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Abstract

A stochastic adaptive regularization algorithm allowing random noise in derivatives
and inexact function values is proposed for computing strong approximate minimizers of
any order for inexpensively constrained smooth optimization problems. For an objective
function with Lipschitz continuous p-th derivative in a convex neighbourhood of the fea-
sible set and given an arbitrary optimality order g, it is shown that this algorithm will, in

_ _pt1
expectation, compute such a point in at most O((minje{lw.’q} ej) P*"“) inexact evalu-
ations of f and its derivatives whenever ¢ = 1 and the feasible set is convex, or ¢ = 2 and

the problem is unconstrained, where ¢; is the tolerance for jth order accuracy. This bound
_alpt1)
becomes at most O ((minje{l,__ﬂ} €5 » inexact evaluations in the other cases if all

derivatives are Lipschitz continuous. Moreover these bounds are sharp in the order of the
accuracy tolerances.

Keywords: evaluation complexity, regularization methods, inexact functions and deriva-
tives, stochastic analysis.

1 Introduction

We consider the complexity of an adaptive regularization algorithm for computing approxi-
mate local minimizers of arbitrary order for the possibly constrained minimization problem
of the form

gg} f(x), (1.1)

whose main characteristics can be summarized as follows.
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e The values of the objective function’s j-th derivatives \ZA f are subject to random noise
and can only be computed inexactly. This is to say that only the approximation

Vif(@) = Vif(z;€), (1.2)

can be calculated, where the inexactness/noise is characterised by a random variable
&, generated by an unknown probability distribution. Inexact values of the objective
function are also allowed, but are assumed to follow a “dynamic accuracy” framework
in which the accuracy of these evaluations is deterministically controlled in response to
the inexact values of the derivatives.

e The feasible set X C R™ represents “inexpensive constraints”’, that is constraints such
that their evaluation/enforcement has negligible cost compared to that of computing
the objective function. Such constraints include (but are not limited to) bound con-
straints and other convex constraints with cheap projections. Unconstrained problems
are obviously also covered by this definition.

Context. Solving optimization problems involving inexact evaluations is not a new topic and
has already been investigated in two different frameworks. The first is that of (deterministic)
dynamic accuracy, where it is assumed that the accuracy of f and its derivatives can be
specified and fullfilled by the algorithm (see [8, Section 10.6], [11], [10] or [1] for example).
In this context, adaptive conditions are derived that guarantee convergence to approximate
solutions, and evaluation complexity of the resulting algorithms can be analyzed [1], indicating
a very modest degradation of the worst-case performance compared with the case where
evaluations are exact [4, 5]. A drawback of this approach is that nothing is said for the case
where the requested accuracy requirement cannot be met or, as is often the case, cannot even
be measured. This problem does not occur in the second case, in which the inexactness in the
function (and possible derivatives) values can be seen as caused by some random noise £ (as
in (1.2)), in which case the algorithm/user is not able to specify an accuracy level and poor
accuracy might result. The available analysis for this case differs by the assumptions made
on the distribution of this noise. In [12], the authors consider a linesearch method for the
unbiased case, in which E¢[f(2;€)] = f(z), and estimate its evaluation complexity for finding
approximate first-order critical points. It is assumed instead that the function values of f,
as well as those of its derivatives, can be approximated within a prescribed accuracy with a
fixed, sufficiently high probability, conditioned to the past. A similar context is considered in
[2], where the objective function values are inexact but computed with accuracy guaranteed
with probability one.

A trust-region variant is also proposed in [7], where it is proved to converge almost-
surely to first-order critical points. The approach of [6] includes the use of random first-
order models and directions within line search method as well as probabilistic second-order
models in the Adaptive Cubic Regularization (ARC) framework. In both cases, the authors
employ exact function evaluations. A general theory for global convergence rate analysis is
also provided. More recently, [3] proposed a complexity analysis for a trust-region method
(covering convergence to second-order points) using elegant properties of sub-martingales,
and making no assumption on bias. A recent overview is proposed in [9].

Significantly for our purpose, all above references, except for [1, 4, 5], are restricted to
unconstrained problems and have considered the evaluation complexity of computing approx-
imate first- or second-order critical points. It is also the case that all methods described
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in these references make use of a polynomial model, ranging from simply linear, when only
approximate first-order points are sought, to quadratic or models of arbitrary degree, when
approximate critical points of higher order are of interest.

We have included inexpensive constraints in the formulation of problem (1.1) because
of their relevance. In particular, they cover most convex constraints, such as bounds on
the variables. They are of special interest here since the evaluation complexity of solving
inexpensively constrained problems is, for such constraints, well captured by the number of
evaluations of the objective function and its derivatives. They have been considered from
that point of view in [1, 4, 5].

Contributions. Having set the scene, we now make the contributions of this paper more
precise.

e We consider problem (1.1) assuming that the objective function values can be com-
puted within a prescribed accuracy, but allowing randomly inexact evaluations of its
derivatives, thereby using a mix of the two strategies described above. Our probabilistic
assumptions on the derivatives approximations extend those of [3]: in particular we do
not assume unbiased estimations. Our choice of imposing dynamic accuracy framework
for the objective function complements that of [2], allowing for more inaccuracy, but in
a deterministic context.

e Asin [1, 4, 5], we propose a regularization algorithm for the solution of the problem,
which is based on polynomial models of arbitrary degree. This allows us to seek for
first- and second-order critical points, but also for critical points of arbitrary order (we
define what we mean by that in Section 2).

e We establish sharp worst-case bounds (in expectation) on the evaluation complexity
of computing these (possibly high-order) approximate critical points, depending on the
order and on the degree of the polynomial model used. These bounds correspond in
order to the best known bounds for regularization algorithms using exact evaluations.

These results are obtained by building on the probabilistic framework of [6], and by merging
approximation results in [1] with techniques of [5].

Outline. The paper is organized as follows. Section 2 discusses optimality measures for
arbitrary order and introduces the regularization algorithm and the associated stochastic
assumptions. Its evaluation complexity is then studied in Section 3. We finally present some
conclusions and perspectives in Section 4.

Notations. Unless otherwise specified, || - || denotes the standard Euclidean norm for both
vectors and matrices. For a general symmetric tensor S of order p, we define

def
IS1 =

max |S[v|P| = max S, v L3
max S| = max (Sl 13

the induced Euclidean norm (see [13, Theorem 2.1] for a proof of the second equality). We
denote by V f(x) the /-th order derivative of f evaluated at x, noting that such a tensor is
always symmetric for any ¢ > 2. The notation VZf(z)[s]’ denotes this (-th derivative tensor

applied to ¢ copies of the vector s. All inexact quantities are indicated by an overbar (as in
(1.2)). For symmetric matrices M, Amin(M) is the leftmost eigenvalue of M. We will also use
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the function '
def 4 te
WL @20, (14)

(=1

where j > 1. We use the notation E[X] to indicate the expected value of a random variable
X. In addition, given a random event A, Pr(A) denotes the probability of A, while 14 refers
to the indicator of the random event A occurring. The notation A¢ indicates that event A
does not occur.

2 A stochastic regularization algorithm with inexact
evaluations
2.1 Preliminaries

We first make our framework more formal by describing our assumptions on problem (1.1).

AS.1 The function f is p times continuously differentiable in a convex neighbourhood of X.
Moreover, its j-th order derivative tensor is Lipschitz continuous for j € {1,...,p} in
the sense that there exist constants Ly ; > 0 such that, for all j € {1,...,p} and all z,y
in that neighbourhood,

IV2f (@) = V3F W) < Lyjllz — yl- (2.1)

AS.2 f is bounded below in X, that is there exists a constant fioy such that f(z) > fioy for
allz € X.

Note that, if X' is convex, then AS.1 can be restricted to hold in an open neighbourhood of
X.

Under AS.1, the p-th order Taylor series of f taken at a point x and evaluated for a step
s is well-defined and can be written as

Typ(e,s) & fla) + D0 2 VEF@IS), (2.2)

where V. f(z)[s]’ denotes the scalar obtained by applying the ¢-dimensional tensor V% f(z)
to ¢ copies of the vector s. We will make frequent use of the Taylor increment defined as

ATy p(a,5) = Typ(a,0) — Ty, ) = = 3 2L f(@)[s]’ (2.3)

We will also rely on the following important consequence of AS.1.



Bellavia, Gurioli, Morini, Toint: A Stochastic Inexact Regularization Algorithm 5

Lemma 2.1 Suppose that AS.1 holds. Then, for all x, s € R",

L
flx+5) <Tpp(x,s)+ (pr’}i)!HSHPH (2.4)
and
L _
”Vf;f($ +s) — ngﬁp(Sﬂ, s)| < (])Tﬁil)'nsnp 1 forall £ e {1,...,q}. (2.5)
Proof. See [4, Lemma 2.1]. O

We now turn to the important question of defining what we mean by (approximate) critical
points of arbitrary order. We will use an extension of the definition of strong approximate
minimizers discussed in [5] to the constrained case. Specifically, given “accuracy requests”
€ = (€1,...,€) and “optimality radiuses” § = (01, ...,d4) with

€j € (0,1] and §; € (0,1] for je{1,...,q}
we say that x € X is a (strong) g¢-th order (e, d)-approximate minimizer for problem (1.1) if

5

0j .
¢ (x) < ej]fj' for je{l,...,q}, (2.6)
where 5 ot
I () = — i Tri(x,d) = ATy i(x,d 2.7
o7 (x) = f(x) prad, 1.i(z,d) prad r.i(z,d), (2.7)

where, as is standard, the min and max are considered global. Note that gb‘}’j(aﬁ), 0 >0, is
always non-negative. We stress that this notion of approximate minimizer is stronger than
that of a “weak” approximate minimizer (used for instance in [1, 4]) where the condition
¢fc7q(m) < €yXq(6) replaces (2.6) (e, is now a scalar in (0,1)). That this is weaker than (2.6)
is easily seen if one observes that, because x, is convex, x4(0) = 0 and x4(1) <e—1 < 2,

Xq(0) € [0,20) for any 6 € [0,1]. (2.8)

As a consequence, X4(0) is typically significantly larger that 55 /il for j € {1,...,q}. We refer
the reader to [5] for a further discussion of the choice of (2.6), including the observation that
this optimality measure reduces to the familiar necessary conditions for orders one and two,
in which cases the value §; =1 for all j € {1,...,q} is always acceptable.

2.2 The regularization algorithm

We are now in position to describe our stochastic adaptive regularization algorithm SARgp
whose purpose is to compute a g-th order (e,d)-approximate minimizer for problem (1.1).
The vector of accuracies € and the optimality order ¢ > 1 are given. A model degree p > ¢
is also given, corresponding to the maximum order of available derivatives. If the objective
function f and its derivatives of orders ranging from one to p were known exactly, a typical
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adaptive regularization method could be outlined as follows. At iteration &, a local model of
the objective function’s variation would first be defined by regularizing the Taylor series of
degree p at the current iterate xj, namely

my(s) = —ATyp(zk, 5) + lslPr. (2.9)

o
(p+1)!
A step s would next be computed by approximately minimizing mg(s) for zx + s € X in the
sense that my(sg) < mg(0) =0 and
bY)

) k,j
G’ 1 (58) < 96373, (2.10)

for some 0 € (0,2) and 0 € (0,1]%. In this condition, gb (sk) is the j-th order optimality

)2

measure (2.7) for the model (2.9) computed at s, in Wthh for j € {1,...,q},

J J

1 1
T (s d) = mi(si) + Y EvﬁTf,p(xka si)[d]’ Z Vs SselPHd’ (2.11)
=1 T =1
and thus
j 1 Y ] 1 p+1 l
ATy (5K, d) = _Zﬁvsvap(xkvsk)[ Z? ”S [P [dl]
6:1 ’ é:

The values of f(xy + s;) and {Vf(xy + s;)})_, would then be computed and the trial point
x + s would then be accepted as the next 1terate provided the ratio

_ flaen) = fax + s1)
P ATﬁp(mk?Sk) '

is sufficiently positive. The regularization parameter o would then be updated before a new
iteration is started. (See [4] for the complete description of such an algorithm using exact
function and derivatives values.) The SARgp algorithm follows the same lines, except that the
values of f(zy), f(zg + si) and ATy, (xk, si) are not known exactly, the inexactness in the
latter resulting from the inexactness of the derivatives {V f(zy)})_, . Instead, inexact values
f(xr), f(zr + sk) and AT ¢, (xk, sg) are now computed and used to define the model

my(s) = —AT ¢ (v, s) + s||PTh. 2.12
1(6) = ~BTpy(ons) + 2 o] (212)
In particular, given o € (0,1) and setting
an 1
= 2.13
wy = min [ 5 Uk] (2.13)

the approximations f(x;) and f(zy + si) are required to satisfy the following accuracy con-
ditions:

wiAT ¢ (2, Sk, (2.14)
wkﬁﬁp(ajk,sk). (2.15)

| Fzk) — f ()]
| f(xr + sk) — fan + si)



Bellavia, Gurioli, Morini, Toint: A Stochastic Inexact Regularization Algorithm 7

In what follows, we will consistently denote inexact values by an overbar.
The model (2.12) is then approximately minimized by the feasible step sj in the sense
that the trial point xx + s € X,

mk(sk) S mk(O) =0 (2.16)

and ,

J
Ojj
gt

— 5 S
O (3k) = ATy i (8K, d) < be; (2.17)

max
er-f—sk-‘rdEX,”d”S(sk’j

for j € {1,...,¢} and some ¢ € (0,}) and 6 € (0,1]% The values fzr), flar + sk)
and AT ¢, (xk, si) are also used to compute the ratio pi, the value of which decides of the
acceptance of the trial point. The SARgp algorithm is detailed as Algorithm 2.1 on the following

page.

We first verify that the algorithm is well-defined.

Lemma 2.2 A step sy, satisfying (2.16) and (2.17) for j € {1, ..., ¢} and some &, € (0, 1]4
always exists.

Proof. The proof is a direct extension of that of [5, Lemma 4.4] using inexact models.
It is given in appendix for completeness. O

Some comments on this algorithm are useful at this stage.

1. It is important to observe that the algorithm is fully implementable with existing com-
putational technology in the very frequent cases where ¢ = 1 and X is convex or ¢ = 2
and the problem is unconstrained (X = R"). Indeed the value of 5767};;71 can easily
be obtained analytically for the unconstrained case, while it results from a simple lin-
ear/convex problem otherwise (for instance if X' is defined by simple bounds). Thus
the SARgp algorithm reduces to a very classical approach when ¢ = 1. When ¢ = 2 and
the problem is unconstrained, the same comment obviously applies for ai';;j?l, while the

—6 . .
value gbmk;j2 can be computed by a standard trust-region solver (whose cost is compara-
ble to that of the more usual calculation of the most negative eigenvalue), again making
the algorithm practical.

In other cases, the computation 5?,5; ; may be extremely expensive, making our approach
mostly theoretical at this stage. However, we note that since evaluations of the objective
function and its derivatives do not occur in this computation (once the approximate
derivatives are known), its cost has no impact on the evaluation complexity of the

SARgp algorithm.

2. We assume in what follows that, once the inexact model my(s) is determined, then the
computation of the pair (si,dx) (and thus of the trial point zy + si) is deterministic.
Moreover, we assume that the mechanism which ensures (2.14)-(2.15) in Step 3 of the
algorithm is also deterministic, so that p; and the fact that iteration k is successful
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Algorithm 2.1: The SARgp Algorithm

Step 0: Initialization. An initial point g € X and an initial regularization parameter
o9 > 0 are given, as well as a vector of accuracies ¢ € (0,1]9. The constants
6e€(0,1),ne(0,1),y>1, a€(0,1), wp = min [%an, Uio} and omin € (0,00) are
also given. Set k = 0.

Step 1: Model construction. Compute approximate derivatives {V%f(zx)}ref1,... p}
and form the model my(s) defined in (2.12).

Step 2: Step calculation. Compute a step sy satisfying z + s € X, (2.16) and
(2.17) for j € {1,...,q} and some 60 € (0,1]%. If AT ,(xk, s) =0, go to Step 4.

Step 3: Function estimates computation. Compute the approximations f(zy)
and f(zr + sx) of f(z) and f(xp + si), respectively, such that (2.14)-(2.15) are
satisfied.

Step 4: Acceptance test. Set

flag) = flap+s8) . *F
Sy if AT ¢, (xk,sk) >0,
pr = ATy, (xk, sk) (ke 55)
—00 otherwise.

(2.18)

If pr. > n (successful iteration), then define 41 = xy, + si; otherwise (unsuccessful
iteration) define x4 = xg.

Step 5: Regularization parameter update. Set

Ohp1 = max |:O-mir1; %Jk} ; if Pk > m, (219)
YOk, if pp <.

Step 6: Relative accuracy update. Set
|1 1
Wi+1 = min [2om, (Tk—i-l] .
Increment k& by one and go to Step 1.
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are deterministic outcomes of the realization of the inexact model. Such a deterministic
accuracy improvement mechanism may occur in several contexts: the discretization used
for computing f may be refined or a tolerance in an iterative procedure internal to f
may be tightened for example.

3. Observe that, because we have chosen my to be a model of the local variation in f
rather than a model of f itself, f(zx) is not needed (and not computed) in Steps 1 and
2 of the algorithm. This distinguishes the SARgp algorithm from the approaches of [3, 7].

In what follows, all random quantities are denoted by capital letters, while the use of small
letters is reserved for their realization. In particular, let us denote a random model at iteration
k as My, while we use the notation my = M (() for its realizations, where (j is a random
realization at iteration k taken from a suitable context-dependent probability space. Similarly,
the iterates X, as well as the regularization parameters ¥; and the steps Sy are the random
variables such that xp = Xp((x), or = 2k(() and s = Sk((x). Moreover, each realization
of the random vector d; and the threshold wy can be seen as 0 = Ag((x) and wy = Qg ((k)-
Hence, the SARgp Algorithm generates a random process

{ Xk, Sky Mg, Sy Ag, Qe } (2.20)

In order to limit the notational burden, we will omit the explicit reference to (; in what
follows, making it implicit for all random variables considered.

2.3 The probabilistic setting

In view of our last comment, we now make our probabilistic assumptions on the SARgp al-
gorithm explicit. For k& > 0, our assumption on the past is formalized by considering .A,]C‘{ 1
the G-algebra induced by the random variables My, Mi,..., My_1, with AM, = 6(xg). In
order to formalize our probabilistic assumptions we need a few more definitions. We define,
at iteration k of an arbitrary realization,

dy i = ar max AT, (s, d -
. gwwswdex,udugam g (k, d) (2.21)

the argument of the maximum in the definition of ¢%:,j (z1), and
dy,; = arg AT, (s, d) (2.22)

max
T+sp+deX||d||<b,;

that in the definition of 55’“' (sk). We also define, at the end of Step 2 of iteration k, the

mkvj
events
(1) q (2) (3) if g =1 and X is convex, or
Mk: Mk ﬂﬂj:1 (MkJﬁMk:,') ifqz?andX:%”, (223)
M,gl) N M,(f) e} (/\/l,(f]) N ./\/11(63)) otherwise,
with
Mz(f% = {|ATm, j(Sk, Dij) — AT, j(Sk; Dij)| < QAT j(Sk, D),
Ml(cg = {|AT, j(Sk, Dyj) — AT, j(Sk, Dij)l < QAT 5(Sk, Di.j),
A kg)
MY = {maxeq, ) IVEF(XD) < 3,
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for some © > 0 independent of k. In what follows, we will say that iteration k is accurate,
if 1pq, = 1, and iteration k is inaccurate, if 14, = 0. Immediately note that, as specified

by (2.23), M,(j‘) is not required if ¢ = 1 and X is convex, nor if ¢ = 2 and the problem is
unconstrained.

The conditions defining M}, may seem abstract at first sight, but we now motivate them
by looking at what kind of accuracy on each derivative V. f(x)) ensures that they hold.

Lemma 2.3 For each k > 0, we have the following.

1. Let

def —
7 2 max [Hsk\, max [|Dx, ,HDWH@ (2.24)

yeeey

and

e def . [ R — — —
AT} min = min [ATf,p(Xk>Sk)v min [Aka,j(Sk,Dk,j)aAka,j(Sk,Dk,j)H :

j6{17"'7q}
(2.25)
1 2
Then /\/l,(C ), {M,(C; ) and {Mk] _, occur if
~7/ ¢ ﬁ min

IVEF(X0) = VoS (Xu)| < = for £ {L....p}.  (226)

k

2. Suppose that AS.1 holds. Then ./\/124) occurs if
IVEF(Xk) = Vof(Xp)ll <O for (€{2,....p} (2.27)

and some constant ©¢ > 0 independent of k and /.

Proof. Consider the first assertion. That M,(Cl) occurs follows from the inequalities
_ Sk ¢
BT, (X5 ) — ATy (X, 5)] < Z el oz - v

<

IIVZ( k) = Ve (X))

M

ﬁ 1

o
AT mln
6el — Tk

Ok ——5
60
= 16€

< () % AT yp(Xi, Si)
< Qkﬁﬁp(Xk, Sk)
where we have used (2.24), (2.26), (2.25) and the fact that x,(1) < 2. The verification that

{M,(fj) gzl and {M,(:)j) gzl also occur uses a very similar argument, with one additional

[

E 1

M
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ingredient: employing the triangle inequality, (2.12), we have that, for all £ € {1,...,p},

HW;ka,j(Skv 0) — vdkaJ Sk, 0 H Zuvt H HSkHt—g.

Considering now D = Dy j or D = Dy, ; and using the above inequality, (2.24), (2.26),
(2.25) and the facts that x;(1) <2 and x,—¢(1) < 2, we have that

| AT, (Sk: D) = AT, ,5(Sk, D)

J l
D
<3 O 90, 555, 0) — VT (500
=1
J ¢ P =t
T t A
<3 . ZHVtxf(Xk)_vxf(X ‘
(=1 t=¢
J 1 p . ¢ 7';1E
<) : - H
S 5K 3{ L TENEE T [
/=1 t=~0
J p
1 1 ATkmln
< = Q
—Zg!Z(t—E)' "6
/=1 t=¢
1 ’ 1
< GQk ATk,min Z /! (1 + Xp*é(l))
/=1
< ﬁmk,j(sk’D)’

as desired. To prove the second assertion, observe that AS.1 implies that ||V4f(Xz)| <
L1 for j € {2,...,p}, and thus, using (2.27), that, for £ € {2,...,p},

IVEF(XO)I < IVEFXW)I + IVEF(XR) — VEF(XE)]

< Lf7g,1 + Oy.

This gives the desired conclusion with the choice © = maxycfo . 1 Lye—1 + Oo. O

Of course, the conditions stated in Lemma 2.3 are sufficient but by no means necessary to
ensure My. In particular, they make no attempt to exploit a possible favourable balance
between the errors made on derivatives at different degrees, nor do they take into account
that M,(Cl), M;fj) and MS’J) only specify conditions on model accuracy in a finite, dimension-
independent subset of directions. Despite these limitations, (2.26) and (2.27) allow the crucial
conclusion that My, does occur if the derivatives V;j;f (X)) are sufficiently accurate compared
to the model decrease. Moreover, since one would expect that, as an approximate minimizer
is approached, [|Sk||, || Dkl and || Dg ;|| (and thus 74) become small, they also show the
accuracy requirement becomes looser for derivatives of higher degree.

We now formalize our assumption on the stochastic process generated by the SARgp algorithm.

AS.3
For all k& > 0, the event M}, satisfies the condition

Pt = Pr(Mi ARl ) = E[Lag, L] > (2.28)

for some p, € (1,1] independent of k.
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We observe that the introduction of € in the definitions of M} is similar in spirit to the
use of the trust-region radius in the definition of fully linear or quadratic models in [3, 6, 7]
or of the steplength in [12]. However, the definition of M}, does not require the model to be
“linearly /quadratically” accurate everywhere in a ball around zj of radius at least ||sg|, but
merely that their variation is accurate enough along si (as specified in M,(Cl ) and along dy, ;

and dy, ; (as specified in M,(fj) and M,g?’]) YD for all j € {1,...,q}. The need to consider /\/l,(fj)

and /\/l,(j]) for j € {1,...,q} in the definition of M}, results from our insistence that g-th order
approximate optimality must include j-th order approximate optimality for all such j. AS.3
also parallels assumptions in [3, 6, 7, 12] where accuracy in function values is measured using
the guaranteed model decrease or proxies given by the (p + 1)-st power of the trust-region
radius or the steplength. Finally, the conditions imposed by ./\/l,(f; and M,(CSJ) are only used

. . —0k.; .. . .
whenever considering the value of ¢n';]’:7 j(sk), that is in Lemma 3.1, itself only called upon in
Lemma 3.3 in the case where ||Sk|| < 1. As a consequence, they are irrelevant when long

steps are taken (||Sk| > 1).

3 Worst-case evaluation complexity

Having set the stage and stated our assumptions, we may now consider the worst-case eval-
uation complexity of the SARgp algorithm. Our aim is to derive a bound on the expected
number of iterations E(N,) which is needed, in the worst-case, to reach an (e, d)-approximate
g-th-order-necessary minimizer. Specifically, N, is the number of iterations required until
(2.6) holds for the first time, i.e.,

, A
Ne—inf{kzo ] qb?j*“(Xk) Sej% for je{l,...,q}}. (3.1)

Note that d)ﬁ?‘l’j (X%), the j-th order optimality measure at iteration k, uses the optimality
radiuses Aj_; ; resulting from the step computation at iteration k£ — 1, as is the case in [1, 4].
Now recall that the trial point X;_; + Sp_1 and the vector of radii Aj_; are deterministic
once the inexact model at iteration £ — 1 is known. Thus these variables are measurable for
A,]y_ , and because of our deterministic assumptions on the accuracy of f, the event {X} =
Xk—1+ Sk—1} (which occur when iteration k — 1 is successful) is also measurable for Aﬁ{ 1

. Ak_1,j . . .
As a consequence and since qu; Y7 (X}) uses exact derivatives of f, the event {N. = k} is

measurable with respect to AM . The definition (3.1) can thus be viewed as that of a family
of e-dependent stopping times for the stochastic process generated by the SARgp algorithm
(see, e.g., [6, section 2.3]).

3.1 General properties of the SARgp algorithm

We first consider properties of “accurate” iterations, in the sense that My occurs, and start
with the relation between ¢f::,j(3k) and its approximation. The next lemma is inspired by
Lemma 3.2 in [1], but significantly differs in that it now requires considering both directions
dk,j and 8]{73‘.

(W A slightly stronger assumption would be to require a sufficient relative accuracy along sy and in a (typically
small) neighbourhood of sy.
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Lemma 3.1 Consider any realization of the algorithm and assume that Mj occurs.
Then, for j € {1,...,q},

(1= @) o (s1) < 6o (1) < (L4 wi) B (s) (3.2)

Proof. Let je {1,...,q}. Consider dj ; defined in (2.21). From (2.17), we have that

ATy (st dig) S BTy (st dig) + [Ty (51, dig) = DTy (s1s )|
< (1+wk)ATm, ;(sk, dr;)

< (1 + wk) max
ld| <8k, j,xp+s1+dEX
= (L+wi) AT, j(sk: dij)

where we used the fact that My occurs to derive the second inequality and considered
dj,; defined in (2.22). Therefore

ﬁmk,j(sk‘7d)

Ok i — 50
¢"§;€J7j (Sk) = Aka’j(Sk, dk,j) < (1 + Wk)ﬁbmk;],j(sk)-

This proves the rightmost inequality of (3.2). Similarly, using our assumption that My
occurs, we obtain that

ATy (8K dry) > ATy j(Sk, drj) — AT, 5(k, dij) — AT, (5K, di )|

> (1 —wy) AT, i (sk: dj)

and hence, from (2.7) and (2.17), that

(1- wk)if,’i;j,j(sk) <

Ok
max AT (s..d) = J (g
o ld|| <Ok j,x1+sK+deEX mk’]( ks ) (z)mkuj( k)’

which concludes the proof of (3.2). O

The next step is to adapt an important property of Ay ; in the exact case to our inexact
framework.

Lemma 3.2 Suppose that AS.1 holds. Then, for any j € {1,...,q},

1. if j =1 and X is convex or if j = 2 and X = R", Ay ; can always be chosen equal
to one;

2. in the other cases, and assuming that My, occurs, then, either ||si|| > 1or Ay ; <1

can be chosen such that
A > ks(or)€j, (3.3)

where k5(0) € (0,1) is independent of € and decreasing with o.
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Proof. The proof broadly follows the developments of [5, Lemmas 4.3 and 4.4], except
that it now uses the model involving approximate derivatives and that Ly, the upper
bound of the derivatives of f at xzj derived from AS.1 is now replaced by ©, as guaranteed
by M,(f). The details are provided in appendix. O

In what follows, we will assume that, whenever ¢ > 2 or X is nonconvex or ¢ = 2 and
X C R", the SARgp algorithm computes a pair (s, d;) such that, for each j € {1,...,q}, o ; is
always within a fraction of its maximal value, thereby ensuring (3.3). We now prove a crucial
inequality relating the step length to the accuracy requirements.

Lemma 3.3 Consider any realization of the algorithm. Assume that M occurs, that
iteration k is successful and that, for some j € {1,...,q}, (2.6) fails for (xy1,0k,;). Then
either ||sg|| > 1 or

%, L + Z
). f O—k
(1 - 29)6] ]|j - > |

(3.4)

Proof. [See [5, Lemma 5.3] for the composite unconstrained Lipschitz continuous case.]
Suppose that ||sg|| < 1. Since (2.6) fails at (xj1,0k,;), we must have that

5j

k7
qﬁfj (Trt1) > € jﬁ >0 (3.5)
for some j € {1,...,q}. Define d to be the argument of the minimum in the definition of
5 .
¢ (x)41). Hence,
0 < [ld]l < b (3.6)

and xp +d € X. Using (3.5), (2.7) and the triangle inequality, we thus obtain that

O
¢ 17 (@r1) = ATy (241, d) < ATy j(2p41,d) — ATy j(sk, d)| + ATy (31, d). (3.7)
Recalling now from [4, Lemma 2.4]) that

(p+1)!

vf p+1y —

[ L

)

we may now use the fact that xpi1 = xp + si since iteration k is successful, (2.5) in
Lemma 2.1, (2.11), (3.6) and the triangle inequality to obtain that

J_ gt

k.j

ATy j(wr41,d) = Al sk, d)| < D
/=1

Cf(@rs1) = VET p(an, si) |

pH .quviusknpﬂu (3.8)

pr—l-(fk
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Moreover, using (2.17), (3.2) and the fact that wy < 1 (see (2.13)), we deduce that

J

Sk s —0k,; k,j
AkaJ‘(Sk,d) < ¢n]7€,;:,j(sk) < (1 + wk)¢nl;:7j(8k) < 296j j'] (3.9)
Substituting (3.8) and (3.9) into (3.7) and using (3.6) and (3.5), we obtain (3.4). O

Lemma 3.4 Suppose that AS.1 holds and consider any realization of the algorithm.
Suppose also that M occurs, that iteration k is successful and that, for some j €
{1,...,q}, (2.6) fails for (z441,0%,;). Then

IsklPT > b(on)el (3.10)
where
]% if g=1 and X is convex or if ¢ =2 and X = R",
= 3.11
q(p+1) : (3.11)
B otherwise.
and
min |1 (1-20)(p—q+D\" if g =1 and X is convex, or
5(o) ’ q'(Lyp+o0) if =2 and X = R",
o) =
_ _ | g—1\T7
min [1, <(1 29)(5(1—/? —:_1()7’)/{66(0) ) } otherwise.
° 7p
(3.12)

Proof. [See [5, Lemma 5.4] for the unconstrained case.] If ||sg|| > 1, the conclusion
immediately follows. Suppose therefore that ||sx| < 1 and consider j such that (3.4)
holds. Recalling the definition of x; in (1.4), (3.4) can be rewritten as

, Spi
g € 0 5 < IsklP™x; (HSI;]H) (3.13)

where we have set

(1-20)(p—q+1)!
(Lyp+or)
In particular, since x;(t) < 2t/ for ¢ > 1, we have that, when ||sg| < &,

Q. —

1y’ :
ey < 2l (\H) = 2k 7 (3.14)

Sk
Suppose first that ¢ = 1 and X is convex or ¢ = 2 and X = R". Then, from our
assumptions and Lemma 3.2, 0, ; = 1 and |[|sg|| < 1 = d;;. Thus (3.14) yields the first
case of (3.11)-(3.12). Suppose now that ¢ > 2 or that X is not convex or that ¢ = 2
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and X C R". Then our assumptions imply that (3.3) holds. If ||sg|| < 6, we may
again deduce from (3.14) that the first case of (3.11)—(3.12) holds, which implies, because
ks(o) <land 1/(p—j+1) < j/p, that the second case also holds. Consider therefore the
case where ||si|| > 0k ;. Then (3.13) and the fact that x;(¢) < 2¢ for ¢ € [0, 1] give that

: Op i
anesl < 2selptt (7).

which, with (3.3), implies the second case of (3.11)—(3.12) as requested. O

Note that (o) is decreasing as a function of o in both cases of (3.12). We now investigate
the decrease of the exact objective function values at successful iterations.

Lemma 3.5 Suppose that AS.1 holds and consider any realization of the algorithm.
Then

S Ok Omi
AT pp(xp, sx) = WH«%HPH 2 0 _1:1111), skl[P** > 0. (3.15)
Moreover, if iteration k is successful, then
Omin 11—«
Flan) — o) > 2Zmmd o)y s o (3.16)

(p+1)

Proof. The inequality (3.15) immediately follows from (2.12), (2.16), (2.19). Now the
fact that iteration k is successful, together with (2.13) and (2.14)—(2.15), imply that

flar) = flere) = for) — f(@rg1) — 20kAT g p (2, 52)

> nATtp(xk, s6) — anAT pp(zk, s8),
yielding (3.16) using (3.15). O
We finally conclude our analysis of “accurate” iterations by proving a standard result in the

analysis of adaptive regularization methods. A similar version of this result was presented in
[1, Lemma 4.2] for the case where both function values and models are sufficiently accurate.

Lemma 3.6 Suppose that AS.1 holds. For any realization of the algorithm, if iteration
k is such that My occurs and

L 3
e s 2229

" (3.17)

then iteration k is successful.

Proof. Suppose that (3.17) holds. Thus, using successively (2.18), the triangle inequal-
ity, the fact that My occurs, (2.4), (3.15), (2.13), (2.14)—(2.15) and (3.17), we deduce
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that
1 —_— —
12 ey () = @) + - )
lpe =1 < AT, (@ 5%) fae) = f2x) ) + ( flzr +sk) = flze + s)
(= flan+s1) + flan) = ATppansi))
—l—(ATf,p(a:k, Sk) — Hf’p(.%'k, Sk)>}
1 [
< -T AT
S AT, (e ) [1f (n + s6) f’p(m’“ﬁ)’ + 3wi | ATy p(k, 1) ]
1 Lyp 11, S|AT fp(wk, 51|
< == p
< STt (oLl + 2502
Lip 3
= Gfkp T oy
< 1—n.
Therefore pr > n and iteration k is successful. O

3.2 Bounding the expected number of steps with Y, > o,

We now return to the general stochastic process generated by the SARgp algorithm aiming at
bounding from above the expected number of steps in the process generated by the algorithm
with ¥ > o4. To this purpose, for all 0 < k < ¢, given ¢ € {0,..., N, — 1}, let us define the
events

Ay = { iteration k is such that ¥ < o5 }, A§ = { iteration k is such that ¥, > o, }
S = { iteration k is successful },
and let
def N~ def N~
€
NoaS ) da, Nae = ) g, (3.18)
k=0 k=0

be the number of steps, in the stochastic process induced by the SARgp algorithm, with ¥ < o
and X > o4, before N, is met, respectively. In what follows we suppose that AS.1-AS.3 hold,
as well the assumption below.

AS.4
With reference to the stochastic process generated by the SARgp algorithm and the
definition of o4 in (3.17), we assume that

Yo =7""0s, (3.19)
for some positive integer i.

We may now follow the argument of [6] to derive an upper bound on E[N Ac}. In particular,
the argument unfolds as follows:

(i) we apply [6, Lemma 2.2] to deduce that, for any ¢ € {0,..., N. — 1} and for all realiza-
tions of the SARgp algorithm, one has that

¢
+1

Z Lagls, = —— (3.20)

k=0
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(ii) as in [6], we note that both 6(1,,) and 6(1¢) belong to AM | as the random variable
Ay, is fully determined by the first k — 1 iterations of the SARgp algorithm. Then, setting
¢ = N, —1 we can rely on [6, Lemma 2.1] (with W), = 15¢) and (2.28) to deduce that

Ne—1 Ne—1 Ne—1
E[Y Iaslu, | =E|) pM,klA;] > pE| ) ]lA;] ; (3.21)
k=0 k=0 k=0

(iii) as a consequence, given that Lemma 3.6 ensures that each iteration k where My, occurs
and o > o is successful, we have that

Ne—1 Ne—1 N
€
E Ipelpmg, < g Inglse = =

in which the last inequality follows from (3.20), with ¢ = N, — 1. Taking expectation
in the above inequality, using (3.21) and recalling the rightmost definition in (3.18), we
obtain, as in [6, Lemma 2.3], that, for any realization,

[N < 21 E[N,]. (3.22)

%

The remaining upper bound on E[N,] will be the focus of the next section.

3.3 Bounding the expected number of steps with ¥, < o,

For analyzing E[N,], where Ny is defined in (3.18), we now introduce the following variables.

Definition 1 With reference to the process (2.20) generated by the SARqp algorithm, let us
define:

o A, = {iteration k is such that Xy < og};

Ne—1
o N; = Z ]le ]le : the number of inaccurate iterations with Xy < og;

k=0
Ne—1

e Ny = Z Iz, Im, the number of accurate iterations with 3 < og;
k=0

N—1
o Nyg = Z ]lKk I, 1s, @ the number of accurate successful iterations with Xy < og;
k=0

Ne—1
o Nay= Z Ia, Tpm, ]lgg : the number of accurate unsuccessful iterations with Xy < og;

k=0
Ne—1

e Nig = Z Iz, Ly Ls, the number of inaccurate successful iterations with X < og;
k=0

Ne—1
e Ng = Z ]lKk 1s, : the number of successful iterations with Xy < og;
k=0

Ne—1
e Ny = Z I, 11313 : the number of unsuccessful iterations with X < os.

k=0
(3.23)
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Observe that Ay is the “closure” of A in that the inequality in its definition is no longer
strict.

We immediately notice that an upper bound on E[/NV,] is available, once an upper bound
on E[Ny] 4+ E[N4] is known, since

Ne—1 Ne—1 Ne—1
ENAJ<E| Y Ix | =E|> Iy lus+ > Igla, | =E[N]+E[N4.  (3.24)
k=0 k=0 k=0

Using again [6, Lemma 2.1] (with Wy = 13 ) to give an upper bound on E[Nj], we obtain
the following result.

Lemma 3.7 [6, Lemma 2.6] Let M, be the sequence of events in (2.23) and assume that
(2.28) holds. Let Ny, N4 be defined as in Definition 1 in the context of the stochastic
process (2.20) generated by the SARgp algorithm. Then

1 —p.

*

E[N;] < E[N4]. (3.25)

Turning to the upper bound for E[N4], we observe that
E[N4] = E[Nas] + E[Nav] < E[Nas] + E[Ny]. (3.26)

Hence, bounding E[N;] can be achieved by providing upper bounds on E[N4g| and E[Ny].
Regarding the latter, we first note that the process induced by the SARgp algorithm ensures
that 3 is decreased by a factor v on successful steps and increased by the same factor on
unsuccessful ones, provided that (3.19) holds. Consequently, by virtue of [6, Lemma 2, 5], we
obtain the following bound.

Lemma 3.8 [6, Lemma 2.5] Suppose that AS.4 holds. For any ¢ € {0,..., Nc — 1} and
for all realisations of the SARgp algorithm, we have that

l l
g
>ty <3 I 1s +log, (2)).

k=0 k=0

From this inequality with ¢ = N, — 1, recalling Definition 1 and taking expectations, we
therefore obtain that

E[Ny] < E[Ns] + log, <" ) = E[Nas] + E[Nis] + log, <") . (3.27)

5
0o 00

An upper bound on E[N 5] is given by the following lemma.
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Lemma 3.9 Let Assumption AS.1 and AS.2 hold. For all realizations of the SARgp
algorithm we have that

(fo - flow)(p + 1)!
E[Nas] < Nomin(L — )i (o) <

where 7, 1(0) and o, are defined in (3.11), (3.12) and (3.17), respectively.

min €, + 1, 3.28

Proof. For all realizations of the SARgp algorithm we have that:

e if iteration k is successful, then (3.16) holds;

e if iteration k is successful and accurate (i.e., 1s, L1 aq, = 1) and (2.6) fails for (541, 0% 5),
then (3.10) holds;

e if iteration k is unsuccessful, the mechanism of the SARgp algorithm guarantees that
xp = T+1 and, hence, that f(zrr1) = f(xg).

Therefore, for any ¢ € {0, ..., Ne — 1},

¢
Omin -«
fo—=fow = fo— [(Xet1) lek f(Xk41)) Z WHSkaH
-1
Nomin(1 — a) +1
Z ﬂskﬂMkiH S|I? (3.29)
— (p+1)!
> 2251 1 w¢(z) min - e "
T = SMTT 1)1 el gt
-1 T
Nomin(1 — a) :
> Is, Ipq, 15 —————=p(2g < min e-)
k=0 A (1) (E) jell,at
Homin(1 = ) )( i >W K_Zln 1, 1 (3.30)
—Y(o min €, ~ |, .
(p+1)! Vet )\

having set fj def f(Xo) and where the last inequality is due to fact that 1(o) is a decreasing
function. We now notice that, by Definition 1,

Ne—2
Nys—1< Z Ix, L, Ls,.
k=0
Hence, letting £ = N, — 1 and taking expectations in (3.30), we conclude that

Nomin(1 — @) . T
Jo = fiow > (E[Nas]| — 1)w¢(03) < mlnq} €j> )

which is equivalent to (3.28). ]
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While inequalities (3.27) and (3.28) provide upper bounds on E[N4g] and E[Ny], as desired,
the latter still depends on E[N;g], which has to be bounded from above as well. This can be
done by following [6] once more: Definition 1, (3.25) and (3.26) directly imply that

E[Ns] < E[N/] < - ;p “E[N,] < - ;p = (E[Nas] + E[Ny]) (3.31)
and hence )
E[N;s] < 2p*_f*1 <2E[NA5} + log,, (Z;)) (3.32)

follows from (3.27) (remember that ! < p, < 1). Thus, the right-hand side in (3.25) is in
turn upper bounded by virtue of (3.26), (3.27), (3.32) and (3.28), giving

BN < EfNas] + B[] < 2E[Nas) + B[N + g, (Z)

o0
1 —ps Os
<2p* — 1> <2E[NAS] + log,, <00>>

D Os
= 2E| V. | —
e 2B+ tog, (2]

Dx 2(f0*flow)(p+1)! . o Os
< : 1 — 2
- 2p,—1 [ Nomin (1 — @)1 (o) je?f,l.?,q} € + 08y 00 +

This inequality, together with (3.24) and (3.25), finally gives the desired bound on E[N,]:

1 1 2(fo — fiow)(p + 1)! , A o
) < < gy [T (o) e (5) 2

. (3.33)

(3.34)
We can now express our final complexity result in full.

Theorem 3.10 Suppose that AS.1-AS.4 hold. Then the following conclusions also hold.

o (2)).

1. If g =1 and X is convex or if ¢ = 2 and X = R", then

p+1

2(fo — fiow)(p + 1)! _ — 5o
E[Ne] < /{(p*> (ngmin(l — 06)1[)(0'3) <jE«I{1il,l.T.l7q} Gj)

2. If ¢ > 2 or X is non-convex or ¢ = 2 and X C ", then

_a(pt1)

2(fo — fiow)(p + 1)! . ' E o5
NG = K0 | Sl = 0)0(a2) <je?f33q} ) +log, <> 2

. def
with k(p,) = (2pi1f1)2

and Ne, (o), os defined as in (3.1), (3.12), (3.17), respectively.
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Proof. Recalling the definitions (3.18) and the bound (3.22), we obtain that
E[N(]

*

E[N,] = E[N§] + E[Ny] <

+E[NA]7

which implies, using (3.34), that

2]9* — 1E[NE] < 1 <2(f0 - flow)(p + 1)' ( min €j> - + lOg'y (Z_;) + 2) :

2Dy 2pe — 1 nJmin(l - a)¢(gs) JE{1,..q}
This bound and the inequality 1 < p, <1 yield the desired result. O

Since the SARgp algorithm requires at most two function evaluations and one evaluation of
the derivatives of orders one to p per iteration, the bounds stated in the above theorem
effectively provide an upper bound on the average evaluation complexity of finding (e, d)-
approximate g-th order minimizers. Theorem 3.10 generalizes the complexity bounds stated
in [5, Theorem 5.5] to the case where evaluations of f and its derivatives are inexact, under
probabilistic assumptions on the accuracies of the latter. As it was shown in [5, Theorems 6.1
and 6.4] that the evaluation complexity bounds are sharp in order of the tolerance € for exact
evaluations and Lipschitz continuous derivatives of f, this is also the case for the bounds of
Theorem 3.10.

4 Conclusions and perspectives

We have shown that the SARgp algorithm, a stochastic inexact adaptive regularization algo-
rithm using derivatives of order up to p, computes an (¢, §)-approximate g-th order minimizer

_7p+1 . . . . . . . .
of problem (1.1) in at most O(e »—a+1) iterations in expectation if ¢ is either one and X is
_a(p+1)
convex, or two and the problem is unconstrained, while it may need O(e  ~ » ) iterations in

expectation in the other cases(®). Moreover, these bounds are sharp in the order of € (see [5]).
We therefore conclude that, if the probabilities paq x in AS.3 are suitably large, the evaluation
complexity of the SARgp algorithm is identical (in order) to that of the exact algorithm in [5].

We also note that the full power of AS.1 is only required for Lemma 3.2, while Lipschitz
continuity of V% f(z) is sufficient for all subsequent derivations. Thus if suitable lower bounds
on Ay ; can be ensured in some other way, our development remains valid (although the
precise complexity bounds will depend on the new bounds on Ay ;). In AS.1, we have also
required (Lipschitz) continuity of f and its derivatives in a convex neighbourhood of X.
This is somewhat too strong as requiring this assumption only on the “tree of iterates”
Uk>olzk, Tk + sk is sufficient, but often impossible to verify a priori. In the same vein, it also
is possible to avoid requiring that (3.3) is always ensured by the SARgp algorithm whenever
q > 2 or X is nonconvex or ¢ = 2 and X C R" by instead redefining My to also include the
satisfaction of this condition. We have preferred using an explicit assumption because this
approach better differentiates deterministic requirements on the algorithm from stochastic
assumptions more related to the problem itself.

We finally recall that [5] also derives complexity bounds for the (possibly non-smooth)
composite optimization problem. We expect that the theory presented here can be extended
to also cover this case.

(I These simplified order bounds assume that e; = ¢ for j € {1,...,q}.
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An analysis covering adaptive regularization algorithms where the objective function eval-
uations are also subject to general random noise, parallel to that provided for trust-region
methods for low order minimizers in [3], remains for now an open and challenging question.
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Proof of Lemma 2.2

Let s} be a global minimizer of my(s) in X. By Taylor’s theorem, we have that, for all d such
that xp +s; +d € X,

p
1
0 < my(sy+d) —my(sh) ZZV T (e, si)d)f
/=1
p 1 1
p+ W+ Z 7 s (IsilPH) [ + T 1)!V§+1 (s, + d[P*) [d]pH]

(A1)
for some 7 € (0,1). We may now use the expression of V¥ (||s;[P*!) given by [4, Lemma 2.4]
in (A.1) and deduce that, for any j € {1,...,¢} and all d such that x + s} +d € X,
J

1 ) o
=2 VTl sl - 2 Vil

=1 ) (A.2)
| *
<) VT pplar, sp)ld)" + Z E,VZH silP A + [l
l=j+1 f=j+1
It is now possible to choose d ; € (0, 1] such that, for every d with ||d|| < 6 ;,
Py
> gV Tralon sl + 2y Z SV s +udup+1]
t=j+1 p (=j+1 (A.3)
1, Ok
< g0 5t

We therefore obtain that if 0y, ; is small enough to ensure (A.3), then (A.2) implies that
J

J
= 5 Vel rplar sp)ldl’ - ; Z Vilsi ) < Soe e (A.4)
=1 !

and therefore that, for all j € {1,...,q},

5j

max AT, i(st,d) < 9 .

rebsp ARz, e (5 ) 1t

Thus the pair (s}, dx) is acceptable for Step 2 of the algorithm. If we assume now that xj, + s

is not an isolated feasible point, the above inequality and continuity of T'f,(z,s) and its

derivatives with respect to s then ensure the existence of a feasible neighbourhood N} of s
in which )
(53

max AT s,d) < f¢;

Tp+s+dEX,||d|| <S5 i (5:4) J jl

(A.5)

for all s € N}). We may then choose any s in A} such that, in addition to Satisfying (A.5)

and being such that zj + s;, is feasible, (2.16) also holds. Thus the definition of gbm ](sk) in
(2.17) gives that

5
3
B (1) < Oe; ;‘;’iﬂ (A.6)

and every such (s, dx) is also acceptable for Step 2 of the algorithm.
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Proof of Lemma 3.2

Let s} be a global minimizer of my(s). We first consider the case where ¢ = 1 and X’ is convex
or g =2 and X = R". Then it is easy to Verify that, for each j € {1,...,q}, the optimization
problem involved in the definition of (bm ;(sp) (in (2.17)) is convex and therefore that dy ; can
be chosen arbitrarily in (0,1]. The ﬁrst case of Lemma 3.2 then follows from the continuity

of gbmk ]( s) with respect to s.

In order to prove the second case, we now pursue the reasoning of the proof of Lemma 2.2.
We start by supposing that ||s;|| > 1. We may then reduce the neighbourhood of s} in which
sk can be chosen enough to guarantee that ||sgx|| > 1, which then gives the desired result
because of (A.5). Suppose therefore that ||s7|| < 1. The triangle inequality then implies that

i—4
HVZ @)l %l

M%

HVZTfP xk? Sk

:Z

for ¢ € {g+1,...,p}, and thus, using, AS.1 and [4, Lemma 2.4], we deduce that

Z VellsilP* ]]

l=74+1

Py
> gV splen s+ ¢

(=j+1
Z HdHE

l=j+1

p+1
Hsk\
Z

We now call upon the fact that, since ¢ > 3 or X is not convex or ¢ = 2 and X C R” and

i—L * [ p—L€+1
‘ ||V1 Flzn)| +M
(p—£+1)!

M. occurs by assumption, M;f) also occurs. Thus

p
s v£|rsz\|p“[d]1
‘z Z p—L+1

Z 5] UkHSkH
=0 (p—t+1)

p
1 m *
Z EV£Tf,p(33k, sp)ld)" +

l=j+1
Z Hdllz

l=7+1

We therefore obtain from (A.3) that any pair (s;,ds ;) satisfies (A.4) for ||d|| < d;; if

Poost [ p 1 P HS*préJrl gptl 1 5
> G |ex sl 0+ TEEEL o < g (A)
! i — 0)! - [ | = T '
Sh im0 (p— L+ 1) P+t =277 4!
which, because ||s;|| < 1, is in turn ensured by the inequality
Poo5t P 1 Plas 1 j
87] 87]
) — Oe; A8
20 [ 2 m o g <% (A9

Observe now that, since d5; € [0, 1], 5§7j < (5?;1 for ¢ € {j +1,...,p}. Moreover, we have
p+1

that,

p 1 1

Yoot CelHLopr) 3 gse-1<2
=4 (=j+1
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and therefore (A.8) is guaranteed by the condition
4 1
j.(ﬁ@ + QJk) 5s,j < §Hej,

which means that the pair (s}, ds) satisfies (A.4) for all j € {1,...,q} whenever,

def Oe;
2¢!(6© + 203)

26

(A.9)

As in the proof of Lemma 2.2, we may invoke continuity of the derivatives of my(s) with
respect to s to deduce that there exists a neighbourhood N;* of s} such that (A.5) holds for
every s € N} and every 0i ; < dmink. Choosing now sj to ensure (2.16) and xj + s, € X in

addition to (A.5), we obtain that the pair (s, d ;) satisfies both (2.16) and

5
70k, j k.
d)mkj,j(sk) < 96]' j' .

The desired conclusion then follows with

0

rs(0) = q!(60 + 20)

for any constant v € (0,1). Moreover, ks(0) is clearly a decreasing function of o.



