap342_300-500 13352  3915.81 1923.77  103.55% 7200
dcap342_300-1000 12962  4198.51 1923.77  118.24% 7200

clock time limit. For all the instances, the Benders method terminated due
to the time limit with the optimality gaps ranging from 28% to 137%. The
poor performance is mainly due to the weak bounds generated by the integer
Benders cuts (e.g., [21]), which eventually leads to an enormous branch-and-
bound search tree. This is particularly evident by the following: (i) the number
of nodes explored (Nodes) reported in the tables; (ii) that the optimality gap
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is almost proportioned to the number of nodes explored; and (iii) that the
initial lower bounds were barely improved after the 2-hour solution time.

7 Summary and Directions of Future Work

We have developed the dual decomposition method for solving DRMIP with a
finite support. To this end, we first derived the deterministic equivalent form of
DRMIP as a linear programming problem. Based on the problem, we presented
two different Lagrangian dual problems. One dual problem was derived by
applying a Lagrangian relaxation of the nonanticipativity constraints on the
first-stage variable and the min-max inequality. The derivation is independent
of the description of the ambiguity set. The other dual problem was obtained
by using the nonanticipative duality on the first-stage variables and auxiliary
variables (o, Bs), which follows the same principle for the dual decomposition
of SMIP. We showed that two dual problems result in the same dual bound.
However, in our numerical experiments, we found that the latter dual problem
suffered from numerical instability if the column bounds are set loosely for
(a, Bs). Note that exact column bounds are not given or cannot be obtained
in general.

In this paper, we have reported the numerical results from the serial com-
putations of the dual decomposition method for DRMIP. Unlike the dual de-
composition of SMIP, the master problem becomes a computational bottleneck
due to the incoporation of constraints that represent the Wasserstein ambigu-
ity set. Addressing the challenge will be of interest as future work.
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