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Abstract We propose a new duality scheme based on a sequence of smooth minorants
of the weighted-ℓ1 penalty function, interpreted as a parametrized sequence of augmented
Lagrangians, to solve nonconvex and nonsmooth constrained optimization problems. For
the induced sequence of dual problems, we establish strong asymptotic duality properties.
Namely, we show that (i) the sequence of dual problems are convex and (ii) the dual values
monotonically increase converging to the optimal primal value. We use these properties
to devise a subgradient based primal–dual method, and show that the generated primal
sequence accumulates at a solution of the original problem. We illustrate the performance
of the new method with three different types of test problems: A polynomial nonconvex
problem, large instances of the celebrated kissing number problem, and the Markov–Dubins
problem. Our numerical experiments demonstrate that, when compared with the tradi-
tional implementation of a well-known smooth solver, our new method (using the same
solver in its subproblem) can find better quality solutions, i.e., “deeper” local minima, or
solutions closer to the global minimum. Moreover, our method seems to be more time
efficient, especially when the problem has a large number of constraints.
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1 Introduction

Let X be a compact metric space, and f : X → R∞ := R ∪ {∞} be a lower semicontinuous
function. Assume that h : X → Rm and g : X → Rr are continuous and define X0 := {x ∈ X :
h(x) = 0, g(x) ≤ 0}. We consider the minimization problem:

(P ) minimize f(x) subject to x in X0

where X0 is assumed to be a non-empty proper subset of X (i.e., ∅ ( X0 ( X). It is well-known
that when (P ) is convex, a classical Lagrangian can be used to obtain a dual problem, and zero
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duality gap will hold under mild constraint qualifications. When (P ) is not convex, augmented
Lagrangian functions can provide a duality scheme with zero duality gap. These functions
combine the objective and the constraints of (P ) in a suitable way, and this combination is
obtained by means of penalty parameters. Theoretical studies ensuring zero duality gap for (P )
using augmented Lagrangians can be found in [8,9,11,17,19–21,37,38]. These works consider a
fixed augmented Lagrangian function, and hence a fixed dual problem.

However, the above-mentioned duality schemes have disadvantages, such as the lack of smooth-
ness of the Lagrangian at points close to the solution set, even when the problem data is smooth.
This motivated the authors of [27] to analyse suitable perturbations of a given augmented La-
grangian function for nonlinear semidefinite programming problems. The work in [27] was later
extended to more general parametrized families of augmented Lagrangians in [16]. More re-
cently, [5] has analyzed asymptotic duality properties for primal-dual pairs induced by a sequence
(Lk) of Lagrangian functions, which, in turn, induce a sequence of dual problems (Dk).

Our aim in the current paper is three-fold:

1. Propose and analyze a primal–dual scheme in which we have, as in [5], a sequence (Lk)
of Lagrangian functions and a corresponding sequence of dual problems (Dk). Unlike [5],
which establishes zero duality gap under specific assumptions on the sequence (Lk), our
analysis exploits a type of Lagrangian function recently used in [33]. The latter work
defines a smooth, or rounded, approximation of a weighted-ℓ1 penalty function, which is
parametrized by a positive scalar w. In this way, given a sequence (wk) of decreasing
positive numbers, we obtain a sequence of dual problems that approach the weighted-ℓ1
penalty dual problem. The properties of the Lagrangian we use ensure that when the
problem is smooth the augmented Lagrangian function is also smooth.

For our novel duality framework, we show that the dual functions are concave and that
the sequence of dual optimal values is increasing and converges to the optimal value of
(P ). Our proof is inspired by [5] but adapted to our particular type of Lagrangian (see
Corollary 3.4).

2. Devise a subgradient-type method adapted to our sequence of (convex) dual functions, and
use the duality properties to develop a primal–dual method in which the primal sequence is
easier to compute (thanks to smoothness) and accumulates at a solution of (P ). Indeed,
we show that the primal sequence generated by our method accumulates at a solution of
(P ) for two possible choices of the step size.

3. Illustrate the computational advantages of our method by means of challenging smooth
optimization problems. Since our augmented Lagrangian is smooth, it makes sense to study
its performance for smooth problems. Our experiments demonstrate that our method
is competitive when compared with existing differentiable solvers, both in terms of the
quality of the solutions and the computational speed. Our method becomes particularly
advantageous when Problem (P) has a large number of constraints.

Many efficient numerical methods for nonconvex problems have been developed using the duality
properties induced by augmented Lagrangian functions, for a fixed dual problem. Indeed, when
the augmented Lagrangian is the one introduced by Rockafellar and Wets in [34, Chapter 11],
the dual problem happens to be convex. This makes it possible to use subgradient-type steps
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for improving the current value of the dual function. This approach has since given rise to the
so-called deflected subgradient (DSG) methods [6, 7, 9, 13–15,23,24].

DSG methods can generate primal sequences that accumulate at a solution of (P ). Even
though the convergence theory of DSG methods requires the global minimization of a nonsmooth
and nonconvex problem in each iteration, it has been observed in computational practice, for
example in [6,14], that local minimization of the subproblems will still lead to a local minimizer
of the original problem.

A further virtue of DSG methods, which has been demonstrated in [13, 14], is that they can
provide meaningful updates of the penalty parameter when the augmented Lagrangian is the
ℓ1 penalty function. In the present paper, inspired by [13, 14], we update the “weights,” or
the “penalty parameters,” of the rounded weighted-ℓ1 penalty function. Therefore we refer to
the new method we propose here as the primal–dual (P–D) penalty method, and provide an
associated computational procedure in Algorithm 1.

Since the augmented Lagrangians we propose are smooth, our subproblems are also smooth
when the data of the problem is smooth. There is a plethora of methods and software for smooth
optimization problems—see e.g. [1–3,25,36]. Over the last few decades, these methods have been
demonstrated to be successful and efficient in finding a local minimizer, or at least a stationary
point, of a wide range of challenging problems. Despite this reported success, the problem of
finding a global minimizer of such challenging problems is extremely difficult. Especially for
smooth problems that are relatively large-scale and have a large number of local minima, these
popular methods can at most promise to find a local minimum, which is not necessarily near a
global minimum.

Even though our theoretical analysis covers general nonsmooth problems with variables in any
metric compact space, our numerical experiments focus on some challenging instances of smooth
problems. These experiments show that our proposed method is competitive when compared
with the existing differentiable methods in two major aspects:

• In the presence of many local minima, the P–D penalty method seems more likely to find
a local minimum close to the global minimum and find it in a shorter time;

• If there is a large number of constraints in the problem, the P–D penalty method seems
to take a shorter CPU time in finding a local minimizer.

For the purpose of illustrating these aspects, we consider three problems for running Algorithm 1:
(i) a nonconvex quartic polynomial optimization problem in R3 with polynomial equality con-
straints [29], (ii) several large-scale instances of the celebrated kissing number problem [14,28,32]
and (iii) the Markov–Dubins problem [30]. We use the optimization modelling language software
AMPL [22] paired up with the popular commercial constrained optimization software Knitro [2]
in the experiments.

For the comparisons, we solve a given problem by using the AMPL–Knitro suite in two different
ways: (i) We code the objective function and the constraints in AMPL in the usual way and
(ii) we code the constraints as embedded in the rounded weighted-ℓ1 penalty function and perform
the penalty parameter updates in a loop, also in AMPL. In other words, we effectively compare
Knitro “with itself,” by running it (i) on its own and (ii) as part of the P–D penalty method in
Step 2 of Algorithm 1. We carry out many thousands of runs with randomized initial guesses
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for each example so as to obtain reliable information on the percentages of the time a minimum
is found. This information in turn provides an idea as to how close in general the local minima
that were found are close to the global one, as well as the computational time that each run
took on the average, for each approach.

The paper is organized as follows. In Section 2 we give the basic definitions, including the
definition of the Lagrangian, as used in [33]. In Section 3 we present the duality setting, show
that the dual problem is convex for each fixed parameter w > 0, establish the zero duality gap
property and obtain results regarding the structure of the set of dual solutions. In this section
we provide the theoretical basis for the search direction and the stopping criteria to be used
later in Algorithm 1. In Section 4 we describe the subgradient method for improving the dual
values and show that every accumulation point of the primal sequence is a solution of the primal
problem. In Section 5, we present a computational algorithm and the numerical experiments.
Finally, Section 6 concludes the paper.

2 Basic Facts, Definitions and Assumptions

For m ∈ N, denote by Rm
++ := {y ∈ Rm : yi > 0 for all i = 1, . . . ,m} the positive orthant of Rm

and by Rm
+ := {y ∈ Rm : yi ≥ 0 for all i = 1, . . . ,m} the nonnegative orthant of Rm. For p ∈ N

and z, z′ ∈ Rp, we write z ≤ z′ when zl ≤ z′l for every coordinate l = 1, . . . , p. We denote by
‖ · ‖2 the ℓ2-norm and by ‖ · ‖∞ the ℓ∞-norm. For problem (P ), denote by S∗ the (nonempty)
set of solutions of (P ) and by

MP := inf
x∈X0

f(x),

the optimal value of the problem (P ). Our analysis needs to take care of both equality and
inequality constraints. This will be achieved by means of the following two auxiliary functions
from [33].

Definition 2.1 Let w ≥ 0. Define η : R× R+ → R+ as

η(t, w) :=















t2

2w
if |t| < w,

|t| − w

2
if |t| ≥ w.

(1)

Define γ : R× R+ → R+ as

γ(t, w) :=































t2

2w
, if 0 < t < w ,

t− w

2
, if t ≥ w ,

0 , if t ≤ 0 .

(2)

Illustrations of η and γ appear in Figure 1.



A Primal–Dual Penalty Method via Rounded Weighted-ℓ1 Lagrangian Duality by R. S. Burachik, C. Y. Kaya and C. J. Price 5

✲

✻

✲

✻

t t

η γ

−w w w

w
2

w
2

�
�
�
�

�

❅
❅

❅
❅

❅

�
�
�
�

�

Figure 1: Graphs of η(t) (left image) and γ(t) showing the rounding regions.

Remark 2.1 From (1) we see that η is quadratic over the interval (−w,w), and hence this
interval can be seen as a rounding region of ‘width’ w. Outside the rounding region, η behaves
like an ℓ1 penalty term. Note that the function η is a smooth (i.e., continuously differentiable)
lower minorant of the function ḡ := | · |. Hence, for small values of w > 0, it can be seen
as a smooth approximation of ḡ. In a similar way, the function γ can be seen as a smooth
approximation of the function [·]+ := max{·, 0} for small values of w > 0.

The following lemma collects several useful properties of the functions η and γ.

Lemma 2.1 Let η and γ be as defined in (1) and (2), respectively. The following properties
hold.

(a) η(t, w) ≥ 0 and γ(t, w) ≥ 0 for all (t, w) ∈ R× R++.

(b) For all (t, w) ∈ R× R++,

∂η

∂w
(t, w) =



















− t2

2w2
if |t| < w

−1

2
if |t| ≥ w

and
∂γ

∂w
(t, w) =



































− t2

2w2
if 0 < t < w

−1

2
if t ≥ w

0 if t ≤ 0

(c) |t| − w/2 ≤ η(t, w) ≤ |t| and [t]+ − w/2 ≤ γ(t, w) ≤ [t]+, for all (t, w) ∈ R× R+.

(d) For all t1, t2 ∈ R and w ∈ R++, |t1| < |t2| implies η(t1, w) < η(t2, w).

(e) For all t1, t2 ∈ R and w ∈ R++, 0 < t1 < t2 or t1 < 0 < t2 implies γ(t1, w) < γ(t2, w).

Proof Item (a) follows immediately from Definitions (1) and (2). Item (b) follows from dif-
ferentiating (1) and (2) with respect to w. Item (c) for η holds trivially when |t| ≥ w and in
particular when w = 0. Otherwise, write η(t, w) = |t|2/(2w), and the right hand inequality in
(c) follows from

|t| < w ⇒ |t|2 ≤ w|t| ≤ 2w|t| ⇒ η(t, w) =
|t|2
2w

≤ |t|.
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For the left hand inequality in (c)

(|t| − w)2 = |t|2 − 2w|t|+ w2 ≥ 0 ∀(t, w) ∈ R× R++

which implies

2w|t| − w2 ≤ |t|2 ⇒ |t| − w

2
≤ |t|2

2w
= η(t, w) .

Let us now check item (c) for γ. If t ≤ 0 then γ(t, w) = 0 so, in particular, [t]+−w/2 = −w/2 ≤
γ(t, w) ≤ [t]+ = 0. If t > 0 then we consider two cases. If t ∈ (0, w) then a calculation similar
to the one for η above yields

0 < t < w ⇒ t2 ≤ wt ≤ 2wt ⇒ γ(t, w) =
t2

2w
≤ t.

As above, the inequality t − (1/2w) ≤ t2/2w is always true, and the result follows a similar
argument, mutatis mutandis, as the one in the proof of (c) for η. For proving (d), we first
note that η(t, w) = η(|t|, w) for all (t, w) ∈ R × R++. The cases when |t1| < |t2| < w and
w ≤ |t1| < |t2| are obvious from the definition of η. Otherwise, for |t1| < w ≤ |t2| we have

η(t1, w) =
|t1|2
2w

<
w2

2w
= w − w

2
≤ |t2| −

w

2
= η(t2, w).

Finally, we prove (e). As in (d), the claim is trivial if 0 < t1 < t2 < w or 0 < w ≤ t1 < t2.
Assume that 0 < t1 < w ≤ t2. We have

γ(t1, w) =
(t1)

2

2w
<

w2

2w
= w − w

2
≤ t2 −

w

2
= γ(t2, w).

If t1 < 0 < w ≤ t2 then

γ(t1, w) = 0 < w − w

2
≤ t2 −

w

2
= γ(t2, w),

which completes the proof of (e). ✷

The following technical lemma will be important in the establishment of zero duality gap.

Lemma 2.2 Assume that (wk) ⊂ R+ is a sequence bounded above by w̄ > 0, and let (tk) ⊂ R.
The following properties hold.

(a) If limk→∞ η(tk, wk) = 0 then limk→∞ |tk| = 0.

(b) If limk→∞ γ(tk, wk) = 0 then limk→∞[tk]+ = 0.

Proof (a) Assume that (a) is not true, which means that there exists an infinite set K ⊂ N and
a δ > 0 such that |tk| > δ for all k ∈ K. We claim that in this case there exists k0 ∈ K such that
|tk| ≥ wk for all k ≥ k0, k ∈ K. Indeed, assume that the claim is not true, i.e., there exists an
infinite subset K1 ⊂ K such that |tk| < wk for all k ∈ K1. Using the definition of η we can write

0 = lim
k → ∞

k ∈ K1

η(tk, wk) = lim
k → ∞

k ∈ K1

t2k
2wk

≥ lim
k → ∞

k ∈ K1

δ2

2wk

≥ δ2

2w̄
> 0 ,
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a contradiction. Therefore, the claim is true and there exists k0 ∈ K such that |tk| ≥ wk for all
k ≥ k0, k ∈ K. This implies that for all k ≥ k0, k ∈ K, we have

0 = lim
k → ∞

k ∈ K

η(tk, wk) = lim
k → ∞

k ∈ K

|tk| − wk/2 ≥ lim
k → ∞

k ∈ K

wk/2 ≥ 0,

which in turn implies that wk → 0 for k ∈ K tending to ∞. Hence,

0 = lim
k → ∞

k ∈ K

η(tk, wk) + wk/2 = lim
k → ∞

k ∈ K

|tk| ≥ δ > 0 ,

a contradiction. Altogether, we deduce that limk→∞ |tk| = 0. An identical proof works for (b),
with |tk| replaced everywhere by [tk]+. ✷

2.1 A Lagrangian function for (P )

Using the functions η and γ given in Definition 2.1, a Lagrangian for problem (P ) can be defined
as follows.

Definition 2.2 Fix w ≥ 0. For h : X → Rm and g : X → Rr as in problem (P ), consider the
function Lw : X × Rm

++ × Rr
++ → R defined by

Lw(x, u, v) := f(x) +
m
∑

i=1

ui η(hi(x), w) +
r

∑

j=1

vj γ(gj(x), w). (3)

Our Lagrangian approximates the weighted-ℓ1 penalty function for small values of w > 0. To
make this statement precise, we recall next the (weighted) ℓ1 penalty function in the context of
Problem (P).

Definition 2.3 For u and h as in Definition 2.2, the (weighted) ℓ1 penalty function for problem
(P) is defined as the function ϕℓ1 : X × Rm

++ × Rr
++ → R given by

ϕℓ1 := f(x) +
m
∑

i=1

ui|hi(x)|+
r

∑

j=1

vj [gj(x)]+ . (4)

Remark 2.2 In (3) and (4), the coordinates ui for i = 1, . . . ,m and vj for j = 1, . . . , r act
as penalty parameters. The advantage of (3) over (4) is that the terms uiη(hi(x), w) and
vj γ(gj(x), w) are quadratic when |hi(x)| < w and gj(x) ∈ (0, w), respectively. Everywhere
else (3) mimics the ℓ1 penalty function defined in (4). The Lagrangian Lw can thus be viewed as
an inexact penalty function for Problem (P ) with the property that the exact ℓ1 penalty func-
tion is recovered when w = 0. Note that the parameter w ≥ 0 gives a measure of the proximity
between Lw and ϕℓ1 . Indeed, it follows readily from Lemma 2.1(c) that for all w ≥ 0 we can
write

|Lw(x, u, v)− ϕℓ1(x, u, v)| ≤
w

2
(‖u‖1 + ‖[v]+‖1),

where ‖ · ‖1 is the ℓ1-norm in Rm, and for z ∈ Rp we define ([z]+)j := [zj]+ for all j = 1, . . . , p.
The above inequality clearly gives L0 = ϕℓ1 .
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3 Primal–Dual Setting

In our analysis, we may consider a decreasing sequence (wk) ⊂ R+ and generate a sequence of
Lagrangians (Lwk

(·, ·, ·)), defined as in (3) for w := wk. For simplicity we may use the notation
Lk := Lwk

(·, ·, ·). We now define the dual problem, by means of the Lagrangian Lw given in
Definition 2.2. Fix w ≥ 0 and let qw : Rm × Rr → R−∞ be defined as

qw(u, v) :=







infx∈X Lw(x, u, v), if (u, v) ∈ Rm
++ × Rr

++ ,

−∞ c.c. ,
(5)

The dual problem, denoted by (Dw) is given by

sup
(u,v)∈Rm

++
×Rr

++

qw(u, v). (6)

We denote its supremum by MDw
.

Proposition 3.1 Fix (u, v, w) ∈ Rm
++ ×Rr

++ ×R+. The dual function qw is concave and every-
where continuous.

Proof The proof is standard, we include it for completeness. By Definition 5 and compactness
of X, we have that dom(qw) := {(u, v) : qw(u, v) > −∞} = Rm

++ ×Rr
++, a convex set. Hence, it

is enough to check concavity over the domain set Rm
++ × Rr

++. Indeed, for (u, v) ∈ Rm
++ × Rr

++

we have that

qw(u, v) = inf
x∈X

[

f(x) +
m
∑

i=1

uiη(hi(x), w) +
r

∑

j=1

vjγ(gj(x), w)

]

,

where the function between square brackets is affine in the variable (u, v). The infimum of
affine functions is concave. The continuity follows from the fact that qw(u, v) (with w fixed) is
a concave function of (u, v) and is everywhere finite (because X is compact). ✷

The following result, which can be found in [12, Proposition 3.1.15] shows that the infimum
in (5) is always achieved for some point in X.

Lemma 3.3 If φ is a lower semi-continuous function mapping from a compact set K into R,
then there exists x0 ∈ K such that φ(x) ≥ φ(x0) for all x ∈ K.

Corollary 3.1 For all (u, v, w) ∈ Rm
++ × Rr

++ × R+ there exists an x♯(u, v, w) ∈ X such that

qw(u, v) = Lw

(

x♯(u, v, w), u, v
)

Proof Via Lemma 3.3 with φ := Lw(·, u, v) and K := X. Indeed, our assumptions on (P) imply
that, for every fixed (u, v, w) ∈ Rm

++×Rr
++×R+, the function Lw(·, u, v) is lower-semicontinuous

(note that η(·, w), γ(·, w), h(·) and g(·) are continuous). Since X is compact, the claim follows
from Lemma 3.3. ✷
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The corollary above motivates the next definition.

Definition 3.4 Given (u, v, w) ∈ Rm
++ × Rr

++ × R+, consider the set

T (u, v, w) := argmin
x∈X

Lw(x, u, v),

of all minimizers of the Lagrangian induced by (u, v, w).

Corollary 3.1 implies that T (u, v, w) 6= ∅ for every (u, v, w) ∈ Rm
++ × Rr

++ × R+.

Corollary 3.2 There exists FL ∈ R such that f(x) ≥ FL for all x ∈ X.

Proof Via Lemma 3.3 with φ := f and K := X. ✷

We will be concerned with establishing zero duality gap properties in the situation in which
the parameter w is decreasing. More precisely, from now on we assume that we have a sequence
(wk) ⊂ R+ such that wk+1 ≤ wk for all k. For each k we have a dual problem (Dk) := (Dwk

), a
Lagrangian Lk := Lwk

and a dual function qwk
:= qk.

Lemma 3.4 (weak duality) Take (wk) ⊂ R+ and consider problem (Dk). For every (u, v) ∈
Rm

+ × Rr
+ we have

qk(u, v) ≤ MP ∀ k ∈ N. (7)

Consequently, MDk
≤ MP for all k ∈ N.

Proof For any x ∈ X0 we must have hi(x) = 0 and gj(x) ≤ 0 for every i = 1, . . . ,m and every
j = 1, . . . , r. Hence η(hi(x), wk) = 0 = γ(gj(x), wk) for all k, which means Lk(x, u, v) = f(x) for
all (x, u, v) ∈ X0 × Rm

+ × Rr
+. Now,

qk(u, v) = min
x∈X

Lk(x, u, v) ≤ min
x∈X0

Lk(x, u, v) = min
x∈X0

f(x) = MP

where the inequality is because X0 ⊆ X. Since no additional restrictions were placed on u, v or
wk, this holds for all u, v ≥ 0 and wk ≥ 0. The last statement follows by taking the supremum
of qk over all u, v ≥ 0. ✷

Lemma 3.5 Let (wk) ⊂ R+ be a decreasing sequence and let (Lk) be defined as in (3) for
w := wk. Fix (x, u, v) ∈ X × Rm

++ × Rr
++. The following properties hold.

(a) Lk(x, u, v) ≤ Lk+1(x, u, v) ≤ ϕℓ1(x, u, v), for every k ∈ N.

(b) The dual optimal values verify MDk
≤ MDk+1

≤ MP for every k ∈ N.

(c) In the particular case in which (wk) ↓ 0, we have

lim
k→∞

Lk(x, u, v) = ϕℓ1(x, u, v).
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Proof For part (a), we use Lemma 2.1(b). Indeed, because 0 ≤ wk+1 ≤ wk and the partial
derivatives w.r.t. w of both η(t, ·) and γ(t, ·) are non-positive, we have that

| · | ≥ η(·, wk+1) ≥ η(·, wk),

and
[·]+ ≥ γ(·, wk+1) ≥ γ(·, wk).

Hence,

Lk(x, u, v) = f(x) +
∑m

i=1 ui η(hi(x), wk) +
∑m

j=1 vj γ(gj(x), wk)

≤ f(x) +
∑m

i=1 ui η(hi(x), wk+1) +
∑m

j=1 vj γ(gj(x), wk+1)

= Lk+1(x, u, v) ≤ f(x) +
∑m

i=1 ui |hi(x)|+
∑m

j=1 vj [gj(x)]+ = ϕℓ1(x, u, v),

where we also used Lemma 2.1(c). This proves part (a). We proceed to prove part (b). Using
(a) and the definition of the dual function, write

qk(u, v) ≤ Lk(x, u, v) ≤ Lk+1(x, u, v),

for every (x, u, v) ∈ X × Rm
++ × Rr

++. The above expression gives qk(u, v) ≤ Lk+1(x, u, v) for
every x ∈ X. Taking infimum over x ∈ X in the right hand side we derive

qk(u, v) ≤ qk+1(u, v) ≤ MDk+1
,

for every (u, v) ∈ Rm
++ × Rr

++. Using the leftmost and rightmost sides of the last expression we
deduce that MDk

≤ MDk+1
. The inequality MDk+1

≤ MP follows from Lemma 3.4. We proceed
to prove (c). Assume that (wk) ↓ 0. We will use Remark 2.2, which in our case becomes

lim
k→∞

|Lk(x, u, v)− ϕℓ1(x, u, v)| ≤ lim
k→∞

wk

2
(‖u‖1 + ‖[v]+‖1) = 0,

as desired. ✷

The following property establishes our (asymptotic) weak duality result.

Corollary 3.3 (Asymptotic weak duality) Let (Lk) be as in (3) for a decreasing sequence
(wk) ⊂ R+. Then

lim
k→∞

MDk
≤ MP .

Proof The statement follows directly from Lemma 3.5(b). ✷

The next lemma is crucial in showing that the limit in the last corollary is precisely MP .

Lemma 3.6 Assume that the sequence (wk) ⊂ R+ is such that wk+1 ≤ wk for all k. Then for
every k ∈ N we have that

MP ≤ sup
u,v≥0

qk(u, v) = MDk
.
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Proof Take a sequence (uk, vk) ⊂ Rm
++ × Rr

++ with coordinates uk
i for i = 1, . . . ,m and vkj for

j = 1, . . . , r respectively. Assume that

lim
k→∞

uk
i = lim

k→∞
vkj = +∞, (8)

for every (i, j). For each k, define (for notational simplicity),

xk := x♯(uk, vk, wk) ∈ T (uk, vk, wk),

where the set T is as in Definition 3.4. Corollaries 3.1 and 3.2 together with Lemma 3.4 imply

FL +
∑m

i=1 u
k
i η(hi(xk), wk) +

∑r

j=1 v
k
j γ(gj(xk), wk) ≤

f(xk) +
∑m

i=1 u
k
i η(hi(xk), wk) +

∑r

j=1 v
k
j γ(gj(xk), wk) = qk(u

k, vk) ≤ MP

(9)

Inequality (9) and (8) yield

lim
k→∞

η (hi(xk), wk) = lim
k→∞

γ (gj(xk), wk) = 0,

for every i, j. By Lemma 2.2, we deduce that |h(xk)| → 0 and [g(xk)]+ → 0 as k → ∞.

Compactness of X implies that the sequence (xk) contains a convergent subsequence (xk)k∈K
with its limit x in X. Continuity of h and g then yields h(x) = 0 and g(x) ≤ 0, and thus x ∈ X0.
Lower semi-continuity of f on X implies

lim inf
k→∞, k∈K

f(xk) ≥ f(x) ≥ MP .

The inequality above and the definition of xk yield

qk(u
k, vk) = Lk(xk, u

k, vk) ≥ f(xk) ∀k ∈ K,

which gives
MDk

= sup
u,v≥0

qk(u, v) ≥ qk(u
k, vk) ≥ f(xk).

Hence,
MDk

= sup
u,v≥0

qk(u, v) ≥ lim inf
k→∞, k∈K

f(xk) ≥ f(x) ≥ MP ,

as claimed. ✷

Lemmas 3.4 and 3.6 imply that, asymptotically, there is zero duality gap. This is formally
stated in the corollary below.

Corollary 3.4 Assume that the sequence (wk) ⊂ R+ is such that wk+1 ≤ wk for all k. Then,

MP = lim
k→∞

MDk
= sup

k∈N

MDk
.

Proof The first equality follows directly from Corollary 3.3 and Lemma 3.6, while the second
equality follows from Lemma 3.5(b). ✷
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3.1 Properties of the dual solution set

Definition 3.5 Fix j ∈ {1, . . . , p} and z ∈ Rp. Denote by z−j ∈ Rp−1 the vector obtained from z
by extracting the coordinate j. Namely, for every j ∈ {1, . . . , p}, z−j := (z1, . . . , zj−1, zj+1, . . . , zp).
For j ∈ {1, . . . ,m} and the Lagrangian Lw as in Definition 2.2, consider the function

L̂w[x, u−j , v](·) := Lw(x, u1, . . . , uj−1, uj+1, . . . , um, v)(·) : R+ → R,

obtained by fixing in Lw all variables with the exception of uj. In a similar way, define L̂w[x, u, v−l](·)
for l ∈ {1, . . . , r}, obtained by fixing in Lw all variables with the exception of vl.

Lemma 3.7 For all (x, u, v, w) ∈ X × Rm
++ × Rr

++ × R++, every i ∈ {1, . . . ,m} and every
j ∈ {1, . . . , r}, the following hold.

(i) L̂w[x, u−i, v](·) is a non-decreasing function on R++when x, v and u−i are fixed.

(ii) L̂w[x, u, v−j ](·) is a non-decreasing function on R++ when x, u and v−j are fixed.

(iii) If x 6∈ X0, then L(·)(x, u, v) is a strictly decreasing function on R++ when x, u and v are
fixed.

Proof (i) For fixed x, v and w the Lagrangian Lw(x, ·, v) is differentiable with respect to u ∈
Rm

++. Direct calculation gives

∂L̂w[x, u−i, v](·)
∂ui

= η(hi(x), w) ≥ 0.

The mean value theorem now yields, for every t > 0, and some θ between ui and ui + t,

L̂w[x, u−i](ui + t)− L̂w[x, u−i](ui) =
∂L̂w[x, u−i](θ)

∂ui

t ≥ 0,

so the non-decreasing property is established. For proving (ii), use an identical argument for
L̂w[x, u, v−j ](·), because also in this case the partial derivative is non-negative. For (iii), assume
that x 6∈ X0. In this case, there exists i0 such that |hi0(x)| > 0 or j0 such that gj0(x) > 0. In

the first case, we have by Lemma 2.1(b) that
∂η(hi0(x), w)

∂w
< 0. In the second case, again by

2.1(b) we obtain
∂γ(gj0(x), w)

∂w
< 0. Altogether, we can write

∂L(·)(x, u, v)

∂w
=

m
∑

i=1

ui

∂η(hi(x), w)

∂w
+

r
∑

j=1

vj
∂γ(gj(x), w)

∂w
< 0,

because at least one term is strictly negative and all others are non-positive due to Lemma 2.1(b)
and the fact that u, v > 0. ✷

Definition 3.6 Define the set

S(D) := {(u, v, w) ∈ Rm
+ × Rr

+ × R+ : qw(u, v) = MP},

of all possible dual solutions (considering the parameter w as a dual variable).
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The following lemma, which is a direct consequence of the previous one, shows an important
property of the set of dual solutions.

Lemma 3.8 If (u, v) ≥ (û, v̂) ≥ 0 and 0 ≤ w ≤ ŵ then qw(u, v) − qŵ(û, v̂) ≥ 0. In particular,
if (u∗, v∗, w∗) ∈ S(D), then (u, v, w) ∈ S(D) whenever (u, v) ≥ (u∗, v∗) and 0 ≤ w ≤ w∗.

Proof For a fixed w > 0, we can write for (u, v) ≥ (û, v̂)

qw(u, v) = min
x∈X

Lw(x, u, v) ≥ min
x∈X

Lw(x, û, v̂) = qw(û, v̂),

because η, γ ≥ 0. On the other hand, if w ≤ ŵ by Lemma 3.7(iii) we have Lw(x, û, v̂) ≥
Lŵ(x, û, v̂), so we have

qw(û, v̂) = min
x∈X

Lw(x, û, v̂) ≥ min
x∈X

Lŵ(x, û, v̂) = qŵ(û, v̂).

Altogether,

qw(u, v)− qŵ(û, v̂) = [qw(u, v)− qw(û, v̂)] + [qw(û, v̂)− qŵ(û, v̂)] ≥ 0,

as wanted. The last statement in the lemma directly follows from the inequality above. Indeed,
assume that qw∗(u∗, v∗) = MP and take (u, v) ≥ (u∗, v∗) and 0 ≤ w ≤ w∗, then

MP ≥ qw(u, v) ≥ qw∗(u∗, v∗) = MP ,

where we used Lemma 3.4 in the leftmost inequality. ✷

Remark 3.3 Lemma 3.8 shows that if zero duality gap is achieved for a given (u∗, v∗, w∗),
then zero duality gap holds for all (u, v, w) satisfying (u, v) ≥ (u∗, v∗) and w ≤ w∗. From a
theoretical point of view this means the coordinates of u, v, as well as 1/w can be increased
with impunity. Practically speaking, doing so might make the task of calculating qw(u, v) via (5)
increasingly difficult. By Lemma 3.5(c), when wk ↓ 0, Lwk

converges to the ℓ1 penalty function.
In many cases, for sufficiently large but finite (u, v), the minimizer(s) of ϕℓ1(·, u, v) will lie in X0.
Alternatively, if the penalty parameters (u, v) become arbitrarily large, Lw(·, u, v) approaches
the extreme barrier function given by B(x) := f(x) when x ∈ X0, and B(x) := ∞ otherwise.
Given that X0 is defined by equality and inequality constraints, the extreme barrier function
is likely to be much more difficult to work with than the ℓ1 exact penalty function. Hence our
preferred strategy will be to increase (u, v) where necessary, and decrease w to zero in the limit.

Definition 3.7 Fix (u, v, w) ∈ Rm
+ × Rr

+ × R+, and take x ∈ T (u, v, w) (see Definition 3.4).
Define the vectors:

p1(x, w) :=
m
∑

i=1

η(hi(x), w)e
i ∈ Rm

+ , p2(x, w) :=
r

∑

j=1

γ(gj(x), w)ê
j ∈ Rr

+, (10)

where ei is the i-th canonical vector in Rm, and êj is the j-th canonical vector in Rr. Write
p(x, w) := (p1(x, w), p2(x, w)).
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Remark 3.4 It follows directly from the definition of η and γ that

p(x, w) = 0 ⇐⇒ x ∈ X0,

for every w ≥ 0.

Definition 3.8 Recall that, for r ≥ 0 and a given concave function c : Rp → R−∞, the r-
supergradient of c at z ∈ dom(c) = {z′ ∈ Rp : c(z′) > −∞}, denoted as ∂rc(z), is the set

∂rc(z) := {ξ ∈ Rp : c(z′) ≤ c(z) + 〈z′ − z, ξ〉+ r, ∀z′ ∈ Rp}.

Proposition 3.2 Fix (u, v, w) ∈ Rm
+ × Rr

+ × R+ and x ∈ T (u, v, w). The following properties
hold. Write z := (u, v) and fix π0 ∈ Rm+r

+ . Take p(x, w) as in Definition 3.7. Then, we have
that

p(x, w) + π0 ∈ ∂rqw(z),

where r ≥ 〈z, π0〉. In particular, p(x, w) ∈ ∂qw(z).

Proof The proof is straightforward. Indeed, let z′ := (u′, v′) ∈ Rm
+ × Rr

+ so we can write

qw(z
′) ≤ f(x) +

∑m

i=1 u
′
i η(hi(x), w) +

∑r

j=1 v
′
jγ(gj(x), w)

≤ f(x) +
∑m

i=1 u
′
i (η(hi(x), w) + π0,i) +

∑r

j=1 v
′
j (γ(gj(x), w) + π0,j)

= f(x) +
∑m

i=1(u
′
i − ui) (η(hi(x), w) + π0,i) +

∑r

j=1(v
′
j − vj) (γ(gj(x), w) + π0,j)

+
∑m

i=1 ui (η(hi(x), w) + π0,i) +
∑r

j=1 vj(γ(gj(x), w) + π0,j)

= f(x) +
∑m

i=1 ui η(hi(x), w) +
∑r

j=1 vjγ(gj(x), w)

+
∑m

i=1(u
′
i − ui) (η(hi(x), w) + π0,i)

+
∑r

j=1(v
′
j − vj) (γ(gj(x), w) + π0,j) + 〈z, π0〉

= qw(z) + 〈z′ − z, p(x, w) + π0〉+ 〈z, π0〉

≤ qw(z) + 〈z′ − z, p(x, w) + π0〉+ r,

where the first inequality follows from the definition of qw, the second inequality holds because
π0 ≥ 0, and the last equality follows from the definition of x. The last inequality above implies
that p(x, w) + π0 ∈ ∂rqw(z). The last statement follows by taking π0 := 0 and r := 0. ✷

Proposition 3.3 Fix (u, v, w) ∈ Rm
+ × Rr

+ × R+. The following statements are equivalent.

(a) x ∈ T (u, v, w) ∩X0.

(b) x ∈ S∗ and (u, v, w) ∈ S(D).
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Proof If x ∈ T (u, v, w) ∩X0, we can write

MP ≥ qw(u, v) = Lw(x, u, v) = f(x) ≥ MP ,

where we used Lemma 3.4 in the first inequality, the definition of x in the first equality, and
the fact that x is feasible in the last equality and in the rightmost inequality. This shows that
x ∈ S∗ and (u, v, w) ∈ S(D), which is (b). Call z := (u, v). If (b) holds with (z, w) ∈ S(D),
then x ∈ X0, and f(x) = MP so we can write

inf
x′∈X

Lw(x
′, z) = qw(z) = MP = f(x) + 〈p(x, w), z〉,

where we used the fact that (z, w) ∈ S(D) in the second equality, and Remark 3.4 in the third
equality. The above expression yields x ∈ T (z, w). Since we have x ∈ S∗ ⊂ X0, we deduce that
x ∈ T (z, w) ∩X0. ✷

4 A Primal–Dual Subgradient Algorithm

Note that Proposition 3.2 provides a search direction for the updates of the dual variables that
is tailored to the algorithm’s progress, while Proposition 3.3 provides a stopping criteria.

Definition 4.9 Let (uk, vk, wk) ∈ Rm
++ × Rr

++ × R++ be given, and set xk ∈ T (uk, vk, wk).
Consider the vector pk := p(xk, wk) = (p1(xk, wk), p2(xk, wk)) ∈ Rm

+ × Rr
+ as defined in (10).

Given zk := (uk, vk), define

zk+1 := zk + skp
k ∈ Rm

++ × Rr
++,

where sk > 0. The vector zk+1 = (uk+1, vk+1) is called a subgradient step from zk. The sequence
(zk) generated in this way is called the dual sequence. A sequence (xk) generated by minimizing
Lk(·, uk, vk) over the set X is called the primal sequence.

4.1 A Primal–Dual Algorithm

Next an algorithm that performs a subgradient step for each qk is described.

Step 1 Set k = 1. Select (z1, w1) ∈ Rm
++ × Rr

++ × R++.

Step 2 Find a global minimizer of Lk(·, zk) over X, label it xk and compute pk as in (10). If
pk = 0, STOP. Otherwise, go to Step 3.

Step 3 Set zk+1 = zk + sk (p
k + dk), where sk > 0 and dk ≥ 0. Set wk+1 ≤ wk, increment k and

go to Step 2.

Remark 4.5 If the algorithm stops in Step 2 for a certain k, then by Proposition 3.3, xk ∈ S∗

and (zk, wk) ∈ S(D). This fact justifies the stopping criteria.
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4.2 Convergence Analysis

We first show some simple properties of our algorithm.

Lemma 4.9 The following properties hold for the sequences (zk) and (xk).

(i) The sequence (zk) converges to some z ∈ Rm
++×Rr

++ if and only if
∑∞

k=1 sk(p
k + dk) < ∞.

This situation happens if and only if (zk) is bounded.

(ii) Write rk := 〈zk, dk〉 ≥ 0. The search direction ∆k := pk + dk ∈ ∂rkqk(z
k).

(iii) The sequence (qk(z
k)) is non-decreasing.

(iv) Assume that dki ≥ d̂ > 0 for all i = 1, . . . ,m + r and all k. If for some k we have
(zk, wk) ∈ S(D) then either pk = 0 or pk+1 = 0. Consequently, if for some k we have
(zk, wk) ∈ S(D) then the generated sequence is finite.

(v) Take d̄ > d̂ > 0 and assume that dki ∈ [d̂, d̄ ] for all i = 1, . . . ,m + r, and all k. The
sequence (zk) is unbounded if and only if (zki ) is unbounded for all i = 1, . . . ,m+ r.

Proof Since (zk) is an increasing sequence, its convergence is equivalent to its boundedness.
This establishes the last statement in (i). Let us prove the first statement in (i). From Step 3
of the algorithm we have, for every k ∈ N,

zk − z1 =
k−1
∑

t=1

st (p
t + dt).

Hence,

lim
k→∞

zk = z1 +
∞
∑

t=1

st (p
t + dt), (11)

which establishes (i). Part (ii) follows directly from Proposition 3.2 and the fact that dk ≥ 0.
Part (iii) is a direct consequence of Lemma 3.8 and the fact that zk+1 ≥ zk and wk+1 ≤ wk. Let us
prove part (iv). Note that the last statement in (iv) follows directly from Step 2 of the algorithm.
Let us show the first statement in (iv). Assume that for some k we have (zk, wk) ∈ S(D). This
means that qk(z

k) = MP . If pk = 0 we are done, so assume that pk+1 6= 0 6= pk. This means
that we perform the step k + 1. Using Proposition 3.2 for π0 := 0, the supergradient inequality
and the assumption (zk, wk) ∈ S(D), we can write

MP = qk(z
k) ≤ qk+1(z

k) ≤ qk+1(z
k+1) + 〈zk − zk+1, pk+1〉, (12)

where pk+1 = p(xk+1, wk+1) with xk+1 ∈ T (zk+1, wk+1). Part (iii) of this lemma, Lemma 3.4 and
the assumption (zk, wk) ∈ S(D) yield

MP = qk(z
k) ≤ qk+1(z

k+1) ≤ MP ,

so qk+1(z
k+1) = MP . Combine this fact with the supergradient inequality (12) and the definition

of the subgradient step to write

MP ≤ qk+1(z
k+1) + 〈zk − zk+1, pk+1〉,

= MP − sk〈pk + dk, pk+1〉

≤ MP − sk〈pk + d̂, pk+1〉 < MP ,
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where the second inequality holds because pk+dk ≥ pk+ d̂ and the third inequality holds because
pk + d̂ ≥ d̂ > 0 and pk+1 6= 0 (recall that pk ≥ 0). The above expression entails a contradiction,
so we must have pk+1 = 0 as claimed.

Let us prove (v). It is enough to prove the necessity, because the sufficiency is trivial. As-
sume that (zk) is unbounded above. Since (zk) is increasing this implies that there exists
l ∈ {1, . . . ,m + r} such that zkl ↑ ∞. Using (11) for the coordinate l of the sequence, we can
write

zk+1
l = z1l +

k
∑

t=1

st (p
t
l + dtl) ≤ z1l +

k
∑

t=1

st p
t
l + d̄

k
∑

t=1

st.

Since the function p(·, ·) is continuous over the compact set X × [0, w1] there exists P̄ such
that ‖p(x′, w′)‖∞ ≤ P̄ for all (x′, w′) ∈ X × [0, w1]. Altogether,

zk+1
l ≤ z1l + (P̄ + d̄)

k
∑

t=1

st.

Since zkl ↑ ∞, we must have
∑∞

t=1 st = ∞. Now take any coordinate i 6= l. Using (11) for the
coordinate i we obtain

zk+1
i = z1i +

k
∑

t=1

st (p
t
i + dti) ≥ z1i + d̂

k
∑

t=1

st.

We have just proved that the rightmost term tends to infinity, so we deduce that zki ↑ ∞, as
wanted. ✷

Remark 4.6 By inspecting part (v) in the last result, we see that, when 0 < d̂ ≤ dki ≤ d̄ for all
i = 1, . . . ,m+ r, and all k, boundedness of (zk) is equivalent to

∑∞

t=1 st < ∞.

4.3 Convergence under two choices of Step-size

In our analysis, we will consider the following step sizes.

(a) sk :=
1

‖pk‖2
, or

(b) sk := ‖pk‖2,

for all k. To avoid trivial situations, we assume that X ) X0. Choice (a) above, together with
the compactness of X, implies that sk is bounded below by a positive constant. Choice (b)
implies that sk is bounded above by a positive constant. In our numerical experiments, we only
use (a). Our main convergence result, which is Theorem 4.1, can also be established (with trivial
modifications) for sk := s > 0 constant.

Theorem 4.1 Assume that the step-size sk verifies (a) or (b) above, and assume that the se-
quence (wk) is decreasing with limit w := limk→∞wk. The following properties hold for the
sequences (zk) and (xk).
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(I) Every accumulation point of (xk) is in S∗ and qk ↑ MP .

(II) If (zk) is bounded, then its limit z ∈ Rm
++ × Rr

++ verifies (z, w) ∈ S(D).

(III) If dk ≥ d̂ > 0 for all k, then (qk(z
k)) is a strictly increasing sequence.

Proof Let us prove (I). The compactness of X implies the sequence (xk) of iterates has one or
more accumulation points in X. Let x∗ be an arbitrary accumulation point. By replacing (xk)
with a proper subsequence of itself if necessary, let (xk) converge to x∗. First, we show that
x∗ ∈ X0 by contradiction. Assume x∗ 6∈ X0. This can happen in two possible ways. Either (a)
there exists i such that |hi(x

∗)| = 2H > 0, or (b) there exists j such that gj(x
∗) = 2H > 0.

We assume first that (a) holds. Case (b) can be dealt with similarly. If there exists i such that
|hi(x

∗)| = 2H > 0, the continuity of hi and the convergence of (xk) to x∗ imply

∃K ∈ N such that |hi(xk)| > H ∀k > K.

This, together with Lemma 2.1(d) and uk
i > 0 implies

uk
i η(hi(xk), wk) ≥ uk

i η(H,wk) ∀k > K.

The updating strategy for w means wk ≤ w1 for all k. Lemma 2.1(b) shows that η(H, ·) is a
decreasing function (of w) for fixed H, so

uk
i η(hi(xk), wk) ≥ uk

i η(H,wk) ≥ uk
i η(H,w1) ∀k > K.

This yields
qk(u

k, vk) = Lk(xk, u
k, vk) ≥ FL + uk

i η(H,w1) ∀k > K,

where we used the definition of xk in the equality, and Corollary 3.2 in the inequality. We claim
that, in this situation, we must have uk

i ↑ ∞ as k → ∞. Indeed, assume this is not the case.
Since the sequence (uk

i ) is increasing and we assume it is not tending to infinity, there exists
u∗
i ≥ 0 such that limk→∞ uk

i = u∗
i . Equality (11) restricted to the sequence (uk

i ) becomes

u∗
i = lim

k→∞
uk
i = u1

i +
∞
∑

t=1

st (η(hi(xt), wt) + dti).

This implies that
lim
t→∞

st(η(hi(xt), wt) + dti) = 0. (13)

We now consider two cases. In case 1, we assume that st 6→ 0. In case 2, we assume that st → 0.
If we are in case 1, then by (13) we must have limt→∞ η(hi(xt), wt) + dti = 0. Since dt ≥ 0
this yields limt→∞ η(hi(xt), wt) = 0. By Lemma 2.2(a) we obtain that limt→∞ |hi(xt)| = 0. The
latter contradicts our assumption that |hi(x

∗)| = 2H > 0. Hence this case cannot happen and
we are left with case 2, i.e., when st → 0. We claim in this case we cannot have st is as in (a).
Indeed, if st is as in (a) and tends to 0 then we must have ‖pt‖2 → ∞. Since X is compact, the
continuous function θ : X × [0, w1] → R+ defined by θ(·, ·) := ‖p(·, ·)‖2 must be bounded above
by a constant θ̄ on the compact set X × [0, w1]. Since X ) X0, Remark 3.4 implies that θ̄ > 0.
Hence,

0 = lim
t→∞

st = lim
t→∞

1/θ(xt, wt) ≥ 1/θ̄ > 0,
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a contradiction. So our claim is true and if st → 0 we must have st is as in (b). Thus ‖pt‖2 → 0
which in particular again yields limt→∞ η(hi(xt), wt) = 0. We again obtain a contradiction as in
case 1.

The contradiction in both cases means that the claim on (uk
i ) is true and we must have uk

i ↑ ∞
as k → ∞. Hence FL+uk

i η(H,w1) → ∞ as k → ∞, contradicting the fact that qk(u
k, vk) ≤ MP

(by Lemma 3.4). This shows that (a) cannot happen and hence for every x∗ accumulation point
of (xk) we must have h(x∗) = 0.

The remaining case (b), in which there exists j such that gj(x
∗) = 2H > 0 is dealt with

in exactly the same way, but using γ, (vk), and Lemma 2.2(b) instead. So we deduce that
every accumulation point belongs to X0. Second, we show f(x∗) = MP . The definition of MP

immediately gives f(x∗) ≥ MP . The definition of xk and Lk imply that f(xk) ≤ qk(u
k, vk) ≤ MP

by Lemma 3.4. The lower semi-continuity of f on X then gives f(x∗) ≤ MP , as required. We
have shown that every accumulation point of (xk) is in S∗. Let us show that qk(z

k) ↑ MP .
We know from Lemma 4.9(iii) that (qk(z

k)) is non-decreasing. By Lemma 3.4, qk(z
k) ≤ MP .

Altogether,
MP = lim

k→∞
f(xk) ≤ lim

k→∞
f(xk) + 〈zk, pk〉 = lim

k→∞
qk(z

k) ≤ MP ,

where the first equality follows from part (I), the first inequality follows from the fact that zk ≥ 0
and pk ≥ 0, the second equality uses the definition of xk, and the last inequality follows from
Lemma 3.4. This proves that qk(z

k) ↑ MP .

Let us prove (II). Note that (wk) is a decreasing sequence which is bounded below by w. Part
(I) shows that

qk(z
k) ≤ qk+1(z

k+1) ≤ MP ,

so it is an increasing sequence which is bounded above. By Lemma 3.4 and the definition of xk,
we can write

lim
k→∞

qk(z
k) = lim

k→∞
f(xk) + 〈zk, pk〉.

By part (I), we know that limk→∞ f(xk) = MP . Assume (zk) is bounded and call its limit z. We
can write

lim
k→∞

qk(z
k) = MP + 〈z, p(x∗, w)〉,

where p(x∗, w) = limk→∞ p(xk, wk) = 0 because x∗ ∈ S∗. Altogether, we obtain

lim
k→∞

qk(z
k) = MP = qw(z),

so (z, w) ∈ S(D) as wanted.

Let us prove (III). We have two possibilities: either the algorithm stops at a finite value kF ,
or it generates an infinite sequence. If it stops, by Remark 3.4 and Proposition 3.2, it does so
at a primal–dual solution pair (xkF , zkF ) such that xkF ∈ S∗ and (zkF , wkF ) ∈ S(D). Otherwise,
we have an infinite sequence and by Lemma 4.9(iv) we must have (zk, wk) 6∈ S(D) for all k. As
we recalled in part (I), for a fixed x the functions η(hi(x), ·) and γ(gj(x), ·) are decreasing for
all i, j. Since wk ≥ wk+1, this implies that, for a fixed x, we must have p(x, wk) ≤ p(x, wk+1).
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Using the latter fact and the definition of qk+1, we can write

qk+1(z
k+1) = minx∈X f(x) + 〈zk+1, p(x, wk+1)〉

≥ minx∈X f(x) + 〈zk+1, p(x, wk)〉

= qk(z
k+1) = f(x̂k) + 〈zk+1, p(x̂k, wk)〉

= f(x̂k) + 〈zk + sk(p
k + dk), p(x̂k, wk)〉

= f(x̂k) + 〈zk, p(x̂k, wk)〉+ sk〈(pk + dk), p(x̂k, wk)〉,

≥ f(x̂k) + 〈zk, p(x̂k, wk)〉+ sk〈dk, p(x̂k, wk)〉,

for x̂k ∈ T (zk+1, wk). In the last inequality, we used the fact that 〈pk, p(x̂k, wk)〉 ≥ 0. We
consider now two cases. Case 1: x̂k 6∈ X0, and Case 2: x̂k ∈ X0. In Case 1, by Remark 3.4 we
must have p(x̂k, wk) 6= 0. Using also the fact that d̂ > 0, in the expression above, we find

qk+1(z
k+1) ≥ f(x̂k) + 〈zk, p(x̂k, wk)〉+ sk〈d̂, p(x̂k, wk)〉

> f(x̂k) + 〈zk, p(x̂k, wk)〉

≥ f(xk) + 〈zk, p(xk, wk)〉 = qk(z
k),

where we used the definition of xk in the last inequality. Hence, qk+1(z
k+1) > qk(z

k) in this
case. Case 2: x̂k ∈ X0. This implies that x̂k ∈ X0 ∩ T (zk+1, wk) and hence p(x̂k, wk) = 0. By
Proposition 3.2 this means that x̂k ∈ S∗ and (zk+1, wk) ∈ S(D). Altogether, from the above
expression we deduce

qk+1(z
k+1) ≥ f(x̂k) + 〈zk, p(x̂k, wk)〉 = MP > qk(z

k),

where the equality follows from the fact that x̂k ∈ S∗ and p(x̂k, wk) = 0. The last inequality uses
the fact that (zk, wk) 6∈ S(D). Hence, also in this case we obtain strict increase of the sequence
(qk(z

k)). ✷

5 Numerical Implementation and Experiments

5.1 Numerical implementation

We consider constrained problems of the form

(Pc)



















min
x∈X

f(x)

subject to hi(x) = 0 , i = 1, . . . ,m ,

gj(x) ≤ 0 , j = 1, . . . , r ,

where X ⊂ Rn.
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Recall the functions η and γ defined in (1)–(2), which can be used to model the equality and
inequality constraints in (Pc), respectively. In what follows we present a numerical algorithm
for implementing the primal–dual penalty method.

Algorithm 1 (The Primal–Dual Penalty Method)

Step 1 (Initialization) Set the penalty parameters u0
i > 0, i = 1, . . . ,m, and v0j > 0,

j = 1, . . . , r. Set the smoothing parameter w0 = 1, the tolerance ε > 0, and the
index k = 0.

Step 2 (Find a minimizer of the penalty function) Solve

xk ∈ argmin
x∈X

f(x) +
m
∑

i=1

uk
i η(hi(x), wk) +

r
∑

j=1

vkj γ(gj(x), wk) .

Step 3 (Check stopping criterion) If max{max
i

|hi(xk)|,max
j

[gj(xk)]+} < ε then stop.

Step 4 (Update penalty parameters)

uk+1
i := uk

i + sk η(hi(xk), wk) , i = 1, . . . ,m ,

vk+1
j := vkj + sk γ(gj(xk), wk) , j = 1, . . . , r ,

for some sk > 0. Set k = k + 1, wk+1 < wk, and go to Step 2.

Note that this implementation uses dk = 0 for all k. The selection of a step size in primal–dual
schemes has previously been studied in the context of the deflected subgradient method and its
associated penalty methods in [6–11,13–15]. We note the following three possible choices for sk

in Step 4 of Algorithm 1: one can choose

(i) sk =
1

‖p(xk, wk)‖2
,

(ii) sk = ‖p(xk, wk)‖2 ,

(iii) sk =
MP − qk(u

k, vk)

‖p(xk, wk)‖22
,

where p(xk, wk) is as in Definition 3.7. The step size expressed in (iii) above is referred to as
the Polyak step size. Although the Polyak step size is well-established to be effective, it has
the disadvantage that it requires the optimal value of the problem, MP , which usually is not
available. In solving all of the test problems in Subsection 5.2 by employing Algorithm 1, we
will use the step size in (i) for its ease of implementation as well as its relatively smaller size in
early iterations. We point that, if the expression in (ii) is used, then, in the case of a large initial
feasibility error, sk could become large right at the beginning and cause numerical instabilities.

In solving the subproblem in Step 2 of Algorithm 1, we have paired up the optimization
modelling language AMPL [22] and the well-reputed finite-dimensional optimization software
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Knitro [2]. It should be noted that one might as well use, instead of Knitro, other popular opti-
mization software, such as Algencan [1,3], which implements augmented Lagrangian techniques,
or Ipopt [36], which implements an interior point method, or SNOPT [25], which implements a
sequential quadratic programming algorithm.

The AMPL–Knitro suite was run on a 13-inch 2018 model MacBook Pro, with the operating
system macOS Mojave (version 10.14.6), the processor 2.7 GHz Intel Core i7 and the memory
16 GB 2133 MHz LPDDR3. Within our AMPL codes, we have used the Knitro options alg=0,
maxit=5000, feastol=1e-8 and opttol=1e-8. In Step 3 of Algorithm 1, we have taken ε = 10−7,
for all of the test problems that we studied in Subsection 5.2. The CPU times are reported by
using the values of the AMPL built-in parameter total solve time.

5.2 Numerical experiments

In the numerical experiments with the three test problems presented in the subsequent subsec-
tions, we show that the primal–dual penalty method is viable, i.e., it is successful in solving
a variety of equality- and inequality-constrained nonconvex optimization problems. Moreover,
we observe that in the presence of multiple local minima, the primal–dual penalty method can
be useful in finding deeper minima. We demonstrate that in some cases even the global min-
imum itself can be obtained more often than the case when using a local optimization solver
conventionally (on its own), as observed with the simple example studied in Section 5.2.1.

We make comparisons with the case when Problem (Pc) is modelled directly within AMPL
and paired up with Knitro in order to solve Problem (Pc), in the conventional/usual way. We
refer to this case especially in the tables we present as “Knitro on its own.” However, when we
use Algorithm 1 and effectively implement the primal–dual penalty method, also modelled in
AMPL in the way it is instructed in Step 2 of Algorithm 1, we refer to this case in the tables
as “Algorithm 1.” We note that in the “Knitro on its own” case Knitro performs constrained
optimization. However, in the case of Algorithm 1, Knitro either performs unconstrained opti-
mization (when X = Rn), or box-constrained optimization (when X is a box).

5.2.1 An equality-constrained problem

We consider a test problem from [29], Problem 79, Classification PPR-P1-5. It is a small-scale
problem, with just five variables and three constraints.

(P1)



























min (x1 − 1)2 + (x1 − x2)
2 + (x2 − x3)

2 + (x3 − x4)
4 + (x4 − x5)

4

subject to x1 + x2
2 + x3

3 − 2− 3
√
2 = 0 ,

x2 − x2
3 + x4 + 2− 2

√
2 = 0 ,

x1 x5 − 2 = 0 .

For Algorithm 1, we have used wk+1 = 1/(k + 1)6. Via numerical experiments, we have
identified six isolated local minimizers of Problem (P1). These local minimizers along with the
locally optimal values are listed in Table 1. We refer to Solution 1 listed in the table as the global
minimizer of Problem (P1). (Otherwise, we have no certificate to conclude that Solution 1 is
indeed a global minimizer.)
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Solution 1 Solution 2 Solution 3 Solution 4 Solution 5 Solution 6

x∗

1.191127
1.362603
1.472818
1.635017
1.679081

2.717678
2.033384

−0.847948
−0.485941
0.735922

−0.766173
2.666726

−0.468170
−1.619116
−2.610377

−1.246781
2.422242
1.174983

−0.213229
−1.604131

0.949471
−2.266633
0.537796
3.384285
2.106436

−2.702207
−2.989944
0.171917
3.847927

−0.740136
f(x∗) 0.0787768 13.9668249 27.4520041 27.5219615 86.5275397 649.5048650

Knitro on its own

Algorithm 1

45% 12% 7% 11% 18% 7%

100% 0% 0% 0% 0% 0%

Table 1: Problem (P1) – Local optimal solutions and the percentage of the times Knitro on its own or
Algorithm 1 finds a certain solution, after 30,000 runs of each approach with random initial guesses.

For both implementations of Knitro, i.e., on its own as well as in Step 2 of Algorithm 1, we
have generated the coordinates of the initial guesses x(0) at random uniformly in the interval
[−4, 4], namely that as an initial guess we have chosen

x
(0)
i ∈ U [−4, 4], i = 1, . . . , 5 ,

each time an implementation is run. In each run of Algorithm 1, we have set u0
i = 0.3 for

i = 1, 2, 3, and used a random guess as above only for x(0). Otherwise, x(k−1) that was computed
in Step 2 constituted an initial guess for the subsequent x(k), k = 1, 2, .... We have run Knitro on
its own, as well as Algorithm 1 with Knitro implemented in its Step 2, 30,000 times. Algorithm 1
has always found the global minimizer. On the other hand Knitro, implemented on its own, has
found the global minimizer only 45% of the time.

While the Knitro-on its own approach has taken about 0.023 seconds for each run for solving
Problem (P1) (averaged over 30,000 runs), Algorithm 1 has taken 0.12 seconds, which is about
five times longer. However, it should be kept in mind that Algorithm 1 can be made slightly faster
by solving the subproblems in Step 2 by imposing coarser feasibility and optimality tolerances
initially, for example with 10−3 or 10−4, and then refining them down to 10−8, rather than
keeping them the same at 10−8 in solving every subproblem using Knitro.

It should be noted that, if the aim is to find the global minimum, Knitro on its own will be
“expected” to be run more than twice, given the percentage of the times, or the probability 0.45,
for it to find the global solution. On the other hand, it will suffice running Algorithm 1 only
once to get the global solution.

We have solved a small-scale problem in this subsection. As we will see in the next subsection,
for the kissing number problem, which can have a large number of variables and constraints,
Algorithm 1 still produces good quality solutions more often but also in much shorter CPU times
than Knitro on its own.

5.2.2 Kissing number problem

A kissing number is defined as the maximum number of spheres of radius r that touch another
given sphere of radius r, without overlapping. The kissing number problem seeks to find the
maximum number κn of non-overlapping spheres of radius r in Rn that can simultaneously
touch (kiss) a central sphere of the same radius. We present and formulate the mathematical
model for this problem as in [14].
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The kissing number problem, also referred to as touching spheres, hard spheres, or kissing
balls problem, has been a challenge for researchers since the time of Newton—for a more detailed
account, see [32]. The problem can be formulated as a nonconvex optimization problem, where
the minimum pairwise distance between the centres of p spheres touching a central sphere in Rn

is to be maximized:

(PKN)







max min
j>i

‖yi − yj‖

subject to ‖yk‖ = 1 , k = 1, . . . p .

Here, yk ∈ Rn is the vector of coordinates of the kth sphere’s center, and without loss of generality
the radii of the spheres have been taken as 1/2. The maximum p, for which the optimal value
of Problem (PKN) is greater than (or equal to) one, is then nothing but κn. Problem (PKN)
has in practice a large number of stationary points, which makes the task of finding κn even for
relatively small dimensions quite difficult. For dimensions n = 1, 2, 3 and 4, it is known that
κn = 2, 6, 12 and 24, respectively. On the other hand, currently only some lower and upper
bounds of κn are known for dimensions n = 5, 6 and 7, namely

40 ≤ κ5 ≤ 44 , 72 ≤ κ6 ≤ 78 and 126 ≤ κ7 ≤ 134 .

Our aim is not to improve these bounds, as this is extremely difficult, if not impossible, given
the resources allocated to the writing of the current paper. Problem (PKN) has been used as a
test problem for various optimization techniques, with p ≤ κn; see e.g. [6,14,28,32]. Our aim is
to compare our proposed primal–dual penalty approach with the classical approach using Knitro
on its own.

Problem (PKN) can be re-formulated, as in [14], as a smooth problem:

(P2)











max α

subject to ‖yk‖2 = 1 , k = 1, . . . p ,

‖yi − yj‖2 ≥ α2 , i, j = 1, . . . , p, j > i ,

where α is a new optimization variable. Problem (P2), as opposed to Problem (P1), not only
has equality but also inequality constraints. It has (n p+1) variables, p equality constraints and
(p (p− 1)/2) inequality constraints.

We have generated initial guesses for yis at random, uniformly in each run of each method, in
a similar fashion as we did for the example in Section 5.2.1. Namely we have chosen

yi,j ∈ U [−2, 2] , i = 1, . . . , p , j = 1, . . . , n ,

each time an implementation is run, 1,000 times for each method. We have also imposed the
box constraints

−2 ≤ yi,j ≤ 2 , i = 1, . . . , p , j = 1, . . . , n ,

in the implementation of both methods. For Algorithm 1, we set u0
i = 0.05 for i = 1, . . . , p,

v0j = 0.05 for j = 1, . . . , (p (p− 1)/2). We use the rule wk+1 = 1/(k + 1)4. Numerical results for
Problem (P2) are summarised in Table 2. Furthermore, a histogram of the local optimal values
of α are depicted in Figure 2.

For the first kissing number problem instance where (n, p) = (5, 38), of the 1,000 locally
optimal solutions found by Knitro on its own, only seven solutions had 38 spheres fit on/kiss a
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Problem size Max of min dist. betw. two spheres

[

n
p

]

# of
var.

# of
constr.

Approach α∗
min

α∗
ave

α∗
max

Percentage
α∗ > 1

CPU time
[sec]

[

5
38

]

191 741
Knitro on its own 0.9807810 0.9927489 1.0019176 0.7% 0.89

Algorithm 1 0.9912749 0.9968095 1.0037513 16.7% 0.92
[

6
62

]

373 1953
Knitro on its own 0.9804186 0.9890666 0.9961310 0.0% 8.8

Algorithm 1 0.9875817 0.9938880 1.0041174 1.1% 4.7
[

7
92

]

645 4278
Knitro on its own 0.9886343 0.9953140 0.9991757 0.0% 65

Algorithm 1 0.9946906 0.9987890 1.0021734 13.2% 25

Table 2: Problem (P2) – Numerical results with Knitro on its own and Algorithm 1, after 1,000
locally optimal solutions (with values α∗) are found by each approach with random initial guesses.

central sphere without overlapping each other (i.e., with optimal α∗ > 1). On the other hand,
the primal–dual penalty method, or Algorithm 1, has found 167 such solutions. A distribution
of all local minima found by each method is depicted in Figure 2(a). It is clearly seen that the
distribution of the maxima found by Algorithm 1 is skewed to the right, providing evidence to
the method’s ability/inclination to find higher maxima.

The ability of the proposed method in finding local optima closer to the global one is accen-
tuated further in the kissing number instances (n, p) = (6, 62) and (n, p) = (7, 92), as can be
seen in Figures 2(b) and 2(c), respectively. The distributions of the local maxima α∗ are shifted
further to the right compared to those found by Knitro on its own. Table 2 corroborates these
observations by listing 11 solutions with α∗ > 1 for the second instance and 132 solutions with
α∗ > 1 for the third, where respectively 62 and 92 spheres in R6 and R7 kiss a central ball with-
out overlapping each other. For these instances, not even a single solution (with non-overlapping
spheres) can be provided by Knitro on its own.

The quality of the solutions put aside, while the averaged CPU times of both methods are
similar in the first instance, in the second and third instances our proposed method requires on
the average roughly a half and a third of the CPU times Knitro on its own requires, respectively.
We note that in the second and third instances of Problem (P2), the number of variables are
373 and 645, and the number of constraints 1953 and 4278, respectively.

Let us now interpret the results in Table 2 from a slightly different view point. Suppose that we
want to estimate the CPU time required to find a viable solution, in which the spheres fit on the
central sphere without overlapping. Then, to get such a solution for the instance (n, p) = (5, 38),
given the percentages (or probabilities) a solution with α∗ > 1 is found, it will be necessary to
run Knitro on its own about 140 times, while it will be enough to run Algorithm 1 just about six
times. In other words, while Knitro would be expected to find a solution with α∗ > 1 in about
125 seconds, Algorithm 1 would find a similar solution in about six seconds, for that instance.
Moreover, for the second and third instances of Problem (P2), while Algorithm 1 is expected to
find a viable solution respectively in about 430 and 1900 seconds (7.2 and 31.7 minutes), Knitro
is expected to fail to find any.
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(a) n = 5, p = 38 (b) n = 6, p = 62

(c) n = 7, p = 92

Figure 2: Problem (P2) – Histogram of local optima found by Knitro on its own (in green) and Algo-
rithm 1 (in red), depicting 1, 000 locally optimal solutions (with values α∗) found by each approach.
Overlaps are displayed in brown.

5.2.3 Markov–Dubins path

Markov–Dubins path is the shortest planar curve of constrained curvature joining two points
with prescribed tangents. Although Markov posed the problem of finding such a shortest path
and studied some special instances in 1889, it was Dubins who solved the problem fully in 1957—
see [30] and the references therein. Suppose that a circular arc is represented by C and a straight
line segment by S. Dubins’ elegant result asserts that the sequence of concatenated arcs in such
a shortest path can be of type CSC, CCC, or a subset thereof. Note that a circular arc C
might be a “left turn” arc, denoted by L, “wrapping” a part of a circle in the counter-clockwise
direction, or a “right turn” arc, denoted by R, wrapping a part of a circle in the clockwise
direction. Examples to curves of these types can be found in Figure 3.

In [30], first, the problem is formulated as an optimal control problem, which is an infinite-
dimensional optimization problem, and then, by using the maximum principle, it is shown that
the problem can be reduced to a finite-dimensional optimization problem, denoted (Ps) below.
The shortest path, of the types stated above, can be posed as a subsequence of the concatenation
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Soln 1 Soln 2 Soln 3 Soln 4 Soln 5 Soln 6 Soln 7

ξ∗

0.0000
1.5822
0.5914
0.0000
0.3376

0.0000
1.7354
0.0000
0.3063
0.4908

0.7096
0.0000
0.5914
1.5594
0.0000

0.8627
0.3064
0.0000
1.7126
0.0000

0.0000
0.3818
0.0000
1.7880
1.2317

1.6036
1.7880
0.0000
0.3590
0.0000

0.0000
1.6781
1.0093
1.8526
0.0000

ℓ∗ 2.5113 2.5326 2.8603 2.8817 3.4015 3.7506 4.5401
Knitro on its own

Algorithm 1

8% 0% 3% 0% 40% 24% 25%

36% 0% 62% 0% 2% 0% 0%

Table 3: Problem (P3) – Local optimal solutions, and the percentage of the times Knitro on its own
or Algorithm 1 finds a certain solution curve of length ℓ∗, after 20,000 runs of each approach with
random initial guesses.

Lξ1Rξ2Sξ3Lξ4Rξ5 , where ξj, j = 1, . . . , 5, are the lengths of the respective arcs in the sequence.
Let ξ := (ξ1, . . . , ξ5). Suppose that the initial position and angle, i.e. the initial oriented point, is
prescribed as ((x0, y0), θ0), and similarly the terminal oriented point is specified as ((xf , yf ), θf ),
where (x0, y0), (xf , yf ) ∈ R2 and θ0, θf ∈ [−π, π]. Suppose that the curvature is required to
be equal to a > 0. Then a circular arc in a Markov–Dubins path will have the radius 1/a.
Problem (Ps) can now be written as in [30] as follows.

(Ps)
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


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
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



min ℓ =
5

∑

j=1

ξj

s.t. x0 − xf +
1

a
(− sin θ0 + 2 sin θ1 − 2 sin θ2 + 2 sin θ4 − sin θf ) + ξ3 cos θ2 = 0 ,

y0 − yf +
1

a
(cos θ0 − 2 cos θ1 + 2 cos θ2 − 2 cos θ4 + cos θf ) + ξ3 sin θ2 = 0 ,

sin θf = sin θ5 , cos θf = cos θ5 ,

ξj ≥ 0 , for j = 1, . . . , 5 ,

where
θ1 = θ0 + a ξ1 , θ2 = θ1 − a ξ2 , θ4 = θ2 + a ξ4 , θ5 = θ4 − a ξ5 . (14)

After substituting the relations in (14) into the constraints, problem (Ps) is expressed only in
terms of the five variables, ξj, j = 1, . . . , 5, and four equality constraints.

Next, consider the instance of the Markov–Dubins problem with ((x0, y0), θ0) = ((0, 0),−π/3),
((xf , yf ), θf ) = ((0.4, 0.4),−π/6), and a = 3. In [30], seven stationary solutions are reported for
this instance, which are listed in Table 3. Note that the solution subarcs of length zero must be
excluded leaving at most three subarcs of the required types.

For this instance, we have solved Problem (Ps) with Knitro on its own as well as with P–D
penalty method using Knitro, with initial guesses for ξ drawn from the uniform distribution
U [0, π]. To aid convergence, we have imposed the box constraints 2 ≤ ℓ ≤ 4.6 for both ap-
proaches. We have also imposed the following box constraints: (i) 0 ≤ ξj ≤ (2 π/a) − ε̂,
j = 1, 2, 4, 5, with ε̂ = 10−5, in order to avoid stationary solutions with circular subarcs longer
than a full circle and (ii) from the geometry, 0 ≤ ξ3 ≤

√

(xf − x0)2 + (yf − y0)2 + 2/a + ε̂, for
the length of the straight line segment to help convergence. In Algorithm 1, we have set the
coordinates of u0

i = 0.1 for i = 1, . . . , 4, and used the rule wk+1 = 1/(k + 1)6.
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The results are summarized in Table 3: While Knitro on its own found 89% of the time
Solutions 5, 6 and 7, which are of length greater than 3.4 units (see Figure 3(c)–(e)), Algorithm 1
found 98% of the time Solutions 1 and 3, which are of length less than 2.9 units (see Figure 3(a)–
(b)). In particular, the shortest length solution in Figure 3(a) was found by Algorithm 1 36%
of the time, while Knitro on its own found the same solution only 8% of the time.

In the numerical runs, the computational time Knitro on its own required was on the average
0.043 seconds per run, which is about eight times less than 0.34 seconds per run needed by
Algorithm 1. It should however be pointed out that, in Step 2 of Algorithm 1, the optimality
and feasibility tolerances were kept at 10−8 in each iteration. It is conceivable to think that
lower tolerances, say at 10−3 or 10−4, in the earlier iterations of Algorithm 1, are likely to speed
up the computations with Algorithm 1 considerably.

Despite the higher computational expense in this particular case, Algorithm 1 is superior in
finding “better quality” solutions, given the fact that it finds curves with length less than 2.9
units 98% of the time, while Knitro on its own can find the same solutions only 11% of the time.
This also amounts to saying that while we would expect to find a good quality solution (Solutions
1 and 3) by running Algorithm 1 just once, in 0.3 sec, even without making the economy with
lower tolerances in earlier iterations mentioned above. Knitro on its own, on the other hand, is
expected to be run about nine times (in 0.4 sec) to get the same quality solution.

As was observed in the case of the kissing number problem studied in Section 5.2.2, with the
increasing size of the problem, in particular with the growing number of constraints, Algorithm 1
seems to become more time-efficient than Knitro on its own—see the CPU times in Table 2.
Therefore, Algorithm 1 might prove even more useful in certain extensions of the Markov–
Dubins problem, such as the problem of finding Markov-Dubins interpolating curves, where the
shortest path is required to pass through a number of given intermediate points (see [31]), in
turn increasing the size of the problem.

6 Conclusion

We study a general nonsmooth and nonconvex problem with equality and inequality constraints,
defined in a compact metric space. A C1-Lagrangian function based on rounding the weighted-ℓ1
exact penalty function has been given, and its use in solving constrained optimization problems
has been examined. The Lagrangian is indexed by a parameter w which governs the size of
the rounding region. By taking a sequence (wk) of decreasing positive parameters, we have
obtained a sequence of augmented Lagrangians that can be seen as smooth approximations of
the classical ℓ1-penalty function. For the induced sequence of dual problems, we have shown
that the sequence of dual optimal values is increasing and converges to the primal optimal value.

Furnished with this strong duality result, we have defined a primal–dual subgradient algorithm
which reduces wk in each iteration. In doing so, the Lagrangian approaches the (nonsmooth)
weighted-ℓ1 exact penalty function. We have shown that the primal sequence generated by the
method accumulates at a solution of the primal problem. Moreover, if the dual variables happen
to be bounded, they converge to a dual solution.
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(a) Soln 1: Type RSR, length ℓ∗ = 2.5113
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(b) Soln 3: Type LSL, length ℓ∗ = 2.8603
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(c) Soln 5: Type RLR, length ℓ∗ = 3.4015
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(d) Soln 6: Type LRL, length ℓ∗ = 3.7506
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(e) Soln 7: Type RSL, length ℓ∗ = 4.5401

Figure 3: (a) Markov-Dubins path from ((0, 0),−π/3) to ((0.4, 0.4),−π/6) with a maximum curvature of
3 units and (b)–(e) some other stationary curves between the same oriented points. Solutions in (a)–(b) are
found by Algorithm 1 98% of the time, and by Knitro on its own 11% of the time—see Table 3 for more
details.
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A specific implementation of the algorithm was numerically tested on challenging test prob-
lems, including the kissing number problem of various sizes, and the Markov-Dubins problem.
These results have shown Algorithm 1 is viable and performs well. Compared with the conven-
tional approach of using Knitro on its own, we have observed that Algorithm 1 generates near
globally optimal solutions more often. We have also observed via the kissing number problem
that it requires far less computational time when the number of constraints is rather large.

Algorithm 1 is in fact also applicable to nonsmooth problems. It would therefore be interesting
to carry out experiments with nonsmooth and nonconvex constrained optimization problems, as
part of future work.
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